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European Electron Induction Accelerators 

By Herman F. Kmsi k 

( r . S. \aval Hrsvarrh Laboratory . P? Vi»/ifrt#fmi, />. ('. 

Betatrons, in< 1 1 j< tion electron accelerators fur the production of high energy A'-radiation, 
were under development in Germany during the war «ind to a limited extent at present. 
This work is reviewed for the most part and details are given on the constructional featuies of 
(>- to 15-million volt betatrons and on the theory and design of 15-and 200-million volt betatrons. 
I he smaller units, especially the Sicmen’s 6 Mv, are quite successful and more advanced than 
comparable American units. While no large machines were actually built, the projected 200-Mv 
\\ ideroe design introduces new features of value. Betatron patent ideas arc* reviewed. 


I. HISTORY OF BETATRON DEVELOPMENT 
ON THE CONTINENT 

T HE first, published work on electron induc¬ 
tion acceleration to appear in Europe was 
the doctoral dissertation of Rolf Wideroe 1 of 1927 
which was published as a paper 2 the following 
year. It is known, however, that a patent, appli¬ 
cation for an electron induction accelerator was 
filed in Germany by J. Slepian (Westinghouse) 
soon after the filing of an application 3 * in the 
United States in April, 1922. Because of a 
misunderstanding of the principles involved by a 
Dr. Smidt of the German Patent office who 
persisted in quoting the text of Abraham and 
Becker in support of his contention that it was 
impossible to both accelerate and guide an elec¬ 
tron by a magnetic field at one and the same time, 
it was not granted until 1928. Whether or not 


1 Dissertation, Tech. Hochschule Aachen, 29 Oct. 1927. 

2 Archiv. f. Elektrotcchnik '21, 587 (1928). 

3 IJ. S. App. Ser. 548, 050, April 1, 1922, U. S. Pat. 

1,645,304, Oct. 11, 1927. 


Wideroe had knowledge of this patent is not 
known. At the same time experimenls were being 
carried out by Breil and Tuve 1 at the Garilogic 
Institute in Washington which it is now known 
were correct in principle and might have been 
successful if pursued further. In 1929 a work by 
E. T. S. Walton, 5 following a suggestion by Lord, 
Rutherford, appeared in England. In this he dis¬ 
covered independently the flux conditions an¬ 
nounced by Wideroe and made a further contri¬ 
bution on the theory of the magnetic fields 
required for assurance of a stable orbit. Successful 
experimental results unfortunately were not 
obtained. 

Developments on the continent have been 
based on Widcroe’s work and on the Steenbeck 
patents of 1937 G in which the necessary condi¬ 
tions of Wideroe are set forth and supplemented 

4 Carnegie Institution Yearbook 27 (1927-1928), p. 209. 

MW. Camli. I’hil. Sue. [9] 25, 409 (Oct. 1929). 

« PRP 656,378 anti 698,867; U.S. Pal. 2,103,303, Doc. 
8, 1937. 


1 



by the condition for producing axial stability by 
curvature of the guide field flux—a condition 
which was discovered independently in the 
United States by Breit and Tuve and later by 
Lawrence and Livingston for the cyclotron. An 
induction accelerator was built and tried by 
Steenbeck, who recorded production of 1.8-Mev 
radiation. Following Kerst's 7 publication of suc¬ 
cessful production of 2.5-Mcv radiation at in¬ 
tensities of 15-100 milligrams of radiation, 
Steenbeck published a belated note on his work in 
1943, 8 describing results obtained in 1935 and 
1936. 

The work of Kerst was a great incentive to the 
continental workers interested in this field, par¬ 
ticularly Steenbeck and Wideroe. During the war 
the latter was the more active in this work, but 
Steenbeck set into action further work oh this 
subject by Siemens Reiniger. Wideroe and the 
group that came to be associated with him in the 
wartime German betatron work were not in 
sympathy with the Nazi cause but were induced 
to continue such work for scientific and other 
considerations. 

An unpublished investigation 9 interrupted by 
the war was carried out by James L. Tuck 
working in collaboration with L. Szilard at the 
Clarendon Laboratory in Oxford. It is now known 
that this investigation came very near to success. 

The betatron development was carried out by 
three separate groups. One was the Megavolt 
Versuchsanstalt (MVA) or Megavolt Research 
Association which worked under the guidance of 
Dr. Wideroe. Siemens and tKe A.E.G. also had 
betatron projects. MVA laid plans for 15-, 30-, 
and a 200-Mv accelerators. The first was begun 
early in 1944 and brought to successful completion 
in the fall of the same year. The second was 
merely tentative. The design of the 200 Mv was 
promptedjby news that the General Electric 
Company (U.S.A.) was constructing a 100-Mv 
betatron. The design of the 200-Mv accelerator 
was completed about this time and the construc¬ 
tion work was turned over to the Brown-Boveri 
firm in Heidelberg. Occupation in Germany, how¬ 
ever, came before any construction work could be 
begun. 

7 Phys, Rev. 00, 47 (1941). 

1 Naturwiss. 19/20, 234 (1943). 

• Private Communication from D. W. Kerst. 
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The basic ideas underlying the design of the 15- 
and 200-Mv induction accelerators were pub¬ 
lished by Wideroe in two papers. 10 These discuss 
the special problems involved such as the axial 
and radial stabilization by properly designed 
guiding fields, injection and extraction of elec¬ 
trons, the useful load of the apparatus, the maxi¬ 
mum electron filling of the acceleration chamber, 
dependence on injection voltage, use of auxiliary 
lens systems especially for high radiation energies, 
the effects of gas molecules, technical transformer 
construction for high energy production and 
finally the fields of application of the betatron; 
cancer treatment, radiography, and nuclear 
physics. 

In collaboration with the design work of 
Wideroe, a considerable amount of theoretical 
work was carried out by Touschek which was 
known to have been of invaluable aid in the de¬ 
velopment of the 15-Mv accelerator. Further 
theoretical work has been done by Touschek on 
the starting of electrons in the accelerator. Some 
of this work is along the lines initiated by Kerst 
and Serber 11 whose work was known to Touschek. 
Recent work of his, it is believed, may give an 
explanation of the discrepancy between the 
Kerst-Serber theory and experimental results. 

The wartime betatron work of the Siemens 
Reiniger firm was based on the work of Steenbeck 
whose 1940 patent is mentioned above. An 
American license for its use by the General 
Electric Company was requested from Siemens 
shortly before the outbreak of war in 1941 . The 
results published by Kerst 11 renewed an interest 
which had lagged and in 1942 (December) designs 
were under way for construction of an electron 
induction accelerator. Dr. Steenbeck gave the 
basic specifications which were incorporated into 
a design at Siemens and discussed in a confer¬ 
ence on December 15,1942 held together with Dr. 
Ganswindt, Dr. Kurt Bischoff, Dr. J. Patzeld, 
and Dr. Konrad Gund all of Siemens. At this 
time was also discussed a design of Dr. Gund in 
which he proposed an accelerator with a fixed 
magnetic guide field, surrounding an alternating 
magnetic field passing through a central core, a 


10 Wideroe, Part I, Archiv. f. Elektrotechnik 37, 391- 
408 (1943). Part II remains in proof form. 

11 D. Kerst, Phys. Rev. 58, 841 (1940); Phys. Rev. 59, 
110 (1941); and 60, 47-53 (1941). ' 
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scheme originating from a paper of W. W. 
Jasinsky 12 in which the field-radius conditions are 
erroneously set forth. These are corrected in the 
design mentioned and several other ideas set 
forth. A patent application was filed by Siemens 
in July 1942 18 covering these and also premag¬ 
netization or bias field operation. Ideas for opera¬ 
tion with biased fields were also evolved by Kerst 
at about this time. 14 

From the design worked out in the above con¬ 
ference and later meetings a successful 6-Mv 
betatron operating on 550 cycles was developed. 
A more detailed description of this unit will be 
given later. 

II. ACTIVITIES OF THE MEGAVOLT RESEARCH 
ASSOCIATION (MVA) 

A. Description of the 15-Mv Induction 
Electron Accelerator 

General Considerations 

Theoretical curves of the absorption coefficient 
as a function of electron energy have a minimum 
which lie between 3-10 Mev for most metals. A 
peak energy of 15 Mev was, therefore, chosen to 
bring the effective energy in the neighborhood of 
7-8 Mev. (It has since been shown that 20 Mev 
.satisfies these requirements better.) A theoretical 
sixfold increase in the range of radiographic 
thicknesses was expected. It was also desired to 
use the betatron for medical purposes but not too 
much was expected except for an improvement in 
the depth dose condition due to a lowered ab¬ 
sorption coefficient. The desirability was recog¬ 
nized of using the betatron for the production of 
high energy electron beams in which the dissipa¬ 
tion of energy by absorption in human tissue may 
be localized more effectively. This problem was 
under consideration but no practical results had 
been realized. 

Constructional Details , Core 

The radius of the electron equilibrium orbit 
was chosen as r = 14 cm. The diameter of the 
induction pole was chosen as 220 mm (11-cm 
radius) end the air gap in the poles was made 2 
cm. The average separation of the guide poles 
was chosen as 6 cm and the contour of the guide 

“Archiv. f. Elektrotechnik 30, 500 (1936). 

“Siemens Akt. 151,465, VIII c/211g. 

14 D. W. Kerst, Phys. Rev. 68, 233 (1945). 


pole faces was*determined from magnetic meas¬ 
urements and from measurements made by 
means of the electrolytic trough. This process 
was continued until the guide field had the 
properties required. The guide poles were so ar¬ 
ranged with respect to the remainder of the 
apparatus that, as a result of the saturation of the 
guide field, the latter does not increase in pro¬ 
portion to the accelerating field from a certain 
point in the cycle onwards. This type of construc¬ 
tion has some obvious advantages. The space 
between the acceleration pole and guide poles 
allows the use of flux biasing windings. It also has 
the advantage that no orbit expansion equipment 
is required, the electron striking the target upon 
saturation of the guide field and this without the 
attendant loss of energy which is present when 
the electron has to spiral into a smaller radius to 
strike a target. It may be noted, however, that 
this feature may still be obtained in Kersts’ form 
of construction in which acceleration and guide 
fields arise from the same pole piece by a special 
reduction of the amount of iron at the edge of the 
pole piece. The approximate data for the main 
components (which are slightly above the initial 
estimates of Dr. Wideroe) are: 

Iron weight 1000 kg 2200 lb. 

Copper weight 200 kg 440 lb. 

Total losses 2.5 kw at 50 cycles 

Dead load 250 kva 

Driving voltage 6 kv 

The details of core and pole assembly are 
shown in Fig. 1. The yoke is constructed from 
laminated iron of thickness equivalent to 29- 
gauge, 0.014-inch stock of approximately $ watt 
per pound core loss (10,000 lines and 60 cycles). 
The lamination stack is not divided, i.e., no 
provision is made for cooling the core by means 
of air ducts. It was found that the heating was 
not excessive. The vertical members of the yoke, 
in contrast to American design, extend the full 
height of the apparatus, and the horizontal mem¬ 
bers are held between these by a special arrange¬ 
ment of clamping frames. This produces four 
vertical “shim” gaps. On the upper side these 
have means for adjustment of the height and 
level of the upper transverse member (yoke). 
This part carries the accelerating pole by means 
of six bolts circularly arranged. By means of a 
supporting ring, it. also carries the guide pole and 
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Fig. 1 . View of 15-Mev betatron at Wrist. 


coinboxes. The yoke laminations are clamped by 
transverse bolts through insulating tubes. 

Acceleration Chamber 

.Glass acceleration chambers were made by the 
glass-blowing laboratory of the C. H. F. Miiller 
firm. These have an approximately elliptical cross 
section. The inside walls are coated with graphite 
or silver coatings and the tubes have cither two 
or three radial openings with stems on the 
periphery for evacuation or for mounting the 
electron injection assembly. Vacuum was pro¬ 
duced by an oil diffusion pump backed by a three- 
stage mercury diffusion pump with a liquid air 
trap separating the two. The mercury diffusion 
pump was backed in turn by a rotary oil pump. 
This unnecessary complication of pumps was 
caused by the scarcity of available and usable 
equipment. 

The vacuum was measured by means of a 
Phillips vacuum meter placed between the two 
diffusion pumps and by means of an ionization 
gauge sealed to the acceleration chamber on the 
injection stem. It was noted that operation was 
not possible at pressures above 10~ 6 mm Hg and 
steady yields were obtained only at 10~*-mm 
pressure. 

The electron gun or injector is shown in Fig. 2 


and follows in principle the design introduced by 
Kerst. It consists of a tungsten filament (oxide 
coated electron sources were also used) sur¬ 
rounded by a semi-cylindrical Wehnelt or Faraday 
cage and of two anode plates insulated from each 
other. The cage serves, on application of a po¬ 
tential between itself and the filament, to concen¬ 
trate the electron stream. The split anode, on the 
two halves of which different potentials could be 
applied has, ignoring for a moment the necessary 
acceleration of electrons, a purpose similar to 
that of the deflection plates of a cathode-ray tube. 
It is thus possible by applying various potentials 
to these plates to give the electrons various initial 
projection angles in the plane of the orbit. The 
necessary correction of the electron beam in the 
vertical direction is obtained by a small rotation 
of the whole injector system or stem on its ground 
glass joint. A small bar of tungsten is fastened to 
the innermost anode plate with its long axis 
vertical to serve as a target for x-ray production. 

The filament is heated continuously. The in¬ 
jection voltage is applied only for a short time at 
the beginning of the acceleration period by means 
of a special arrangement to be described below, 
partly to charge the entire injector structure to as 
high a voltage as possible and partly to avoid 
filling the electron accelerator chamber with 
stray electrons. 

Connections 

Figure 3 shows the entire diagram of con¬ 
nections. Alternating current of 6 kv is generated 
by a regulating transformer and supplied to the 
driving circuit in which the dead load of the 
cirtuit is compensated by a capacitor bank, the 



Fig. 2. Electron injector gun for 15-Mev 
betatron (schematic). 
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Fig. 3. Diagram of connections for 15-Mev betatron. 


capacity of which may be varied between limits. 
The injection voltage is produced by H.V. equip¬ 
ment from which the potential may be applied at 
the proper instant near the beginning of the 
acceleration period by means of a special grid 
controlled high voltage rectifier tube. The driving 
circuit of the betatron passes through a small 
utility transformer which in turn operates a 
peaking transformer for the production of a sharp 
positive pulse to remove momentarily the large 
negative potential on the grid of the control 
valve. In earlier experiments, a mechanical con¬ 
tactor driven by a synchronous motor was used 
to apply the tripping pulse but this gave much 
trouble due to fouling of contacts. The circuit 
diagr^pi also shows a 5-kv constant potential 
circuit used for applying the deflection voltages 
to the split anode, the innermost plate of which is 
connected together with the acceleration chamber 
coating to ground. 


Operation 

In the early stages of operation radiation is 
detected by means of a counter tube which of 
course becomes useless when the machine is 
brought into adjustment and radiation of con¬ 
siderable intensity is produced. Ionization cham¬ 
bers are then used and depended upon for meas¬ 
urement of the radiation intensity. With shielding 
the counter tube may still be used for indicating 
the point in the cycle at which radiation is 
emitted directly upon an oscilloscope in which the 
horizontal or time base is supplied by the a.c. 
driving voltage. 

In operation the vacuum is checked, the 
driving circuit is energized, and the phase of the 
injection pulse is determined and corrected by 
means of the phase shifting device. On starting 
the counter and cathode-ray tube, a radiation 
output is generally observed. By rotation of the 
ground glass joint of the injector, by application 
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of a suitable deflector voltage, by changing the 
position of the acceleration chamber in the 
machine, and also by adjustment of the air gap in 
the guide field it is possible to gradually bring 
about an optimum yield. Then by keeping these 
variables constant quite reproducible results 
could be depended upon which were then only 
influenced by the vacuum conditions. 

To check the quality of the radiation produced, 
various methods were resorted to: (a) observa¬ 
tion of the output radiation pulse on the oscillo¬ 
scope allowed an estimate of the time of ac¬ 
celeration of the electrons and a" deduction of 
their maximum energy which in general was 
around 13-15 Mev, (b) absorption measurements 
on the radiation which, however, are somewhat 
uncertain because of the shallow minimum in the 
absorption versus energy curve, (c) rapid dying 
out of radiation intensity on reducing the ampli¬ 
tude of the exciting current, and (d) production of 
artificial radioactivity by irradiation of various 
materials. These phenomena are especially pro¬ 
nounced in the case of copper and silver. 

After the expected quality of radiation had 
been established, attention was^directed to im¬ 
proving the intensity of the radiation. It was 
hoped to attain a maximum electron filling of the 
acceleration chamber such as could be expected 
from the following formula deduced by Wideroe 
for the effect of space charge*: 

±rn\br)\\-n)PrB max 

i —-amp. 

c 2 (-dr) 

Ar: radial oscillation amplitude, 
dr : change in Ar, 

in which r is the radius of the orbit, n the ex¬ 
ponent in field-radio relation, / the frequency, 
Bmix the maximum guide field strength, and the 
other quantities their usual significance. This 
formula indicates a value which is usually about 
ten times that observed experimentally. In opera¬ 
tion yields ranging from 30 grams to 1 kilogram 
radium equivalent were obtained. It was believed 
that this discrepancy is caused by the release of 
gases by bombardment of the walls of the ac¬ 
celeration chamber and that better results could 
be obtained only by use of baked out and sealed- 
off acceleration chambers. 

* A brief derivation is given in Appendix I. 


Program for Further Development 

The program of the Megavolt Versuchsanstalt 
as described in June 1945 was: (a) further work 
to increase the radiation yield of the 15-Mev 
betatron and (b) to build as soon as possible a 
duplicate of this equipment for use in medical 
research to allow the first unit to be used solely 
for technical development. This was, of course, 
the wartime program. At present scientific re¬ 
search is strictly limited by the military govern¬ 
ment of the occupational forces. 

Under (a) it was planned to make further ex¬ 
periments on acceleration chambers fitted with 
electron lens systems which might, in view of the 
greater stabilization forces made available by 
their use, bring about an increase in radiation 
output intensity. It was also planned to study the 
tangential electron injection technique of Wideroe 
once more because of the possible advantage 
accruing from the absence of an injector structure 
in the acceleration chamber; also to study the 
problem of releasing a beam of electrons from the 
apparatus, a subject of considerable importance. 

Another intention was the design and con¬ 
struction of a 30-Mev unit for use in nuclear 
research. This project was to have been under¬ 
taken at an early, date and some of the design 
calculations had been made along with those for 
the 15-Mev betatron. 

It was felt that an apparatus of equal size but 
operating on the premagnetization scheme of 
Wideroe would be useful in testing such questions 
as to whether or not the final energy of the 
accelerator would be affected by the radia¬ 
tion damping as predicted by Iwanenko and 
Pomeran tsch u k. 16 

A final project was the design and construction 
of a 200-Mev accelerator using the premagnetiza¬ 
tion scheme. This will be described below. 

B. Description of the 200-Mev Induction 
Electron Accelerator 

Preliminary Considerations 

The design of the 200-Mev betatron was the 
outgrowth of some preliminary design work 
carried out by Wideroe for a 100-Mev unit. 10 
This was based on his experience with the con- 

» Phys. Rev. 65, 43 (1944). 
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Fig. 4. Design for a 100-Mev betatron. 

struction of large transformers by the Brown - 
Boveri firm with which he was associated. An 
economical design for transformer construction 
used by this firm consists of a radial construction 
in which the radial laminations are welded at the 
top and bottom. In this type of construction an 
exactly circularly shaped iron section is obtained 
and the required guide pole shapes are easily 
designed and adapted. The necessary cooling 
ducts are likewise easily incorporated into the 
core. The minimum amount of iron is used if the 
yoke is continuous as in a shell transformer. This 
lends itself to a rugged construction having a 
small yoke height and large cooling surface. It 
also offers a certain amount of radiation protec¬ 
tion by shielding the acceleration chamber, access 
to which is obtained by apertures cut into the 
yoke. 

A preliminary design for a 100-Mev unit is 
shown in Fig. 4. Here yoke, core, and iron return 
form a common iron unit constructed from radial 
laminations. By removal of the ten-ton upper 
half, access is had to the windings and the ac¬ 
celeration chamber. The core is crossed with air 
ducts to remove the 13.6-kw iron losses (0.35-mm 
laminations with a loss of 1.1 w/kg are assumed). 
The maximum induction of the core is 14,500 
gauss for a stacking factor of 77 percent. The 
yoke and iron returns are able to dissipate 28 kw 
by surface cooling. In these parts the stacking 
factor is taken as 90 percent and the maximum 
inductions chosen are 14,500 and 12,500 gauss, 
respectively. The total weight is 20 tons. 

The air gap for an equilibrium orbit of radius 
= 60 cm is 5 cm and about 20,000 effective 
ampere turns are required to produce in it a guide 
field of 5600 gauss. To accomodate the exciting 


winding (46.5 kg of copper, assuming a current 
density of 2 amperes/mm 8 ), a window of 800 cm 2 
is provided. Thus a space factor 12.4 percent is 
obtained, allowing insulation of the winding to 
30-50 kv. This voltage is so chosen that it will be 
the most economical one considering cost of 
capacitors. The copper losses of the transformer 
will be 5-6 kw and the required dead load 7500 
kva. The purely constructional costs aside from 
development and research are estimated at 80,000 
RM for the betatron, 120,000 RM for the 
capacitors, thus making a total cost* of 200,000 
RM. Using this 100-Mev design as a basis the 
weights, costs, dimensions, etc. of still larger ma¬ 
chines may be estimated as has been done by 
Wideroe. Of interest here is the estimation for a 
200-Mev machine which would have the following 
characteristics: core diameter 4.89 meters, core 
height 2.04 meters, weight 160 tons, core losses 
400 kw, radiation load 400 kw, and cost about 
1,120,000 RM. It is apparent that unless further 
refinement were introduced betatrons of still 
higher energy would be extremely costly. 

Improvement of Yield by Means of 
Auxiliary Lenses 

It was the hope of Wideroe and his group to 
increase the electron filling of the acceleration 
chamber by means of electro-static or electro¬ 
magnetic lenses. Iq the 100-Mev unit it was 
planned to fill the air gap as completely as possi¬ 
ble with the acceleration chamber and to provide 
multiple injectors and guide fields on its periphery. 
Allowing four guide fields for each oscillation of 
the electron, 28 cathodes will be required for 
seven oscillations per revolution. With an average 
electron beam of 1 ma —300 kv) the fre¬ 
quency of the injection voltage will be 17,000 
cycles for a 100-Mev betatron operating at 60 
cycles. This gives a charging period of 2X10~ 6 
second per cycle. The average charging current 
for these times must therefore be one ampere and 
requires, assuming an efficiency of 10 percent, a 
total cathode emission surface of 500 mm 2 . For 28 
cathodes this amounts to 18 mm 2 per cathode. 
Cathode windows will also have to be of this 
order of size. To prevent any electronic charges 
from building up on the acceleration chamber the 
outside must be neutralized and grounded. 
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Fig. 5. Schematic construction of 200-Mev 
betatron (Wideroe). 


Projected Design and General Description of 
200-Mev Betatron* 

As mentioned above it was evidently necessary 
to build a 200-Mev betatron with further refine¬ 
ment of design to keep the size and weight within 
reason. A first step in this direction was the 
elimination of the air gap of the 100-Mev design. 
Even with this feature the diameter of the ma¬ 
chine would still be about three meters but a very 
considerable reduction in the weight was possible. 
Late in 1944 ideas had been crystallized and the 
Brown-Boveri firm Ayhich is skilled in the con¬ 
struction of large transformers was contracted in 
August. By mid-October a first rough design had 
been drawn by the firm which was discussed at 
length in Heidelberg. In this conference the 
Brown-Boveri firm was represented by its director 
Dr. Meyer-Dclius, Chief Construction Engineer 
Otto Weiss, and Dr. Helmut Boecker, detail 
designer. The Megavolt Versuchsanstalt was rep¬ 
resented by Dr. Wideroe and Dr. Koliath. The 
construction of models and a small experimental 
unit for the study of special problems was also 
considered at this time. Exact calculations were 
to be completed before the end of the year. In 
November, the MVA received some questions 
and designs to which reply was made by letter. In 
January, the first plans for construction were 
complete and the MVA was informed but it was 
too late for another conference and discussion of 
these plans. Since that time, the MVA had no 

* More detailed design calculations of Dr. Wideroe for 
both the 15- and 200-Mev units may be found in the 
author's Naval Technical Mission T.R. 331-45. (Now 
released to Dept., Commerce Publications Board.) 


contact with BBC and all work on this project 
came to an end with the occupation of Germany 
early in 1944. 

The conference held at Heidelberg evolved a 
design that had the following general charac¬ 
teristics, which may be seen in Figs. 5 and 6. A 
radially laminated core of 1320 mm diameter was 
to be surrounded by ring-shaped radially lami¬ 
nated parts of about 200 mm width. These carry 
the guide poles which have an average separation 
of 7 cm and also the compensating windings. 
About these are placed the main exciter windings, 
divided above and below the median plane. To 
complete the magnetic induction circuit four 
mantels are provided 90 degrees apart on the 
circumference. A difficulty arising from this 
feature will be discussed below. The preliminary 
problems of the original design included the 
purely mechanical construction of the laminated 
parts of the machine, the fastening of the guide 
poles to the machine, the division of the trans¬ 
former to facilitate installation of the acceleration 
chamber, pumping and electrical connections, 
and adjustments to the guide poles. It was 
planned to purchase about 40 tons of 0.35-mm 
transformer sheet (29 gauge) having a core loss of 
about 1.1 watts per kilogram. 

. The upper pole shoes were to be capable of 
being raised, and the four mantel yokes were to 
be displaced.radially to allow access for leads, 
etc. A special difficulty was in the evacuation 
arrangements and in the cooling of the exciter 
windings. It was proposed to mount the inner 
winding directly adjacent to the core in a 
stationary oil case. 

Final Form Decided Upon 

The general features of the final form evolved 
in the design work are shown in Fig. 6. In vertical 
section is shown the central core with its cooling 
system consisting of a number of parallel helically 
shaped cooling ducts winding through the body of 
the core and connecting at the upper and lower 
ends of the core to the compressed air inflow and 
return ducts 5. The core has a stacking factor of 
about 70 percent. By means of ledges about its 
periphery, a ring of radially laminated pieces 
making up the pole shoes is held in proper posi¬ 
tion, and so that the upper pole shoe ring may be 
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Fig. 6. Assembly of 200-Mev betatron. 

raised together with the connecting ring 3. This 
carries on its lower side the main a.c. exciter 
winding and the d.c. premagnetization winding. 
The original intention to complete the gapless 
magnetic circuit by means of the four mantels led 
to the difficulty that the uniformity of the mag¬ 
netic flux in the guide poles will be disturbed by 
the locking of the mantels to the guide poles at 
only a few points. To avoid this difficulty, it was 
proposed to add an additional ring 3 (hori¬ 
zontally laminated) which serves the purpose of 
smoothing the flux from the core into the mantels 
4 . This is electrically broken between adjacent 
mantels with a zig-zag joint to avoid an elec¬ 
trically continuous circuit about the flux passing 
to the guide poles. The figure shows the principal 
and compensating windings 8 and P, and the 
direct-current premagnetizing windings 10 and 11, 
By elimination of the air gap in this design a 
large central accelerating flux is produced by the 
main windings. These windings also serve to 
produce the guide field which at all times has to 
bear a fixed relation to the induction flux in order 
to maintain a stable electron orbit. In this design 
it is furthermore proposed to premagnetize the 
guide field so that it will be operative over nearly 



Fig. 7. Principle of operation with biased guide field. 
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a half a cycle instead of a quarter of a cycle, thus 
permitting the induction field to accelerate the 
electrons for more than a quarter of a cycle. This 
principle is illustrated in Fig. 7, and has recently 
been discussed in the literature. 14 * 18 

The air gap of the earlier design provided the 
necessary relationship between the induction and 
guide fields by insuring their proportionality. 
Since the use of it leads to unnecessarily large 
power requirements, an attempt is made to pro¬ 
vide the necessary relationship by a winding in 
the inner coil space (compensating winding) on 
which is impressed a fixed potential of the 
corresponding magnitude. For practical purposes 
the main magnetizing winding and its com¬ 
pensating windings may be connected to the 
same driving source and the flux vs, induction 
relationship may be regulated by proper pro 
portioning of the windings of the two coils. For 
fine adjustment a regulation transformer may 
also be connected into the circuit. Figure 8 shows 

w W. F. Westendorp, J. App. Phys, 16, 657 (1945). 
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the manner in which these windings are to be 
energized from the power sources and the neces¬ 
sary compensating transformer connection to 
neutralize the a.c. voltage induced in the d.c. 
windings. 

For this design the following windings were 
planned (see Fig. 6): 

1. An alternating current winding placed outside of the 
guide pole. 

2 . A compensating winding correspondingly placed about 
the induction pole to depress the a.c. magnetization of 
the core to such an extent that the average induction of 
the core is only twice that of the induction at the center 
of the guide pole (fulfillment of the necessary 1:2 
relation). 

3. A premagnetization winding for the guide pole of which 
the induction is to vary from zero to a maximum. 

4. A compensating winding corresponding to the above 
which, while in principle is not necessary, is used to 
prevent an undue loading of the machine by a d.c. 
magnetization with undesirably high induction and 
saturation characteristics. 

Further general electrical characteristics on the 
design are: 
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Total induced flux 

105-X10 6 maxwells 

Induction in core 

15,000 gauss 

Induction in yoke 

13,900 gauss 

Induction in mantels (4) 

12,200 gauss 

Induction in guide pole 

15,000 gauss 

Total iron weight 

26 tons 

Volts/tum at equilibrium orbit 

366 volts 

Maximum electron energy 

200.5 Mev 

Operating power, driving circuit 
Operating power, compensating 

7900 kva 

windings 

4800 kva 

Resulting net load 

3100 kva 

Iron losses about 

67 kw. 


Details on the exact form of the guide poles 
were not determined these being a feature to be 
worked out during the construction. 


Stabilization of Orbit and Improvement of 
Orbit Control 

The magnetic stabilization forces, brought 
about by the suitable shaping of the guide poles, 
are known to diminish with an increase in size of 
the betatron while retaining the same sectional 
dimension of the acceleration chamber. Wideroe 
and Touschek have made a theoretical study of 
the additional stabilization that may be achieved 
by electron optical lenses. These may, in their 
simplest form, consist of a set of scries connected 
coils spaced closely around the circumference of 
the acceleration chamber, the axis of each being 
tangent to the orbit. The principal advantage of 
such a lens system is that a greater electron 
filling of the acceleration chamber should be 
possible. 

The maximum beam current is, in theory, 
determined by the effect of the mutual repulsion 
due to Coulomb forces of the electrons. These 
forces are compensated again by the magnetic 
forces mentioned above. Excess electrons thus 
injected are driven out of the beam and end on 
the walls of the acceleration chamber. The re¬ 
pulsive forces, although decreasing with time 
after injection of the electrons, are still relatively 
large. The effectiveness of the electron lens will be 
greatest in the early stages of the injection 
process. Wideroe has estimated that, in the 
200-Mev design, it is possible to increase the sta- 
bilizatidh forces for 10-kv injection about 1350- 
fold and that this would in turn increase the beam 
current from 0.1 to 135.0 microamperes. In the 
15-Mev betatron the stabilh&tion forces are 


greater and the relative improvement to be ex¬ 
pected is much less. The improvement factor is 
here about 45 which would increase the current 
from 0.5 to 22.5 microamperes. 

The magnetic lens system was tested out on the 
15-Mev betatron at Wrist without any marked 
success. Further work on this scheme nevertheless 
is contemplated. 

A further subject of.concern in the design of the 
200-Mev machine was the possibility of energy 
losses in the machine due to radiation damping 
set forth by Iwanenko and Pomerantschuk 16 and 
by others recently. 1718 Views of Touschek and 
Lens are that as a result of the radiation damping 
a radiation of frequency 10 7 -10 8 cycles is gener¬ 
ated. This radiation, behaving like visible radia¬ 
tion, might in part be reflected by the metallized 
walls of the acceleration chamber and be con¬ 
served. Certainty on this point however did not 
prevail and it was hoped to study such effects 
experimentally on a smaller machine before com¬ 
pletion of the large 200-Mev betatron. It was 
also believed that a possible remedy lay in in¬ 
creasing the driving frequency considerably. 

m. BETATRON DEVELOPMENTS OF 
SIEMENS-REI NIGER 

Mention has been made previously in this 
paper of the activities of Dr. Steenbeck and his 
associates at Siemens-Reiniger. This firm at 
Erlangen has under development three units two 
of 5-7-Mev energy and one of 15 Mev. Only the 
former two are in advanced stages. Of these, the 
one operating on 550-cycle power is in operation; 
the other which is to operate on 50 cycles and 
embody some new ideas in the electron accelera¬ 
tion chamber is still in construction. The 550- 
cycle unit works quite well and has a radiation 
output equivalent to that produced by 12-20 
grams of radium. The output depends very much 
on the vacuum conditions and hopeful extrapola¬ 
tion of yields based on the vacuum pressures 
in use lead to a belief in a possible 50-gram 
output. The Siemens firm was contemplating 
putting this machine into production. The 
betatron is shown in Fig. 9. 


WJ. P. Blewett, Phys. Rev. 69, 87 (1946). 
i»L. I. Schiff, Rev. Sci. Inst. 17, 6 (1946). 
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Fig. 9. View of Siemens-Keiniger 6-Mev betatron. 

General description of 6-Mev, 550-cycle betatron 

This equipment, to be described in more detail 
below, follows closely the betatron of Kerst in 
general principles although the constructional 
details are somewhat different and ingenious. The 
electrons are injected into the acceleration cham¬ 
ber by a single electron gun which is similar to 
that of Kerst but modified by the use of auxiliary 
electric deflection electrodes. Radically different 
methods of electron injection are contained in 
patent applications but these schemes were 
mostly in the design stage. A point of departure 
from the Kerst model lies in the fact that the 
electrons are injected near the center of the appa¬ 
ratus rather than on the periphery and also that 
the electrons are injected in that portion of the 
field between the guide poles where the mag¬ 
netization forces of stabilization are either weak 
or absent. After injection into the chamber, the 
electrons proceed in spiral orbits into a final 
equilibrium orbit of nearly fixed radius. X-rays 
are produced after acceleration in the latter orbit 
by orbit expansion produced by momentary 



Fig. 10 . View of 6-Mev betatron with acceleration 
chamber removed. 


introduction of current into a central winding 
which increases the flux in the induction pole or 
may weaken the flux in the guide field. 

Magnetic Yoke and Windings 

The general features of the yoke, exciter 
windings, and the acceleration chamber are 
shown in Figs. 10-13. As shown in Fig. 11 there is 
a yoke made of bolted stacks of laminations to 
make an approximately rectangular form with an 
open center to accommodate the coils and pole 
pieces. It may be noted that: (a) no gaps are 
provided for air cooling, (b) no radial construc¬ 
tion is used in the large pole pieces which are 
made approximately circular by the expedient of 
making parallel lamination packets of different 
lengths, and (c) that the “staggering” method is 
employed to improve the general shape of the 
yoke. Cooling of the main guide poles is largely 
taken care of by the water cooled exciter windings 
which are hollow brass tubes on which special 
Litz wire is wound/Cooling of the injector mount 
is effected by air passing"through’ducts parallel to 
the induction pole and communicating with a 
suction (or pressure) duct at the base of the 
machine. 
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Fig. 11 . Photograph of 
drawing showing yoke and 
construction of 6-Mev beta¬ 
tron. Since figures are not 
easily legible, the following 
scale may be helpful. As 
printed, reduction is iV- 



The guide pole pieces are finished by machining 
to precise flatness and against these rest the 
radially laminated packets which are built into 
the covers of the acceleration chamber and give 
the guide field its proper shape and intensity 
distribution. The major portion of the pole piece 




Fig. 12 . Electron injection system for Siemens 
6-Mev betatron. 


is thus built integral with the yoke and requires 
no special arrangement for supporting. At the 
center of the pole pieces may be seen a hole of 
approximately circular cross section extending 
continuously from the bottom to the top of the 
yoke. It connects at the lower side to the air 
supply duct, centers the middle section of the 
acceleration chamber and provides access from 
the upper side to screws for clamping or tighten¬ 
ing the acceleration chamber assembly in place. 

The windings consist of 6-mm brass tubing 
which is wound transversely with five parallel 
strands of 5 sq. mm total section Litz wire, or of 9 
parallel strands of somewhat smaller section Litz 
wire. These tubing turns were covered with tape, 
varnished, and formed into coils of 36 turns each 
(six high six deep) mounted on coil forms which 
are supported at the sides of the yoke by the 
binding plates of tjie yoke. 

Acceleration Chamber 

The acceleration chamber, shown in Figs. 10 
and 12, is the most ingenious and intricate part 
of the equipment. It is constructed from a 
porcelain-like material called “Kallait" and made 
so that it is completely demountable as may be 
noted in one of the figures. Essentially, it is a 
body ring with side exhaust port and with circular 
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grooves for the gasket sealing lids which form the 
top and bottom of the acceleration chamber. 
These lids have built into their outward faces the 
radially laminated iron “faces’* which on the 
outside are flat to match exactly the flat ma¬ 
chined guide pole stump and on the inside are 
shaped to give the proper field shape and in¬ 
tensity distribution to the guide field. Near the 
center is located a cylindrical well into which is 
fitted the winding for producing orbit expansion 
by increasing the induction flux and weakening 
the guide field. The two lids mentioned have a 
central opening, the edges of which also make a 
gasket seat on the central “Kallait” core piece, 
which furthermore serves for carrying the elec¬ 
tron injector structure and also all the necessary 
electrical lead-ins for its operation. It is cooled as 
noted above by an air stream passing through the 
center aperture of the yoke. Another feature of 
the acceleration chamber is its electrostatic 
shielding. This is accomplished by metallizing the 
inner walls of the top and bottom in grid fashion 
td break up complete electrical circuits about the 


pole or in its faces. Sections of this metallic 
coating are connected to radial leads distributed 
about the periphery of the wall ring. On the out¬ 
side, these leads are connected together with high 
resistances and one point is grounded. The body 
ring also has a metallic spray coating which is 
contacted by the leads to the coating. On one side 
of the chamber is the target which is a small 
rectangular bar of tungsten held with its axis 
parallel to the field and which is mounted on one 
of the lead-in stems. On this side of the chamber a 
slot is provided in the wall of the body ring over 
which is cemented a thin metal foil window to 
minimize the absorption of x-rays and electrons 
passing out from the target. The direction of the 
radiation beam is approximately 45° to the long 
axis of the yoke, passing out of the betatron at a 
point just forward of the pump stem as shown in 
Fig. 9. This type of construction while apparently 
complicated is well suited to experimental work 
especially in view of necessary alterations to test 
out projected ideas on electron injection and field 
control. 
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Circuit Connections 

Figure 13 shows the circuit diagram for the 
550-cycle betatron. Power is obtained from a 550- 
cycle motor generator unit consisting of a 
440-volt, 30rkw, direct-current motor driving a 
6-kva alternator. Frequency is regulated by a 
manual speed control of the motor and no equip¬ 
ment is used to stabilize the speed. The alternator 
is a special low voltage machine supplying 100 
amperes for 6-Mev operation. This current is 
passed through six primary turns on the betatron 
which may be seen passing over the main driving 
coils in Fig. 10. These are divided into two sets 
and center grounded, likewise the main windings. 
Their 36-tum terminals are connected directly to 
a capacitor bank of 8-mf capacity. A part of the 
parallel capacitor connection is used to operate a 
peaking transformer used to provide the voltage 
pulse for the electron injection. A 5-volt, d.c. 
winding provides means for shifting the phase of 
the injection. The output pulse of about 10 kv is 
passed into a 100,000-ohm potential divider from 
which various voltages applied to the injector 
electrodes are obtained. The filament is heated by 
a separate transformer and is grounded together 
with one point of the potential divider. 

The orbit expansion circuit derives power from 
a 1-kv utility transformer connected in parallel to 
the primary coil of the machine. The output 
passes over a smoothing filter, K , and //, 
and a grid-controlled rectifier which controls the 
charging of the 2-mf capacitor F. The grid- 
control feature of the rectification is not indis¬ 
pensable. Control is obtained from a forty-turn 
winding T divided on the two legs of the machine. 
A similar winding Q supplies power to another 
peaking transformer 0 having a phase-shifting 
bias winding. This actuates the thyratron L (L 
and J are Osram Ste 5000/10/30). The capacitor 
T is discharged at the desired operating point 
through the two fifty-turn, orbit expansion coils 
M and M\ In series with these are two 28-turn, 
compensating winding N and N' wound about 
the legs of the yoke whose purpose is to com¬ 
pensate the magnetization effect of the orbit 
expansion current pulse in the yoke. It may be 
noted that the injection and orbit expansion 
pulses are phased properly by having one peaker 
transformer actuated by the primary driving 
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current and the other by the voltage derived 
from the primary flux which is in quadrature 
therewith. 

Review of Betatron Patent Ideas of the Siemens - 
Reiniger and C. IL F. Matter Firms 

While the actual electron accelerator develop¬ 
ments of Siemens-Reiniger seem to have covered 
only patent claims which are fairly well repre¬ 
sented in one application 19 entered July 28,1942, 
a number of ideas are contained in their present 
work and in other patent applications which will 
be reviewed briefly. 

In an interesting experimental device use is 
made of a thermo element on the tungsten target 
of the betatron to measure the actual electronic 
current which is converted into radiation and 
heat. This is a more efficient indicator of output 
than the electron current passing from chamber 
to ground. 

The use of the positive ion plasma for the pur¬ 
pose of increasing the electron density in the 
acceleration orbit by virtue of the electronic 
focusing and stabilization resulting from the 
positive ion space charge has been considered in a 
semi-theoretical way. This topic is on the pro¬ 
gram for further study. 

Ideas contained in patent applications include 
the following : 

a. Construction of the magnetic acceleration chamber in 
such a way that the magnetic guide field poles form the 
vacuum chamber itself and even contain the magnetizing 
windings to produce the guide field. This idea has met with 
experimental difficulties. It was intended for an accelerator 
for producing fairly strong circulating currents with several 
hundred kv energies. 

b. Use of a built-in saturable magnetic core to keep the 
guide field constant for a short time during the injection 
period to increase the available injection time. 

c. In relation to (b) use of a constant injection voltage 
during time in which guide field is constant. 

d. Electron injection radially and normal to the field 
with asymptotic approach to an equilibrium orbit together 
with mechanism for transfer of orbit to a stable acceleration 
region or orbit. 

e. A ring cathode with auxiliary radial electric acceler¬ 
ating field. Applicable only on certain conditions. 

f. Polygonal or elliptical ring cathodes to overcome 
limitations of (e). 

g. A 1:2 magnetic field principle operative in as¬ 
ymptotic injection. 

« Siemens Akt. 151,565, VIIIc/211g. 
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h. Time dependant guide field further characterized by 
pre-magnetization of a special magnetic core with a.c. in 
quadrature with the guide field. 

i. Electron source consisting of a pair of oxide emitter 
plates, above, below, and parallel to median plane of 
accelerator. An acceleration chamber with an open center." 

j. Accelerator as in (i) in which a plurality of electron 
orbits pass through the axis and produce there a high 
electron concentration. 

k. Acceleration in a stable orbit with either a time 
variant or time invariant guide fields, together with an 
electrostatic arrangement for release of an electron beam 
from the orbit. 

l. Orbit expansion by means of local disturbance of guide 
fields by special windings located at advantageous points 
or areas in field. 

mi Arrangements for d.c. premagnetized guide field, also 
time variant guide fields. 

n. Production of injection potentials by special windings 
in induction field. 

Patent applications 20 21 credited to Dr. Muller 
of the C. H. F. Muller firm also contain the idea 
of using a ring cathode and radial electric ac¬ 
celeration fields mentioned in Sections (d)-(f) 
above. These contain perhaps the novelty of 
using magnetic shielding material to protect the 
filament of the cathode from magnetic forces and 
also have a departure in the proposal: first, to 
accelerate the electrons by induction within an 
inner portion of the guide field, then to pass these 
on by means of an applied radial electric field to 
an outer region where they may be further ac¬ 
celerated in a stable orbit. In the course of the 
passage, these are to pass through a retarding 
radial electric field region, the purpose of which 
is to bring the radial speed of the accelerated 
electron back to values that will allow them to be 
introduced into the equilibrium orbit. Electrons 
that are slow radially naturally form a closed 
circular path tending to return them to the 
cathode. A difficulty presents itself in the delaying 
field in that it may draw electrons oscillating 
radially about the equilibrium orbit back into 
this space. To avoid this difficulty, it is proposed 
to inject the electron in a line parallel to but 
above or below the median or orbital plane. This, 
it is believed, will cause the electron captured by 
the equilibrium orbit to execute spiral tracks 
which will make difficult the reentry of electrons 
into the decelerating radial electric field. 


*° C. H. F. MUller M 159,065 VIII 10/21g. 

« C. H. F. MUller M 159,741 VIII c/21g (43/44). 


In another Mtiller’s application 22 the idea of 
spiral orbits about an equilibrium orbit is again 
set forth, this time as a possible means of avoiding 
collisions of injected electrons with the injector, 
the spiraling being so controlled that the electron 
will miss the injector. This is to be accomplished 
by applying a circular magnetic field whose lines 
of force are parallel to the electron orbit itself 
which field is to be applied only during the 
beginning of the injection. 

In an application 23 it is proposed to release 
electrons after acceleration in a fixed equilibrium 
orbit in such a way that, on expansion of the orbit 
by saturation of the magnetic field, the electrons 
will move outward into a field varying so rapidly 
with distance that the spacing between successive 
turns of the spiral electron orbits becomes quite 
large. It then will be likely that an electron may 
strike a target or a window covering a certain 
angular range in its last revolution. No solution is 
given as to how the electron is so be properly 
phased to arrive at the desired instant in the 
required range. 

Another application 24 contains an idea similar 
to that contained in Part (c) of the Siemen’s 
applications. In this the magnetic guide field or 
the accelerating field is to be kept constant for a 
certain short time interval during the electron 
injection process by introducing into the elec¬ 
trical exciting circuit some controlling rectifier 
valves. These are usually a pair in parallel, one of 
which “saturates” in a certain time of operation 
after application of potential and thus produces 
the momentary constancy of field required. After 
a desired time the second grid controlled valve is 
fired and carries the current as a conductor of low 
resistance for the remainder of the half cycle. The 
scheme may be extended to produce a similar 
effect on the negative half-cycle. AC. H. F. 
M tiller application 28 describes an electron in¬ 
jector in which the equilibrium orbit is allowed to 
pass through the injector structure without ob¬ 
struction. The application includes the use of a 
manifold of such units about the accelerator 
orbit. 

A very late application 26 describes an iron-less 

C. H F. MUller M 159,714, VIII c/21g (1/3/44). 

» C. H. F. Mailer M 189,257, VIII c/21g (28/12/43). 

M C. H. F. Maller/Dr. Mttller 2000 (date unknown). 

“ C. H. F. Mailer Appt. A 3224 of 25/9/44. 

*• C. H. F. Mailer, Dr. Mtt/Ro/160 Jan. 26, 1945. 
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betatron. The scheme, in which inductions con¬ 
siderably greater than 10,000 gauss are possible, 
is to consist of a cdil of few turns and an ac¬ 
celeration tube of relatively small dimensions. 
The coil is of a hemispherical shape to give proper 
direction to the field lines and proper distribution 
of the flux through the orbit in the acceleration 
chamber. Because of the high power requirements 
due to lack of iron the betatron is to be operated 
by a sudden discharge of electricity stored in a 
capacitor bank. It is also proposed to obtain 
desired circuit time constants by proper design 
of self-inductance or by inclusion of external 
circuit impedance. The application further in¬ 
cludes possible use of iron in such parts of the 
equipment where fields of 10,000 gauss arc to 
be used. Iron, however, is not to be used in the 
regions of most intense fields, that is, 20,000 to 
100,000 gauss. 

IV. SUMMARY AND CONCLUSION 

The principal betatron developments which 
have been carried out during the war by several 
German firms or organizations have been dis¬ 
cussed above in some detail. In the way of 
evaluation of these developments, especially in 
comparison with developments which have pro¬ 
ceeded simultaneously in the IJ.S.A., the follow¬ 
ing notes may be added: 

The developments seem to have the same basis 
in preceding scientific literatures; the main refer¬ 
ence sources are the works of Widcroe and the 
patents of Steenbeck and of Kerst, upon which 
developments agreeing fairly closely in general 
principle have been made. The success of these 
developments has been of various degrees. The 
works of Wideroe and the associated groups 
MVA and BBC have resulted in an operating 
15-Mev electron accelerator described above, and 
some projected designs. The x-ray output of this 
unit, reported to be as high as 1 kg of radium 
equivalent and as low as 30 grams at various 
times of experimental work, compares fairly well 
taking the upper figure with early American 20- 
Mev units allowance being made for difference in 
maximum energy. The technique of electron in¬ 
jection, although subjected to theoretical investi¬ 
gation, lacks considerably in refinement, perhaps 
partly due to the difficulties encountered in 
carrying on experimental work at all. The 
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betatron of Wideroe presents a somewhat differ¬ 
ent design from that of Kerst in that saturating 
guide poles are used. This feature, however, has 
opened up some design possibilities which could 
not be foreseen in the Kerst design in. which the 
guide fields are produced on the same pole unit 
carrying the accelerating flux. A comparison in 
regard to weight indicates perhaps a slightly 
more efficient use of iron which consideration 
however is influenced considerably by the dimen¬ 
sions of the air gaps. 

The most interesting and remarkable develop¬ 
ment due to the Wideroe group has been the 
design of a 200-Mev unit in which a very con¬ 
siderable economy of iron may be found. An 
interesting comparison may be made in the way 
of weight, between this design which is to weigh 
about 40 tons for a 200-Mev rating and the 130 
tons of the American General Electric Company 
100-Mev machine. In this 200-Mev design certain 
improvements, such as the use of premagnetiza¬ 
tion, are considered. At present it may be prema¬ 
ture and optimistic to believe that all of these 
improvements will be practically realized on a 
large betatron until such have been demonstrated 
on a smaller scale. 

The most successful betatron development in 
Germany is perhaps that of the Siemens-Reiniger 
6-Mev, 550-cyclc betatron. This unit has a good 
output of radiation for its small size and weight 
and operates with almost unbelievable steady 
output. The actual details of electron injection 
follow American practice to some degree with the 
difference that inside injection is employed. Some 
interesting differences lies in the electron starting. 
X-ray production occurs in larger American ma¬ 
chines by orbit expansion but somewhat different 
orbit expansion arrangements are used. The most 
interesting feature is the adaptability of the unit 
to various arbitrary injection and acceleration 
experiments. American betatron practice has 
advanced to the use of sealed off porcelain ac¬ 
celeration chambers. The use of porcelain, how¬ 
ever, was anticipated by Steenbeck who used a 
tube of such material in 1935. 

Although no visit could be made to Berlin, it is 
understood that the • AEG were engaged in 
betatron development also and that their work is 
based largely on the preliminary achievements of 
Wideroe and Steenbeck. 
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fn connection with the developments reviewed 
above there are to be noted many interesting and 
ingenious technical details. A review of the 
patent applications indicates a wealth of ideas 
which have been systematically studied only in 
part. 

APPENDIX I 

Considering both the force of the electrostatic 
field of the beam of electrons in the equilibrium 
orbit, and the magnetic attraction force between 
this beam and the test electron moving parallel 
to it at a distance Ar their difference will be seen 
to be 

eQc 1 % 

APi=* -(1 — £ 2 ), Q: charge in orbit. 

rrroAr 

The difference in centrifugal and magnetic 
forces acting on the electron for a small deviation 
Ar from the equilibrium orbit r 0 is 

e 2 B 2 Ar 

AP 2 = —— (1 ~w)—, v : field law index 
m ro 


to a first approximation. Equating these differ¬ 
ences and solving for Q the total charge in the 
equilibrium orbit is 

*(l-n)(Ar)*(roS ) 2 

Q- -, Eo = moe 2 /e 

roEo(l-F) 

7r(l t») (E + Eo) 2 

--(Ar)*(E*+ 2EEq) -. 

ToC 2 Eq 2 

Eliminating E by means of the damping relation: 
-‘dr/r — ^dE/E from which using dE — rvdB and 
dB^coBm • 2irr/v 

2r 2 r 2 ArB m 'f 

E = -(injection voltage) 

—dr 

f : operating frequency 

we have finally that the average current supplied 
i =/• Q is 

4?r 3 (Ar) 3 (l — n)prB m 

—dre 2 


Here and There 

Fiber Society—High-Polymer Joint Meeting 

'fhe third meeting of the Division of High-Polymer 
Physics, which was exclusively devoted to textile and fiber 
research, was held in Maury Hall of the University of 
Virginia on September 26—28, 1946. The meeting was 
sponsored jointly with the Fiber Society. Approximately 
105 members of the Division and the Fiber Society and 
guests registered at the meeting. 

The program was arranged by a joint committee under 
the co-chairmanship of Lewis Larrick and W. A. Sisson. 
Dr. Larrick also headed ^he local committee, in which 
undertaking he was ably and enthusiastically assisted by 
the staff of the Institute of Textile Technology. 

In addition to addresses of welcome by Ivy F. Lewis, 
Dean, University of Virginia, and Ward Delaney, Presi¬ 
dent, Institute of Textile Technology, three addresses of 
non-technical nature were given in the course of the three- 
day meeting. P. Larose of the National Research Council 
it? Ottawa spoke on “Textile Research in Canada.” Carl 
M. Conrad delivered a paper commemorating the life and 
work of the late Enoch Karrer, Fellow of the American 
Physical Society and a pioneer in high-polymer research. 
H. Wickliffe Rose presented, with numerous slides, im¬ 
pressions of Japan and the Japanese textile industry gained 
on a recent trip there. 


Thirteen technical papers were presented. Titles and 
authors appear hereunder. 

W. James Lyons 

Division Secretary 

“Air and Water Vapor Permeability of Fabrics," L. W. Rainard. K. L. 

Wilson, and A. L. Nestmann, Institute of Textile Technology. 
"Moisture Transfer to and from Tire Cords Encased in GR-S," W. 
James Lyons* Hilda M. Ziifle, Mary L. Nelson, arid Trinidad Mares. 
Southern Regional Research Laboratory. 

"Cyrl in Woven Textile Fabrics." Ross Whitman, Kendall Mills. 
"Tricot," C. W. Bendigo, Textile World . 

"Tensile and Torsional Properties of Textile Fibers,” L. G. Ray, Jr., 
K. I. du Pont de Nemours and Company. 

"The Creep Behavior of Textile Fibers," M. T. O'Shaughnessy.t E. I. 

du Pont de Nemours and Company. 

"Electron Microscopical Studies of Natural Cellulose Fibers," William 
G. Kinsinger and Charles W. Hock, Hercules Powder Company. 
"The Measurement of Irregular Distances and its Use in Studying the 
Swelling of Cotton Fibers," Enoch Karrer and R. S. Orr, Southern 
Regional Research Laboratory. 

"Performance of Tensile Testing Machines," Herbert F. Schiefer and 
Josephine M. Blandford, National Bureau of Standards. 

"Apparatus for Determining the Coefficient of Friction of Running 
Yard," Francis B. Breazeale, The American Enka Corporation. 
"Spun Nylon," L.T,. Larson, E. I. du Pont de Nemours and Company. 
"An Investigation of the Load-Deformation Characteristics of Celaneae 
and Wool with Particular Reference to the Use of These Materials 
in Carpet Pile," R. W. Work, A. M. Thorne, and M. R. Livingsto*. 
Celaneae Corporation of America. 

"The Design of Parachute Shroud Lines as Influenced by Fundamental 
Energy Absorption Properties," E. R. Kaswell, Fabric Research 
laboratories. 

* Resigned April 1945. _ 

t Now at Brooklyn Polytechnic Institute. 


18 


journal of Applied Physics 



New Appointments 


Three new appointments to the staff of the National 
Bureau of Standards were recently announced. Dr. B. J. 
Miller is chief of the recently organized Guided Missile 
Electronics Section, Dr. H. K. Skramstad is chief of the 
Guided Missiles Section, and Dr. Ladislaus L. Marton is 
principal physicist in the Electronics Section. 

Awards 

Professor P. W. Bridgman of the Physics Laboratories 
at Harvard University has been awarded the Nobel prize 
in physics for 1946. 

Dr. Willis R. Whitney, organizer and first director of the 
General Electric Company’s Research Laboratory, has 
received the Industrial Research Institute Medal for his 
pioneer work. 

Mathematical Tables Progress 

The Mathematical Tables Project, 150 Nassau Street, 
New York, New York, in its progress report for October 
stated that work had been completed under the following 
headings: 

Table of spherical Bessel functions, Volume II, 

“Manila rope” distribution problem, 

Spherical scattering functions for complex arguments, 

Computations related to hydraulic analogy of shock wave inter¬ 
sections. 

Information on Preparation of Graphs 

The editor of American Journal of Physics has an¬ 
nounced that anyone wishing to have a reprint of the 
article “Preparation of Graphs for Physical Papers,” which 
appeared in the March-April 1946 issue of that journal, 
may receive one without charge by addressing American 
Journal of Physics, Wabash College, Crawfordsville, 
Indiana. The article suggests “practices intended for the 
guidance of authors and draftsmen in preparing graphs for 
reproduction in technical publications.” It further states 
that “most of the recommendations are in accord with 
those recently made by a committee of the American 
Standards Association.” 

Postdoctoral Fellowship for Women 

Announcement will be made early in March of the 
award of the third Sigma Delta Epsilon Fellowship of 
$1500. Women with the equivalent of a Ph.D. degree, 
carrying on research in the mathematical, physical, or 
biological sciences, who need financial assistance and give 
evidence of high ability and promise, are eligible. During 
the term of her appointment the appointee must devote 
the major part of her time to the approved research 
project, ai\d not engage in other work for remuneration 
(unless such work shall have received the written approval 
of the Board before the award of the fellowship). Applica¬ 
tion blanks may be obtained from Dr. Louise S. McDowell, 
2® Dover Road, Wellesley, Boston 81, Massachusetts. 
Applications should be submitted before February 1, 1947. 


High-Polymer Lecture Series 

During the academic year 1946-1947 a series of lectures 
on the properties of high polymers is being given at the 
National Bureau of Standards in Washington. They have 
been arranged by Robert Simha. The lecturers include the 
nation’s leading scientists in this field from industry and 
universities. The lectures are open to the public without 
charge and are held from 7 to 9 o’clock in the evening in 
Room 214 of the Chemistry Building, National Bureau of 
Standards. Remaining dates in the course are January 22 
and 30, February 27, March 6 and 28, April 24, May 8 
and 29, June 5 and *12. 

Necrology 

Dr. Wilbur B. Rayton, director of the Scientific Bureau 
of Bausch and Lomb Optical Company, died October 31. 
He had been with the company since 1908 and was ap¬ 
pointed head of the Bureau in 1926. Two months before 
his death he had received the Navy Ordnance Develop¬ 
ment Award. 


Calendar of Meetings 

January 

15- 17 American Society of Civil Engineers, New York. New York 

27- 30 American Society of Heating and Ventilating Engineers. New 

York, New York 

27 31 American Institute of Electrical Engineers, New York. New 
York 

28- 30 Institute of Aeronautical Sciences. New York, New York 

30- American Physical Society, American Association of Physics 
Keb. 1 Teachers, and Division of High-Polymer Physics (American 
Physical Society) (Joint Meeting), New York, New York 

February 

15 American Geophysical Union, Pasadena, California (Section of 
Hydrology) 

16- 10 American Institute of Chemical Engineers, Louisville, Ken¬ 

tucky (Regional Meeting) 

20-22 Optical Society of America, New York, New York 
22 American Mathematical Society, New York, New York 
24 25 Inter-Society Color Council, New York, New York (Joint 
Meeting with the Technical Association of the Pulp and 
Paper Industry on the 25thj 

24-27 Technical Association of the Pulp and Paper Industry, New 
York, New York 

24-28 American Society for Testing Materials, Philadelphia, Penn¬ 
sylvania 


Letters to the Editor 


Determination of Magnification in 
Electron Micrographs 

Hknry C. Frui'la 

Assistant Physicist, Armour Research Foundation of Illinois 
Institute of Technology, Chicago, Illinois 
(Received November 1, 1946) 

Electron microscopes are often calibrated through the 
use of a grating replica as a specimen. The assignment of 
magnifications to subsequent micrographs then depends, 
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Fig. 1. An electron micrograph of coal dust supported by a 15.000- 
line per Inch grating replica, prepared by the second method described 
herein. Magnification, approximately 1000 X. 



Fig. 2. A limited part of the field of Fig. 1 at a greater magni¬ 
fication, approximately 3000 X. 


essentially, either upon the constancy of the original cali¬ 
bration or upon a knowledge of how it varies. 

difficulties and skepticism in regard to the translation 
from the original calibration to subsequent micrographs 
led to the use of the two techniques described below in two 
recent studies of small particles. 

In one procedure, used in a study of colloidal particles, 
a regular collodion grating replica was prepared and was 
mounted on a specimen screen. A small droplet of the sol 


was then placed on the replica surface. After evaporation 
of volatile components, the specimen was ready for ob¬ 
servation. 

In the second method, used in the study of a dry, 
powder-like material, the particles were mechanically dis¬ 
persed in an amyl acetate solution of collodion. This 
mixture was then used in place of the plain collodion solu¬ 
tion in making a replica of a grating. 

In both of these methods, the replica was prepared in a 
manner similar to the cellulose-taper-stripping technique 
described by Schaefer. 1 

In both cases the final image shows the particles with a 
grating as a background. In this way each micrograph 
carries its own calibration as seen in Figs. 1 and 2. Further¬ 
more, electron-optical distortions are partially compensated 
by similar distortions in the grid-like background. How¬ 
ever, it will be noted that, while each of these two methods 
affords a relatively direct means of determining mag¬ 
nification, each still remains subject to inaccuracies caused 
by such factors as physical distortion of the replica and 
non-perpendicularity between the electron beam and the 
replica. 

i V. J. Schaefer. Science 97, 188 (February 19, 1943). 


New Books 


Matter and Light. The New Physics. 

By Louis de Broglie. Pp. 300, 5X7J in. W. W. Norton 
and Company, New York, 1946. Price $2.75. 

This is an American printing of the translation by W. H. 
Johnston of Mature et Lumtfrc which was originally 
published in French in 1937. It duplicates the English 
translation which appea'red iq 1939. 

It consists of a series of twenty-one brilliant essays 
dealing with modern physics and with philosophical studies 
raised by these new developments. They are grouped 
under six headings, as follows: A General Survey of Present- 
Day Physics, Matter and Electricity, Light and Radiation, 
Wave Mechanics, Philosophical Studies on Quantum 
Physics, and Philosophical Studies on Various Subjects. 
Only two of the essays contain mathematical equations 
which are, however, familiar to students of modern physics. 
Since the essays arc quite independent of one another, the 
major portion of the book may be read by anyone who is 
interested in the revolutionary ideas arising from the 
development of quantum theory, relativity, and wave 
mechanics. The line of thought leading to the foundation 
of wave mechanics by the author is retold in several of the 
essays with interesting variations. 

In this book, the scientist in other fields than physics, 
the philosopher, and the cultured amateur may find a 
delightful popularization of the principal ideas of the new 
physics. The physics student will be pleased by the 
masterly resume of modem physics and by the author’s 
insight into related philosophical problems. However, iftt 
the least profit to be gained by reading this book is in 
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regard to cultural values, to which the author is keenly 
sensitive. For example, the final essay, directed to science 
students, contains the following charge: “the younger 
generation must undoubtedly acquire learning so that they 
shall be able to benefit by past experience and by the stock 
of gathered knowledge; but beyond learning, they must 
acquire a love of beauty in all its forms, of the art of 
thinking, and of the expression of thought” and further— 
“without a zeal to pursue all that is loftiest in the intel¬ 
lectual, the esthetic, and the moral sphere—a civilization, 
however great the perfection of its material aspects, would 
soon be no better than a complicated form of barbarism.” 
The intervention of a world war and the invention of the 
atomic bomb since the first printing of this book has only 
served to make it more worthy of careful study. 

Joseph Valasek 

University of Minnesota 


New Booklets 

The Ohmite News for October 1946, published by Ohmite 
Manufacturing Company, 4835-41 Flournoy Street, 
Chicago 44, Illinois, features a brief biographical sketch of 
George Westinghouse. 

Inter chemical Review for summer 1946, published by 
Interchemical Corporation, 432 West 45 Street, New York 
19, New York, has the following table of contents: 


High-Speed Microtoming.Mary C. Schuster 

What a Research Library Offers.Lisa G. Otto 

Applying Pigment Colors to Textiles.Winn W. Chase 


The General Radio Experimenter , published by General 
Radio Company, 275 Massachusetts Avenue, Boston 39, 
Massachusetts, features in its October issue an article on 
“A Peak-Reading Voltmeter for the U-H-F Ranges.” 

Talk-A-Phone Company, 1512 South Pulaski Road, 
Chicago 23, Illinois, announced its new 1946 catalog, 
describing “the world’s most advanced and complete line 
of inter-communication.” 12 pages. 

Leeds and Northrup Company, 4908 Stenton Avenue, 
Philadelphia 44, Pennsylvania, publishes a quarterly news¬ 
paper-style bulletin entitled Modern Precision . Its eight 
pages contain many short articles and photographs. 

Fischer and Porter Company, Department 6F-7, 
Hatboro, Pennsylvania, has announced its Bulletin 40-A, 
which describes completely armored variable-area flow 
rate meters. 8 pages. Available for selected distribution to 
users of high pressure flow rate instruments. 

Battelle 'Klemorial Institute, Columbus, Ohio, recently 
published a brochure entitled Research in Action , a pic¬ 
torial presentation of the work being done at Battelle in 
cooperation with industry. 58 pages, many photographs. 


Engineers Specialties Division, 980 Ellicott Street, 
Buffalo 8, New York, has issued a four-page leaflet about 
its optical projection comparators. The folder illustrates a 
few examples of complete gauging. 

Bakelite Review for July 1946, published by Bakelite 
Corporation, 30 East 42 Street, New York 17, New York, 
features an article on the use of expanded structural 
plastics in modern housing. 28 pages, many photographs. 

Electro-Voice, Inc., Buchanan, Michigan (formerly 
South Bend, Indiana), has announced in its Bulletin No. 
131 the new cardyne cardioid dynamic microphone which 
it manufactures. 

The Gaertner Scientific Corporation, 1201 Wrightwood 
Avenue, Chicago 14, Illinois, has issued its Description 
M404 , dealing with the Gaertner M404 Ring Spherometer. 
4 pages, free on request, 

Dow Corning Corporation, Midland, Michigan, recently 
published an 8-page pamphlet entitled DC 702 and DC 703, 
Silicone Fluids for Use in High Vacuum Diffusion Pumps. 
This is a revision of the bulletin issued on April 15, 1946. 

Farrand Optical Company, Bronx Boulevard and East 
238 Street, New York 66, New York, has issued a four-page 
folder announcing its interference filters. 

Plastics Divisions of General Electric Company, 1 
Plastics Avenue, Pittsfield, Massachusetts, have issued a 
14-page booklet entitled What Are Plastics? Numerous 
photographs. Written for the layman. Free on request. 

General Radio Company, Boston 39, Massachusetts, 
recently issued a new 6-pagc bulletin, New Variac Con - 
tinuously Adjustable Transformers. 

Electro-Voice, Inc., 1239 South Bend Avenue, South 
Bend 24, Indiana, manufacturer of microphones and 
stands, has published a complete new catalog and selection 
guide. Free on request. 

The Navy’s Office of Naval Research, Washington 25, 
1). C., has republished tables computed by the Mathe¬ 
matical Tables Project of New York for the Massachusetts 
Institute of Technology Underwater Sound Laboratory of 
Division 6, National Defense Research Committee. The 
report is entitled Scattering and Radiation from Circular 
Cylinders and Spheres—Tables of Amplitudes and Phase 
Angles . The tables were originally computed for a limited 
audience. The Office of Naval Research believes the report 
will be of value to scientists engaged in acoustical and 
electromagnetic wave research, and will therefore make a 
limited number of these tables available without cost. 
Scientists wishing to obtain copies of the report should 
address the Office of Naval Research. 
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Contributed Original Research 


Ion Beams in High Voltage Tubes Using Differential Pumping 

E. S. Lamar* and YV. YV. Buechner 
Massachusetts Institute of Technology , Cambridge , Massachusetts 
(Received July 31, 1946) 

Tests on a hydrogen ion gun assembly employing differential pumping arc described. Focused 
beam currents as high as 215 microamperes were realized at the target end of a high voltage 
tube 6 feet long operating in the range from 300 to 400 kilovolts. Factors which limited the 
current to 215 microamperes are discussed and suggestions for realizing greater beam currents 
are presented. 


INTRODUCTION 

NUMBER of investigations of the produc¬ 
tion and focusing of hydrogen ion beams 
have been made at the Massachusetts Institute 
of Technology, 1 ” 5 the ultimate end in view being 
the use of ion beams together with higj} voltage 
vacuum tubes for investigations of the atomic 
nucleus. In references 4 and 5, which were 
published together, studies of ion sources and 
focusing systems were presented which led to a 
proposed ion gun design using differential pump¬ 
ing. This ion gun, shown in Fig. 1, was built and 
tested in conjunction with a high voltage vacuum 
tube. This jsfetper is an account of the tests of the 
ion gun and vacuum tube assembly which were 
completed before the recent war interrupted the 
research, and the conclusions which were reached 
as a result of these tests. In the sections of this 
paper which follow, the accounts of the tests of 
the various parts of the assembly are presented 
in much the same order in which they were 
made. 


* At present on leave at the Operations Evaluation 
Group, U. S. Navy. 

1 E. S. Lamar and O. Luhr, Phys. Rev. 46, 87 (1934). 
** Lamar, Samson, and Compton, Phys. Rev. 48, 241 
(1935). 

* Lamar, Buechner, and Compton, Phys. Rev. 81, 936 
(1937). 

4 Lamar, Buechner, and Van de Graaff, J. App. Phys. 12, 
132 (1941). 

* Buechner, Lamar, and Van de Graaff, J. App. Phys. 12, 
141 (1941). 
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THE ION SOURCE 

The ion source was of the metal capillary type 
as described in reference 3. The capillary was 
3.0 mm in diameter and 3.0 mm long. The outlet 
was 0.80 mm in diameter. In order to eliminate 
the need for water cooling, the arc chamber was 
made from a solid block of copper. The two 
cathode leads and the one for the anode were 
brought in through small spark plugs. Both 
cathode and anode ends of the arc chamber 
were closed by glass windows to facilitate visual 
examination of the.arc. 

The results of the total ion current measure¬ 
ments were in general agreement with those 
presented in reference 4. They are shown here in 
Fig. 2. The points shown are the averages ob¬ 
tained from a number of runs, the vertical lines 
giving the limits of the various measurements. 
On rare occasions, the output currents were 
outside the limits shown and approximated those 
characteristic of the glass ion sources described 
in reference 4. These rare runs have not been 
included in Fig. 2. The small fluctuations indi¬ 
cated in Fig. 2 and the larger ones just described 
are believed to result from changes in surface 
conditions as was discussed at some length in 
reference 4. A comparison of the ion currents 
obtained from the metal source with those to 
be expected from a glass one is sufficient in itself 
to show the desirability of completing the 
engineering development needed to produce a 
rugged glass ion source. This need is further sub- 
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Fig. 1 . Ion gun and initial focusing electrode of accelerating tube. 


stantiated by comparing the atomic ion yields 
of the two types as shown by the mass analysis 
reported in reference 4. 

THE INITIAL FOCUSING SYSTEM 

The initial focusing system, shown in Fig. 1, 
had exactly the same electrode dimensions as 
the one described in reference 5. The outlet 
leading to the high voltage vacuum tube con¬ 
sisted of a canal J inch in diameter and 1 inch 
long. In most of the experiments the accelerating 


potential was applied in two steps: between the 
focusing cone and first cylinder, and between the 
first and second cylinders; i.e., a double rather 
than a single lens was used. With this arrange¬ 
ment, for any given current, greater ion currents 
through the canal and into the high voltage tube 
could be realized than with the single lens 
system. As was discussed in reference 5, for a 
given total focusing voltage, the aberrations at 
the source outlet are less for a double len9 than 
for a single one. 
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Fig. 2. Output ion current as a function of collecting 

potential for arc currents of 1 ampere and 2 amperes. 

Figure 3 shows a typical set of measurements 
of ion current entering the high voltffge tube 
through the differential pumping canal. These 
measurements were made with all the tube 
electrodes connected together to form a deep 
Faraday collector. The potentials V\ and V 2 of 
the first and second cylinders, respectively, were 
measured with respect to the focusing cone, it is 
to be noticed in Fig. 3 that for each value of Fi, 
the value of F 2 which gives the greatest beam 
current through the canal and into the high 
vacuum of the accelerating tube is quite critical. 
The ratio of voltages for best focus is a function 
of the first cylinder voltage Fi and of the maxi¬ 
mum output beam current. Since the maximum 
voltage of the power supply for the second 
cylinder was limited to about 26 kilovolts, it was 
not possible, in all runs, to read the point of best 
focus. For those runs in which the peak was 
reached, the ratio V%/V\ at the peak is given in 
-Table I as a function of Fi and the maximum 
deam current. As can be seen from the table, 
V%/ V\ increases with increasing current and with 
decreasing voltage. In other words, the greater 
the space charge in the beam as it enters the 
second lens, the greater the second lens action 
required. 



Fig. 3. Ion current focused through differential pumping 
canal into the high voltage tube as a function of the 
initial focusing potentials. Arc current®2 amp. 

THE PUMPING SYSTEM 

The vacuum pump attached to the critical 
focusing region was of the tapered nozzle type 
and that for the high vacuum tube was a steel 
pump of conventional design. Both these? pumps 
used mercury and were provided with dry ice 
traps. An idea of the net pumping speeds of each 
of these pumps can be obtained from ratios of 
pressures in various regions. For the first pump, 
computing the pumping speed from the ratio of 
pressures between arc and initial focusing cham¬ 
ber involves a slight complication. The arc 


Table I. V%/V\ for best focus. 


Current 

(milliamps) 

Vi-2 

(kilovolts) 

Vi *3 
(kilovolts) 

Vi —4 
(kilovolts) 

Vi«6 

(kilovolts) 

1.57 



5.50 


0.75 

6.75 




0.43 



5.50 


0.57 


5.50 



0.36 

6.00 




0.33 


5.53 



0.31 



5.50 


0.25 

6.00 



3.67 

0.23 




0.20 



4.00 


0.19 


5.00 



0.18 



4.88 


0.16 

5.25 




0.12 

4.75 
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pressures at which the measurements were made 
were such that the mean free path of the gas 
molecules in the arc was of the order of the outlet 
diameter. Hence the speed of the outlet was not 
constant but was a function of the arc pressure. 
It was found that the pressure ratio between 
initial focusing region and the arc was 

^«S.03(10“ 3 ) + 1.88(10~ 2 )P a , (1) 

where R is the pressure ratio and P a is the arc 
pressure. Using the low pressure part, i.e., 
5.03(10~ 3 ), of this ratio, and the speed of the 
arc outlet, 5.0X10~ 2 liter per second for air, for 
low pressures, gives 10.0 liters per second for 
air as the speed of the intermediate pumping 
system. 

The ratio of pressures between intermediate 
and high vacuum regions was 162. Since, the 
speed of the |-inch canal was about 0.13 liter 
per second for air, that of the high vacuum 
pumping system was about 21 liters per second 
for air. 

THE HIGH VOLTAGE TUBE AND GENERATOR 

The high voltage tube was the one employed 
by Hill, Buechner, Clark, and Fisk. 6 For these 
tests the tube was mounted vertically with the 
source and pumps at the bottom at ground 
potential. The tube electrodes used by these 
authors were replaced by similar ones 5 inches 
in diameter except at the ion gun end. Here the 
first two electrodes were combined into one. The 
end of this electrode away from the ion gun was 
5 inches in diameter. Several different electrode 
diameters were tried for the gap adjacent to 
the ion gun. The one finally adopted was 3" as 
is shown in Fig. 1. 

At the target end of the tube, several electrode 
arrangements were employed.* The one finally 
adopted consisted of a deep 44 Faraday ice pail" 
having an insulated molybdenum plate at the far 
end and a two inch diameter opening facing the 
high voltage tube. A Pyrex window beyond the 
molybdenum plate made the plate visible from 
normal eye level. The molybdenum plate was 
connected to the end plate of the high voltage 
tube through a bank of B-batteries and a micro¬ 
ammeter. The B-batteries provided a retarding 

•Hill, Buechner, Clark, and Fisk, Phys. Rev. 55, 463 
(1939). 



Fig. 4. Target current as a function of the ratio of the 

potentials across the first gap in the high voltage tube. 

potential of 135 volts to prevent secondary 
electrons from leaving the molybdenum plate. 

The large corona shield which covered the end 
plate and auxiliary apparatus was made partly 
of metal gauze to facilitate visual examination 
of the meter and of the molybdenum plate. The 
high voltage generator employed was of the belt 
type. 7 It was suspended from the ceiling and was 
connected to the corona shield by means of a 
length of stove pipe. 

TESTS OF HIGH VOLTAGE TUBE AND 
ION GUN ASSEMBLY 

In order to determine the effect of the first 
high voltage tube gap on the focusing of the ion 
beam, several different pairs of electrodes were 
tried. The smallest of these was 1J inches outside 
diameter. Corona control permitted independent 
adjustment of the potential of the first high 
voltage tube electrode. Variations of this poten¬ 
tial over quite wide limits showed little or no 
effect on the ion current collected at the target 
end of the tube. In other words, the first high 
voltage gap adds little or nothing to the focusing 
of the ion beam. This is shown in Fig. 4 where 
the ion current collected at the target end is 
presented as a function of the ratio of potentials 
on the two electrodes of the first gap in the high 
voltage tube. 

7 We are indebted to Professor J. G. Trump of the 
Electrical Engineering Department for making this gener¬ 
ator available to us for these tests. 
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Fig. 5. Total tube current as a function of 
focused bean\ current. 


The molybdenum plate was employed to give 
an indication of the state of focus of the ion beam 
when it reached the target end of the tube. With 
currents of the order of those presented in Fig. 4, 
a luminous spot, about \ inch in diameter, de¬ 
veloped in the center of the plate. Because of 
radial heat conduction from the focal area, the 
luminous spot size serves only to set an upper 
limit to the diameter of the focal area. Since this 
was less than \ inch, the state of focus at the 
target end was considered satisfactory. 

Attempts were made to realize currents at the 
target end of the tube greater than the 215- 
microampere maximum shown in Fig. 4. These 
attempts were not successful. Whenever the ion 
gun potentials or the arc current were increased 
beyond the values corresponding to this maxi¬ 
mum, the generator, potential dropped very 
rapidly, the high vacuum tube pressure increased, 
and electrical breakdown soon followed. These 
effects indicated the presence in the high voltage 
tube of a current in addition to that in the ion 
beam and the increase in pressure indicated that 
tj)is parasitic current was, in some way, associ¬ 
ated with the tube electrodes. The parasitic 
current may have its origin in the gas, at the 
electrodes, or both. In this connection, the re¬ 
sults of Crenshaw 8 on the loss of energy of 

1 C. M. Crenshaw, Phy«. Rev. 62, 54 (1942). 


hydrogen ions in traversing various gases are of 
interest. If, under the present conditions, appreci¬ 
able ionization takes place in the gas, certainly 
the positive products are not subsequently 
focused as is indicated by the fact that the target 
currents are about those to be expected from the 
primary beam. If the products of ionization 
strike the electrodes, they may be greatly multi¬ 
plied by the emission of secondary electrons, 8 
and large electron currents may thus originate 
from the electrodes. Such electron currents may 
be further augmented by photoelectrons resulting 
from excitation of the gas along the beam, since 
it has been observed, with ion beams in glass 
tubes, that the ion beam is quite luminous even 
at pressures as low as 10~ 5 mm of mercury. 
There is the further possibility that secondary 
electrons may be liberated from the electrodes 
by primary ions scattered from the walls of the 
canal. This possibility was ruled out in the fol¬ 
lowing way: A new canal, consisting of a dia¬ 
phragm facing the source and a slightly larger 
diameter canal facing the high voltage tube, was 
installed. Although this new canal possessed a 
much reduced scattering area, the results ob¬ 
tained using it were the same as those with the 
previous arrangement. 

An attempt was made to measure the total 
current in the high voltage tube, as a means of 
evaluating the parasitic current. Since this 
measurement involved certain assumptions, it 
can be considered as indicative only. First of all, 
it was assumed that a one to one correspondence 
existed between generator voltage and generator 
load. A calibration of the generator was then 
run using a corona load which could be measured. 
With this calibration, a measurement of generator 
voltage provided a measurement of total current. 
In Fig. 5, this total current is presented as a 
function of beam current reaching the target. 
The generator voltage, corresponding to each 
total load current, is given on the right-hand 
edge of the diagram. It can be seen from Fig. 5 
that, subject to the original assumption, the 
total load exceeds the beam load by some 400 
microamperes. 

It is clear that if beam currents of more than 
a few hundred microamperes are desired, the 
parasitic current must be reduced. Since the 
primary cause of this current is collision, either 
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scattering, exciting, or ionizing, in the gas, it is 
essential that the gas pressure in the high voltage 
tube be kept as low as possible. If the two pumps 
of 10 and 20 liters per second, respectively, here 
employed had been replaced by a single pump 
used in the conventional manner, a net pumping 
speed at the source of approximately 1600 liters 
per second for air would have been requirt'd to 
maintain the same hydrogen pressure in the 
accelerating tube. Any multiplication of parasitic 
current by secondary electron emission from the 
electrodes can be reduced by introducing a 
diaphragm in the center of each electrode. Since 
the center is an equipotential plane, no distortion 
of field should result and the secondary electrons 
formed off the axis would be stopped after a 
maximum travel of one tube gap. The focusing 
results indicate that the hole in the center of the 
diaphragm could be as small as \ inch in diameter 
without cutting off the ion beam. If this were 


done, it would of course be necessary to arrange 
the rest of the tube geometry so as to maintain 
an adequate pumping speed, particularly if the 
pumping were done from the target end of the 
tube. Time did not permit investigation of this 
possibility in the present research. It is, however, 
strongly recommended for further work. 
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X-Ray Diffraction Studies of Color Variation of Iron Oxide Pigments 

H. Birnbaum, H. Cohen, and S. S. Sidhu 
Cooperative X-Ray Laboratory , University of Pittsburgh , Pittsburgh , Pennsylvania, 
(Received August 16, 1946) 

Samples of synthetic iron oxide (Goethite) taken at regular intervals from a twelve-day 
continuous process showed progressive change of color, ranging from pale yellow to dark brown. 
X-ray diffraction, electron microscope, and optical microscope studies lead to the conclusion 
that the color change in these samples is mostly caused by particle growth. 


T HE process of producing synthetic iron 
oxide pigments has been reviewed by 


Mattiello. 1 A characteristic feature of these pig¬ 
ments is the progressive change of color from 


Fig. 1. X-ray diffraction patterns of samples 1 and 9. FeX unfiltered radiation, X—1.933A. Diameter of camera 

143.2 mm. 

1 J. J. Mattiello, Protective and Decorative Coatings (John Wiley and Sons, Inc., New York, 1942), Vol. II, p. 300. 
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pale yellow to dark brown, as may be observed 
during processing. The commercially workable 
methods employ ferrous sulfate, scrap iron, air 
and steam. According to Fireman 2 a small 
amount of ferrous sulfate, about 1 percent to 2 
percent, occasionally up to 3 percent, is con¬ 
verted into ferric sulfate. 

“This suggests that the ferrous hydroxide from 
the partly hydrolysed ferrous salt is first attacked 
by the oxygen of the air, causing the separation 
of the hydrated ferric oxide and releasing a 
corresponding amount of acid, which goes to form 
a certain amount of ferric salt. The latter is then 
reduced by the iron, which in dissolving restores 
the ferrous salt. Thus, the new incoming air 
finds the conditions of the solution exactly the 
same as the air which preceded it and repeats 
the same oxidizing action.” 

Since the chemical analysis of different colored 
pigments gave approximately the same average 
composition of 88.0 percent Fe 2 0 3 and 12 percent 
H 2 (), x-ray diffraction and electron microscope 
studies were undertaken to determine the nature 
of color variation. The pigments used in these 
studies were prepared as follows. 

EXPERIMENTAL 

To 1100 cc of 9 percent FcS0 4 solution were 
added 200 g NaOH (89.4 percent purity) dis¬ 
solved in 1000 cc water, under stirring at room 
temperature. The total volume was brought up 
to 10 liters and the gelatinous ferrous hydroxide 
oxidized by slow agitation. The crystallites of 
ferric oxide monohydrate thus obtained, in¬ 
cluding mother liquor, were transferred to a tank 
containing 70 liters of 5.7 percent ferrous sulfate 
solution and 22 kilograms of scrap iron. As the 
scrap iron was progressively converted into pig¬ 
ment, more metal was added to maintain a con- 
tinous process. 

The temperature in the reaction tank was 
kept between 60-65°C during the twelve days of 
continuous operation. The oxygen, necessary for 
the reaction, was supplied by forcing considerable 
air through the solution. Samples, given in 
Table I, were taken at stated intervals, then 

* P. Fireman, Ind. Eng. Chem. 18, 286-287 (1926). 


Table I. Color of pigments, depending on reaction time. 


No. of sample Color Reaction time 


1 

Light lemon yellow 

24 hours 

2 

Lemon yellow 

48 

6 

Orange yellow 

168 

8 

Light reddish brown 

216 

9 

Reddish brown 

268 


filtered, washed, and dried to constant weight at 
temperature of 125°C. X-ray diffraction patterns 
of the samples were made by the usual Debye- 
Schcrrer-Hull method employing unfiltered FeX 
radiation. In addition, all samples were examined 
with optical microscope for particle size, and 
electron photomicrographs were made of samples 
1 and 9. 

DISCUSSION 

X-ray diffraction patterns of samples in Table 
I were identified as those of the mineral Goethite. 8 
Comparison of these patterns showed that the 
deepening of color in the pigment was accom¬ 
panied by an increasing sharpness in the diffrac¬ 
tion lines. This is illustrated by the photographs 
of samples one and nine in Fig. 1. Examination 
of the samples with the optical microscope dis¬ 
closed a distinct difference in particle size. This 
was subsequently confirmed by the electron 
photomicrographs as shown in Fig. 2. While 
increase of sharpness and greater resolution in 
x-ray diffraction lines are, in general, an indica¬ 
tion of grain growth, or strain free material or 
both, it appears from x-ray diffraction patterns, 
electron photomicrographs, and optical micro¬ 
scope studies that the progressive color change 
of the iron oxide pigments studied here is a 
visible expression mostly of the particle growth. 
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Mass Spectrometer for Leak Detection 

A. O. Nier,* C. M. Stevens,** A. Hustrulid,*** and T. A. Abbott! 

The Kellex Corporation, New York, New York 
(Received June 27, 1946) 

A simple low resolution mass spectrometer is described which has been used successfully in 
detecting small leaks in high vacuum equipment. One part of He in 200,000 parts of air can be 
detected. 


1. INTRODUCTION 

T HE problem of finding small leaks in a high 
vacuum system constructed of metal or 
glass and metal has always been a difficult and 
tedious task. Many methods for facilitating the 
location of leaks have been studied and de¬ 
scribed. 1 ' 2 Most of the methods depend upon 
looking for a change of pressure in the system 
when the part suspected of leaking is waxed or 
closed with some other substance; or by looking 
for a change in the nature of the gas or vapor in 
the system when the part under test is painted 
with ether, CC1 4 and other liquids or when a 
stream of gas, such as CC) 2 , H 2 , He, is directed on 
it. The device for indicating changes in pressure 
or in the nature of the vapor mixture must be 
very sensitive in order to ,find small leaks in 
systems having many leaks or in systems having 
surfaces which outgas and hence act as virtual 
leaks. 

Of the various methods for hunting leaks, the 
scheme of directing a stream of relatively inert 
test gas at the suspected part of the apparatus 
and then looking for changes in the concentration 
or the presence of this particular gas in the system 
under test has many advantages. Some of these 
are: (1) gas will not contaminate the system or 
the pumps; (2) it will enter the system readily 
through small leaks; (3) there is no danger of 
closing a leak and having it open some time later; 
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Minnesota. 
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Rochester, New York. 
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1 J. Strong. Procedures in Experimental Physics (Prentice- 
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and (4) once a leak is found, there is no time lost 
in continuing the hunt because the test gas 
entering the system is quickly pumped out. The 
ideal “leak detector” is then an instrument which 
continually samples the gas in the system and 
instantly notes the presence or change in concen¬ 
tration of the test gas regardless of the presence 
of other gases or vapors. 

A method which has been used with success in 
the construction of large vacuum equipment 
employs improved vacuum techniques and a new 
leak-detecting instrument. The outstanding con¬ 
tributions have been the development of a special 
mass spectrometer and a method of using it with 
a tracer gas in the location of minute leaks. 3 

A typical leak-testing arrangement employing 
the tracer gas method and using a mass spectrome¬ 
ter as a detector is shown in Fig. 1. The system 
which is being tested is evacuated by the continu¬ 
ous action of the vacuum pumps. An atmosphere 
of tracer gas may completely surround the system 
or a small jet of it may be used to probe the 
suspected zones. Any tracer gas which leaks into 
the system is rapidly detected by the mass 
spectrometer which continuously samples the gas 
being pumped from the system under test. 
Helium is one of the best tracer gases because it 
has a low molecular weight, does not occur to any 
extent in air or in other gases, is not adsorbed on 
the surfaces, can be readily pumped out of the 
test equipment, and is easily procured. 

2. THE MASS SPECTROMETER AS A DETECTOR 

The first portable mass spectrometer designed 
for detecting leaks was built at the University of 
Minnesota in the spring of 1943. A more recent 
model was developed in The Kellex Corporation 


1 R. B. Jacobs and H. F. Zuhr, J. App. Phys. 18, 34 
(1947). 
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laboratories and differs from the first model .by 
including an all-metal spectrometer tube and 
diffusion pump and a special electrode at the 
collector end of the tube for decreasing the back¬ 
ground ion current. 

The several components of the mass spectrome¬ 
ter are shown in Fig. 1. The details of the all- 
metal spectrometer tube are shown in Fig. 2. The 
gas enters the tube at the top and is ionized by a 
stream of electrons which are emitted from the 
heated filament and accelerated toward the trap. 
The number of ions produced depends on the 
electron emission and energy and on the gas 
pressure in the ionizing electron beam. 

The ions are pulled out of the electron beam 
and accelerated by an electric field between the 
shield and plate containing the source slit. The 
emission regulator contains the necessary elec¬ 
tronic rectifying and regulating circuits for main¬ 
taining the desired potentials on the accelerating 
and focusing plates, as well as holding the elec¬ 
tron emission constant at any desired value. 

A magnetic field is produced between the iron 
pole pieces by a permanent magnet. Since the 
magnetic field is wedge-shaped, it has a refocusing 
property for divergent ion beams as well as a 
resolving property. 4 6 The magnetic strength is 
such that an ion accelerating voltage of about 300 
volts is required for collecting helium ions. 

After leaving the magnetic field the selected ion 
beam passes through two baffle plates and a 
suppressor plate before striking the collector 
plate. The intensity of the selected ion beam is 
measured by a conventional battery-powered, 
negative feedback amplifier with a milliameter as 
an output meter. As shown in Fig. 2, the first 
stage of the amplifier which consists of a 954 tube 
and a 10 n -ohm input resistor is mounted inside 
the spectrometer tube. 

The pressure in the spectrometer tube is 
measured by an ion gauge whose electron emis¬ 
sion is held constant by electronic regulating 
circuits. The ion gauge is provided with, a special 
filament cut-off circuit consisting of an amplifier 
tube and a relay. Thi.s circuit protects the ion 
gauge *and spectrometer tube filaments from 

4 A. O. Nier, Rev. Sci. Inst. 11, 212 (1940). 

fi W. E. Stephens and A. L. Hughes, Phys. Rev. 45, 123 
and 513 (1934). 

• N. F. Barber, Proc. Leeds Phil. Lit. Soc. 2, 427 (1933). 


burning out by automatically cutting off their 
currents when the pressure exceeds a prede¬ 
termined value. 

The tube is evacuated by a high speed oil 
diffusion pump. A liquid nitrogen trap between 
the pump and spectrometer tube is used to 
achieve a residual pressure of 2X10 -6 mm Hg in 
the tube. The pumping speed measured at the 
ionization gauge is approximately 30 liters/sec. 
This insures a rapid response of the instrument to 
changes in tracer gas concentration at the 
throttling valve. In probing, an indication is ob¬ 
tained on the output meter within a few seconds 
after the probe passes a leak. 

3. PERFORMANCE OF THE LEAK DETECTING 
MASS SPECTROMETER 

Although the instrument can be used to detect 
any one of several different gases by the adjust¬ 
ment of the ion accelerating voltage, it is normally 
tuned to indicate only He+ ions. The selectivity 
of the instrument is shown by the mass spectrum 
of air containing a small amount of helium which 
is plotted in Fig. 3. The amplifier output current 
is plotted for the different values of the ac¬ 
celerating voltage. The heights of the current 



Fin. 1. Schematic diagram of typical leak testing set-up 
showing interconnections of mass spectromeler compo¬ 
nents and equipment to be tested. 
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Fig. 2. All-metal spectrometer tube for leak detecting mass spectrometer. 


peaks are proportional to the relative concen¬ 
trations of the ionized gases in the sample. High 
sensitivity is made possible by two special 
features of the tube which will be explained 
below. 

«4f the pressure in the tube is increased, the 
peaks increase in height since more ions are pro¬ 
duced. Unfortunately, increased pressure also 
greatly increases the width of the peaks at the 
base especially on the high voltage side of the 
peak. This produces an increase in background 


which more than offsets the advantage gained 
because of the increased height of the peaks. The 
background is increased because at the higher 
pressure more nitrogen and oxygen ions lose 
energy by collision in passing through the region 
between the source and the magnet and are 
collected at the same time as are ions of lower 
mass. 

The insertion of a baffle between the ionization 
chamber and the rest of the tube insures a high 
pressure in the ion source without a correspond- 
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ingly high pressure in the rest of the tube. Thus, 
this baffle materially increases the effective 
sensitivity of the tube. 

A further increase in sensitivity has been ob¬ 
tained by the use of a suppressor plate which is 
placed just ahead of the collector plate. This 
plate is operated at a potential near that of the 
ionizing region so that those ions which have lost 
energy by collision cannot pass through the slit 
in the suppressor plate and are not collected on 
the collector plate. Thus, oxygen and nitrogen 
ions which have lost energy and would otherwise 
be collected along with He+ are repelled, and the 
background is again decreased to materially in¬ 
crease the sensitivity to helium as shown in Fig. 4. 
Moreover, the He + ions in passing through the 
suppressor plate lose almost all their energy so 
that they produce only a negligible number of 
undesirable secondary electrons. 

Under normal conditions the throttling valve 
connecting the spectrometer was opened until the 
ion gauge indicated a pressure of 10~ 6 mm in the 
spectrometer pump lead. This corresponded to an 
ion source pressure of 2X10' 4 mm. With an 
electron emission of 5 ma and a He to air mixture 
of 1 to 10,000 a He+ ion current of 6X10^ 12 amp. 
was obtained. This corresjxmded to a full scale 
deflection of the output meter. Since it was 
possible to detect conveniently He + peaks as 
small as 5 percent of full scale reading of the out¬ 
put meter, the sensitivity of the instrument was 
said to be 1 in 200,000. 



VALUE* MOPONTIONAL TO t0« A0 CClC**TIN0 V0LTA0C 


Fig. 3. A" typical mass spectrum of air and helium mixture 
taken on a leak detecting mass spectrometer. 



7.0 60 60 10.0 

proportional to ion accelerating voltage 


Fig. 4. Effect of suppressor field on mass spectrometer 
background current in the region of the He + peak for a 
sample having one part He to 50,000 parts of air. Pressure 
in spectrometer tube body «■ 1.1 X 10~* mm Hg; pressure at 
ion source * 20 X 10 -8 mm Hg. 

Curve Volta 

A 0 

B +175 

C +250 

D +400 

Energy of helium ions approximately 330 volts. Helium 
ions are collected in case of curve D in spite of high sup¬ 
pression voltage due to fact that slit in suppression plate 
is wide and hence potential of space in slit opening is lower 
than 400 volts because of proximity of grounded plates on 
either side. 

In order to reduce the sensitivity of the appa¬ 
ratus it was possible to reduce the electron emis¬ 
sion or add resistance to the output meter circuit. 
A sensitivity reduction of a factor of 1000 could 
be obtained. 

4. ACKNOWLEDGMENTS 

The authors wish to acknowledge the many 
contributions made by R. B. Thorness to the 
design and developmertt of the leak detecting 
spectrometer. This paper is based on work done 
for the Manhattan Project under Contract No. 
W-7405 Eng. 23 at the Kellex Corporation and 
on earlier work at the University of Minnesota 
under OSRD Contract OEMsr-149. 


Volume is 9 January, 1947 


33 







New Developments in Vacuum Engineeringf 

Robert B. Jacobs* and Herbert F. Zuhr** 

The Kellex Corporation , Neiv York , New York 
(Received June 12, 1946) 

Methods developed for obtaining vacuum tightness in the K-25 Gaseous Diffusion Plant for 
the separation of U 2 * 6 are described. A general account of the vacuum engineering of the K-25 
Plant also is given. The dynamics of vacuum systems are described, including the use of the 
mass spectrometer leak detector on rapidly responding systems. New techniques described 
include, among others, the helium hood method for measuring vacuum tightness and the use of 
calibrated leaks. 


1. INTRODUCTION 

1.1 Degree of Tightness Required 

HE development of leak detection tech¬ 
niques for the Gaseous Diffusion Plant for 
the separation of U 236 was one of the major 
engineering problems connected with the project. 
A greater degree of tightness was required than 
had been achieved, hitherto, in any commercral 
plant, and the construction schedule did not 
permit the use of the time-consuming methods 
generally employed. It was recognized, accord¬ 
ingly, that vastly improved technique were 
necessary to greatly increase the sensitivity and 
speed of testing, otherwise a prolonged period of 
testing would intervene between the completion 
of construction and the initiation of operations. 
After all known methods and several new ones 
were considered, the mass spectrometer was 
selected as the basic testing instrument. This 
paper describes the techniques for leak detection 
developed with the mass spectrometer, and indi¬ 
cates the general utilization of those techniques. 

(a). Process Specifications 

Process design required that the inleakage of 
ambient air into the process stream be no greater 
than one one-hundredth of a standard cubic foot 
per hour per thousand cubic feet of plant volume. 
This is equivalent to a pressure build-up at high 
vacuum of eight microns (0.00015 lb./sq. in.) per 
hour. Ambient air must be kept from the process 

t Ais paper is based on work done for the Manhattan 
Project under Contract No. W-7405 Eng. 23 at the Kellex 
Corporation, 

* Present Address: Distillation Products, Inc., Rochester, 
New York. 

** Present Address: Hydrocarbon Research, Inc., New 
York, New York. 


stream, principally because of its water vapor 
content. Water causes destruction of the uranium 
hexafluoride, the products of the reaction plugging 
the minute pores of the barrier. To assure con¬ 
tinued, efficient operation of the plant by re¬ 
ducing the effects of inleakage to a minimum, a 
large portion of the plant equipment was sur¬ 
rounded by air with a dewpoint of —40°F. 
Elaborate precautions still were necessary to 
assure that the tightness of the plant was 
maintained. 

Equivalent tightness was required also in the 
heat exchange equipment, which might otherwise 
leak coolant into the process system. 

( b ). Precedents 

Industrial precedent for vacuum tightness of 
the required degree had been limited to compact 
equipment of relatively small volumes, such as 
radio tubes, and some of the smaller mercury 
rectifiers. Indeed, the general trend in industry 
had been toward accepting leakage in vacuum 
systems and evacuating continuously with large, 
high speed diffusion pumps, in order to maintain 
sufficiently low pressures. The continuously 
pumped mercury arc rectifier, with a volume of 
about seventy cubic feet, composed of some 
fifteen separate parts, had constituted the largest 
piece of high vacuum equipment generally used 
on a commercial scale. A few mercury turbine 
installations had been made with in leakage ap¬ 
proximately ten times that permitted the Gaseous 
Diffusion Plant. Perhaps the modern vacuum 
still for petroleum oil most closely approximated 
the complexity and size of the proposed plant, 
and these units had been considered tight, when 
the in leakage was approximately 500 times those 
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permitted by process specifications for the 
Gaseous Diffusion Plant. 

1.2. Schedule vs. Effort Required 

Early experience in the laboratories and pilot 
plants, working in the diffusion process, both here 
and in England, indicated that the existent 
testing methods, if applied to a full st ale plant 
would require a testing effort (measured in man¬ 
hours) at least equivalent to the effort required 
to manufacture and assemble such a plant. In¬ 
deed, in many laboratories it was common 
practice, after several men of graduate caliber 
had devoted a month or two in an unsuccessful 
attempt to make an experimental set-up tight, to 
coat vessels with organic “vacuum” waxes. The 
requirement that the process stream be free from 
organic contaminants precluded the use of such 
subterfuge in the Gaseous Diffusion Plant. 
Further, the exigencies of the project would not 
permit such an uncertain method of excluding air 
from the process stream. 

Through application of the leak detection 
techniques developed, using the mass spectrome¬ 
ter as the basic testing instrument, it was possible 
to improve the process specifications fourfold. A 
pressure build-up at two microns (0.00004 lb./sq. 
in.) per hour in the assembled plant was achieved 
at an effort measuring approximately oue percent 
of the total effort required to manufacture and 
assemble the process plant. 

1.3. Pressure Units 

Pressure units employed in high vacuum work 
differ from those most commonly encountered in 
engineering practices. The unit most frequently 
used is the micron which is 0.001 mm of mercury 
absolute or 1/760,000 of standard atmospheric 
pressure (14.7 lb./sq. in. absolute). Hence, a 
micron corresponds to a pressure of 1.94 X10 ~ 6 
lb./sq. in. absolute. The so-called high vacuum 
range usually refers to that where the pressure is 
less than one micron. 

k 1.4. Leakage Units 

Leakage units are usually microns per hour, 
when referred to a particular vessel, or more 
generally, micron cubic feet per hour (mefh). The 
first unit only has meaning when referred to a 


particular vessel.'Multiplying the rate of rise of 
pressure in microns per hour due to inleakage by 
the volume of the vessel in cubic feet gives the 
value of the inleakage in micron cubic feet per 
hour. The latter unit completely defines the leak, 
since it is independent of the volume of the vessel, 
and from it the mass rate of inleakage may be 
computed directly. Hence, a leak of one micron 
cubic foot per hour means that the leak is of such 
value as to cause a rate of rise of pressure of one 
micron per hour in volume of one cubic foot. 

2. KNOWN TESTING TECHNOLOGY AT THE 
BEGINNING OF THE PROGRAM 

2.1. Pressure Methods 

It was general practice to test process equip¬ 
ment operating under vacuum, using an internal 
test medium under pressure, in conjunction with 
an external indicator for location of the leaks. 
After all possible leaks were discovered and re¬ 
paired using this procedure, the system was 
evacuated and the rate of pressure rise observed 
as a measure of the inleakage. If the pressure rise 
exceeded specifications, the system was repres¬ 
sured and the entire cycle repeated. These 
pressure testing techniques arc discussed in more 
detail in Appendix 7.2. Where applicable to 
process service lines, these techniques were used 
in the construction of the Gaseous Diffusion 
Plant. Design of the process equipment would 
not permit the application of more than five 
lb./sq. in. gauge to most of the plant, further 
decreasing the applicability of pressure testing 
techniques. However, an improvement of several 
hundredfold would be necessary for use of this 
method in the testing program for the plant 
proper. 

2.2. Vacuum Methods 

Small pieces of vacuum equipment were usually 
tested using vacuum techniques. Such methods 
consisted of observing the change in apparent 
pressure in the system, as measured with either a 
hot wire or an ionization gauge when the nature 
of the residual gas in the system was changed by 
the substitution of a probe gas (or vapor) for the 
air normally entering through the leak. Most 
commonly used was the technique of observing a 
hot wire gauge, while the exterior of the vessel 
was sprayed with acetone. A more detailed, ac- 
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Table I. Analysis of basic leak detection instruments. 



Maas 

spectrometer 

Differential 
pirani gauge 

Single pirani 
gauge 

Pressure 

testing 

Inherent instrument sensitivity 

(ratio of probe gas to air detectable) 

1 

1 

1 

Bubble growth at 
10 mirr/hr 

100,000 

3000 

300 

Operating pressure 

<0.1 microns 

<25 microns 

<50 microns 

45 psig 

Speed of probing 

5 ft./min. 

As fast as area 
can be wet with 
spray gun 

As fast as area 
can be wet with 
spray gun 

Observation of 
smooth soap film 
for at least 5 min. 

Smallest leak detectable on vessels 
having a pressure build-up at 200 
microns per hour and a volume of: 

< 1 cubic foot 

1-10 cubic feet 

10-100 cubic feet 

100-1000 cubic feet 

<0.01 mefh 
0.01-0.02 
0.02-0.2 

0.2 -2.0 

0.10 mefh 

0.10- 1.0 

1.0 -1Q.0 

10.0 -50 

1.0 mefh 

1.0- 10.0 

10.0- 50 

50 -500 

5 mefh 

5 

5 

5 


count of these methods is given in Appendix 7.3. 
Results obtained using these methods indicated 
that some improvement over pressure testing 
techniques could be reasonably expected. How¬ 
ever, a corresponding increase in the caliber of 
the necessary personnel using these methods was 
also indicated, and the increase in the speed of 
testing was uncertain. ^ 

3. DEVELOPMENT OF DYNAMIC VACUUM 
TESTING TECHNIQUES 

Study of the evidence on hand indicated that 
further advances in pressure testing methods 
would, at best, advance their useful sensitivity to 
equivalence with the then existent vacuum tech¬ 
niques, at the expense of an increase in testing 
time. It was evident that improvement of the 
existing vacuum techniques could have been 
effected, but again only at the expense of addi¬ 
tional testing time. The increased time factor 
made both proposals most unattractive; How¬ 
ever, new vacuum techniques were visualized 
which would permit a tenfold improvement in 
sensitivity and a simultaneous improvement in 
the speed of testing. These new techniques 
included: 

1. Use of selective instruments; that is, instruments which 
igive a nearly null reading for air and residual gases, 

responding only to a probe gas. 

2. Use of these instruments dynamically; that is, as 
adjuncts to a high speed evacuating system permitting 
their use under optimum conditions. 

3. Use of the selectivity of the indicating instruments to 
permit estimation of the amount of leakage even in the 
presence of outgassing and unrepaired leaks. 


It was therefore decided to investigate and 
develop, if practical, a selective, continuously 
sampling leak detector, and to determine the 
optimum conditions for its use. 

3.1. Leak Detectors Developed and Investigated 

The Kellex Vacuum Engineering Group de¬ 
veloped the Differential Pirani Gauge as a new 
continuous sampling unit, and investigated the 
use of the optical spectrometer as a continuous 
sampling unit. The University of Minnesota 
group had developed a compact, specialized mass 
spectrometer. 1 The use of the instrument, as a 
continuous sampling (or dynamic) instrument, 
was developed by the Kellex group. All three of 
these instruments were selective. Comparison of 
the Differential Pirani Gauge and mass spectrome¬ 
ter to older methods are made in Table I. 

(a). Optical Spectrometer 

The optical spectrometer, off-hand, would 
appear to be a suitable instrument for leak de¬ 
tection work. It is simple, its response is instan¬ 
taneous, and its sensitivity for certain probe 
gases is very high. However, under actual work¬ 
ing conditions, it is found to be unreliable due to 
the uncertain “clean-up” of the discharge tube 
used as a source after exposure to different gases. 

(ft). Differential Pirani Gauge 

This instrument consists of two hot wire 
vacuum gauges known as Pirani Gauges. These 

l A. 0. Nier, C. M. Stevens, A. Hustralid, and T. A. 
Abbott, “Mass spectrometer for leak detection," Con¬ 
tribution from the Kellex Corporation, Research Paper C3. 


J6 


JOURNAL OF APPLIED PHYSICS 






arc connected electrically in opposite arms of a 
Wheatstone bridge. The two gauges are con¬ 
nected to the vacuum line of the system under 
test by a short 44 tee’* connection. A cold trap is 
placed on one of the arms of the tee leading to the 
gauges, but not on the other. 

When air is the only gas present, the pressures 
in the two gauges are equal and the galvanometer 
reads zero. However, when a leak is probed with a 
liquid such as methanol, the latter reaches one 
gauge only, due to the presence of the trap in 
front of the other, and the Wheatstone bridge is 
thrown off balance. The instrument thus acts as 
„ detector for condensible probe gases, being 
little affected by the presence of other gases. 

(c). Mass Spectrometer 

The mass spectrometer has been used by 
physicists for many years, principally to deter¬ 
mine the isotopic constitution of different sub¬ 
stances. In its usual form it is a large and rather 
complex instrument requiring a highly skilled 
operator. 

A simplified instrument specifically designed 
for vacuum testing was developed at the Uni¬ 
versity of Minnesota. A considerable reduction in 
size and weight was made, making a portable 
instrument possible. Several electronic controls 
were incorporated reducing the number of manual 
adjustments required. However, carefully trained 
operating and maintenance crews are required to 
use these instruments successfully for leak de¬ 
tection on a large scale. 

In popular literature, the mass spectrometer is 
referred to as an “Atom-Sifter” due to the ability 
of the instrument to “sift out” and measure the 
concentration of atoms of any kind. 

This characteristic of the mass spectrometer 
was the basis in choosing a probe medium. This 
medium should have the following properties: 

(1) It should be unique in the mass spectrum of residual 
gas in the system under test and practically non¬ 
existent in the normal atmosphere surrounding the 
equipment under test. 

(2) It should be readily removed from the system by 
pumping and should not contaminate the system. 

(3) It should be of low molecular weight and low viscosity, 
and should be readily available. 

Helium fulfills all of the requirements and was 
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chosen as the probe gas for use in the testing 
program. 

The instrument works in the following manner: 
Referring to Fig. 1, the gaseous mixture to be 
analyzed is pumped into that part of the spec¬ 
trometer which includes the source. When used as 
a leak detector, the spectrometer is fed through 
a throttle valve connected to the main vacuum 
lines. The pressure in the spectrometer is kept 
less than 10~ 4 n.im by continuous pumping. In the 
source of the spectrometer, molecules of the 
different elements present are ionized by an 
electron beam. The number of ions of any par¬ 
ticular element so produced in a function of the 
concentration of that element in the gaseous 
mixture fed into the spectrometer. 

The ions thus formed are collimated and given 
a certain momentum toward the analyzer by 
suitable electrical potentials. On passing through 
the wedge-shaped magnetic field, the ions are 
deflected through certain angles which depend 
upon their respective masses. 

In Fig. 1, the electrical fields are adjusted so 
that He 1 " ions enter the collector where they are 
measured. Ions of greater or of smaller mass fall 
on either side of the collector slit and are not 
measured. Ions of any given mass may be brought 



Fig. 1. Schematic line diagram showing use of mass 
spectrometer leak detector. 
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Fig. 2. Appearance and disappearance of probe signal for 
systems of varying response characteristics. (Probing is 
for a period of one second beginning at 7' = 0.) Curve A rs 
the probe pulse at the leak. Curves B through F have S/V 
values of 300, 60 r 30, 6, and 3* minutes' 1 , respectively, 
when S is expressed in efm and V as ft. 3 . 


into the collector by properly adjusting the 
electrical fields. For leak detecting purposes, the 
instrument is adjusted for He* ions, since helium 
is a most satisfactory probe gas. Theoretically, 
the instrument, when thus adjusted, will show a 
zero reading, unless helium is present in the gas 
stream under analysis. Actually, however, due to 
necessary physical imperfections in the appa¬ 
ratus, there is a continuous “background” read¬ 
ing. The presence of helium then is indicated by 
an increase over the normal background reading# 

A separate report 1 gives detailed information 
on the construction and operation of the instru¬ 
ment developed at the University of Minnesota. 
Accordingly, we are concerned here, principally, 
with the performance of the instrument as a leak 
detector. 

The first mass, spectrometers used for leak 
testing purposes were all glass instruments using 
mercury diffusion pumps. The fragility of these 
machines for plant use was recognized, but the 
magnitude of the trouble caused, thereby, was 
discovered only after attempting to institute the 
production testing program. The entire spec¬ 
trometer was redesigned by the Kellex Special 
Instrument Group. In addition to greater dura¬ 
bility due to the practically all-metal construc¬ 
tion (only the filament stem and the ion gauges 
remained glass), the new tube possessed a higher 


inherent sensitivity from design, and a greater 
sampling capacity through the substitution of an 
oil diffusion pump for the mercury model. 

3.2. Dynamic Requirements for Rapid, High 
Sensitivity Vacuum Testing 

Use of a high sensitivity, dynamic, leak de¬ 
tector such as the mass spectrometer is of little 
avail if the system under test, does not possess the 
required characteristics. It is shown mathe¬ 
matically, in Appendix 7.4, that the ratio of S/ V 
(pumping speed of the system with respect to the 
volume pumped) is of greatest importance, both 
with respect to dynamic sensitivity and speed of 
leak hunting. In Fig. 2, the response (at the leak 
detector) after exposing the leak to probe gas for 
one second is plotted for different pumping 
speeds. 

The sharpness of the response to probing will, 
in a large measure, determine the ability of any 
leak detector to function efficiently. Figure 2 
illustrates the impossibility of attaining a sharp 
response without a sufficiently high S/V ratio: 
i.e., about 6 or more reciprocal minutes. 

When a large leak is probed, the system be¬ 
comes temporarily “flooded” with a probe gas, 
and it is impossible to continue leak hunting until 
this gas is removed. In Fig. 2 probing is discon¬ 
tinued j^t the end of 1 second. Those parts of the 
curves for time greater than 1 second represent 
the “clean-up” period. The length of time re¬ 
quired for “clean-up” is a function of the ratio 
S/V. Thus, for example, if a large leak is probed 
until a probe response of 25 percent of maximum 
is obtained, and pumping is then continued until 
all but 0.5 percent of the probe gas is removed, 
the “clean-up” times indicated in Table II are 
obtained. These calculations have been confirmed 
experimentally. 

Loss of time by slow clean-up can prolong the 
leak hunting period considerably, perhaps much 
more than is indicated in Table II. The reason for 
this is the following: When one is hunting for 
leaks with too small a pump (low S/V), the 
dynamic sensitivity is low, and as a result, leaks 


Table II. Evaluation of clean-up time as function of S/V . 


S/V , minutes' 1 

300 60 30 

6 

3 

Clean-up time, seconds 

1.7 5.8 11.1 

139 

546 
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must be carefully and repeatedly probed to 
establish their exact location. Consequently, by 
the time this is done, a considerable quantity of 
probe material will be introduced into the system. 
Since this must be removed before probing can 
continue, the leak detecting crew finds it neces¬ 
sary to remove a large quantity of probe gas at a 
slow rate, which is doubly time consuming. 

A simple experiment wasr made which con¬ 
firmed the above predicted results. The calcula¬ 
tions have since been confirmed many times in 
practice, both under mass production and field 
conditions. 

It must be recognized, that the S/ V ratio refers 
to the speed of the entire vacuum system, in¬ 
cluding the process equipment under test. Thus 
the largest high speed vacuum pump will be of 
little use if the rest of the system throttles the 
flow to the pump. Rather, the use of a pump 
oversize for the system sj>eed will further penal¬ 
ize the sensitivity, by making it impossible to 
obtain an adequate sample in the gas evacua¬ 
tion line through the leak detector. It is neces¬ 
sary that the lines of the system under test 
be sized to permit adequate speed of pumping. 
This can be done by sizing them for molecular 
flow according to the formula: Speed = 14£> 3 /L, 
where the speed is expressed in cubic feet per 
minute, D is the internal pipe diameter in inches, 
and L the length in feet. One of the more im¬ 
portant functions of the Vacuum Engineering 
Division was to check all design to assure that the 
sufficient speed was always attained at the test 
connections. 

The need for high speed pumps is apparent 
from the preceding discussion. These pumps had 
other special requirements: 

1. The pumps and all associated vacuum equipment, i.e., 
valves, gauges, and piping, had to he tight, and engi¬ 
neered to maintain this tightness. 

2. Provision to reduce the back diffusion of diffusion pump 
oil, without seriously impeding the speed characteristics 
of the pump, was necessary to prevent the contami¬ 
nation of the process equipment under test. 

3. The complete pump unit, including mechanical and 
diffusion pumps, and all necessary controls, had to be 
self-contained and portable, and should require only 
connections to the system under test, water, power, and 
drain lines, to permit operation. 

A typical vacuum pump unit is shown in Fig. 3. 
For initial evacuation, provision is made to 



by-pass the diffusion pumps through a roughing 
line. Pump units of suitable design were de¬ 
veloped by Westinghouse Electric Corporation, 
National Research Corporation, and Distillation 
Products, Incorporated, in conjunction with the 
Kellex Vacuum Engineering Division. 

4. MEASUREMENT OF TIGHTNESS 

The general plan of attack, to secure over-all 
plant tightness, was to apportion the total 
allowable leakage among the different plant com¬ 
ponents, and to ('heck individually for tightness 
each such component, one or more times prior to 
its installation. 

This measurement of tightness, involving 
about 1,000,000 individual tests in all, threatened 
to be a serious bottleneck in the fabrication 
schedule. The only known method for measur¬ 
ing tightness consisted of evacuating the equip¬ 
ment sufficiently long to outgas it thoroughly 
and then to measure the pressure rise. This 
method usually required an average of 12 hours 
of continuous evacuation for each piece of equip¬ 
ment tested. Since the estimated number of 
vacuum tests on the individual components of 
the plant totaled over 600,000, it is evident that 
approximately 1000 leak rate stations each 
working more than 8000 hours would be required 
to prove the tightness of equipment before in¬ 
stallation. This estimate does not include the 
time spent leak hunting, setting up the equip¬ 
ment for test, and retesting of rejects. 

Evaluation of the mass spectrometer as the 
basic leak detection instrument indicated that its 
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Fig. 4. Typical hood test set-up. 


quantitative aspects could .be adapted tcf meas¬ 
urement of the inleakage into the vacuum system. 
Accordingly, the so-called “Hood Method” for 
tightness testing was devised. Using this method 
in conjunction with the rapidly responding 
dynamic system for leak detection, the testing 
load for production testing was reduced to ap¬ 
proximately 100 stations each working 2450 
hours. 

The Hood Method consisted of surrounding 
the equipment under test with a gas-tight hood in 
which a fixed concentration of probe gas was 
maintained, and comparing the amount of the 
probe gas entering the system through the leaks 
.in the equipment to the amount of probe gas 
entering through a standard calibrated leak. This 
comparison was made by direct reading of the 
output of the mass spectrometer. The results thus 
obtained have been quantitatively checked 
against results obtained by measuring the in- 
leatege of thoroughly outgassed vessels by the 
usual pressure build-up method. 

A typical hood set-up is shown in Fig. 4. For 
small objects several manifolds are attached to 
one pump-leak detector combination, allowing 
the objects to be set up or taken down on one 


manifold, while the units on the other are under 
test. For larger equipment, individual pump-leak 
detector combinations are required. The test is 
made in the following manner: 

With the valve leading to the calibrated leak in 
an open position helium is forced into the hood 
until its concentration there is sufficient to give a 
predetermined reading on the leak detector. This 
reading (reading 1) is proportional to the total 
inleakage consisting of: (a) unknown vessel 
leakage, (b) known leakage from the calibrated 
leak. 

The valve leading to the calibrated leak is then 
closed, and a second reading taken (reading 2). 
This reading is, of course, proportional to the 
unknown leakage alone. From these two readings 
the following equation may be derived: 

Unknown leakage = 

Rdg (2) 

-Xcalibrated leak. 
Rdg (1) — Rdg (2) 

This equation gives the unknown leakage in 
terms of the two readings referred to above and 
the value of the calibrated leak. Knowledge of the 
helium concentration in the hood is not necessary. 
The only requirement is that this concentration 
remains substantially constant during the time 
the readings are taken. Normally, this requires 
from five to ten minutes. Well constructed hoods 
show practically no decrease in helium concen¬ 
tration for considerably longer periods. 

A modification of the hood technique, that has 
proved extremely useful for testing “hidden” 
leaks, involves the use of undiluted helium on 
both the standard leak and the unit under test. 
This method is best achieved by evacuation of 
the re-entrant interior volume suspected of 


Table III. Contribution of various process components 
to inleakage (based on manufacturer’s specifications). 


Component 

Volume 

contribution 

loSTt.* 

Inleakage 
specification 
pressure 
build-up. 
microns/hr. 

Inleakage 

contri¬ 

bution, 

mefh 

Diffusers 

68.6 

0.25 

17.1 

Centrifugal pumps 

2.2 

0.50 

1.1 

Process drums 

3.8 

0.1 -1.0 

0.4 

Process piping and valves 

25.4 

1.00 

25.4 

Instruments 

<0.1 

<1.00 

<0.1 

Total per 100 cubic feet 

0.44 

44.0 
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Fig. 5. Manifold for medium volume--medium 
production vacuum testing. 


leaking into the vacuum space proper, and break¬ 
ing the vacuum with pure helium. Then the 
reading of the mass spectrometer output is com¬ 
pared to that obtained when a standard leak is 
surrounded by pure helium. 

5. PRODUCTION TESTING 

Experimental evidence indicated that the 
process specifications could probably be reduced 
from eight microns per hour to two microns an 
hour through the use of the methods just de¬ 
scribed. It was evident that most careful pre¬ 
assembly testing would be necessary to hold the 
number of leaks in the assembled plant to an 
absolute minimum. That is, it was most essential 
to be able to certify that various complex pieces 
of process equipment would not have to be 
disassembled for repair in the field, and that the 
vacuum testing crews in the field could have 
confidence in the tightness of the component 
pieces of equipment. The decision to pre-test 
every piece of process equipment and piping sub- 
assembly required the preparation of many 
varied procedures and specifications, and the 



Fu;. 6. Manifold for small volume—high 
production vacuum testing. 


education of manpower to use these new tech¬ 
niques in the different places of manufacture. 
Specifications for each unit were made on the 
basis of mechanical complexity and the number 
of such units occurring in each assembled cell of 
the plant. Table III lists the major components 
of each cell, the contribution of their volume per 
one hundred cubic feet of cell volume, and the 
inleakage contribution and the specified inleakage 
rate. It should be noted that, if no damage oc¬ 
curred during transport and erection, and if all 
field welds were tight, the assembled plant would 
have an in leakage rate considerably below 2 
microns pressure rise per hour. Thus a margin 
was available for depreciation and safety. 

Each manufacturer was asked to send several 
engineers to Kcllex for training in the techniques 
of leak hunting, using the high sensitivity dynamic 
method and the hood test for the tightness 
testing. Ajt the conclusion of the training program 
these engineers were asked to prepare detailed 
prpeedures applicable to their particular process 
unit. These procedures were reviewed by the 
Kellex Vacuum Engineering Division before they 
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wore put into practice. In all cases high S/V 
ratios were maintained for production testing 
in keeping with the heavy production schedules. 
Many jigs and fixtures were designed and built 
for this purpose; since the undependability of 
rubber hose and similar makeshift connections 
was recognized, large sized equipment had 
flanged connections for testing, while for small 
equipment the Dresser type coupling proved 
successful. Best vacuum practice was followed 
in the construction of testing rigs; packless 
valves were used and all possible joints were 
welded, brazed, or hard soldered. In several 
instances, rigs were equipped with packed valves 
and sliding jigs; however 1 , these units always 
proved to have lower sensitivity than those of all 
metal construction. Figures 5 and 6 show 
schematically some of the manifolds used for 
production testing. 

6 . TESTING THE ASSEMBLED PLANT 

Delivering sound, vacuum-tight equipment to 
the plant site was one job. Perhaps a bigger one 
was to see that this equipment was assembled 
without injury, and that the assemblies were 
made tight. This program required the following 
groups: (1) Vacuum Engineering; (2) Construc¬ 
tion Coordination; (3) Vaduum Testing; (4) 
Acceptance Control and Records. 

Vacuum Engineering for the assembled plant 
was concerned,with four major problems: 

(1) Definition of the subsections of the plant to be tested as 
units. 

(2) Location of test connections in process system, to 
assure sufficiently high S/V ratios for efficient testing. 

(3) The magnified effect of sorption of the probe gas, when 
a large number of diffusers were tested simultaneously. 

(4) Excessive extraneous leakage through the shaft seals of 
the centrifugal pumps. 

Provision of sufficient test connections on the 
test cells allowed a careful study of all these 
problems to be made. 

The process design of the plant largely de¬ 
termined the basic sections for testing, since the 
addition of valves to facilitate testing might 
interfere with orderly process operation. Thus a 
cell, building and cell by-pass lines, and the cold 
traps, were tested as subsections. The limits and 
state of completion of each subsection were 
accurately defined. 


Each proposed layout of test connections was 
analyzed using an electrical analogy. The re¬ 
sistance of the piping to gas flow may be con¬ 
sidered equivalent to electrical resistance. Conse¬ 
quently, an analysis of resistance network was 
used to demonstrate the optimum location for the 
test connections. These analyses were made 
mathematically or were measured on resistance 
networks. The results were quantitatively con¬ 
firmed by later field measurements. 

The Construction Coordination Group re¬ 
viewed the progress of construction and estab¬ 
lished standards for completion of defined 
subsections. Briefly, these subsections were de¬ 
fined so that (1) no interference between construc¬ 
tion and testing could exist (i.e., all subsections 
wen! ended past a limiting valve, so that opening 
of the valve to permit welding was unnecessary); 
(2) operations could follow vacuum testing so as 
to bring the process on stream in a practical 
orderly manner. Before transfer of buildings or 
sections to the Vacuum Testing Groups the Con¬ 
struction Coordination Group reviewed the 
unfinished construction items which might inter¬ 
fere with vacuum testing, and checked the results 
of preliminary pressure testing. Once a section of 
the plant was turned over to the Vacuum Testing 
Group, further construction made necessary by 
redesign or other reason was subject to the 
approval of the Construction Coordination 
Group. 

Actual vacuum testing was performed by three- 
man crews assigned to each leak detector-pump 
unit combination. These crews were headed by a 
person of at least high school education and were 
all given a two-week special training course in 
the mechanics of the leak testing operation. Be¬ 
cause of the complicated nature of the leak 
detectors and pump units, the test crews were not 
permitted to make any adjustments or repairs to 
the equipment. Highly trained personnel was 
used for the maintenance of all leak detection 
equipment. 

Vacuum Testing Acceptance Control and 
Record Groups kept a record of all leaks found, 
the status of testing, and repairs. The results of 
studies by this group suggested several changes in 
design, erection procedures, ^nd testing sequence, 
which considerably reduced both the probability 
of leaks and the time required for testing. The 
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major function of this group was to review the 
test data for conformance to specification. 

The efforts of the Vacuum Testing Program 
involving well over 1100 men were climaxed when 
the plant was brought below a leak rate of 2 
microns per hour. This was accomplished in the 
face of a constantly accelerated construction 
schedule and achieved within a very narrow 
margin of time allotted for vacuum testing after 
the completion of construction. 

7. APPENDICES 

7.1. Fundamentals of Vacuum Engineering* 

Industrial uses of high vacuum have increased 
very rapidly in the past few years. Among such 
applications may be listed the manufacture of 
radio and x-ray tubes, lamp bulbs, rectifiers, etc., 
and the reduction of various metal bearing ores. 

To satisfy the growing needs of industry in the 
field, much time and energy have been spent in 
the design and development of rugged, high 
capacity pumping equipment, by means of which 
the pressure in vessels of several hundred cubic 
feet of volume may be reduced to exceedingly low 
values with great rapidity. 

(a) . Tightness and Cleanliness 

Tightness and cleanliness are absolutely es¬ 
sential in all vessels used in high vacuum systems. 
This becomes obvious when one considers that 
one cubic inch of standard air will occupy a 
volume of approximately 760,000 cubic inches at 
one micron pressure, and that one cubic inch of 
water when vaporized will occupy 945,000,000 
cubic inches, at one micron pressure. Unless 
systems are clean and free from leaks, it is, 
therefore, extremely difficult to reduce the pres¬ 
sure in them to the high vacuum range. 

( b ) . Vacuum Pumping System 

A vacuum pumping system consists of three 
essential units known as the fore pump, the 
diffusion pump, and the vapor trap. (See Fig. 3.) 

Diffusion Pump . The diffusion pump provides 
a means of obtaining large volumetric pumping 
capacities in the high vacuum range of pressures. 
The pumping action originates in the streaming 

’ * By J. R. Downing, Kellex Corporation. (Present ad¬ 
dress: Cook Electric Company, Chicago, Illinois.) 


of either oil or mercury vapor from a suitably 
designed jet. The gases to be pumped diffuse into 
this vapor stream and are carried along with it 
away from the system being evacuated. Pumps of 
this type usually attain their full volumetric 
capacity at about one micron pressure, and 
maintain this same value to very low pressures. 
The capacity of a well-designed pump will be 
approximately 50cubic feet per minute per square 
inch of opening at the jet, and is, therefore, 
nearly \ the molecular flow through a hole equal 
in diameter to the pump housing when absolute 
vacuum is maintained on one side. 

The diffusion pump will not exhaust directly 
against atmospheric pressure. There is a critical 
fore-pressure or threshold pressure above which 
it will not pump at all. 'This required fore-pressure 
(about fifty microns) is maintained by a me¬ 
chanical pump, an ejector, or a combination of the 
two. 

Fore Pump. The fore pump is a mechanical 
pump or ejector. It must have sufficient capacity 
to handle the gases compressed by the diffusion 
pump and maintain the fore pressure against 
which the diffusion pump operates at a valuq 
lower than the critical threshold pressure. Me¬ 
chanical pumps will not in themselves produce 
pressures lower than about one micron. For lower 
pressures, the diffusion pump must be added. 

Vapor Trap. The vapor trap is necessary to 
prevent the migration of oil vapor from the 
diffusion pump to the system being evacuated. In 
most cases, a suitably designed water-cooled 
baffle will suffice. However, a refrigerated cold 
trap is required to obtain pressures lower, than 
0.01 micron, or when it is desirable to prevent 
small traces of oil from entering the system which 
is being exhausted. Pressures lower than 0.01 
micron may be obtained without the use of cold 
traps, but only with great difficulty and an 
excessively long “conditioning" time. 

(c). Flow of Gases 

The flow of gases in the high vacuum range 
obeys laws quite different from those familiar to 
the hydraulic engineer. This fact cannot be 
stressed too highly since it is overlooked all too 
frequently by the uninitiated. 

Extremely large and short pipes must be used 
to handle the large capacities of a diffusion pump, 
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Table IV. Capacity loss through pipe connections to a 
diffusion pump (capacity 2600 cfm below 0.1 microns). 


Length 
of pipe 
in feet 

4" I.D. 

Percent capacity reduction 

8" I.D. 

12" I.D- 

2 

88 

52 

27 

6 

95 

73 

45 

20 

98 

89 

71 


although the resultant mass transfer is very 
small. For piping systems longer than a few feet, 
the pipe size used must be of larger diameter than 
the pump opening. It is customary to calculate 
pumping system capacities in terms of the 
capacity of the pump and {he flow capacity of the 
pipe. The expression for over-all pumping ca¬ 
pacity is: 

1 1 1 

-- + - 

^■y»tein *^pump »5pipe 

where the various pumping capacities are ex¬ 
pressed in cubic feet per minute. If the length of 
the pipe is more than ten times the diameter, the 
capacity of the pipe for air is given by: 

0.51ZPP 14ZP1+0.62PP 
•S*pipe = "4“ j 

L L 1+0.76 DP 

where D is the pipe diameter in inches, L is the 
length in feet, and P is the average line pressure 
in microns. A second semi-empirical expression 
for the capacity of short lengths of pipe at pres¬ 
sures less than 0.1 microns is given by: 

14ZP 

• *^pipo “ " I 

L+(D/9) 

where L, D , and S have the same units as in the 
above formula. It is evident from these expres¬ 
sions that the pipe size may be the limiting 
factor in the capacity of a pumping system re¬ 
gardless of the capacity of the pump. Table IV 
gives the reduction in capacity caused by various 
lengths of pipe connecting a 2600 cfm diffusion 
pump to the vessel being evacuated. 

(d). Precautions and Techniques 

Precautions and techniques necessary to the 
attainment and maintenance of high vacuum are 
so many and varied that the subject will be dealt 


with here only in the most general way. This is 
summed up by saying that vacuum systems must 
be capable of attaining high vacuums without the 
use of waxes, greases, lacquers, soft solders, and 
the like. 

Sound engineering, cleanliness, ruggedness, 
and good materials are all of prime importance. 

The equivalent in weight and strength of 
standard 150-pound flanges and fittings is recom¬ 
mended. These may seem excessively heavy but, 
in view of their reliability and trouble-free 
Operations, they are well worth the additional 
cost. 

(e). Evacuation Time 

The time required for evacuation may be 
calculated fairly well for the range of pressures 
from atmospheric down to a few hundred microns. 
The expression is: 

V Pi-Po 

r=-In-, 

S P 2 -P 0 

where T is time in minutes, V is volume of vessel 
in cubic feet, 5 is the pump capacity in cubic feet 
per minute, Pi is the initial pressure, P 0 is the 
pressure attained by the pump above at blank 
off, and P 2 the final pressure. Since P 0 is small 
compared to Pi and P 2 , the expression may be 
simplified to: 

T —— ln(Pi/P 2 ). 

S ' 

With Pi atmospheric pressure and P 2 a few 
hundred microns, the term involving the loga¬ 
rithm becomes about eight so that the time re¬ 
quired for “roughing" a vessel becomes: 

P=8(F/S). 

The latter expression holds quite well, provided 
the system is free from inleakage and the volu¬ 
metric capacity (5) of the pump stays reasonably 
constant. For most mechanical vacuum pumps 
the latter condition is true down to pressures of a 
few hundred microns, 

In the range of pressures lower than 100 
microns, the above expression is quite useless for 
three reasons: 

1. The capacity of the diffusion pump is by no means 
independent of pressure. 
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2. Degassing and vaporization of substances on the 
inner walls of a vessel contribute so greatly to the volume of 
gases which must be handled by the pump, that the residual 
volume of air becomes negligible by comparison. 

3. Impedance of connecting pipes becomes an important 
factor. 

If the amount of degassing per unit surface 
area is known as a function of time and pressure, 
then the pump-down time may be estimated by a 
graphical integration method. However, such 
data arc usually not known very accurately so 
that choice of pump size is dictated largely by 
experience. The modem trend is to use diffusion 
pumps of very large capacity so that a high 
vacuum may be produced quickly and in spite of 
degassing, small leaks, etc. 

(/). Special Gauges 

Special gauges have been developed for the 
measurement of pressures lower than one millime¬ 
ter of mercury. The forces involved are so small 
that a direct measure of the pressure by observing 
the deflection of a diaphragm or the equivalent 
does not prove practical. Some other property of 
the gas which varies with pressure and which is 
capable of easy application must be chosen. 

The McLeod gauge has long been the standard 
for the accurate measurement of pressures less 
than one millimeter of mercury. A sample of the 
gas in the system is entrapped and compressed by 
a known ratio. A measure of the resulting pres¬ 
sure then permits calculation of the initial 
pressure. Compression ratios as high as a million 
may be used enabling the measurement of pres¬ 
sures as low as 0.001 microns. Because of the high 
compression ratio, the gauge may only be used 
for the measurement of pressures due to perma¬ 
nent gases. 

The thermocouple and Pirani gauges depend 
upon the variation of heat conductivity with 
pressure of the gas. These gauges are, therefore, 
not absolute and must be calibrated by. compari¬ 
son with the McLeod gauge described above. 
They are sensitive in the range of pressures 
between one millimeter of mercury and one 
micron. 

The ionization gauge is capable of measuring 
pressures from one micron to the lowest attain¬ 
able which, at present, is about one millionth of a 
micron. The gauge is essentially a three-element 


vacuum tube operating with its grid at a positive 
potential and plate negative with respect to the 
filament. Electrons from the filament gain energy 
in their passage to the grid and so will cause 
ionization of those gas molecules with which they 
may collide. The resulting positive ions are col¬ 
lected at the plate and constitute the plate 
current. Since the probability for ionization is 
proportional to the molecular concentration of 
the gas, the plate current represents a measure of 
the pressure. 

Ionization gauges, like the thermocouple or 
Pirani gauges are not absolute, but must be 
calibrated by comparison with a McLeod gauge. 

A number of other gauges have been developed 
for measuring low pressure, but few if any of them 
have ever proved practical in industrial applica¬ 
tions. There is considerable room for improve¬ 
ment in apparatus for measuring low pressures, 
since none of the gauges now in use are wholly 
satisfactory. 

7.2. Pressure Testing Techniques 

Pressure testing for tightness has been applied 
to vessels in both vacuum and pressure service 
for many years. Therefore, this section of the 
report will merely indicate the various methods 
briefly and discuss their applicability to testing 
process equipment for high vacuum service. 
Table V indicates the various methods in general 
use and indicates the smallest leak that may be 
detected practically. Extremely careful applica¬ 
tion of the method will perhaps decrease the 
quoted figure two- to fivefold. 


Table V. Pressure testing techniques. 


Test medium 

ProlKj 

Response 

Leakaixe 
at 45 

psig, Special 

mefh requirements 

Air-nitrogon 

Flame 

Wavering 

5000 

Draft free room. 

Sound 

Hissing 

5000 

Ixjw noise level. 


Soap film 

Bubbles 

5 

Each area to be ob- 


Immersion 

Bubbles 

20 

served under good 
light for at least five 
minutee and soap 
film maintained. 

Five to fifteen min- 

Organic halide 

Halide torch 

Flame color change 

5 

utes observation- 
occluded air on 
surface must be 
avoided. 

Acidic gas ~ 

Ammonia 

Fumes 

5 


(CO* or SO*) 
Ammonia 

CO*; Htn 

Fumes 

5 


Liquid under 
nigh pressure 

Wet exterior surface 

500 
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These techniques are used only to locate leaks 
and do not permit any measure of the amount of 
leakage to be made. Application of pressure drop 
measurements are not, in general, suitable to 
checking the tightness of systems for vacuum 
service, the permissible drop being beyond the 
limits of accuracy of the best commercial gauges 
generally available. This drop for diffusion plant 
standards would be less than 0.001 lb./sq. in./hr. 
and corresponds to a temperature change of 
about 0.005°F. The unceitainty of the tempera¬ 
ture correction further invalidates this method' 
for measurement of the vacuum tightness of 
process vacuum equipment. 

After all leaks are thought to have been found, 
the equipment under test must be evacuated and 
the rate of pressure rise observed. Consideration 
of the gas laws reveals that the temperature 
correction in the absolute pressure range of 1-100 
micron is negligible. Vacuum gauges can readily 
measure the pressure changes required for tight¬ 
ness. However, a serious drawback is the effect of 
outgassing on the observed leak rate. The subject 
is more completely discussed in Appendix 7.3. 

Other practical drawbacks to the *flse of pres¬ 
sure testing techniques are (1) the requirement 
that the system be depressured before repairs are 
attempted; (2) inability’ to check hidden leaks 
(leaks that are not visible on the exterior to the 
system) such as valve seats and heat exchanger 
tubes. 

7.3. Vacuum Testing Techniques Prior to 1943 

Many devices used in vacuum practice will not 
stand internal over-pressures high enough to 
make pressure testing practical; therefore the use 
of vacuum testing techniques became necessary 
in the laboratories and specialty shops dealing 
with high vacuums equipment. These methods 
were considered usable only by specialists, and 
were not considered applicable to commercial 
process equipment before the inception of the 
testing program described in this report. The 
earliest form of vacuum testing was on all glass 
systems. After evacuation of the system was 
begun, the discharge of a Tesla coil was played 
over the glass surface. A leak would show up as a 
bright spot or “pip.” Experienced operators could 
detect leaks on metal parts of the system by 
observing the color change of the discharge when 


the leaks were sprayed with water or acetone. 
However, considerable uncertainty was attached 
to this technique, and one often resorted to 
“painting” the metal system with a vacuum wax, 
or lacquer, on a wiped layer of solder or lead. 

Perhaps the first large scale vacuum testing of 
metal systems was done by research groups 
working with cyclotrons and similar equipment 
used in nuclear research. In general, those 
methods depend upon the effect on a hot wire 
gauge of the change of composition of the gas in 
the system when the probe fluid displaced the air 
flowing through the leak. Precautions were, taken 
to insure electrical stability and sensitivity oif the 
measuring circuits and mechanical stability of the 
gauges used. Probe fluids were carefully chosen to 
insure maximum effect on the gauge. Thus the 
ideal probe fluid had low viscosity and either high 
or low thermal conductance compared to air. 

When tightness requirements became more 
severe, the hot wire gauge was replaced with an 
ion gauge, since the tightness was sufficient to 
permit the evacuating pumps to reduce the pres¬ 
sure below the operating maximum of this gauge 
(<0.5 micron). Hydrogen gas or a gaseous 
hydrocarbon was most generally used for the 
probe fluid, although good results were reported 
for other fluids. Ea.se of ionization of the probe 
molecules is a determining factor in the choice of 
the probe fluid, since the ionization produced by 
electron bombardment is proportional both to 
the concentration of the gas in the gauge and to 
the character of the gas. 

To obtain the ultimate sensitivity of these 
methods the dynamic method was discarded and 
one of the following methods adopted: (1) the 
“backing space” technique, or (2) the apparent 
change in rate of pressure build-up when probe 
gas displaces air flowing through the leak. Both 
methods achieve the improved sensitivity at the 
expense of an increase in testing time. 

Backing space is the name given to the process 
of multiplying the effect of the probe gas by 
permitting the diffusion pump to compress the 
gas into a dead volume. This is achieved by 
shutting the valve in the foreline leading to the 
mechanical pump. The method further requires 
judgment in the analysis of the signal indicated 
on the gauge controls. The caliber of the personnel 
required to assure foolproof operation is quite 
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Table VI. Resum6 of vacuum testing methods in use pripr to 1043. 


Leak detector 

Operating range, 
microns 

Size of leak 
discernible, 
mefh 

Commonly used 
probes 

Remarks 

Tesla coil 

50-1000 


Tesla coil 

Can be used only on glass systems. 

Discharge tube 

100-1000 


Acetone; Methanol; 
CO,; H, 

Residual gases confusing. 

Hot wire gauge 

Less than 100 

10-1000 

Acetone; Methanol; 

H s 

Affected by pressure changes and 
residual vapors. 

Ionization gauge 

Less than 0.5 

1 100 

Gaseous hydrocarbons; 
H 2 ;0 2 * 

Affected by pressure changes and 
residual vapors. 

Hot wire with back¬ 
ing space 

Less than 100 

50-100 

Gaseous hydrocarbons; 
C0 2 ; IU 

Time-consuming since method is 
discontinuous. 

Ionization gauge with 
backing space 

Less than 0.5 

1-100 

Gaseous hydrocarbons; 

CO,; Hi 

Time-consuming since method is 
discontinuous. 

Hot wire with pres¬ 
sure build-up 

Less than 50 

1-100 

Gaseous hydrocarbons; 
11,; C0 2 ; masking 
with vacuum putty 

Extensive outgassing required. 

Ionization gauge with 
pressure build-up 

Less than 0.5 

1-100 

Gaseous hydrmarbons; 
Ho; C0 2 ; masking 
with vacuum putty 

Extensive outgassing required. 


high—this method having been reported by 
groups using only post-collegiate personnel. 

Analysis of the apparent change in pressure 
build-up caused by the introduction of probe gas 
is very time consuming, requiring that a careful 
schedule for probing be adhered to, and a subse¬ 
quent analysis of the time-pressure graph in 
conjunction with this schedule be made. A further 
drawback of the technique is the entirely non¬ 
productive testing time spent reducing the 
outgassing of the system under test. This period 
varies between 8 to 48 hours per unit depending 
on the volume and area of outgassing surface 
involved. 

Having found all possible leaks, a measure of 
tightness is taken in the following manner. The 
equipment under test is valved off from the 
evacuating pump and the pressure rise of the 
system observed. Evacuation of the equipment 
during the leak hunting period in general has 
reduced the outgassing sufficiently so that the 
pressure rise is an approximately true measure of 
the inleakage. Outgassing may be detected on the 
pressure-time graph of the leak rate by a pro¬ 
nounced change of slope. The true leak is gener¬ 
ally taken after this change of slope has been 
noted. The rate thus measured does not differ 


appreciably from the rate of tin* same system 
after it has been completely out gassed. 

Outgassing is a complex and unpredictable 
effect, as the gas contributing to the effect may 
be adsorbed, absorbed in solid or liquid solution, 
evaporated from a liquid, or the product of 
chemical decomposition. 

A resum6 of vacuum testing methods prior to 
1943 is presented in Table VI. 

7.4. Relation between the Volume Pumped, 
Pumping Speed, and the Response 
to the Probe 

Assumed that L standard cubic feet per minute 
are leaking into a volume of V cubic feet which is 
being pumped at a rate of S cubic feet per minute 
at the total pressure existing in T. 

Then, if at time /«=0 probing of the leak is 
initiated, the volume V will: 

(1) Gain : Ldt (standard cubic feet of probe gas 
per differential of time dt ). 

(2) Lose: pSdt (standard cubic feet of probe 
gas per differential of time dt) where p is the 
partial pressure of probe gas, expressed in atmos¬ 
pheres, in V. 

The net gain of probe gas in volume V is: 
d(pV) — (L—pS)dt, 
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or 

dp 

V—-(L-pS). 

dt 

Integration of this differential equation gives the 
partial pressure of the probe gas in the volume 
and accordingly the partial pressure, pi , of the 
probe gas in the stream passing the leak detector 
at any time t after probing of the leak has begun : 

. p t = ^[l-exp(-S//F)]. 

If, at time T, the probing is discontinued, a 


similar analysis will show that the partial pres¬ 
sure of the probe gas remaining in the system will 
be given-by the equation: 

L 

Pr =~[1 -exp (-ST/ V)~\ exp[-5(/- T)/ V]. 

In Fig. 2 the response and clean-up to a probe 
applied to a leak into a volume of forty cubic feet 
for a period of one second is shown. The response 
is expressed in terms of percent of the equilibrium 
resixmse which is given by the equation: 

P*~L/S. 


The Magnetic Electron Microscope Objective: Contour Phenomena and the 

Attainment of High Resolving Power 

James Hili.ier and E. G. Ramberg 
RCA Laboratories , Princeton , New Jersey 
(Received September 3, 1946) 

A theoretical and experimental investigation of contour phenomena observed in electron 
microscope images near focuj has been carried out. An explanation for the apparent reversal 
of the Fresnel fringes at exact focus is given and a method is described for the determination of 
the degree of asymmetry from the fringe patterns. A procedure for empirically correcting the 
asymmetries usually present in magnetic electron microscope objectives is outlined and some 
of the results obtained with a compensated lens are shown. A number of instrumental defects 
which may prevent the attainment of the ultimate resolving power of an instrument, together 
with methods for their elimination, are listed. 


I. INTRODUCTION 

N a recent paper 1 it was pointed out that 
investigations made on the pole-piece system 
of' the objective lens in a magnetic electron 
microscope operating under optimum instru¬ 
mental conditions indicated that the practical 
limit of resolving power of this instrument had 
been imposed in the past by asymmetries in the 
lens field. The work also indicated that it may 
be possible to attain, in practice, the theoretical 
limit of the existing lenses if those asymmetries 
could be completely removed. 

The present paper is intended as a more 
complete report on those studies and on others, 
made subsequently, which have led to a better 
understanding of the magnetic electron micro- 

1 J. Hillier, “Further improvement in the resolving power 
of the electron microscope,' 1 J. App. Phys. 17, 307-309 
(1946). 


scope objective, to quantitative methods of test¬ 
ing the quality of a given pole-piece system, and 
to a method of empirically compensating for the 
asymmetries in the imaging system of a magnetic 
electron microscope. 

The work has indicated that the larger mag¬ 
netic electron microscopes in use in this country 
arc inherently capable of resolving powers of the 
order of 10A when provided with objective lenses 
of sufficiently high quality. Furthermore, the 
attainment of such a high level of performance 
appears to present a parallel to the attainment 
of the limiting resolving power in the light micro¬ 
scope in that it depends on the skill and experi¬ 
ence of the individual microscopist as much as 
on the availability of particularly good lenses and 
other equipment. In fact, as will be seen from 
the following, the methods by which this per¬ 
formance has been achieved in this laboratory 
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are, for the present at least, not dependent on 
any commercial development and can be re¬ 
peated in any electron microscope laboratory 
possessing normal facilities. Because of this, it is 
the further intention of the authors to present, 
in as detailed form as possible, procedures and 
precautions which must be observed in order to 
achieve the maximum attainable resolving power. 

After the instrument used in this laboratory 2 
had been 4 ‘tuned up" to the point where no 
instrumental defects other than those inherent 
in the lenses were limiting the performance, at 
least at the 20A level, it was realized that 
asymmetries in the field of the objective were the 
most important cause of the remaining defects in 
the image and that the appearance of the image 
contours in the best-focused images was the most 
sensitive test of these asymmetries. Owing to 
the refractive effects in a transparent membrane, 
as discussed below, there is an apparent reversal 
of the Fresnel fringes as the power of the 
objective is varied through the focal value. In 
the best-focused images produced by a lens which 
is not symmetrical, that is, a lens for which the 
focal length is not independent of the azimuth 
of the meridional plane in which any particular 
paraxial ray is traveling, the reversal in the 
Fresnel fringes produces a characteristic type of 
asymmetry which is shown in Fig. 1. This is a 
high magnification image of an opAiing in a thin 
collodion membrane. Here, in one direction 
(vertical) the contours are those obtained when 
the power of the objective is less than the focal 
value, while the contours in the other direction 
(horizontal) are those obtained when the power 
of the objective is greater than the focal value. 
In Figs. 2 and 3, which are images of the same 
field as in Fig. 1, taken with the same lens, but 
with objective powers, respectively, much less 
and much greater than the focal value, the image 
asymmetries are no longer visible. In practice, 
the range of the objective current over which the 
image asymmetries are detectable provides a 
quantitative measure of the degree of asymmetry 
existing in the lens. As a further check it is 

to 

* An RCA EMU electron microscope using the saturated 
emission type electron gun and fitted with a telescopic 
image viewing device (reference 1). With the exception 
of these differences and those introduced later as a result 
of the present work, the instrument is a standard com¬ 
mercial model. 



Fig. 1 (upper). Focused image of holes in collodion 
membrane obtained with asymmetrical objective. Vertical 
edges show fringes characteristic of under-focused image. 
See Fig. 2. Horizontal edges show fringes characteristic of 
overfocused image. See Fig. 3. 

Fig. 2 (middle). Underfocused image (focal length too 
long) obtained with the sam£ objective. 

Fig. 3 (lower). Overfocused image (focal length too short) 
obtained with same objective. 
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Fig. 4. The imaging of an edge by a parallel beam of 
electrons: A. Effect of spherical (or chromatic) aberration; 
B. Effect of defocusing. 

t 

possible to estimate the variation of focal length 
with the azimuth of the meridional plane from a 
photometric study of the asymmetries in the 
contours as described below. While important 
in the academic study of contour phenomena, 
this latter technique is cumbersome in practice 
and was not used in the actual compensation of 
the lenses. 

H. THEORY OF CONTOUR PHENOMENA FOR 
SMALL ANGLE OF ILLUMINATION" 

At the edge of an object projecting into space 
or of a hole in a film th^ electron intensity 
distribution in the image ceases to bear a simple 
relation to the scattering power of the object. 
Fringe systems are observed whose intensity 
distribution depends both on the focusing of the 
objective lens and the condition of illumination. 
It will here be assumed that a straight edge 
intersecting the optic axis of the electron micro¬ 
scope at right angles is being observed and that 
the object is illuminated by a parallel beam of 
electrons. 

Disregarding, to begin with, diffraction phe¬ 
nomena, it is seen that all the electrons passing 
through the unobstructed part of the object 
plane fall on the corresponding half-plane of the 
image, forming there a near-uniform intensity 
distribution, regardless of the condition of focus 
and the optical quality of the objective (Fig. 4). 
Tffc electrons passing through the material por¬ 
tion of the object will be scattered to some 
extent,, so that, except for the position of perfect 
focus of a perfect lens, a fraction of the electrons 
leaving the material portion of the object near 



Fig. 5. Intensity distribution at the image of an edge 
illuminated by a parallel beam, neglecting diffraction 
effects. 


the edge will fall on the bright half-ph. of the 
image. Thus, for parallel illumination and with 
diffraction phenomena disregarded, spherical 
aberration, chromatic aberration, and defocusing 
all give rise to the same type of contour phe¬ 
nomenon—a bright fringe on the bright side of 
the edge and a dark fringe, antisymmetric to 
the bright fringe, on the dark side of the edge 
(Fig. 5). 

The contour fringes normally observed with 
small angle of illumination are much more com¬ 
plex than this. This complexity must be ascribed 
primarily to Fresnel diffraction at the edge. The 
intensity distribution on a screen placed a dis¬ 
tance l behind an opaque object illuminated by 
a parallel beam of light is shown in Fig. 6. It 
may be regarded as the result of interference 
between the unobstructed plane wave, cut off 
sharply at the geometrical shadow of the edge, 
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Fig. 6 . Intensity distribution behind the edge of an opaque 
screen illuminated by a plane wave. 
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Fig. 7. Intensity distribution behind the edge of a 
screen transmitting a ouarter of the incident radiation 
with a phase delay 2*-A/X (real pattern). 


and a cylindrical wave diverging from the edge. 8 
The intensity of the edge wave is a maximum in 
a forward direction and drops off laterally. Its 
phase is retarded by J cycle with respect to the 
plane wave in the shadow of the edge, advanced 
by | cycle in the bright region; at the shadow of 
the edge (where this representation ceases to be 
valid) a phase reversal takes place. In view of 
these relationships the maxima and minima of 
the diffraction pattern in the bright part of the 
field are located at a distance from the shadow 
of the edge given by 

3W = (2/\[n+f ])*, y m i n = (2/A[«-£])*, 

w = 0, 1, 2, 3, • • 

Here X represents the wave-length of the radia¬ 
tion employed. In the shadow the intensity falls 
off uniformly. 

If a plane ahead of the edge is imaged on a 
.screen by a perfect lens, an identical pattern is 
observed, though now the fringes result from 
the interference of the shadow portion of the 
edge wave with the direct wave. Since the wave 

*See, e.g., A. Sommerfeld, "Theorie der Beugung" 
(especially p. 843) in P. Frank and R. v. Mises, Die 
Differentialgleichungen and Integralgleichungen der Me - 
chanik and Physik (Vieweg, Braunschweig, 1935), part 2, 
second edition. 



Fig. 8. Virtual intensity distribution ahead of the edge 
of a screen transmitting a quarter of the incident radiation 
with a phase delay 2irA/\. 


advances in phase by a quarter cycle in passing 
through a line focus 4 the phase of the virtual 
wave continued backwards from the shadow 
portion of the edge wave is retarded by | cycle 
with respect to the plane .wave. Furthermore, 
the sign of the path differences for the two 
interfering waves is reversed in the virtual pat¬ 
tern, so that its maxima and minima have the 
same location relative to the shadow of the edge 
(continued backwards) as the maxima and min¬ 
ima of the real pattern. Mathematically, if the 
amplitude of the wave is given in complex nota¬ 
tion, the amplitude in the virtual field ahead of 
the edge becomes simply the complex conjugate 
of the amplitude in the real field, an equal 
distance behind the edge. 

If the screen transmits a given fraction p 2 of 
the incident radiation without destroying its 
coherence or modifying its phase, the expected 
pattern may be obtained from a superposition 
of the amplitudes for two plane waves of equal 
phase differing in initial amplitude by the factor 
p and incident on complementary opaque screens. 
Again the expected intensity distribution in a 
real plane behind the edge and the virtual 
distribution in a plane at the same distance ahead 

4 For derivation of this "Gouy effect" see P. Debye, 
"Light near a focal point or line," Ann. d. Physik 30, 
755-776 (1909). 
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Fig. 9. Measured variation of object position and mag¬ 
nification as function of objective coil current. 


of the edge are identical (Figs. 7 and 8,curves for 
A/X = 0). It should be noted that in the real 
pattern the fringe system in the shadow region 
results from the interference of the wave trans¬ 
mitted through the object with the shadow por¬ 
tion of the edge wave, while in the virtual 
pattern this fringe system results from inter¬ 
ference of the transmitted wave with the part of 
the edge wave scattered into the bright field. 

If the screen with the transmission factor p 2 
introduces a phase delay in the transmitted 
wave, the real and virtual diffraction patterns 
cease to be identical. Let, e.g., the difference in 
the index of refraction of the screen material and 
that of surrounding space be bn and the thickness 
of the screen be t ; then the optical path difference 
between the wave passing through the screen 
and that passing through the clear space outside 
of the screen is A*/$n. Thus, the phase delay 
introduced by the screen becomes 2irA/X 
«2ir/5»/X. The intensity distribution in the dif¬ 
fraction pattern may now be obtained from a 
superposition of the amplitudes for two plane 
waves differing in initial amplitude not by p> but 
by the complex quantity />6 2 * iA/x , incident on 
complementary opaque screens. This intensity 


distribution was calculated, both for the real and 
for the virtual pattern, for /> = 0.5 and A/X«£, 
1, |, and The results of the calculations are 
shown in Figs. 7 and 8. For $<A/X<1 the real 
and virtual patterns are identical with the virtual 
and real patterns, respectively, for 1—A/X, so 
that, in effect, the curves in these two figures 
represent all possible intensity distributions for 
phase delays which are integer multiples of X/8. 

The results of the calculations may be sum¬ 
marized as follows: 

1. A phase delay enhances the prominence of the dif¬ 
fraction fringes; it becomes greatest for A/X * |. 

2. In the range 0<A/X<J the real pattern contracts 
to an increasing extent. If the fringes are counted off in 
the same manner as for the opaque screen (Eq. (1)), the 
fringes of high order number on the shadow side are dis¬ 
placed, for A/X-J, by half a fringe toward the edge; on 
the bright side they are not displaced. 

3. For A/X< J the virtual patterns possess an added 
minimum and maximum, which may properly be desig¬ 
nated as the minimum of order — 1 and the maximum of 
order 0 on the shadow side. The high order fringes on the 
.shadow side are displaced a fraction of a fringe away from 
the edge. 

m. OBSERVED CONTOURS 

Contour fringes in out-of-focus electron micro¬ 
scope pictures have been observed and inter¬ 
preted as Fresnel diffraction fringes by a number 



Fig. 10. Electron micrographs of the edge of a collodion 
film for various degrees of defocusing. The amount of 
defoeusing is given to the right of edge section. Positive 
and negative values are for over and underfocused images, 
respectively. The true position of the edge is marked. 
Compare with Figs. 2 and 3. 
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of authors.* -7 Boersch, 7 who made a particularly 
careful study of the phenomenon, noted that the 
fringes in the bright field were much more 
marked in the virtual pattern (objective lens 
too weak) than in the real pattern (objective 
lens too strong). He interpreted this as signifying 
that the shadow portion of the edge wave is 
much stronger than the edge wave scattered into 
the bright field. He had reached the same con¬ 
clusion before from dark field observations. 8 
These showed that object edges facing the direc¬ 
tion of illumination appeared less bright than 
the edges remote from the source. 

The observations to be presented here were 
made largely in the hope of shedding more light 
on the behavior of the fringes near focus. A 
collodion film with a number of holes of the 
order of 1 micron in diameter served as object. 
The illuminating cone was slightly elliptical and 
had maximum and minimum half-angles of 6 
and 4 10 6 radian, respectively. These were 
calculated from the observed image of the effec¬ 
tive source, the condenser current, and the geo¬ 
metrical dimensions of the electron microscope 
which was employed. The variation in position 
of the object plane of sharp focus with the 
objective lens current was determined by dis¬ 
placing the object by measured amounts and 



Fig. 11. Microphotometer traces of micrographs of edge 
taken near focus. 


5 E. Ruska, “The origin of fringes about particles in 
electron microscope images and their change with focus,” 
Kolloid Zeits. 105, 43-52 (1943). 

•A. Prebus* “The electron microscope,” p. 170, in J. 
Alexander, Colloid Chemistry (Reinhold Publishing Corpo¬ 
ration, New York, 1944), Vol. 5. 

7 E. Boersch, “Fresnel diffraction in the electron micro¬ 
scope,” Physik. Zeits. 44, 202-211 (1943). 

8 H. Boersch, “Edge diffraction of electrons,” Physik. 
Zeits. 44, 32-38 (1943). 


reading the currents required to bring the image 
into sharp focus (Fig. 9). It should be mentioned 
that hysteresis effects in the lens pole pieces cause 
a variation in the relation between the object 
displacement and the lens current, so that pos- 



Fig. 12. Comparison of microphotometer trace and 
Fresnel pattern for ed^e of screen transmitting a quarter 
of incident radiation with a quarter cycle phase delay (real 
pattern). 

sibly more accurate estimates of the former may 
be obtained from the observed diffraction pattern 
as indicated below. The object displacements as 
determined by the two methods differed ran¬ 
domly by 10 to 20 percent. The geometrical 
position of the edge relative to the pattern could 
be determined roughly, at large deviations from 
focus, by measuring the magnification of the 
plate and comparing the known diameter of the 
hole obtained at focus with the diameters of 
specific fringes about the hole edges. Results so 
obtained agreed within experimental error with 
the edge positions inferred from a comparison of 
the observed diffraction pattern w r ith that pre¬ 
dicted theoretically. 

Figure 10 shows a series of fringe patterns 
observed for positive (real pattern) and negative 
(virtual pattern) values of the deviation from 
focus, as indicated next, to the individual micro¬ 
graphs. A vertical line marks the position of the 
edge. Figure 11 reproduces some microphotom¬ 
eter traces across the pattern for the region close 
to focus. An inspection of the contour patterns 
reveals the following: 

1. Patterns corresponding to numerically equal devia¬ 
tions from focus in the direction of too great lens currents 
(real pattern) and too small lens currents (virtual pattern) 
differ markedly. 

2. Proceeding from what, rather arbitrarily, will be 
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referred to as the condition of sharp focus (/«0 in Figs. 
10 and 11) toward smaller lens currents, an increasingly 
sharp bright fringe appears on the bright side of the edge, 
followed by a dark fringe on the dark side. As the lens 
current is decreased still further, these fringes gradually 
move apart and added maxima and minima are resolved 
outside of either. 

3. Proceeding from the point of sharp focus to higher 
lens currents, there appear at the edge a dark fringe 
and a bright fringe, the bright fringe lying on the shadow 
side of the dark fringe. These increase rapidly in promi¬ 
nence. Eventually fringe systems become visible outside 
of these primary fringes, as in the case of too low lens 
currents. It should be noted that the fringes in the shadow 
of the edge are much more prominent than* in the case 
of too low lens currents. This is in accord with Bocrsch’s 
observation that the amplitude of the part of the edge 
wave scattered into the shadow is greater than that of the 
part scattered into the bright field. For too high currents 
(real pattern) the shadow fringes are produced by inter¬ 
ference between the transmitted wave and the shadow 
portion of the edge wave, for too weak lens current (virtual 
pattern), by interference between the transmitted wave 
and the portion of the edge wave scattered into the bright 
field. 

IV. COMPARISON OF OBSERVATIONS 
AND THEORY 

The presence of diffraction fringes in the 
shadow of the collodion film indicates that the 
latter has not introduced large random phase 
variations in the electrbn wave transmitted by 
it. On the other hand, a comparison of the 
microphotometer traces of the fringe systems for 
large deviations from focus with the curves in 
Figs. 7 and 8 indicates that a satisfactory agree¬ 
ment between the positions of the maxima and 



Fig. 13. Comparison of microphotometer trace and 
Fresnel pattern for edge of screen transmitting a quarter 
of incident radiation with a quarter cycle pnase delay 
(virtual pattern). 


minima in the observed and theoretical patterns 
can only be obtained if the wave passing through 
the film is assumed to experience a phase delay. 
The curves for A/X = J resemble the observed 
patterns most closely. Since A=/6« and bn 
= 37/(2 7), where t is the thickness of the film, 
hV the difference in the mean potential within 
the film and that outside of it, and 7 is the 
accelerating voltage of the electron beam, this 
leads, for 67=10 volts and 7= 50,000 volts, to 
the perfectly reasonable value for the film thick¬ 
ness,/=134A. 

Figure 12 shows a smoothed mifcrophotometer 
trace of the contour pattern for a deviation, 
estimated from the lens currents used, equal to 
173 microns (lens too strong). In addition, the 
theoretical curve for £ = 0.5 and A/X = J has been 
plotted as a broken line, adjusting the value of 
l (= 153 microns) and the position of the edge so 
that the maxima n = 3 on the bright side and the 
minima n = 3 on the shadow side of the observed 
and theoretical curves, respectively, are brought 
to coincidence. It should be stressed that these 
curves arc comparable only with regard to the 
positions of the maxima and minima, not to their 
relative intensities. This is so for the following 
reasons: 

1. The theory here presented does not account for the 
greater intensity of the shadow portion of the edge wave 
as compared with the bright-field portion; this appears 
as a peculiarity of the Fresnel diffraction of electrons by 
material screens. 

2. The finite illuminating aperture employed must lead 
to a more rapid flattening out of the maxima and minima 
with increasing order number in the observed curves. 

3. The photometer traces shown are simple density 
plots, no attempt having been made to correct for the 
nonlinear relation between exposure and density of the 
photographic material employed. 

Figure 13 compares the photometer trace ob¬ 
tained for a virtual pattern (lens too weak; 
estimated deviation from focus, —118 microns) 
with the theoretical curve for £ = 0.5, A/X = J. 
The fitting points were in this case the maximum 
n = 3 on the bright side and the minimum n = 2 
in the shadow, the theoretical value of l required 
to obtain the fit being —102 micron. 

For both the real and the virtual patterns the 
correspondence in the positions of the maxima 
and minima of the observed and theoretical 
curves, as well as the agreement between the 
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Fi(i. 14. Variation of distance of maxima and minima from edge with square root of estimated distance between edge 

and focal plane. A. Real pattern. B. Virtual pattern. 


estimated and the theoretical values of the devi¬ 
ations from focus, are close enough to render the 
interpretation of the observed contour fringes 
as Fresnel diffraction fringes quite definite. 

V. BEHAVIOR OF THE CONTOURS NEAR 
FOCUS 

If the positions of the maxima and minima 
relative to the shadow of the edge are plotted 
against the square root of the separation between 
the plane of the edge and the plane in which the 
pattern is observed, these plotted points should 
fall along straight lines. In practice, deviations 
are observed, which must in part be ascribed to 
inaccurate estimates of the distance between the 
plane of the edge and the plane of focus, as well 
as to the uncertainty in establishing the position 
of the geometrical shadow of the edge in the 
image (Fig. 14). For too large currents the first 
maximum (n = l) and the first minimum (n = 0) 
in the shadow can be followed down to the 
smallest deviations from focus (Fig. IS). Their 
separation can conveniently be employed as a 
measure of deviation from focus. Figure 15 shows 
that these separations are generally slightly 
larger than the theoretical value for a normal 


Fresnel pattern, even with a phase delay A/A 
= 1. For too small currents the maximum n = 0 
in the bright field and the “extra" minimum 
(w=— 1) in the shadow are seen farthest. The 
separation of these two points (Fig. 16) also 
increases systematically with the deviation from 
focus, though only relatively slowly. 

VI. IMAGE ASYMMETRIES AND 
THEIR ORIGIN 

1. Asymmetries in Electron Micrographs 

Contours of the type described above are 
observed quite generally in electron micrographs; 
in particular, the character of the fringes nearest 
the edge is only slightly influenced by the aper¬ 
ture of illumination within the range commonly 
employed in electron microscopy: The outlying 
fringes melt into the background as the aperture 
is increased. Micrographs obtained with an ob¬ 
jective lens having some degree of asymmetry 
will show differences in the fringe patterns sur¬ 
rounding differently oriented edges. These differ¬ 
ences are accentuated when the object is focused 
very carefully (Fig. 1). It will then occur that 
one edge of a particular object will exhibit, the 
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Fig., 15. Separation of first maximum and first minimum 
in the shadow as function of focal deviation (real pattern' 
—lens too strong). 


characteristic virtual pattern, corresponding to 
too low focusing current, while an edge at 
right angles thereto will appear definitely over- 
focused. This indicates that the imaging pencils 
are astigmatic. The degree of astigmatism, i.e., 
the maximum deviation in focus for two mutually 
perpendicular directions, can be determined with 
the aid of the curves in Figs. 15 and 16. The 
deviation in focus for Fig. 1 may thus be esti¬ 
mated to be 4 microns. Two factors may give 
rise to asymmetries of the type described: A 
deviation from axial symmetry of the lens field 
and a misalignment of the objective. 

2. Effect of Pole-Piece Ellipticity 

Deviations from axial symmetry in the field of 
a magnetic pole-piece lens may be caused either 
by imperfections in machining or defects of the 
magnetic material in the form of inhomogeneity 
of susceptibility and the presence of blow holes 
or occlusions. Of these several factors an ellip¬ 
ticity of the pole-piece openings, introduced by 
imperfect machining, most readily admits of 
analytical treatment. On the basis of such a 
treatment it is possible to establish manufactur¬ 
ing tolerances in harmony with a prescribed 
maximum amount of astigmatism in the image. 

The effect on the ray paths of deforming a 
permanent-magnet ring producing the lens field 
into an ellipse is derived in Appendix I. The 
permanent-magnet ring, for which the axial field 
distribution is shown in Fig. 17, was chosen in 
preference to the pole-piece lenses usually em¬ 
ployed for reasons of ease of calculation. There 
can be little doubt that the qualitative conclu¬ 
sions—and the quantitative conclusions as far 
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Fig. 16. Separation of first maximum on bright side and 
first minimum in shadow as function of focal deviation 
(virtual pattern- lens too weak). 

as order of magnitude is concerned- —are directly 
applicable to the types of lenses normally used 
as electron microscope objectives. 

The results of this study, for three objectives 
of the same focal length, but of varying width of 
the field distribution (different values of the 




Fig. 18. Axial and lateral deviation of point of closest 
approach to axis from focal point of undeformed lens as 
function of azimuth of ray parallel to axis in image space. 
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Table I. 


J*en 

/ eHW \ 

\ /max 

/ 

a 

*F 


x« 

(?) 

1 -(—) 
max \ / / min 

(</.( .a.)iuftx 


I 

5 

0.3 

0.435 

0.162 

7530 

-47° 3.V 


1.14« 2 

1.57* 

10^7' 

II 

2 

0.3 

0.265 

0.235 

8050 

-40° 50' 


1.76* 

0.79* 

38' 

III 

0 

0.3 

0 

0.3 


0 


2.64< 2 

0 

0 


H * magnetic field 
♦ - accelerating voltage of electrons 
focal length of lens 
a - radius of permanent-magnet ring 
ty * distance of focal point from center of lens 

=* longitudinal separation of point of closest approach to axis for 
deformed lens from focal point of undefotmed lens 


d.c.a. -distance of closest approach to axis for aperture angle a -5 ‘lO^ 1 
radian 

X« “total image rotation 

A*-difference in azimuth of parallel lay in image space leading to 
maximum value of Ity (weakest lens action) and of the major 
axis of the ellipse, 

« - eccentricity of the ellipse: «*«2(a—6)/n, where a is the major 
and b is the minor axis of the ellipse 


radius of the magnetic ring), are summarized in 
Fig. 18 and Table I. A ray which is parallel to 
the axis in image space will intersect the axis in 
object space for only four specific values of the 
azimuthal angle y?, measured relative to the 
meridional plane containing the long axis of the 
ellipse. For all other values there will exist a 
distance of closest approach (d.c.a.) to the axis, 
at a point a distance Azy from the focal point of 
the undeformed lens (Fig. 19). The ratio of 
Azy to the focal length / and the distance of 
closest approach are plotted as functions of the 
azimuthal angle in image space, y>, in Fig. 18. 
The results shown lead to the following con¬ 
clusions : 

1. An ellipticity of the pole-piece bore results in an 
astigmatism of the imaging pencils. The distance between 
the two points of sharpest focus (the focal lines) is propor¬ 
tional to the percentage difference between the two axes 
of the ellipse. For a focal length of 3 mm a difference in 
the two axes equal to 0.01 percent (e 2 = 2 ■ 10~ 4 ) leads to a 
separation of the two focal linos of the order of one micron. 

2. The ratio of the distance between focal lines and the 
focal length decreases as the ratio of lens thickness to 
focal length is increased. This may be ascribed to the 
fact that, as an imaging ray rotates in the field, the ray 
is acted upon both by portions of the field which are 
strengthened and such as are weakened by the deformation. 
The amount of the rotation is greater for a thick lens than 
for a thin lens. 

3. For weak or short lenses edges in the image which, 
for proper adjustment of focus, may be made sharp, are 



Fig. 19. Geometrical parameters of rays. 


parallel to the two axes of the ellipse (edges which appear 
sharp at the higher lens current are parallel to the minor 
axis). For strong or thick lenses the two orientations cor¬ 
responding to the sharpest possible focus are shifted by 
a small angle with respect to the axes of the ellipse. 

4. For weak or short lenses the astigmatic pencil has 
two focal lines, so that the apparent sharpness of object 
edges oriented parallel to these, duly refocused, is not 
reduced by the deformation. For stronger lenses the focal 
lines become flat ellipses. Under these circumstances—i.e., 
the presence of “anisotropic astigmatism” the deforma¬ 
tion results in some loss of sharpness throughout the image. 
The focal ellipses are sufficiently flat, however, that the 
diffusion of the edges parallel to their axes becomes neg¬ 
ligible if the asymmetry in the image is not apparent. 

3 . Effect of Misalignment of the Objective 

Asymmetries in the image may also be intro¬ 
duced by a horizontal displacement of the ob¬ 
jective relative to the projector or a tilt of the 
objective lens relative to the instrument axis. If 
Si is the aberration coefficient of astigmatism 9 
for the objective, M its magnification, and / its 
focal length, the displacement of the two focal 
lines referred to the object becomes 

Azf m-Azr min ~ 2 (Si/M) •/• (d/MY (2) 

for a displacement d of the objective relative to 
the projector and 

Azy max — &Zy min = 2 (Si /M) • f 2 ’ b 2 (3) 

for a tilt angle b of the objective. The coefficient 
Si differs from the coefficient S/, since the first 
applies to a position of the effective limiting 

9 *SVo 2 r n is the radius of the circle of confusion owing to 
astigmatism which forms the image of an object point a 
distance fo from the axis, imaged by a pencil whose cross- 
section radius in the aperture plane is r tt . See V. K. Zwory¬ 
kin, G. A. Morton, E. G. Ramberg, J. Hillier, and A. W. 
Vance, Electron Optics and the Electron Microscope (John 
Wiley and Sons, Inc., New York, 1945), pp. 551, 562, 
and 636. 
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Fig. 20. Passage of imaging pencil through displaced 
objective (A) and through tilted objective (6). 

aperture at the rear focal plane of the objective, 
the second to one at its nodal point (Fig. 20). 
To take only one example, the values of Si/M 
and Si /M for a magnetic objective formed by 
two unsaturated equidiametcr cylindrical pole 
pieces with a small separating gap are for 4> = 50 
kv, /=0.3 cm, 77 mttx = 6270 gauss, radius a = 0.575 
cm, which corresponds to a very thick, strong 
lens, 

Sa/M- 16 cm~ 2 ; Si'/M- 1.5 cm~ 2 . 

For a permissible difference in focus of l*micron 
(10~ 4 cm), the tolerance in the displacement d 
and the tilt 8 become 

d = ±0.3 cm; 8 = ±0.035 radian = ±2.0°. 

Both tolerances are seen to be quite large; the 
normal alignment procedure should render the 
effects of objective displacement negligible. 

Vn. METHOD OF ELIMINATING ASYMMETRIES 

When it was realized that the asymmetries in 
the magnetic field of the electron microscope 
objective were mainly responsible for the limita¬ 
tions on the resolving power it was assumed at 
first that these asymmetries were the result of 
mechanical inaccuracies—elliptical openings and 
misalignment of the openings of the pole pieces. 
To overcome these, a lapping technique was 
devised which insured the required precision of 
mechanical symmetry and alignment. As will 
be^shown later, mechanical inaccuracies were 
actually only partially responsible for the asym¬ 
metries observed. However, a remarkable im¬ 
provement 1 was obtained in most cases by the 
use of the lapping technique and for that reason 
a brief description is included. 


The pole pieces used in these tests are standard 
objective lens pole pieces for the RCA EMU 
electron microscope—actually rejects from the 
commercial production—used without an objec¬ 
tive aperture. They consist of two soft-iron sec¬ 
tions bearing the active pole faces and openings 
and part of the magnetic circuit of the objective 
coil unit. The iron sections are threaded into a 
brass spacer which maintains the proper spacing 
and alignment through the provision of appro¬ 
priate pilot surfaces. The cross section of these 
pole pieces is shown schematically in Fig. 21. 

A conical brass lap with a 1°~2° taper was 
used for lapping the openings. The pole faces 
were lapped on a plate-glass surface, a large 
brass jig being used to hold the axis of the lower 
section accurately perpendicular to the plate. 
The two openings were lapped simultaneously 
with the pole pieces assembled in order to obtain 
accurate axial alignment as well as symmetry. 
It was necessary, of course, to disassemble the 
j>ole pieces in order to gain* access to the pole 
faces for lapping or for cleaning. In order to 
avoid as much as possible differences in align¬ 
ment of the two sections occurring as a result of 
the disassembling, fine scratches were made on 
the outside of the pole-piece assembly across the 
boundaries between the pole-piece sections and 
the brass spacer. Each time the pole pieces were 
assembled, great care was taken to clean the 
threads and pilot surfaces and to align the 
scratches accurately. 

The procedure followed was to lap, alternately, 
lens openings with the lens assembled and faces, 
individually, with the same grade of grinding 
compound. A wet paste of 400-mesh carborun¬ 
dum was used for the initial lapping which was 
continued until all machining marks and other 
defects disappeared. Lapping was then continued 
with wet pastes of 600-mesh carborundum and 
900-mesh alundum, lapping with the last two 
grades of grinding compound being continued 
until the effects of the preceding grade were 
removed and until there appeared to be a perfect 
fit between the brass lap and the pole-piece 
openings for all angular positions of the lap. 
Considerable care was taken to avoid exerting 
too much pressure with the lap as this was found 
to damage the critical edge between the pole- 
piece openings and the faces. When the grade of 
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grinding compound was changed the pole pieces 
were very carefully washed to remove all traces 
of the coarser grade. After the lapping was com¬ 
pleted with the 900-mesh alundum and if no 
imperfections were visible with the 10 X eye 
lens, particularly in the regions near the critical 
edges, those regions of the pole-piece openings 
and faces were polished using a wet paste of 
jeweler’s rouge on a round toothpick. 

Pole pieces which were treated in this way 
invariably showed considerable improvement in 
performance and rather consistently gave limit¬ 
ing resolving powers in the range of 20-30A 
(Fig. 22). It was soon realized, however, that the 
asymmetries were seldom completely removed 
by this technique. Moreover, if considerable 
asymmetry existed after the first lapping, it was 
usually found that it persisted upon further 
lapping. In cases where the asymmetry was found 
to increase with further lapping, it could gener¬ 
ally be shown to arise from defects in the mag¬ 
netic material of the pole piece, in particular, 
blow holes or occlusions which occurred in the 
neighborhood of the critical edge and which 
would eventually be uncovered. These observa¬ 
tions indicated rather conclusively that the 
asymmetries remaining after lapping were caused 
by various forms of imperfections in the magnetic 
properties of the pole-piece material. 

Considerable effort was expended in an at¬ 
tempt to obtain, ideal magnetic materials. Up to 
the present none has been found. In fact, the 
outcome of this work pointed to the empirical 
correction of the lens asymmetries as being more 
likely of success and less tedious in execution. 

Asymmetries of the magnitude encountered in 
the uncorrected objective may be considered as 
a superposition of a cylindrical magnetic lens on 
an accurately axially symmetrical magnetic lens. 
The practical method of correction involves, 
therefore, the production of an additional super¬ 
imposed cylindrical field which is of the proper 
strength and at right angles to the existing 
cylindrical component. There are many possible 
ways of accomplishing this. The device selected 
is illustrated in Fig. 23. It consists simply of 
eight soft-iron rods 0.070 inch in diameter 
threaded into the wall of the brass spacer (72 
threads to the inch), perpendicular to the axis 
of the lens in the plane of the pole-piece gap and 


45° apart. Figure 24 is a photograph of a pole 
piece with the compensating screws in place. 
The procedure of compensation is as follows: 

1. A focal sequence (Series 1) is obtained under the 
conditions to be described below with the rods adjusted 
so that they are approximately equidistant from the axis 
of the lens. The orientation and magnitude of the asym¬ 
metry is noted on the appropriate exposure (Fig. 25). 

2. Any opposite two of the rods are moved as far as 
possible toward the axis and another focal sequence (Series 
2) is obtained under -conditions identical to those of 
Series 1. This operation puts in an extreme degree of 
asymmetry and permits a correlation to be made between 
the direction of the asymmetry in the image and the 
direction of adjustment of the rods in the lens (Fig. 26). 

3. The pair of rods which must be moved toward the 
axis in order to correct for the asymmetry existing in 
Series 1 is then determined by a comparison of Series 1 


i 



Fig. 21. Cross section of objective pole pieces. 
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r Fig. 22. A focal series obtained with a lapped lens, 
showing fairly complete elimination of asymmetries. The 
specimen is a very light evaporated film of gold on a carbon 
black in collodion mount. This series shows the rapid 
increase in the diameter of the images of small particles 
which occurs as the instrument is put out of focus. 


and 2. The compensation is of course perpendicular to the 
pair of rods which would increase the asymmetry observed 
in Series 1. 

4. Starting with the rods equidistant from the axis the 
two selected for the first correction are moved toward the 
axis and a third focal sequence (Series 3) is obtained. The 
direction and degree of asymmetry remaining is determined 
from the proper image (Fig. 27). 

5. If the asymmetry is found to be decreased but has 
not changed direction the same two rods are moved closer 
to the axis and another focal sequence (Series 4) is obtained. 
As shown in Appendix II, the maximum correction attain¬ 
able by moving any one pair of rods toward the axis is 
reached when the direction of the asymmetry in the image 
is rotated through an angle of 45° (Fig. 28). 

6. With the rods used in the initial correction set at the 
point where the direction of the asymmetry has been 
rotated by an angle in the range of 30° to 45° from its 
original direction a new direction of correction is deter¬ 
mined by comparison of the last series and Series 2. With 
the rods in the newly selected direction advanced slightly 
toward the axis another focal series is obtained (Series 5 
-Fig. 29). 

7. Correction is continued in the newly selected direction 
until the direction of asymmetry again changes. 

8. This systematic compensation of the asymmetries 
is continued until no detectable asymmetry exists in the 
images (Fig. 30). 

In actual practice it is found that the asym¬ 
metry decreases very rapidly and a third direc¬ 
tion of compensation is seldom necessary. 

Vin. INSTRUMENT ADJUSTMENT 

In discussing the correction of a lens by the 
above method no mention has been made of the 
adjustment of the other components of the 
electron microscope employed. It is obvious that 
all the images used in the course of the correcting 
procedure must be obtained under identical 
electron-optical conditions. It has been found, 
furthermore, that the compensation obtained by 
the above technique is accurate for only one 
adjustment of the instrument. As would be 
expected, the method described corrects not 
only the asymmetries inherent in the lens, but 
also those introduced by stray fields from the 
other components of the instrument. The various 
phenomena encountered and the adjustments 
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which must be carried out if the procedure is to 
give consistent results are listed below: 

1. Specimen .— A suitable specimen must be used. Small 
holes in the collodion membrane or spherical carbon-black 
particles mounted without a supporting membrane have 
been satisfactory in this laboratory. Crystalline materials 
are to be avoided because of the artificial asymmetries some¬ 
times introduced by different interactions of the electron 
beam with different faces of the crystals. 

2. Illumination. —The angular aperture of the illumi¬ 
nation should be kept as small as possible in order to obtain 
the sharpest possible definition in the contour fringes. In 
the present work the angular aperture of illumination was, 
in general, below 10~ 4 radian, though it might have been 
as much as an order of magnitude larger without seriously 
limiting the method. The illumination must arise from a 
single source. 

3. Lens Position .—The objective pole-piece assembly 
must be replaced in exactly the same position in the 
objective lens coil structure each time it is put back after 
making an adjustment. This concerns only the angular 
orientation since the axial position is usually fixed by the 
structure of the lens. 

4. Specimen Position. —It is obvious that an empirical 
method of compensating for lens field asymmetries arising 
as a result of imperfections in the magnetic properties of 
the material will be precise for only one condition of mag¬ 
netization. This means that the specimen position and the 
accelerating potential of the electrons must be accurately 
reproduced both during the compensation of the lens and 
during subsequent high resolution work. 

5. Magnification. —The preceding condition insures that 
the objective magnification be constant during its com¬ 
pensation and use. Because of the stray fields produced by 
the projection lens, and the dependence of the alignment 
on the power of the projection lens, it was found necessary 
to keep its magnification constant, preferably at its 
maximum value. The total instrumental magnification used 
in the present tests was 16,000 X for the objective shown 
in Fig. 23 and 25,500 X for the standard pole pieces used 
in subsequent tests. 

6. Excitation of the Objective Lens. —External com¬ 
pensation in a magnetic lens field of asymmetries which 
are the result of irregularities in the susceptibility of the 
magnetic material requires, as already mentioned, that 
the same condition of magnetization be maintained during 
the compensation and use of the lens. The purpose of this 
particular section is to point out that the same condition 
of magnetization cannot be achieved unless the lens current 
is turned on in such a way as to insure that every region 
of the material of the pole pieces is at the same point on 
its hysteresis loop every time the lens is operated, either 
during the compensation procedure or in use. The pro¬ 
cedure which was arbitrarily selected for the present work 
and which was found to be satisfactory is as follows: The 
image is focused visually and the objective current turned 
off. It is left off for about ten seconds to allow the circuits 



Fig, 23. Cross section of objective pole pieces provided 
with compensating screws. 



Fig. 24. A photograph of the objective pole piece with the 
top removed to show the compensating screws. 
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Fig. 25. Focused image obtained with an uncompensated 
objective. # | 

Fig. 26. Focused image obtained with one pair of cor¬ 
recting screws turned in as far as possible (11 turns). This 
puts in a large asymmetry which can be correlated with 
the compensating direction. 

Fig. 27. First stage of compensation. The appropriate 
pair of screws has been selected and has been moved in 
five turns. The asymmetry is in the same direction as in 
the initial test (Fig. 25) but of smaller magnitude. 


to become stabilized and then turned on again. The image 
is then observed and refocused. This procedure is repeated 
until the image comes into exact focus without further 
adjustment every time the lens current is turned on. The 
above technique was found to obliterate the previous mag- 


Fig. 28. Illustrates the maximum .obtainable com¬ 
pensation with the one pair of screws (7 turns). The mag¬ 
nitude of the asymmetry is greatly decreased and its 
direction has changed. 

Fig. 29. Shows compensation in the selected second 
direction (4 turns). 

Fig. 30. Image obtained with fully compensated ob¬ 
jective. The particles in the lower right hand corner are at 
exact focus. Other particles are cither considerably above 
or below focal plane. Differences in level are emphasized 
in the compensated objective. 

netization history of the pole pieces and to produce con¬ 
sistent results as judged by the observed asymmetries.* 

* Note added in proof: It has been found that the standard 
objective lens controls were not sufficiently fine for the 
most critical work. To overcome this a vernier has been 
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7. Instrument Alignment .—As a result of the present 
investigations the ideas on instrument alignment pre¬ 
viously accepted in this laboratory underwent considerable 
revision. It was found that the quality of the images ob¬ 
tained with a reasonably symmetrical and clean objective 
lens was insensitive to alignment if considered from the 
point of view of astigmatism, but was quite sensitive con¬ 
sidered from the point of view of chromatic change in 
magnification and rotation. This is in agreement with 
theory. The variations, in the accelerating potential were 
measured and found to consist, primarily, of a 3-volt (peak 
to peak) 60-cycle ripple, which amounts to 0.006 percent 
of the total voltage and is well within the permitted vari¬ 
ations for the attainment of a resolving power of 10A. 
This tolerance is valid, however, only if the “voltage 
center" (that is, the point of the image which remains 
stationary with change in accelerating potential) coincides 
with the center of the image field. In the present work it 
was found that, as a result of asymmetries associated with 
the projection lens, the magnetic and voltage centers were 
widely separated when the instrument was aligned on the 
basis of image rotation with objective current change and 
that the chromatic variation in magnification appeared 
as a 40A image shift.** 

It is obvious from these observations that the alignment 
should be carried out on the basis of voltage rotation. The 
alignment procedure actually employed is as follows: 

a. Center objective over projector mechanically. 

b. Turn the accelerating voltage off and on very rapidly 
at the lowest projector setting and with the condenser 
adjusted to maximum power at which an image can 
still be seen, observing the effect on the image. 

c. Translate condenser until center of voltage rotation or 
expansion is in center of field. 

d. Reduce condenser current and translate gun until 
maximum illumination of field is obtained. 

e. Alternately repeat steps c and d until voltage center 
remains in field for all condenser currents. 

f. Raise magnification to maximum value and bring 
voltage center into field by translating objective. 

g. Check e. 

When the compensation of the objective was 
carried out according to the routine outlined 
above and the instrument adjustments, also 
listed above, were checked every time the ob¬ 
jective lens was inserted for measurement it was 
found that the compensation was accomplished 
in accord with theory and that any setting of the 
lens-correcting screws gave reproducible results. 

added for which the total variation is 1/10 of that of 
what was previously the finest control. 

** Note added in proof: The separation between the 
magnetic and voltage centers has now been eliminated by 
the introduction of a soft iron tube immediately above 
the projection lens pole-piece opening and extending to 
the top of the coil form. This tube was mounted coaxially 
with tne projection lens system and magnetically isolated 
from it. 


It was found further that under the same condi¬ 
tion a fully compensated lens was stable over 
reasonably long peribds. One standard compen¬ 
sated lens maintained its symmetry over a two- 
week period of constant operation by one oper¬ 
ator. In the succeeding two-week period, during 
which time the instrument was operated by 
several operators, the same lens became very 
slightly asymmetrical. However, since accurate 
records of the results of compensating adjust¬ 
ments in the original correction of the lens had 
been kept, it was a relatively simple matter to 
re-attain complete symmetry in the lens.f 

IX. ACCIDENTAL INSTRUMENTAL DEFECTS 

Throughout the preceding discussion it has 
been assumed that the electron microscope being 
used in these tests performed perfectly within 
the limitations inherent in its design. Electron 
microscopists are aware, however, that such is 
seldom the case in practice and that the attain¬ 
ment of consistently high resolving power is only 
possible if the operator is continuously on the 
alert for indications of the presence of any of a 
large number of possible accidental defects. This 
situation is accentuated when resolving powers 
better than 20A are desired. In the following, a 
number of the more common accidental defects 
which are particularly important in the high 
resolving power range will be described and some 
methods for their detection and elimination 
given. 

1. External Magnetic Fields 

Commercial electron microscopes are normally 
carefully shielded for stray alternating magnetic 
fields, so that the image defects due to such fields 
are reduced below the 20A level. However, in the 
attainment of high resolving powers, particularly 
in the case of unusually bad locations, such stray 
fields still are an important limiting factor. In 
this laboratory an image shift of 20A (using an 
objective lens with a 2.5-mm focal length) was 
traced to this source. 

The conventional electron microscope is most 

f Note added in proof: Since the second correction de¬ 
scribed above was made, this lens has remained accurately 
symmetrical over a period of six months during which' 
time the pole pieces nave been removed from the instru¬ 
ment and replaced well over 100 times. 
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sensitive to the effects of alternating magnetic 
fields in the region of the instrument immediately 
below the objective lens. Thus, the direction 
and absolute magnitude (that is, not referred to 
the scale of the specimen plane) of the image 
shifts resulting from alternating magnetic fields 
must be constant for all images taken with 
constant projection lens power and must be 
independent of the objective lens strength and 
alignment. These properties are sufficient for the 
identification of image defects due to alternating 
magnetic fields. 

A single additional shield of small diameter 
(J in.) mu-metal tubing placed along the axis of 
the instrument between the objective and the 
projection lenses was sufficient to eliminate these 
defects. 

2. Specimen Vibration 

In the present work some image shifts which 
were fairly consistent in the 10-20A range and 
erratic in the 20-40A range were finally traced 
to vibrations Of the specimen holder. Since the 
resolving power of the instrument fop visual 
observation through the final image telescope 1 
at 250,000 X is approximately 30A only the 
larger transitory vibrations could be seen. These 
were correlated with the boiling of the oil in the 
diffusion pump and the operation of the shutter. 

This vibration, which was extremely trouble¬ 
some in critical work, was finally eliminated by 
the simple expedient of lengthening the specimen 
holder until it just tpuched the upper face of the 
objective pole pieces. Unfortunately, under these 
conditions the stage movement controls had 
considerable backlash and were extremely diffi¬ 
cult to manipulate. Thus, while the technique 
served for the present work, it is not considered 
a satisfactory solution of the problem. 

3. Specimen Stage Drift 

In the course of the present work it was found 
that the specimen stage did not remain motion- 
le^g after being adjusted but tended to drift by 
as much as 30A during a 30-second exposure. 
The effect could be partially eliminated by care¬ 
fully relieving mechanical strains in the stage 
mechanism by appropriately adjusting the con¬ 
trols and observing the results at high magnifica¬ 


tion. The above-mentioned technique of steady¬ 
ing the specimen, with its attendant difficulties, 
was most successful in eliminating specimen stage 
drift. 

4. Specimen Drift (Thermal) 

When the angular aperture of the illumination 
is varied from its maximum value for visual 
observation to a considerably lower predeter¬ 
mined value for photographic recording the total 
electron current reaching the specimen remains 
constant, but its distribution over the specimen 
changes considerably. This is particularly true 
in the instrument used for the present work. 
Since, at maximum angular aperture, the area of 
irradiation is only 10 microns in diameter, the 
wire supporting screen is seldom bombarded. 
On the other hand, at an angular aperture of 
5-10“ 5 radian, at which the micrographs are 
recorded, the area of irradiation is 330 microns 
in diameter and, hence, includes several meshes 
of the wire screen. It is obvious that when the 
change is made a new condition of thermal 
equilibrium in the specimen screen must be 
established and that this may involve a change 
in position of parts of the specimen screen owing 
to thermal expansion. It has been found that 
image shifts due to such thermal movements are 
very common unless special precautions are taken 
to avoid them. Woven screens are particularly 
bad in this respect because individual wires can 
move independently of the rest. Electrolytically 
produced copper screens give the best results at 
the present time, though even these are not 
always completely satisfactory. The screens must 
be fairly heavy, which means, of course, that the 
open area is small (20 percent). Special care must 
be taken with the clamping of a screen in the 
specimen holder to insure that it is held tightly 
around its entire circumference. 

5. Charging of the Specimen 

In accord with observations made with the 
probe diffraction camera it was found that the 
area of the specimen irradiated became highly 
charged if it did not include-a grounded conductor . 
While the charging of the specimen does not 
affect the image quality as far as can be deter¬ 
mined by visual observations it does give rise to 
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erratic image shifts, making it impossible to 
attain high resolution micrographs. These image 
shifts can be completely eliminated by spreading 
the beam until one of the screen wires is included 
in the area of irradiation. Under these conditions 
the entire area of irradiation is held at the same 
potential as the screen. The mechanism of this 
discharging, which appears to be the same as 
encountered in the use of electron “sprays” in 
electron diffraction, is not yet understood. 

It was also found necessary to take special 
precautions to clean the specimen screens before 
use. Large particles of lint or other insulating 
materials outside the area of irradiation often 
collect sufficient charge to deflect the beam and 
produce image shifts. 

6. Contamination of Specimen Holder 

Insulating particles and remnants of previous 
specimens clinging to the edges of the specimen 
cap are also a common source of image shifts. 
The existence of such particles can usually be 
detected by the occurrence of changes in image 
position with changes in intensity. In this labo¬ 
ratory the specimen cap and the surface of the 
hole through the specimen holder are kept pol¬ 
ished by frequent cleaning with a very fine grade 
of steel wool wrapped around a round toothpick. 
The specimen cap is examined with a 10 X eye 
lens for such contamination before inserting the 
specimen every time high resolution images are 
desired. Obviously, care must be taken to avoid 
leaving any loose threads of the steel wool on 
the holder. 

7• Contamination of Objective Lens 

Insulating particles clinging to the surfaces of 
the pole-piece openings introduce both image 
shifts and image asymmetries and are a con¬ 
tinual source of trouble. As in the preceding case 
the existence of such particles makes itself ap¬ 
parent through a change in image position with 
change in intensity. The particles can be re¬ 
moved satisfactorily with lint-free lens tissue 10 
on a toothpick, a 10 X eye lens being used to 
observe the operation. 


10 Ross-Adams Lens Tissue distributed by Clay-Adams 
Company, Inc., New York, New York. 



Fig. 31. High magnification image of colloidal gold taken 
with compensated objective (/»»3.8 mm). 

8. Change of Focus with Change of Illumination 

In the early critical work the change of focus 
which occurs when the intensity and angular 
aperture of illumination is changed gave con¬ 
siderable difficulty for the narrow range focal 
series used. The use of the high intensity gun 
and telescopic viewing device making it possible 
to focus the instrument and make the photo¬ 
graphic exposure without changing the adjust¬ 
ment of the illumination eliminated the difficulty. 

9. General Remarks 

As the reader will have noticed, all of the 
above defects result in image shifts. If several 
are present simultaneously and they are observed 
only in the recorded image it is difficult, if not 
impossible, to determine their cause. In the 
present work it has been possible to sort out the 
various effects and to determine their cause 
individually through the use of telescopic ob¬ 
servation of the image at high magnifications. 
This permits transitory image motions to be 
correlated with other incidental phenomena in 
the operation of the instrument. It is hoped that 
the presentation of a description of these defects 
in the above paragraphs will enable other electron 
microscopists to systematically eliminate them 
in their own particular instruments, which may 
not be provided with telescopic observation of 
the image. It is realized that the above list is 
not complete and, in particular, does not include 
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Fig. 32. High magnification focal series of alumina gel 
tatatn with compensated objective (/~2.4 mm). A. Under¬ 
focused image; B. Focused image; C. Overfocused image. 

a description of the methods of identifying 
specific defects in the electrical supplies. The 
latter. can be easily deduced, however, from 


a study of the normal operation of the instru¬ 
ment. 

X. OBJECTIVE APERTURE 

Throughout the development of the electron 
microscope there have been many differences of 
opinion with regard to the necessity and value 
of a physical limiting aperture in the objective. 
The present work, which was carried out entirely 
without an aperture, has shown conclusively 
that such an aperture is not necessary for the 
demonstration of resolving powers at the 10A 
level. On the other hand, it has become apparent 
that lack of contrast at exact focus is at present 
the major limiting factor in the resolution of 
extremely fine structures of organic materials. 
A few attempts, which were made in the course 
of the present work, to establish the value of a 
limiting aperture in this particular problem were 
not conclusive. 

XI. CONCLUSION 


It is demonstrated that the Fresnel diffraction 
fringes which are present in extra-focal images 



Fig. 33. Variation of orientation and magnitude of 
residual asymmetry with magnitude of compensating field 
for various angles between the principal axes of the original 
field and the compensating field. 
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obtained with small angular aperture of illumi¬ 
nation provide a sensitive criterion of the degree 
of symmetry possessed by an electron microscope 
objective. It is shown further that the use of 
such a criterion makes the correction of asym¬ 
metries a relatively straightforward and simple 
matter. The image quality obtained with a cor¬ 
rected lens (Figs. 31 and 32) has been consistently 
and obviously higher than that obtained with 
the best uncorrected lenses. 1 While it has not 
been possible to make a precise measurement of 
the best resolving power achieved it is believed 
to lie in the range of values predicted theoreti¬ 
cally for the lenses used. 

The observed contour fringes are found to 
correspond to the Fresnel diffraction pattern for 
the edge of a partly transparent screen which 
introduces a phase delay in the coherently trans¬ 
mitted wave. The phase delay, arising from the 


inner potential of the' screen, and the empirically 
observed greater intensity of the edge wave in 
the shadow, account for the observed dissimi¬ 
larity of the contours for underfocusing and 
overfocusing. 

Since the technique of obtaining symmetry in 
the properties of the image corrects asymmetries 
owing to external causes as well as those pro¬ 
duced by defects in the lenses and since this 
compensation is not independent of instrument 
adjustment it appears, at present, that the at¬ 
tainment of high resolving power in a particular 
instrument requires the individual attention of 
the electron microscopist responsible for its 
operation. A number of practical suggestions 
have been included in the above discussion in the 
hope that they will assist the interested electron 
microscopist in the recognition and elimination 
of some of the more common instrumental 
difficulties which he may encounter. 


APPENDIX I 

Field Variation and Electron Paths for Elliptical Permanent Magnet Ring 

If q is the magnetic moment per unit length of the magnetic ring, a (along the x axis) is the major 
axis, and & = a(l—€ 2 )* (along the y axis) is the minor axis, the scalar potential variation in the plane 
containing the major axis is 

gf r l (1 — f 2 (o 2 )*d£o 

f((, 0, f)=— f — - - -• (4) 


Here f = z/o, £ = x/a, x and z being the coordinates of the reference point. For the meridional plane 
containing the minor axis, 

<Z.f r 1 _ (1-«*{(>*) Mfr) _ 

mv . n =-j - (1 _ {#J ),j w+( £ (1 _ t t) ( i_y)]»-,)*+ n »’ 

V=y/a- (6) 


Near the axis a Taylor expansion of the potential yields 


* = * (f)+ -(_) 


i/aV\ 


(o, o, r){ 2 +-( . 

iXdr,*/ 


\ 


( 0 , 0 , „),*+• 


(7) 


This is to be compared with the Taylor expansion for the corresponding axially symmetric system 

(« = °) 

*o=*o(f)-H f o"(f)r , + ---, (8) 


where 


♦•(f) 


a(l + f 2 )»’ 


♦•'(f)- 


rq(l-2n 
a (l+fT' s ‘ 


(9) 
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For small values of < the differences of corresponding coefficients in the two expansions are simply 
proportional to e*: 
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8 (1 + fT' 2 

The equations of motion of the electrons in the elliptical field are, in the paraxial approximation 
a 2 £ e 


dt* 


.e / av. \ e /av. t \ a*f 
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(15) 


Here dots indicate differentiation with r<*>pect to the time. The equations of motion may be con¬ 
verted into the path equations 


n"= 
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(16) 

(17) 


since f = (2e#/wt)V« where $ is the accelerating potential of the electrons. Primes indicate differ¬ 
entiation with respect to f. Equations (16) and (17) may be combined into a single equation: 


(£+«?)" +*(——) [*'(i+*n)'- (—{+t~n) ] = 0 
\ 2 me 2 <l>/ L Va { 2 3 ij 2 /J 

or 
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Introduce now the new independent variable 

**~(£+*’f)* -<x ; x= 
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The differential Eq. (19) now becomes: 




The corresponding homogeneous equation, 




'2 


*<0 


Strict 


u »=(), 


( 22 ) 


has the particular solution u a with the initial conditions u a ~ 0, uj = —a// for z=z F \ for z- - oo, 

Ma— 1. 

Consider now a ray incident parallel to the axis, unit distance from it, and in a meridional plane 
with the azimuth <p. In the zero approximation its coordinates are then given by 

u-u a e i,fi \ %~u a cos(^-|-x) ; ri = u a sin(<p+x)- (23) 

The deviation of the ray passing through the deformed lens in the plane of focus (z~Zf) is then 11 

t F 


A u = - 


J r te 

a J- * 


RUad{. 


(24) 


Here, to obtain a first approximation, the coordinates in Eq. (23) are to be substituted for «, £, 
and ij in the expression R(f) from Eq. (21). It is desirable to refer this displacement to the plane 
in which the corresponding ray for the symmetrical lens traverses focus. The coordinates are then 
given by 


A^+iArj^ = A ; x« 


»- )W 

\8wc 2 4>/ 


(25) 


Xo is the total rotation of the image. A£* now represents the deviation parallel to the meridional 
plane, Aiy, that at right angles thereto. Substituting R from Eq. (21) in Eq. (24), 
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11 See e.g., E. P. Adams, Smithsonian Mathematical Formulae (Smithsonian Institution, Washington, D. C., 1922), 
Formula 8.410. 
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The distance between the focal plane and*the plane in which the ray approaches closest to the 
axis is given by 

Azf *-aA&/tt«'«/Ak; (29) 


aroAi;,, r 0 signifying the distance of the ray from the axis in image space, on the other hand, gives 
the deviation from the axis at the point of closest approach. Equations (27) and (28) were evaluated 
by numerically solving Eq. ( 22 ) for u a and performing the indicated quadratures. The results are 
shown in Table I and Fig. 18. 


APPENDIX U 


Compensation of Objective Asymmetries 

Equation (7), representing the axial potential for any pole-piece assembly with two meridional 
planes of symmetry passing through the £ and rj axes, may be written 





= *o+ 
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dV 
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(30) 


The last term in this expression is responsible for the astigmatism of imaging pencils refracted by 
the system. 

Assume now that a second asymmetry is introduced, e.g., by a pair of iron screws placed sym¬ 
metrically with respect to the axis. Let the principal axes of this “compensating” system (£i, rj i) 
form an angle © with the £, rj axes: 

£i =* £ cos© — rj sin©, 171 = £ sin© + y cos©, £i 2 — yi* = £ 2 cos 2 © — 2 £ij sin 2 © — y 2 cos 2 @. (31) 

The total asymmetry term resulting from the superposition of the two fields is now 

A¥~.4[£ 2 (l -k cos20)-2 k£y sin20-V(l -k cos20)], (32) 



The subscript 1 refers to the compensating system. If the factor k , normally a function of f, is a 
constant, perfect compensation is possible. This occurs, of course, for ©=0 and k = 1 and corresponds 
to a compensating field whose asymmetry terms are, except for sign, identical throughout with 
those of the original field. 
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If the factor k is not a constant, the adjustment of 0 and the magnitude of k (for a short magnetic 
or for an electrostatic lens) will still bring about correction, though now the imagining pencils can 
be made stigma tic only in the first order. The image formation in such systems is analogous to the 
formation of an image focused sharply in two perpendicular directions by two cylindrical lenses 
with their axes at right angles to each other. For a long magnetic lens compensation will generally 
be incomplete, since the adjustment of the orientation and the magnitude of an arbitrary compen¬ 
sating field will not suffice to balance both the isotropic and the anisotropic component of the astig¬ 
matism resulting from the original field. Below the case of the short lens, for which a single, effective, 
value of k can be defined, will be treated. 

Since, in practice, the orientation of the asymmetry in the original pole pieces is initially either 
unknown or known only approximately, the principal axes of the compensating field first introduced 
will, in general, form an angle 0 different from zero with the principal axes of the original field. 
It is hence of interest to know how the asymmetry in the image will change with the value of k for 
different values of 0 . 

For any value of k and 0 the principal axes ({2, 772) of the resultant field (determining the directions 
of maximum focal deviation or most pronounced defocusing fringes in the image) will be rotated 
relative to the principal axes £, 77 of the original field by an angle ??: 

£2 cos?? — 772 sin??, 77 = £2 sin??+ 772 cos??. (33) 

Substituting this relation in Eq. (32) and adjusting d so that the coefficient of {2772 vanishes leads to 

A^=^4(l — 2k cos20+fc 2 )*(£2 2 — 772 s ), (34) 

tan2?? = — k sin20/(l—fe cos20). (35) 

Here the coefficient in Eq. (34) measures the asymmetry of the resultant field (or the value of the 
eccentricity factor c 2 ), t? the rotation of the direction of maximum lens action (or of the orientation 
of the most pronounced fringes) as k (or the compensating field) is increased from zero to the given 
value. These quantities are plotted, for a series of values of 0, the angular deviation between the 
principal axes of the two superposed fields, in the polar diagram shown in Fig. 33. F-ach curve 
corresponds to a range in k from 0 to 2 ; arrowheads indicate the direction of increasing k. 

Correction takes place only if 0 is less than 45° in absolute value. If this condition is fulfilled, 
increasing the compensating field from zero results in an initial reduction in the degree of asymmetry 
and a subsequent increase. The value of # passes simultaneously from 0 to T(tt/ 2 — I 01 ) if the 
sign of 0 is =b. Only for 0 = 0 is full correction attained; for (01 = 5° the asymmetry can be reduced 
to less than a fifth, for 101 = 10 °, to a third, and for 10| = 15°, to a half. 
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An Investigation of a Method for the Analysis of Smokes According to Particle Size 1 

William N. Lipscomb , 2 * T. R. Rubin , 5 and J. H. Sturdivant 
California Institute of Technology , Pasadena , California 4 
(Received August 2, 1946) 

An electrical precipitation method for the analysis of smokes according to particle size has 
been investigated. A thin stream of smoke particles moving under laminar conditions in a wind 
tunnel of rectangular cross section is electrically charged in a small region. The charged par¬ 
ticles are then precipitated by the uniform Held existing between the charged upper plate and 
the grounded lower plate of the wind tunnel as a long track along the lower plate. The size- 
frequency distributions of the particles precipitated at various points on the lower plate were 
determined from measurements on enlargements of .electron-microscope photographs of samples 
of the smoke precipitated at various points. The agreement between theory and experiment 
is fair, but the range of sizes of the pafticles precipitated at a given point is rather large. 


i 


INTRODUCTION 

HE use of a precipitation method for the 
estimation of sizes of smoke particles was 
first described by Rohmann. 6 His apparatus con¬ 
sisted of a wind tunnel of rectangular cross 
section with an electric field between the nega¬ 
tively charged upper plate and the grounded 
lower plate. The smoke was introduced into the 
wind tunnel through a small tube and was 
charged in a small region by a corona discharge 
from a point. The charged particles were precipi¬ 
tated by the uniform field as a track about 5 cm 
in length. The size of the particles was measured 
with an optical microscope and compared with 
the particle radius calculated from the theory of 
precipitation of charged spherical particles in a 
uniform field. Rohmann did not report the size- 
frequency distributions of the particles precipi¬ 
tated at various points, but only the average 
size in the densest region of the precipitate. No 
statement was made regarding the regularity of 
shape of the metallic oxide particles in the 
smokes which he used for his investigation. 
Rohmann mentions two difficulties encountered 
in his experiments. The first was the difficulty of 
obtaining laminar gas flow in the wind tunnel; 

1 This work was done in whole under the Contract No. 
OEMsr-103, Supplement 1, between the California Institute 
of Technology and the Office of Scientific Research and 
Development, which assumes no responsibility for the 
accuracy of the statements contained herein. 

* Present address: School of Chemistry, University of 
Minnesota, Minneapolis 14, Minnesota. 

* Present address: Department of Chemistry, Ohio State 
University, Columbus, Ohio. 

4 Contribution No. 1054. 

* H. Rohmann, Zeits. f. Physik 17 f 253 (1923). 


even in the absence of a charging corona he was 
forced to work with gas velocities of nearly 40 
cm/sec. in order to obtain a stable thread of 
smoke. The second difficulty was the disturbance 
of the thread of smoke by the electrical wind 
which accompanies corona discharge; he was 
therefore constrained to use comparatively small 
charging currents. 

The present investigation consists of a more 
extensive study of the precipitation method for 
the analysis of smokes according to particle size. 
A modified form of the apparatus described by 
Rohmann was used. The rectangular wind tunnel 
was redesigned in order to give essentially 
laminar flow at gas velocities of approximately 
10 cm/sec. Since the point corona was found to 
be unsatisfactory, other methods of obtaining 
charging currents were investigated. The electron 
microscope was used to record the sizes of 
particles precipitated at various points in the 
apparatus. Had the separation of the smoke 
particles proved more satisfactory a much more 
rapid method was to be used (based on calibra¬ 
tion with the electron microscope results) for the 
determination of the size-frequency distribution 
function; this proposed method consisted of 
measurement of the current carried by the 
charged smoke particles to small metal collectors 
mounted in the plane of the lower plate and 
insulated from it. Because the results were not 
completely satisfactory, however, only the 
studies of various charging devices, representa¬ 
tive size-frequency distribution curves, and com- 
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Ptnptctivt 



Elevation 



parisons of experimental results with theoretical 
precipitation curves are presented here. 

APPARATUS 

A diagram of the precipitation apparatus is 
shown in Fig. 1. The smoke, which was contained 
in a large flask, was forced by means of com¬ 
pressed air first through a short length of small¬ 
bore glass tubing (to reduce turbulence) and 


then into the entrance tube T. This tube extended 
through the entrance duct D to the rectangular 
precipitation chamber C. In order to minimize 
turbulence the entrance duct was provided with 
a honeycomb baffle B made from short lengths 
of Cellophane soda straws. Further reduction of 
turbulence was obtained by placing a box in 
front of the entrance duct in the position indi¬ 
cated in the plan and elevation of Fig. 1. The 
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Fig. 2a. Size-frequency distributions of particles in a rosin 
smoke charged by means of a heated filament. 
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Fig. 3. Size-frequency distributions of particles in a 
rosin smoke charged by means of a cotton cloth at high 
potential. 



0 Screen (o) 

© Screen M 

Fig. 2b. Size-frequency distributions of particles in a rosin 
smoke charged by means of a heated filament. 

precipitation chamber consisted of two parallel 
brass plates P separated by lucite strips. The 
upper plate, which was charged to about —4 kv, 
wag insulated from the entrance and exit ducts 
by bakelite strips £. The various charging 
devices which were tested were placed above or 
in the plane of an aperture 5 in the upper plate, 
and were surrounded by an air-tight insulator to 
prevent air from entering around the charging 
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Fig. 4. Size-frequency distributions of particles in a 
rosin smoke charged by means of a plate coated with 
rayon flock fibers. 

region. The lower plate was provided with a 
metallic collector II which was mounted in the 
plane of this plate and insulated from it. This 
collector was made movable along the direction 
of wind flow in order to measure, by means of a 
galvanometer, the iron currents emitted by the 
charging device as a function of the position of 
the collector. The air-stream outlet consisted of 
two sections which ended finally in a large 
circular cross-section. A four-bladed fan, run 
from a variable speed motor, was placed just 
inside the outlet section N; this fan produced 
air velocities at the center of the precipitation 
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Fig. 5. Average particle radius as a function of point of 
precipitation; charging device was a heated filament. 



O Serwri |o 

Fig. 6. Average particle radius as a function of point of 
precipitation; charging device was a cotton cloth. 


chamber of 8 to 25 cm/sec. The velocities which 
were used in the runs described below were 12 
to 15 cm/sec. 

A uniform downward current of ions of about 
10~ 8 ampcre/cm 2 must be obtained in order to 
charge the smoke particles. Of the large number 
of devices which were tested for this purpose, the 
three most promising were investigated in detail 

Table I. Summary' of experimental results. 


Run 1; Charging device: heated filament 



Particles 


Position of maxima 

Screen 

measured 

Xi in cm 

in microns 

(a) 

176 

8.7 

0.1 



1.15 

(b) 

146 

11.0 

0.1 

0.5, 1.1 
(Average, 0.8) 

(c) 

195 

14.0 

0.1 



0.42 

(d) 

99 

18.0 

0.1 



0.25 


Run 2; Charging device: cotton cloth 




Position of 
maxima and 
half width at 


1 Particles 

* 

half maximum, 

Screen 

measured 

Xi in cm 

in microns 

(a) 

196 

6.5 

0.08±0.05, 

0.69±0.B 

(b) 

265 

12.0 

0.25=fc0.08 

(0 

248 

15.0 

0.17±0.10 


Run 3; Charging device: rayon flock fibers 




Position of 


Particles 


maxima 

Screen 

measured 

x% in cm 

in microns 

(a) 

77 

4.0 

0.16 

m 


0.48 

(b) 

229 

6.0 

0.08 

452 

6.0 

0.23 

0.09 

(0.2 to 0.3) 


(c) 

97 

8.6 

0.05 



O ScfMM M 

0 Scf«Mi M 
@ ScrMflt (d 


Fig. 7. Average particle radius as a function of point of 
precipitation; charging device was made from rayon flock 
fibers. 


by studies of the size-frequency distribution of 
the smoke particles precipitated at various 
points in the apparatus. The first (Run 1) con¬ 
sisted of a small heated Nichrome coil which was 
supported by a short quartz rod and jacketed by 
a Pyrex compressed air cooler. Immediately 
below this coiled filament was placed a wire 
screen (15-50 meshes/in. 2 ) which was allowed to 
remain at “floating” potential. The filament was 
heated by means of a filament transformer and 
was maintained at a potential of about —5 kv. 
The second charging device (Run 2) consisted 
of a small area (1 cm X2.5 cm) of cotton bird’s- 
eye toweling which was placed in contact with a 
metal plate at —4 to —10 kv. The third charging 
device (Run 3) consisted of a small aluminum 
plate maintained at —14 kv and covered sparsely 
with rayon flock fibers (about 250/cm 2 ) attached 
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normal to it. 6 This third charging device gave 
the most nearly reproducible and uniform charg¬ 
ing conditions of all of those which were tested. 

For studies with the electron microscope, 
collodion-covered screens were placed on the 
lower plate of the precipitation apparatus at 
various distances from the charging region. 
These screens were 6-mm circles cut from 350- 
mesh brass screen, and were coated with a 
collodion film about 0.1 micron in thickness. 

EXPERIMENTAL PROCEDURE 

The wind velocity Vo was measured in the 
following manner: a thin ^trcam of smoke was 
allowed to flow down the center of the precipi¬ 
tation chamber. A disturbance was given to the 
stream by a slight movement of the inlet tube, 
and the time required for this disturbance to 
move a known distance was measured. 

The ion current in the charging region was 
measured at various positions by means of the 
movable collector plate; it was found to be 
fairly uniform and limited to a small region. The 
extent of the charging region, extrapolated to 
the height of the smoke stream above the lower 
plate, divided by the velocity of the stream was 
taken as the time of charging, t. The average 
ion current per unit area in the charging region 
was taken as the ion current density, i. 

The rosin smokes were prepared by heating 
about 70 mg of rosin in a small copper pan; the 
rosin condensed into a smoke consisting of ap¬ 
proximately spherical particles of radius 0.05 <a 
<3 microns. The smoke was collected in the 
large flask and was forced into the apparatus by 
a slow stream of compressed air. When the 
charging and deflecting potentials were turned 
on, the smoke stream was observed to curve 
.down slightly and fan out into a curtain of smoke 
dropping to the lower plate. The smoke thus 
deposited a narrow track of rosin on the lower 
plate where, for the purpose of electron micros¬ 
copy, the small collodion-covered collectors were 
placed. 

• Flock is a preparation of textile fibers cut to uniform, 
phort lengths. In order to prepare this charging device the 
required density of flock was placed on a grounded con¬ 
ducting plate. The aluminum plate, wet with Glyptal, was 
suspended above the grounded plate and charged to about 
— 15 kv in order to deposit the fibers in an erect position 
on the charged plate. The potential was left on until the 
Glyptal hardened. 


Photographs were taken of the smoke deposits 
on the collodion-covered screens with the use of 
the electron microscope designed at the Cali¬ 
fornia Institute of Technology by Professor W. 
V. Houston and Dr. J. H. Bradner, and the 
RCA electron microscope at the Department of 
Physics of the University of California at 
Berkeley. Enlargements of the electron micro¬ 
scope photographs were made to a total linear 
magnification of about 6000. For spherical parti¬ 
cles the diameter was measured; for elliptical and 
slightly irregular particles the average of the 
largest and smallest diameters was taken. Nearly 
all of the rosin smoke particles were approxi¬ 
mately spherical except for the larger particles 
obtained in Run 1, in which the heated filament 
was used as a charging device. These highly 
irregular particles were divided into spherical or 
approximately elliptical sections and measured 
as independent parts. Although this idealization 
is clearly not a good approximation, a convenient 
method of comparing particle sizes was obtained 
by this method. There is no satisfactory treat¬ 
ment of the law of fall for particles of irregular 
shajK*. From the measurements of particle size, 
the size-frequency distribution curves were pre¬ 
pared by plotting the number of particles of a 
given size as ordinate against the radius of the 
particle in microns as abscissa, and then drawing 
a smooth curve through the points. 

RESULTS 

The size-frequency distribution curves ob¬ 
tained in the three runs are shown in Figs. 2a, 
2 b, 3, and 4. The experimental results are sum¬ 
marized in Table I. On Screen (b) of Run 1 two 
maxima appeared for a >0.3 microns whereas 
the theory required only the one shown by most 
of the other experimental results. The average 
of these two peaks was taken. It is to be noted 
that the numbers of particles of given size deter¬ 
mining parts of this and some of the other 
distribution curves are too small to yield satis¬ 
factory statistical distributions. As a result the 
method of interpolation by which some parts of 
the curves should be obtained is not unambig¬ 
uous. The photographed area of Screen (b) of 
Run 3 was divided into two parts, and the 
particles on these two parts were counted sepa¬ 
rately in order to determine whether the result- 
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ing size-frequency distribution curves were in 
satisfactory agreement. The results, shown in 
Fig. 4 and Table I are in good agreement, but it 
is quite clear that a large number of particles 
must be counted before satisfactory distributions 
are obtained. 

The experimental results are compared with 
the theoretical curves, calculated as described in 
the Appendix, in Figs. 5, 6, and 7. The numerical 
expressions from which the curves were calcu¬ 
lated are, for Run 1, 

1660a M 

*» =-where 0= 123a« 2 +23a • 

(l+0.082/a„)<2 


for Run 2, 

1840a M 

-where Q- 157a M 2 +82a M ; 

(1+0.082 /a M )Q 


and, for Run 3, 


1840a M 

(l+0.082/a„)<2 


where (? = 476a M 2 +39a M , 


where a M is the particle radius in microns. The 
agreement between the curves and the experi¬ 
mental points is not too good. However, the 
general character of the theoretical curves is 
reproduced by the experiments, for example, the 
precipitation of both large and small particles at 
a given point as required by the theory appears 
to be verified. 

In order to test whether the original smoke 
sample itself contained an abnormally large num¬ 
ber of small particles, the whole thread of smoke 
was swept repeatedly across a collodion-covered 
screen by variation of the corona potential, until 
a satisfactory density of particles was obtained. 
Electron microscope photographs of this sample 
did not show a predominant number of particles 
of radius less than 0.2 micron; the size-frequency 
distribution curve for the unseparated smoke 
showed a single maximum at about 1 micron. 

Considerable experimental difficulties were 
encountered in the use of the various charging 
devices. The ^lament heated the charging region 
considerably, and even though approximate 
thermal equilibrium had been reached before the 
run was started some slight thermal unsteadiness 
m the precipitation conditions persisted. The 


cotton cloth charging device produced results 
which were quite unreproducible; however, no 
variations in the charging conditions were usually 
observed during a single run. The conducting 
plate covered with the rayon flock fibers was 
probably the most satisfactory charging device 
which was tested. These fibers undoubtedly re¬ 
tained their relative orientation for successive 
runs better than did the cloth fibers. The appear¬ 
ance of the track of rosin precipitated on the 
lower plate was very similar for successive runs 
with the flock fiber charging device, although a 
series of five successive runs under as nearly the 
same conditions as possible gave results which 
agreed rather poorly. 

The reasons for this poor agreement probably 
include (a) variations in the initial charges on 
the particles, (b) turbulence in the wind flow in 
the tunnel, (c) irregularities in the particle shape, 

(d) fluctuations in the charging current, and 

(e) statistical variations in the charging. The 
effects of variation of the initial charges of the 
particles were estimated by measurement of the 
maximum deflection of the smoke stream in a 
uniform field in the absence of the precipitating 
current. The maximum deflection observed cor¬ 
responded to a maximum initial charge of ±8e 
on a particle of radius 0.5 micron, or ±34 e on a 
particle of radius 2 microns. Turbulence is ex¬ 
tremely difficult to eliminate completely, and 
its effect was apparent on careful visual observa¬ 
tion under the best conditions which we ob¬ 
tained; it may have been caused, in part, by 
electrical wind effects. Fluctuations in the charg¬ 
ing current of 1 to 2 percent were detected with 
a probe which was connected to an electrometer 
circuit. The effect of irregularities in the shapes 
of the particles and of statistical variations in 
charging could not be estimated. 
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APPENDIX: THEORETICAL SECTION 


A particle which has a radius a and charge Qe and is 
swept along a horizontal rectangular channel (see Fig. 8) 
l>etween two charged plates has a downward velocity v' 
because of the gravitational and electrostatic forces, 
ntg+EoQe; 

AX\ (1) 

6 vrja \ a / 


where v is the viscosity of the gas; A is the Cunningham 
constant 7 ; and \ is the mean free path of the gas molecules.' 

The problem of the gas velocity at any point in a tube 
of rectangular cross section has been solved by Cornish. 8 
In a tube with cross-sectional width c and height d in which 
the velocity on the axis (y**s = 0) is v 0t the velocity of gas 
flow along any line parallel to the axis is 


r«i/o 


t 


fcosh-r 

d Try 
—-cos-f 

ire d 


l cosh ¥ 

-_ coa _r 4 " 



( 2 ) 


The horizontal distance, from the point at which the 
particles are charged to the point at which they strike the 
lower plate may then be shown, by integtfStion of the 
equation dx**(v/v’)dy t to be 


*» a 


6irn<ivo 


2l 2 


(**+Kd»)(! + »•)' 


(':£) 


X 


——r 

coshg[ 


32 _i 

^coshgj 


X 



(d) 


where l 19 the height above the lower plate at which the 
stream of particles is charged. For the conditions under 
which the experiments were carried out £<$e»7Wg and 
z m 0, and an adequate approximation to Eq. (3) is 


6nyot»o 2/ 2 / 1 2/\ 


(4) 


This equation would be suitable for calculation if we knew 
the number of charges, Q , as a function of the particle 
radius and known or measurable quantities. 

A theory of the charging of a spherical particle of radius 
<Pand dielectric constant K passing through a downward 
current of ions has been derived by Rohmann* under the 
assumptions that (1) diffusion of charges to the particle is 


7 E. Cunningham, Proc. Roy. Soc. A 83 , 357 (1910). 

8 R. J. Cornish, Proc. Roy. Soc: A 120 , 691 (1928). 



negligible, (2) electrical image forces between an ion 
approaching a particle and the particle are negligible, and 
(3) all of the incident ions give up their charge to the 
particle. His expression for the charge Qte acquired in time 
t by an initially uncharged particle may be written in the 
form 

e-'-O+Tfr ! ) E »aSs- ® 

where i is the ion current per unit area and E\ is the field 
intensity iti the charged region. 

No satisfactory theory has been developed for the initial 
stage of the charging of a spherical particle of low dielectric 
constant by diffusion. The final stage of diffusion charging 
was investigated theoretically and experimentally by 
Arendt and Kallmann. 9 Their work, and also the experi¬ 
mental work of Deutsch 10 and Schweitzer 11 showed that 
the saturation charge taken up by oil drops of radius from 
0.1 micron to 10 microns in a space charge of the order of 
10* charges/cm 3 is proportional to the particle radius. 
Ladenburg 12 pointed out that in the process of precipitation 
of smoke particles in a charging field there arc two distinct 
charging mechanisms, one, important for the larger parti¬ 
cles, giving a charge proportional to a 2 as described in the 
preceding paragraph, and another, important for the 
smaller particles, giving a charge proportional to a. This 
second mechanism is called diffusion charging although it 
includes, in addition *to ordinary diffusion of ions to the 
particle, the effect of image forces on the charge approaching 
the dielectric surface of the particle and the effect of the 
net charge on the diffusion of ions to the particle. We have 
assumed that the number of charges diffusing to a particle 
of radius a in a time t and in an ion atmosphere of volume 
density / is 

Qd “ Cfta. (6) 

The value of the proportionality constant wa9 determined 
to be C«0.07 by extrapolation to zero time of the experi¬ 
mental curves for the charging of oil drops as a function 
of time, as given by Arendt and Kallmann. 9 Unfortunately, 
Arendt and Kallmann did not obtain data for times less 
than about 4 min., and consequently the constant C 
cannot a priori be regarded as determined even to the 
correct order of magnitude for the time intervals of interest 
(/~0.2 sec.). We shall, nevertheless, use the resulting 
expression for calculation of, Qd because our results de¬ 
scribed above indicate that the resulting term in the 

•P. Arendt and H. Kallmann, Zeits. f. Physik 35, 421 
(1926). 

10 W. Deutsch, Zeits. f. tech. Physik 7, 623 (1926). 

11 H. Schweitzer, Ann. d. Physik [51 4, 33 (1930). 

R. Ladenburg, Ann. der Physik [5] 4, 863 (1930). 
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charging law is approximately correct, and is almost 
certainly of the correct order of magnitude. Since the ion 
density is given by the relation f^i/iEiue), where u is, 
the mobility of the ions, Eq. (6) therefore becomes 

Q&**0.01iat/E\u. (7) 

In the absence of a complete mathematical treatment 
of the charging process, we shall write the expression for 
the total charge at a time / on a spherical particle of 
radius a in the form 

Qe*Q/e+Q d e, (8) 

where Q/e and Q d e are given by Eqs. (5) and (7), respec¬ 
tively. In this and the preceding equations the effect of 
the comparatively small initial charge on the particle has 
been omitted. Although the two charging processes are 
probably not independent, and the expressions for the two 
processes therefore not strictly additive, it may be pointed 
out that because of the different dependence of the two 
processes on the particle radius, Eq. (7) represents the 
important term for the smaller particles, whereas Eq. (6) 
represents the important term for the larger particles. 


The value of Qe fronf Eq. (8) may be substituted into 
Eq. (4) in order to calculate the distance along the direction 
of gas flow from the center of the charging region to the 
point of precipitation of a particle of radius a. In this 
calculation we have made the additional assumption that 
the charging, which occurs over the distance vd**2a' 
(Fig. 8), may be approximated by complete charging at a 
point at the center of the charging region. 

In some of ihe experiments the field in the charging 
region was considerably higher than that between the 
deflecting plates of the rectangular precipitation chamber. 
The average field in the charging region in this case was 
calculated from an approximate solution of the two- 
dimensional potential distribution by expansion in rec¬ 
tangular harmonics. For the case (Run 3, above) in which 
this treatment was applied, the field thus calculated was 
about 7 percent smaller than that obtained from the 
relation E\ * — Vi/d, where Vt is the potential of the 
upper plate of the rectangular tube. The effect of space 
charge in decreasing the field intensity in the charging 
region was small enough to be neglected. 


Dislocation Theory as Applied by N.A.C.A. to the Creep of Metals 

A. S. Nowick and E. S. Machlin 
Aircraft Engine Research Laboratory , Cleveland , Ohio 
(Received September 9, 1946) 

An equation for the steady-state rate of creep of pure annealed polycrystalline metals is 
derived through dislocation theory and the theory of rate processes. The rate of generation of 
dislocations is shown to be the rate-determining process. A specific mechanism for the 
generation of a dislocation is presented, from which the heat and entropy of activation of the 
process are expressed in terms of physical constants of the material. In addition the lowering 
under stress of the potential energy barrier, which yields the stress-dependent term, is given 
in terms of constants of the material and a “back-stress” term. The creep equation thus ob¬ 
tained is found to be in good agreement with data in the literature. 


INTRODUCTION 

REEP of metals is generally subdivided into 
three stages, as shown in Fig. 1. The initial 
stage, in which the slope of the elongation- 
versus -time curve (the rate of creep) is rapidly 
decreasing, is commonly designated the primary 
or transient stage; secondary or steady-state 
creep refers to the straight-line portion of the 
creep curve. After a sufficient length of time, 
the rate of creep increases in the region desig¬ 
nated the tertiary stage. 

The criterion generally used to evaluate the 
creep property of a given material at a particular 
stress and temperature is the steady-state creep 
rate. One of the first attempts to analyze steady- 


state creep by other than empirical methods was 
by Kan ter. 1 Later, Kauzmann 2 applied Eyring’s 
theory of liquid How, which is a special applica¬ 
tion of the theory of rate processes, to the 
steady-state flow of metals. The problem of creep 
has also been attacked by the use of the theory 
of dislocations. A survey of results obtained thus 
far by this approach is reported by Seitz and 
Read. 3 Although these three treatments predict 
equations for the steady-state creep rate that 
show the correct dependence on stress and tem¬ 
perature, quantitative predictions cannot be 

»J. J. Kanter, Trans. A.I.M.E. 131, 385 (1938). 

* W. Kauzmann, Trans. A.I.M.E. 143, 57 (1941). 

*F. Seitz and T. A. Read, J. App. Phys. 12, 100, 170, 
470, 538 (1941). 
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Fig. 1. A typical creep curve showing the three stages. 

% 

made from them as to how physical and struc¬ 
tural constants of materials affect creep rate. 
Furthermore, difficulties were encountered in 
attempting to explain the large negative entropy 
of activation that experimental data showed. 

This report derives an equation for the steady- 
state creep rate in terms of a specific dislocation 
mechanism which involves considering the gen¬ 
eration of dislocations to be a rate process. The 
features of the theory of rate processes and of 
dislocation theory required for the development 
of the creep equation are first briefly reviewed; 
the derivation then follows, 

The material contained herein was derived at 
the Cleveland laboratory of the N.A.C.A. and 
was originally presented as N.A.C.A. Technical 
Note No. 1039. 

THEORY OF RATE PROCESSES 

The theory of rate processes, 4 as developed by 
Eyring and others, considers a reaction or any 
rate process to be the result of the crossing of a 
potential-energy barrier by molecules whose 
energies have exceeded a certain minimum value. 
The reaction consists of the formation of an 
“activated complex” capable of crossing the 
barrier followed by the passage of this complex 
over the barrier. The most important assumption 
is that the initial reactants and activated com¬ 
plexes are always in equilibrium. Application of 
thermodynamic and statistical mechanical con- 

4 S. Glasstone, K. T. Laidler, and H. Eyring, The Theory 
of Rate Processes (McGraw-Hill Book Company, Inc., 
New York and London, 1941 ), Chaps. I, IV, and IX. 


siderations shows that the number r of activated 
complexes passing over the barrier per second 
(or rate of reaction), per unit concentration of 
reactants is given by 

kT 

r = -Qxp(-AF a /kT) (1) 

ft 

in terms of Boltzmann’s constant ft, Planck’s 
constant ft, the absolute temperature T , and the 
free energy of activation per molecule, A F a . 

The term ft 7'/ft can be regarded as the effective 
frequency at which activated complexes cross 
over the barrier; the exponential factor repre¬ 
sents the probability of formation of an activated 
complex. In the calculation of this probability 
term, the contribution due to the translational 
degree of freedom along the “reaction coordi¬ 
nate” (the most favorable reaction path on the 
potential-energy surface) has been disregarded 
because it is included in the factor kT/h. The 
free energy of activation A F a is interpreted as an 
ordinary free-energy term and can be expressed 
by 

AF a = Ml,-TAS a , ( 2 ) 

where the heat of activation per molecule A II a is 
the height of the potential-energy barrier, and 
A S a is the entropy of activation per molecule. 

DISLOCATION THEORY IN RELATION TO SLIP 

Of several mechanisms suggested, the one that 
has been most successful in explaining the slip 
process is the theory of dislocations. This theory 
proposes that local deviations from a perfect 
lattice, called dislocations, exist in single crystals 
and that movement of dislocations through the 
stressed crystal produces slip. A dislocation con¬ 
sists in a stable arrangement of atoms such that, 
in a region of a few atomic distances, n + 1 atoms 
in the slip direction face an adjacent parallel row 
of n atoms across the slip plane. The point at 
which the atoms are one-half an atomit spacing 
“out of step” is called the center of the disloca¬ 
tion. The extension of the dislocation in the slip 
plane and normal to the slip direction is called 
the length of the dislocation. Two types of dislo¬ 
cations can exist: a dislocation is called positive 
if in the neighborhood of the center of the 
dislocation the compression is above the slip 
plane, and negative if the compression occurs 
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below the slip plane. Positive and negative dis¬ 
locations move in opposite directions under a 
given shear stress, but they produce the same net 
result in passing through the crystal, a relative 
translation of one atomic distance between the 
parts of the lattice above and below the slip 
plane. 

Inasmuch as the passing of a dislocation out 
of the crystal lattice results in its loss, new 
dislocations must be generated in order for con¬ 
tinuous plastic deformation to be possible. Be¬ 
cause of the high energy required, the process 
generally takes place at regions of high stress 
concentration resulting from imperfections in the 
single crystals. The existence of such imperfec- 
. tions as a result of accidents of growth during 
the formation of single crystals is generally 
accepted, but the nature of the Haws that exist 
is still a matter of controversy. For example, the 
theory that single crystals are made up of a 
mosaic block structure is discussed by Seitz and 
Read. X-ray evidence indicates that the average 
spacing of the imperfections is of the order of 1 
micron. The dynamic dislocation picture ob¬ 
tained is as follows: dislocations are generated 
under shear stress at the regions of high stress 
concentration, which will be called sources of 
dislocations. Upon generation, the dislocations 
are only a few atoms long because of the ex¬ 
tremely low probability of generating a full- 
length dislocation (one whose length is of the 
order of the spacing between imperfections). As 
the dislocations move through the crystal under 
a shear stress, they increase in length and move 
in the slip plane and slip direction until they 
become stuck at an imperfection or in the 
vicinity of other dislocations. 

Further details on the properties of dislocations 
as used to explain the qualitative aspects of 
plastic deformation are given by Seitz and Read. 3 

DERIVATION OF THE CREEP EQUATION 

In the analysis of the creep process, it will be 
assumed that creep as well as slip takes place by 
the motion of dislocations. If L is the spacing 
between imperfections (in terms of the mosaic 
structure theory, the length of a mosaic block), 
we choose a cubic block of side L and make two 
assumptions: (a) no “annihilation” (union of 
pairs of dislocations of opposite sign) takes place 


so that each dislocation passes completely 
through the block; (b) the block chosen is repre¬ 
sentative of the entire crystal in that it will shear 
at the same rate as any other similar block. This 
assumption follows from the requirement of a 
steady-state condition. 

For the chosen block, the number of disloca¬ 
tions generated per second within the block must 
equal the number leaving the block per second, or 

RgNtU = NjvLy (3) 

where R u is the rate of generation for a single 
generating source; N, is the number of sources 
per unit volume; Na is the number of dislocations 
per unit area that intersect a plane normal to the 
slip plane and containing the slip direction; and 
v is the average velocity of the moving disloca¬ 
tions. Inasmuch as the displacement produced 
when a dislocation passes out of the block is 
equal to the lattice spacing d\ between atoms in 
the slip direction, the shear rate u' is given by 

1 

u’=-~(N<(vL)di = N t (vdi. (4) 

L 

The occurrence of slip bands at distances apart 
of the order of 1 micron indicates an average of 
about one source of dislocations for each block 
so that 

u' = (dx/L)R 0 . (5) 

Up to this point, only creep of single crystals 
has been considered. In polycrystalline metals, 
it would appear that two types of creep are 
possible: creep within individual grains, and 
creep resulting from intergranular motion. As 
noted by Seitz and Read, present data on the 
effect of grain size on creep leave doubt as to 
the possibility of the occurrence of intergranular 
creep. For example, it has been shown 6 in work 
on copper of various grain sizes that there are no 
detectable differences in creep strength other 
than those resulting from oxidation. (Unfortu¬ 
nately this work was carried out only at a single 
temperature.) Creep in polycrystalline metals is 
therefore assumed to be predominately the result 
of deformation occurring within the individual 
grains by the motion of dislocations. If the 

1 E. R. Parker and C. F. Riisness, Metals Tech. A.I.M.E. 
11 (1944), Tech. Pub. No. 1690, p. 1. 
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Fig. 2. Generation of a dislocation at a positive source. 


orientation of the grains is such that slip occurs 
in the plane of maximum shear stress, then, 
following Kauzmann, the strain rate u’ can be 
corrected to the tensile creep rate u by an addi* 
tional factor of about f. Such a factor would be 
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of no consequence here because di/Z, is known 
only in order of magnitude; accurate values 
cannot be given until more is known about the 
nature of the crystal imperfections. The tensile 
creep rate u of a polycrystalline material can 
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therefore be written approximately as 

u**(di/L)R g . (S') 

In calculating the rate of generation R 01 the 
generated dislocation will be taken to be 1 atom 
long. A simple model for the generation of a 
positive dislocation at a right-hand source 6 is 
presented in Figs. 2(a) and (b). If atoms 1 and 
2 are simultaneously displaced in the directions 
shown in Fig. 2(a) by large fractions of the 
lattice spacing, and atoms 3, 4, and 5 are moving 
in the slip direction as shown, the generation of 
a dislocation becomes possible. Before a disloca¬ 
tion will form, however, a rearrangement of the 
neighboring atoms must take place in order to 
achieve a stable configuration. Figure 2(b) shows 
the rearranged condition. The new positions of 
atoms 5 and 6 after rearrangement were found 
by using the approximate method of Taylor 7 in 
his discussion of the motion of a dislocation 
under stress. The contributions to the potential 
field in row B by the neighboring rows A and C 
are taken to be sinusoidal with periods equal to 
the spacing of atoms 1 and 3 in row A and 
atoms 2 and 4 in row C. Figure 2(c) shows that 
addition of the two sinusoidal potential functions 
gives a resultant potential function having four 
minima. Atoms 5, 6, and 7 can be expected to 
fall into the deepest of these minima if atom 5 
had begun by oscillating to the left as in Fig. 2(a). 

The displacement 5 of atoms 1 and 2 will be 
some fraction /of the atomic separation d\ in the 
slip direction. A value of /of somewhat less than 
\ makes it possible to form a stable configuration 
with a minimum activation energy. 

The mechanism just presented is an example 
of a rate process where the “reactant” is the 
perfect lattice at the region of high stress concen¬ 
tration. The “activated complex” for a positive 
dislocation, which for brevity will be called a 
positive activated complex, can be taken as 
the configuration shown in Fig. 2(a) and the 
“product” as the dislocation after atomic rear¬ 
rangement has taken place (Fig. 2(b)). If the 

•A source of dislocations will be called a right-hand 
source if it generates dislocations to the right, and a left- 
hand source if it generates to the left. The sources are 
taken to be at “internal surfaces,” for example, the edge 
of a surface of misfit between mosaic bloc ks. 

7 G. I. Taylor, Proc. Roy. Soc. (London) A145, 362 
(1934). 


fundamental assumption of rate-process theory 
that equilibrium exists between reactant and 
activated complex is made, the considerations 
involved in the theory of rate processes can be 
applied to the generation of dislocations. If i is 
the average time for the activated complex to 
pass into final form, the rate of generation of 
positive dislocations can be expressed as 

R+ = (\/t)P+ } (6) 

where P+ is the probability of formation of a 
positive activated complex at a right-hand source. 

It has been shown 8 that if the displacement 
involved in the transition from the activated 
complex to the final state is on the order of 10~ 8 
centimeter, the factor 1/t is approximately equal 
to kT/h. In the formation of a dislocation, this 
transition corresponds to passing from the con¬ 
figuration of Fig. 2(a) to that of Fig. 2(b), which 
clearly involves a displacement of this order of 
magnitude. Hence, R„+ is given approximately 
by 

R+ = (kT/h)P+. (7) 

Similarly, for the rate of generation of negative 
dislocations, 

Rr-{kT/h)P-, (7') 

where P~ is the probability of formation of a 
negative activated complex at a right-hand 
source. 

In order to simplify the calculation of P + and 
P~ t the generation of a dislocation will be treated 
as a “local shear” which takes place by means 
of thermal oscillations. The dnergy involved in 
this process will be calculated by the theory of 
elasticity. Furthermore, Hooke’s law will be 
assumed valid for large strains. The use of these 
assumptions is necessary because the forces 
between individual atoms have not been evalu¬ 
ated in terms of physical constants, but it should 
be remembered that the approximations may be 
serious enough to lead to large errors in the 
results. The thermal atomic oscillations in Fig. 
2(a) will be regarded as resulting in a local 
shearing of atoms 1, 6, and 2 producing a strain 
of h/di. Inasmuch as the elastic energy per unit 
volume for a shear stress r is r 2 /2C where G is 
the modulus of rigidity, and the volume of the 

*Glasstone, Laidler, and Eyring, reference 4, p. 189. 
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region of shear under consideration is twice the 
atomic volume K, the elastic energy involved is 

W- Vt 2 /G. (8) 

Now, let T 0 be the local shear stress attained by' 
atoms 1, 6, and 2 in Fig. 2(a). If the displacement 
8 is some fraction / of du application of Hooke’s 
law to the displacement yields 

ro = C*/, (9) 

where x is defined as the ratio d\/d 2 . If the source 
of generation is under a stress r„ as shown in 
Fig. 2, the energy Wt to be attained thermally 
is, by (8) 

W t = (V/G)(ro~T 8 )\ (10) 

Inasmuch as r, may be expected to be only a 
small fraction of r 0 for rigid materials, the term 
in r* 2 may be neglected in the binomial expansion 

of (to — t*) 2 , so that, incorporating (9), we obtain 

♦ 

Wt=VGx*p-2VxfT'. .( 11 ) 

In order to evaluate r„ work-hardening must 
be considered. A crystal in the steady-state range 
of creep is generally work-hardened because 
deformation has taken place. From ‘file nature 
of a dislocation it is clear that a stress field 
exists about it. By making use of this stress 
field, Taylor 7 has explained work-hardening on 
the basis of a “lattice” of stuck dislocations. 
Taylor’s explanation is a static one and is applied 
only to determining the form of the stress-strain 
curve. In terms of a dynamic approach, the 
existence of a stress field about a dislocation 
leads to the concept suggested by Kochendorfcr 9 
that the lattice of stuck dislocations creates an 
inner stress field whose direction at the point of 
generation is opposite to the externally applied 
shear stress r c in the slip plane. The value of the 
inner stress field at the point of generation will 
be called the back stress t&. The dynamic concept 
of hardening therefore consists in the formation 
of a lattice of stuck dislocations, which results 
in a back stress at the point of generation. This 
back stress lowers the effective shear stress at 
tthese points, and as a result the rate of generation, 
hence the creep rate, decreases. These considera¬ 
tions lead to the result that 

r. = 0(r»-T6), (12) 

9 A. Kochendiirfer, Zeits. f. Physik 108, 244 (1938). 


where q is the stress concentration at the gener¬ 
ating source. Inasmuch as 7& is always less than 
r e , the directions of r t and r. are the same. 

In addition to the energy of local shear, the 
configuration of Fig. 2(a) involves a limitation 
of the movement of atoms 1, 2, 3, 4, and 5 to a 
particular crystallographic direction within a 
very small solid angle. If the probability of 
oscillation in this direction is p, the total proba¬ 
bility of the configuration of Fig. 2(a) is 

P+ = p*exp(-W t /kT) 

= p 6 exp[ - (KG* 2 / 2 -2 Vxfr $ )/kTJ (13) 

Similarly the probability of forming a negative 
activated complex (the configuration of Fig. 2(d)) 
at a positive source is 

P- = p 6 exp[- ( VGx 2 f l +2 Vxfr a ) /kT~], (13') 

because t„ is opposite to r 0 in this case. The 
applied stress r« therefore makes the generation 
of a positive dislocation more probable than the 
generation of a negative dislocation at a right- 
hand source. 

If a negative dislocation is generated in the 
region under discussion, it would move to the 
left and out of the crystal without producing 
deformation if it were the only dislocation 
present. The last positive dislocation generated 
from this source, however, became stuck after 
moving through part of the crystal lattice; that 
is, all forces upon' it were balanced. The genera¬ 
tion of a negative dislocation at the point being 
considered will upset this equilibrium and attract 
the previous positive dislocation. As the two 
dislocations approach each other, the. stress that 
each exerts on the other increases, 1 ? and a union 
takes place resulting in the annihilation of the 
two dislocations andjrestoration of a perfect 
lattice. The net rate of generation R 0 of positive 
dislocations that will eventually produce plastic 
deformation is R g + —R,r or from Eqs. (7), (7'), 
(12), (13), and (13') 

2 kT 

r 0 = — ex P [ - ( VGx*p+ cr)/fer] 
h 

X sinh[2g Vxf(r 9 - n)/kT \], (14) 

where # 

-k Inp 8 . (IS) 

10 From the equation for the stress field about a disloca¬ 
tion ; see Taylor, reference 7. 
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The equation for the net rate of generation of 
negative dislocations at a negative source is 
clearly identical with (14). 

According to this derivation, it is now clear 
that the generation of a dislocation 2 atoms in 
length involves the simultaneous oscillation of 
twice as many atoms with sufficiently great 
energies. Thus, the probability of such a genera¬ 
tion taking place can be neglected as compared 
with the probability of generating a 1 -atom 
dislocation. 

Comparison of (14) with Eqs. ( 1 ) and ( 2 ) now 
shows that the heat of activation (the height of 
the barrier for zero applied stress) and the 
entropy of activation are given, respectively, by 

A H a =VGx 2 P, (16) 

AS 0 = — C. (17) 


materials 11 in agreement with Eq. (18). It has 
also been shown 12 that creep rates of a large 
number of materials can be represented in the 
form 

u a 

In—=- 6 + 70 -, ( 20 ) 

TT 


where a and b are constants for a given material 
and y is a function of temperature but not of 
stress. If the notation is changed, (20) can be 
rewritten 


where 


ln# = ln 



A+BT 

kT 



A * ka , 

d x k 

B — kb+k In—, 
Lh 


( 21 ) 


C is always positive because p is less than 1 , so 
ASo is negative. - 

When the expression (14) for R a is combined 
with the creep equation (5'), the complete equa¬ 
tion for the steady-state creep rate u becomes 

2(h kT 

-exp[ - ( VGx 2 P + CT)/kT~\ . 

L h 

X sin h [g Vxf(a -2 n)/kT~\, (18) 


where the applied tensile stress a has been sub¬ 
stituted for 2 r c assuming that slip in the indi¬ 
vidual grains occurs in the plane of maximum 
shear stress. For high values of <r, the hyperbolic 
sine function becomes an exponential, or in 
logarithmic form 


In# 


/d x kT\ / 

-K-zrM 


VGx'f+CT^ 


kT 


q Vxf 

+ —(*-2 n). (19) 

kT 


0 = 7 kT. 


The simultaneous validity of (19) and (21) re¬ 
quires that n be a linear function of stress. In 
addition, the condition n = 0 for <r =*0 which 
should apply at least to annealed metals, yields 

t 6 =F(7>, (22) 

where F(T) depends only on temperature and 
material parameters. Equation (21) shows that 
three factors determine the creep rate, the con¬ 
stants A and B and the temperature function 0 . 
Comparison of (21) with (19) shows that these 
factors are expressed in terms of physical con¬ 
stants of the material as 


A = VGofx\ 

(23) 

B = C— VfWGta, 

(24) 

p = qVxf(l-2F(T)), 

(25) 


where the modulus of rigidity G has been taken 
in the approximate form 


COMPARISON OF THEORETICAL AND EXPERI¬ 
MENTAL CREEP EQUATIONS 

The evaluation of the back stress n as a 
function of T and <r is difficult and has not yet 
been accomplished. We will therefore compare 
the theoretical results with empirical equations. 
It has been found that a hyperbolic sine function 
represents the dependence of creep rate on ap¬ 
plied tensile stress <r for many polycrystalline 


G = G 0 (l-aT), (26) 

where Go is the modulus of rigidity at absolute 
zero. 

It seems clear that the structure.sensitivity of 
the creep property, which is particularly im¬ 
portant in alloys, will be mainly due to the back 

“ P. G. McVetty, Trans. A.S.M.E. 65, 761 (1943). 

**S. Dushman, L. W. Dunbar, and H. Huthsteiner, J. 
App. Phys. 15, 108 (1944). 
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Fig. 3. Comparison of experimental data for factor 4 with theory. 


stress term and will therefore appear in the 
factor 0. 

COMPUTATIONS AND PRECISION 

Creep data were obtained from the literature 12 
for a number of polycrystallinc “pure” metals 
that had been annealed. The reproducibility of 
the creep data from the various sources is not 
known. The data were plotted up similarly to 
Dushman and the factors A, B, and 0 obtained. 
The factor d\/L was taken as 10" 4 for all ma¬ 
terials. 

Generally, the errors in A, B, and 0 were 
estimated to be about ±5X10~ 18 erg, ±8X10~ 16 
erg/°K, and ±30 percent, respectively. 

Room temperature values of G were used as 
approximations to Go- 

RESULTS AND DISCUSSION 

The Factor A 

In Fig. '3, A/V is plotted against Go# 2 . The 
line drawn is the best straight line through the 

u Aluminum, platinum, and silver: Dushman et al ., 
reference 12; copper: E. A. Davis, J. App. Mech. 10, 
Alfc (1943); Ji. L. Burghoff and A. I. Blank, Trans. 
A.I.M.E. 161, 420 (1946); nickel: A. Michel and J. 
Cournot, Congr&s International pour i’Essai des Mat6rieux 
(Amsterdam) 1, 397 (1927); iron: A.S.T.M.—A.S.M.E., 
Compilation of Available High-Temperature Creep Char¬ 
acteristics of Metals and Alloys (1938), p. 22; zinc: W. M. 
Peirce and E. A. Anderson, Trans. A.I.M.E. 83, 560 
(1929); tin and lead: L* C. Tyte, Proc. Phys. Soc. 50, 153 
(1938); ibid. 51, 203 (1939). 


origin and generally represents the data within 
the estimated error of A . From Eq. (23) and 
the above discussion the slope of the line is /* 
and should be somewhat less than 0.25. Because 
the activation energy predicted on the basis of 
the validity of Hooke’s law will be greater than 
the actual value, it can be expected that the 
theoretical prediction will be too high. The 
experimental slope from the straight line of Fig. 3 
is 0.14. This agreement is good considering the 
assumptions made and variety of sources of data 
used. It gives further verification that the gener¬ 
ated dislocation is only one atomic4(#istance in 
length. 

The Factor B 

The order of magnitude of the term VPx~Go<x 
of Eq. (24) which is 3X10 -19 erg/°K, is within 
the experimental error of J 5, ±8X10~ 16 erg/°K; 
this term can therefore be neglected in consider- 


Table I. Results for the parameter B. 
(The values are given in units of 10~ 1# erg/ 0 #.) 


Metal 

B 

Aluminum 

40 

Copper 

45 

Iron 

39 

Lead 

54 

Nickel 

33 

Platinum 

42 

Silver 

36 

Tin 

47 
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ation of the B values. Therefore B becomes equal 
to C, or from (17) to the negative of the entropy 
of activation AS a . The results obtained from the 
data are listed in Table I. 

A correlation exists between the variation from 
the best straight line of data presented in Fig. 3 
and the variation in B values. The points above 
the line are all related to metals that have B 
values less than 40 and those below the line to B 
values greater than 40. From the method of 
plotting the data to obtain A and B values, a 
positive error in A means a negative error in B. 
This correlation therefore indicates that the 
correct values of B fall about their mean value 
more closely than the values in the table. In 
addition, errors in the substitution of 10~ 4 for 
di/L and kT/h for 1// will enter into the B factor. 
The entropy of activation A S a therefore seems 
to be very closely the same for all materials 
considered. This is in agreement with the theory 
since the factor p should be about the same for 
all materials. 

The large negative value of the entropy of 
activation AS tt has previously been pointed out 
by Kauzmann and by Dushman, but satisfactory 
explanations for the magnitude of this factor 
could not be given. In terms of the present 
treatment, the large negative A S a is accounted 
for by the restriction of direction of 5 atoms 
participating in the generation of an activated 
complex. A value of about 3X10~ 8 is obtained 
for p when C = 40X1Q“ 16 erg/°K. The possibility 
that more than 5 atoms must be restricted in 
direction certainly exists, so that p may be larger 
than the above value. 

The Factor (3 

For a large number of materials the tempera¬ 
ture dependence of ft could be approximated by 
the function 

0=Ci exp c 2 r, 

where Ci and C% are positive constants. This 



Fig. 4. Room temperature dependence of fi/Vx on 
lhe modulus of rigidity G. 


function was used to extrapolate to room temper¬ 
ature values. 

The term F(T) in (25) is related to the back 
stress T b which results from the internal stress 
field about a dislocation. This stress field is 
dependent on G. Therefore, ft at any given 
temperature was expected to be a function of G. 
Figure 4 shows that, for the materials shown, 
the ft values extrapolated to room temperature 
vary as G” n where n is approximately 3. 

CONCLUSIONS 

The analysis presented in this report shows 
that dislocations are generated by the formation 
of an activated complex configuration in a small 
region. Limitation of the direction of motion of 
a group of atoms results in a large negative 
entropy of activation for the process. When 
generated, the dislocations are probably just one 
atom long. 
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Application of the Sliding Thermocouple Method to the Determination of Tem¬ 
peratures at the Interface of a Moving Bullet and a Gun Barrel 1 " 

E. L. ARMi,f J. L. Johnson, R. C. Machler, and N. E. Polster 
Leeds and Nortkrup Company , Philadelphia , Pennsylvania 
(Received May 31, 1946) 

Description is given of a set-up for the determination of temperatures at the frictional 
interface between a moving bullet and the bore in a caliber 0.50 gun barrel. Cathode-ray 
oscilloscope e.m.f.-time records, which were obtained from a traveling thermocouple junction 
formed by the bullet-bore interface, are interpreted (by use of a formula due to Jaeger) in terms 
of instantaneous temperatures. A calorimetrically measured value of the total frictional heat 
input caused by a bullet being pushed through a barrel section by means of a falling weight, is 
found to be in good agreement with the value of the heat input calculated from bore surface 
temperatures which were determined by the sliding thermocouple method. 


INTRODUCTION 

D URING the course of an investigation on 
values of local heat input associated with 
the firing of individual rounds of ammunition in 
caliber 0.50 machine gun barrels, it became de¬ 
sirable to obtain an idea of the magnitude of 
that part of the heat which is caused by friction 
between bullet and bore, and also an idea^>f the 
bore surface temperatures which are reached 
during this frictional process, before the onset of 
heat input from the hot powder gases. 

A falling weight apparatus with a usable free 
fall of 65-foot length was modified to drive bullets 
with fair velocity through a short length of 
barrel held in a suitable mounting. Making use 
of the fact that the frictional interface between 
bullet and bore is also an e.m.f.-generating inter¬ 
face, because of a difference in the thermoelectric 
potential of the two materials involved (gun 
steel, gilding metal), effective temperatures at 
the interface were determined from a measure¬ 
ment of the e.m.f. from this somewhat complex 
‘‘sliding band thermocouple.” Havirfg found the 
approximate temperature-time curve of a point 
on the bore, it was easy to calculate the local 
frictional heat input into the barrel wall. On the 
other hand, this heat input was also measured 
dirfctly by a calorimetric method, and thus a 


* The work reported in this article was undertaken as 
part of contract OEMsr -536 between the Leeds and 
Northrup Company and the Office of Scientific Research 
and Development, under the supervision of Division One 
of the National Defense Research Committee. 

t Now Director of Technical Department, Mica Insu¬ 
lator Company, Schenectady, New York. 


check was obtained on the results of the sliding 
thermocouple method. 

Sliding thermocouple measurements were also 
carried out on caliber 0.50 barrels in actual 
firings, but the check against calorimetric heat 
input measurements had to be omitted in this 
case, because of the impossibility of separating 
the frictional heat input from that of the powder 
gases. 

FALLING WEIGHT APPARATUS 

Figure l gives a view of the falling weight 
apparatus, with the carriage in raised position. 
Two taut wire rope guides reached up to a 
height of 65 feet above a solid concrete founda¬ 
tion. The carriage, sliding on four bearings, was 
pulled up by a rope and was dropped with the 
aid of an electromagnetic release mechanism. 
The weight of the carriage, including the steel 
bar at its bottom, amounted to 40 lb; occasion¬ 
ally, additional bars were clamped onto the 
carriage in order to increase the kinetic energy 
of the system. At the end of its fall the carriage 
hit a piston which in turn drove the bullet 
through a short length of barrel, held in a heavy 
steel base. Excess kinetic energy was taken up 
by lead stops of suitable size. 

Electrical connection to the bullet was made 
by means of a shielded flexible cable soldered to 
the tip of the bullet; the grounded shield of the 
cable was connected to the barrel section. 
E.m.f.’s generated at the frictional interface 
were amplified in a Ballantine Decade Amplifier 
(Model 220) before being made visible on the 
screen of a DuMont cathode-ray oscillograph 
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(Type 175A). The latter was operated with 
single sweeps which were obtained from a 
DuMont low-frequency linear time base Gener¬ 
ator (Type 215) and which were triggered by 
the closing of a contact shortly before the 
carriage hit the piston driving the bullet. Figure 1 
shows the double spike on the carriage, which 
closed the sweep initiating circuit of the time 
base generator by connecting the two mercury 
pools in the reservoirs visible below the spikes. 

Details of the construction of the barrel section 
holder can be seen in Fig. 2. (The thermocouple 
shown on the outside of the barrel section was 
used for the calorimetric measurements discussed 
under the heading “Theory of Calorimetric 
Measurements in Barrel Sections.”) In most 
tests the barrel sections had special 0.500"/ 
0.520" rifling (bore diameter 0.500" across lands, 
0.520" across grooves) instead of the regular 
0.500"/0.510" rifling of caliber 0.50 guns, in 
order to avoid contact of the bullets with the 
bottom of the grooves of the rifling; the genera¬ 
tion of thermal e.m.f. was thereby restricted to 


Sweep Circuit 
Contacts 


Mercury Cups 


Piston 


Barrel Section 


Lead Stop 
Support* 


Base 

k 



Fig. 1. Falling weight apparatus (carriage in 
raised position). 
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the area of the top and (part of) the sides of the 
rifling bands (“lands”), and the interpretation 
of the records obtained became somewhat simpler. 
All barrel sections had at their entrance a forcing 
cone (origin of rifling) of standard taper. 

INTERPRETATION OF CRO TRACES OF THE 
INTERFACE THERMAL E.M.F. 

Interpretation of the experimental data was 
greatly helped by a paper of J. C. Jaeger, on 
“Moving Sources of Heat and the Temperatures 
at Sliding Contacts,” 1 in which temperatures in 
a semi-infinite conductor arc worked out for the 
motion of a band source of heat over the con¬ 
ductor, and this analysis is applied to the case 
where a slider moves with constant friction over 
a metallic surface. Jaeger shows that, for high 



Fig. 2. Details of mounting of barrel section. 


l J. C. Jaeger, Proc. Roy. Soc., N. S. W. 76, 203-224 
(1943). 
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sliding speeds and after a steady state is reached, 
the instantaneous temperature distribution over 
the surface of the metal in contact with the 
slider can be approximated by 2 

(L/£o)*, U) 

where 0 is the temperature rise on the surface of 
the metal, L the distance back from the front 
edge of the “band source,” and L 0 the total 
width of the “band source.” It seems permissible, 
for a first approach to the soliition of the problem, 
to assume that the conditions of the theory are 
satisfied to in acceptable degree in the case of a 
bullet sliding over the (spirally rifled) bore sur¬ 
face, whereby the frictional contact area corre¬ 
sponds to the heat-generating band of the 
mathematical analysis. 

Matters become complicated by the behavior 
of the e.m.f.-temperature curve of the particular 
combination of metals in the sliding thermocouple 
(gun steel vs. gilding metal). Figure 3 shows a 
calibration curve taken on a sample thermo¬ 
couple, the two wires of which were cut from a 
bullet jacket and a gun barrel, respectively. This 
curve, which has its maximum at about 300°C, 
is parabolic in its general shape; all e.m.f. 
readings are, therefore, essentially ambiguous 
since their correlated temperatures can lie either 
on the ascending or the descending branch of 
the^calibration curve. It should also be kept in 
mind that the e.m.f. recorded is essentially an 
arithmetical average of the e.m.f.’s generated 
over 'the whole frictional interface area at the 
instant concerned; but, because of the non- 

* J. C. Jaeger, reference 1, Eq. (14). 


linearity of the e.m.f.-temperature curve, the 
temperature corresponding to the average of the 
e.m.f.’s is not at all identical with the average of 
the temperatures which cause the generation of 
these e.m.f.’s. 

Figure 4, based on Eq. (1) and Fig. 3, gives 
curves of the e.m.f.’s which are generated locally 
along the frictional interface. Of course, these 
e.m.f.’s are never measured as such, since only 
the average over all locally generated e.m.f.’s is 
recorded on the CRO screen. Figure S, above the 
designation “full contact,” shows - this average for 
several values of 0 mRX . However, it should be re¬ 
membered that the “local” e.m.f.’s are actually 
averages too, namely over-all points which make 
contact with the bore on a particular circum¬ 
ference of the bullet. (It is therefore, in general, 
quite possible to find points which have tem¬ 
peratures in excess of the effective “maximum 
temperature.”) Since the temperature in the 
frictional process is unlikely to exceed the 
melting point of the material of the bullet jacket 
(gilding metal), the curves for a fictitious 
0inRx = 12OO° have to stop at the e.m.f. corre¬ 
sponding to the temperature of that melting 
point (about 1050°C). 

As long as the bullet is fully in contact with 
the bore surface, averaging of the e.m.f.’s takes 
place over the whole of the curves of Fig. 4. 
However, when the bullet is entering or leaving 
the barrel section, the average is taken over 
only that part of the curve which corresponds to 
actuafcontact with the bore. Figure 5 gives e.m.f. 



LOCAL £MF ON MOVING INTERFACE THERMOCOUPLE 
(COLO JUNCTION *5 *O 

Fig. 4. 
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curves which were obtained by carrying out the 
averaging as indicated, l A for the bullet entering, 
traversing, and leaving the barrel section, with 
X/Lo denoting the ratio between instantaneous 
length of contact and length of contact for a 
fully entered bullet. The relative length of the 
center part of the curve, designated “full con¬ 
tact,” varies, of course, with the length of the 
barrel section used. 

COMPARISON BETWEEN THEORETICAL AND OB¬ 
SERVED FORMS OF OSCILLOGRAM RECORDS 

Figure 6 shows three frictional interface e.m.f. 
traces, together with theoretical curves for 
0mftx = 825°C and 910°C, respectively, for a 3f in. 
long barrel section. Disregarding irregularities of 
detail, these traces are seen to conform well with 
the theoretical curves; in fact, it is almost sur¬ 
prising that in spite of the simplifications made 
for the computation of the theoretical curves, 
such satisfactory agreement with experimental 
work was achieved. The maximum temperatures 
(0m«ix) encountered on these and other similar 
records are found to be between 800°C and 
950°C. 

Speculating on the causes for the irregularities 
in the traces, it can be said that the vibrations 
seen on most traces are probably caused by a 
longitudinal oscillation of the bullgt; careful 
degreasing of bullet and barrel had the effect of 
accentuating this vibration as well as of raising 
the interface temperature. A local increase in 


Theoretical e.m.f. 
Curves 6 max. 
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Fig. 6. Interface thermal e.m.f. traces taken with falling 
weight apparatus. Barrel section No. 4 (0.500"/0.520")— 
40-lb. carriage. Timing dot intervals 1/5000 sec. Oiled M2 
bullets. 

frictional pressure causes additional heat de¬ 
velopment and, consequently, a rise in the 
interface temperature; it is therefore probable 
that some of the deviations from theoretical 
curves are due to variations of pressure. The 
passage of the crimped portion of the bullet 
jacket might be expected to be noticeable in the 
traces, and, indeed, the secondary peak in most 
exit traces may be attributed to it. Finally, since 
interface temperatures go up with an increase in 
the velocity of the bullet, the traces for 64-foot 
drops are seen to correspond to slightly higher 
temperatures than those for 32-foot drops. In the 
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first approximation, the interface temperature 
rises with the square root of the velocity, 3 but, 
at higher temperatures the coefficient of friction 
decreases, and the interface temperature even¬ 
tually levels off. In the case of drops with low 
initial kinetic energy, where the bullet velocity 
decreases appreciably during the travel through 
the barrel section, the e.m.f. traces observed 
were found to be distorted in accordance with the 
expected decline in the interface temperatures. 

Figure 7 shows four records which were taken 
on a 2-in. long barrel section. These records are 
quite similar to those seen in Fig. 6, but, since 
they were taken on a much shorter barrel sec¬ 
tion, the flat central portion of the traces is 
correspondingly shortened. While the general 
agreement among traces which were taken under 
similar conditions is quite satisfactory, it is not 
surprising to find a number of minor variations 
between individual traces, due to small changes, 
in local conditions between individual rounds. 



J-5 32 ft. fall 


1.3 mv 




INTERFACE THERMAL E*M.F. TRACES 
FROM FIRED BULLETS 

After the work with the falling weight appa¬ 
ratus had given encouraging results, an attempt 
was made to obtain records, of the frictional 
interface e.m.f. for actually fired bullets. The 
problem of keeping an insulated wire attached to 
the tip of the moving bullet was considerably 
simplified when the Barrels were cut down to 
only 6 in. of rifled length. Experiments under¬ 
taken with these short barrels gave quite satis¬ 
factory results. 

Since it was found desirable to correlate the 
recorded instantaneous thermal e.m.f. with the 
position of the bullet, a simple apparatus was 
devised to record the time when the bullet passed 
through certain points. A number of hardened 
steel wires were placed at fixed distances in an 
insulated holder over the muzzle end of the 
shortened barrel. A disk mounted on a “harpoon” 
which extended from the front end of the bullet, 
touched and broke these steel wires in succession, 
as the bullet moved forward, and thereby closed 
and opened a circuit which applied a fixed voltage 
to the CRO. A leaf-spring contact, mounted at 
the rear end of the barrel receiver was auto- 


* J. C. Jaeger, reference 1, Eq. (33). 
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Fig. 7. Interface thermal e.m.f. traces taken with falling 
weight apparatus. Barrel section No. 3 (0.500"/0.520")— 
oiled M2 bullets. Timing dot intervals 1/5000 sec.—40-lb 
carriage. 

matically closed by the motion of the firing 
mechanism and thereby made to initiate a single 
sweep on the CRO; the closing and opening of 
the circuit through the bullet harpoon and the 
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steel wires, during the sweep, was used to obtain 
position-time records. 

The electrical set-up for taking frictional inter¬ 
face e.m.f. traces during the firing was the same 
as that for the falling weight apparatus, with the 
above-mentioned contact on the barrel receiver 
taking the place of the spikes on the carriage and 
the twin mercury pools as switching device for 
the initiation of a single sweep on the GRO. 

Traces* obtained with a fired bullet are essen¬ 
tially similar to those from the falling weight 
apparatus, however, because of the much higher 
velocity of a fired bullet, fusing is found to occur 
over a considerable portion of the frictional area; 
the simple parabolic temperature distribution 
over the length of the area of contact, which is 
valid with a constant coefficient of friction, does 
therefore not hold for this case. Furthermore, 
since the CRO traces give records of e.m.f. vs. 
time rather than vs. travel, the traces obtained 
have to be redrawn with the use of position-time 
records, if records of e.m.f. vs. travel arc desired. 

THEORY OF CALORIMETRIC MEASUREMENTS 
IN BARREL SECTIONS 

In addition to the recording of interface 
thermal e.m.f.’s, the experimental set-up was 
well suited and easily adapted for calorimetric 
measurements of the amount of frictional heat 
transferred to the barrel wall. It appeared of 
interest to carry out such measurements and to 
compare the results obtained with heat input 
values which were calculated from bullet-bore 
interface temperature determinations. 

A heat input H per unit area of bore wall, in a 
given unit length of barrel (of annular cross 
section), causes a temperature rise 0 e throughout 
that length amounting to, after temperature 
equilibrium has been reached, 

H 1 

-7y (2) 

bep \ +b/d 

where b fs the thickness of the barrel wall in the 
section, d the bore diameter, c the specific heat 
of the barrel material, and p its density. 

The time required to reach thermal equilibrium 
throughout the barrel section varies approxi¬ 


mately with the square of the thickness of the 
barrel wall, 4 and, e.g. y for a wall thickness of 
\ in., it is of the order of 2 sec. 

While the reading of the “barrel calorimeter” 
is not affected by a continuous variation in the 
heat input over the length of the barrel, a dis¬ 
continuity in the amount of the heat input, or a 
change in the cross section of the barrel, or any 
other “end effect” does influence the temperature 
in the cross section in which the measurement is 
taken. Thus, a temperature difference which 
is maintained at a distance x t causes a tempera¬ 
ture difference 5 in a cross section of thermal 
diffusivity a 2 , after a time /, according to 6 

— 1 — erf(#/2 at*). (3) 

Therefore, although the calorimetric measure¬ 
ment cannot be made before radial temperature 
equilibrium has been attained, it is essential that 
the reading or recording be completed before 
any temperature difference due to axial flow 
becomes appreciable. E.g ., a value of 6/5„ = 0.0025 
is reached in steel after about 25 sec. with 
x = 3 in.; with x = 1 in., the same value is reached 
after slightly less than 3 sec. 

Depending on the time required to carry out 
the temperature measurement (whether done 
manually or by soni£ automatic recording equip¬ 
ment) the distance x has to have a definite 
minimum value. E.g., for heat input determina¬ 
tions in caliber 0.50 firings, the distance of a 
thermocouple from the end of the “calorimetric 
section” of reduced outside diameter could be 
kept as short as 1 in., when measurements were 
made with a Leeds and Northrup Speedomax A 
(electronic potentiometer recorder); this distance 
allowed a time of about 1 sec. between the 
establishment of radial temperature equilibrium 
and the beginning of a perceptible temperature 
decay in the section, caused by heat flow to the 
ends of the “calorimetric section.” 

The amount of heat received by any point on 

4 0/e t «1 + 2 ( -1)" exp(- nWaH/P), 

»-i 

See H. S. Carslaw, Mathematical Theory of the Conduction 
of Heat in Solids (The Macmillan Company, London, 1921), 
second edition, Chap. IX. 

4 H. S. Carslaw, reference 4, Chap. III. 
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the bore during passage of a bullet is given by 6 



where H is the heat input per unit area of bore, 
k the thermal conductivity, c the specific heat, 
p the density of the barrel material, 6 the tem¬ 
perature rise of the bore as a function of time /, 
and r the total time of contact of the point 
concerned. 

Assuming that it is permissible to approximate 
the temperature distribution over the contact 
area of the bullet with the bore by Eq. (1), 
which is valid for a “slider” moving under steady- 
state conditions, the temperature of a fixed 
point on the bore, during passage of the bullet, 
is given by: 

0(/)=W/A)*. (5) 

Substituting (5) into (4) and integrating, one' 
obtains finally : 

2 II 


RESULTS OF CALORIMETRIC MEASUREMENTS 

• \ 

For heat input measurements in the falling 
weight apparatus, the “calorimetric section” had 
a length of 3f in., with the couple peened in its 
center; no thermal insulation at the ends of 
the section was required. A special Leeds and 
Northrup mirror galvanometer recorder was 
used as recording equipment. 

The frictional heat input values obtained by 
the “calorimetric section” method scatter rather 
widely, averaging 2.85 cal./cm 2 and 3.65 cal./cm 2 
for drops from 64 feet and 32 feet height, re- 

w:- 

• See H. S. Carslaw, reference 4, p. 47, and note that 
I{**J'o x> cpB x dx t where 0* denotes the temperature at any 
point x. 


spectively, when referred to the whole bore 
surface;, when only the area of actual contact 
(assumed to consist of the top and about one- 
half of the sides of the lands) is taken into ac¬ 
count, these values rise to 8.7 cal./cm 2 and 
11.0 cal./cm 2 , respectively, in a 0.500 ,, /0.520 ,/ 
rifled barrel section, at about If in. beyond the 
origin of rifling. 

When these heat input values are substituted 
in Eq. (6), with (kcp)l = 0.31 cal./°C cm 2 sec.* (for 
steel) and a length of contact Lo^.O cm, values 
of 0 max between 950°C and 1000°C are obtained 
for either case (with bullet velocities of about 
6d ft./sec. and 40 ft./sec., respectively). These 
temperatures are somewhat higher than those 
calculated from sliding thermocouple records 
(80(X°C to 950°C); however, in view of the 
simplifying assumptions made for the calcula¬ 
tions and of the various uncertainties involved, 
the agreement can be considered quite satis¬ 
factory. Furthermore, the errors in the tem¬ 
peratures calculated are in the direction to be 
expected; while Eq. (4) is based on the assump¬ 
tion of linear heat flow from the bore surface 
into the barrel, heat actually is generated over 
only a fraction of the bore surface (top and 
about one-half of sides of lands) in barrels.used 
for this work, and it spreads from there two- 
dimensionally, with the effect that a lower tem¬ 
perature than with strictly linear flow is required 
at the contact area in order to produce a given 
heat input; this effect increases rapidly with 
duration of the time of contact, and is therefore 
more pronounced for 32 foot drops than for 
64 foot drops. 

Concluding, it may be said that frictional 
temperature determinations by means of the 
sliding thermocouple method gave satisfactory 
results in an application where no other known 
methods of temperature measurement could 
be used. 
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Carbide Structures in Carburized Thoriated-Tungsten Filaments 

C. W. Horsting 

Tube Department , Radio Corporation of America, Harrison, New Jersey 
(Received April 16, 1946) 

A wide variety of carbide structures is described, as found in the surface layer of carburized 
thoriated-tungsten filaments. Their origin is traced back to carburizing conditions and subse¬ 
quent processing during tube making. A frequently occurring laminated carbide structure is 
found to contain less carbon than W*C. The thyratron relay method of carburizing control is 
critically reviewed. Abnormal filament current in manufactured tubes is explained as due to 
surface conditions which cause changes in thermal emissivity. 


T HE application of carburized tungsten-fila¬ 
ment cathodes is a well-known practice in 
radio tube manufacture, especially in the power 
tube field where high electron emission is re¬ 
quired at high voltages. By the use of this 
method, longer filament life and higher operating 
temperatures are possible because, it is claimed, 
the emission-causing thorium layer at the fila¬ 
ment surface adheres more firmly to the tungsten- 
carbide surface than to the pure tungsten surface. 1 

During the production of power tubes, the 
tungsten filaments are partially converted into 
tungsten carbide by heating them electrically in 
a hydrocarbon atmosphere to a temperature of 
about 2200°C. The hydrocarbon is decomposed 
at the hot filament surface to produce free carbon 
which diffuses into the tungsten, forming tungsten 
carbide. The degree of carburization is limited by 
the fact that the mechanical strength of the 
filament decreases rapidly with increasing carbon 
penetration. In practice, therefore, the carbu¬ 
rizing reaction has to be stopped accurately at a 
predetermined penetration. 

For this purpose, and chiefly because of the 
high speed of the carburizing reaction, a thyra- 
tron-controlled relay is often employed to cut off 
the heating current and, thus, stop the reaction 
after the desired amount of carbide has been 
formed. The fact that tungsten carbide has a 
higher electrical resistance than tungsten is 
utilized to determine the action of the relay. 
Since carburization is allowed to take place at a 
constant heating current, a rising voltage appears 
across the filament terminals as the resistance of 

1 L. R. Roller, The Physics of Electron Tubes (McGraw- 
Hill Book Company, Inc., New York, 1937). 
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the filament increases. The thyratron-operated 
relay is adjusted to function at a desired point 
on the rising voltage curve. Ideally, this point 
corresponds to a constant degree of carburization. 

However, under certain circumstances hitherto 
unknown, filaments were produced which showed 
abnormal properties. The main difficulty en¬ 
countered was too large a spread of the cold- 
resistance and the hot-resistance values of the 
finished tubes and inconsistent correlation be¬ 
tween cold and hot resistance values. 

In order to determine the reasons for these 
variations, the following investigation was car¬ 
ried out. At the start of the investigation, the 
main questions could be briefly stated as follows: 
Why does the theoretically well-founded method 
of thyratron control fail to produce tubes with 
constant: filament properties? What are the cir¬ 
cumstances under which the thyratron control 
fails? Is the resistance-control method unsuit¬ 
able? What secondary phenomena may be 
causing the discrepancies? 

In order that answers to these questions could 
be obtained, filaments having abnormal charac¬ 
teristics were collected and analyzed metallo- 
graphically as to their microstructure. A wide 
variety of structures was found. Partial cross 
sections of two of these filaments are reproduced 
in F,igs. 1 and 2. Figure 1 shows a filament which 
was found to be normal, whereas Fig. 2 shows a 
filament with normal cold resistance, but with 
low hot resistance, and a resultant filament 
current 6 to 7 percent above the value normally 
occurring at the specified operating voltage. 

It has been well-known that different struc¬ 
tures and forms of tungsten carbide can be 
produced under different circumstances. W. P. 
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Fig. 1. Normal carbide structure. Magnification 250X. 


Fig. 2. Abnormal carbide structure. Magnification 250 X . 


Sykes, 2 K. Becker, 8,4 B. r E. Barnes, 6 M. R. 
Andrews, 6 and others have reported on a variety 
of carbide structures, but the relation between 
the different carbide formations present in carbu¬ 
rized tungsten filaments and their origination 
from the carburizing process had hitherto not 
been established. Consequently, efforts were - 
made to reproduce under laboratory conditions 
the formations found in filaments and, thus, to 
determine the factors that produced them. 

For that purpose the apparatus shown in 
Fig. 3 was constructed. With this apparatus, a 
U-shaped filament can be electrically heated in 
a hydrogen atmosphere to which can be added 
a controlled amount of hydrocarbon vapor by 
means of a specially devised carburetor. The 
current through the filament is controlled by 
means of a Variac auto-transformer. The carbu¬ 
rizing time is regulated by a time switch which 
operates a relay switch in the main circuit. Such 
filaments carburized with this apparatus gave 
accurate reproduction of carbide formation and 
of electrical resistance. 

One of the first filaments produced with this 
apparatus had a carbide structure as shown in 
Fig. 4. About half of the carbide shell consists 
of a laminated carbide formation similar to the 
one found in the normal filament. The other 
half is of a massive structure. By changing the 

* W. P. Sykes, A Study of the Tungsten-Carbon System. 
Paper presented at the 12th annual convention of the 
Am. S<c. for Steel Treating, Chicago, 1930. 

1 K, Becker, "Ueber das system Wolfram-Kohlenstoff," 
Zeits. f. Metallkunde 20, 437-41 (1928). 

4 K. Becker, "Die Konstitution der Wolfram-Karbide,” 
Zeits. f. Electrochemie 34, 640-342 (1928). 

1 B. T. Barnes, "Properties of carbonized tungsten," 
J. Phys. Chem. 33, 688-691 (1929). 

1 M. R. Andrews, J. Phys. Chem. 27, 275 (1923). 


hydrocarbon content of the hydrogen gas, it was 
possible to change the proportions of the two 
formations in the carbide shell at will. By lower¬ 
ing the hydrocarbon content, more of the lami¬ 
nated structure appeared and, simultaneously, 
more time was required for a certain depth of 
penetration of the carbide, whereas increasing 
the hydrocarbon content had the opposite effect. 
Figures 5a, b, and c show three different samples 
which were carburized to the same depth but 
with increasing hydrocarbon concentrations. 

Because it is not possible to reproduce photo¬ 
micrographs of all the cases found, a graphical 
reproduction of the whole range of structures 
obtained with a wide variation of hydrocarbon 
concentrations is given in Fig. 6. As a key to the 
interpretation of Fig. 6; a graphic picture corre¬ 
sponding with the photograph shown in Fig. 4 is 
given in Fig. 7. It will be explained later on how 
the concentration-penetration diagrams were 
arrived at. In Fig. 6, the diagrams of carbon 
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Fig. 3. Carburizing apparatus. 
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Fig. 4. Carbide shell containing solid as well as laminated 
carbide structure. Magnification 250 X. 

concentration versus penetration correspond to 
the structures shown at the left. 

Figure 6a shows the effect produced by carbu¬ 
rizing a filament in an atmosphere rich in hydro¬ 
carbon. A carbon deposit covers the surface, and 
two massive carbide phases are separately visible. 
The inner one is almost pure W 2 C, whereas the 
outer one is WC. The concentration-penetration 
diagram for this sample is shown on the right. 

Figure 6b is the same but without the carbon 
deposit. 

Lowering the hydrocarbon content somewhat 
more prevents the formation of the second solid 
phase, the result of which is shown in Fig. 6c. 

In Fig. 6d, we see the appearance of the 
laminated phase which was found in the normal 
filament; Figs. 6e-6h show the effects of re¬ 
ducing the hydrocarbon content further. The 
missive structure decreases until only widely 
spaced laminated material is formed at the very 
lowest hydrocarbon concentration. 

The fact that the laminated structure is con¬ 
nected with a low hydrocarbon concentration, 
and the massive structure with a higher one, 
suggests that the laminated material contains 
less carbon than the massive W 2 C phase. 

In addition, we know that where only lami¬ 
nated material is formed, the layers become 
wider as the hydrocarbon content of the carbu¬ 
rizing atmosphere decreases. 

Combination of these two facts leads to the 
conclusion that the change in character which we 
observed in the laminated phase in Fig. 4 actually 
shows us a concentration gradient of decreasing 
carbon content from the massive phase toward 


Fig. 5. a, b, and c. Carbide shells produced by carburiza¬ 
tion to the same depth of penetration, but with increasing 
hydrocarbon content of the hydrogen atmosphere. Mag¬ 
nification 175X. 


the core. The gradual transition .between the 
massive W 2 C phase and the laminajted phase 


APPROX.3.0 GR.OF 
BENZENE PERCUFT 
OF HYDROGEN 




% CARBON 
CONCENTRATION 





2*S 

0.0ft 1 


3.10 

245 

0.0ft 

s= T'“ KS 

3.16 


2.4ft 

0.0ft 



0.0ft 


lit 


2.4ft 

DOS 

1 _ 



OCPTH OfPCNJTRATION 


Fig. 6. Carbide formations produced by carburization 
with constant carburizing time and constant starting tem¬ 
perature, but with decreasing hydrocarbon content of the 
hydrogen atmosphere. 
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suggests that the carbon deposit at this side of 
the gradient starts at 3.16 percent. The sharp 
line of demarcation between the laminated phase 
and the core suggests that the gradient dtfes not 
end in a zero carbon concentration, but abruptly 
drops from a certain value to zero or some very 
small value. 

In order to test the idea of a gradient, it was 
reasoned that a gradient of reverse character 
should be produced if carbon were removed from 
a previously carburized filament. This was done 
by heating such a filament in moist hydrogen. 
Figure 8b shows the results obtained. Figure 8a 
shows the original structure. The partial removal 
of carbon from the filament produced a laminated 
layer near the surface of the filament. It is clearly 
visible in the cross section that the laminations 
are widest near the surface where even a small 
decarburized layer is visible. The gradient on 
the inside of the remaining W 2 C section is, of 
course, of decreasing carbon content toward the 
core. The opposite character of the inward and 
outward gradients is clearly visible in Fig. 8b. 

explanation of the concentration-penetra¬ 
tion diagrams in Fig. 6 is based on the following 
considerations and experiments. 

If we briefly review the theory of diffusion in 
solids, it does not seem to be difficult to explain 
the structures which are reproduced in Fig. 6. 
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If diffusion occurs in a binary system, and the 
components show mutual solubility in all pro¬ 
portions, one can generally expect a smooth con¬ 
centration-penetration curve showing a gradual 
concentration decrease from the surface inward 
and ending in a zero concentration of the pene¬ 
trating element at some distance from the 
surface. 

However, in case limited solubility occurs, an 
area of co-existent phases separates the solubility 
fields in the phase diagram. If diffusion takes 
place in such a system, a sharp break in the 
concentration-penetration curve can be expected. 
The concentration drop at this break corresponds 
to the difference in solute content of the co¬ 
existent phases at the temperature involved, 
while the absolute concentrations on either side 
of the break are equal to the solute contents of 
the two co-existing phases. 

In the somewhat more complicated case where 
compounds are formed between the components 
of the binary system, several areas of co-existence 
may occur, which are separated by more or less 
wide areas of solid solubility. Corresponding to 
each area of co-existence, a sudden break in the 
concentration-penetration curve must be ex¬ 
pected. Each area of solid solubility corresponds 
to a gradient of gradually changing concentration. 

Let us now consult the available data on the 
system tungsten-carbon and see what has to be 
expected in view of the above (see Fig. 9). Two 
compounds occur between tungsten and carbon, 
W 2 C and WC, the first containing 3.16 percent 
carbon, the other 6.12 percent carbon. Starting 



a b 

Fig. 8. Carbide shells, a, before,.!), after, partial decar¬ 
burization in wet hydrogen. Magnification 175X. 
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from the tungsten side of the diagram and only 
considering solids, we find successively: 

1. A very narrow field of solid solubility of 
carbon in tungsten (W. P. Sykes reports a maxi¬ 
mum solubility of 0.05 percent carbon in tungsten 
at 2400°C). 

2. A co-existent phase area. 

3. A narrow field of solid solubility around the 
stoichiometric W 2 C composition. 

4. A.co-existent phase area. 

5. The compound WC with no solid solubility 
field. 

6. An area of co-existence between WC and 
graphitic carbon. 

If we apply the afore-mentioned theory to 
these data, we can expect the shape of the 
concentration-penetration curve for carbon dif¬ 
fusing into tungsten to be as indicated in Fig. 10. 
It is obvious, of course, that the complete 
sequence of concentration changes from the 
surface inward can occur only if sufficient carbon 
is available at the surface, and that the relative 
amounts of the different formations will depend 
upon the diffusion velocities within those forma¬ 
tions and the degree of equilibrium reached 
during the diffusion reaction. 

The concentration gradient within the solid 
solution range is, for simplicity's sake, indicated 
as a straight line. It will generally be a curved 
line which may be convex or concave to a larger 
or lesser degree depending on carburizing con¬ 
ditions. With this diagram as a basis, it is 
comparatively simple to construct the concentra¬ 
tion-penetration diagrams, which are given in 
Fig. 6. If, on the basis of the above analysis, we 
reconsider the laminated gradient, it becomes 
clear that this material must be identified with 
the solid solution range of tungsten in W 2 C. 
In order to explain its laminated character we 
have to invoke Sykes* claim that the solubility 
of tungsten in W 2 C decreases with temperature 
and that the tungsten-rich phase precipitates out 
on cooling from the diffusion temperature. 
Heavier layers are formed where more tungsten 
was in solution, while the wider spacing of the 
layers occurring simultaneously, may be at¬ 
tributed to the higher precipitation temperature. 
That no precipitation seems to occur where 
excess carbon is dissolved in W 2 C would indicate 



Fig. 9. Tentative constitutional diagram of tungsten 
carbon (used with permission). 


that the solubility of carbon in W 2 C does not 
decrease with temperature or that it is small and 
shows no pronounced effect on precipitation. 

The existence of the carbon concentration 
gradient, not only in the laminated region, but 
also in the massive carbide, was made plausible 
by a series of micro hardness tests. Successive 
tests, starting from the center of the wire out¬ 
ward toward the surface, were made with a 
Tukon hardness tester on a sample like the one 
shown in Fig. 4 containing both the massive and 
the laminated material. The core was found to 
be of uniform hardness. A sudden sharp increase 
in hardness occurred at the demarcation line 
between core and carbide shell followed by in¬ 
creasing hardness throughout the laminated zone. 
A maximum hardness was found just inside the 
massive zone, while the hardness again decreased 
from there to the surface. The increase in hard¬ 
ness throughout the laminated part of the shell 
confirms the gradient in this part; the relative 
amount of W 2 C increases. But the hardness dis¬ 
tribution in the massive material also indicates 
an increasing carbon content toward the surface, 
for it is known that W 2 C attains its maximum 
hardness at the stoichiometric composition. Ex¬ 
cess carbon, however, again lowers the hardness. 

Finally, a direct carbon analysis of the lami¬ 
nated material was made in order to establish 
definitely its carbon content. At the same time 
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Fir.. 10. Theoretical concentration-penetration curve for 
the diffusion of carbon into tungsten. 

an attempt was made to determine the solubility 
limit of tungsten in W 2 C or, what amounts to 
the same thing, the carbon concentration at the 
carbide-side of the sharp interface between the 
carbide shell and the core. If carburization is 
carried out at the lowest hydrocarbon concentra¬ 
tion which will allow formation of laminated 
material, and the temperature is sufficiently high 
to guarantee a diffusion reaction which is essen¬ 
tially “carbon-limited,” it is safe to assume that 
equilibrium conditions are closely approached 
and that whatever gradient is formed is sgrsmall 
as to be negligible. The concentration-penetra¬ 
tion diagram of this laminated material is indi¬ 
cated in Fig, 6h, and the whple carbide shell is 
of a widely spaced laminated character which 
does not show any evidence of a gradient. This 
material was produced and analyzed. 

The carbon analyses were carried out with the 
aid of a high vacuum carbon analysis system 
which was built on the principle first described 
by Yensen, 7 later improved by Ziegler, 8 and re¬ 
designed by Wooten and Guldner 9 and others. 
The process, briefly described, utilizes a sample 
weighing about 10 milligrams which is heated in 
a vacuum to 1000°C and then burned in an 
excess of purified oxygen. After the C0 2 formed 
is frozen out in a liquid-air trap, the excess 
oxygen is removed by means of a vacuum pump. 
The CO* is then permitted to expand into a 
known volume. The C0 2 pressure at room tem¬ 
perature then furnishes the data required for a 

7 T. D. Yensen, “Carbon in iron,” Trans. Am. Elec- 
trochem. Soc. 37, 227-245 (1920). 

8 Nicholas A. Ziegler, “Recent developments in the 
analysis of carbon in iron and iron alloys,” Trans. Am. 
Electrochem. Soc. 56, 231-238 (1929). 

9 L. A. Wooten and W. G. Guldner, “Determination of 
carbon in low carbon iron and steel,” Ind. Eng. Chem. 
14, No. 10, 835 (1942). 


calculation of the carbon content of the sample 
under analysis. 

At the same time, cross sections were made of 
the immediately neighboring part of the fila¬ 
ment ; the relative areas of the carbide shell and 
the tungsten core were measured by the use of a 
planimeter on the tracing of the enlarged cross- 
section image. This information made it possible 
to calculate the carbon content in the shell. 

Results are given in Table I. 

From the results obtained it can be seen that 
the carbon content is lower than 3.16 percent, 
as expected and, furthermore, that the equi¬ 
librium condition mentioned above was closely 
approached. This is borne out by the fact that 
the values obtained are fairly constant, even 
though the samples were carburized to different 
depths. We have assumed the average value of 
2.45 percent carbon to be the one corresponding 
to the solubility limit of tungsten in W 2 C, and 
the diagrams in Fig. 6 are drawn accordingly. 

If we compare Sykes’ tentative curves (Fig.9) 
with the result of our experiment, it seems that 
the value of 2.45 percent is somewhat low. 
However, the diffusion method is one of the 
most sensitive ones for the investigation of solid 
solubility limits, and Sykes’ constitution diagram 
does not claim great accuracy in this region. 

During the study of the decarburization proc¬ 
ess, it was found that the conditions shown in 
Fig. 8b could be produced only by high speed 
decarburization, that is, in wet hydrogen where 
oxygen is present to react with the carbon and 
remove it quickly from the filament surface as 
CO or C0 2 gas. In dry hydrogen, decarburization 
is much slower, and the massive W 2 C layer 
almost entirely disappears as a result of the 
carbon penetrating inward before a visible 
gradient toward the outside is established. A gen¬ 
eral survey of the stages of decarburization re¬ 
actions is given in Fig. 11. 

Decarburization in high vacuum is still slower 
than in pure hydrogen and needs a higher tem¬ 
perature. In high vacuum only a very limited 
amount of gas is present for the carbon to react 
with and simple evaporation may become neces¬ 
sary. Furthermore, it was found that the diffusion 
velocity of carbon in tungsten is considerably 
lower in a vacuum than in the presence of 
hydrogen. However, the same pattern of de- 
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carburization stages can generally be observed. 
Cross sections of filaments decarburized in a 
vacuum by high temperature flashing showed 
decarburized surface layers. 

Referring to the structure of the normal fila¬ 
ment as reproduced in Fig. 1, it can now be 
seen that this type of carbide formation was 
probably produced by decarburization. The hy¬ 
drocarbon content of the hydrogen gas used 
during carburization was found to be too high 
for direct formation of laminated material. It 
follows, therefore, that decarburization must 
have taken place during the exhaust cycle when 
the filament was heated to a high temperature. 
In practice the duration of this cycle was found 
to be determined by the speed with which a 
certain degree of vacuum was obtained. This 
means that the filament was heated in the 
presence of gas and that the time varied with 
circumstances determining the degassing speed 
of the tube parts. Varying degrees of decarburiza¬ 
tion can easily be explained this way. If, in 
addition to that, the carbide formation during 
carburization does not produce constant results, 
as was found caused by improper dosing of the 
hydrocarbon in the hydrogen, it follows that a 
wide variety of carbide structures must be 
expected. 

Varying amounts of carbide, of course, would 
cause differences in the values of cold resistance 
and of filament current (hot resistance). But why 
should two filaments having the same values of 
cold resistance have different values of filament 
current? This phenomenon was theoretically 
explained as follows: The cold resistance of a 
filament depends upon the amount of W 2 C 
formed, but it does not matter where in the 
filament this W 2 C is present. It may be on, the 
surface as in the case of a freshly carburized 
filament; or it may be under the surface as in 


Table I. 


Weight of 
sample in 

% carbon 
in sample 

% carbon 


grams 

in shell 


0.0200 * 

0.350 

2.45 


0.0161 

0.403 

2.31 


0.0136 

0.538 

2.45 

Average 

0.0141 

0.534 

2.36 

2.45 

0.0155 

0.508 

2.69 


0.0258 

0.400 

2.45 




a b 

Fig. 11. Series showing effects of progressive decarbu¬ 
rization: a, in dry hydrogen; b, in wet hydrogen. 


the case of a decarburized filament. Therefore, 
two filaments can have the same cold resistance, 
but different surface conditions. 

When, however, these filaments are both put 
on the same operating voltage, as is done during 
tube operation, the one with the tungsten sur¬ 
face, having a lower heat emissivity, will have a 
higher temperature, a higher hot resistance, and 
a lower filament current than the one with the 
tungsten carbide surface, which has a higher heat 
emissivity. 

The fact that surfaces intermediary between 
almost pure tungsten and total tungsten carbide 
as extremes may occur, due to decarburization on 
exhaust, opens the possibility of a range of hot 
resistances, corresponding to each cold resistance 
value. Thus, the cold resistance-versus-filament 
current diagram becomes an area instead of 
a line. 

For confirmation of this theory, special tubes 
were built containing two identical tungsten 
filaments having the same initial cold resistance. 
One of the filaments was carburized under cir¬ 
cumstances which guaranteed the formation of 
the massive W 2 C phase. The other filament was 
overcarburized and, subsequently, decarburized 
in wet hydrogen to exactly the same cold re- 
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Table II. 


Carbide-surface filament Tungsten-surface filament 


V 

A 

VA 

T° C 

V 

A 

VA 

rc 

7.5 

2.08 

15.6 

1528 

7.5 

1.9 

14.25 

1660 

10.0 

2.37 

23.7 

1725 

10.0 

2.21 

22.1 

1815 

12.5 

2.63 

32.9 

1904 

12.5 

2.54 

31.75 

1960 

14.3 

2.8 

40.0 

1970 

14.3 

2.70 

38.6 

2000 

15.3 

2.9 

44.4 

2000 





sistance as 

i the 

first fit 

[iment. 

When 

these 

two 


filaments were operated in series, the decarbu- 
rized filament showed a visibly higher tem¬ 
perature. 

. Measurements made on t^ie separate filaments 
are given in Table II. 

These data show that the purposely decarbu- 
rized filament has the lowest filament current 
and the highest temperature at a fixed operating 
voltage. In this case the difference in filament 
current values at 2000°C amounts to about 4 
percent. 

If we were to operate the filaments at 14.3 
volts, the temperature difference is 30°C. Further¬ 
more, these data agree with Barnes’ results,* i.e. 
that the total emissivity of tungsten carbide is 
higher than that of tungsten for the same tem¬ 
perature of operation. 

This is an appropriate place to return to our 
first question as to why the thyratron control 
sometimes failed to produce filaments of con¬ 
stant cold resistance, because the answer was 
also found to be differences in surface conditions. 
A filament with a surface having total emissivity 
higher than average will produce a lower than 
normal temperature for normal input. Translated 
into terms of hot resistance this means that a 


lower temperature corresponds to the hot re¬ 
sistance at which the thyratron relay is set to 
act. This in turn requires that overcarburization 
must take place if the necessary hot resistance is 
to be reached. A filament of higher than normal 
cold resistance is the result. 

Two cases of abnormally high emissivity of 
filaments were encountered. The first one oc¬ 
curred when helical filaments were oxidized 
heavily during the forming operation and then 
were reduced by flashing them in a hydrogen 
atmosphere. This procedure produced a* very 
rough surface. In the second case* the hydro¬ 
carbon content of the carburizing atmosphere 
was so great that a carbon deposit was formed 
on the surface of the filament. 

From the above investigations, the following 
conclusions can be drawn; 

1. Thyratron control for the carburization of 
thoriated-tungsten filaments is an excellent 
method, provided the filaments to be carburized 
have uniform surface conditions, and provided a 
strict control of the hydrocarbon content in the 
hydrogen atmosphere is maintained. 

2. The character of the carbide formations 
obtained during carburization and decarburiza¬ 
tion can be explained on the basis of the theory 
of diffusion and the characteristics of the carbon- 
tungsten phase diagram. 

3. The amount of-decarburization which oc¬ 
curs during tube manufacture has an important 
effect on the uniformity of the electrical filament 
characteristics of tubes. 

4. The hot-to-cold resistance ratio of a fila¬ 
ment is greatly influenced by the surface condi¬ 
tion of the filament. 
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Creep Deflections in Columns 

Joseph Marin* 

School of Engineering, The Pennsylvania Stale College, Stale College, Pennsylvania 
(Received August 22, 1946) 

The determination of column deflections and column buckling loads has been considered for 
many years. The available theories, however, do not provide for materials which creep with 
time under constant loads. For the design of structural members made of these materials, a 
consideration of creep may be of practical importance. Plastics, concrete, and some metals 
creep at normal temperatures while other metals creep only at high temperatures and at stress 
values beyond the yield point. A consideration of creep in the design of some structures appears 
appropriate in view of the modern developments in plastics and the presence of high stress values 
which are sometimes beyond the yield stress. This paper gives a rational theory for predicting 
creep deflections in columns. A special case using this theory is applied to the interpretation of 
some preliminary tests of an aluminum alloy. 


INTRODUCTION 


GENERAL THEORY FOR COLUMN DEFLECTIONS 


T HE usual concept of failure in columns by 
elastic instability must*be modified if the 
material creeps. For columns made of materials 
that creep, critical buckling loads are smaller 
than the elastic buckling loads since the pro¬ 
gressive lateral creep deflections must be con¬ 
sidered. It is necessary therefore to modify our 
definition of the critical buckling load and to 
define the buckling load as that load which will 
produce a large lateral deflection at the end of a 
specified time. To determine these loads, a theory 
will be developed giving the creep deflections in 
a column in terms of the load, column dimen¬ 
sions, material constants, and time. These 
theoretical deflections will then be compared 
with the corresponding experimental values. 



Fig. 1 . Pin-ended column subjected to an eccentric load. 
* Professor of Engineering Mechanics. 
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Columns having cross sections with at least 
one axis of symmetry will be considered. The 
column AB is free at the upper end A, and at 
the base B, and is loaded eccentrically with a 
load P in the plane of symmetry <Fig. 1). 
Initially, an elastic lateral deflection y t is pro¬ 
duced at a distance x from point A. This initial 
deflection will include the elastic deflection plus 
the initial creep deflection as shown in Fig. 2. 
Actually the column deflects so that AB rather 
than AC represents the initial elastic and creep 
deformation and beyond B for a short period of 
time the deflections are represented by the 
curve BD. Beyond point D the experimental 
deflection-time relation DE was found to be 
linear. It will be assumed in this theory that the 
actual deflection curve ABDE is replaced by 
ACE . To determine the lateral deflection 
(y = y e +y c ) at a time t , a theory for defining 
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law C=^45 n where C is the assumed constant 
rate of creep strain and S is the unit stress. - 
The moment M in terms of the load P at a 
time t is, from Fig. 1, 

-P(e+y) = -P(s+y g +y fl ) f (a) 

where e = the eccentricity of the load. Substi¬ 
tuting the value of the moment M from Eq. (a) 
in Eq. (1), the differential equation for the creep 
deflection y at a distance x is 

CD//) 0 d 2 y e /dx 2 ) = -P n (e+y t +y i ) n . (3) 

In this equation x , y e , and y c are variables. 
These three variables can be reduced to the 
necessary two by expressing the initial deflection 
y e in terms of x. For this purpose the shape of 
the curve AB can be assumed with reasonable 
accuracy. This assumption is similar to that used 
in the analysis of buckling problems in the 
elastic case using the Rayleigh method. For the 
present problem the shape of the curve AB 
will be assumed as a sine function. That is, the 
value of y e in terms of x will be assumed as 


creep deflection in bending corresponding to the 
elastic theory for deflection must first be ob¬ 
tained. 

A theory for the creep deflection in bending 
has been proposed by the writer in the form of 
a differential equation for the creep deflection y c 
in terms of the moment M and time t. 1 It was 
shown by this theory that 

(D/t)(d?y c /dx 2 ) = M n . (1) 

In Eq. (1), D corresponds to the flexural rigidity 
El in the elastic theory. Its value for a rec¬ 
tangular cross section is 

1 (2ft}*(A/2) 2w+1 

D~ -, ( 2 ) 

A (2+1 /»)"• 

where A and »=* experimental creep constants, 

ft «the width of the section, 

+ A*the depth of the section. 

Equation (1) i^ based on the log-log creep stress 

1 J. Marin, "Creep of aluminum subjected to bending at 
normal temperature," Proc. A.S.T.M. 40, 937 (1940); 
and "Methods of structural analysis in the case of creep," 
J. West. Soc. Eng. 43, 301 (Dec. 1940). 


7TJC 

• y fl = asin—, (b) 

L 

where a = the initial deflection at point C in the 
column and L = the length of the column. 

Placing the value of y e from Eq. (b) in Eq. 
(3) and noting that y—y e +yn the differential 
equation for the total deflection y as a function 
of the distance x becomes 


d 2 y 
dx 2 


fljr 2 tcx 

-sin— 

V L 


Pn 

—( e+y ) n . 
D 


(4) 


The values of n in Eq. (4) must be assumed as 
odd integers since the creep stress law C=^45 n 
must apply for compressive and tensile values of 
S in the case of bending where both types of 
stress exist. 2 That is, Eq. (4) must be solved for 
values of w—1, 3, where n is an odd 

number. A direct solution of Eq. (4) for y in 
terms of x could not be found. One method of 
attack using numerical integration is given in 
Appendix 1. A general method of solution is 
developed in this paper by using a trial and error 


1 J. Marin, "Mechanics of creep for structural analysis," 
Trans. A.S.C.E. Vol. 108, 470 (1943). 
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procedure. This method is similar to the one 
used by Holzer 3 for the determination of natural 
frequency of vibration of multi-mass systems. 
The procedure used is to replace the differential 
Eq. (4) by an equivalent system of difference 
equations. To do this, consider the column 
divided into a number of segments N of length 
b-L/N (Fig. 3). The ordinates to the deflection 
curve will be designated by y m , yi • • -y p , as shown 
in Fig. 3. The second derivative of y with respect 
to x y d?y/dx 2 y at any section where x=x pi is 
given approximately by the equation: 

/d‘*y\ 1 

i —) ■ 7-fo* 1 ~ 2 y* + y *~ j ) • 

\dx 2 /x-xp b 2 

Placing the value of <Py/dx 2 from Eq. (4) in Eq. 
(5) and solving for y^u 

y P + 1 = 2 y p - y p „ i - F p +Q(e+y p ) ", (6) 

where 

F p = (b 2 aT 2 /L 2 ) sin(x x p /L), (7) 

and 

Q = b 2 P n t/D. (8) 

Denoting the deflection at the mid-section of 
the column by y m and at the end by y t and 
writing Eq. (6) for each section successively, 

y2 = 2yi~y W ”-[F 1 +0(e+yi) l ‘], 
y8 = 2y 2 ~yi-CF2+Q(«+y2) n ], W 

yp+x = 2 y P -y P -\ - [F p +0(«+yi>) w ], 

where 

6 2 air 2 TX m 6 2 a7r 2 7r.Ti 

F m = ——sin-, F\ =-sin—. (10) 

Z, 2 L L 2 L 


3. Assume a value for and, by Eqs. (9), determine 
successively values of y\ to y t . The value of yt should be 
zero if the correct value of y m was assumed. 

4. Repeat Item 3 until small positive and small negative 
values of yt are obtained. Then by interpolation the 
correct value of y m can be calculated. 

The above calculations can be repeated for 
various values of P and /. These data can then 
be used to determine the load deflection curves 
with the time t as a parameter (Fig. 4). 

For the aluminum alloy tested in this inves¬ 
tigation it was found that w = 1 is a good approxi¬ 
mation. As shown in the following, the .solution 
of Eq. (3) is greatly simplified when n = 1. 

SPECIAL THEORY FOR COLUMN DEFLECTIONS 
WHEN n»l 

By Eqs. (3) and (b) for n = 1, 


D d-y c . 

f *x \ 

(c) 

-=-P 

e+asin—hy* I. 

t dx* ' 

< L ) 

d-y r . 

nx 

(11) 

- +k*y r = 

— k*a sin- k 3 e, 

dx* 

L 



where k 2 = Pt/D. 

It can be shown that the solution of this dif¬ 
ferential equation is 

a sinrx/L 

y c = C i sinfc.v+C 2 coskx-\ - e. (12) 

IT 2 

-1 

k 2 L 2 

Boundary conditions can be used to determine 
the constants Ci and C 2 . Since y c = 0 when = 
from Eq. (12), 

C 2 = e. (d) 


/ 

The method of applying Eqs. (9) to determine 
column deflections for a given load P at a time 
t is as follows: 

1. From the column dimensions, material constants A 
and n, time t t and load P, determine the value of Q by 
Eq. (8). 

2. Using the value of the elastic deflection for the 
approximate value of a and for different values of * deter¬ 
mine the values of‘F|, F** • -F p . 

* J. P. Den Hartog, Mechanical Vibrations (McGraw-Hill 
Book Company, Inc., New York, 1940), p. 225. See also 
Dana Young, “ Inelastic buckling of variable section 
columns," paper presented at the Annual Meeting of the 
A.S.M.E., Dec. 1944. 



Fig. 4. Load-deflection relations. 
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Fig. 5. Creep buckling apparatus. 


The deflection y e also equals zero when jc = L, 
or from Eq. (12), 


Ci = 


e(l —cos kL) 
sinkL 


(c) 


Substituting the values of Ci and Cz from Eqs. 
(d) and (e) in Eq. (12) the creep deflection is 

sinkx 

-(1 — coskL)e+e coskx 

sin kL 


a sinir x/L 

“H— -• (13) 


-1 

k*L 2 


By inspection the maximum creep deflection is 
for a value of x**L/ 2, or 

% / PtU \ aPtL 2 /D 

y mut - el sec—— 1 ) H-——. (14) 

V 4 D / PtU 

T S - 

D 

If it is assumed that the initial deflection y, is 


entirely the elastic deflection at the center of 
the column, then it can be shown by the usual 
elastic theory that, 


y. = esec[(PL74£/)]»—e. (IS) 


The total.deflection at the center (yr) is equal, 
to the creep deflection (y m «), as given by Eq. 

(14) , plus the elastic deflection, as given by Eq. 

(15) . That is, by Eqs. (14) and (15), 


r PtU 
yr=el sec- 

L 4 D 


fsec[(PL74E/)]‘-2j 

'aPtU/D 

^ PtU 

x s - 

D 


(16) 


The maximum moment produced in the column 
at a time t is, 

M mn = P{y T +e). (17) 

The maximum bending stress with » = 1 is the 
same as for the elastic case or equal to M mtiX c/I, 
where 7=the moment of inertia of the cross 
section and c = the distance to the outer fiber. 
In addition to the bending stress, there is an 
axial compressive stress equal to the load 
divided by the area or P/A. Then the maximum 
stress is 

P M iimx c 

£,„.* = -+-. (18) 

.A I 


Using values of M mtx and yr from Eqs. (16) and 
(17) in Eq. (18), the maximum stress is 

sec(P<L74£>) 


aPtU/D l 

+esec[(P£74P/)]»-e+- . (19) 

(x 2 —PtU/D)\ 

Table I. Physical properties of 3S-H aluminum alloy. 


Yield strength (0.2 percent set) 25,000 

(pounds per square inch) 

Ultimate strength 29,000 

(pounds per square inch) 

Elongation (percent in 2 inches) 10 

(one-half Inch round specimen) 

Hardness (Brinell—500 Kg) 55 

Modulus of elasticity 10,300,000 

(pounds per square inch) 

Modulus of rigidity 3,800,000 

(pounds per square inch) 
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Equation (19) corresponds to the secant 
formula obtained in the elastic theory and it can 
be used to determine maximum stresses in 
columns accompanied by creep. 

EXPERIMENTS ON ECCENTRICALLY 
LOADED COLUMNS 

The columns tested were supported and 
loaded as shown in Fig. S. The load was applied 
to the column specimens by a hanger supplied 
with a universal joint to prevent bending, and 
provision was made for rigidly fixing the lower 
end of the column. The lateral creep deflections 
were measured by a Federal dial reading to 
1/10,000 inch. Precautions were taken for placing 
the column initially vertical and the dial pointer 
horizontal. The material tested was an aluminum 
alloy designated as 3S — H by the Aluminum 
Company of America and the properties of this 
material, as supplied by Mr. R. L. Templin, 
Chief of Tests of this Company, arc given in 
Table I. 

Tension and. pure bending creep tests also 
were made on this material at room tempera¬ 
tures. 1 The tension creep tests showed that the 
creep rate-stress relation was a straight line on 
a log-log plot. That is, the variation between the 
stress S and constant creep rate C is: 

C=AS\ (20) 

where A and n are experimental constants. 

The values of A and ft as determined by the 
tension tests were reported 1 as .4 =6.51X10~ 12 
and ft = 1.18. A reconsideration of this data 
shows that a value of ft = 1 and A = 2.5 X 10“ n is 
also a good approximation. The value of one for 
the constant ft is selected since this simplifies the 
theoretical interpretation of the test results. The 


Table II. Dimensions and loads for columns. 


Col. 

No. 

Length 

Vjt) 

in. 

Width 

ft! 

Thick¬ 

ness 

ft! 

Slender¬ 
ness 
ratio 
( L/r ) 

Eccen¬ 

tricity 

is ! 

Load 

0b!) 

Mo¬ 
ment 
(Af) 
in. lb. 

1 

14.0 

0.50 

0.49 

195 

0.44 

258 

113.5 

2 

14.0 

0.50 

0.50 

195 

0.79 

143 

113.0 

3 

14.0 

0.50 

0.49 

195 

0.25 

308 

77.0 

4 

14.0* 

0.50 

0.48 

195 

1.00 

113 

113.0 

5 

14.0 

0.50 

0.49 

195 

0.64 

177 

113.3 

6 

14.0 

0.50 

0.40 

195 

0 . 

433 

0 . 

7 

10.2 

0.50 

0.36 

213 

0.34 

158 

53.8 

8 

10.2 

0.50 

0.36 

213 

0.38 

158 

60.0 



0 20 40 60 80 

Time fn houre —•- 

Fig. 7. Creep deflection-time curve for column 3. 


pure bending creep tests showed that Eq. (1) 
gives a reasonably good approximation for this 
material. 

The column specimens used were about one- 
half inch square, and most of them were about 
15 inches in length. To prevent local yielding the 
bases of the columns were increased in size. 
Various values of the eccentricity e and load P 
were used for the eight columns tested, as is 
shown in Table II. Table II also lists the average 
dimensions and slenderness ratios for the mem- 
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Fig. 8. Deflection-time relations for columns 7 and 8. 


bers used. For each experiment, lateral deflec¬ 
tions were measured at a point near the upper 
end of the column, as shown in Fig. 5. An 
approximate value of the initial elastic and 
creep deflections was noted for each member. 
Creep deflection readings were recorded at 
varying intervals of time and deflection-time 
plots are shown for the various specimens in 
Figs. 6-8. Each test covered a time period of at 
least 500 hours and two specimens cohered a 
time of 3000 hours. After the first 24 hours the 
creep rate became almost constant so that 
readings were taken only onte a day. The creep 
rate was constant for all columns except No. 3 
which failed by buckling at the end of 70 hours 
(Fig. 7). For a number of the specimens tested 
the applied moment was maintained constant by 
decreasing the load and increasing the eccen¬ 
tricity. 

INTERPRETATION OF TEST RESULTS 

A comparison between the theoretical and 
experimental deflection values can be made by 
determining both the dreep deflections and creep 
rates using each method. The creep deflection 
given by Eq. (14) also represents the maximum 
theoretical creep deflection for the column of 
Fig. 5. For example, to determine the theoretical 
creep deflection at 500 hours in the case of 
cSlumn 2, it is necessary to substitute in Eq. (14) 
the values of $**0.79 inches, P® s 143 lb., / = 500 
hr., L * 28 in., D = I/A * 2.08 X10 8 , and a * 0.364 
in. Then the theoretical creep deflection y max 
—0.042 in. The values of the theoretical deflec¬ 
tions for other columns are given in Table III. 


The actual deflections were not measured at 
the ends of the columns so that it is necessary to 
correct these deflections in order to compare 
them with the theoretical values. To do this the 
creep deflection curve is assumed to be a sine 
curve. The corrected values of the measured 
creep deflections are listed in Table III for com¬ 
parison with the theoretical values. The values 
of the creep rates, as obtained by theory and 
experiment, are also given in Table III for pur¬ 
poses of comparison. 

CONCLUSION 

In view of the preliminary nature of these 
tests and the approximations made in the theory, 
the agreement between the theoretical and ex¬ 
perimental creep values as given in Table III 
is quite satisfactory. There is need, however, for 
further research on this problem before a definite 
conclusion can be reached. 
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APPENDIX 1 

An alternate method for the solution of Eq. 
(1) is given in the following. The value of y 9 is 
first assumed to be y 9 — ix 2 . The constant i can 
be determined by noting that y« = a when x~L 
(Fig. 9) or i-a/U. That is, 

y 9 =(a/U)x\ (f) 

Table III. Comparison of theoretical and 
experimental values. 


Mo- 

Column ment 
number (in. lb.) 

Eccen¬ 

tricity 

(inches) 

Creep deflec. 

(in.) 

Exp. Theor. 

Creep rates 
(in./in./hr. X10«) 
Exp. Theor. 

1 

113.5 

0.44 

0.060 

0.057 

1.20 

1.14 

2 

113.0 

0.79 

0.040 

0.042 

0.80 

0.84 

4 

113.0 

1.00 

0.030 

0.038 

0.060 

0.076 

5 

113.3 

0.34 

0.031 

0.043 

0.062 

0.086 

7 

53.8 

0.34 

0.018 

0.029 

0.060 

0.097 

8 

60.0 

0.38 

0.018 

0.037 

0.060 

0.123 


Note: For columns I to 5 creep deflections are for l -500 hours. 
For columns 7 and 8 creep deflections are for t -3000 hours. 
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where o = the initial deflection at B and L = the 
length of the column. For the column in Fig. 9 
the moment is 

M=Py ,! =P(e+y mK x+a-yc-y.). (g) 


Placing the value of y. from Eq. (f) and the 
value of M from Eq. (g) in Eq. (1), 

d?y e /dx* = (.kiyc+k^+k))*, (21) 

where 


and 


—aP 

J k^-Pit/D) 1 '”, k t -( t/DY'\ 

' . L* 

kn— (e+y m *x-\-a,)P(t/ Dy ,n . 


Placing 
in Eq. (18), 


u — kiy 0 -\-k 2 X i -\-k$ 
d l u / dx- = k \U n +2& 2 . 


(h) 

(0 


Integrating Eq. (i) and separating the variables, 


(W' +l +k<u+h) 


r h f c 



Fig. 9. Deflection of column fixed at one end and 
free at the other. 


where 

ki= (2fc 2 /&i) (w + 1), 

&& = — (&a) w41 ~ (n-hl)(2ktki/ii) t 
k 6 = [(n+ l)/(2ii)]». 

Equation (22) can now be solved for particular 
values of n by using numerical integration 
methods. For a value of » = 1, Eq. (22) can be 


integrated directly, or 

« 2 +& 4 tt-ffc 5 = (e kt x+kl —x — ki/2)' 1 , (23) 

where h is a constant of integration. 

Replacing u by its value in terms of x and y 
as given by Eq. (h), the equation for the deflec¬ 
tion y c can be obtained. 
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Effects of Magnetic Field on Oscillations and Noise in Hot-Cathode Arcs* 

J. D. Cobine and C. J. Gallagher** 

Radio Research Laboratory , Harvard University , Cambridge , Massachusetts 
(Received April 11, 1946) 

The voltage disturbances in hot-cathode arcs are 
markedly affected by a magnetic field transverse to the 
normal flow of current. The normal plasma oscillations can 
be suppressed and the noise level above 1 Mc/sec. greatly 
increased. The oscillations appear to be transmitted to the 
electrodes by electrons whose velocity is modulated by the 
plasma ion oscillations as they travel directly from cathode 
to anode. The effect of the magnetic field is to remove these 
electrons from the current reaching the anode. A* critical 
value of magnetic field will suppress the oscillations and 


reduce the noise to a minimum. As the magnetic field is 
further increased the high frequency noise level increases. 
The high frequency noise level also increases if the pressure 
decreases, or if a lighter gas is used. The noise level, is 
independent of the plasma volume. The effect of ttte 
magnetic field is to build up a region of high ion density in 
a narrow region near the electron source. Plasma oscilla¬ 
tions with continuous spectrum are generated in this 
region of high density and high density gradient. 


INTRODUCTION 


O CCASIONALLY mention is made of the 
fact that gas discharge tubes are “noisy,” 
where “noise” is taken to mean any objectionable 
fluctuating voltage, such as random noise or 
oscillations. 


Many investigators have reported the exist¬ 
ence of oscillations in the voltage appearing be¬ 
tween the electrodes of gaseous discharge. 1 The 
oscillations so observed appear to be of three 
types, viz ., oscillations of electrons and of positive 
ions in the plasma, and relaxation oscillations. 
The former appear to be characteristic of the 
discharge (current, pressure, geometry, nature of 
gas), while the latter are dependent on both the 
discharge and the external circuit conditions. 
Observations and analysis of the plasma oscilla¬ 
tions have been made by Tonks and Langmuir. 2 
These workers showed theoretically that the 
frequency of the plasma oscillations increases 
with increasing positive-ion density. The fre¬ 
quencies of these oscillations have been studied 

* This work was done in whole or in part under Contract 
No. OEMsr-411 between the President and Fellows of 
Harvard College and the Office of Scientific Research and 
Development. 

** Both authors now' at Research Laboratory, General 
Electric Company, Schenectady, New York. 

‘ E. V. Appleton and A. G. 6, West, Phil. Mag. 45, 879 
(1923). C. Eckart and K. T. Compton, Phys. Rev. 24, 97 
(1924). F. H. Newman, Phil. Mag. 47, 839 (1924). K. T. 
Compton and C. Eckart, Phys. Rev. 25, 139 (1925). R. E. 
Clay, Phil. Mag. 50, 985 (1925). L. A. Pardue and J. S. 
Webb, Phys. Rev. 32,946 (1928). E. W. B. Gill, Phil. Mag. 
8 , 955 (1929). H. Kniepkamp, Zeits. f. Tech. Phys. 17, 397 
(1936). W. Funk and R. Seeliger, Zeits. f. Physik 113, 203 
(1939). 

*1. Langmuir, Proc. Nat. Acad. Sci.. 14, 027 (1928); 
L. Tonks and I. Langmuir, Phys. Rev. 33, 195 (1929). 


in narrow ranges from 1000 kc/sec to 1000 
Mc/sec. 

No systematic study of the random noise de¬ 
veloped by gaseous discharges has been reported 
in the literature although gas tubes have been 
used as random noise generators in acoustical 
testing, 3 and Tonks and Langmuir 2 mention the 
existence of a continuum in the voltage output 
of their discharge tube. Recently the authors 
have reported a study of random noise and 
oscillations in hot-cathode arcs. 4 In this study it 
was shown that the random noise could be ex¬ 
plained as the result of random fluctuations of 
space charge at the electrodes. 



Anode current **30 ma 
Load resistance -*2500 obms 

Fig. 1. Selected spectra of hot-cathode gas triode 
(RCA 884) with transverse magnetic field. 

Peterson, Bell Lab. Record 18, 81 (1939). H. 
Dudley, R. R. Riesz, and S. S. A. Watkins, J. Frank. 
Inst. 227, 739 (1939). 

4 J. D. Cobine and C. J. Gallagher, Phys. Rev. 70, 113 
(1946). J. Frank. Inst. 243 (Jan. 1947). 
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Anode current *»30 ma I)—5 me/sec. noise levels 

Load resistance *2500 ohms K— Magnetic flux density for parts A, B, C, D 

A—*50 kc/sec. noise levels Reference numbers correspond to magnetic flux densities 

"Amplitude of 400 kc/sec. oscillation given in section E 
C —Spectra, peak and points 6 db down 

Fig. 2. Effect of magnetic field on noise and oscillations of hot-cathode gas triode (RCA 884). 


The present paper presents a further study of 
noise and oscillations in gas discharges when 
placed in a magnetic field. A transverse magnetic 
field is shown to produce two new effects, namely, 
the suppression of oscillations and the complete 
alteration of the noise spectrum. 

EXPERIMENTAL TECHNIQUE 

The voltage fluctuations can be studied effec¬ 
tively by means of spectrum analyzers which 
measure amplitude and frequency characteristics 
of the oscillations and random noise. The fre¬ 
quency range from 25 c.p.s. to 9 Mc/sec. could be 
continuously studied with three heterodyne- 
type analyzers having band widths sufficiently 
small that the continuous noise spectrum re¬ 
mained essentially uniform over the region under 
observation. 6 Thus, the analyzers measured the 
r.m.s. voltage over a small band of frequencies. 
Since the r.m.s. noise power in a uniform spec¬ 
trum is proportional to the band width, all 
measurements could be referred to a common 
band width, arbitrarily chosen as 1 kc/sec. The 
measurements of the spectra under various con- 

•G. P. McCouch and P. S. Jastram, '‘Video Spectrum 
Analyzers," Radio Research Lab. Rep., No. 411-96. P. S. 
Jastram, "Low-Frequency Spectrum Analyzer,' Radio 
Research Lab. Rep., No. 411-154. J. D. Cobine and J. R. 
Curry, Rev. Sci. Inst. 17, 190 (1946). 


ditions are presented in db referred to a zero db 
level of 10/iv/(kc/sec.)*. Precautions were taken 
to insure that the input impedance of each 
analyzer was sufficiently high to avoid “loading” 
the gas tube output circuit and thus distorting 
the spectrum being measured. The discharge 
tube being studied was connected in series with 
a non-inductive resistance and a regulated power 
supply. The fluctuation voltage was measured 
directly between the tube electrodes. The data 
presented were obtained from both commercial 
tubes and tubes of experimental design. 

EXPERIMENTAL RESULTS 
Oscillations 

Much information about the oscillations was 
conveniently obtained by studying character¬ 
istics of type 884 tubes (hot-cathode, argon-filled 
gas triode). As has been shown previously, 4 the 
voltage between anode and cathode contains 
two oscillations superimposed on a background 
of random noise. These oscillations are not 
harmonically related. 

When a magnetic field is applied transverse to 
the normal direction of current flow the effect 
on each oscillation is quite different as shown 
in Figs. 1 and 2. The effect of the magnetic 
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Anode current - 10 ma 

Magnetic flux density -860 gauss * 

Fig. 3. Effect of pressure on spectrum of argon tube. 

t 

field on the lower frequency oscillations is indi¬ 
cated in Section B of these figures, where it is 
seen that as the magnetic field increases, the 
amplitude first increases and then decreases 
without any change in frequency. With suffi¬ 
ciently high field (approx.,150 gauss), this oscilla¬ 
tion disappears completely. Oscillation C under¬ 
goes a more complicated series of changes. The 
peak shifts toward higher frequencies, with 
marked broadening. Figure 2, Section C, shows 
the amplitude of the peak and its spectrum 
measured between frequencies whose amplitudes 
are 6 db below those of the peak. 

For the strongest magnetic fields, the peak 
becomes so broad that a discrete oscillation 
cannot be detected. The numbers on the figure 
indicate the spectrum levels measured at the 
corresponding magnetic field in Section E. The 
behavior of these oscillations is typical of all 
the hot-cathode arcs studied. 

The disappearance of these oscillations was 
studied in an experimental tube with an oxidc- 
coated cathode and a small plane anode three 
inches from it. The cathode was partly sur¬ 
rounded by a metal shield to define an electron 
beam, the limits of which could be plainly seen 
at a few hundred microns pressure. Under these 
conditions the discharge space was filled with 
plasma and the two characteristic oscillations 
\*ere observed in the voltage spectrum. When a 
magnetic field was applied so as to deflect the 
beam of electrons away from the anode, the low 
frequency oscillation disappeared. The oscillation 
reappeared at reduced amplitude if the beam was 
directed against the glass wall of the tube so 
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that electrons coming directly fronTthe cathode 
were reflected to reach the anode. It is not 
possible to eliminate this oscillation in any tube 
in which the electrons could reach the anode 
directly in spite of the magnetic field. Thus, this 
oscillation is a positive-ion plasma oscillation 
whose energy is transmitted to the external cir¬ 
cuit by velocity modulation of the electron beam 
passing directly from cathode to anode. Tanks 
and Langmuir 2 have shown that the plasma 
oscillations have zero group velocity and cannot 
transmit energy directly to the external circuit. 

Unlike the plasma oscillation, the second type 
of oscillation has been observed at all cui rents, 
even down into the “Townsend” discharge region 
where no plasma exists. 4 Similar oscillations have 
been observed by Ballantine 6 in vacuum tubes 
containing mercury as a residual gas (pressures 
less than 1 micron). Since these oscillations 
appear under conditions in which no plasma is 
present, as well as under plasma conditions, the 
most promising explanation appears to be that 
proposed by Ballantine, i.e. y the oscillations are 
those of positive ions in the potential minimum 
at the cathode. If these are “cathode” oscilla¬ 
tions, the magnetic field has the effect on fre¬ 
quency that might be expected, since the electron 
density increases near the cathode due to the 
bending of the electron paths in the magnetic 
field. The increase in density would cause a 
deepening of the potential well, with consequent 
increase in oscillation frequency. The broadening 
of the peak is more difficult to explain. 

Noise 

As shown in Fig. 1, the oscillations are super¬ 
imposed on a continuous background of random 
noise. The effect of the magnetic field is first to 

Table I 


Noise characteristics of hot-cathode arcs in different gases 
(1000 microns. 10 ma, 720 gauss) 


Gas 


He 

A 

Xc 

Hg* 

50kc/sec. 

89 

73 

83 

80 

Noise level (db above 

1 Me/sec. 

81 

69 

63 

62 

10 M v/kd) 

5 Me /sec. 

48 

42 

32 

33 

Peak-to-peak voltage 


32-37 

16 

11.6 


Arc drop (volts) 

Ionization potential (volts) 


48 

24.5 

20 

15.69 

12 

12.08 

10.38 

Atomic wt. 

_ 

4.002 

39.94 

131.3 

200.6 


* 125 ma. 

• Stuart Ballantine, Physics 4 , 294 (1933). 
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Magnetic flux density *800 gauss at cathode 
Cathode current *20 ma 
Argon at 85 microns 

A — noise measured between anode probe and cathode 
O—noise measured between anode probe and anode 

Fig. 4. Effect of probe current on noise at anode probe. 

decrease and then increase the noise level over 
the entire spectrum. In no case where the mag¬ 
netic field is equally strong at cathode and anode 
is the low frequency noise increased above the 
zero field value. On the f other hand the high 
frequency noise can be increased markedly over 
the zero field value (Sections A and D, Fig. 2). 
The noise level in the high frequency region 
increases continuously up to the point where the 
magnetic field is strong enough to extinguish the 
discharge. The ultimate noise voltage level at 
5 Mc/sec. may be 100 times,the zero field level. 

The noise level is also affected by gas pressure. 
With the discharge in a strong magnetic field, the 
noise increases continuously as the pressure is 
reduced, to the point where the pressure is too 
low for the discharge to be maintained in the 
presence of the field. Figure 3 shows a series of 
typical spectra obtained with an argon-filled 
experimental tube with a field of 860 gauss at 
the cathode. It will be noted that there is no 
‘‘hump” in these spectra. This characteristic was 
noted for all tubes in which the electrode struc¬ 
ture was such that the. field was strong at one 
electrdde only. In this case, the hump which is 
present at lower fields is obliterated by the high 
level of the low frequency noise. 

The discharge current does not greatly effect 
the shape of the spectrum, if arc conditions are 
fully established. Both high and low frequency 
noise increase with increasing currents by a 
factor of not more than 3 when the arc current 
increases by a factor of 100. The noise is also 
substantially independent of the plasma volume, 
which was varied by a factor of 2000. 



Magnetic flux denaity -800 gauf»8 at'eathode 
Cathode current *20 ma 
Argon at 85 microns 

A —noise measured between cathode probe and cathode 
O- noise measured between cathode probe and anode 

Fig. 5. Effect of probe current on noise at cathode probe. 



Magnetic'flux'density *800 gauss at cathode 
Cathode current *20 ma 
Argon at 85 microns 

Fig. 6. Probe characteristics of experimental tube 
(Figs. 4 and 5). 

The effect of different gases on the noise was 
studied. The general shape of the spectra is the 
same for all of the gases used, including helium, 
argon, xenon, and mercury. The high frequency 
noise (above 1 Mc/sec.) decreased as the atomic 
weight increased. No definite trend was noted in 
the low frequency noise. The results of these 
studies are summarized in Table I. The peak-to- 
peak voltage was measured on a wide-band 
oscilloscope. The peak-to-peak voltage is of the 
order of 85 percent of the arc drop. The arc drop 
itself is roughly proportional to the ionization 
potential of the gas used. 

It was found that the amount of noise voltage 
measured between either cathode or anode, and 
an auxiliary probe electrode was highly depend¬ 
ent on the current collected by the probe. For 
these measurements, the main discharge was 
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maintained between cathode and anode. The 
cathode-anode current and noise voltage were 
unaffected by the variations in the probe cur¬ 
rent. Two probes were used—one near the 
cathode and the other near the ’ aqode. The 
magnetic field was applied at the cathode and 
was perpendicular to the plane of the cathode 
probe. For each probe the noise was measured 
between probe and anode and probe and cathode. 
Figures 4 and 5 show the noise level at three 
frequencies as a function of probe current. The 
volt-ampere characteristics of the probes are 
shown in Fig. 6. 

In all cases the noise 4 was very low when the 
probe was made sufficiently negative that only 
positive-ion current was drawn. In general, the 
noise increases only when the probe begins to 
draw electron current. The noise at the cathode 
probe changes very gradually with current. The 
noise at the anode probe changes very abruptly 
when appreciable electron current is drawn. With 
magnetic field, the noise reaches its greatest 
value when the probe potential is such as to 
repel all but the fastest electrons. For these 
probe currents, conditions are such that very 
little noise is developed in the space charge 
region adjacent to the probe, since without the 
magnetic field, it has been shown that the 
maximum noise at the probe is developed only 
when its voltage is such as to accelerate electrons. 4 

Since the plasma acts as a “virtual” cathode 
with respect to the anode, it seemed probable 
that placing the magnetic field at the anode 
should produce the same effect on the noise 



PRC0UCN6V * Mc/MC 

Argon at 85 microns 
Anode current »20 ma 


Fig. 7. Noise spectrum of experimental tube for magnetic 
field at cathode (A) and at anode (B). 


spectrum as a field at the cathode. The experi¬ 
ment was tried, and the results were as expected 
(Fig. 7). In fact, the noise with the field at the 
anode was actually of higher level than that 
produced by a field at the cathode. Placing the 
magnetic field at any other position in the dis¬ 
charge decreased the over-all noise level, i.e., 
the magnet had to be placed at a source of 
electrons to produce the high level noise. It has 
been observed elsewhere that the light from the 
discharge fluctuates with a “light” noise spec¬ 
trum identical in shape with that of the electrical 
noise spectrum. 7 The light fluctuations were 
studied with a photo-cell. This effect was also 
noted in our investigation. 

With a sufficiently strong magnetic field at 
the cathode, there is a narrow region of intense 
illumination adjacent to the cathode. Numerous 
experiments with fixed and moving probes show 
that the positive-ion density is abnormally high 
in the region close to the cathode when the 
magnetic field is applied. The positive-ion density 
was measured by the method of Langmuir and 
Mott-Smith. 8 For example, in one tube the 
positive-ion density near the cathode changed 
from 0.6 X10 10 ions/cm 8 to 3.0 X10 10 ions/cm 8 
upon application of the magnetic field. 

DISCUSSION 

It is apparent that the generation of noise in 
the presence of the magnetic field is closely re¬ 
lated to the space charge conditions at the 
cathode, or in particular, to the increased posi¬ 
tive-ion density mentioned above. That the 
magnetic field must increase the positive-ion 
density in a narrow region near the cathode can 
be seen by considering Fig. 8. This figure presents 
a picture of the processes at a plane cathode and 
anode where each is in a strong magnetic field. 
The trajectory of an electron which does not 
collide with any atoms (A of Fig. 8a) will return 
to the cathode. The path will be determined by 
the electric and magnetic fields. In a uniform 
magnetic field, with plane electrodes and with no 
space charge or initial velocity, the path is 
cycloidal. If the electric field is distorted by 

7 Observed by Dr. R. W. Engstrom, Radio Corporation 
of America, Lancaster, Pennsylvania. 

1 1. Langmuir and H. Mott-Smith, Gen. Elec. Rev. 27, 
449 (1924). 
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space charge, a direct calculation of the path is 
not possible unless a relation between electric 
field and distance is known. Thomson has shown 
that the paths in the dark space of a glow dis¬ 
charge in a transverse magnetic field are similar 
in form to cycloids. 9 It is probable that the paths 
do not differ greatly in the hot-cathode arc. If 
the pressure is such that the electrons make 
most of their collisions when near the point of 
maximum distance from the cathode, it is ap¬ 
parent that an intensely ionized zone will be 
found at this distance. If there is a very small 
spread in the initial velocities of the electrons, 
this zone will be very narrow. At higher pressures, 
the electrons will ionize much closer to the 
cathode, and the magnetic field will have little 
effect. Also, since the electric field is greater, 
the projected path will extend farther from the 
cathode (Fig. 8c). As the pressure is reduced, 
the point of maximum ionization moves out 
along the trajectory. At the same time, the 
maximum in the trajectory moves nearer the 
cathode because of the smaller electric field. 
At very low pressures the ionization must be 
occurring in a very narrow region, since reduction 
of the pressure makes it more and more probable 
that a collision will not occur until the electron 
has passed the maximum in the trajectory. In 
this portion of the path the electron is losing 
energy to the field. Thus, the electron must 
ionize before it reaches the point where its energy 
is less than the ionization potential (B of Fig. 8a). 
In the limiting case, immediately preceding ex¬ 
tinction of the discharge, the zone of ionization 
must be very narrow. This picture assumes 
that most of the ionization results from single col¬ 
lisions. Multiple ionization, although certainly 
occurring, is not favored under conditions of low 
pressures. Such cumulative ionization as does 
occur would broaden the ionization zone. 

It is also possible for the magnetic field to 
establish a narrow zone of ionization at the 
anode. Possible space charge conditions are 
shown in Fig. 8 (d, e, f). If the anode drop is nega¬ 
tive, electrons coming from the plasma are re¬ 
tarded, and little ionization occurs near the 
anode (Fig. 8d). If the anode drop is positive 

9 J. J. Thomson, Conduction of Electricity through Gases 
(Cambridge University Press, London, 1933), third edition, 
Vol. II, p. 333 ff. 



(a) Cathode region, pressure “few hundred microns 

A “trajectory of electron making no collisions 
B - trajectory of electron making collision as it leaves ionization 
zone 

C - trajectory of electron making collision as it enters ionization 
zone 

(b) Cathode region, same pressure as (a), magnetic flux density —cut off 

value 

(c) Cathode region, high pressure, same magnetic flux density as In (a) 

Dotted trajectory same as A of (a) 

Solid trajectory at high pressure 

(d) , (e), (f) Anode region, same pressure and magnetic flux density as 

in (a) 

Z,,— electron mean free path 

Vi —ionization potential of gas 

Vc —cathode drop of potential 

dm - mean distance of ionization zone from cathode 

V*—anode drop of potential 

Fig. 8. Details of electron paths with transverse 
magnetic field. 


and slightly greater than the ionization potential, 
space charge conditions are similar to those at 
the cathode, since the plasma acts as a source of 
electrons (Fig. 8e). If the anode is small, a 
second ionized zone may be formed adjacent to it 

(Fig. 8f). 

Dr. Felix Bloch suggested during the course 
of this research that the source of the increased 
noise is in the region of high space-charge density, 
where the ions in each element of volume can 
oscillate with a frequency determined by the 
local ion density, as in the plasma oscillations 
studied by Tonks and Langmuir. Since the ion 
density varies greatly over this region, a wide 
range of frequencies would be present instead 
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of the single characteristic frequency of the 
plasma. Tonks and Langmuir have shown that 
the plasma type oscillation can take place if 
the mean distance between ions is less than the 
Debye distance. For the ion densities and tem¬ 
peratures observed here, the Debye distance is 
several orders of magnitude greater than the inter¬ 
ionic spacing. An unpublished analysis by Drs. 
Felix Bloch and Robert Weinstock 10 indicates 
that the highly ionized region may be as thin as 
5X10~® cm and is capable of generating frer 
quencies as high as 250 Mc/sec. 

Additional evidence for the effect of the nar¬ 
row ionization zone in producing the noise may 
be found in some additional experiments with 
oxide-coated cathodes. A number of commercial 
tubes were found deficient in high frequency, 
noise unless the cathodes were properly treated to 
insure good emission. As might be expected, the 
arc drop was higher than for a normal tube at 
the same current. The higher arc drop is known 

10 Radio Research Lab. Rep., No. 411 232. 


to result in sputtering of the cathode materials 
which have much lower ionization potentials 
than argon. (Ionization potential of barium* 5.19 
volts.) These sputtered atoms can be ionized 
over a broad region beginning close to the 
cathode. Thus, if there is an appreciable density 
of sputtered atoms, there will be a marked 
broadening bf the ionization zone, with conse¬ 
quent lowering of the ion-density peak. This 
principle of the variation of high frequency 
noise level^with cathode activation was used in 
designing an instrument for production testing 
of commercial tubes. 
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Numerical methods are given for solution of axisymmetrical problems involving the partial 
differential equation 

gV , gV . K 

dz * dp* p dp ’ 

where p is the radial coordinate and s the coordinate parallel to the axis. The various values of 
K which occur in physical situations are discussed, and common iteration methods for handling 
these problems are given. For Laplace’s equation, K* 1. For the Stoke’9 stream function, 

K » — 1, but it is pointed out that for numerical work a new function, called the flow-disturbance 
function, having JC~3, is more tractable. Similarly a new function with K«5, the stress-con¬ 
centration function, is much easier to compute than the usual stress function (2C«* — 3) for the 
case of the torsion of a circular shaft of varying diameter. The methods are illustrated by com¬ 
putation of the equipotentials for an electron lens, and by a complete computation of the 
stresses and strains in a particular grooved circular shaft under torsion. 
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1. INTRODUCTION 

T HIS paper represents an extension of the 
numerical methods for handling partial 
differential equations in two dimensions, which 
were developed in recent work on “Numerical 
Solution of Laplace’s and Poisson’s Equations, 
with Applications to Photoelasticity and Tor¬ 
sion.’’ 1 For the basis of some of the methods 
used in the present paper, reference should be 
made to this previous work. On the other hand, 
the method of extrapolation developed in Section 
6 of the present paper is an improvement over 
that previously given, and can be used in the 
solution of Laplace’s and Poisson’s equations in 
two dimensions as well as in the cases discussed 
here. , 

An axisymmetrical problem is essentially two- 
dimensional, since the functions which arise 
depend only on the coordinate z, measured 
parallel to the axis, and the radius p, measured 
normal to the axis, and are independent of the 
azimuthal angle <p. The differential equations 
which govern many functions of technical in¬ 
terest are of the form 

d V d 2 \p K dyp 

-1-1-— 0, (1) 

dz 2 dp 2 p dp 

which we abbreviate to 

av+(A7p)*,=o. (10 

Here the constant K takes on the following 
values: 

A = J, Laplace’s equation, applicable to the. potentials 
of axially symmetric electrostatic, magnetostatic, and 
gravitational fields; and the steady flow of heat, electric 
current, and ideal fluid. This case is discussed in Section 7, 
with an application to an electron-lens system. 

K=*—l t Stoke’s stream function, which is constant 
along a stream line in the steady flow of heat, electric 
current, and ideal fluid. This function, while it satisfies 
simpler boundary conditions than the potential, has the 
disadvantage for numerical work of rapid variation with p; 
for a unidirectional stream it varies as p*. Hence it is 
preferable to introduce a new function, the flow-disturbance 
function , which is the stream function divided by p*. This 

1 G. Shoftley and R. Weller, J. App. Phys. 9, 334 (1938); 
J. App. Mech. 6, A-71 (1939); Weller, Shortley, and Fried, 
J. App. Phys. 11, 283 (1940). These three papers have 
been Combined in the Ohio State University Engineering 
Expenment Station Bulletin No. 107 (1940); revised, 1942. 
In these papers will be found complete references to 
earlier work. 



Fig. 1. Notation for an ordinary point of the net. 

function is constant in regions free from disturbance and 
satisfies the above equation with 

A=J; the use of the flow-disturbance function for 
numerical work is exactly analogous to the use of the 
stress-concentration function which is discussed in detail 
in this paper. 

A' = —J, a function which governs the stresses in a 
circular shaft of varying diameter. We introduce a new 
function, the stress-concentration function , more suitable 
for numerical work, which satisfies the equation with 

K =*=5; the use of the stress-concentration function is 
the subject of Sections 8-10 of this paper. 

Because these problems differ only in the 
value of A in (1), the methods of numerical 
solution will be similar and can be discussed 
without si>ecifying the value of K. 

It is well to point out at this time that any 
numerical integration of an elliptic partial dif¬ 
ferential equation in two or more dimensions is 
bound to be very tedious and time-consuming if 
high accuracy is desired simply because of the 
number of net points which must be used. The 
more irregular the boundaries, the more points 
which must be used if accuracy is to be obtained 
in the vicinity of the irregularities. But it seems 
important to know that a computation can be 
carried through numerically when required, and 
to investigate the most expeditious manner of 
making the computation. The procedures given 
below and in reference 1 are believed to contain 
most of the formal tricks for speeding up the 
computations which have been discovered to 
date and to constitute the best available com¬ 
putational scheme. It is hoped that some day 
high speed electronic computing equipment will 
be developed with sufficient internal-memory 
capacity to handle data on a large net; in this 
case it may be advisable to ignore tricks, use the 
simplest possible improvement formula at each 
point, and let the machine work somewhat 


Volume is, January, 1947 


117 




longer, or to use some non-iterative procedure 
such as a direct numerical solution of the dif¬ 
ference equations. 

2 . THE ITERATION PROCEDURE 

We first replace the continuum of points (z, p) 
by the discrete set of points at the intersections 
of a net of intervals ft: 

z = 0, ztft, ±2ft, dtSh t •••, 
p = 0, ft, 2ft, •••,//*, • • *. 

The differential equation is then replaced by 
a difference equation which relates the value of 

at one point to its Values at neighboring 
points. The solution of the difference equation 
is then an approximation to the solution of the 
differential equation—the finer the net, the 
better the approximation. 

For example, consider the five numbered 
points in the diagram (Fig. 1). Denote the func¬ 
tion values at these points by V'o, ypu '!'*> th and 
yfo. At the point 0 (z = z 0 , p = /ft), Eq. (1 # ) may 
be written as 

AVo+(A'///t)^o = 0 
or 

. h*A'+ 0 +(K/I)h+ p0 = 0. (2) 

Now on any quadric surface passing through the 
five function values ^o, • • •» ^ 4 , the following 
relations are satisfied: 

ft 2 Aty 0 = —4 ^o + ^1+^2 + ^3+^4, 

A^ P o = i^3 —i^4. 

Hence the differential equation (2) is approxi¬ 
mated—to the accuracy with which the function 
^ is representable by a quadric in the region con¬ 
taining these five points—by the difference equa¬ 
tion 

-tyo+fc+*+*+*+(X//)(Wi-iW-0 (3) 
or 

8/* 0 - 2 J*i+2/*«+ (2I+K)+>+ (2/-K)f 4 . (4) 

^This difference equation holds at all ordinary 
points of the net, but needs modifications, which 
will be considered later, at points near the axis 
or near a material boundary. 

The iteration procedure, originated by Lieb- 
mann, 1 for finding the function values which 
satisfy this difference equation at all net points, 


proceeds as follows: Start with any arbitrary 
“trial” function —a guess. Then go over the 
points of the net, in some definite order, re¬ 
placing the ^ value at each net point by a new 
value calculated from (4) in terms of the values 
at neighboring points. This will give an “im¬ 
proved” function \j/ f . In calculating the improved 
value at a given point, the previously altered 
values are used whenever they are available. 
This procedure is then iterated. Successive 
traverses of the net give successively functions 
• * * which approach’the true solution 
of the difference equation in a manner to be 
considered in Section 6. 

We shall now consider modifications of the dif¬ 
ference equation (3), necessary at points near the 
axis or near a boundary, and modifications 
leading to more rapid convergence. The essence 
of the iteration procedure is that at any point 
the difference equation, solved for as :n (4), 
may lie used as an “improvement formula.” A 
proof of convergence, by this process, to the 
exact solution of the difference equation, and a 
method of investigating the rate of convergence, 
are developed in reference 1. This theory assumes 
that the improvement formula expresses the 
value at a point as a true weighted average of the 
neighboring values, with all weights positive. We 
note that the coefficient of ^ 0 , in (4) and the 
following improvement formulas, equals the sum 
of the coefficients of the neighboring values ypu 
fa, •••. A little experimentation shows that if 
negative coefficients are permitted, the pro¬ 
cedure may not converge, so we reject any im¬ 
provement formula which involves negative 
coefficients and attempt to replace it by an 
alternative formula in which all the coefficients 
are positive. 

3 . IMPROVEMENT FORMULAS 

The following formulas are derived by passing 
a quadric through ^ 0 , fu * • • which is required 
to satisfy the differential equation at point 0. 
The mechanism for accomplishing this is dis¬ 
cussed in Appendix 1. Certain of the coefficients 
in these formulas, as well as in (4), become 
negative for high K and low I values. Formulas 
with negative coefficients may be used for inter¬ 
polation but not for improvement. Modifications 
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necessary to eliminate these negative coefficients 
will be considered later for each K value sepa¬ 
rately. In each diagram below , the coordinate axes 
are assumed to run as in Fig . i, with the sym¬ 
metry axis horizontal and below the diagram , and 
with coordinates z — Zq, p~Ih, for the point 0 . 

Unequal spacing: 


Change of net spacing: 



16/iAo-4/^i-h(5/+3A')^+(5/~3A')^+^ 4 -fM; (9) 


Sffi 

% 


'21 , 2r+K(s t -s,) 


- —J*.- 


SaCsi-f-Sj) 


Kiln 


( 5 ) (32/+8A)*o=(8/+8tf)* I +(10/+K)* 1 

fj(.vj+^) +(10I+K)\h+(2I—K)<fr t +(21—K)ih; (10) 


Point near boundary: 



(2/ 2/+A(l —t) 




, 21 , 


Diagonal formula: 



ai+Kin-st) , 2l+K(s,—s t )\ , 27+A* , 

\ —^— + —ns— r-Jd^+TT)*' 


, 2/+A*. , , 21 —Ku . , 27-As, . 
i*(s«+ii) ' *i(r»+$») ' *4(ri+*<) *’ 



+ 2/±a; + 2/-av ( . (6) 

^<(1+0* i+< * 


(32/- 8 K)t „= (87 - 8A')iAi+(10/ - A')*, 

+ (107—A)*,+ (27+A')* 4 + (27+A)*,. (11) 

Axis points (obtained from a quadric, even in 
p, which satisfies the differential equation every¬ 
where) : 


8/*„«(2/+A)* l +(2/+A)*, 

+ (2/-A)*,+ (2/-A)*<. (7) 

Diagonal formula, unequal spacing: 

P 

ax,. v** 


(2 A-f 4)^o “ -f (2 A-f 2)^s; 


n 

-Ani* 

( l+K+ ^y~7d^)*' + ^+^? , 

+ (1+A)*,. (13) 

Axis pointy diagonal (obtained from the linear 
solution )p—\l/o+Az\ not to be used except for 
interpolation): 
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4 . NINE-BLOCK FORMULAS 

As explained in reference 1, the convergerce 
of the iteration procedure is much more rapid 
if we improve, not one point at a time, but a 
block of points all at once. A block of nine points 
is the maximum that can be handled con¬ 
veniently. In the case of Laplace’s equation, the 
use of nine-blocks was found to cut the labor by 
a factor of 3.5., and the saving of time is of the 
same order of magnitude for these axially sym¬ 
metric problems. 

The idea is to find improved values for all the 
nine circled points of Fig. 2 in terms of the 



Fig. 2. The nine-block. 


values at the surrounding points, marked by 
squares. We start by writing the difference equa¬ 
tion (4) for each of the nine points in terms of its 
neighbors. Elimination of the ^ values at points 
b , B , c , d y D then leaves a formula for in terms 
of only the outside points e, E , /, F, g, G, m. This 
formula gives an improved value for in which 
the difference equation is satisfied simultaneously 
at all nine points of the block. The coefficients 
in this improvement formula are fifth-order 
polynomials in I and K (see Appendix 2), so we 
give in Tables 1 and 11 the numerical values 
needed for JC = 1 and iC=* 5. These tables give 
the coefficients by which each of the 12 boundary 
points are to be multiplied to get the improved 
center-point value. The coefficients given for 
points F, Gy w, g, and / are each to be used twice. 

After the center value has been determined 
in this way, the four corner values d f D t are 
determined from it and the outside values at e, 
£, m, n, N by using the diagonal formula (7); 
finally the side points 6, B % c are obtained from 
the ordinary improvement formula (4), In this 


Table 1. Coefficients for improvement of nine-block 
center point (A" * 1). 


Coefficients of boundary points in Fig. 2 
I E F G m g f € 


0 



- 

0.042553 

0.106383 

0.159574 

0.382979 

2 

0.048393 

0.024451 

0.048902 

0.131764 

0.081503 

0.095087 

0.188193 

3 

.079053 

.039081 

.052908 

.127476 

.074072 

.083331 

.166010 

4 

.091719 

.045955 

.055147 

.126312 

.070903 

.077993 

.155001 

5 

.098824 

.049476 

.056544 

.125818 

.069110 

.074809 

.149643 

6 

.103402 

.051747 

.057497 

.125560 

.067951 

.072805 

.145479 

7 

.106007 

.053338 

.058187 

.125408 

.067139 

.071335 

.142578 

8 

.108979 

.054517 

.058710 

.125311 

.066538 

.070235 

.140400 

0 

.110807 

.056425 

.059120 

.125244 

.006075 

.069379 

.138704 

10 

.112259 

.050147 

.059450 

.125198 

.065708 

.068695 

.137346 

11 

.113441 

.050735 

.059721 

.126163 

.065409 

.008134 

.130233 

12 

.114422 

.057223 

.059948 

.125137 

.065101 

.007607 

.135305 

13 

.115249 

.057035 

.060141 

.125116 

.064952 

.067272 

.134519 

14 

.115955 

.057987 

.000307 

.125100 

.004774 

.066933 

.133844 

15 

.110507 

.058291 

.060450 

.125087 

.004619 

.066639 

.133259 

in 

.117100 

.058557 

.000577 

.125077 

.064485 

.066381 

.132746 

17 

.117570 

.058792 

.060088 

.125068 

.064300 

.060154 

.132294 

18 

.117988 

.059000 

.000787 

.125060 

.064261 

.065952 

.131891 

19 

.118361 

.059185 

.060876 

.125054 

.004107 

.065771 

.131531 

20 

.118090 

.059352 

.060957 

.125049 

.004083 

.005008 

.131200 

21 

.118999 

.059504 

.001029 

.125044 

.004006 

.065461 

.130913 

22 

.119274 

.059641 

.001095 

.125040 

.003937 

.005327 

.130045 

23 

.119525 

.059700 

.061156 

.125037 

.003874 

.065205 

.130401 

24 

.119755 

.059881 

.061211 

.125034 

.003810 

.005092 

.130177 

25 

.119900 

.059980 

.001202 

.125031 

.003763 

.064989 

.129971 

2fl 

.120101 

.000083 

.001309 

.125029 

.003714 

.064894 

.129781 

27 

.120341 

.060173 

.061353 

.125027 

.003608 

.004805 

.129005 

28 

.120509 

.000257 

.061394 

.125025 

.003026 

.004723 

.129441 

29 

.120005 

.060335 

.001432 

.125023 

.003687 

.004647 

.129289 

30 

.120810 

.000407 

.001407 

.125022 

.003551 

.004576 

.129147 


Table II. Coefficients for improvement of nine-block 
center point (A = 5). 


Coefficients of boundary points in Fig. 2 
I E F G m g / e 


0 


— 

— 

0.043478 

0 

0.130435 

0.052174 

4 

0.007149 

0.003406 

0.020797 

0.107452 

0.090121 

0.135182 

0.278813 

5 

.022148 

.010862 

.028905 

.113597 

.086895 

.123101 

.251011 

6 

.035050 

.017296 

.034593 

.117015 

.084011 

.114015 

.231084 

7 

.045545 

.022552 

.038001 

.119104 

.081618 

.107123 

.216339 

8 

.054042 

.026822 

.041722 

.120471 

.079652 

.101777 

.205009 

9 

.000990 

.030320 

.044102 

.121414 

.078027 

.097534 

.190210 

10 

.000762 

.033223 

.046002 

.122090 

.076669 

.094094 

.189080 

11 

.071005 

.035663 

.047551 

.122592 

.075522 

.091250 

.183225 

12 

.075724 

.037738 

.048838 

.122975 

.074542 

.088877 

.178336 

13 

.079205 

.039522 

.049923 

.123273 

.073090 

.080856 

.174190 

14 

.082339 

.041071 

.050850 

.123510 

.072958 

.085118 

.170045 

16 

.085032 

.042427 

.051051 

.123702 

.072311 

.083009 

.167569 

16 

.087409 

.043624 

.052349 

.123859 

.071738 

.082287 

.104877 

17 

.089522 

.044688 

.052904 

.123989 

.071227 

.081120 

.102504 

18 

.091412 

.045040 

.053509 

.124098 

.070769 

.080081 

.160395 

19 

.093112 

.040490 

.053995 

.124190 

.070357 

.079152 

.158509 

20 

.094650 

.047270 

.054432 

.124269 

.069983 

.078315 

.156814 

21 

.090047 

.047973 

.054826 

.124337 

.069644 

.077558 

.155280 

22 

.097322 

.043614 

.055183 

.124396 

.069333 

.070809 

.153888 

23 

.098490 

.049201 

.055509 

.124447 

.069048 

.070241 

.152017 

24 

.099564 

.049741 

.055808 

.124492 

.068786 

.075065 

.151453 

25 

.100555 

.050240 

.056081 

.124532 

.068544 

.075135 

.150382 

26 

.101471 

.050700 

.056334 

.124567 

.008320 

.074646 

.149395 

27 

.102322 

.051128 

,050567 

.124599 

.068112 

.074193 

.148481 

28 

.103113 

.051526 

.056784 

.124627 

.007918 

.073773 

.147634 

29 

.103852 

.051897 

.056985 

.124652 

.067737 

.073381 

.146845 

30 

.104542 

.052244 

.057172 

.124675 

.067567 

.073010 

.146109 


way improved values for all nine points of the 
block are filled in without using any of the old 
values at these points. 
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5 . USE OF THE DIFFERENCE FUNCTION 

A great saving in labor is achieved by carrying 
out operations, not on the function yp itself, but 
on the “difference function,” which represents 
the change in yp with one traverse. We suppose 
that the net has been completely laid out, the 
improvement formula for each point and a 
definite order of traversing the points and blocks 
decided on, and the initial trial function chosen. 
Suppose that the net were traversed several 
times, to obtain successively the improved func¬ 
tions \p', yp", ■ • •. We call the change in function 
value at each point, 8 = yp'—yp, the difference 
function . Let 8' be the next change or difference: 

y. Then if, after one traverse, we 
compute 8 at each point by subtraction, we can 
compute what the next change 6' will be by 
applying our improvement formulas directly to 
8. For, application of the improvement process to 
yp gives yp', application to yp' gives yp", application 
to the difference 8=yp'~yp will give the difference 

Hence after one traverse, we can compute all 
successive changes which yp will undergo by 
operating on the difference function 8 in place of 
operating on yp itself. There are a number of 
factors which make it much simpler to work with 
the difference function than with yp. First, the 
difference function usually has fewer significant 
figures than has yp. Second, the boundary values 
of the difference function are all zero; this gives 
many zero terms in the improvement formulas. 
Finally, we know the value to which the dif¬ 
ference function will converge after a large 
number of improvements, viz., to the value zero 
at each point, because of the zero boundary 
values. This convergence to zero takes place in a 
regular manner which permits convenient extra¬ 
polation. 

If the successive difference functions are 
denoted by 8—yp' — \p, 8', 8", 8'", •••, the final 
solution of the problem for this net will be ob¬ 
tained by the addition 

*=^+$'+ 3 ''+$'"+.... (is) 

6. EXTRAPOLATION 

As discussed in reference 1, it is possible to 
find certain functions with zero boundary values 
which, when improved, will be reduced to a 


constant fraction of themselves without being 
changed in shape. Such a function is called a 
characteristic function of the improvement 
process. The different characteristic functions 
are denoted by ^ <2) , 0 (3) , • • •. On improve¬ 
ment these go over to 

* a) '«X etc. 

The X values (characteristic values) will all be 
less than unity, and one of them, say Xi, will be 
the largest. It is now possible to make a sort of 
Fourier expansion of the actual difference func¬ 
tion 8 in terms of the characteristic functions, 2 
i.e., 

8 = d\<p^ H-. 

On' improvement this becomes successively 

8 ' = aiXi<£ (l) +a 2 X 2 </> (2) 

5"=aiX 1 V 1 )+a 2 X 2 2 (/> (2) +**-, 

8 ,n »aiXiV l) +u 2 X***<*>+ • • •, etc. 

Thus after k improvements, the coefficients of 
the various characteristic functions in 8 are 
decreased by factors X*. After a time only the 
function with the highest characteristic value 
will remain, and 8 [k] will become a fairly smooth, 
pillow-shaped, one-signed function decreasing 
uniformly by a factor^ at each iteration. At 
this stage one has 

«[*+2i = X etc. 



O 02 0.4 06 v 05 AO 12 A4 

t/r-~ 


Fig. 3. Extrapolation. Plot of ratios in Eq. (18) for first 
extrapolation on net shown in Fig. 7. The straight line 
has the equation r[-» 1.475 —0.513(1 /r) so Xi«0.914, 
X*«0.561, and the right member of Eq. (19) becomes 
-13IIM+26SW. 

* This statement is not mathematically rigorous, but is 
adequate for the practical application of the extrapolation 
scheme. For discussion of this point, see the first paper of 
reference 1. 
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so that 

$l*] + $[*-Hl + $[*+2]_j- 

*=c0 (1) (l+Xi+\i 2 H-) = $ [ *V (1 — Xi), 

which furnishes the evaluation of the infinite 
sum occuring in (15). 

This was the method of extrapolation con¬ 
templated in reference 1. But is it not necessary 
to wait for all characteristic functions except 4> (l) 
to become small before extrapolating. For a fine 
net (X values close to unity), it will cut thejabor 
by a large factor if we can extrapolate when two 
of the functions, <£ (1) and remain of im¬ 
portance. Let us suppose that we have improved 
the difference function k times and that we may 
write 

5^"*^ = Xi Ci<t>^ +X2£20 <2 \ (1*6) 

= x t Vi0 (1) -fX 2 2 r 2 </> (2) , etc. 

Let us define two successive ratios by 

* 

r - ; r' « BW/d* -u. (17) 


and Cj^ (5) at any point are fixed by any two 
successive $’s of (16). Algebraic manipulation 
shows that if (16) are obeyed, then 

$[k-l) + 51*4-1] 5[Jfc+2] _|- 

I-X 1 -X 2 

= 5l*-i]-L + -. (19) 

(1 — Xi) (1 — X 2 ) (1 — Xi) (1 —X 2 ) 


Hence the extrapolation proceeds as follows: 
Suppose that we have computed 


«, •••, 5 ^ 23 , 5 ^ 1 , aw f 


( 20 ) 


and believe that the differences are proceeding 
regularly enough to try an extrapolation under 
the assumption of (16). Compute r and r' for 
all points of the net which give enough sig¬ 
nificant figures to be useful in X-value deter¬ 
minations. Make a plot like Fig. 3; from it 
determine Xi and X 2 . Compute the coefficients 
(1 — x t —X 2 )/(t —Xi)(l —X 2 ) and 1/(1—Xi)(l — X*) 
in (19). Then compute the extrapolated function 
value ¥ at each point by adding (see (15)) 


If Ci0 (1) arid Ca<#> (2) are eliminated from these two 
ratios, we find that if (16) are satisfied, then 

r'-(Xi+XO-XiXi(l/r). (18) 


I-X 1 -X 2 1 

+-«*-«+-*!«. (21) 

(1 —X,)(l —X 2 ) . (1—X,)(l—X 2 ) 


Hence we can test whether a net has reached the 
stage where the differences obey fairly well the 
relations (16) by computing r and r' at various 
points and plotting r' against (1/r). If (16) are 
exactly obeyed, these points will fall on a 
straight line of slope ( —XiX 2 ) and intercept 
(Xi+Xj). This plot will not only tell whether 
(16) are approximately valid, but will determine 
the values of Xi and X 2 to use in the extra¬ 
polation. Such a plot is given in Fig. 3 by way of 
illustration. 

With characteristic values determined as 
above for the net as a whole, the values of Ci0 (l) 



Fig. 4. A nine-block split by the axis. 


Note that while the three last differences of (20) 
are assumed to obey (16) for the purpose of 
computing Xi and X 2 , only the last two differences 
5 {k ~ l] and 5 [k] need obey (16) for the extra¬ 
polation (21) to be valid. 

7 . K~ l, LAPLACE’S EQUATION 

In this case we run into no difficulty with 
negative coefficients under any circumstance. 
Table I gives the coefficients by which the values 
at the outside points of Fig. 2 are to be multiplied 
to obtain the improved value ^0 at the center 
point of the block. If these coefficients are used 
as multipliers on the computing machine, a 
check of the computation is furnished by the 
fact that their sum, after all 12 values have been 
used, is unity. In addition to these values, it is 
convenient to have those for a block split by the 
axis as in Fig. 4. For this block the center point 
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is given by 

376*o - 16* m +40* a +60* / +144*.+60* / 

+40*„+16* m , (22) 

where the boundary points are taken in order 
around the block. These coefficients, divided by 
376, are listed for 7 = 0 in Table I. 

. As an example of the application of this 
numerical method we print Fig. 5, which shows 
the equipotential surfaces for an electron lens 
in whose properties we were interested. The 
axis in this figure is vertical. The potential of 
the upper electrode AA is taken as 1000 volts, 
that of the lower electrode BB as zero. The net 
points and boundary points used in the com¬ 
putation are indicated 'by circles and crosses, 
respectively* The equipotential surfaces are 
accurate for the difference equation on these net 
points; the departure from the solution of the 
differential equation is probably about one 
percent over most of the net. We were par¬ 


ticularly interested in the degree of penetration 
of the field into the almost enclosed spaces in the 
two electrodes. 

8 . THE TORSION OF AN AXIALLY 
SYMMETRIC SHAFT 

The stresses in a circular shaft of variable 
diameter subjected to torsion may be expressed 3 
in terms of a function *(p, z) which satisfies the 
differential equation 

d 2 * d 2 4> 3 d* 

—+-=0. (23) 

dp 2 dz 2 p dp 

In terms of this function, the stresses have the 
values: 

Normal stresses: <r p — <r» «■ <j>=0. 


* S. Timoshenko, Theory of Elasticity (McGraw-Hill 
Book Company, Inc., New York, 1934), p. 276 et seq.; 
our definition of 4> differs by a factor 2ir from that of Timo¬ 
shenko. Physically, $(p, z) is the torque transmitted across 
a surface bounded by the circle p»p, s-s. 
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Shears: r p# = 0, 

1 d<f> 

t*p — ~ 7 * (24) 

2r p 2 cte 
1 d<f> 

1 <p*~ 

2rp 2 dp 

Boundary conditions require that <£ = 0 along 
the axis or on the inner boundary if the shaft is 
partially or entirely hollow; * = Af, the torque, 
on the outer boundary. In a diametral (p, z) 
plane, lines of constant * are in the direction of 
the maximum shear. 

For a straight circular shaft of radius a, the 
function * is Mp A /a*. The only component of 
stress is r* I = 2jl/p/ira 4 . 

Since r* f must vanish at p = 0, we see from 
(24) that for any shaft * must vary like p 4 near 
the axis. A function varying this rapidly is incon¬ 
venient to handle by numerical methods; it is* 
simpler to work with the function 

* = */p 4 (25) 

which will start like ,4+J3p 2 H- (whdfe A 

and B are functions of z) near the axis. 

The function will satisfy the differential 
equation 

a 2 * a 2 * 5 a* 

-+-+-= 0. (26) 

dp 2 6z 2 p dp 

Boundary values for ¥ are determined from 
those of <t> according to (25); along the axis ^ 
does not vanish but a^/ap = 0, and in fact, if 'P 
be expanded in a power series, only even powers 
of p may occur. 

For a straight circular shaft, 

'F = const. = M/a*. 

For a grooved or filleted shaft with long straight 
cylindrical end sections, ¥ is constant except in 
the vicinity of the groove or fillet where the 
stresses depart from the circular-shaft values. 
For tills reason, we call ¥ the stress-concentration 
function . 

To complete this discussion of elastic theory, 
we note that if 0(p, z) represents the angle of 
twist in radians, at any point, this function is 


related to the stress function *(p, 2 ) as follows: 1 
d& 1 d</> 

dp 2vGp 9 dz 

d0 1 d<t> 
dz 2vGp z dp 

where G is the modulus of elasticity in shear. 
Hence, for a straight circular shaft of radius a, 
0 is 2Mz/ira 4 G. From the above relations, it 
follows that in the p, z plane, lines.of constant 0 
are orthogonal to lines of constant <t>. 

9 . K~ 5 , THE STRESS-CONCENTRATION 
FUNCTION 

We consider next the application of the 
numerical methods of Sections 2-6 to the solution 
of P:q. (26). 

Coefficients in the simple improvement for¬ 
mulas (4) and (7) become negative at I— 1 and 
7 = 2; special formulas for these points are there¬ 
fore needed. 

For 7=2, formula (4) gives (cf. Fig. 1) 

16* 0 = 4*i+4*2+9* 3 —* 4 . (27) 

This formula is not adapted to the iteration 
process because of the negative coefficient. It 
was derived by passing a quadric function 
through points (0), (1), (2), (3), and (4) which 
satisfied the differential equation at (0). An 
alternative formula (see Appendix 1) is obtained 
by passing a fourth-order polynomial solution 
of the differential equation through the five 
points. For such a solution, 

4*o -10*1+10*2+9*3 - 25*4. (28) 

Use of such fourth-order functions is not ad¬ 
visable in numerical work except on extremely 
fine nets. But the following linear combination 
of (27) and (28) eliminates the negative coef¬ 
ficient of * 4 , and involves much more of (27) 
than (28): 

22*0 = 5*1+5*2+12*8 (JC-5,7=2). (29) 

It is proposed to use this as the ordinary im¬ 
provement formula at 7*2. Similar considera¬ 
tions will not give a diagonal formula for 7=2 
which is free from negative coefficients. Hence, 
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Fig. 6. Change of net spacing near axis, 


no diagonal improvement formula is available 
for K = 5, 7 = 2. 

For 7 = 1, K = 5, the simplest and most satis¬ 
factory improvement formula is 

4*o=*8+3*4 (A = 5, 7=1) (30) 

(cf. Fig. 1, where point (4) is now on the axis). The 
formula can be obtained by the method used for 
(29), but more simply, is an approximation to 
any function that is even in p. Again, no satis¬ 
factory diagonal improvement formula is avail¬ 
able for 7= 1. 

Change of net spacing near axis: For points b 
and c of Fig. 6, the previous formulas (9) and 
(5) will involve negative coefficients. For b , 
formula (30) 

+ (31) 

is available. For c , if a cubic solution is passed 
through ft, c, /, g, m , it is found that 

8* c = 5*6+3*/, (32) 

which is simple and satisfactory. For a, (13) gives 

39* a = 36^+2* d +^. (33) 

It is seen that points a, 6, c may be improved 
simultaneously as a block, thus speeding up the 
convergence. New values for a, 6, e, are obtained 
from those at d, e, / by using successively the 
following three formulas, which are derived from 
(31)—(33): 

7*« = 2* d +* e +4* / , 

9*6-8^+*/, (34) 

8^ c = 5^b+3^/. 

Nine-blocks: The regular nine-block procedure 
sketched in Section 4 can be used only where the 
center point has 7^4. Table II gives the coef¬ 
ficients used for improvement of the center point. 
The formulas for the axis nine-block (Fig. 4) 


may be obtained by use of (30) for points b and d. 
The center point is given by 

23^o= lS^+3^/+3^/+^ m +^ m . 

The other points are then obtained successively 
from 

5^ c = 3^/+^o+^ m , 

4^6 = + 3^o, 4 fa = \(/f + 3^c- 

Blocks centered at 7 = 2 or 3 are not available 
because diagonal formulas are needed for the 
corner points. Hence it is desirable to arrange 
blocks along the axis and around 7 = 4, 7, etc. 
(cf. Fig. 7). This leaves the row at 7=2 to be 
computed from (29). Since the points at 7=1 
do not enter (29), the values at 7 = 0 and 1 are 
frequently absent from the iteration formulas 
and may be left for computation after all other 
values have converged. 

10 , STRESS CONCENTRATION IN A 
GROOVED SHAFT 

In order to illustrate these numerical methods 
and to show how the various quantities of 
physical interest may be obtained from the 
stress-concentration function a complete 
solution of the torsion problem for the particular 
grooved shaft shown in Fig. 7 was carried 
through. 

While we are interested in a shaft of this 
geometrical shape with arbitrary radius R f 
torque Af, and shear modulus G, it is simplest 
to carry through the numerical computation for 
the case of unit radius, unit torque, and unit 
shear modulus, and then to multiply the results 
by factors which are determined by the physical 
dimensions of the quantities concerned, i.e., 
shear values by M/R 5 and angles of twist by 
M/R*G. 

Stress-Concentration Function . For the shaft of 
unit radius and unit torque, <£ = 1 on the bound¬ 
ary and hence the stress-concentration function 

equals 1/p 4 on the boundary and approaches 1 
on the straight part of the shaft. It is simpler to 
compute the function (SF — 1), which satisfies the 
same differential equation as 'F and approaches 
0 on the straight parts of the shaft. Figure 8 
shows contours of this function. The points used 
in the finest net and the division into blocks are 
shown in Fig. 7. The values of Fig. 8 are believed 
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Fig. 7. Grooved shaft showing arrangement of net points 
and nine-blocks used in numeribal stress computation. 


to be sufficiently accurate to permit computation 
of stresses to better than 1 percent accuracy. 

The stress function <t> for the shaft of unit 
radius and unit torque is plotted in Fig. 9. 
Contours are given for <£*, which is p'F*. 

The twist angle © is shown in Fig. 10. The 
values plotted are those of 2 tt© for a shaft of 
unit radius, unit torque, and unit shear modulus. 
These values were computed from the formula 

2ir©(p, 2 ) = 2ir©(p, Zo)4*^|* ^4+ (35a) 



Fig. 8. The stress-concentration function ('I' —1) for the 
shaft of unit radius and unit torque. 


The value of © was set equal to zero at z 0 = — 1J 
(measuring from the plane of symmetry at the 
groove) where the function —1 essentially 
vanishes and the twist is like that of a straight 
circular shaft, d^/dp was evaluated by the simple 
parabolic formula 

d^(pj z)/dp = ['Hp+Zi, 2) — ty(p — h } z)~]/2h 



Z--5/4 Z-*l 2** S/4 Z-l/t Z--I/4 Z-0 


Fig. 9. The stress function 0 for the shaft of unit radius and unit torque. 
Lines of constant $ show the directions of the shear vector in the diametral 
plane. 
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2- -»/4 Z-l Z-V4 Z-'/t Z-V4 Z-O 

Fig. 10. The twist angle 0 in radians for the shaft of unit radius, unit torque, 
and unit shear modulus. For the shaft shown in Fig. 7, these values of 0 are to he 
multiplied by M/R*G. Lines of constant 0 are orthogonal to those of constant <f> shown 
in Fig. 9, but there is no simple relation between the spacing of the lines on the two 
plots. 



Fig. 11. Magnitude, *>,*)*, of the shear vector in the axial plane 

for thj shaft oT unit radius with unit torque. The curves of Fig. 9 show the 
direction of this vector. For the shaft shown in Fig. 7, these values of r are 
to be multiplied by M/R l , 
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and then the integration was carried out by 
simple parabolic rules. A check was furnished by 
the constancy of angle of twist at the plane of 
symmetry at the groove. Intermediate points 
were filled in and further checks obtained from 
the fonnula 

r p 

2*0(p, z) = 2*©(0, z) — I p — dp . (35b) 

•'o dz 

It is pointed out that much greater numerical 
accuracy is obtained in both the angle of twist 
and in the stresses discussed below by computing 
them from rather than from 0. 

Figure 10 gives contours 1 of constant twist 
angle. For a straight shaft without a groove, the 
contours shown would be uniformly spaced at 
intervals of $ in z, and the twist at z = 0 would 
be 5/2* radians instead of 6.72/2* radians for the 
grooved shaft. The extra twist occasioned by the 
presence of the groove is thus 1.72/2* in half the ' 
shaft length, or 3.44/2* = 0.547 radian in the 
whole shaft. For a shaft of radius R , torque M, 
and shear modulus (7, the extra twist introduced 
by this shape of groove is thus 

Extra twist = 0.547 M/R Z G radians, 

which is equivalent to the twist in a length 
0.862? of a straight circular shaft of radius R, 
Note that the rate of twist in the section of full 
diameter decreases as the notch is approached 
and that this deficiency in twist is made up in 
the notch in addition to the extra twist given 
above. One cannot, therefore, determine the 
extra twist by attaching a torsiometer to the 
edges of the notch; the value measured will be 
too great. 4 In our shaft this deficiency amounts 
to 0.67/2* radian on the full-diameter part of 
the shaft near each side of the notch. 


4 This point seems not to have been taken into consider¬ 
ation by J. G. McGivem, Eng. Expt. Station of the State 
College of Washington, Eng. Bull. No. 58 and 62 (1939), 
who has made detailed experimental measurements of the 
torsion of grooved and filleted shafts. We gather from 
these papers that he placed his twist measuring gauges 
directlf at the edges of the fillets and grooves and thus 
obtained values of extra twist which were too high. How¬ 
ever, the extra twist determined from McGiverirs Fig. 5, 
Bulletin 62, for our particular groove seems to be about 
twice our computed value, which is a considerably greater 
discrepancy than can be accounted for by the above 
comment, but is not inconsistent with the scatter of 
McGivem’s experimental data. 


Finally, values of the maximum shear , 

T = (r w *+7>, 2 )» 

are given in Fig. 11. Contours are given for 
constant values of 2*r' for the shaft of unit 
radius and unit torque. Such values of r are to 
be multiplied by M/R? in the general case. This 
plot gives the magnitude of the shear vector in 
the axial plane, while the curves of Fig. 9 show 
the direction of this vector. 

Values of 2*r were obtained by first computing 
the components from the formulas* 

2rT 9t - - pW/ dz, . . 

2irr*, = p(44'+pd'I'/dp). 

It will be noticed that these formulas involve the 
same functions of V as in the formulas (35) for 
twist angle. 

The high stress-concentration at the root of 
the groove is at once apparent from Fig. 11. The 
maximum stress is 

2*r ra ax= = 14.82 Af/2? 3 . 

This is 3.70 times the maximum stress 
(2*r mftX = 4M/2? 3 ) 

for a straight circular shaft of radius R } and is 
1.56 times the maximum stress in a straight 
circular shaft of radius J R. This last factor, 
which compares the maximum stress in the 
grooved shaft to that in a straight shaft of 
diameter equal to the root diameter is usually 
called the stress-concentration factor k , so for this 
shaft k = 1.56.,This value is believed to be ac¬ 
curate to within 1 percent. 

Our value, 1.56, for the stress-concentration 
factor may be compared with the experimental 
value 1.45 read from McGivern’s curves of Fig. 
4; Bulletin No. 62. 4 The agreement is within the 
experimental accuracy of McGivern’s “Plastic- 
Flow Method.” It. may also be compared with 
Neuber’s theory 6 for a “deep external notch.” 
Neuber gives the formula 

k=Ki+(s+iyy/ti+2(s+i)>l 

where 5 is the ratio of shaft radius at the root 
of the groove to the radius of curvature of the 

4 H. Neuber, Kerbspannungslehre (Verlagsbuchhandlung, 
Julius Springer, Berlin, 1937)translated as Theory of 
Notch Stresses , David Taylor Model Basin Trans. 74, 
Washington (1945). 
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groove at the root. In our case 5 = }jf?/$i? = 6. 
This formula is exact for a hyperbolic notch in an 
otherwise infinite shaft, and is an approximation 
to any shape of notch deep enough so that the 
resulting stress-concentration extends signifi¬ 
cantly throughout the diameter of the shaft at 
the notch. The value 5 = 6 in Neuber’s formula 
gives £ = 1.58, in excellent agreement with our 
value of 1.56. 

We take pleasure in thanking Mr. B. M. 
Shepard of the Naval Ordnance Laboratory for 
assistance in the preparation of the figures for 
the grooved-shaft problem. 

APPENDIX 1 . IMPROVEMENT FORMULAS 

Consider Fig. 1 and the various cuts in Section 3 showing 
a point ( 0 ) surrounded by four or live neighboring points. 
The improvement formulas (4)-(tl) can be considered as 
derived in the following way: Let the coordinates of ( 0 ) 
be s=0, p=po. Write the most general quadric function 
passing through ^o in the form 

^ =^ 0 “f’aiS+of 2 (p — po)-f- 0 i 3 a -f 02 s(p — po)-b 08 (p —Po) 2 . 

Now choose the coefficients so that this quadric passes 
through the neighboring four or five function values ^i to 
^4 or fa\ e.g., for the regular point of Fig. 1, the quadric 
function passing through fa, fa, ^ 2 , is 

^ = ^o-T (fa — fa)z/2h +(^ 8 ~ ^4 )(p— po)/2h 
+ (^i+^2—2^o)s 2 /2 h 2 
+ W'aT*^ —2^ 0 )(p — po)V 2 A 2 -h 02 z(p—po) 

with 02 arbitrary. Finally, substitute this function in the dif¬ 
ferential equation (1) and then set 3=0, p=po to obtain a 
relation between ^o, ^i, ^ 2 , ^ 3 , ^4 which is just the improve¬ 
ment formula (4). This procedure for deriving improve¬ 
ment formulas for various arrangements of points can be 
formally simplified but is stated in this way to show exactly 
what is done. A general quadric is passed through the func¬ 
tion values and then required to satisfy the differential 
equation at just the point to be improved. 

An alternative procedure for deriving improvement 
formulas is to start with a quantic that satisfies the differ¬ 
ential equation ( 1 ) everywhere and then make it pass through 
the points of interest in the neighborhood of \po. If we are 
to do this for the points of Fig. 1 , a fourth-order polynomial 
(quartic surface) must be used. The most general quartic 
solution of the differential equation ( 1 ) is 

P +Bz -(1 *+-iOC 3 *+Cp»- J(1 + K)Dz*+Dzp* 

+\(l+K)(3+K)Ez<-(6+2K)Ez'p'+Ep\ 


for arbitrary A, B, C, D, E. Note that this function is 
automatically even in p. If now we attempt to put this 
surface through the four values fa, fa, fa, ^ 4 of Fig. 1 in 
order to determine fa, it is found that we must have 
E 3^0—we cannot put a cubic solution through these values 
but must use a full quartic. The quartic solution through 
fat fa, ti, ^4 of Fig. 1 determines a unique value of ^0 and 
gives the improvement formula 

[%/* - 4/C 2 /- 40/C/-48/>„ = [247* - 6I](fa+fa) 

+ [24/ 3 -|-12/C/ 2 —2/C 2 / - 20/C/-18/+A 2 +7/C+ 

+ [24/»- 12/C/ 2 -2/C 2 /-20/C/-187-A 2 -7/C-6> 4 . 

This is a rather complex formula which is probably not 
so well suited for most numerical work as the simple 
formula based on a quadric function. Unless the net is 
fine enough and the function smooth enough so that 
fourth differences are regular, the use of a quartic function 
for approximation is apt to introduce rather than to 
smooth out irregularities. In such numerical work as we 
are describing it is best to retain simple quadric approxi¬ 
mating functions unless one has occasion to reach the 
point of extreme refinement of net and accuracy. 

It is noted-that Eq. (28) is an example of the above 
quartic formula. 

APPENDIX 2. COEFFICIENTS FOR IMPROVEMENT 
OF NINE-BLOCK CENTER POINT 

As a matter of record, we give below the complete ex¬ 
pressions, for arbitrary 7 and K, for the nine-block coef¬ 
ficients of which Tables 1 and II are special cases. If the 
improvement formula for the center point of Fig. 2 is 
written in the form 

Co^o = CW'e-b CjepB + CfEfa+CFElf'F 

+ C a Xfa+ CoXfa+CnZfa, 

where 2 indicates summation of the values at the two 
points having the same label, the general expressions for 
the C’s are 

C 0 = 2/((512/«+647*(tf*-2A'-16) 

4*(7C 3 -47C 3 -60K»-fl287C-b512)), 
C. = 128/ 5 -f 128/ 4 /C+ 4/ 3 (9/C*- 18/C-64) 

+4/ 2 /C(/C 2 -10/C - 48)+/(/C 4 - 4/C 3 - 32 A* 

+ 72/C-M28)+/C(-/C 3 +36/C+64), 
r C/ = 16|47 3 +4/ 4 /C-b/ 3 (/C*-2/C-8)H-/*(-/C*-6/C) 

+/(-JP+2tf+4)+(X*+2*)| t 
C 9 = 32 (2/ fi +/ 4 /C-4/ 3 -2/ 2 /C+2/+/Cj, 
C m =4I[32I*+P(-K*+2K-6*)+(K'-2K+32)}, 

with Cb obtained from C„ O from Cj , and Cq from C 9 by 
replacing I by — / and then changing the sign of the whole 
expression, i.e., Cu(I, 7C) = — C 4 ( — /, K ), etc. 
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I. INTRODUCTION 

N their investigation of the torsional oscilla¬ 
tions produced in a semi-infinite, homo¬ 
geneous, isotropic medium by a periodic shear 
stress applied in an axially symmetrical manner 
to a circular area of the surface of the medium, 
Reissner and Sagoci 1 begin by considering a 
boundary value problem in the theory of elastic 
equilibrium. The distribution of stress in the 
interior of a semi-infinite elastic medium is 
determined when a load is applied to the surface 
by means of a rigid disk; the torsional displace¬ 
ment is prescribed immediately under the disk, 
and it is assumed that that part of the boundary 
which lies beyond the edge of the disk is free from 
stress. The solution of this mixed boundary 
value problem is obtained by the introduction of 
a certain system of oblate spheroidal coordinates. 

In the introduction to their paper Reissner and 
Sagoci point out that the use of Fourier-Bessel 
methods only reduces the problem to a problem 
in integral equations which is then reduced to 
the solution of an infinite number of linear alge¬ 
braic equations in an infinite number of un¬ 
knowns. The object of this note is in part to 
recall that the problem may be reduced to the 
solution of a pair of dual integral equations. 2 
in the static case these dual integral equations 
reduce to a type which arises in a number of 
mixed boundary value problems in the mathe¬ 
matical theory of elasticity, 8 and their solution is 
known. In the present note the dual integral 
equations are set up by the use of the Hankcl 
transform theorem. It is then shown that the 
solution for the static case can be derived in this 
way; though the dynamic problem is not solved 
a possible approach to it is sketched in Section 3. 

C* 

1 E. Reissner and H. F. Sagoci, J. App. Phys. 15, 652 
(1944); H. F. Sagoci, J. App. Phys. 15 , 655 (1944). 

* Such a reduction was first given by E. Reissner in a 
paper which appeared in Ing. Archiv 8, 229-45 (1937). 

* See, for example: J. W. Harding and I. N. Sneddon, 
Proc. Camb. Phfi. Soc. 41 , 12 (1945); I. N. Sneddon, 
Proc. Roy. Soc. A, to be published; I. N. Sneddon and 
H. A. Elliott, Quart. App. Math., to be published* 


2. FORMULATION OF THE PROBLEM 

VVe wish to determine the components of 
stress and of the displacement vector in the in¬ 
terior of the semi-infinite, homogeneous, iso¬ 
tropic, elastic solid 0 when a circular area 
(r ^ ro) of the surface is forced to rotate through 
an angle 3> about an axis which is normal to the 
undeformed surface of the medium. It is assumed 
that the region of the surface lying out with the 
circle r ^ r 0 is free from stress. It has been shown 
by Reissner 2 that, in this case, only the circum¬ 
ferential component v of the displacement vector 
is different from zero, and that all the com¬ 
ponents of stress vanish identically except r g e 
and Tre which are given by the relations 

dv /dv v\ 

T t & = M—, r r * = /i(-), (1) 

dz \dr r/ 

where, in the absence of internal damping, v 
satisfies the partial differential equation 

dh) 1 dv v d 2 v 1 d 2 v 

- 1 - 1 -=-, ( 2 ) 

dr 2 r dr r 2 dz 2 c 2 dt 2 

where c= (/x/p)*. The boundary conditions of the 
problem are 

2 = 0, v=f{r,t), r^r 0 , (3) 

2 = 0, r,» = 0, r£r«. (4) 

In the case considered by Reissner and Sagoci 

(5) 

3 . REDUCTION OF THE PARTIAL DIFFERENTIAL 
EQUATION BY MEANS OF THE 
HANKEL TRANSFORM 

To solve the partial differential Eq. (2) we 
introduce the Hankel transform 

fl= f rvJi(l-r)dr, 

of the circumferential component v of the dis¬ 
placement vector. Hence if we multiply both 
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sides of Eq. ( 2 ) by r/i(£r) and integrate with 
respect to r from 0 to we have the differential 
equation 


( 


l d 2 
c 2 dt 2 


6 \ 

—-+{ 2 )s=o 

dz 2 / 


( 6 ) 


for the determination of the function f>(s, t, (). 
Once this solution is known we obtain the ex¬ 
pression for the displacement v by means of the 
Hankel inversion theorem 4 

f &(*, t, (7) 

•'# 


Since v, and hence intends to zero as z —*°o we 
must take J3($) to be identically zero in Eq. 
( 11 ). Substituting this value for tTinto'the Eqs. 
(10) and (9) we obtain the dual integral equations 



M(*)/i(*r)d$=/(r), 


rSr o 


( 12 ) 


r 


W0/i(fr)<tt-o 


r>r 0 (13) 


which are Reissner’s Eqs. (129) and (130) with 
= Writing r = pr 0 , £ = i?/fo, tM(i?) -E(ij)a 3 , 
/(r) =ag(p), we see that these equations reduce to 


from which we have for the stress component r x e 
r* dv(z t i , £) 

r., = p {-/i({r)d£. ( 8 ) 

•'o dz 

The arbitrary functions introduced in the solu¬ 
tion of the partial differential Eq. (7) are deter¬ 
mined by the boundary conditions. The solution 
must be such that the displacement and both 
components of stress tend to zero as z —>« ; when 
z = 0 the conditions (3) and (4) must be satisfied. 
Substituting these relations into the expressions 
(7) and ( 8 ) for v and v we obtain the dual integral 
equations 



MO, t, Z)Ji(tr)dZ=f(r, t ), 


rS.ro, 


(9) 



as(Q, t, t) 

dz 


J i(£ r )d( — 0, 


r>r 0 


( 10 ) 


for the determination of the remaining arbitrary 
part of the function v(z , t , £). These equations are 
equivalent to Eqs. (129) and (130) of Reissncr’s 
paper . 2 


4 . SOLUTION FOR THE STATIC CASE 

In the static case the function $(/) of Eq. (5) 
is a constant, or, in the general case, the function 
/(r, t) of Eq. (3) is a function of r alone—say /(r). 
We may therefore take d/dt to be identically 
zero in Eq. (7) so that it reduces to an ordinary 
differential equation with solution 

_ ( 11 ) 

4 E. C. Titchmarsh, An Introduction to the Theory of 
Fourier Integral (Oxford, 1937), p. 240. 



tj 1 E(t?)/i(*?p)dij=g(p), 


P< 1 . 


f 


Hv)Ji(yp)dfi=o } 


p>i. 


Dual integral equations of this type have been 
considered by Titchmarsh 4 and Busbridgc.* By 
making use of the theory of Mcllin transforms 
and known theorems in the calculus of residues 
Titchmarsh obtained the solution of a generaliza¬ 
tion of this pair of dual integral equations in the 
form of a contour integral. The reduction to real 
form was effected by Busbridgc and covers the 
case arising here; the solution turns out to be 


F(v) = (^ *?| y 2 (l-y 2 )~*g(y)dy 




z(yu)(iy) l J*i2(vy)dy 


In the case considered by Reissner and Sagoci 

g(p)=$p, 

so that 

4$ /sin rj \ 

y -cos rtj 

giving finally 

44>a r*/sin rj cos 17 \ 

- I (- )er^J x (prj)dri t 

r. V »l 2 V / 


* I. W. Busbridge, Proc. London Math. Soc. [2], 44 , 
115 (1938). 
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where f=3/r<>. Now it is easily shown that 6 
p" sin 17 

It * I - er^Ji(prj)dri 

Jo V 2 

X 7?sin (0+0) —X 2 sin 20 


2 p 

+ §p tan- 


72 sin 0 +X sin 0 

i_ 

1 

7? cos 0 +X cos 0 


7 ,=J 

•'n 
7s 


* COS »7 1 

—cos 0 — f), 
*7 P 

1 


/•* sin 17 

•J n W 

Z 4 “= r cos r\e~t'J\(pvi)dr \=~11-cos (0-0)1, 

J 0 01 R J 

where the quantities X, 72, 0, and 0 are defined 
by the relations 

X 2 = 1+f 2 , r tan 0-1, 

72 4 « (pH f 2 - l) 2 +4f 2 , 2 f cot 20 = p 2 Hr 2 -l- 
Hence we have the formulae 

2$ar 


'ert*Ji(pij)diiz=-(l—R sin 0 ), 


2$ar 

i/ =-i 

7 rp L 


X72 sin (0+0) —X 2 sin 20 
72 sin 0 +X sin 0 


rp 

+ p 2 tan *" 1 


7? cos 0 +X cos 0 


— 2R cos 0+2f 


]• 


•See, for instance, I. N. Sneddon, Proc. Camb. Phil. 
Soc. 42. 27 (1946). 


4<f>/i72r X 1 

t$$ =- sin 0 - cos ( 0 — 0 ) I, 

Tp L 72 J 

for the determination of » to t,* at any point in 
the interior of the elastic medium; a similar 
expression may be derived for the other- shear 
stress Trtf. When s = 0 and p> 1, 

/i=^[ ( P 2 - i), +p j |^- tan -‘ (p s -i)*| |. 

7 s = (p 2 -1)»/p, 


and when 3 = 0, p<l, 

7,=-[l-(l-p*)»], 7. = -[1 - (1 - 
P P 


giving for i> and ra when z= 0 , 


r 2 
= 1 — 


tan - 1 (p 2 -l)‘ 


2 

—(1-1/p* 



44>u 

r,«=-(l/p 2 -!)-*, p<l 


P> 1. 


in agreement with the expressions found by 
Reissncr and Sagoci . 7 


7 Reference 6, Eqs. (23)-and (24). 


Erratum: Theory of Filler Reinforcement 

App. Phys. 1(5, 55 (1945)] 

Jane M. Dewey 

United States Rubber Company , Passaic , New Jersey 


'■JpHE last line of Eq. (3) should read 


l rap T _,'-i 

--j,4 

7-lL 89 


tm 


sin 0 




In Eq. (5) 

Af= — —2C)Pj(cos 0)+A(^-5)P, 2 (cos 


In Eq. ( 6 ) 

6_, - (3Xi+2Xj—3X/ — 2X«') (4X,+3X t '+2X,')- 1 #, 
c_,=-S(3X,+SX,)7)i? s , 
c~ «=9(X, +\t)DR i , 

c,-(.4+B+C)(X l +2X,)(4X,+3X l , +2X 2 ')“ I . 
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N INETEEN forty-six was the first year of 
peace. Throughout the world, and espe¬ 
cially in the United States, the generally difficult 
problems of reconversion began in earnest. Re¬ 
conversion meant much for physics and physi¬ 
cists. The strange symbols of wartime work— 
the SCR-584 radars, the HVAR rockets, the 
VT fuzes, the compounds of tuballoy—began to 
lose their compelling interest and their jealously- 
guarded secrecy. The great ‘‘amateur’* wartime 
laboratories, where academic physicists and their 
industrial and engineering colleagues had worked 
so hard and so successfully on war program, be¬ 
gan to dwindle. The publication of volumes of 
reports began. And physicists went back, a little* 
rustily, to the problems of the days before the 
war. Most of those problems were still there, for 
not much fundamental progress had been made 
during the war years. But gone was the reluc¬ 
tance to do big things, gone the sometimes 
valuable, sometimes hampering isolation of the 
research worker. Physics, especially nuclear 
physics and its related frontier fields, had grown 
up. It was pretty well organized, in the wake of 
the OSRD and the Manhattan Project. 

The work of the year very much reflected the 
problems of*the physicist. Much work was be¬ 
gun, but not very much completed. People had 
plans, often great and exciting ones, but still 
only plans. Some wits began to talk of the latest 
“Physical PREview.” Teaching loads were 


heavy, and the flood of students, good and serious 
and deserving students, drew many research 
workers away from problems they had almost 
begun to remember. New laboratories had sprung 
up, like Oak Ridge and the Argonnc, and in the 
first postwar year began to make their mark on 
public research. 

Most striking of all was the essential disap¬ 
pearance of the peacetime international com¬ 
munity of physics. The United States, tired 
enough by years of war but still incredibly rich 
by the standards of Europe and Asia, was pre¬ 
eminently the home of physics. Our once good 
communication with the rest of world had 
atrophied with the secrecy and the contingencies 
of wartime. By the end of the year, only a begin¬ 
ning had been made towards a return of the day9 
when physics was truly international. Few physi¬ 
cists hoped more wistfully for anything than for 
the full restoration of the ways of peace in travel, 
in publications, and in the spirit of a world-wide 
science. 

The present account is for all these reasons a 
fragmentary account, mainly of “work in prog¬ 
ress,” and mainly of work here in America. But 
it is work of the highest promise for physics, 
work carried on with the highest hope that in 
1947 and the years ahead the best of the old 
spirit will come to employ the great new tools 
which are the legacy of war. 
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SUPERCONDUCTIVITY 

One of the most spectacular results of the year 
was in the tradition of the world before the war. 
Professor Richard A. Ogg, working essentially 
alone in the Chemistry Department of Stanford 
University, discovered a substance which is 
electrically superconducting at liquid-air tem¬ 
peratures and even above. 1 This statement has 
little in common with the dramatic discoveries 
of new particles, but this work may be as funda¬ 
mental a step towards the understanding of the 
strange phenomenon of superconductivity as 
was the finding of the neutron to nuclear physics. 

For decades it has been known that some 
metals and alloys cooled to very low tempera¬ 
tures lost all electrical resistivity. Resistances of 
many ohms dropped by twelve or fourteen orders 
of magnitude when the transition temperature 
was reached. Strange electrical and thermal ex¬ 
periments could be performed with such extra¬ 
ordinary solids. By moving a ring of the material 
out of a magnetic field in which it was cooled, a 
current was induced. This current died away 
with a time constant given by the inductance 
and the extremely small resistance of tfie cold 
metal. It is told that the Leyden laboratory 
workers delighted to prepare such persistent 
currents, arid to send the lobp, still cold in its 
Dewar, to a distant place where the lecturer 
could demonstrate that the current was still 
flowing, hours or even days after it had been 
started up! Such conductors demonstrated Lenz’s 
law with a vengeance: their low resistivities 
meant that the induced currents cancelled the 
external fields to a T, and magnetic fields thus 
cannot be set up within superconductors. They 
are almost perfectly diamagnetic. 

The large scale theory of such phenomena is 
fairly clear, but it is quite unsure what is the 
electronic and atomic mechanism by which the 
state of superconductivity is caused. Only one 
thing seemed essential: extremely low tempera¬ 
tures. No superconductor was known which 
showed the effect above ten degrees absolute. 

Ore had long been interested in a famous and 
strange set of substances, the solutions of the 
alkali metals in liquid ammonia. For twenty 
years these materials have provided work for 

1 R. A. Ogg, Phys. Rev, 69 , 243 (1946). 
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physical chemists concerned with the nature of 
ionization in solution. The example which proved 
so interesting was the dilute solution of sodium 
in ammonia, in concentrations of twenty . or 
thirty grams of metal per liter of solvent. That 
solutions of this kind are sufficiently strange in 
their other properties was well known. They 
look like metals, with a quickly-frozen solution 
having a metallic steely blue luster. At — 50°C 
or so, the homogeneous solution separates in two 
differently-colored phases, bronze and blue, if 
slowly cooled. It is not hard to prepare the ma¬ 
terial. In one method, an annular glass trap is 
employed, attached to a vacuum line.* Water 
and air must of course be kept out. The sodium 
metal is placed in the system, and anhydrous 
ammonia brought into contact with the metal. 
The system is kept cool, below the boiling point 
of the ammonia, at — 34°C, and the solution 
forms. To demonstrate the superconductivity it 
is enough to place the liquid solution in its vessel 
inside a solenoid coil, and to freeze it in liquid 
air within a matter of ten seconds or so. When the 
frozen ring is removed from the liquid air, it is 
placed near a flip coil, and the magnetic field of 
the ring detected by a galvanometer deflection. 
A magnetic field will repel the ring strongly, be¬ 
cause of the very large negative susceptibility of 
the substance. Such tests seem to prove the 
superconducting nature of the substance. 

It is not quite so simple as that, as usual. Out 
of a few score preparations, only a few are suc¬ 
cessful. Apparently the large volume change on 
* freezing causes the solid to crack seriously, and 
the resistance is the resistance of the cracks and 
not of the solid itself. One must be patient to 
find the effect. Two attempts 8,4 to confirm Ogg’s 
work failed to do so, probably for this reason, 
but it has been confirmed by at least one other 
worker. 

Why the interest? One more superconductor 
for the handbooks does not sound exciting. But 
there is a vast difference. This material is a super¬ 
conductor not at S or 10 degrees absolute tem¬ 
perature, but at more than 90°K. Recall that 
thermodynamically the gap between these tenj- 

* J. W. Hodgins, Phys. Rev. 70, 568 (1946). 

•Boorse, Cook, Pontius, and Zemansky, Phys. Rev. 
70, 92 (1946). 

4 Daunt, D6sirant, Mendelssohn, and Birch, Phys. Rev. 
70, 219 (1946). 
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peratures is much greater than the gap between 
the temperature of liquid air and room tempera¬ 
ture. Consider, for instance, the amount of work 
required to remove a given amount of heat 
energy, say by the use of a mechanical refrigera¬ 
tor. If the region to be cooled is at liquid-air 
temperature and the condenser of the refrigera¬ 
tor at room temperature, less than one-third as 
much work is required as if the heat had to be 
moved from a region at 10°K to a condenser 
cooled by liquid air. Thus Professor Ogg’s 
solutions hold the suggestion that a supercon¬ 
ductor can perhaps be made at room tempera¬ 
ture. One cannot predict such a result, of course, 
but it would be a foolhardy statement now to 
deny its possibility. A little speculation on what 
would happen to laboratory apparatus and in¬ 
deed to all electrical devices if fairly large cur¬ 
rent density could be achieved without appreci¬ 
able ohmic loss is worth while. Even if no such 
near-fantastic result ever ensues, the first super¬ 
conductor at temperatures so “high” as those 
of liquid air is sure to prove a challenge and a 
stimulus to the theory of this strange phenom¬ 
enon. 

Ogg predicted this property of the sodium- 
ammonia system from his own theory 8 of the 
structure of this unusual substance. His theory 
is formally strange and unconventional to most 
physicists, and is unconvincing to this author at 
least. It involves the notion' of paired electrons 
which move in cavities in the solvent, after 
escaping from the valence bonds of the alkali 
metal. These paired electrons have no resultant 
spin and satisfy a condition years ago proposed 
to explain superconductivity as an effect bound 
to occur with particles which have no spin. The 
stability of these arrangements and the order-of- 
magnitude of concentrations and temperatures 
do not appear evident from Ogg’s so far pre¬ 
liminary theory. It is to be hoped that the next 
year will bring wider interest in this remarkable 
problem both from the experimental and the 
theoretical side. There is hardly a laboratory 
which cannot make a superconductor now! 
Liquid hydrogen generators and the rest of the 
special techniques of cryogeny are no longer 
needed. 

1 R. A. Ogg, Phys. Rev. 69, 668 (1946). 
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THE PUSH TOWARD HIGH ENERGY 

The one most characteristic feature of nuclear 
physics is the high energy per atom involved in 
the reactions. Where chemical reactions release 
a few electron volts for each atom involved, the 
reactions of nuclear physics release or require 
millions. The very fact of such high specific 
energies makes it possible to do experiments in 
which only individual atoms take part, observ¬ 
ability following only from the highly energetic 
nature of the motions and transformations of the 
reactants. Nuclear physics—with of course the 
spectacular and decisive exception of the chain 
reaction of uranium—does not often work with 
macroscopic amounts of matter. 

But to give even single atoms the millions of 
electron volts they need often requires large 
scale apparatus. The engineering which is so 
typical of such laboratories today began in the 
first efforts to concentrate a few million volts in 
ions of hydrogen and heavy hydrogen. Since 
Rutherford’s Cavendish days, this has been done 
by simply setting up a few million volts potential 
difference in the laboratory (with a.c., as in a 
surge transformer set, with electrostatically- 
generated d.c., as in the familiar Van de Graaff 
machines) and letting the ions fall through the 
potential difference in a vacuum tube. Always 
the demand was for higher energy. 

The first energy barrier which it was sought to 
overcome was the electrostatic barrier, the 
energy required to bring one positively-charged 
projectile very near the positively-charged 
nucleus. One wanted the charges near enough so 
that the nuclear matter could touch and “stick,” 
to produce new radioactive nuclei and to initiate 
nuclear reactions. The size of this barrier is easy 
to compute: the energy of repulsion is ZzeP/r, 
where ze is the charge of the projectile (generally 
e or 2e for protons, deuterons, or alphas), Ze the 
charge of the target nucleus, ranging to 94$ for 
the heaviest known, and the distance r is the 
nuclear radius, never much larger than 10~ 12 cm. 
The answer turns out to be some ten million 
electron volts needed to cross the barrier for the 
most difficult cases. No one has yet established 
a potential difference above six million or so. 
But the desire to produce particles with such 
energies has led to ingenious solutions. 
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The most famous of these is the cyclotron, in 
which a modest radiofrequency potential differ¬ 
ence of a hundred or two kilovolts is applied 
again and again to the moving particle which is 
bent into a spiral path by a large magnetic field. 
Successive passages across the r-f drop occur 
uniformly spaced in time and, “resonant” with 
the r-f frequency, lead to high final energies. 
The Crocker cyclotron at Berkeley, the largest 
machine of its kind, is capable of making forty 
million-volt alpha-particles, which cross any 
nuclear barrier with energy to spare, and make 
possible many complicated reactions. Why go 
further? 

The answer is, of coursd, that there are still 
more remote objectives. The probing of nuclear 
matter by bringing the “test charge” which is 
the rapidly moving projectile closer and closer 
to the nucleus has given us information about 
distances of the order of 10“ 12 cm or somewhat 
less; we Would like to look at matter even more 
intimately. The closer the impact, the more 
energy transferred, the finer the detail of ex¬ 
ploration. We learned many years ago that there 
were particles of very short life, which vfe can¬ 
not find in our laboratories, but which stream in 
to the earth in the cosmic rays. These objects, 
known now as mesotrons, because of their mass 
of 200 electron masses (intermediate between 
that of electron and proton), are believed on 
quite general grounds to be associated with 
those extraordinary attractive forces which 
make nuclear matter sticky, which bind together 
the neutrons and protons of the nucleus. The 
argument for the connection is essentially this: 
The electromagnetic forces are by now familiar. 
They are long range forces, falling off as the 
inverse square of the distance between two inter¬ 
acting particles. Now, these forces, which propa¬ 
gate, of course, with the finite velocity of light 
can be thought of as caused by the transfer of 
quanta between the moving charges. This is 
quite evident for the transverse electromagnetic 
waves, but it is true at least formally for the 
sta^c Coulomb field as well. From this point of 
view electric charges are surrounded by quanta. 
If there is energy available, these quanta may 
be set free to go as far as they will. Otherwise 
they must be emitted, last a very short while, 
and then be reabsorbed by the particle which 


emitted them or by another particle nearby. By 
analogy the same mechanism is used to account 
for nuclear forces by the exchange of mesons, 
It turns out that the Compton wave-length, 
X = h/mc , of the particles transferred determines 
the effective range of the forces. Thus, for quanta, 
the rest mass is zero, and the “Compton wave¬ 
length” infinite, and the range infinite. The 
force decreases only for geometrical reasons, and 
is simply inverse-square. But the nuclear forces 
act only at short range, about 2 X 10~ 13 cm. The 
rest mass corresponding to such a range is about 
two hundred electron masses, just that observed 
for the mesons of cosmic rays. The inference is 
strong that around nuclear particles there is a 
transient cloud of mesons, and that if one supplies 
enough energy by collision or even by energetic 
“light” quanta, such mesons can be set free. The 
study of this mechanism would correspond for 
the nuclear forces to the study of Maxwell's 
equation, and could lead to the understanding of 
the nuclear forces in detail. It must be said that 
since the first suggestion of Yukawa in 1936 that 
such mesons might exist, reinforced by their 
discovery in the cosmic rays two years later, the 
best theorists have worn thin their patience on 
this theory. No consistent description has yet 
been given of the properties of nuclear forces. 
All the more has this challenged experimenters 
to make mesons in the laboratory and there to 
study them in the number and the detail which 
is impossible while their source is still only the 
cosmic ray. 

How much energy does one need? No one 
knows. There are clues. Certainly at least 100 
Mev is needed, just for the rest energy, known to 
be 200 times the 0.51 Mev which is the electron 
rest energy. Perhaps they can be made only in 
positive and negative pairs, as are electrons in 
the field of a nucleus. Then at least 200 Mev is 
needed. More will be required to make them in. 
some quantity, for one must do more than merely 
tickle the threshold of the reaction. So a popular 
target for the ingenious builders of machines has 
been 300 Mev. There are some who think that 
many mesons must be made at once really to 
study the details of their creation; these pessi¬ 
mists (or optimists) are planning in billions of 
volts, but still for some years in the future! 

The first postwar year saw active construction 
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on large machines and smaller prototypes, all 
shooting at the 300-Mev target, or thereabouts. 6 
Most direct attack was that planned long ago at 
Berkeley, where a giant cyclotron had been built. 
This seventeen-foot magnet was built in 1940, 
and used during the war in the experiments which 
led to the construction of the great electromag¬ 
netic separation plant at Oak Ridge. By simply 
extending the cyclotron design to real California 
scale, 200-Mev deuterons were expected, some¬ 
what short of the popular goal, the more because 
such particles directed at nuclear particles have 
an effective velocity not much more than half 
of that in the laboratory system of reference. 
The transferrable energy is given by the velocity 
with which the particles are brought together 
computed in the frame of reference in which 
their center of gravity is at rest. Even this 
energy is most difficult to get with a cyclotron. 
In the cyclotron, the particles must all spiral 
out in step, at constant phase, returning in each 
circuit to the region between the J9’s, where the 
high r-f voltage is applied. The familiar reson¬ 
ance condition is that 2 irf = eH/mc = w, where 
e and m are the charge and relativistic mass of the 

. . (rest energy + kinetic energy) 

particle, i.e., m =-—-— , 

H the constant magnetic field, / the frequency 
of the r-f oscillator and w the angular velocity 
of the particle. This implies that the particles 
at all radii have the same resonant frequency, 
though some go fast and others slow. This is 
the key to the success of the machine. But the 
mass value, hence the resonant frequency, is 
not, in fact, constant, if the relativistic varia¬ 
tion of mass with velocity be considered For 
200-Mev deuterons this is not a small effect. 
The hope was, however, that by running up the 
highest possible r-f voltage, several million volts, 
some particles could be gotten out in spite of 
their having fallen a little out of phase on each 
step, for the number of times they need circle in 
the machine is only a hundred. The giant cyclo¬ 
tron has indeed been operating at Berkeley since 
November 1, producing its deuterons as planned, 
but the principle of operation is quite changed, 
and the deuterons make not a hundred circles in- 
tfyey’ spiral path, but nearer to ten thousand. 

8 L. Schiff, Rev. Sci. Inst. 17, 6 (1946). 
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And the r-f oscillator, is not a giant device pro¬ 
ducing thousands of kilowatts but an oscillator 
which would be considered small even for an 
ordinary-sized cyclotron. 

The story of this change is also a story of 1946. 
It began, of course, much earlier. The start was 
probably the development of the betatron in 
which the accelerating voltage is not applied by 
any electrodes, but is simply the induced e.m.f. 
caused by the changing magnetic flux in the a.c. 
magnet, acting on the electrons in their vacuum 
doughnut as if they were the secondary turns of 
a transformer. The total induced voltage in 
present design is only some seventy-five volts 
per turn, but the electrons come out with a 
hundred million volts in the General Electric 
betatron. These particles have circled the 
primary about a million times, traveling some¬ 
thing like a thousand miles in the vacuum tube. 
The key to this machine is evidently the stability 
of the electron orbits, so that a chance disturb 
ance from stray fields or by collision with a gas 
molecule does not throw too many electrons 
against the glass walls of the vacuum tube. This 
is a good machine for energies up to several 
hundred million volts. The 100-Mev General 
Electric model produced the first man-made 
radiation of such high energy, but, in spite of 
hopes and even the illusion of success, probably 
has made no mesons. Professor Kerst is now en¬ 
gaged in constructing a 300-Mev model, of 
quite advanced design, at the University of 
Illinois in Urbana. 

In 1945 Professor E. M. McMillan, then at 
Los Alamos, of the University of California, 
proposed a new type of acceleration. Actually, 
the same proposal had been published months 
earlier and completely independently by the 
Soviet physicist V. Veksler. The McMillan- 
Veksler idea 7 stems in a way from the demon¬ 
stration in the betatron that it was not foolhardy 
to plan for very long paths in the vacuum tube, 
if the conditions of stability are properly ful¬ 
filled by the design of the machine. The fact that 
one could count on geometrical stability had 
been proved in the betatron. McMillan began to 
think of the use of radiofrequency accelerating 
electrodes, as in the cyclotron, with stability in 

7 E. McMillan, Phys. Rev. 68, 143 (1945); V. Veksler, 
J. Phys. (USSR) 9, 153 (1945). 
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Fig. 1 . The first synchrotron to operate in America. 
This device is installed at the General Electric Research 
Laboratory at Schenectady, and is under the supervision 
of Dr. H. C. Pollock. The vacuum tube is visible between 
the magnet poles. 


time, or, as he calls it, phase stability. With such 
a condition, the resonance condition of the 
cyclotron might be far from satisfied by all 
particles, and yet eventually after many turns, 
the particles might gain a large energy. 

For definiteness, think of a particle in the 



Fi&2 . An oscillogram showing operation of the 75-Mev 
GE synchrotron. The trace is cut off every 100 microsec. 
(1) marks the time of electron injection. At this time the 
machine is operating as a betatron. At (2) the r-f voltage 
is turned on. The electrons have by now about two-Mev 
energy. At (3) the r-f is turned off and at (4) is a signal 
from a photo-multiplier tube placed in the x-ray beam. For 
this trace the energy was about 20 Mev. 
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cyclotron at perfect resonance. Each time it 
reaches the gap between the accelerating elec¬ 
trodes the r-f voltage has reached its maximum. 
If the particle happened to arrive a little early, the 
r-f voltage has not yet climbed to its maximum 
and the particle gets a little less energy than it 
should have gotten. It will then make the next 
turn in the field with a somewhat too high angu¬ 
lar velocity (the equivalent mass is too small) 
and arrive still earlier next time. Such a particle 
lacks phase stability and will gradually fall more 
and more out of step. It will never gain much 
energy. Now consider a very different case, that 
of a particle which arrives when the r-f voltage 
drop across the gap between electrodes—the 
accelerating field—has fallen to zero. This 
particle is just 180 electrical degrees out of 
phase with the r-f voltage. It will be in resonance, 
but it will gain no energy in passing the gap. 
There are two such nodes in the complete cycle. 
Let us consider the one in which the voltage 
across the gap is changing from being slightly 
accelerating through zero to be slightly decelerat¬ 
ing. (The other node will not provide stability.) 
Now suppose the out-of-phase particle arrives 
just a bit early. It will feel a small amount of an 
accelerating electric field. It will gain energy, its 
equivalent mass will increase, its angular velocity 
go down, it will begin to lag, and next time it 
will be more nearly 180 degrees out of phase 
again. If it came a bit late, it would cross a small 
decelerating potential drop, and be reduced in 
energy. The mass would go down, the angular 
velocity go up, and it would come more closely 
to the 180 degree phase. A particle exactly out-of- 



Fig. 3. Another oscillogram of synchrotron operation. 
The length of the sweep is 1000 microseconds. The trace 
begins at the time the r-f was turned off, and the electrons 
soon begin to strike the internal target. The irregular signal 
shown is taken from the output of a photo-multiplier tube 
placed in the emergent x-ray beam. Note the complex 
structure of the beam. This effect is still unclear. The 
machine is operating between 60 and 70 Mev. 
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Fig. 4. The synchrotron 
being built at Berkeley for 
300-Mev electrons by the 

B under Professor E. M. 

illan. The flux bars re¬ 
ferred to bars of iron which 
saturate at a modest field. 
Until they saturate they 
strengthen the central field 
of the machine so that the 
electrons will accelerate un¬ 
der betatron conditions. 
When they saturate the 
electrons are moving at a 
modest energy, and tne syn¬ 
chrotron r-f voltage is turned 
on. 



phase then will have phase stability; it will tend 
to maintain this condition both at low and at 
relativistic velocities. Now suppose either the 
magnetic field or the alternating frequency be 
slowly increased, changing a little, but only a 
little, during the time the particle is making its 
turn in the magnetic field. The stability in phase 
will act to insure that the particle increases its 
mass to keep resonant with the increased fre¬ 
quency. The particle will cross the gap just 
enough before the time when the electric field is 
zero so that it gains energy sufficient to keep it 
near resonance. As long as the frequency or 
magnetic field changes slowly, the particle will 
oscillate in phase back and forth across the 180 
degree time, gaining on the average just enough 
energy to be resonant under the new conditions. 
Thus after many turns, picking up a very small 
amount of the available accelerating energy on 
each turn, the particle can reach high energy. 
The frequency may be varied with constant 
magnetic field, and the particle will spiral out as 
its energy increases. Or the r-f frequency and 
orbit radius may stay constant or nearly so and 
the magnetic field increased. Or combined 
changes may be made. In all such devices the 
particles will not be accelerated in a steady 
stream as in a cyclotron, but in pulses, repeating 
as rapidly as the frequency is varied or the 
magnetic field made to increase. 


These devices, of which there is clearly a large 
family, are generically called 11 synchrotrons/' 
The name is based on the analogy between the 
motion of the particles and that of the rotor of a 
synchronous motor. The rotor spins at exactly 
the synchronous speed with no load. But loading 
the shaft docs not change the speed. The phase 
slips behind far enough so that the field differ¬ 
ences will supply the needed energy to the load. 
In the same way the particles in the synchrotron 
slip out of exact phasing, “hunting" in fact for 
the node, but gaining energy just enough to 
compensate for the changing frequency or 
magnetic field. 8 

The first American synchrotron completed is 
a seventy-five million volt electron machine, 
Fig. 1. The pulses of fast electrons from this 
machine are shown in Fig. 2. A synchrotron was 
made even earlier in Britain 9 by placing a small 
electrode for the r-f voltage inside a betatron 
doughnut. The output of the machine went from 
four millions to more than double that, since the 
saturation of the central part of the magnet core 
in the betatron limits the field at the orbit to less 
than half of practical design saturation values. 
The stability of orbits in the betatron demands 
that the central flux change be larger by a 

8 D. Bohm and L. Foldy, Phys. Rev. 70, 249 (1946); 
H. C. Pollock, Phys. Rev. 69, 125 (1946). 

1 Gowardand Barnes, Nature 158, 413 (1946). 
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Fig. S. The vacuum as¬ 
sembly for the Berkeley 
synchrotron. Note the r-f 
electrode “dee.” It is con¬ 
structed as a grid instead of 
as a solid electrode to reduce 
eddy-current losses and fields 
which would be set up by the 
strong a.c. magnetic field. 
The r-f energy is supplied by 
a pulsed water-cooled oscil¬ 
lator at about 48 megacycles. 
The stubs are provided to 
adjust the position of the 
nodes on this rather high 
impedance structure. 
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definite factor than that at the orbit. Synchrotron 
stability does not require any such condition, for 
the voltage gain comes from the r-f field imposed 
by electrodes, and not from the transformer 
effect except incidentally. The GE machine 
actually begins the acceleration of its electrons 
as a betatron; then, when they have reached an 
appropriate starting energy, the r-f is turned on. 

The giant cyclotron is working now accelerat¬ 
ing heavy particles not as a conventional cyclo¬ 
tron, but as a synchrotron, or as it is sometimes 
called, a synchro-cyclotron. Frequency modula- 


oscillator brings out the high energy beam, after 
thousands of turns, with a modest amount of 
r-f power. The synchrotron principle maintains 
resonance acceleration in spite of the relativistic 
variation of mass. 10 The synchro-cyclotron ac¬ 
celerates deuterons, which are caused so far to 
strike an internal beryllium target, producing a 
beam of very fast neutrons. The first operation 
of the machine was on schedule, November 1, 
1946, and experiments with the new fast neu¬ 
trons are already in progress. No mesons have 



Fig. 7. The other side of the synchrotron model, showing 
the vacuum pumps in their pit, and the large vacuum 
manifold. 


Fig, 6. Photograph of a model of the Berkeley synchro- 10 Richardson, MacKenzie, Lofgren, and Wright, Phys. 
tron showing the driving stem and stubs. Rev. 69, 669 (1946). 
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Fig, 8. A general view of the giant Berkeley cyclotron, now operating for 200- Mev deuterons as a 
synchro-cyclotron. Note the large radial crane of thirty-ton capacity overhead, the magnet with its 
184" pole pieces (there is a man visible against the right leg of the magnet yoke), the two 32" oil 
diffusion pumps used for evacuating the vacuum “can,” whose thick iron walls are visible between 
the pole pieces, and the rails, to the left of the pumps, used for removing the ion source. The tem¬ 
porary concrete block shielding wall and a cloud-chamber set-up are seen at the right. (The photo¬ 
graphs of this machine were furnished through the kindness of Professor R. L. Thornton, in charge 
of tne giant cyclotron group at Berkeley.) 


yet been seen; but important results on the 
nature of nuclear forces seem sure already 
(December IS, 1946). It is planned to bring the 
deuteron beam itself out of the machine in the 
near future. 

Michigan, 11 Massachusetts Institute of Tech¬ 
nology, Cornell, the General Electric Laboratory, 
Berkeley, and no doubt other laboratories arc 
now engaged in design and construction of 
synchrotron-type electron accelerators of the 
300-Mev size, in a variety of ingenious exempli¬ 
fications of the same principle. The mechanical 
and electrical engineering problems involved in 
such work are not small, and many a design 
variant may have its own special advantages. 
General problems like starting the particles in 
their orbits, ^ removing the particles from the 
machine after acceleration, detection methods 
specially suited to these pulsed sources, and 

u H. R. Crane, Phys. Rev. 69, 542 (1946); Phys. Rev. 
70. 800 A (1946); Pollock et al . Phys. Rev. 70, 798 (A) 
(1946). 


many others may be expected to build up a whole 
science of very high energy physics in the next 
year or two. 

One simple and elegant achievement of the 
year in this field was the first successful removal 
of a high energy electron beam from the Urbana 
betatron, at about 20 Mev. 12 The device which 
did the work is simply a piece of iron shaped like 
a U-channel, mounted in the vacuum doughnut 
in the right position. The electrons enter the 
U-shaped slot, where the iron walls shield them 
from most of the magnetic field, and shoot out 
in the field-free space in a straight line to a target 
or a thin window outside the machine. The 
success of this device should make possible many 
experiments with fast electrons, up till now never 
available in a well-directed beam. 

The idea of bending the fast particles in circu¬ 
lar orbits and causing them to retrace their steps 
is evidently economical. But if the magnet grows 

“Skaggs* Almy, Kerst, and Lanzl, Phys. Rev. 70, 95 
(1946). 
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Fig. 9. A view of the big cyclotron from the side opposite to that shown in Fig. 8. In the 
right foreground, on the truck which moves on rails in tne floor, are mounted the round vacuum 
• housing for the rotating condenser**!ts associated vacuum pump, behind them the oscillator 
housing. The vacuum chamber is here shown clearly in operating position in the field. To the 
left may be seen the horizontal rod, which extends into the vacuum chamber holding the in¬ 
ternal beryllium probe against which the beam is made to strike. Neutrons were produced at 
.100 Mev or more on .November 1, 1946. 


to be very large the economy of the scheme begins 
to seem less obvious. Perhaps it is better to let 
the particles fly in a straight line down a long 
tube. If one can set up a certain electric field 
strength, the cost of the linear accelerator goes 
up about as its length (the parts are simply re¬ 
peatedly placed end-to-end); but if a large 
magnet needs to be scaled up with the magnetic 
field kept constant, the volume, weight, and 
hence the major part of the cost will go up as the 
cube of the radius. But the energy of particles in 
their equilibrium orbits goes up only as the radius 
or, if they are still moving much more slowly 
than light, as the square of the radius. Thus for 
sufficiently high energy a linear accelerator will 
cheaper than a scaled-up magnetic device, 
e idea is an old and unsuccessful one; but the 
familiarity with microwave techniques gained in 
wartime makes it appear practical once more. 
Professor Alvarez at Berkeley is now engaged in 
building a large linear accelerator for protons. 
Protons enter the machine with a few million 


volts energy, from a one-step accelerator, in this 
case a Van de Graaff machine. The vacuum tube 
down which they fly is one long resonator, made 
of many resonant cavities placed back-to-back 
and so driven by individual but phased micro- 
wave oscillators at ISO cm that the moving pro¬ 
tons enter each cavity in phase with an accelerat¬ 
ing electric field. By the time they cross the 
cavity, one cycle has elapsed, the field behind has 
dropped to zero, and the next cavity is beginning 
to acquire an accelerating electric field. There is 
one difficulty with this simple picture. The 
protons do not move with uniform velocity, but 
constantly increase in velocity. If the cavities are 
driven, as they must be, by an oscillation of one 
frequency, some trick must be used to keep the 
protons in step. This is done by adjusting the 
repeat length of the resonant cavities l so that 
//<r « \/c where X is the wave-length of the driv¬ 
ing oscillator and cjc the velocity of the particle 
relative to that of light. If the outside cavity 
diameter is held fixed, the cavities must be 
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modified in shape to keep them resonant, though 
of different lengths. In transmission line language 
the line is a loaded line. A short coaxial cylinder 
is placed inside the outer cavity cylinder, and the 
protons move down the axis of the whole cavity. 
Adjusting the diameter of these central tubes 
keeps resonance. Each cavity will during half 
the cycle be decelerating: the electric field will 
point the wrong way. During this time the 
proton must be inside the central tubes, and 
shielded from the wrongly-directed field. The 
tubes are hence called drift tubes, because within 
them the protons “drift” under no field. 18 To 
maintain phase stability and geometrical focus¬ 
ing, it is necessary to place conductors athwart 
the drift tubes, through which the protons must 
pass. Thin beryllium foils have been developed 
for this work. In trials more than a million volts 
per foot has been developed in a cavity. As yet 
no coupled cavities have been tried for accelera¬ 
tion, but the first forty-foot unit is soon to be 
tried out. It is expected that it will be delivering 
protons at more than thirty-two million volts by 
February, 1947. New high power radar oscillators 



Fig. 10. A close-up of the rotating vacuum condenser 
whose housing^ is seen in Fig. 9. The many teeth which 
produce the varying capacity are plainly visible. The 
oscillator frequency, which is in the neighborhood of 10 
Me, is varied about 20 percent at a modulation rate of a 
few hundred times per second by means of this device. 

M Oppenheimer, Johnston, and Richman, Phys. Rev. 70, 
447 A (1946); L Alvarez, Phys. Rev. 70, 799 A (1946). 
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Fig. 11. The forty-foot linear accelerator at Berkeley. 
Note the large tank of the horizontal pressure Van de 
Graaff machine at the far right. This is tne ion source for 
the machine. The outer steel tank for the linear accelerator 
tube itself is conspicious, flanked by the thirty-odd war 
surplus 1.5-m radar oscillators on either side. Protons in 
the thirty-to-forty-million volt range are expected by 
February, 1947. New high power magnetrons are under 
construction to replace the many oscillators shown here. 
Only a few of the new magnetrons would be needed for a 
forty-foot section. (Photo from Professor L. W. Alvarez, 
heading the linear accelerator group.) 

have been developed for the job, using the pulsed 
magnetron principle. Here again the output 
beam will be pulsed at a rather slow audiofre¬ 
quency, for the sake of magnetron cooling and 
performance. 

A similar linear accelerator but without the 
drift tubes and without phase stability can be 
built for particles moving near the speed of 
light. 14 High energy electrons are planned for 
at M.I.T. and at Purdue by groups working on 
the design of such a device. 

If mesons are not made in 1947, it will not be 
for want of effort! It is to be hoped that enough 
leisure will be left to plan the experiments which 
these machines will make possible. 

THE LEGACY OF THE WAR 

The year was marked by the widespread if 
delayed publication of results of the key war 
projects in physics, and above all, by the return 
to their old laboratories of hundreds of war-ex¬ 
perienced physicists, brimful of information 
about what had been done, and confident in 
their understanding of whole fields of technique 
which had been vague general possibilities in 
1940. 

“ J. Slater, Phys. Rev. 70, 749 A (1946). 
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1. Radar 

To this author one of the most fascinating 
parts of microwave radar has been the duplica¬ 
tion in the radio spectrum of the familiar results 
of physical optics. The 11 optics** of microwaves— 
mirrors, gratings, diffraction at openings—are by 
now familiar to everyone. Not so familiar is the 
microwave lens. 16 An optical lens works, of 
course, because the phase velocity of the electro¬ 
magnetic wave is reduced by the coherent scat¬ 
tering of the bound electrons in the dielectric. 
Shaping the lens is a matter of adjusting the 
delay introduced along each ray path to produce 
a net wave front with the 1 form desired, usually 
changing the radius of curvature while leaving a 
spherical incoming wave still approximately 
spherical. No one has made bound electrical 
oscillators on a larger scale for microwave optical 
glass. But the fact has been used that the prop¬ 
agation of a wave in a wave guide, a region 
bounded by conducting walls, proceeds with an 
increased phase velocity, greater than that of 
light in free space. (If the reader is worried about 
relativity, he should review the distinction be¬ 
tween wave and group velocity.) By spacing a 
set of copper plates, their planes parallel to the 
direction of propagation of the wave, a half¬ 
wave-length apart, a change in the phase velocity 
of the microwave can be secured. Shaping these 
plates in forms not unlike those of ordinary optics 
(but with a refractive index always less than one) 
microwave lenses can be made which quite suc¬ 
cessfully act as condensing lens, and even pro¬ 
duce a fairly sharp focus. They arc of course good 
only for one wave-length. “ Chromatic aberra¬ 
tion** is large! 

Quite the opposite point of view has been used 
with good effect in recently-reported experi¬ 
ments using microwave radar technique. These 
experiments were really experiments in measur¬ 
ing the absorption spectrum of water vapor 
molecules in the region of wave-lengths from 7 
mm to about 1.7 cm. An absorption line was 
fcjjjnd at 1.34 cm and its shape measured as a 
function of the pressure. The same line could be 
predicted roughly from the older work on the 
rotational fine structure in the infra-red region 
around 20 microns wave-length. Absorption is 

u W. E. Kock, Proc. I. R. E. 34, 828 (1946). 
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of course a quantum phenomenon, and it is 
satisfying to see that the analysis of the in-' 
strument—the “spectroscope**—employed came 
very naturally if one remembered the quantum 
nature of microwaves. 16 

The instrument consisted of an eight-foot 
cubical box of copper, arranged to be filled with 
moist air. Through the box were strung, at 
random, the detectors, in this case thermo¬ 
couples. The box was coupled to a pulsed magne¬ 
tron oscillator—several were used to get points 
at several wave-lengths—and" the space-and 
time-averaged energy density measured as pro¬ 
portional to the thermoelectric e.m.f. This energy 
density for a constant excitation is compared 
with and without the water vapor. The oscillator 
pumps a fixed number of quanta into the box 
each second. These quanta are eventually ab¬ 
sorbed, either by the walls of the box, the thermo¬ 
couples, solder, air, and fingerprints of any actual 
experiment, or by the molecules of water vapor 
in the box. Since the thermocouple reading is 
proportional to the density of quanta built up 
in the box, all that is required is to compare the 
rate of loss due to the water vapor with some 
known absolute rate of loss of quanta, and the 
absorption of water vapor is known for that 
particular wave-length. But how to get an 
absolute loss rate? It is difficult to compute such 
a quantity for walls, of a copper cube, the more 
because of the actual complex nature^of the 
experimental geometry. But the quantum idea 
gives a direct method. It is necessarylonly to 
make a hole in the side of the box. All thef^uanta 
that strike the hole must leave the box. This 
number can be calculated just as the number of 
molecules leaving an orifice to form a molecular 
beam can be calculated. The expression is just 
the familiar kinetic theory formula: tfyg number 
of quanta leaving through a hole qf^rea A per 
second is given by Jnc, where n te the number of 
quanta per unit volume and c; of course^ their 
mean velocity—the velocity of light. The whole 
method of procedure was checked both by ex¬ 
periment and by the more complicated exact 
calculations of wave theory. 

Randomness had to be guaranteed. No stand¬ 
ing wave pattern could be allowed. This was as- 

»W. E. Lamb, Phys. Rev. 70, 309 (1946); Becker and 
Autler, Phys. Rev. 70, 300 (1946). 
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Fig. 12. A face of the shielding wall of the graphite¬ 
moderated pile at the Clinton Laboratories at Oak Ridge. 
The operation shown is that of exposing a sample to a 
strong neutron flux, for the production of a radio isotope. 
The sample in an aluminum holder is being inserted into 
a hole in a graphite block can be pushed back along a slot 
into the interior of the pile. The slot is then filled with 
more graphite blocks to complete the structure, and the 
shield hole is then plugged. Note the many removable 
“stringers” of graphite for which shield openings are pro¬ 
vided. 

sured by the slow rotation of some copper- 
bladed fans within the enclosure, which changed 
the geometry and made it sure that a random set 
of normal modes was excited. Diffraction effects 
were small, because the hole was made large 
compared to the wave-length. Apertures up to 
several hundred square centimeters in area were 
used. The whole experiment not only gave re¬ 
sults and pioneered a method sure to be useful 
for the study of molecular structure, but formed 
a beautiful illustration of the unity of our dual 
picture of radiation. 

A number of other gas absorption studies have 
,been made at microwave frequencies, using more 
conventional techniques, like attenuation in a 
wave guide, or using the atmospheric propaga¬ 
tion itself. 17 

2 , Atomic Energy 

The chain reaction of uranium and its con¬ 
sequences are too well known and too extensive 
to give any general account here. The slow but 
steady publication of the results of this project 
will eventually form a sizeable branch of nuclear 
physics, as they now do in secrecy. The great 

17 Beringer, Phys. Rev. 70, 53 (1946); Dicke et o/„ Phys. 
Rev. 70, 340 (1946); Townes, Phys. Rev. 70, 665 (1946). 


Fig. 13. A face of the “hot lab” at the Clinton Labora¬ 
tories. This is a concrete cubicle fitted to permit the re¬ 
mote operation of chemical plant adequate for the in¬ 
organic separations needed to produce pure radio isotopes 
from fission product. The air and steam valves and lines, 
the thermocouple potentiometer, plainly seen in the right 
foreground are typical for any chemical operation. The 
periscopes through which the operators are watching the 
reaction behind the concrete wall are the evidence of the 
special problems met in the handling of kilogram equiv¬ 
alents of radium. 

continuing laboratories at Chicago, Oak Ridge, 
Los Alamos, and Berkeley, as well as the new 
regional laboratory at Brookhaven, Long Island, 
and the power development laboratory at Sche¬ 
nectady will become an integral part of American 
physics. Some topics selected out of the many 
possibilities from the Manhattan project will be 
sketched here. 

a. Isotopes 

Some hundreds of separate lots of artificial 
radioactive isotopes have been sold to research 
workers already by the Isotope Section, Research 
Division, Manhattan Engineer District, PO Box 
E, Oak Ridge, Tennessee. This activity will 
surely continue and expand under the newly 
formed Atomic Energy Commission, which took 
over control of the great project from the Army 
on January 1, 1947. The long-lived soft beta- 
emitter, C 14 , made in the high neutron flux of the 
Clinton graphite pile by the reaction N u (n,p)C lA 
which goes well with thermal neutrons, is the 
material of greatest interest as a tracer in bi¬ 
ological studies. The two-week beta-emitter, 
P* 2 , is also in demand, chiefly for its therapeutic 
value in some cases of leukemia and related dis¬ 
eases. It'is made by neutron capture in the 
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Fig. 14. A microphotograph of the first sample of the 
new element americium (Z-95) ever isolated. The lower 
part of the photograph shows the eye of an ordinary needle 
to fix scale. Above it is a small glass capillary, which is the 
test tube for this sort of chemistry. In the capillary can be 
seen the curved meniscus of the supernatant solution. At 
the bottom tip of the inside of the glass capillary is the 
grayish precipitate of americium hydroxide. (Photo furn¬ 
ished by Professor G. T. Seaborg, piscoverer of Am.) 

normal phosphorus isotope, P 81 . A third popular 
product is I 181 , which is a fission product, pro¬ 
duced in the exposed uranium metal slugs of the 
pile. These three are only examples, but they 
indicate the three types of reactions which go 
with ease in the reacting pile. The technique of 
separating a particular radioactive isotope out 
of the complicated mixture which may be formed 
by bombardment is well shown in Figs. 12 and 
13. It always involves remotely controlled 
chemical operations, with all personnel pro¬ 
tected from the radiation emitted by thousands 
or tens of thousands of curies of activity. The 
handling of large amounts of radioactive sub¬ 
stances is now a well-developed branch of 
engineering. 

6. The Transuranic Elements 

The element of highest atomic number and 
highest atomic weight which is found in nature 
is of course uranium. But the periodic table now 
goes well beyond that. In the year 1946 the dis¬ 
closure and naming of the transuranics had pro¬ 


gressed through neptunium, number 93, and 
plutonium, 94, to americium, 95, and curium, 
96. 18 In 1942 plutonium was produced only by 
cyclotron bombardment beginning with natural 
uranium. It was obtained in microgram amounts, 
and the extraordinary techniques developed by 
the radio chemists to handle such ultra-micro- 
chemistry have been admired widely by now. 
The elements at the top of the table are still 
made in microgram amounts by cyclotron 
bombardment. But the starting point may now 
be the man-made element plutonium, available 
in kilogram lots! It is interesting that the chem¬ 
istry of the transuranics, especially of trivalent 
curium and americium, seems to prove that a 
new rare earth like series of the periodic table 
begins with actinium, atomic number 90, and 
that successive elements essentially are made by 
adding electrons, not to the outermost 7 s shell, 
but to fill the 5/shell. This is in close analogy to 
the rare earths, which may be called the lan¬ 
thanides, for at lanthanum the 4/ shell begins to 
be filled. The transuranics we should call acti¬ 
nides. 

It is appropriate here to say that identity and 
name are now suggested, though not yet officially, 
for all the elements of the table up to curium, 
96. 18 The blanks are to be filled in this way, all 
by known radioactive isotopes of the element in 
question: Element 43 will be named by Professor 
Segrfc of Berkeley, probably to be called tech- 
nesium, from techne - art, to indicate that it is 
artificial only. It has no stable isotopes. The 
previous identification of a stable 43, called 
masurium, is certainly in error. Element 61 is 
now known to be a rare earth fission product. 
No name has been suggested as yet. Element 85, 
an unstable halogen, will be called by the beauti¬ 
ful name astasine, from a- not, and stasis - stand¬ 
ing still. Element 87 is known from radioactive 
work only, not chemically, and on these not 
quite complete grounds may be named francium, 
since it was discovered in this sense by a French 
radio chemist, and is believed to be a homologue 
of cesium. 19 

11 Seaborg, Science (Oct. 25, 1946). 

M See, for example: Seaborg and Segrfe, Pbys. Rev. 55, 
808 (1939) for element 43, Corson, MacKenzie, and $egr&, 
Phys. Rev. 57, 459, 1087 (1940) for element 85, Percy, J. 
de pbys. et rad. 10,453 (1939) for element 87. Private com¬ 
munications from E. Segr&, D. Corson, C. Coryell, and A. 
Turkevitch. 
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c. The Pile as an Instrument 

The chain-reacting pile forms an excellent 
device for the determination of the probability 
of neutron absorption, especially for thermal 
neutron absorption, by any material. The sub¬ 
stance is placed into the reacting structure at a 
point where the neutron density is fairly high. 
At such a place, evidently, the absorption of 
neutrons will have an important effect on the 
criticality of the whole structure. Since the time 
required for the neutron density to double in a 
barely-crideal pile is approximately proportional 
to the difference between the actual reproduction 
factor of the structure and unity, careful meas¬ 
urements of pile level changes with and without 
samples introduced provide a very sensitive way 
of measuring neutron absorption. Macroscopic 
samples are used, of course, and the cross section 
per atom can be measured at least relatively with 
high accuracy. This method has been applied to 
many elements—all that could be tried—and 
even, for engineering purposes, to manufactured 
materials. By oscillating the sample to and fro, 
from one point of the pile to another where the 
neutron density was quite different, sinusoidal 
change in neutron level of the whole pile is pro¬ 
duced. 20 This allows the elimination of slow drifts 
and the amplification of the effects by the use of 
resonant galvanometer systems. In the hands of 
the group at Oak Ridge this has become a method 
suitable for both precision measurement of ab¬ 
sorption cross sections, in favorable cases, and 
in the detection of very small cross sections. A 
general review of all the neutron cross sections 
over the whole periodic table is in preparation 
based on the extensive project work. The pile 
work was mainly done at the Argonne Labora¬ 
tory in Chicago and the Clinton Laboratory at 
Oak Ridge; very beautiful work in the region of 
fast neutrons was done mainly at Los Alamos; 
and neutron spectroscopy, with cyclotron veloc¬ 
ity selectors or with crystals (see below) at all 
these places and by sjub-contract at Cornell and 
Columbia. Much of this work is in the press for 
release; some has appeared this past year. 21 


10 E. O. Wollan, in press. _ 

n For example: Bailey el <U, t Phys. Rev. 70, 583 (1946) 
Barschall, Battat, and Bright, Phys. Rev. 70, 458 (1946) 
Rainwater and Havens, Phys. Rev. 70, 136, 154 (1946) 
H. H. Goldsmith, a survey article in press. 


d. The Pile as a Source of Neutrons 

A well-collimated beam of thermal neutrons 
defined by cadmium slits only millimeters wide 
and meters apart was long a dream of neutron 
physicists. When the intensity in addition leaves 
little to be desired, real progress has been made. 
This was made clear in 1946 by the experiments 
reported from the Manhattan Project—still 
only fragmentarily—in which the beam of neu¬ 
trons from a pile was put to work. The Bragg 
crystal diffraction of neutrons is not a new effect. 
It has been somewhat obscurely demonstrated 
in several laboratories. A neutron moving with 
the energy corresponding to thermal equilibrium 
in the lattice of the block of graphite in which it 
has been slowed has a wave-length of a few 
angstroms. This is just right to give strong low 
order diffraction maxima from natural crystal 
gratings. The effect has been put to work in the 
construction of crystal spectrometers, 22 using not 
x-ray tubes, sources of the diffracted waves, brass 
slits, and photographic plates for detectors, but 
cadmium slits defining a sharp beam of thermal 
neutrons from the pile, and boron-filed ionization 
chambers as detectors. The apparatus has had 
many uses. At Chicago 22 the neutrons have been 
used to investigate the scattering of neutrons 
from crystalline compounds. The neutron is 
scattered with different phase and amplitude by 
different nuclei. The intensity of scattering 



Fig. 15. Another section of the face of the Clinton pile. 
This suggests at least the kind of geometry applicable to 
the production of a strong collimated neutron beam. A 
beam is here emerging from a small hole in the pile face 
(the opening marked 10) and being caught in the large lead 
brick housing in the center of the photo. 


» Abstracts by Fermi, Zinn, Sturm, Turkel, and L« 
Marshall, Phys. Rev. 70, 103 (1946); Borst et oJ., Phys. 
Rev. 70, 557 (1946). 
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or what you will, a spectrum of the neutrons 
will be spread out in angle, according to the 
well-known Bragg law, n\ = dsind. Here X is the 
deBroglic wave-length, X = hlmv, and thus the 
distribution in angle is a distribution in velocity. 
Putting absorbers in the diffracted beam at any 
angle will serve to produce the attenuation for 
the energy of neutrons present at that angle of 
deflection. This is a physically monochromatic 
beam of neutrons, not simply a device for 
selecting the effects of a particular velocity 
group, like all the familiar time-modulated 
schemes. Energy resolution and range of usable 
energies is about as good as the best time-modu¬ 
lation schemes, and—apart from the pile—very 
much simpler. This scheme has been responsible 
already for the mapping of several resonance 
peaks in neutron absorption, for example those 
of In, Rh, Sm, Eu, and Gd. 


Fig. 16. A German-built V-2 rocket being made ready for 
flight at the proving grounds in the White Sands region of 
New Mexico. Note the truck at the left evidently supply¬ 
ing the liquid oxygen fuel to the rocket. 

determines the probability of the process, or the 
scattering cross section. This has long been in¬ 
vestigated. But the interference of the scattered 
amplitudes from the planes of differing nuclei in 
crystals, or even in molecules, gives a way to 
measure the hitherto unmeasured phase shifts in 
the scattered neutron wave. They show up in the 
relative intensities of the different orders of 
diffraction from various crystal planes, for ex¬ 
ample. This effect has no parallel in x-ray dif¬ 
fraction, where the wave is electromagnetic and 
its phase shift uniform. When this complication 
is unravelled, use of the neutron diffraction as a 
supplement to x-ray crystal analysis is likely to 
interest the workers in this field. Neutrons feel 
the effect of hydrogen and especially deuterium 
atoms much more than do x-rays, which are 
capable of interaction only with the electron 
cloud. This may lead to the study of the hydrogen 
•tom location in some compounds with the aid 
of neutrons. The neutrons which have been 
thermalized leak out of the pile with a velocity 
distribution just that of a molecular beam of 
hydrogen leaking out of a chamber at a little 
above room temperature. Collimated and di¬ 
rected suitably against a crystal of salt or calcite 



Fig. 17. A war-head of the V-2 fitted with research 
apparatus, in this case the electronic circuits of a cosmic- 
ray telescope whose Geiger-Muller tubes “look” through 
the openings in the war-head. This installation was made 
by the Applied Physics Laboratory of Johns Hopkins, at 
Silver Springs, Maryland. 
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The strong beam has given us one result of 
decisive importance, a precision re-measurement 
of the magnetic moment of the neutron. 2 * At the 
Argonne Laboratory, the heavy-water moderated 
pile, which produces a strong thermal beam, was 
used as the source for an experiment measuring 
the magnetic moment of the neutron by polariz¬ 
ing and analyzing the neutrons with ferromag- 
nets through which the) passed. The magnetic 
moment was obtained by observing the resonant 
frequency at which the polarized beam was 
partly depolarized by induced transitions in a 
magnetic field, coming from the Larmor preces¬ 
sion of the neutron magnetic moment. (This is 
the exact experiment of Alvarez and Bloch, an 
analog to those of Rabi with molecular and 
atomic beams.) The proton and deuteron mo¬ 
ments were measured as calibrating data in the 
same magnetic field, using the method of nu¬ 
clear induction in one form (see below). The 
result was given a conservatively estimated pre¬ 
cision of one part in fifteen hundred. To this 
accuracy the magnetic moment of the deutreron 
is shown now_to be just that of the free neutron 
plus that of the free proton plus a small calculable 
contribution arising from the non-spherically 
symmetric motion of the proton in the deuteron, 
the known slightly cigar-shaped distribution of 
charge. No effect of the binding on the nuclear 
particles themselves is found, to a rather high 
accuracy. This point is a long debated one in the 
theory of the lightest nuclei, and sets a necessary 
condition to be met by any meson theory of the 
future. 
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Fig. 18. The graph of the spectacular trajectory of a 
successful V-2 flight. The high altitude data were obtained 
by radar tracking. Note that about four minutes is passed 
in regions beyond the reach of balloons or planes, above 
100,000 feet. Not long, but something I 


3. Rockets 

The great technical development of the Axis 
Powers during the war was certainly the V-2 
rocket. For the first time it was possible to launch 
a projectile of some size into the region beyond 
the atmosphere. This wartime feat again has 
meaning for physics. Last year two dozen 
rockets were launched in New Mexico, most of 
them reaching altitudes of fifty miles or more. 
The flight lasts for several minutes, and up to a 
ton of apparatus can be carried aloft. In coopera¬ 
tion with the ordnance and industrial teams en¬ 
gaged in studying the rockets as weapons, 

“Arnold and Roberts, Phys. Rev. 70, 766 (1946); cf. 
Alvarez and Bloch, Phys. Rev. 57, 111 (1940). 


several laboratories have taken advantage pf the 
chance to study the region beyond the atmos¬ 
phere. Here are the cosmic-ray primary particles, 
not yet complicated by cloudbursts of secondary 
particles which they cause on striking the atmos¬ 
phere. Here may be measured the spectrum of the 
sun and of the stars, not through the dark glass 
of the air, but as they come through empty 
space. Both spectra and cosmic-ray measure¬ 
ments have been made with interesting results. 24 
Too little has yet been done to draw any valid 
conclusions, but it is certain that the exploration 

u Golian, Krame, and Perlow, Phys. Rev.70,776 (1946); 
private communication from Applied Physics Laboratory, 
Silver Springs, Maryland. 
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of space beyond the air will have real importance 
for more than one field of physics. 

THE MASS OF THE MESON 

For the years since its discovery, the meson 
has been examined in the cosmic ray in an effort 
to measure all its properties. Most fundamental, 
after its charge, is perhaps its rest mass. If the 
cosmic-ray meson is that predicted in connection 
with nuclear force theories, its mass should be 
somewhere between ISO and 250 times that of 
the electron. Up until 1946 about twenty-five 
mesons had been observed with sufficient ac¬ 
curacy to make possible some measurement of 
their mass. The spread in values was great, and 
it was by no means sure that the meson had only 
one definite mass. Perhaps the meson was not a 
unique particle but a whole family. 

An excellent experiment just reported 26 seems 
to have shown that the ordinary meson which 
makes up the penetrating component of cosmic 
rays at sea level has one mass, about 202 5 

times the electron rest mass. 

This measurement was made by a very careful 
and successful application of the usual technique. 
The method of measuring the mass is ordinarily 
this: The momentum of the meson can be meas¬ 
ured by measuring the curvature of its path as 
made visible in a cloud chamber across which 
there is applied a known constant magnetic 
field. This measurement is made difficult by the 
accidental deflections of the track of droplets 
caused by the irregular and turbulent motion of 
air in the cloud chamber. Then the ionization 
which the particle produces is measured, by 
counting the droplets left in the chamber gas, 
or by seeing what thickness of matter it will 
penetrate before it comes to rest. This gives the 
rate at which the particle loses energy by inter¬ 
action with the electrons of matter, and this is 
known as a function of the velocity of the particle. 
The scheme then is to measure the curvature of 
the track and on the same particle to determine 
*what thickness of lead it will penetrate. The 
experiment here reported divided up these 
measurements between two cloud chambers. 
The upper chamber was free of any obstacles, and 
carefully controlled in temperature. Track curva- 

* W. B. Fretter, Phys. Rev. 70, 625 (1946). 
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ture could be measured with minimum difficulty 
from turbulence. A second chamber mounted 
two feet below the first and in the same plane was 
expanded simultaneously, and photos were taken 
of both chambers. The lower chamber was 
crossed by eight half-inch sheets of lead; By 
observing in which plate the track appeared to 
end the range in lead could be gotten to fair ac¬ 
curacy, and the velocity calculated. The particles 
observed could be assigned a momentum with a 
spread due to the error in curvature measure¬ 
ment, and a range with the error coming from the 
finite plate thickness and other sources. The 
particles then could each be assigned a mass and 
a definite error. The spread of values was from 
142 to 264 electron masses. Statistical analysis 
of the data gives the result that a unique mass of 
202 m is quite consistent with the data. The 
observations agree among themselves just as 
well as can be expected from their individual 
estimated errors. These mesons have the single 
mass 202 m. 

NUCLEAR INDUCTION 

For some years the magnetic moment which is 
intrinsic to nuclear particles and to their motion 
within the nucleus has been an important object 
of study. This is a very small magnetic moment 
indeed, roughly two thousand times less than 
that associated with a single atom. First evidence 
for and some measurements of these tiny mag¬ 
netic dipoles were spectroscopic. They interacted 
with the current respesented by the orbital 
motion of the electrons around the nucleus in the 
atom, and the different orientations the nuclear 
magnetic moment assumed in the magnetic field 
resulting from the electrons* motion gave rise to 
atomic energy levels. These levels are very close 
together: the energy difference is very small, and 
the difference in frequency and hence wave¬ 
length of the emitted spectral lines very small 
indeed. Lines which originate in this way are 
said to be lines of the hyperfine structure of 
spectra. About ten years ago another and more 
elegant method was devised, which reached its 
present form in the work of Professor Rabi and 
his co-workers at Columbia. Here the nuclei are 
examined as they stream in molecular beams. 
Such beams are made to pass through strong in¬ 
homogeneous magnetic fields. The nuclear mag- 


JOURNAL OF APPLIED PHYSICS 




Fig. 19. The receiver-transmitter coils first used to meas¬ 
ure the nuclear magnetic moment by nuclear induction. 
The four heavy turns are the transmitter coil, and the more 
finely-wound receiver coil is seen within, its axis at right 
angles to the transmitter coil. Within the receiver coil is 
laced the sample encased in a half-inch spherical glass 
ulb. The whole arrangement is shielded heavily. Openings 
in the shield allow the installation of a rotating copper 
paddle for adjusting stray fields from without. (Photo¬ 
graph by Professor Felix Bloch of Stanford University, 
where this work was done.) 

netic dipoles feel a force which will depend upon 
their quantized orientation in space, and the 
molecular beam will split into several compon¬ 
ents. These components are each deflected by a 
different amount, and the deflection may be 
measured. The deflections one gets with any 
realizable magnetic fields are small, of the order 
of hundredths of a millimeter. The method could 
not by the nature of things be very precise. An 
elegant adaptation of the molecular beam tech¬ 
nique was made by Rabi. He used two equal but 
oppositely directed inhomogeneous fields. The 
beam passes through the first and is split into its 
components. Then the beam is reunited by 
passage through the second, and strikes a de¬ 
tector. But between the analyzer and the second 
field there is placed a third region. Here a uniform 
magnetic field is produced, and also a small 
radiofrequency magnetic field. The large uni¬ 
form field has of course no effect on the nuclear 



Fig. 20. Oscilloscope traces of the nuclear induction 
signal. The vertical deflection is proportional to the 
precessing magnetic moment (or its component in the 
direction of the axis of the receiver coil), the horizontal 
deflection to the applied d.c. magnetic field, which has a 
small, 60-cycle variation in magnitude. The traces shown 
are those of the proton signal from a water sample. In the 
top trace the applied field is above the resonance field on 
the average. The d.c field was lowered in about a second’s 
time to a value below resonance. The proton signal de¬ 
creased slowly. The next three traces were taken at suc¬ 
cessive five-second intervals after the reduction of the d.c. 
field. Note that the signal slowly reverses to a below-re- 
sonance condition, though no external change is now going 
on. This time lag, or “memory,” is the consequence of the 
time it takes for the small nuclear magnets to realign 
themselves into thermal equilibrium with the new applied 
field. The time is clearly a lew seconds in the case of water. 
(The double trace is a result of stray 60-cycle pick-up, 
which separated the forth- and back sweep in the camera 
exposure.) 

dipoles. But the radiofrequency 41 quanta” may 
be absorbed whenever their frequency reaches a 
value such that the quantum energy hv equals 
the energy difference between one orientation of 
the nuclear magnet in the uniform field and an¬ 
other one. Classically one writes hv = pH, where 
II is the uniform field strength and n the mag¬ 
netic moment of the nucleus. Fields around a 
thousand gauss correspond to resonant fre¬ 
quencies of a few megacycles for typical nuclei. 
Now the nucleus which “absorbs” the quantum 
is flopped over to a new orientation, cannot be 
refocused in the second field, and never reaches 
the detector. By measuring the detector response 
as frequency or magnetic field are varied, the 
shapes of the lines corresponding to resonance 
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with the nuclear magnetic moment can be found. 
This leads to precision comparisons of nuclear 
moments, depending only upon frequency meas¬ 
urements, always easy to do well. No nuclear 
quantities are known with the precision with 
which nuclear magnetic moments can be found 
in this way. But the apparatus is delicate and the 
skill and patience required great. Nor can every 
substance be gotten into a molecular beam and 
detected. 

It was exciting, then, when not only one but 
two investigators suggested methods by, which 
the same phenomenon—the flip of the nuclear 
magnets when they feel a ft oscillating field of the 
right frequency—could be detected with no 
fancy molecular beam techniques. For the first 
time the macroscopic effect of the nuclear mag¬ 
nets on the magnetic polarization of bulk ma¬ 
terial was taken into account. Think of a sample 
of material placed in a magnetic field. The nu¬ 
clear magnets will line up in the magnetic field 
to get into the state of minimum potential energy. 
But of course the thermal agitation of the 
molecules will act to disorient the magnets. The 
net result will be given by the usual Curie- 
Langevin law: the resultant nuclear moment per 
cc at thermal equilibrium will be approximately 
where n is the number of nuclei per 
cc with magnetic moment /* per nucleus, H is the 
applied magnetic field, and kT is Boltzmann’s 
constant times temperature. This is a small con¬ 
tribution to the paramagnetism at best. For 
protons in water in even pretty high fields it is 
almost unobservable. What is measured is not 
the d.c. effect, but a resonant effect at radio¬ 
frequency. In one experiment, a resonant cavity 
was made for about 30 me.* 6 It was filled with 
paraffin, and was placed in a strong magnetic 
field, at about 7000 gauss. A weak r-f magnetic 
field in the cavity was kept perpendicular to the 
d.c. field. The d.c. field was slowly varied until a 
sharp resonance absorption was observed. The 
absorption of r-f energy had changed the Q of 
«the cavity, reduced its output, and affected a 
detector which had been balanced out off re¬ 
sonance. The same advantages can be claimed 
for this method as for the molecular beam. 

An .even simpler technique was applied some- 

* Purcell, Torrey, and Pound, Phys. Rev. 69, 37 (1946). 
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what later. Here the effect observed is the pre¬ 
cession of the resultant nuclear magnetic moment 
as resonance is approached. 27 The observation is 
made, not of the reaction upon the driving circuit, 
but of the e.m.f. induced directly by the preces- 
sing nuclear magnets in a pick-up coil in which 
all e.m f. had been balanced out off resonance. 
The nuclear-induced precessing field has a com¬ 
ponent perpendicular both to the constant field 
and to the r-f field. It is this component which is 
observed. No more is needed than a radio oscil¬ 
lator, a lecture table magnet, a transmitter- 
receiver coil arrangement, and appropriate 
radiofrequency amplifiers and oscillograph cir¬ 
cuits. The coils of Fig. 19 are the heart of the 
apparatus. 

It should be noted that the methods of nuclear 
induction, as they are called, depend upon the 
nuclear magnets reaching thermal equilibrium, 
with their moments oriented not at random, but 
with the equilibrium resultant value. It is just 
the macroscopic want of cancellation which 
makes the whole effect. But the mechanism by 
which the nuclei come to thermal equilibrium is 
complex and little-known. If it took weeks for 
equilibrium to arise, the experiment would be 
very difficult. The time taken will be a function 
of the chemistry of the compound and of many 
atomic features. A whole new subject in atomic 
physics is opened up by this technique, as well as 
a simple new supplement to the existing study of 
magnetic moments. The use of the technique for 
isotope analysis without any destruction of the 
sample, isotope analysis by radio, so to speak, 
may prove of great importance in tracer work 
with stable isotopes. The whole subject is a good 
example of how new ideas may arise in fields 
believed already carried to their highest develop¬ 
ment. The world of physics is surely infinite. 

This sketchy review of the first year of peace 
is full of promise. The promise will be fulfilled 
only if physicists can share with all men the pros¬ 
pect which carries all our hopes, the prospect of 
the many years of peace that lie ahead. 

I am glad to acknowledge the kind cooperation 
of all the busy men who answered letters and 
supplied photographs to make this account 
possible. 

"F. Bloch, Phya. Rev. 70, 460 (1946) (theory); Bloch, 
Hansen, and Packard, Phys. Rev. 70, 474 (1946) (exp’t). 
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An Effect of Electron Bombardment upon Carbon Black 

John II. L. Watson 
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(Received September 9, 1946) 

A significant change is reported in mean particle size and shape characteristics of carbon black 
due to specimen contamination while under examination in electron microscopes. The effect is 
described for a number of well-known commercial blacks and examples are given in graphical 
form to illustrate expected variations in mean particle size with continued bombardment at 
normal focusing intensities. The effect is observed in other materials but is more pronounced in 
carbon black. Suggestions are made for minimizing the effect. 


A CHANGE in any specimen in an electron 
microscope resulting from the effect of 
either vacuum or electron bombardment is of 
interest to electron microscopists both for itself 
and for the information which may be gained for 
interpretation of electron micrographs. Very few 
effects of vacuum upon electron microscope speci¬ 
mens have been reported, although an evapora¬ 
tion of sulphur crystals has been observed. Some 
modification of specimens in the electron micro¬ 
scope due to shrinkage or evaporation, is dis¬ 
cussed in a recent article by L. Marton el al. 1 
Artifacts introduced into electron images by 
electron bombardment of a specimen object are 
also rare. Dulling of sharp crystal corners and 
edges by bombardment has been noted and 
charging effects are common, but permanent 
deformations are not often seen. One notable 
exception involves the phenomenon of the deposi¬ 
tion of insulating films upon metal surfaces under 
electron beams. 2 

The particular effect reported here is an in¬ 
crease in the mean size of carbon black with 
bombardment as measured by the methods of 
electron microscopy. This was observed first with 
a filmless 8 preparation where the increase is very 
pronounced. This increase in mean particle size is 
important from the point of view of its explana¬ 
tion and from the practical standpoint of its 


1 L. Marton, N. N. Das Gupta, and C. Marton, Science 
104, 35-36 (1946). 

* R. L. Stewart, Phys. Rev. 45, 488-490 (1934). 

8 J. H. L. Watson, J. App. Phys. 17, 121-127 (1946). 


influence upon the problem of carbon black 
particle size and shape determinations. 

A qualitative description of the change in ap¬ 
pearance of Shawinigan Acetylene Black under 
bombardment can be described best from an 
examination of Fig. 1. This figure shows the ap¬ 
pearance of a particular field of a filmless sample 
as the time of bombardment increases. Bom¬ 
bardment times for each exposure arc given in 
the figure caption and refer to the total elapsed 
period relative to the first exposure. As the bom¬ 
bardment continues the original crystalline ap¬ 
pearance of the particles is lost and almost all 
become round or oval after a few minutes, where 
previously they were predominantly crystalline 
and straight-edged. The particles not only change 
sha{)e, but they increase in size, and fewer are 
distinguishable. There is a lessening of contrast 
over the image, less structure is visible in both 
chains and particles, and the chains become 
clumps. The change in mean particle size and in 
appearance is considerable over even short 
periods of 15 or 30 seconds, but occurs slowly 
enough that the eye can distinguish it only after 
discrete intervals. Over the usual times allowed 
for examination of a specimen in the electron 
microscope the changes may be unnoticed quali¬ 
tatively but will be of sufficient magnitude to 
materially affect particle size frequency distri¬ 
butions and observations of shape characteristics. 

The effect has been checked for many prepara¬ 
tions of Shawinigan Acetylene Black and has been 
observed to some extent in all samples studied. 
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Fig. 2. Particle*size frequency distribution curves for each 
of the exposures in Fig. Irrespectively. 



Fig. 3. Mean particle size for each of the exposures in 
Fig. 1, respectively, plotted against time of bombardment 
relative to the first exposure Fig. 1A. 



Fig. 1. Shawinigan Acetylene Black under continued 
bombardment in the electron microscope, filmless prepara¬ 
tion X20,000. Bombardment times are: A, zero; B, 1 min.; 
ft, 2 min.; D, 3 min.; E, 4 min.; F, 5 min.; G, 7 min.; 
H, 9 min.; I, 11 min.; J, 12 min. relative to the first 
exposure. 


Figure 1 is representative. In general, depending 
upon intensity, the increase in mean particle size 
for this black in a filmless preparation is of the 
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Fig. 4. Other typical increases of mean particle size with 
bombardment time for filmless and film preparations of 
Shawinigan Acetylene Black. F., film preparation; F.L., 
filmless preparation. 
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Fig. 5. Typical increases of mean particle size with 
bombardment time for filmless and film preparations of 
Voltex and Carbon I. F., film preparation; F.L., filmless 
preparation. 

order of at least 70 percent after 5 minutes bom¬ 
bardment. This is easily a significant value for 
the type of counting procedure involved. At fairly 
high, although not focused intensities, the par¬ 
ticle size usually will have changed significantly 
(i.e., say more than 5 percent) in 30 or sometimes 
in as little as 15 seconds. 

In studying a bombardment time series, the 
same field is photographed after discrete intervals 
and particle size frequency distributions are ob¬ 
tained from each exposure for comparison. As an 
example, the frequency distributions, plotted 
upon logarithmic probability paper 4 (the distri¬ 
butions being negatively skewed), are given in 
Fig. 2 for each of the exposures in Fig. 1, re¬ 
spectively. In the exposures of this series, too few 
particles are visible to give good straight lines. 
The mean particle diameters thus obtained are 
plotted against time to give the graph in Fig. 3. 
Other typical increases for acetylene black are 
shown in Fig. 4. The mean values in the first 
exposures are within dtlO percent of their arith¬ 
metic mean which is fair agreement considering 
the fact that but one field of the specimen is 
under study in each case and the number of 
particles counted is necessarily low. These curves 
are labeled as being from either filmless or film 
preparation.* For any particular field, if the 

4 J. M. Dallavalle, Micromeritics (Pitman Publishing 
Corporation, New York, 1943), p. 47. # .... 

•The term “filmless preparation" is described under 
reference 3. “Film" preparation referred to here involves 
blowing the dry carbon from a de Vilbuss atomizer toward 
a Formvar film over a usual electron microscope specimen 
holder. 


intensity is kept constant throughout a run, the 
relationship between mean particle diameter and 
bombardment time follows a straight line. 

Similar bombardment experiments have been 
carried out using specimens of such well-known 
colloidal carbon blacks as Micronex, Voltex, 
Statex, and P-33. These are structureless carbons 
as compared with acetylene black which is 
characterized particularly by its chain structure. 
M icronex and Voltex are representative of channel 
blacks of very small diameter. Statex is close to 
Shawinigan in mean size but is a combustion 
furnace black, where Shawinigan is formed by a 
process of thermal decomposition. P-33 is a large 
diameter black formed by a thermal furnace 
process. Table I gives (a)—particle sizes for each 
black represented, (b)—a brief description of the 
process by which the black is made, and (c) a 
summary of average values in angstrom units of 
the increases which can be expected for film and 
filmless preparations over a 3-minute bombard¬ 
ment period at normal focusing intensity. This 
table is merely intended to give the reader some 
idea of expected variation in particle sizes. Other 
than this it has little significance since the con¬ 
tamination is dependent, as will be discussed 
later, on several factors which it is difficult to 
control. Figure 5 gives several curves for mean 
particle diameter versus bombardment time for 
Carbon 1 and Voltex. Again, the mean sizes re¬ 
produce well from the first exposures of the series. 
Figure 6 shows a typical sequence of Voltex under 
the electron beam for a film preparation, and 

Table I. Average increase in mean particle diameter 
after three minutes of bombardment at normal focusing 
intensity. The distance of the material from the wire of the 
grid is unknown. 




Mean* 

Film 

Filmless 


Process of 

particle 

diameter 

mount- 

mount- 

Sample 

manufacture 

ing 

ing 

Carbon I 

Channel Black 

(A) 

140 

(A) 

53 

Iss 

Voltex 

Channel Black 

155 

110 

155 

Micronex W-6 (EPC) 

Channel Black 
Furnace 

295 

90 

200 

240 

Statex | 

I 

Combustion 

Black 

Thermal 

400 

115 

345 

Shawinigan j 

Decomposition 
of Acetylene 

430 

115 



Furnace 




P-33 j 

Thermal 

Black 

1050 

Negligible except 
at high intensities 


* The mean particle diameters published here are calculated as an 
average of the values obtained In these experiments from the particle 
measurements made on the first exposures of the series. The longest 
diameters are taken when measuring a particle. The effect of distortion 
has been kept as far as possible at a .minimum. 


Volume is, February, 1947 


155 



A 


B 


C 



■' ,v ' </ 


t/H 

» , 

. ■ r 

, / 


;■ <, • 

y , v v '• 

j i." 

V* } 



D 



E 


Fig. 6. Typical sequence of film 

C reparation of Voltex under electron 
ombardment X 75,000. A, zero; 
B, 1 min.; C, 2 min.; D, 3 min.; E, 4 
min. relative to first exposure. 


Fig. 7 for a filmless one. Increases of well over 100 
percent may be recorded for film specimens of the 
finest carbons such a $ Carbon I and Voltex in 3 
minutes. From filmless preparations of these two 
carbons it is difficult to secure particle diameters 
at all after a few minutes since the clumps seem 
to coalesce and single * particles are no longer 
visible. 

Similar changes are observed with Statex 
samples and to a marked lesser degree with P-33. 
However, with very intense bombardment of 
P-33, large changes are recorded. In general, as 
would be expected, the percentage increase in 
mean particle diameter is greatest for blacks of 
smaller particle size. 

»Several general observations have been made 
concerning the relative magnitude of the effect 
under different conditions of specimen exami¬ 
nation. It is more pronounced in a filmless rather 
than a film mounting. It is zero when the speci¬ 
men is incorporated into the body of a Formvar 
film. It is most pronounced at high intensities and 


may be made negligible if the intensity is lowered 
sufficiently. With prolonged bombardment of 
carbon black the effect does not clean up but is 
permanent, and becomes progressively more pro¬ 
nounced as shown in Fig. 1. The effect is of equal 
magnitude regardless of whether the sample is on 
the filament side of the supporting film, or on the 
reverse side. The carbon “grows” only in that 
area where the specimen is being bombarded. 

That a contaminant surface is deposited, is 
easily demonstrated by bombardment of a 
Formvar film which has holes through its surface. 
The film thickens noticeably and contrast be¬ 
tween film and hole space is enhanced by the 
bombardment, see Fig. 8. Figure 8B was taken 
after a 3-minute bombardment with all operating 
conditions and photographic processes, the same 
as for Fig. 8A. This film thickening will lower 
resolution and contrast over the specimen but not 
to a sufficient extent in short times to account for 
the pronounced increases in mean particle size 
recorded here. The holes in the Formvar are 
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Fig. 7. Typical sequence of filmless 
preparation of Voltex under electron 
bombardment X50,000. A, zero; 
B,. 1 min.; C, 2 min.; D, 3 min.; E, 4 
min. relative to the first exposure. 



measurably smaller after bombardment; a de¬ 
crease of about 8 percent occurring in 5 minutes. 

It has been pointed out already that a greater 
contamination effect is observed in filmless than 
in film preparations. In a filmless one a field is 
usually chosen which is quite near the metal of 
the specimen grid. Upon further investigation, it 
is observed that in either type of specimen prepa¬ 
ration, the closer the bombarded area is to the 
grid wire the greater is the effect of contamina¬ 
tion. Figures 9 and 10 are offered to illustrate this. 
These were taken of the same specimen of 
Shawinigan Black mounted on a filmless holder. 
Figures 9 A and B were taken of a field in the 
center of one of the holes, as far from the wire as 
possible. No change was noted after a bombard¬ 
ment of six minutes. Figures 10 A and B were 
taken of a field Immediately adjacent to the wire. 
There is an 81 percent change in mean particle 
size between these two figures after one minute 
bombardment. The mean particle size changes 
from 470 to 850 A. 


An attempt is being made to relate percentage 
change in mean particle size with distance from 
the screen. From preliminary experiments it 
appears that the very pronounced contamination 
falls off rapidly and only occurs in a region dis¬ 
tant about 8 m from the wire. This distance will 
vary with different specimens and electron in¬ 
tensities. In regions further than this from the 
screen the contaminant builds up more slowly. In 
order to keep the effect at a minimum, fields for 
examination should be chosen as far as possible 
from the metal grid. 

The observations cited support an explanation 
based upon specimen contamination occasioned 
by the deposition of a hydrocarbon material 
under electron bombardment after the manner 
described in reference 2. The mechanism of this 
hydrocarbon formation in the electron micro¬ 
scope is related to the well-known phenomenon of 
polymerization and condensation rtf organic 
vapors and gases, and certain other gaseous 
products, under electron or other charged-particle 
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Fig. 8. A, Formvar film 
before bombardment. B, 
Same field after three-minutes 
bombardment X 25,000. 


A * B 


bombardment. 6 ' 6 Theoretically these contami- itself, from grease used to a limited extent on 
nant surfaces may originate either from organic vacuum seals, or from impurities present in the 
materials in the metal body of the microscope specimen bolder and supporting grid. It is con- 



A » 

Fig. 9. Shawinigan Carbon Black, filmless preparation, micrograph taken of a field which was as far from the metal wire 
of the grid as possible. A, no bombardment. B, after 6 minutes of bombardment. 

• George Glodder and Alvin E. Walz, Trans. Electrochem. Soc. 88, 151-160 (1945). 

• J. C. McLennan, M. W. Perrin, and H. J. C. Ireton, Proc. Roy. Soc., A125, 246 (1929). 
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A B 

Fig. 10. Same specimen as Fig. 9, micrograph taken under same conditions as Fig. 9 of a field immediately adjacent to 
the grid. A, no bombardment. B, after 1-minute bombardment. 


ccivable also that organic substances present in 
the object could be distributed as a vapor under 
the beam and be redeposited upon the particles ; 
but it is known that the percentage of volatile 
material in these blacks bears no relation to the 
magnitude of the change. 

If we assume that the explanation for the con¬ 
tamination lies in the above paragraph, a reason 
for the more pronounced effect near the grid can 
be advanced. The formation of the polymer can 
be explained from Lind and GlocklerV* 8 experi¬ 
ments upon alpha-ray bombardment and conse¬ 
quent polymerization of acetylene and other 
hydrocarbons.*They suggest that when the mole- 

7 S. C. Lind, and G. Glockler, The Electrochemistry of 
Gases and Other Dielectrics (John Wiley and Sons, Inc., 
New York, 1939). 

• G. Glockler and S. C. Lind, J. Am. Chem. Soc. 53, 3355 
(1931). 


cules in gaseous or vapor state are bombarded 
by charged particles they are ionized and that 
they then attract neutral molecules to themselves 
to form a cluster-ion. When this finally is 
neutralized a large molecule is formed. 9 This 
neutralization and resulting deposition of the 
contaminant will occur most easily upon electron 
microscope specimens at or near the conducting 
grid. 

In order to test this explanation a conductive 
film of chromium metal was deposited over a 
Formvar film preparation of Voltex Carbon, by 
use of shadow casting methods. Under these con¬ 
ditions, marked contamination was observed over 
the specimen regardless of position relative to the 
grid. Figures 11 A and B are reproduced of a field 

9 J. H. L. Watson and K. Kaufmann, J. App. Phys. 17, 
996 (1946). / 
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approximately in the center of a grid hole. The 
normal degeneration of contrast over the speci¬ 
men and increase in mean particle size is observed 
in Fig. 11 B. 

Carbon black, and especially Shawinigan 
Acetylene Black, is particularly conductive. 
Heavy contaminant deposits would be expected 



Fig. 11. A chromium shadow cast specimen of Voltex. 
A, no bombardment. B, after a 4-minute bombardment. 
The field was chosen far from the grid wire. 


therefore to form upon it. Whereas it is always 
possible with carbon black to demonstrate a rapid 
increase in size under bombardment, it has not 
been found possible in this laboratory to do so to 
the same extent with other materials. 

The loss of contrast over the specimen and the 
lack of detail are explainable on a basis of con¬ 
tamination of both the film and the specimen 
itself. Likewise masking of the small particles; 
growth of all the particles; and loss of original 
shape characteristics could be caused by con¬ 
tamination. 

That as large an effect is not noted with other 
substances as with carbon black may be signifi¬ 
cant also as an indication that the surface of the 
black has a certain activity for attracting and 
holding the contaminant permanently so that it 
will not clear up under continued bombardment. 
This would conform with the known activity of 
carbon surfaces in other regards 10 such as their 
adsorbent, catalytic, and unsaturated electron 
properties. 

Recognition of the existence of the effect points 
out at least one way in which values from particle 
size frequency distribution curves can be secured 
with greater accuracy and reproducibility. Since 
increases in particle sizes similar to these but of 
less magnitude have been found to occur to some 
extent with other materials under bombardment, 
precautions for minimizing the effect should be 
followed in all particle size determinations made 
with electron microscopes. 

The change takes place so rapidly with finer 
carbons that in any micrograph where there is a 
possibility that it has occurred the original shape 
of the particles is masked almost certainly. There¬ 
fore it may distort not only particle size determi¬ 
nations but it may lead to wrong conclusions 
concerning particle shape and through these to 
incorrect calculations of specific surfaces. In 
Shawinigan Acetylene Black for example, the 
fine, platelet particles appear as round or oval 
units after a few minutes. In experiments to date 
the finest carbons such as Carbon I and Voltex 
appear to be “feathery” in the original un¬ 
contaminated condition but rapidly become 
small, distinct spheres under bombardment. The 
feathery appearance may be caused wholly by 

10 U. Hofmann and W. Hdper, Naturwiss. 32, 225-226 
(1944). 
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lack of resolution but the possibility exist that 
some oflfchese extremely fine carbon particles 
possess crystalline properties and straight-edged 
shapes in their original condition, much in the 
manner of Shawinigan Acetylene Black. The 
shape characteristics however would be within, or 
near, the limit of resolution, and would not be 
seen except insofar as they lend the feathery 
appearance to the image. 

The effect may be made zero by incorporating 
the black samples into the supporting film. How¬ 
ever, the sample manipulation required in 
effecting this type of mounting will tend to 
change the appearance of the cat bon from what it 
was originally, causing structure breakdown and 
making interpretation of results more difficult 
and less reliable. In this laboratory it is desirable 
to study the black as much in its normal state as 
possible and therefore dry mounts are essential. 
It is in these that the change under bombardment 
is considerable. Therefore it becomes a necessity 
that conditions in the microscope be kept such 


that a minimum of change is possible. To do this 
the following rules of procedure are followed: 
(1)—the intensity is kept at a minimum, (2)— 
micrographs are taken as rapidly as is practically 
possible, (3)—focusing is often carried out using 
a part of the field which is not to be photographed, 
and (4)—fields are photographed which are as far 
as possible from the metal of the specimen grid. 
If a black is bombarded at fairly high intensity, 
(focusing intensity) for any length of time longer 
than IS seconds a correction downward in particle 
size should be applied. It is impossible to give a 
value for this correction here as it will depend 
upon the time taken for focusing and the intensity 
used by the individual microscopists. 

Many of the observations and much of the 
information concerning contamination is con¬ 
tradictory and incomplete. Since it is becoming 
an increasingly important problem in electron 
microscopy an exchange of information on the 
subject in publication is needed in order to 
clarify many aspects of it. 
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On Cavity Formation in Water* 

E. Newton Harvey, Wm. D. McElroy, and A. H. Whitblby 
Department of Biology , Princeton University 
(Received October 28, 1946) 


Phenomena involving the tensile strength of water have 
been studied by a kinetic method—high speed motion 
photography of the rapid movement of a blunt glass rod 
(5 mm diameter) in a narrow (16 mm inside diameter) glass 
tube of water. Special precautions have been taken to 
remove all hydrophobic patches and small gas masses (gas 
nuclei) but to retain the dissolved gas (air at one atmos¬ 
phere) in the water. If the rod surface contained ga» nuclei, 
or was hydrophobic and free of gas nuclei, cavitation 
occurred at the rear end when the velocity was less than 3 
meterg/sec., but if completely hydrophilic and free of gas 
nudei 9 the velocity could be 37 meters/sec. or 83 miles/hour 


without cavitation. Addition of a detergent (diactyl 
sodium succinate) to the water did not prevent cavitation 
at a low velocity with the hydrophobic rod free of gas 
nuclei. Movement of a rod in pure corn syrup (viscosity 
20.1 poises), free of gas nuclei, left a large cylindrical cavity 
that collapsed in a matter of hundredths of a second. It is 
not possible to calculate the tensions, developed in these 
experiments, but it is pointed out that the velocities 
attained without cavitation are far higher than previously 
observed for movement of bodies in an aqueous medium, a 
result believed to be owing to the absence of all gds phases 
and hydrophobic surfaces. 


INTRODUCTION 

URING a study of bubble formation in the 
blood and tissues of animals—a condition 
leading to such symptoms of decompression 
sickness as the “bends’'—the conclusion was 
reached that a decrease in hydrostatic pressure, 
i.e., a tension in the tissues, was one of the 
primary factors involved. Favoring this view is 
the observation that straining movements and 
muscular exercise at simulated high altitudes 
greatly increase the incidence of bends in men 
or of bubbles in animals. 1 This work led to 
investigation of the tensile strength of pure 
water containing dissolved air, and it is the 
purpose of this paper to describe the method 
and certain observations in connection with the 
experiments. Calculation of the actual tensions 
involved has not been attempted, but all relevant 
data are given. 

There is a general belief that water under 
tension can be easily torn apart; that it is only 
necessary to reduce the pressure to that of water 
vapor in order to obtain profuse bubbling and 
boiling. Actually, the boiling which occurs at 
the vapor pressure is because of the presence of 
iftinute gas pockets adhering to dust particles in 

* The work described in this paper was done under a 
contract recommended by the Committee on Medical 
Research, between the Office of Scientific Research and 
Development and Princeton University. 

1 For a general discussion of decompression sickness and 
bubble formation, see E. N. Harvey, Bull. N. Y. Acad. 
Med. 21, 505 (1944). 


the water or on the walls of the container. The 
gas phase serves as a gas nucleus to start the 
cavitation. It is a simple matter to show that 
if gas nuclei are removed, water in non-capillary 
spaces can be subjected to high vacua or can be 
heated to over 206°C without boiling, 2 although 
evaporation from the surface is rapid (Harvey 
et al .*). 

Many experiments, recently reviewed by Vin¬ 
cent 4 and discussed by Dean 6 indicate that a 
water column in a well-cleaned container can be 
subjected to a tension measured in atmospheres 
without breaking. The maximum values for this 
tension have been obtained by means of the 
thermal contraction method. In this method a 
glass tube, completely filled with the liquid at a 
higher temperature, is slowly cooled. The differ¬ 
ential contraction of liquid and container then 
exerts the tension that finally pulls liquid from 
the walls with a sudden click. Dixon 6 obtained 
150 atmospheres and Vincent 4 157 atmospheres, 
using this method. 

Both values are far short of the 10,000 atmos- 


1 The vapor pressure of water at 206°C is 17.3 atmos- 

S heres and at 270°C. the highest temperature to which 
[enrick, Gilbert, and Wismer, J. Phys. Chem. 28, 1297 
(1924) could superheat water, is 54 atmospheres. 

. • E. N. Harvey, A. H. Whiteley, W. D. McElroy, D. C. 
Pease, and D. K. Barnes, J. Cell. Comp. Physiol. 24, 23 
(1944). 

4 R. S. Vincent, Proc. Phys. Soc. London 53, 126 (1941) 
and 55, 41 (1943). 

• R. B. Dean, J. App. Phys. 15. 446 (1944). 

*H. H. Dixon, Proc. Roy. Dublin Soc. 14 (N.S.), 229 
(1914). 
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Fig. 1. Moving picture of cavity formation due to a pressure pulse (with negative pressure component) which 
arises when the bottom of a glass tube containing highly evacuated water (vapor pressure -19 mm Hg) is struck a 
blow with a wooden block. The block appears in frame 1 and disappears in frame 10. Note that the cavities, which 
have enlarged from gas nuclei, first become of maximum size near the bottom of the tube and last longest near the 
top of the tube. Tube diameter 19.3 mm, 140 frames per second. Exp. 6-9-43. 


pheres for the mutual attraction between the 
water molecules, or the “intrinsic pressure* * 
within the liquid, possibly because breaking is 
not simultaneous across a unit cross-sectional 
area. On the other hand, the variation in experi¬ 
mental values from 5 to 157 atmospheres that 
have been obtained by different workers, may be 
a reflection of insufficient removal of small gas 
masses.* In every experimental investigation of 
the tensile strength of water the container is as 
important as the water. Not only must there be 
no gas nuclei on the walls but also no hydrophobic 
surfaces must be present, since water does not 
adhere to these surfaces and readily separates 
from them. Both these conditions indicate that 
a relatively small amount of water and a mini¬ 
mum surface area of easily cleaned hydrophilic 
material is essential for experimental work. Glass 
is unquestionably ideal for the surface since the 
water-glass contact angle is zero. 

* Additional references on the tensile strength of water 
which have recently come to the attention ot the author 
are: A. L. King, Proc. Nat. Acad. Sci. 30, 155 (1944) and 
H. N. V. Temperley and L. G. Chambers, Proc. Phys. 
Soc. London 58, 420, 436 (1946). 


In addition to the previously mentioned ther¬ 
mal contraction method of exerting tension on 
water, kinetic methods are also available. In one 
of these the bottom of a tall glass tube filled 
with water, which has been exhausted to the 
vapor pressure, is struck a sudden blow. The 
blow moves the glass wall of the tube sufficiently 
to start a pressure pulse with a negative com¬ 
ponent. The cavitation and bubble formation 
under those conditions are well known. In Fig. 1 
is reproduced a series of prints from a high speed 
moving picture which show the resulting cavita¬ 
tion when the bottom of a tube of evacuated 
water (vapor pressure -19 mm Hg) is hit with a 
wooden block. The cavities have started from 
gas nuclei. 

Another method of developing tension is to 
move a long tube of water rapidly in the direction 
of its open end and suddenly bring it against a 
rigid barrier or stop. The momentum of the 
moving water tends to pull it apart. 

Although the above two procedures have 
readily caused cavitation and bubble formation 
if gas nuclei were present, after the removal of 
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Fig. 2. A far (left) and near (right) view of the apparatus for rapidly moving a glass rod vertically in water. The steel 
bow appears above and the sodium lamp (with a circular mirror) on right. This lamp flashes 120 times a second and is used 
for timing the frames. Ip the near view, the Cellophane covering of the tube to protect against dust and a large mirror to 
allow a view of the cavitation at right angles to the camera is plainly seen. 


the gas nuclei the blow to the tube or the 
velocity of the movement necessary to cause 
cavitation were so great as frequently to break 
the tube. Likewise we have found that cavitation 
of water, caused by the passage of high frequency 
sound waves, ceased when gas nuclei were pre¬ 
viously removed, although a fairly high intensity 
of sound was employed (Harvey ct al.*). 

Flow methods of reducing pressure, which 
defend on the principle of Bernouilli (a Venturi 
or a Reynolds tube, Fig. 6) or the flow past a 
fixed body in the stream, are not feasible because 
of the large amount of water necessary and the 
problem of removing gas nuclei from such a 
volume. However, by moving a surface rapidly 
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through stationary water similar regions of low 
pressure develop. The rear end of a moving 
object, such as a rod, exerts a continuous pull 
on the surrounding medium, which attempts to 
follow the rod and close the potential space. 
This method has been adopted in the experiments 
described below. 

TECHNIQUE 

In order to study the tearing of water from a 
glass surface moving with high speed, conditions 
most favorable for the development of tension 
werfc selected, namely, a cylindrical glass rod 
cut squarely across at one end and moved rapidly 
through a small volume of water in a narrow 

Journal of Applied Physics 





glass container. The walls of the container were 
near enough to those of the rod to give the 
additional suctional effect of a leaky piston. Rod 
and container cannot be too close, as the contact 
of one surface with another supplies the condi¬ 
tions for immediate cavity and bubble formation 
(Harvey et a/. 7 ). 

To make certain that no hydrophobic spots 
remained on the glass surface, cleaning was 
accomplished by washing with soap and water, 
followed by hot trisodium phosphate and then 
hot concentrated sulphuric acid-bichromate mix¬ 
ture. Dust particles were removed by centrifuging 
(800 Xg for 30 minutes) the water used in the 
experiment. Our experiments differ from those 
of previous workers in that attempts were made 
to remove completely all gas nuclei, but to leave 
the dissolved air (at a tension of one atmosphere) 
in the water. 

The method for removing gas masses was that 
of high hydrostatic pressure treatment (Harvey 
et al. z ) which forces gas nuclei into solution. The 
glass tube, 16.0 mm inside diameter and about 
41 cm long, with its contained water (distilled) 
and glass rod in position, with wire attached for 
pulling the rod, was covered with dialyzing 
Cellophane tubing tied both to the wire and to 
the glass tube end to prevent the entrance of 
dust, as shown in Fig. 2. This assembly was then 
placed in water in a long steel pressure chamber 
and subjected to 16,000 lbs./in. 2 hydrostatic 
pressure for from IS to 120 minutes. 

After the cleaning and pressure treatment, the 
tube, rod, and water were tested by evacuation 
to the vapor pressure of water to see if bubbles 
would, arise. In no case was bubbling observed. 
The assembly was then mounted in a frame and 
the rod connected by its wire cither to a coiled 
wire spring (in earlier experiments) or a bow, 
fabricated from a steel auto spring leaf, for rapid 
movement of the rod. 

The lower part of the tube and rod were 
arranged in position before an Eastman 16 mm 
high speed moving picture camera, the maximum 
speed of which is 3000 frames per second. Behind 
the tubes therd was a ground glass, illuminated 
by two No. 2 photo-flood lamps, run on 130 

7 E. N. Harvey, K. W. Cooper, and A. H. Whiteley, 
“Bubble formation from contact of surfaces, J. Am. Cnem. 
Soc. 68, 2119 (1946). 


volts in a reflector. This intensity of transmitted 
light was found to give proper exposure for 
2000 frames per second with / =° 3.5 and a camera 
distance of three feet. In some experiments a 
mirror was so arranged that a view of the moving 
rod at right angles, in addition to the direct 
view, was recorded by the camera. The bow or 
spring was stretched and locked in position with 
a trigger release that was activated when about 
35 feet of a 50-foot roll of Eastman super XX 
panchromatic film had passed behind the camera 
lens. The film was developed in Dll for 5.5 
minutes. Just before the motion picture of the 
moving rod was taken, the Cellophane cover, 
which protects from dust, was loosened around 
the edge of the glass tube but left attached to 
th£ rod wire, thereby moving upward with the 
rod. No dust could enter the water until after 
the rod had moved out of the camera field of 
view. 

Two sizes of Pyrex glass rod have been used, 
both about 29 cm long, one 5 mm in diameter, 
and one 10 mm in diameter. The end of the 
5-mm rod was fire polished while the end of 
the 10-rhm rod was ground and polished with 
rouge to make a right angle. The larger rod was 
introduced to increase the suction and tension 
on the water. The wall clearance between the 
10-mm rod and tube (16-mm internal diameter) 
is only 3 mm, and the ratio of cross-sectional 
area of rod (78.5 tnm 2 ) to cross-sectional area of 
tube (201 mm 2 ) is 0.39. It is not feasible to 
increase this ratio further because scraping of 
glass on glass causes bubble formation in gas 
supersaturated solutions or in a liquid under 
reduced hydrostatic pressure. Such a scraping of 
glass rod on glass wall has never occurred in our 
experiments but would undoubtedly result in 
cavitation. 

EXPERIMENTS 

To demonstrate the tearing of water from a 
hydrophobic surface, dry clean glass rods 5 mm 
in diameter were covered with a thin film of 
paraffin or a thin layer of General Electric 
repellent varnish 8 (two experiments). The special 
cleaning procedure could not be applied to these 
surfaces. They were placed in the tube containing 

•We express our thanks to Dr. F. J. Norton, of the 
General Electric Co. for a sample of this varnish. 
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Fig. 3. Moving picture (2280 frames/sec.) of a paraffin 
tipped rod (5-mm diameter) moved through gas nucleus- 
free water at a final maximum speed of about 16 meters a 
second. Note the abundant cavitation, characteristic of 
hydrophobic surfaces, which appears in the first frame when 
the velocity was less than 3 meters a second. Cavitation 
disappears In frame 17, to reappear and again disappears in 
frame 22, with subsequent periodicity. Scale in centimeters. 
Exp. 9-7-44. 


water and pressurized at 16,000 lbs./in. 1 for 
from 30 to 90 minutes. When tested at the 
vapor pressure of water (20 mm Hg) no bubbles 


arose from the glass surfaces or from the water. 
However, motion pictures of the movement of 
the hydrophobic rods through water showed 
cavitation on the first frame when the velocity 
was less than 3 meters/sec., and a misty trail 
of fine cavities in succeeding frames, as shown 
in Fig. 3. The water in the tube after the rod 
was drawn out was observed to be full of fine 
bubbles. On the other hand, completely hydro¬ 
philic rods, S mm in diameter, have been drawn 
through the water with a velocity of 37 meters/ 
sec. without a sign of cavitation*. A plot of rod 
velocity vs. time is shown in Fig. 4 and will 
illustrate the rapid acceleration attained with 
our type of bow. 



Fig. 4. A plot of the acceleration of a 5-mm glass rod in 
gas nucleus-free water. Exp. 12-14-44. 2400 frames/sec. 
The final velocity was 36.7 meters/sec., yet no cavitation 
appeared at this speed. 
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The question arises whether the presence of a 
detergent in the water, that might cover hydro- 
phobic surfaces, leaving an outwardly directed 
hydrophilic layer of molecules, might not prevent 
this ready cavitation. Accordingly, one of the 
water repellent varnish covered rods (5-mm 
diameter) was moved rapidly in water containing 
0.5 percent aerosol OT (dioctyl sodium succinate). 
Cavitation appeared practically from the start 
of movement. It is very possible, however, that 
movement of the rod tears detergent molecules 
away from the surface, thereby exposing hydro¬ 
phobic spots. 

The bubble formation on the paraffined rod is 
very similar to that which is observed if the rod 
and tube have not been subjected to the cleaning 
and pressure treatment, ue., if gas nuclei have 
not been removed. Again the first frame shows 
a fine mist of cavitation at the end of the rod, 
when the velocity may be only 3 meters/scc. 

In some of the early experiments, where 
cleaning of glass surfaces involved soaking in 
cold concentrated sulphuric-bichromate mixtures 
only, and the tube was not protected from dust 
particles, cavitation occurred when the 5-mm 
rod had reached a high velocity. In one case, 
shown in Fig. 5, two small cavities appeared on 
the end of the rod at the 9th frame when the 
velocity was 18 meters per second. These en¬ 
larged until the 12th frame, when they dis¬ 
appeared, but reappeared on the 14th, 15th, and 
16th frames. This periodic formation and dis¬ 
appearance of cavities is frequently observed 
during cavitation, and is particularly well seen in 
a Venturi nozzle. The sound during such Venturi 
cavitation is caused by periodic formation and 
collapse of cavities which were photographed by 
Hunsaker, 9 using the Edgerton high speed tech¬ 
nique. In Fig. 6 are reproduced prints from a 
2000 frames per second film of cavitation in a 
small glass Reynolds tube (a glass tube with an 
abruptly constricted region), taken with our 
Eastman high speed camera. The burst of 
cavitation is periodic although the rate of picture 
taking is not sufficient to follow the complete 
cycle. 

As in the Reynolds tube, the periodic nature 
of cavitation below the rod is because of the fact 

• J. C. Hunsaker, Mech. Eng. 57, 211 (1935). 



Fig. 5. Moving picture (2280 frames/sec.) of a 5-mm 
diameter glass rod moved through water in which cavita¬ 
tion first appeared (frame 9) when the velocity was 18 
meters/sec. Note disappearance of cavitation in frames 12 
and 13, with reappearance in frame 14. External diameter 
of tube 19.5 mm. Exp. 7-9-44. 


that cavity formation relieves the tension in the 
water, with consequent collapse of the cavity; 
then further tension develops with cavity forma¬ 
tion, followed again by collapse. The process is 
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Fig. 6. Negative prints from a moving picture (1680 frames/sec.) showing cavitation in a Reynolds tube(8.3-mm large 
diameter) from flow (top to bottom) of water through a constriction. Note the periodic cavitation (white in appearance) 
which always begins at a particujar spot on the narrow region of the tube. 


repeated as long as the conditions for develop¬ 
ment of tension persist. 

Whenever cavities appear under a rod, they 
are greatly disturbed by the turbulence and 
frequently look like a fine mist. If hydrophobic 
dust particles with air films have fallen into the 
pressurized water (or are purposely placed there) 
isolated bubbles may form at a distance from the 
rod, as shown in Fig. 7. The bubbles mayjjppear 
almost immediately or after the rod has reached 
a certain speed. Sometimes they are attached to 
the wall and sometimes free in the tube. If near 
the rod, they may enter vortices at the end as 
the rod passes in the water, and a trail of misty 
cavitation will follow. Isolated bubbles are also 
observed to pulsate, appearing for several frames 
and then disappearing again, reflecting the 
periodic pressure changes in the tube. 

In order to study the effect of viscosity, two 
5-mm rods have been drawn from concentrated 
sugar solutions (Staley’s crystal white syrup) at 
a temperature of 23°C, where the syrup viscosity 
is 20.1 poises, as compared with a viscosity of 
• 0.00936 poise for water at 23°C. Density of the 
syrup is 1.383 at 20°C. One rod was of glass and 
one of aluminum. Since aluminum tends to dis¬ 
solve in water, this rod might contain films of 
hydrogen which could not be removed by pre¬ 
pressurization. However, when tested at the 
vapor pressure of water, the aluminum rod was 
found to contain no gas nuclei that grew to 
bubbles. The moving picture film, reproduced in 
Fig. 8A showed that at the very start of move¬ 
ment (1st frame) several minute cavities ap¬ 
peared at the end and side of the rod and in 


succeeding frames grew into a long cylindrical 
cayity the width of which remained approxi¬ 
mately that of the rod. Finger-like processes 
reflecting the initial cavities were present at the 
lower end where rod movement starts. The 
cylindrical cavity remained static during the 
movement of the rod out of the syrup and then 
started to collapse (Fig. 8B). The collapse 
occurred along the long axis of the tube from 
top down, not from side to side, and proceeded 
at a uniform speed of 940 cm/sec. It was as if 
the rod had left an impression of itself in the 
syrup. When the collapse finally occurred, several 
smaller cavities appeared and oscillated several 
times before subsiding. The glass rod drawn from 
the syrup behaved in a similar way, but lacked 
the several fingers at the tip of the cavity, only 
one cavity tip appearing. 

However, in two experiments, glass rods 5 mm 
in diameter, moved in 75 percent syrup at 
temperatures of 25°C and 27°C, failed to cause 
the development of a cavity, although their 
velocity reached 18 meters/sec. The viscosity of 
75 percent syrup at 25°C is 0.56 poise. There was 
also no cavitation in citrated cat blood plasma 
at 18 meters/sec. The viscosity of plasma is only 
slightly greater than water. 

Since the 5-mm rods failed to cavitate in 
clean pressurized water at the highest velocity 
(37 meters/sec.) attainable with the steel bow, 
10 mm diameter rods were substituted. Both 
because of the greater cross-sectional surface 
area at the end of the rod and the greater suction 
effect in the glass tube, a much greater tension 
is to be expected for a given speed. In three 
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experiments, 10-mm diameter glass rods, the ends 
of which had been polished with rouge and 
cleaned thoroughly by the procedure previously 
described, were moved through centrifuged water 
at a maximum speed of 24 meters/sec. 10 In all 
three cases, cavitation occurred somewhere in 
the tube. In one experiment cavitation appeared 
at the end of the rod when the velocity was 
16 meters/sec. In another, an isolated bubble 
formed below and at a distance from the rod in 
the first frame, followed by additional bubbles 
when the velocity was 21 meters/sec., as shown 
in Fig. 9. The first isolated bubble expanded to a 
large size and later collapsed so suddenly that 
the glass tube was broken by the water hammer 
effect. Cavitation may thus appear at the end of 
the rod despite the presence of a large bubble 
cavity in the tube. In the third experiment no 
cavitation formed on the end of the rod, but 
after the rod had attained its maximum velocity 
of 24 meters/sec. and disappeared from the 
camera field of view, bubbles appeared and 
expanded into a large cavity, the collapse of 
which again broke the glass tube. 

DISCUSSION 

In the three experiments with a 10-mm 
diameter glass rod, despite rigorous cleaning, 
high hydrostatic pressure treatment, and every 
precaution to remove and protect from hydro- 
phobic dust particles, cavitation occurred at some 
point in the tube before the maximum velocity 
of 24 meters per second was reached. The suction 
of the 10-mm rod in the 16-mm glass tube must 
have been considerable, as evidenced by the 
large size of cavity, but no figures for the tension 
can be given until the problem of calculation is 
solved. It is possible that in the short time in¬ 
tervals involved, negative pressures of the order 
of 100 atmospheres are developed. The experi¬ 
ments are described in detail, because of the 
interesting phenomena involved, which could 
only be detected by the high speed photographic 
technique. 

In most experiments by other workers on 

10 This rod, which weighed 53.3 grams, when moved with 
the steel bow in air, attained a maximum speed of 26 
meters/sec. 


cavitation at the surface of moving bodies, the 
water has not been freed of gas nuclei and cavita¬ 
tion occurs at a relatively low velocity. It is 
therefore of considerable interest to find that in 
the case of experiments with the 5-mm diameter 
rod moving in a 16-mm tube, the velocity reached 



Fig. 7. Moving picture (2160 frames/sec.) of a 5-mm 
diameter glass rod moving in water at a maximum speed of 
16 meters a second. No cavitation appears on the end of 
the rod until frame 18 but in earlier frames (1, 8, 10) 
bubbles form away from the rod and grow in size. They 
probably come from hydrophobic dust particles, as the 
Cellophane protective covering of the tube was not used in 
this experiment. Scale in centimeters. Exp. 9-2-44. 
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Fig. 8. A and B. Moving pictures of a 5-ram diameter aluminum rod moving in gas nudeus-fiee corn 
syrup (viscosity, 20,1 poises; density, 1,383; temperature 23°C) at a maximum speed of 12.2 meters 
per second. Since the nigh viscosity of the syrup prevents its filling the space behind the rod, a large 












cavity forms from a number of initial points which remain as fingers. In Q the collapse of the cavity is 
shown, beginning with frame SO. Note that collapse is from above downward and that the remnants of 
the cavity disappear in frame 74 and then reappear again. They oscillate several times before subsiding. 
Scale in centimeters. Exp. 8-23-44. 








Fig. 9. Moving picture of a 10-mm diameter glass rod, 
moving in a 16-mm internal diameter tube containing 
.gas nucleus-free water with a maximum speed of 23.2 
meters/sec. Note that no cavitation forms on the end of the 
rod until frame 15 (speed 23.2 meters/sec.) but that a 
bubble appears below the rod in frame 1 (speed less than 3 
meters/sec.) and grows into a large cavity. Bubbles also 
appear below the rod in frame 13 (speed 21 meters/sec.) 
and then grow into a mist of cavitation. Collapse of the 
large cavities broke the glass tube. The two horizontal lines 
are 10 cm apart. Exp. 12-21-44. 

» 

37 meters per second without cavitation appear¬ 
ing anywhere, even at the rear of the rod. This 
velocity can be better compared with other 
speeds in water if converted into the English 
system when it becomes about 83 miles an hour, 


or 1.38 miles a minute, truly a remarkable figure 
for cavitationless motion in a liquid medium. 

SUMMARY 

Phenomena involving the tensile strength of 
water have been studied by a kinetic method— 
high speed motion photography of the rapid 
movement of a blunt glass rod in a narrow 
(16-mm inside diameter) glass tube of water. 

Special precautions have been taken to remove 
all hydrophobic patches and small gas masses 
(gas nuclei) but to retain the dissolved gas (air 
at one atmosphere) in the water. 

If the rod (5-mm diameter) surface contained 
gas nuclei, or was hydrophobic and free of gas 
nuclei, cavitation occurred at the rear end when 
the velocity was less than 3 meters/sec., but if 
completely hydrophilic and free of gas nuclei, 
the velocity could be 37 meters/sec. or 83 miles/ 
hour without cavitation. 

When improperly cleaned rods (5-mm diam¬ 
eter) were used, isolated cavities formed at 
intermediate velocities. These cavities appeared 
and disappeared as the rod movement proceeded, 
in a manner similar to the periodic cavitation in 
a Reynolds tube. 

Addition of a detergent (diactyl sodium succi¬ 
nate) to the water did not prevent cavitation at 
a low velocity with the hydrophobic rod (5-mm 
diameter) free of gas nuclei. 

Movement of a rod (5-mm diameter) in pure 
corn syrup (viscosity 20.1 poises), free of gas 
nuclei, left a large cylindrical cavity that col¬ 
lapsed in a matter of hundredths of a second. 
1 1 ) 75 percent corn syrup (viscosity 0.56 poise) 
no cavitation occurred. 

Large glass rods (iO-mm diameter) could not 
be moved more than 24 meters/sec. within a 
glass tube (16-mm internal diameter) containing 
clean gas-nucleus free water without the appear¬ 
ance of cavitation at some place in the liquid, 
though not necessarily at the end of the rod. 

It is not possible to calculate the tensions 
developed in these “leaky piston” experiments 
but it may be pointed out that the velocities 
attained without cavitation are far higher than 
previously observed for movement of bodies in 
an aqueous medium, a result believed to be 
owing to the absence of all gas phases and 
hydrophobic surfaces. 
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A New Magnetic Material of High Permeability 

0. L. Boothby and R. M. Bozorth 
Bell Telephone Laboratories , Murray HiU t New Jersey 
(Received November 18, 1946) 

This paper describes the preparation, heat treatment, and properties of supermalloy , a 
magnetic alloy of iron, nickel, and molybdenum. In the form of 0.014 in. sheet it has an initial 
permeability of 50,000 to 150,000, a maximum permeability of 600,000 to 1,200,000, coercive 
force of 0.002 to 0.005 oersted, and a hysteresis loss of less than 5 ergs/cmVcycle at £« 5000. 
Transformer cores made of insulated 0.001 in. tape, spirally wound, have about the same initial 
permeability and a maximum permeability of 200,000 to 400,000. The alloy has a Curie point of 
400 C and appears to have an order-disorder transformation temperature somewhat above 


TOURING the last few years a magnetic alloy 
has been made in these laboratories that 
has an initial permeability several times as high 
as that of molybdenum permalloy and mumetal, 
alloys now in general use. The new material has 
been named 44 supermalloy” (su-perm'-al-loy). 
Its preparation, heat treatment, and properties 
are described briefly in this article. It has al¬ 
ready been made in considerable quantities for 
use in apparatus supplied to the U. S. Navy. 
When in the form of 0.001 in. insulated tape, 
used in transformer cores, it has an initial 
permeability of 50,000 to 120,000; this is to be 
compared to molybdenum permalloy of the same 
thickness, having an initial permeability in the 
range 10,000 to 20,000. The use of supermalloy 
in communication transformers permits a three¬ 
fold increase in the range of frequencies trans¬ 
mitted, and a pulse duration three times that 
heretofore obtained. 

Supermalloy constitutes the latest step in the 
development of the high nickel alloys for use at 
low inductions. The important previous steps are 
shown graphically in Fig. 1, where the initial 
permeability is plotted on a logarithmic scale 
against the year of discovery. 

It is interesting to mention briefly the novelty 
of each of these steps, regarding them in the 
light of present day knowledge and theory. The 
addition of silicon to iron, by Hadfield, neutral¬ 
ized partially the bad effect of the carbon always 
present as an impurity. The high permeability 
of the iron-nickel alloys, discovered by Elmen, 1 


1 H. D. Arnold and G. W. Elmen, J. Frank. Inst. 195,621 
(1923). 


is attributed primarily to their low magnetostric¬ 
tion, as pointed out by McKeehan. 2 The next 
improvement, due to rapid cooling or “perm¬ 
alloy treatment,” is now believed to be associated 
with the atomic ordering of iron and nickel 
atoms in the alloy. The addition 8 of one or more 
elements such as chromium, molybdenum, and 
copper, lowered the optimum cooling rate so 
that it could easily be attained in practice. In 
Neumann’s 1040 alloy 4 the beneficial effect of 
purification of the material with respect to non- 
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Fig. 1. Initial permeabilities of some useful materials 
plotted against the year of discovery. Note logarithmic 
scale. 


* L. W. McKeehan, Phys. Rev. 26, 948 (1925). 

1 G. W. Elmen, Elec. Eng. 54, 1292 (1935); W. F. 
Randall, J. Inst; Elec. Eng. 80, 647 (1937). 

4 H. Neumann, Arch. Tech. Messen 4, Z913 (1934). 
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Fig. 2. Magnetization curves for supermalloy, molybdenum 
permalloy, and iron, in low fields. 



Fig. 3. Magnetization curves in higher fields. 


metallic substances such as carbon and oxygen, 
as developed by Yensen,® Cioffi, 8 and others, was 
also used to advantage. 

Although the physical reasons for the success 
of the supermalloy process are still not known in 
detail, the work so far accomplished indicates 
th^t there are two main considerations: (1) the 
presence of certain impurities or combinations of 
impurities, usually found in commercial alloys, 
will prevent the attainment of high permeability 


8 T. D, Yensen, Trans. A.I.E.E. 33, 451 (1914). 
• P. P. Cioffi, U.S.P. 2, 110, 569 (1938). 


following the procedure now used; and (2) a 
definite cooling rate must be used below the 
temperature at which atomic ordering begins, or 
the specimen must be held for a definite time at 
a temperature between about 400 and 500°C. 
The hypothesis is made that, when a critical 
amount of ordering is present, the magnetostric¬ 
tion and the magnetic crystal anisotropy both 
tend to disappear at the same time in the alloy 
of proper composition and that high permeability 
then occurs in the polycrystalline material. These 
properties are now under investigation. 

PREPARATION AND HEAT TREATMENT 

The composition of supermalloy is about 79 
percent nickel, 5 percent molybdenum, IS per¬ 
cent iron, and 0.5 percent manganese. Impurities 
such as silicon, carbon, sulfur, etc., are lower 
than in most commercial alloys. Materials are 
melted in vacuum in an induction furnace of 
about 30 lbs. capacity, and poured in helium or 
nitrogen at atmospheric pressure. 

Ingots are hot and cold rolled by commercial 
methods to any thickness down to 0.00025 in. 
The tape is wound spirally to form toroidal 
specimens. When insulation is desired a thin film 
of magnesia is applied in carbon tetrachloride 
suspension so that a film about 0.00005 in. in 
thickness is left on each side of the tape. Trans- 



Fig. 4. Permeability vs. induction curves of supermalloy 
in the form of 0.014 in. sheet. Curves for other materials are 
for comparison. 
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former cores are made in this manner. Heat treat¬ 
ment consists of maintaining at 1300°C in pure 
dry hydrogen, and cooling through the tempera¬ 
ture range 600° to 300°C at a critical rate ap¬ 
propriate to the composition. 

PROPERTIES 

Magnetic properties are given for (a) 0.014 in. 
uninsulated and (b) 0.001 in. insulated ma¬ 
terial. Magnetization curves of the former are 
compared, in Figs. 2 and 3, with curves of 
molybdenum permalloy and iron. The ratio of 
permeabilities of supermalloy and molybdenum 
permalloy varies with induction from about 5 
at 5 = 20 to about 10 at 5 = 3000 (maximum 
permeability). At inductions of 7000 to 8000 
the permeability of supermalloy has decreased 
markedly and is less than that of molybdenum 
permalloy or iron; saturation is at 5, = 7900. 
Figure 4 shows typical permeability vs. induction 
curves for supermalloy, molybdenum permalloy, 
and iron. 

The permeability in very low fields is shown 
in Fig. S for a representative specimen of 
supermalloy, and for materials previously known. 
Finally, hysteresis loops for supermalloy and 
molybdenum permalloy are shown in Fig. 6. 

When thin tape is insulated before heat treat¬ 
ment, the permeability in low fields is affected 



Fig. 5. Permeability vs. field strength curves for low fields, 
for representative specimens of 0.014 in. sheet of three 
materials of high permeability. 



Fig. 6. Hysteresis loops of supermalloy (5 ergs/cm*/cycle) 
and molybdenum permalloy (50 ergs/cmVcycle) for 
B m — 5000, in 0.014 in. sheet. 



but slightly. However, the curves of Fig. 7 
indicate that the maximum permeability of 0.001 
in. insulated tape is considerably lower than that 
of thicker tape. Insulated 0.004 in. tape has a 
maximum permeability about twice as large as 
that of insulated 0.001 in. tape; its permeability 
is therefore intermediate between the 0.001 in. 
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insulated and the 0.014 in. uninsulated tape. 
The middle curve of Fig. 7 is near to the average 
of a lot of several thousand cores of 0.001 in. 
tape, made in the early stages of development of 
the material. 

The resistivity of supermalloy is about 65 
microhm-cm. 

The high permeability of supermalloy opens 
the way toward further improvements in trans¬ 
formers operating at frequencies common in 
communication engineering, in much the same 


way that the various permalloys led to the 
improvements described a decade ago. 7 

We are indebted for cooperation and assistance 
to many members of the Laboratories and the 
Western Electric Company. Messrs. D. H. W. 
Wenny and H. C. Theuerer should be specially 
mentioned for helping to solve many of the 
metallurgical problems connected with the de¬ 
velopment of the material. 

7 A. G. Ganz and A. G. Laird, Elec. Eng. 54, 1367 
(1935). 
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Apparatus and Techniques for Practical Chemical Identification by 

X-Ray Diffraction 

Charles S. Smith, Department of Physics, Case School of Applied Science 

AND 

Richard L. Barrett,* Department of Mineralogy and Geology, Case School of Applied Science , Cleveland, Ohio 

(Received August 30, 1946) 

The method of chemical identification by means of x-ray diffraction is reviewed from the 
point of view of apparatus and techniques recently made commonly availably, with particular 
emphasis on the use of long wave-length x-radiation. Experience in using the A.S.T.M. card 
index file of x-ray diffraction data is reported. The discussion is designed especially for the 
person who wishes to make use of this important analysis tool but who is not an expert in x-ray 
diffraction. 


L INTRODUCTION 


W HEN Hull in 1919 described the powder 
method of x-ray diffraction, he observed 
that the methpd should be a potent tool for the 
identification of crystalline substances. Hull 
pointed out, “That every crystalline substance 
gives a pattern; that the same substance always 
gives the same pattern; and that in a mixture of 
substances, each produces its pattern independ¬ 
ently of the other, so that the photograph ob¬ 
tained with a mixture is the superimposed sum 
of photographs that would be obtained by ex¬ 
posing each of the components separately for the 
same length of time.” 1 The new method immedi¬ 
ately began to be used by mineralogists and 
chemists but at first its usefulness was limited by 
the fact that standard patterns of known sub¬ 
stances were needed for comparison. In 1938 
Hanawalt 2 and some of his co-workers at the 
Dow Chemical Company published tables giving 
the diffraction patterns of 1000 substances and 
showed that the data could be indexed in such a 
way that the identity of any listed substance 
could usually be found by reference to the three 
strongest lines in its diffraction pattern. The 
availability of this table of standard patterns, 
including as it did most of the more important 
inorganic compounds, made x-ray diffraction a 
practical means of quick identification of an 
unknown substance. Following Hanawalt’s publi- 


* Now at the New Mexico College of t Agriculture and 
Mechanic Arts, State College, New Mexico. 

1 A. W. Hull, J. Am. Chem. Soc. 41, 1168 (1919). 

*J. D. Hanawalt, H. W. Rinn, and L. K. Frevel, Ind. 
Eng. Chem. Anal. Ed. 10, 457 (1938). 


cation the American Society for Testing Ma¬ 
terials made available a card index comprising 
the substances he had listed plus additional ones 
obtained from other sources and arranged essen¬ 
tially according to the indexing system suggested 
in his paper. More recently the A.S.T.M. has 
issued a supplementary set of cards greatly 
amplifying the scope of the index so that it now 
includes some 3000 substances. This card index, 
which makes available in useful form the patterns 
of the commoner inorganic salts, most of the 
important minerals, and even many organic 
substances, enables the x-ray diffraction method 
to take its place along with the spectroscope and 
the polarizing microscope among the potent 
physical tools for chemical research. 

In his 1938 paper Hanawalt described in detail 
the technique used in the Dow Chemical Labora¬ 
tories and his co-workers and others have ampli¬ 
fied the description in subsequent papers.*"* The 
Dow technique employs molybdenum radiation, 
large radius quadrant cameras, and a multiple 
diffraction unit which permits the exposure of 
24 samples simultaneously. It is perhaps particu¬ 
larly adapted to large industrial laboratories 
where considerable numbers of samples are being 
run on a day to day basis. However exposures of 
some six hours are required and the particular 
apparatus used is no longer being manufactured. 

In the last several years the writers have had 
occasion to examine a considerable number of 


* L. K. Frevel, Ind. Eng. Chem. Anal. Ed. 14, 687 (1942). 

* L. K. Frevel, Ind. Eng. Chem. Anal. Ed. 16.209 (1944). 

* W. P. Davey, J. App. Phy*. 10, 820 (1939). 
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Fig. 1. An example of a modern self-contained x-ray 
diffraction outfit (Courtesy of the Picker X-Ray Cor¬ 
poration). 

industrial samples and, in common with many 
other workers in x-ray diffraction, have come to 
prefer a somewhat different technique employing 
a smaller radius camera of the full circle type, 
and copper, iron, cobalt, or chromium radiation 
which makes possible satisfactory resolution of 
lines with the small camera. Although numerous 
papers have been published describing details of 
camera design, special methods of sample prepa¬ 
ration, improvements in x-ray tubes, etc., the 
chemist or mineralogist who is not himself an 
x-ray specialist has remained dependent for a 
general treatment of the subject upon the papers 
of Hanawalt and his co-workers. It is the purpose 
oP the present writers to describe for the non¬ 
specialist the practical considerations involved 
in modem x-ray methods, employing the more 
modem apparatus now available commercially. 
While in a general way the technique to be 
described will be familiar to x-ray crystallogra- 


phers some details based upon the writers’ ex¬ 
perience may be new and it is hoped that the 
present paper may be helpful to chemists and 
technologists who have not previously employed 
x-ray diffraction in taking advantage of this 
extremely useful tool. 

In what follows it will be assumed that the 
reader has a general knowledge of the physics of 
x-rays and of x-ray diffraction such as may be 
obtained in a standard text.® It is also assumed 
that the reader is familiar with the general 
method of x-ray diffraction chemical identifica¬ 
tion as presented in the 1938 paper of Hanawalt. 

H. APPARATUS 

In the past ten years a number of manu¬ 
facturers have introduced lines of x-ray diffrac¬ 
tion equipment built around the recent American 
development of efficient diffraction tubes, partic¬ 
ularly those with long wave-length targets. In 
general this equipment is excellent and our 
intention here is to point out only the practical 
details in choosing equipment for chemical identi¬ 
fication work. The writers’ own experience has 
been in a laboratory primarily devoted to in¬ 
struction and research and they accordingly 
have had the benefit of a variety of versatile 
equipment. They have found it best however to 
do most chemical identification work with the 
standard forms of commercial apparatus, em¬ 
ploying the available research apparatus only on 
the rare problems of a difficult or special nature. 
It is certain that the laboratory doing routine 
problems will do well to standardize on con¬ 
venient commercial apparatus chosen for the 
particular field of identification involved. 

Power Supplies 

The available commercial power supplies are 
designed for use with a particular manufacturer’s 
tube, Fig. 1, and are all uniformly good, incor¬ 
porating the necessary electrical controls, high 
voltage, and x-ray protection for the operator 
and water and electrical failure protection for the 
apparatus. For identification work alone x-ray 
tubes of all types can be run at 40 kv and hence 
the high potential controls are strictly unneces- 

• A new book which presents an excellent treatment is 
C. S. Barrett, Structure of Metals (McGraw-Hill Book 
Company, Inc., New York, 1943). 
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sary. Full wave rectification is desirable, and 
half-wave rectification somewhat less so but 
neither is necessary. The writers have used for 
some time a homemade power supply which 
merits description not because of its originality 
but because it emphasizes how simple and con¬ 
venient such equipment can be. 

The apparatus employs a ray proofed diffrac¬ 
tion tube mounted horizontally on a wide, high 
wood table. Screens are provided for high voltage 
protection, but these would be unnecessary were 
the tube also shockproof and equipped with a 
shockproof cable. The electrical apparatus con¬ 
sists simply of a high voltage transformer and a 
filament transformer (both the usual second¬ 
hand radiographic equipment), a Variac, milli¬ 
meter, and voltmeter. The high voltage trans¬ 
former has a 35-kv secondary and is powered 
directly from the a.c. line through an ordinary 
toggle switch which is the only high voltage 
control. The transformer is located under the 
table and is protected, the high potential being 
led by a shielded cable to the tube through the 
millimeter. The tube filament is powered and 
controlled by the sequence, a.c. line, Variac, 
filament transformer. The latter is mounted on 
the table at the screened cathode end of the tube 
and supports the filament voltmeter and the 
milliameter. The cooling water for the tube is 
carried by Saran tubing, and is run off through 
a small standpipe in which is immersed a one- 
ampere fuse which carries the primary current 
for the high voltage transformer. This water fuse 
has been effective protection against water or 
memory failure. The whole outfit is obviously 
inexpensive, it is simple in its controls, two 
switches and a Variac; and the horizontal mount¬ 
ing of the tube and the large table area has 
permitted the easy use of a variety of x-ray 
cameras. 

Tubes 

It has already been mentioned that diffraction 
apparatus is built around the tube that is used. 
The diffraction tube is therefore the item on 
which the choice of apparatus turns and while 
most features of diffraction tubes, such as a line 
focus, two or four radiation ports, rated voltage 
and current, etc., are now standard, there are a 
few features which vary among tubes and which 


should be considered in choosing apparatus for 
chemical identification. Chief among these are 
window material, effective tube radius, and 
target material. The first two items determine 
the x-ray intensity available at the camera, and 
the choice of the third is influenced by the field 
of the identification work. 

At the present time Lindemann glass and 
beryllium are used for x-ray tube windows. For 
Mo target tubes (X = 0.71 kX) the difference 
between these two window materials is not impor¬ 
tant because the transmission of either is near to 
one. These window materials were developed for 
the softer radiation from targets of Cu (X = 1.54 
kX), Co (X-1.79 kX), Fe (X-1.93 kX) and Cr 
(X = 2.29 kX) where x-ray transmission is inher¬ 
ently low especially with Cr, and here the differ¬ 
ence between the two materials is significant, the 
advantage being with the beryllium. 7 

The effective radius of an x-ray diffraction 
tube should be as small as possible because one 
deals always with an inverse square law of 
radiation intensity. The effective radius is deter¬ 
mined by how close one can place the diffraction 
camera to the center of the tube focal spot. 
Beryllium window tubes enjoy two advantages 
here: the camera can be placed in contact with 
the window if desired, and the window can be 
placed close to the target, beryllium being a good 
thermal and electrical conductor. 

It has been indicated that the writers have 
found it advantageous to use characteristic radi¬ 
ations other than the MoXa recommended by 
the A.S.T.M. practice. 8 Radiations such as Cr, 
Fe, Co, and particularly Cu have long been used 
extensively by crystallographers and metallur¬ 
gists and now that high intensity tubes with 
these targets are available in this country, their 
use in identification problems has become more 
common. These radiations arc all much longer 
wave-length than Mo, and the choice of the 
particular one to use will depend strongly on the 
fluorescence considerations discussed below. Be¬ 
cause Cu targets can be safely loaded to higher 
values than Cr, Fe, and Co targets, Cu-radiation 
is by far the most commonly used of the group 

» R. R. Machlett, J. App. Phys. 13, 398-401 (1942). 

• “Tentative Recommended Practice for Identification 
of Crystalline Materials by Hanawalt X-ray Diffraction 
Method,” A.S.T.M., Philadelphia, Pennsylvania, 1942. 
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in crystallography and in our own practice. The 
advantages of long wave-length radiation will 
therefore be discussed in terms of Cu Ka\ the 
same remarks will apply to the other radiations 
with minor changes. 

An important advantage of Cu-radiation is 
the short exposure time required. There are 
several obvious factors such as necessary camera 
diameter and film sensitivity which greatly favor 
Cu-radiation in this respect, but there are also a 
number of less obvious and equally important 
factors some of which favor short wave-length 
radiation. We shall not try to assign a reason 
therefore but merely state the well known em¬ 
pirical result that for equal dispersion and resolu¬ 
tion, a 15-minute Cu exposure is equivalent to 
one of several hours with Mo-radiation. Such 
short exposures have made it possible for the 
writers to supply useful answers to identification 
problems when the longer exposure would have 
been prohibitive, and it would seem that workers 
closer to industrial problems would very fre¬ 
quently find short exposure an advantage. 

Since the wave-length of Cu Ka is approxi¬ 
mately twice that of Mo Ka much greater angular 
dispersion results, the diffraction pattern of most 
materials being spread through the full 90° range 
of Bragg angle in contrast to the range of 0 of 
from 0 to 30° found with MoXa. This fact may 
be used to help shorten exposures through de¬ 
creased camera diameter as noted above, or the 
large dispersion of long wave-length radiation 
may be used for better observation of those d 
values lying in the range from 3 to 8 kX. Many 
materials, especially mineralogical and organic 
materials, have strong lines, and what is im¬ 
portant, discriminating lines, in this region. The 
writers have found that this d region is indeed a 
critical one and merits close attention. 

In chemical identification work it is seldom 
necessary to resort to precision determination of 
d values or lattice parameters. Some specialized 
problems however are profitably studied by such 
dgterminations which are not particularly diffi¬ 
cult to make by means of well-known back 
reflection methods. Back reflection methods 
necessarily employ long wave-length radiation. 

These factors influence us strongly to the use 
of long wave-length radiation and it id apparent 
from the availability of the equipment that other 


workers are so influenced also. There are disad¬ 
vantages in the use of long wave-length radia¬ 
tion, notably the fluorescence difficulty and the 
fact that much existing data lists intensities in 
terms of Mo-radiation. The effect of these diffi¬ 
culties will be discussed, but we are left with a 
strong preference for long wave-length, and 
particularly for Cu-radiation, the most generally 
useful of all. 

The fluorescence difficulty may be stated as 
follows: the characteristic radiation from a given 
target in the long wave-length group (wave¬ 
lengths listed above) is capable of exciting K 
fluorescence in specimen atoms which have an 
atomic number less than that of the target by 
two or more. The resulting K fluorescence radia¬ 
tion (L fluorescence is seldom troublesome) pro¬ 
duces a general background on the diffraction 
pattern which is exceedingly strong if the speci¬ 
men contains a substantial portion of material 
located 2, 3, or 4 places below the target material 
in atomic number. Fluorescence may thus 
involve an important group of elements, e.g., 
Co, Fe, and Mn in the case of a Cu target tube, 
and Mo-radiation possesses the advantage that 
few important elements are located immediately 
below Mo in the atomic number. 

It is evident then that the choice of the 
particular long wave-length radiation must be 
made with the field of the identification work in 
mind. Thus metallurgists dealing exclusively 
with ordinary steels use Co- or Fe-radiations; 
those dealing with high alloy steels would be 
well advised to use Cr-radiation; chemists con¬ 
cerned only with iron corrosion products should 
use Co- or Fe-radiation. The person confronted 
with materials which range the periodic table 
will find, however, that Cu-radiation is the most 
generally useful, the number of problems in¬ 
volving Co, Fe, and Mn in such a case being 
statistically not too numerous, and these prob¬ 
lems being susceptible to techniques pointed out 
below. 

The ideal solution in the general case for the 
fluorescence difficulty is to have available a 
choice of long wave-length tubes. The writers 
have fallen back on this expedient upon occasion, 
but most frequently they actually have found it 
more convenient to use Cu-radiation and to 
accept the fluorescence background. The reasons 
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for this procedure may be discussed in terms of 
Cu-radiation and a specimen known to contain 
Fe. Four cases arise depending on whether the 
material is single phase or polyphase, and on 
whether the phases are simple or complex crystal- 
lographically. A single simple phase such as Fe 
or FeO being high in Fe will produce strong 
fluorescence when exposed to Cu-radiation, but 
being simple, it will in general produce a strong 
diffraction pattern, and we have found such 
patterns easily identifiable in spite of the back¬ 
ground. The same remark applies to a lesser 
degree to a polyphase mixture of simple ma¬ 
terials. Single phase specimens involving crystal- 
lographically complex materials will in general 
give a weak diffraction pattern, but also in 
general the proportion of Fe and hence the 
fluorescence will be low. Polyphase and crystal- 
lographically complex materials will usually be 
difficult, and so, of course, would be the detection 
of any minor phase in the presence of a high Fe 
major phase. In the Cu~Fc situation and in 
similar situations the fluorescence background 
can be reduced by the use of filters discussed 
below, but this technique is not nearly so effec¬ 
tive as when the fluorescence is caused by ele¬ 
ments considerably below the target element in 
atomic number. 

Elements five places or more below the target 
element also produce fluorescence, but in this 
case the excitation is not nearly so strong, and 
since the fluorescence wave-length is considerably 
longer than that of the target radiation, it can 
be effectively filtered out of the radiation striking 
the film. Filtration can be effected by placing 
between the sample and the film sheets of 
aluminpm or better still, sheets of the Kfi filter 
appropriate to the radiation used. In this manner 
identifiable patterns of Mn0 2 , and excellent 
patterns of Ti0 2 can be made with Cu-radiation. 
Because fluorescence radiation may be excited 
by radiation from the tube other than the char¬ 
acteristic radiation which creates the diffraction 
pattern, the use of the Kfi filter in this fashion is 
generally desirable and should be standard prac¬ 
tice. Since the filter used in this way should not 
be in contact with the film and because filter 
materials are difficult to handle, some sort of jig 
or other holding device is desirable. It would be 


helpful if camera manufacturers built in such 
devices in the future. 

Filters 

The purpose of the K($ filter is to reduce to a 
negligible amount the intensity of the character¬ 
istic and monochromatic A/3-radiation relative 
to the intensity of the A'a-radiation of the target 
element. In the case of the long wave-length 
targets this can be done by inserting in the x-ray 
beam a filter composed predominantly of the ele¬ 
ment one lower in atomic number than the 
target element; for Mo-radiation a proper filter 
is Zr. Such filters may be the proper pure element 
and in the case of Ni for Cu-radiation this is 
convenient 9 but in the case of other Kfi filters 
the active element is more easily used in the form 
of a compound. Such filters made with the proper 
concentration of active elements are now avail¬ 
able in any desired size. 10 The filter will serve its 
designed purpose when a small piece is inserted 
in the primary x-ray beam, but as indicated 
above, the Kff filter will in addition act as a 
fluorescence filter when introduced in the proper 
sized sheet between the film and the specimen. 
Since the Kfi filter does not eliminate the A0- 
radiation but merely reduces it relative to the 
A'a-radiation, the identification worker will do 
well to assess its effectiveness by making long 
exposure trial patterns of a simple? substance. 

Camera Design 

At the Dow Chemical Laboratories quarter- 
circle cameras of 8-inch radius are used on an 
apparatus which permits exposing 24 samples at 
one time. However the exposure time runs about 
six hours. Where molybdenum radiation is used, 
the quarter-circle camera gives all of the pattern 
that is useful for identification purposes. With 
longer wave-length radiation, it is profitable to 
employ a full circle camera which permits record¬ 
ing of back reflection lines and gives a sym¬ 
metrical pattern which doubles the accuracy of 
measurement of the angle B. 

Cameras of the full circle type are commerci- 

• Nickel foil of the proper thickness (0.0004 in.) may be 
obtained from the General Electric X-ray Corporation. 

10 Manufactured by the Patterson Screen Company, 
Towanda, Pennsylvania, and available through representa¬ 
tives of the leading x-ray apparatus manufacturers. 
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* Fig. 2. An example of an x-ray diffraction camera par¬ 
ticularly suitable for identification work. The collimating 
system is entirely within the camera. Two desirable 
features sho^rn are the specimen centering deviqjj. and the 
primary x-ray beam outlet shield (Courtesy ol Otto von 
der Heyde, Newton Highlands, Massachusetts). 

ally available from several of the manufacturers 
of x-ray equipment and also from some of the 
independent instrument makers. These cameras 
differ among themselves in a number of details, 
and the purchaser of new x-ray equipment will 
do well to investigate a number of makes with a 
view to getting the most suitable equipment for 
his purpose. The design of powder cameras for 
general use has been extensively treated recently 
in an excellent paper in this journal. 11 We shall 
mention here points particularly pertinent in 
chemical identification* 

The diameter of the camera should preferably 
be some integer multiple of 57.26 mm in order 
that linear measurement on* the film will be 
easily convertible to angular measurement in 
degrees. This greatly reduces the amount of 
routine calculation in determining d values. The 
writers have used a camera of 57.26-mm diameter 
with considerable satisfaction and have found it 
to give sufficient accuracy for most routine 
identification work. With copper radiation, expo- 

» M. J. Buerger, J. App. Phys. 16, 501-510 (1045). 


sures run from 10 to 20 minutes. However, we 
are of the opinion that if only one camera is to 
be purchased and speed is not too important a 
consideration, it would be best to select one of 
114.52-mm diameter. This camera size used with 
copper radiation permits somewhat greater accu¬ 
racy of measurement than the large radius quad¬ 
rant cameras employed by Hanawalt when used 
with molybdenum radiation. By using the back 
reflection lines, lattice parameters for cubic 
crystals can be calculated with considerable pre¬ 
cision. At the same time exposure times are not 
unduly large. Cameras of still greater size may 
be useful on occasion, but should not be needed 
for routine identification work. 

Some provision for rotating the sample during 
exposure is made on practically all modern cam¬ 
eras. The purpose of sample rotation is to increase 
effectively the randomicity of crystalline orienta¬ 
tions in the specimen. In the case of large grained, 
difficult-to-grind specimens, rotation saves much 
time and labor. The writers prefer the type of 
apparatus for rotation with a belt driven pulley 
attached to the sample holder rather than the 
built-in motor type. The reason is that the 
sample can be rotated by hand while the align¬ 
ment of the x-ray beam is being adjusted, thus 
checking the centering of the sample. We prefer 
not to rotate the sample if the sample size is 
adequate, and the particle size small enough to 
give a smooth pattern without rotation. It is 
very important that the sample should be accu¬ 
rately centered in the camera and coaxial with 
the rotating mechanism. While a number of 
permanently centered cameras are on the market, 
the type with centering screws for making this 
adjustment is to be preferred. 

All modern cameras have a fluorescent window 
in the exit portal for use in aligning the camera 
in the x-ray beam, and the centering of the 
sample can be finally checked by watching the 
shadow of the sample in the window while the 
sample is rotated by hand. The design of the 
collimating system is of utmost importance in 
obtaining clean films with a minimum of back¬ 
ground darkening. It is desirable for intensity 
reasons that the collimating system should be 
within the camera itself with the final opening 
as near as possible to the sample. Some cameras 
have as a highly desirable feature a shield or trap 
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which protects the film from radiation scattered 
from the collimating system and from the air 
near the exit portal, Fig* 2. 

The camera must be provided with a flexible 
and convenient mounting arrangement so that 
it can be easily aligned in the x-ray beam. It 
should also be possible to remove the camera for 
loading and unloading films and replace it in 
accurate alignment without readjustment. A 
little time saved on these routine operations will 
mount up if much work is done. 

Film 

At the present time x-ray film is available 
with thick, double emulsions, which film com¬ 
pares favorably in speed with older emulsions 
used with intensifying screens. Such film sold 
variously under the names No-Screen, Non- 
Screen, etc., is best for diffraction work. The 
writers always use this type of film and in 
routine work make no attempt to correct for 
dimensional changes caused by the film proc¬ 
essing, finding it readily possible to achieve the 
accuracy inherent in the A.S.T.M. data without 
correction. The only precaution taken is to dry 
the film thoroughly before measurement. 

It is proper here to mention the Straumanis 
technique which has come into common use. The 
Straumanis technique is essentially a method of 
eliminating errors owing to camera diameter 
uncertainty and film dimension changes 12 by an 
ingenious method of loading the film. Two holes 
are punched in the film instead of the customary 
one hole for the exit beam. The two holes are 
spaced a camera half-circumference apart and 
the film is loaded so that the beam enters through 
one hole and leaves through the other. If back 
reflection lines are present on the pattern, appro¬ 
priate measurements on the processed film will 
serve to determine the effective camera diameter. 
This scheme will fulfill the purpose for which it 
was designed only when properly used. The 
technique inherently demands precision posi¬ 
tioning of the specimen and, therefore, requires 
an accurately made camera equipped with speci¬ 
men centering cross motions. The Straumanis 
method of loading the film is to be recommended 

® M. J. Buerger, X-Ray Crystallography (John Wiley 
and Sons, Inc., London, 1942), pp. 394-396. 


regardless of whether the diameter determination 
is carried through. No extra effort is involved, 
and as has been pointed out 11 a complete record 
of the diffraction pattern results, which can at 
any latter time be used for diameter correction 
and/or back reflection measurements. 

Geiger Counter Method 

There has recently appeared an excellent 
Geiger counter spectrometer 18 which has valuable 
application in the field of x-ray diffraction 
chemical identification. Because the instrument 
yields directly and quickly x-ray intensities, it 
opens wide the field of quantitative diffraction 
analysis, and it would appear to be especially 
valuable in routine control operations. While the 
instrument possesses ample angular precision 
for identification purposes, the writers are not 
convinced by the literature statements that the 
instrument “is capable of angular measurements 
and resolutions beyond that attainable by means 
of photographic cameras." 14 The published in¬ 
tensity curves and comparable microphotometer 
records do not support the part about angular 
measurements, and it is well known that micro¬ 
photometer traces are an exceedingly poor way 
of exhibiting photographic resolution and the 
detectability of a diffraction line. The instrument 
will have many applications but we feel that 
these will be complementary to photographic 
methods in the general identification laboratory. 

HI. TECHNIQUE 
Preparation of the Sample 

Probably there are almost as many ways of 
preparing the diffraction sample as there are 
x-ray workers. The ideal sample would consist 
wholly of the substance to be identified without 
either a container or a binder. The specimen 
should be small enough for good resolution and 
to avoid absorption effects and yet large enough 
for reasonable exposures and for practicable 
handling. Finally the specimen must contain 
enough crystals to give a smooth line pattern. 
These ideals can seldom all be attained simul¬ 
taneously in practice except in the case of metals 
which can be drawn into wires. 

u North American Philips Company, Inc., 100 East 42 
Street, New York 17, New York. 

14 H. Friedman, Electronics (April 1945). 
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The size of the specimen to be exposed to the 
x-ray beam is a matter of compromise primarily 
between x-ray line resolution and practicable 
handling. Consensus of opinion among x-ray 
workers seems to favor a sample diameter of 0.4 
mm. For the small 57.3-mm diameter camera, 
this is certainly an upper limit for good resolu¬ 
tion, and the writers have found it necessary to 
employ smaller sample diameters in many cases. 

Specimens which are the proper size but which 
absorb x-rays highly will produce systematic 
small errors in d value and large errors in in¬ 
tensity. The cure is reduction in specimen size, 
error correction, or dilution! Most sample prepa¬ 
ration techniques involve a binder which allows 
qualitative dilution to be made. The writers 
have never found it practical to follow a schedule 
of dilution, although this is possible. 

Samples should be ground to 200-mesh or finer 
to help insure that the sample contains enough 
crystals to produce a smooth line diffraction 
pattern. Many identification samples have small 
enough crystal size naturally but must be ground 
to insure homogeneity and for effectivc^nixing 
with the binder. Small “sillimanite” mortars are 
very convenient for grinding and mixing the 
identification specimen which is often itself quite 
tiny. Such mortars are so inexpensive that a 
number can be kept at hand to avoid the 
necessity of repeated washing, and even to store 
the specimen for other tests. 

Frequently 200-mesh specimens do not pro¬ 
duce smooth diffraction lines. In this case the 
specimen must be rotated, and in some cases 
should be scanned along its length in order to 
increase the effective number of crystals. Buerger 11 
has discussed the design of rotation devices and of 
an ingenious scanning device. The latter, un¬ 
fortunately, is not available commercially to 
our knowledge. The point to be kept in mind 
about rotation is that it demands accurate speci¬ 
men centering; scanning imposes such alignment 
demands as to be of questionable practicability 
imroutine identification work. The writers prefer 
not to rotate if it can be avoided by further 
grinding. An interesting sidelight to rotation is 
that occasionally in identification work the lines 
of two phases may be separated by their differing 
spottiness. 

In the Dow Chemical Laboratories, samples 


are loaded in thin Pyrex capillary tubes having 
an internal diameter of 0.40 mm. Where molyb¬ 
denum radiation is employed, glass capillaries 
are not greatly objectionable, but even very thin 
glass is quite absorptive of x-rays and most 
workers who use softer radiations, such as copper 
or iron, must avoid it. Plastic capillaries have 
been used by some workers but they are not 
readily available at the present time. It is quite 
possible to prepare suitable tubes of Cellophane 
by* rolling it around a mandrel of proper size. 16 
The tubes are made as short as the sample 
holder will permit and the ends are closed with 
wax after filling. Other workers prefer to mix the 
sample with collodion diluted with amyl acetate 
and ether and coat it on a thin thread obtained 
by untwisting a piece of sewing thread. Another 
method is to place the sample in a drop of 
collodion on a glass slide and when the collodion 
is nearly dry to roll it into the shape of a thin 
rod incorporating the sample. 18 If only a little 
sample is available, all of it can be quite con¬ 
veniently concentrated in one end of the rod. 
Rubber cement can be used in the same way. 
Another technique is to mix the sample with a 
suitable binder such as library paste, dilute col¬ 
lodion, or glyceryl phthalate and then extrude 
the mixture through a simple die. 17 The die 
itself with the attached extrusion can be made 
to fit directly in the sample holder. Probably 
the beginner in x-ray work will do well to try 
several of these methods and then adopt the 
one that pleases him best. It must be remembered 
that all tubes or binder materials absorb some 
x-rays and produce more or less background 
darkening on film, and many of them produce a 
diffraction pattern of their own. It is desirable 
to run a blank film on the container or binder 
without any sample in order to determine 
whether any diffraction pattern is produced. 

Measurement of Films 

After the exposed film has been developed and 
dried, it may be conveniently studied on a light 
box with a sloping opal glass front. Some workers 
use more or less elaborate film measuring devices, 
but the writers prefer to measure routine films 

1# A. A. Burr, Rev. Sci. Inst. 13, 127 (1942). 

16 G. A. Harcourt, Am. Mineralogist 27, 63 (1942). 

17 J. S. Lukesh, Rev. Sci. Inst. 11, 200 (1940). 
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made in the 57.26-mm diameter camera by 
setting a pair of sharp pointed dividers on corre¬ 
sponding lines and reading the distance on a 
good celluloid scale graduated in half-millimeters. 
Successive readings seldom differ by more than 
one or two tenths of a millimeter, and errors as 
large as this are likely to occur in setting any 
of the measuring devices in use. 

When very weak lines must be found and 
measured, as is sometimes necessary in polyphase 
samples, the characteristics of the human eye 
play an important part. 18 The cross line slider 
with which some measuring devices are equipped 
has a definite tendency to cause weak lines to 
vanish, apparently, as the setting is being made. 
The simple divider technique avoids this diffi¬ 
culty and the detection of weak lines can be 
made easier by providing the viewing box with 
a Variac to lower the level of illumination. It is 
sometimes an advantage to clip or tape the film 
to a piece of plain glass which can be placed some 
distance from the opal illuminator and which 
can be tilted with respect to it. If a device with 
a slider is used, we prefer a pointed indicator to 
the cross line type. 

If the camera diameter is some simple multiple 
of 57.26 mm, interlinear measurements are easily 
converted into angular measurement in degrees 
by simply dividing by the appropriate factor. 
d values are calculated from the Bragg formula 
d = X/2sin0. Repeated performance of this rou¬ 
tine calculation is time consuming and can be 
avoided by the use of a very convenient graphical 
chart prepared at the suggestion of the writers 
by O. E. Brown. 19 This chart is intended particu¬ 
larly for identification work and covers a range 
suitable for use with the A.S.T.M. tables. The 
chart covers copper, cobalt, iron, chromium, and 
molybdenum radiations which are the ones most 
valuable for identification work. To use it, the 
measured 0 value is found under the appropriate 
horizontal line and the corresponding d value 
read off above the line. 

The intensity of x-ray diffraction lines is most 
easily estimated by eye and noted on a scale of 1 
to 10. Apparently most workers use such a 

18 It may be pointed out here that the eye is a far more 
sensitive instrument for such purposes than a micro¬ 
photometer. , 

l8 Orley E. Brown, J. App. Phys. 18, 191 (1947). 


method as do the writers. The method is recom¬ 
mended in the majority of problems for its 
speed, but some problems may require a more 
careful method. Hanawalt’s method is to use a 
comparison strip, which is a film containing lines 
of graded exposure. The comparison method is 
certainly accurate enough for all identification 
work, and once the comparison strip is prepared 
the use of it is nearly as rapid as simple estima¬ 
tion. It is to be hoped that one of the x-ray 
manufacturers will make comparison strips avail¬ 
able commercially. 

IV. INTERPRETATION 

The result of the purely experimental side of 
x-ray chemical identification is a table of d values 
and the corresponding relative intensities. The 
interpretation of these data may follow several 
courses, depending on the complexity of the 
problem and the comparison data available. 
Identification work has long been carried out by 
simple comparison of the unknown film with 
films of known substances, and much work can 
be and is done in this way even yet. Such a 
method fails in the case of polyphase materials 
or where only a limited library of standards is 
available. The great contribution of Hanawalt 
and the A.S.T.M. has been to place in the litera¬ 
ture a volume of identified data arranged in a 
systematic fashion. 

Examples 

A great volume of identification problems deal 
with questions such as “What manganese com¬ 
pound is present in this sample?," “What oxide 
of lead is this?," or “This substance is predomi¬ 
nately one phase; what is the phase?" Where 
the problem is a simple one of this type, with 
auxiliary information available, the data for 
1000 common materials published by Hanawalt 2 
are the rapid and effective means of making the 
identification. An example is described below in 
which this interpretation technique was used, 
and in which also a modified experimental 
approach was used. 

On one occasion the writers were asked to 
identify a very thin white coating on the inside 
of a glass tube. The conditions under which the 
coating had been formed suggested the proba¬ 
bility that it was a copper compound. The 
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Fig. 3. X-ray diffraction pattern made with CuXa-radiation of an unknown identified as CaSCV JHjO and CaCO*. 
The line labeled B is a superposition of strong lines from each phase. The ^-filter (a sheet of nickel foil) was placed 
between the sample and the film. The sharply defined blackening occurs where the filter did not meet and is caused 
by calcium fluorescence radiation. 


thinness of the coating made it infeasible to 
prepare a sample in the ordinary way. Instead, 
the tube was broken, and admail piece of the 
glass was mounted in the center of the camera 
in such a way that a pencil of x-rays struck the 
coated surface with a very small glancing angle. A 
pattern consisting of only four rather weak lines 
was obtained. The d values were computed and 
the data of Hanawalt 2 were inspected, the search 
being confined to the simple copper compounds.' 
The data matched perfectly with the principal 
lines of the pattern for CuCU* Since the presence 
of chlorine in the system had not previously 
been suspected, .the information proved Kiighly 
useful and the determination required less than 
an hour of elapsed time. Other modifications in 
technique will be suggested by the ingenuity and 
experience of the worker. The small 57-mm 
camera is ideal for problems of this general type, 
where precision and resolving power are not 
particularly needed, and where speed may be 
useful. 

The more complex problems involve polyphase 
samples, or samples consisting of an uncommon 
single phase. In the former case the interpreta¬ 
tion approach described above is often effective 
with the dominant phase, but the minor phases 
•which may be represented by only a few lines 
each must be attacked by using a systematic 
method employing as large a volume of standard 
data as possible. The A.S.T.M. card index file 
of x-ray diffraction data provides such a method. 

The A.S.T.M. card index file, including the 
re£fent supplement, contains data for roughly 
3000 substances. A given substance is represented 
by three cards, one for each of its three strongest 
lines and their relative intensity, and the card 
for the strongest line carries, in addition, the data 
for the entire pattern plus auxiliary information 
and references. All cards are arranged in order 


of decreasing d value. 20 To use the card file one 
simply searches the cards in the vicinity of the 
d value of the strongest unknown line, allowing 
reasonable limits of error. One looks for a card 
that shows other strong lines matching other 
strong unknown lines, and which corresponds 
with a substance which is reasonable on the 
grounds of the other evidence available. When 
a match of strongest lines is found, the card 
corresponding with the strongest line of the 
tentative identification is looked up and all the 
unknown lines are compared. If all unknown 
lines match, the identification is complete; if 
the match is not good, a further search must be 
made; if the unknown accounts substantially for 
all the lines of the tentative identification and 
unknown lines are left over, a second phase 
must be sought for. The complex situation in¬ 
volving several phases and superposition of lines 
is best described by example. 

Such an example is one which the writers 
invented for students in an x-ray laboratory 
class to solve, and the reasoning used by one of 
the better students is presented below. The 
sample consisted of equal parts by weight of 
CaS(V£H 2 0 and precipitated CaCO*, and the 
students were given no advance information 
except that of their eyes telling them that the 
unknown was a white fluffy powder. 

The sample was prepared by grinding in a 
small “sillimanite" mortar, mixing with collodion- 
ether-amyl acetate and coating on a fine cotton 
thread. The film was loaded in the Straumanis 
manner and a filter of nickel foil 0.0004 in. thick 
was placed in the camera between the sample 
and the film. In this particular instance a 72-mm 
camera manufactured by the Picker X-Ray 

» This statement applies to the cards as furnished by 
the A.S;T.M. Other arrangements within subgroups of 
cards are possible. 
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Corporation was used and the exposure was 30 
minutes with copper radiation and without rota* 
tion of the sample. The resulting pattern, Fig. 3, 
contained one very strong line, about ten medium 
lines, and many weak lines. The lines were 
measured with dividers and scale, the camera 
diameter was determined from the film, and the 
6 values were computed, d values were deter¬ 
mined by the use of O. E. Brown’s chart. 19 
Intensity values were estimated visually. The 
resulting data are listed in Table I. 

Since the line at d = 3.02 kX is by far the 
strongest line on the film the student began his 
attempted identification by searching in the card 
file from d = 3.00 to d = 3.04 kX for cards which 
also listed a strong line at either cf = 5.9=b0.1 kX 
or d = 2.80d:0.02 kX. When such a card was 
found, the third listed line was checked against 
the data for the unknown sample. Those cards 
on which all three strongest lines did not corre¬ 
spond to lines in the data for the unknown (three 
cases) were returned to the file. The one case 
where correspondence occurred for all three lines 
was the card for CaS0 4 -JH 2 0. Accepting this as 
a tentative identification, all of the lines listed 
for this substance were compared with the data 
for the unknown, the cases of correspondence 
being shown in Table I. It will be seen that the 
strongest five lines listed for CaSO-rihhO as 
well as some of the weaker lines occur in the 
data for the unknown. The identification of 
CaS0 4 *£H 2 0 is thus confirmed, but it was clear 
that an additional phase must be present since 
so many lines in the unknown were not accounted 
for. This being the case, the fact that some of 
the weaker CaS 0 4 *$H 20 lines were missing from 
the unknown was correctly ascribed to the effects 
of dilution. 

The next step was to identify the as yet 
unknown phase or phases. At this point the 
student reasoned that although the line d = 3.02 
is by far the strongest line on the film, it is listed 
as only the second strongest in the data for 
CaS0 4 - JH 2 0 and consequently there must be a 
strong line for the unknown phase superimposed 
upon it. Accordingly he again searched the file 
in the d = 3.02 region, this time seeking cards 
which list a strong line at d = 2.48i0.02 or 
d~ 2.28db0.02. This search led to the CaCOa 
card which listed as its third strongest line 


d = 2.28 and as its second strongest d =» 1.92 which 
is also found in the data for the unknown. The 
comparison is completed in Table I which ex¬ 
hibits the fact that all of the experimental d 
values are accounted for by the identified phases. 
Conversely the experimental data account for 
all the strong and medium lines listed in the 
card file for the two phases except d = 2.13 for 
CaS0 4 *lH 2 0. Examination of the film revealed 
that the d = 2.09 line is in fact broadened toward 
the high d side suggesting that the d== 2.13 line 
was missed because of partial superposition. The 
intensity agreement is rough but satisfactory. 
Any doubts on this score are resolved when 
reference is made to cards which give duplicating 
data for the two phases from different sources. 
The experimental data agree with any one card 
as well as the cards agree with each other. 

This example was chosen intentionally to 
present the student with the difficulty caused by 
superposition of strong lines from the two phases 
contained in the sample. Yet the identification 
was correctly made in a minimum of time. The 
fact that all the stronger lines for both phases 
appear on the film would have justified the 
further inference that both phases are present 
in major amount. Any further quantitative 
inferences would not be justified without prepa- 


Table I. X-ray diffraction data for an unknown specimen 
compared with the card file data of the identified phases. 


Line 

Experimental 

data 

Relative d 

intensity value 
(estimated) in kX 

Card No. 2438 
CaSOiiHK) 

Relative 
d intensity 

value (measured) 

Card No. 2438 
CaCOi 

Relative 
d intensity 

value (measured) 


4 

5.96 

6.0 

0.40 




3 

3.87 



3.86 

0.08 

A 

3 

3.46 

3.48 

0.30 



B 

10 

3.02 

3.00 

0.60 

3.04 

1.00 

c 

4 

2.80 

2.80 

1.00 



D 

4 

2.48 



2.49 

0.20 




2.34 

0.02 



E 

4 

2.28 



2.28 

0.24 




2.13 

0.18 



F 

4 

2.09 



2.09 

0.20 

3 

1.92 



1.92 

0.32 

G 

3 

1.86 



1.87 

0.24 


3 

1.84 

1.85 

0.60 






1.74 

0.02 



H 

1 

1.68 

1.69 

0.10 

1.60 

0.16 

I 

2 

1.595 






1.53 

0.04 



J 

2 

1.514 



1.51 

0.12 

K 

1 

1.469 

1.470 

0.02 

1.475 

0.05 



1.445 

0.02 


0.08 

L 

2 

1.432 



1.439 
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Fig. 4. Calculated theoretical relative intensities arc 
plotted against relative intensities measured by the com¬ 
parison method by Hanawalt and co-workers. The expert 
mental data all come from the A.S.T.M. card file. The 
numerous data in the small square are not plotted. 


□ Columbium 
O Cadmium oxide 
A Tungsten 
V Copper 
+ Sodium chloride 


■ Tantalum 
• Cuprous oxide 
A Aluminum ^ 
T Lithium fluoride 
X Calcium fluoride 


ration of standard films from the two substances 
for comparison. 

V. AGREEMENT OF DATA 

The Hanawalt scheme of chemical identifica¬ 
tion is based on the empirically demonstrated 
fact that the d values of the three strongest lines 
of a phase identify that phase nearly uniquely. 
Completely unique identification implies agree¬ 
ment of all d values and in addition substantial 
agreement of intensities. While d value agree¬ 
ment, within allowable limits, must occur in¬ 
tensity agreement often does not occur even in 
the case of the three strongest lines. Often, too, 
different sources will disagree on the actual 
presence of a fairly important line. 

Table I lists three sets of data for the same 
substance, taken from the A.S.T.M. card file, 
and illustrating these three effects. These data 
are the work of skilled workers, and there is little 
likelihood of chemical impurity of the sample 
examined. It is highly probable that the reader 
will find as many deviations in his own data as 
among the ones quoted. The agreement among 



Fig. 5. Estimated relative intensities are plotted against 
measured intensities for the same substances as Fig. 4. 
Data are from duplicate entries in the A.S.T.M. card file. 


d values is about as good as could be expected 
considering technical limitations, d value results 
similar to the third set of data quoted may occur 
because of excessive sample size and absorption, 
poor sample position or possibly film shrinkage, 
all effects which should be eliminated in stand¬ 
ardized technique. The situation with regard to 
“missing” lines is an interesting one of not 
infrequent occurrence, the reasons for which arc 
too varied for a general explanation to be at¬ 
tempted here. The very existence of such dis¬ 
crepancies in the card file means that one need 
not be too disconcerted when it occurs in practice. 
Of course, a reason and sometimes a significant 
reason for such effects exists, but if the work has 
been carefully done the “difficulty” may just as 
well be in the literature data or literature ma¬ 
terial. 

The discrepancies in intensities of Table II are 
disturbing at first sight and the writers have 
made an inspection of published data in an 
attempt to discover the source of the difficulty. 
The details of the study need not be given here 
but the results of the comparison will be of 
interest to the user of the card file data and are 
summarized in Figs. 4 and 5. 

Duplicate sets of data for 10 simple substances 
are compared in the figures. Since the chosen 
substances are simple, reliable calculations of 
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theoretical intensity are readily made by the 
accepted methods. Figure 4 is a composite plot 
comparing the relative intensities as measured 
by Hanawalt by his simple method of visual 
comparison with prepared standards, against the 
calculated theoretical intensities. The calculated 
and measured values agree as well as is usually 
the case with x-ray diffraction intensities. The 
comparison is presented here to give added 
reliance on the measured values and to indicate 
the degree of intensity agreement to be expected 
generally. 

Figure S gives a comparison of intensities as 
measured by Hanawalt with intensities obtained 
by the commonly employed method of visual 
estimation on the basis of an arbitrary scale of 
one to ten. The data are all from the card file 
and the number of observers is large enough to 
eliminate the personal factor. It is clear that the 
estimated intensities differ rather radically from 
the measured ones and that the method of esti¬ 
mation tends to exaggerate the relative intensity 
of the weaker lines. The disagreement is large 
enough that an identification cannot be expected 
to show intensity agreement except in a highly 
qualitative fashion when intensities arc esti¬ 
mated. Actually in straight identification work, 
the disagreements are not as important as they 
appear. The intensity values themselves are 
less important than the order of intensities and 
this is quite reliably determined by visual com¬ 
parison. 

Since one of the purposes of the present paper 
is to recommend the use of long wave-length 
radiations in identification work, it is pertinent 
to inquire how the relative intensities on long 
wave-length patterns compare with the intensi¬ 
ties on patterns made with MoA"a. Frevel has 
given an answer for CuAa on a semi-empirical, 
semi-theoretical basis, 21 in the form of a table of 
conversion factors. This table shows that CuAa 
intensities should not differ from MoAa intensi¬ 
ties by more than 25 percent, as long as the 
Cu Ka Bragg angle is less than 45°. This differ¬ 
ence is certainly not an important one. At Bragg 
angles greater than 45°, Cu Ka relative intensities 
are very much higher than the relative intensities 
of lines of the same d value on a MoAc* pattern. 

21 Quoted in the 1 ‘Alphabetical Index of X-ray Diffrac¬ 
tion Patterns,” A.S.T.M., Philadelphia, Pennsylvania. 


There may be afe much as a factor of 5 at high 
Bragg angle, arising from the Lorentz polariza¬ 
tion factor. Because the most intense lines 
generally arise from the large d values which 
occur at small Bragg angle, it would seem that 
the wave-length effect on intensities could as a 
first approximation be neglected. 

The above remarks and conclusion have neces¬ 
sarily been made on the basis of theory and 
apply to intensity measurements , Intensity esti¬ 
mates with CuA'a will of course be as good or as 
bad as MoAa estimates. In addition there is the 
effect of absorption by the sample which can be 


Tari.e II. Comparison x-ray diffraction data taken from 
A.S.T.M. card file for anatase (TiCb). The number of the 
card is given, II denoting a card from the First Supple¬ 
ment—1945. The third pair of columns is stated to repre¬ 
sent data from two sources, in good agreement, with the 
symbol n denoting lines not given by both sources. 


Card 1406 
Mo/Ca-radiation 

1 

lx 

d measured 

Card 11-876 
Mo/Ca-radiation 

Jx 

d estimated 

Card 11-911 
MoXcc-radiation 
/ 
lx 

d estimated 

3.52 

1.00 

3.508 

1.0 

3.47 

1.0 



2.425 

.1 

2.39 

.4 

2.37 

.24 

2.372 

.5 

2.35 

An 



2.333 

.1 

2.305 

.2 n 

1.88 

.40 

1.887 

.9 

1.878 

.9 

1.70 

.28 

1.696 

.7 

1.689 

.7 

1.66 

.24 

1.662 

.7 

1.654 

.7 

1.480 

.24 

1.447 

.7 

1.472 

.6 

1.362 

.08 

1.361 

.6 

1.358 

.3 

1.335 

.08 

1.335 

.6 

1.332 

.4 

1.262 

.11 

1.261 

.7 

1.258 

.6 



1.247 

.2 

1.242 

An 

1.164 

.06 

1.163 

.6 

1.159 

Ab 



1.158 

.1 





1.054 

.1 



1.045 

.03 

1.0488 

.5 

1.044 

.3 



1.0407 

.5 

1.038 

.6 n 



1.0155 

.5 

1.014 

.2 



1.0043 

.2 

1.002 

.2 



.9939 

.1 



.950 

.02 

.9528 

.7 

.951 

.3 



.9437 

.6 

.943 

.4 

.913 

.02 

.9167 

.7 

.916 

.6 



.9114 

.7 

.912 

.3 

.894 

.02 



.892 

.In 





.876 

.In 





.843 

.In 





.824 

.In 





.806 

.In 





.795 

.In 





.740 

.In 





.702 

.In 





.668 

.In 
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important with long wave-lengths. The effect of 
absorption is to reduce the intensity of high d 
lines, and because these are generally the strong 
lines, to raise effectively all relative intensities. 
That this effect is present to a significant degree 
is entirely supported by eight cases of duplicate 
card file data involving both MoXa and Cu Ka. 

All of the above remarks for Cu Ka intensity 
apply with much more force to the longer wave¬ 
lengths such as Fe-Ka and Cr Ka. With these 
radiations the absorption factor is exceedingly 
important, and further the important lines begin 
to occur at large Bragg angle where they are 
enhanced by the Lorentz polarization factor. 
Three cases have been found in the card file 
literature where MoKa intensity measurements 
are duplicated by estimates on patterns of the 
same material made with Ni Ka, FeKa, and 
Cr Ka. The long wave-length intensities show 
only small differences from line to line, while the 
MoA’a intensities for corresponding lines show 
radical differences. 

VL LIMITATIONS AND ADVANTAGES 

The x-ray diffraction method of chemical 
identification is obviously limited to materials 
listed in the standards library available which 
ordinarily excludes solid solutions, and, of course, 
eliminates non-crystalling materials. In addition 
the method suffers the major limitation that it is 
not very sensitive to small concentrations of a 
given phase. The minimum concentration that 
will be detectable will depend upon the substance 
and also in part, upon the other substances 
present. Hanawalt states that the minimum may 
be as low as 1.0 percent or less, or more than 
50.0 percent. Perhaps a representative figure 
would be around 10.0 percent. In general only 
experiments with known mixtures of the sub¬ 
stances to be detected will definitely decide the 
minimum detectable concentration. However, it 
is clear that substances giving several lines of 
high absolute intensities will be detectable in 
smaller concentration than those yielding only 
weak lines. 

Not uncommonly in industrial work a sample 
must be studied which contains four or five 
phases, some of which may be present in such 
small concentration as to show only one or two 
of their strongest lines. Clearly in cases of this 


kind a positive identification cannot be made by 
x-ray means alone. However, in practical cases 
some information is usually available to suggest 
some of the possible substances whose presence 
the x-ray pattern may confirm. Even in the most 
difficult cases the diffraction pattern usually 
yields some information which supplements that 
obtained from other methods and justifies the 
effort involved. 

The x-ray method also fails to give complete 
identification in several minor instances. For 
example, there are numerous oxides of the type 
AB 2 O 4 which have the same structure, the spinel 
type, and of these materials many have lattice 
parameters that are nearly the same. In addition 
then to nearly identical d values, the intensities 
turn out to be similar. Clearly an identification 
beyond that of the structure type is difficult in 
such a case. The spinel situation emphasizes that 
„ the x-ray method identifies structures , from which 
rigid chemical analyses must not be inferred. 

The x-ray diffraction method has unique 
advantages. Like the petrographic microscope it 
identifies the phases present and not merely the 
elements of which they are composed. Dimor¬ 
phous forms of the same substance are as easily 
distinguished as different substances, an exceed¬ 
ingly important fact. Unlike the microscope it 
is not sensitive to very small concentrations of a 
minor phase but it is particularly successful with 
opaque materials and very finely divided samples. 

Other major advantages of the x-ray method 
are that only a small sample is needed and the 
accuracy necessary is easy to achieve. The 
sample which is used is not destroyed so that it 
is available for chemical or spectroscopic study 
later. The x-ray method can upon occasion rival 
the companion electron diffraction method with 
respect to its ability to obtain results from a 
small amount of specimen. 

VH AUXILIARY PROCEDURES 

X-ray diffraction will not displace other means 
of examination but it does supplement them 
with information not otherwise obtainable and 
in some cases it may yield the same information 
with less effort. In difficult cases it is most helpful 
to have supplemental information obtained by 
spectroscopic or conventional chemical analysis. 
The major cation constitution is particularly 
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useful in interpretation as well as being a time 
saver if the cations are such as to cause fluores¬ 
cence. Industrial clients are occasionally re¬ 
luctant to furnish such analytical and source 
information as they already possess regarding a 
sample, with the result that the x-ray worker is 
greatly handicapped in interpreting his results. 

The writers prefer to give each sample a pre¬ 
liminary examination under the petrographic 
microscope. Sometimes this makes x-ray exami¬ 
nation unnecessary, it is frequently possible to 
tell at a glance whether the sample is homo¬ 
geneous or not and at times the presence of a 
minor phase may be revealed which would be 
overlooked by x-ray examination alone. Where 
several phases are present it may be desirable to 
make a preliminary separation by magnetic 
means, by heavy liquids, by washing or some 


other physical means and then examine the 
fractions separately by x-rays. 

It has been stated on certain occasions that 
the x-ray diffraction method permits chemical 
identification work to be done with untrained 
personnel. Probably this is true where a certain 
number of routine determinations of the same 
type are to be done over and over again. How¬ 
ever, it cannot be too strongly stressed that good 
x-ray diffraction work demands a high degree of 
experience and judgment, and at least a reason¬ 
able background in x-ray theory and crystal¬ 
lography, together with an understanding of the 
industrial problems to which the work is being 
applied. It will be completely futile for any 
laboratory to purchase an expensive x-ray dif¬ 
fraction outfit and expect to “hire a boy” to 
operate it. 


Charts for Computation of rf-Values in X-Ray Diffraction 
Chemical Analysis* 

Orley E. Brown 

Department of Mathematics , Case School of Applied Science , Cleveland 6 , Ohio 
(Received October 16, 1946) 


I N chemical identification by x-ray diffraction, 
Bragg's equation 

2d = \ csc0, 

in which d represents the crystallographic inter- 
planar spacing, X the x-ray wave-length, and 0 
the Bragg angle, must be repeatedly solved to 
find the d-value which corresponds to a known 
X-value and an observed 0-value. Whereas this 
equation lends itself to conventional treatment 
graphically, it is not convenient to secure the 
accuracy required by the ordinary graphical 
methods. 


* These charts were undertaken at the suggestion of 
Richard L. Barrett. See paper in this issue by Smith and 
Barrett, p. 177. 


Since only five different values of X, one for 
each of five different x-ray targets, are commonly 
used, these five values were assigned and a 
doubly graduated scale was prepared for each 
of the five resulting equations. This type of 
chart has the advantage of being constructable 
for any desired accuracy and of being immune 
to damage due to paper shrinkage or distortion 
in reproduction. 

To use one of the charts, locate the 0-value on 
the lower side of the scale and read off the 
corresponding d-value from the upper side. 

The plates used in printing these charts are 
being retained, and if the demand warrants, 
arrangements will be made with a commercial 
concern to supply reprints of the charts in 
quantity. 
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Streamlines for the Subsonic Flow of a Compressible Fluid Past a Sphere 

E. 'R. Van Driest* 

Massachusetts Institute of Technology , Cambridge , Massachusetts 
(Received June 28, 1946) 

The second approximation to the velocity potential for the irrotational flow of a compressible 
fluid past a sphere, derived independently by Tamada and Kaplan, is used to calculate the 
subsonic streamlines for the flow of air at a Mach number of 0.5 past a sphere. Comparison is 
. made between these streamlines and those for the irrotational flow of an incompressible fluid. 
Velocity and pressure comparisons are also shown. 


INTRODUCTION 

T HE subsonic irrotational* flow of a com¬ 
pressible fluid past a sphere has been 
studied extensively by Lord Rayleigh, 1 K. 
Tamada, 2 and C. Kaplan. 3 Designating the flow 
of an incompressible fluid past a sphere as the 
zero approximation to a solution expressed in 
ascending powers of M 2 for the flow of a compress¬ 
ible fluid about the same object, the first approx¬ 
imation was obtained by Lord Rayleigh and the 
second by Tamada and Kaplan. Inasmuch as the 
work of Tamada and Kaplan included the com¬ 
parison of velocity and pressure distribution on 
the surface of the sphere for compressible fluid 
flow with the corresponding distributions for the 
incompressible flow, the author thought it would 
be also worth while to make a comparison of the 
streamlines for the two cases. The present paper 
therefore shows the second approximation to the 
streamlines for the flow of air at a Mach number 
of 0.S and the corresponding streamlines when 
the fluid is considered incompressible. 

THE SECOND APPROXIMATION TO THE 
POTENTIAL FUNCTION 

In the case of the steady adiabatic friction less 
flow of a perfect gas, the local velocity of sound is 
given by 


where U is the velocity of the undisturbed stream, 
Co the velocity of sound corresponding to the 
undisturbed stream, M the Mach number for the 
undisturbed stream (= U/cq ), y the ratio of the 
specific heats of the fluid, and V the local 
velocity of the fluid. 

Furthermore, assuming irrotational motion, 
combination of the equations of motion and 
continuity takes the form 

d 2 </> d 2 <t> d 2 <t> 

A<£ =-1-1- 

dx 2 dy 2 dz 2 

1 / d<f>dV 2 d<t>dV 2 d^dV 2 

2 c 2 \&c dx dy dy dz dz 

where <t> is the velocity potential. When the 
motion has axial symmetry as for the flow past a 
sphere, Eq. (2) becomes in polar coordinates (r, 6) 

d 2 <l> 2 d<t> 1 d / d</>\ 

A<t>= -1-1-- —I sin0— ) 

dr 2 r dr r 2 sin0 dd\ dQ/ 



in which 


l ( 

(3<t>dV 2 1 dtfdP'v 

<dr dr r 2 39 39 )' 

(3) 

2c 2 ' 

(04 

\dr 

KO' 

(4) 


(1) 

f 

* Assistant Professor of Mechanical Engineering. 

1 Lord Rayleigh, “On the flow of compressible fluid past 
an obstacle/* Phil. Mag. 32, No. 187, 1-6 (July, 1916). 

1 K. Tamada, “On the flow of a compressible fluid past 
a^j>here, M Proc. Phys.-Math. Soc,, Japan 21, 743-752 

• C. Kaplan, “Flow of a compressible fluid past a sphere/* 
N. A. C. A. Tech. Note, No. 762 (May, 1940). 


By reason of the extreme complexity of Eq. (3), 
methods for approximate solution have been 
resorted to. As stated in the introduction, a first 
approximation was obtained by Lord Rayleigh; 
he took the well-known solution for incom¬ 
pressible flow as the zero approximation, substi¬ 
tuted it into the right-hand side of Eq. (3), placed 
c**Co, and then obtained a solution of the new 
equation. 
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The second approximation to the compressible 
fluid flow, accomplished by Tamada and Kaplan, 
was carried out under the assumption that <f> can 
be expanded as a power series in M 2 , thus 


0=s^ o +^iAf*+^sAf 4 +• • (5) 

Substituting Eq. (5) into Eq. (3) and equating 
terms of like powers of M on both sides, there 
results 


A^o ~ 0, 

1 /dfodVo 2 1 d<frodVo 2 

A0,-(-+- 

2lP\dr dr r 2 dd dd 

A0s = §(y — l)(Fo*— l)A^i 

fd<l>odVi 2 1 dipodVi 2 


)• 


( 6 ) 

(7) 


1 / dtp o i 

+ 2I/*\ dr 


dr r 2 dd dd 


) 


+ 


-U 


dtp i dVo 2 1 dtp l dVn 2 

2lP\dr dr r 2 dd dd 


) 


( 8 ) 


It will be noted that the solution of the first 
equation represents the incompressible fluid case, 
viz., 


<t>o—U 



Pu 


(9) 


wherein a is the radius of the sphere and Pi is the 
Legendre polynomial of the first order (of argu¬ 
ment cos0). The second equation leads to the 
first-order correction to the velocity potential as 
obtained by Lord Rayleigh, i.e., 


r/1 1 la 8 1 a 6 \ 

= a 8 £/W- + -) Pl 

L\3 r 2 Sr 6 24 rV 

/ 3 1 27 a 2 3 a 8 3 a®\ 1 

+(-+-+-Ip, . 

V 10 r 2 55 r 4 10 r* 176 r 8 / J 


( 10 ) 


The third equation yields the second-order cor¬ 
rection as given by Tamada and Kaplan: 
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DETERMINATION OF THE STREAMLINES 

The potential and stream functions are con¬ 
nected by the relations 


1 dtp 1 df 

r di pr sin# dr 


( 12 ) 


dtp 1 d\ff 

-- : —(13) 

dr pr 2 sin0 d$ 


in which 

r 7-1 / F 2 \1 1 /( t- 1> 

<14) 


where p 0 is the density of the undisturbed stream. 
From Eqs. (12), (14), and (4), there results 
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Furthermore, 


or, absorbing po in 

1 /6<t>\* 


7 — 1 
1+-Af 2 ] 


L lP\dr / 


IPrAdd/ Jl 


>/(r-» d<p dip 

sin 0-f- =-. (16) 

dd dr 


For the particular case of Af=0.5 and 7 = 1.405 
for air, Eq. (16) becomes 

1 /^\ 2 


1+0.0506 


L U 2 \dr / 

iPrAde / Jl 


*•«* 

sin0—=-. (17) 

66 dr 


d<t> d<t> o 1 6<j> i 1 6<f> 2 

dr~ dr 4 dr 16 dr* 


so that 
6<f> 

—- Ucos0(l-1.1394r” 3 --O.2224r” 6 
dr 

+0.4975r- 6 ~0.0121r- 7 +0.2280r~ 8 
- 0.4201r~ 9 - 0.0866r 11 +0.1822r“ 12 
—0.0266r” 16 ) 

+ U cos30(O.1181r~ 3 —0.3870r~ 5 


Now the simplest way of integrating Eq. (17) 
is by graphical means, i.e., for certain values of 0, 
the left-hand side can be computed at various 
values of r, and the area under the curve can be 
calculated to give corresponding values of The 
graph relating and r can then be used to 
determine the radial distance r for certain 
preassigned values of This process can of 
course be carried out to any degree of accuracy. 

Upon differentiation of Eq. (5) and substitu¬ 
tion of Af=0.5, 

6<j> 6 <I>q 1 d<l> i 1 d</>2 

——+-+-. (18) 

66 66 4 66 16 66 

Substitution of Eqs. (9)-(ll) into Eq. (18) then 
yields, when 0=1, 

6<t> 

-- = - U sin0(r+O.5699r- 2 +O.O556r~ 4 
66 

-0.0995r^+0.0020r^-0.0326r- 7 
+0.0525r“ 8 +0.0087r” l °—0.0166r” n 
+0.0019r” 14 ) 

- f/sin30(-O.176Or- 2 +O.2899r- 4 
-0.1560r-*+0.0071r- e -0.1064r~ 7 
+0.0909r” 8 +0.0215r~ 10 — 0.02 7 2r” u 
+0.0023r~ 14 ) 

- U sin50(0.0183r” 2 - 0.0840r~ 4 
+0.1116r-«+0.0212r~ 8 -0.1200r“ 7 
+0.0570r” 8 +0.0087r” 10 --0.0088r- 11 


+0.2595r~ e —0.0142r” 7 +0.2481r” 8 

— 0.2416r~ 9 —0.0716r” 11 +0.0996r” 12 

— 0.0106r~ 16 ) 

+ t/cos50(~O.OO73r- 3 +O.O671r~ 5 

-0.1116r-«-0.0255r- 7 +0.1679r- 8 

— 0.0915r~ 9 — 0.0174r~ n +0.0194r~ 12 

—0.0013r~ 16 ). (20) 

This is all the further that the process can be 
reduced. The remaining work is pure computa¬ 
tion. In this paper, streamlines were located to 
the nearest one-thousandth of the unit for each 
of the following nine angles of 0: tan -1 1/15, 
tan” 1 1/8, tan” 1 1/4, tan” 1 4/10, tt/6, tt/4, t/ 3, 
tan -1 11/3, and ir/2. 

Figure 1 shows the streamlines for both the 
compressible and incompressible fluid flow. Also 
in this figure are plotted the corresponding 
velocities in the field at 6 — w/2 and the corre¬ 
sponding pressures on the surface of the sphere. 
(Note that in the figure w 0 = 17, and u=V in the 
field at 0 = 7 t/2 .) The pressure distribution for 
the compressible fluid case is given by the formula 

P-Po _l 

y 0 lP~(y/2)M* 


+0.0005r-“). (19) 


where po is the pressure in the undisturbed 
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Fig. 1. Streamlines for the flow of both a compressible and an incompressible fluid past a sphere. 















Table I. 


on surface of sphere 


in field at d—*l2 


P-P i V V 

fair V U 



e 

comp. 

incomp. 

comp. 

incomp. 

r 

comp, incomp. 


0 

+ 1.070 

+1.000 

0 

0 

1.0 

1.600 

1.500 

tan’ 

1 1/15 

+1.058 

+0.990 

0.093 

0.100 

1.1 

1.464 

1.376 

tan’ 

1 1/8 

4*1.030 

+0.965 

0.174 

0.186 

1.2 

1.368 

1.289 

tan" 

il/4 

+0.930 

+0.867 

0.342 

0.364 

1.4 

1.241 

1.182 

tan’ 

U/10 

+0.751 

+0.689 

0.528 

0.557 

1.8 

1.120 

1.086 

t/6 

+0.496 

+0.437 

0.719 

0.750 

2.2 

1.069 

1.047 

»/4 


-0.098 

-0.125 

1.049 

1.061 

3.0 

1.029 

1.019 

ir/3 


-0.736 

-0.688 

1.331 

1.299 

4.0 

1.012 

1.008 

tan’ 1 

i 11/3 

-1.218 

-1.093 

1.526 

1.447 




*/2 

-1.416 

-1.250 

1.600 

1.500 





stream, or 

for the air flow at Mach number 0.5. 

Table I giyes the velocity and pressure data 
for the two flows. 

It is seen that in the case of the compressible 
fluid the point on the sphere at which the pres¬ 
sure is equal to the pressure in the undisturbed 
stream is at a location different from tfiat 
for the incompressible fluid. For the com¬ 
pressible fluid flow the point is located by placing 
— t/=(l/r)(d0/d0), substituting Eq. (19) for 
cty/d0, putting r — 1, and then solving the re¬ 


sulting equation, viz., 

1.5419sin0—0.0539sin30+O.OO45sin50= 1. (23) 


The solution of Eq. (23) is 0 = 43° 38'. For the 
incompressible fluid case, the point of zero pres¬ 
sure difference is located at 0 = 41° 49'. 

The local Mach number is greatest at the top 
of the sphere. This number can be computed 
using Eq. (1), thus 



At the top of the sphere where V/U— 1.600, 
Mi = 0.833, and therefore there is no shock in the 
field of flow. This is to be expected since the 
critical Mach number of the undisturbed flow for 
shock establishment is approximately 0.55 as in¬ 
dicated in another paper by Tamada. 4 


4 K. Tamada, “Further studies on the flow of a com- 
iressible fluid past a sphere,” Proc. Phys.-Math. Soc., 
apan, 22, 519-525 (1940). 
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Min imum Sparking Potentials of Barium, Magnesium, and Aluminum in Argon 

Harold Jacobs and Armand P. LaRocque 
Sylvania Electric Products Inc., Kew Gardens , New York , New York* 

(Received August 21, 1946) 

Minimum sparking potentials of barium, magnesium, and aluminum in argon are found 
to be 93v, 123±1 v, and 155=bl v, respectively. Utilizing the data in measuring the mini¬ 
mum sparking potentials, the ratios of electrons emitted from the cathode per bombarding 
positive ion (y m ) are determined and found to be .149±.001 for barium, ,089±.033 for mag¬ 
nesium, and .045 ±..002 for aluminum. A relationship is found such that, at a given field per 
unit pressure, a lower work function indicates a lower sparking potential and a higher y m indi¬ 
cates a lower sparking potential, for the case of the three metals studied. A graphical method 
is proposed for predicting the minimum sparking potentials for metals, whose sparking potential 
values have not been determined, based upon the values of y m or the work function 4». 


W HEN considering the design and manu¬ 
facture of electron tubes which contain 
gases at reduced pressure, it has been found that 
the surface phenomenon plays a major role in 
successful operations and applications. For in¬ 
stance, the sparking potential of many gas tubes 
has been found to be a function of the cathode 
surface as well as the gas in the region of the 
minimum sparking potential. Similarly, the 
voltage drop across the gas tube while in opera¬ 
tion is a function of the surface as well as the gas. 

In spite of the large number of applications of 
gas tubes, relatively little is known concerning 
the actual mechanism of operation of these 
devices. This is probably due to the large number 
of variables which are possible in gas tubes, and 
to the fact that techniques of measurement have 
not been adequately developed. For instance, it 
has been found that small traces of mercury, 1 oil 
vapors, and oxygen in the gas or adsorbed by 
the surfaces in a tube will cause great alterations 
in the behavior of the tube. Thus, reproduceable 
results have been difficult to obtain, and, actu¬ 
ally, it has only been in recent years that any 
valid data has been obtained. 

One of the problems concerning gas tubes, 
then, is the effect of surfaces in gases upon 
sparking potential. In the following experiments, 
the surfaces of Ba, Mg, and A1 were studied in 
reduced pressures of argon and the minimum 
sparking potentials obtained. From this data, 

* This work was undertaken in association with the 
Applied Physics Laboratory of the Johns Hopkins Uni¬ 
versity under Section T series contract NOrd 7872 spon¬ 
sored by the Bureau of Ordnance, United States Navy. 

»W. E. Bowls, Phys. Rev. 53, 293 (1938). 


various interpretations have been made including 
the deduction of the ratio of emitted electrons 
released by bombarding positive ions and the 
importance of this ratio upon the sparking 
potential. 

EXPERIMENTAL METHOD 

Tubes were constructed as sketched in Fig. 1. 
It should be noted that these tubes consisted of 
two electrodes and a getter container which held 
the metal to be studied. Each of the two elec¬ 
trodes were made of nickel and shaped in the 




Fig. 1. Experimental tube. 
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manner of “Rogowsky electrodes.” 2 That is, the 
electrodes were shaped such that surfaces facing 
each other followed equipotential lines. This was 
done to prevent concentrations of field at the 
edges and would make quantitative measure¬ 
ments of the field readily accessible. The tube 
to be studied was placed on exhaust together 
with a “dummy tube” containing only a barium- 
aluminum getter. This second tube was used as 
a reservoir to down any impurities in the argon, 
i.e., O 2 , N 2 , H-i which was to be later admitted. 

The nickel electrodes and getter container were 
then degassed as well as possible and the metal 
to be studied, was evaporated, on the nickel 
surface. In the case of barium, an iron clad 
barium getter was used and was electrically 
flashed. Magnesium powder was used for the 
Mg surface and aluminum powder for the A1 
surface. These reactions in no way depend upon 
reducing agents and hence the chance for im¬ 
purity was greatly reduced. Argon was then 
admitted to the system from a standard Airco 
argon bottle (99.9+ percent pure). Liquid air 
was used at all times between the mercury 
manometer and the vacuum system. The elec¬ 
trical circuit used was such as sketched in Fig. 2. 
The criteria for sparking was such that a sudden 
rise in current would indicate the “breakdown” 
through the tube. In all cases, tests were con¬ 
ducted for stability of the surface before meas¬ 
urements were made. This was done by allowing 
3 /xa cuVrent to pass through the tube. If current 
and voltage conditions were constant with re¬ 
spect to time, the surface was assumed to be 

1 J. D. Cobine, Gaseous Conductors (McGraw-Hill Book 
Company, Inc., New York, 1941), 171-181. 


stable. No measurement was made of the thick¬ 
ness of the metal deposited on the nickel cathode. 

DATA 

The curves in Fig. 3 indicate the results of 
measuring sparking potential in relation to pres¬ 
sure times distance. In the case of Ba, Mg, and 
A1 in argon, it was found that the minimum 
sparking potentials were 93d=§, 123d=l, and 
lSSrtl volts, respectively. 

PREVIOUS DATA CONCERNING COLD 
CATHODES 

Before attempting to interpret the above data, 
it would be of interest to consider the work of 
previous experimenters in the field of cold 
cathodes. 

It has been demonstrated, 3 that in tubes such 
as studied in these experiments, the following 
relation exists 

e ax 

i = io -. (1) 

1 — y(c a£ — 1 ) 

i - total current, 

t’o=constant , 4 

x- distance between electrodes, 

a = ratio of ions formed to electrons in a unit distance, 

7 = roughly, ratio of secondary emission from the 
cathode to the ions bombarding the cathode. 



Fig. 3. Sparking potentials of barium, magnesium, and 
aluminum in argon vs. pressureXdistance. The ordinate 
identifications should read 0, .5, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5, 
and 4.0. 


* L. B. Loeb, Fundamental Processes of Electrical Dis¬ 
charge in Gases (J. Wiley & Sons, Inc., New York, 1939), 
378. 

4 The symbol to which is the initial photoelectric current 
leaving the cathode is not truly constant and for very 
large values of t, there is found to be a slight drop in the 
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Now, this equation has been used by some 
experimenters as a criteria for determining or 
predicting sparking potentials. That is, if the 
denominator goes to zero, the current goes to 
infinity. Hence, a criteria for sparking may be: 

1 

l_ 7 ( e «*_l) =0 , 7 =-. (2) 

e a *-t 

As we shall sec later, the higher the value of 7 , 
the lower is the sparking potential in a given gas. 
Thus, the constant is extremely important from 
the point of view of any quantitative work on 
low pressure cold cathode discharge tubes. The 
exact interpretation of 7 has not been well 
developed, but it should be emphasized that 
although 7 is roughly the ratio of emitted elec¬ 
trons per positive ion bombarding the cathode, 
it also contains the ratio of electrons per quanta 
of light producing photoelectrons, and possibly 
several other sources of electrons which have 
been assumed to be small in comparison with the 
first ratio. Because of the importance of 7 in gas 
discharge work, there has been some research in 
recent years to determine the nature of 7 and 
the mechanism involved. 

As late as 1938, Bowls 5 opened many questions 
concerning the constant 7 . He utilized a mercury 
free vacuum system, platinum and sodium 
cathodes, and nitrogen gas. lie obtained his 
values of 7 not by sparking but by measuring 
current and computing 7 from the following 
equation. 

i=H -, (3) 

a — fte (a '* )x 

where 

ft/ a = 7 . 

Three very important discoveries were brought 
to light. 

1. There was an “anomalous” peaking of y at low X/p 
values. This had never been observed by sparking potential 
measurements. 

2. When Hg was introduced to the system, radically 
different results occurred as to the value of y. Thus, it 
appears that all work done previously without safeguards 
as to mercury contamination may have been in serious error. 

3 . In nitrogen, th$ Na cathode had a lower y than the 
Pt cathode. This is contrary to what would be expected 

sparking potential. However, for very small currents 
(<1 /ia) such as used in the experiments above, the effect 
is small and ha 9 not been detected experimentally. For 
further comment, see L. B. Loeb, reference 3, pp. 420-425. 

4 W. E. Bowls, reference 1, 293. 



Fig. 4. y of barium, magnesium, and aluminum in 
argon vs. field per unit pressure. 

since the lower work function cathode should have the 
higher 7 and hence the lower sparking potential. 

In 1939, Hale 6 continued this work, but this 
time made measurements in hydrogen instead 
of nitrogen. His results again indicated: 

1. An “anomalous” peaking in 7 appeared at very low 
X/p values. (Pt: X/p=\25 ; Nall: X/p" 10.) 

2. The presence of Hg could alter the characteristics 
of the surface completely. 

3. Except at very low X/p ratios, the 7 of the sodium 
was less than that for platinum. 

Now, in this work, it was thought that the 
anomalous peaking was caused by a photoelectric 
phenomenon. That mercury vapor could change 
the surface was well established. The question 
of work function versus 7 was by no means 
settled and still remains open to question. In 
the experiments of Bowls and Hale, it is possible 
that the nitrogen and hydrogen combined with 
the Na surface in such a manner as to create a 
high work function surface. The answers to this 
question will be revealed by further experiments 
in inert gases. 

In 1939, Huxford 7 studied Cs-Ag-0 surfaces 
in photo-tubes filled with argon. He measured 7 
by two methods, using the sparking criteria 
method as indicated above and also the method 
of measuring current prior to discharge and 
calculating the 7 -values by means of Kq. ( 1 ). 
He obtained very good agreement using both 
methods. 

Another piece of work is described by Loeb 8 


4 D. H. Hale, Phys. Rev. 55, 815 (1939). 

^ W. S. Huxford, Phys. Rev. 55, 754 (1939). 
8 L. B. Loeb, reference 3, p. 53.. 
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Fig. 5. y m (ratio of emitted electrons per bombarding 
positive ion at the minimum sparking potential) vs. work 
'unction. 


concerning some work done by Engstrom 9 on 
barium cathodes in argon. Here, also, good 
agreement is obtained between the two methods 
of measuring y except that the sparking method 
provides a smoother line. In other words, it is 
claimed that when measuring by sparking 
methods, the anomalies are wiped out and a more 
continuous value of y is obtained as a function 
oiX/p. 

INTERPRETATION OF DATA ^ 

With the above background in mind, we can 
now return to the data concerning Ba, Mg, and 
A1 in argon. Utilizing Eq. ( 2 ) again: 

1 V t 

y— -, *=—, 

e ax —l x 

(4> 

7 e°V./X-l y 

«sparking potential, 
field (volts/cm), 
x = distance (cm), 
pressure (mm). 

The values for y as determined by Eq. (4) arc 
shown in Fig. 4. The y m values (at the minimum 
sparking potential) were found to be .149zb.001 
for barium, ,089db.033 for magnesium, and 
.045±.002 for aluminum. 

Having evaluated 7 , we are in a position to 
draw certain conclusions. The work functions of 
Ba , 10 Mg , 11 and Al u are 2.1 electron volts, 2.42 

* L. B. Loeb, reference 3, p. 407; R. W. Engstrom, Phys. 
Rev. 56 (1939). 

19 A. L. Reimann, Thermionic Emission (J. Wiley & Sons, 
Inc., New York, 1934), p. 80-1. 

11 J. D. Cobine, reference 2, p. 109. 



Fig. 6. y m (ratio of emitted electrons per bombarding 
positive ion at the minimum sparking potential) as a 
function of the minimum sparking potential. 


electron volts, and 3.57(2.5 — 3.6) electron volts, 
respectively. 

We . can therefore conclude from the data in 
Fig. 4, that, at any of the given values of X/p 
in the range we have observed, and in the case 
of the metallic surfaces studied, a lower work 
function indicates a higher y. And, in addition, 
from the data in Fig. 3, a lower work function 
will indicate a lower minimum sparking po¬ 
tential. 

One may wonder, then, why Bowls obtained 
a lower 7 in a large region of X/p for platinum 
than was obtained for sodium. The answer may 
well be that the Na was not free on his cathode 
surface, but was, in fact, combined to form a 
composite cathode with nitrogen. 

We should emphasize that in the case of Ba, 
Mg, and A1 we were dealing with pure metal 
surfaces. As yet, there are no available data con¬ 
cerning the effects of 7 and <t> on composite 
cathodes in gas tubes. 

Knowing 7 and the <t> of the surfaces in argon, 
it may be possible to predict the (minimum 
sparking potential) of a cold cathode gas tube. 
If these predictions are valid, the designer would 
take a tube with a given sparking requirement 
and estimate the region of sparking potential by 
considering the published values of the work 
functions of the surfaces. Loeb 12 gives the fol¬ 
lowing formula for minimum sparking potentials. 


Vi, 


3 Bi 1 

--log— 

A 4 7 m 




“ L. B. Loeb, reference 3, p. 414. 


(5) 
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Bi and A t are constants which could be evalu¬ 
ated. However, at best, this is an empirical 
formula and does satisfy a requirement which 
can be fulfilled more rapidly and simply by 
graphical methods. 

In the first graph, we have y m versus <f>. 
(Figure 5.) 

Then by either knowing y m or <f>, we may 
estimate V, m of a surface in argon by Fig. 6. 

As an example of the use of these charts, 
suppose we calculate the V,„ of sodium. The <t> 
of sodium is given as 2.46—1.90 volts.” This is 
roughly a y m in argon of from .08 to slightly more 

u J. D. Cobine, reference 2, p. 109. 


than .15 using Fig. 5. Now, turning to Fig. 6, 
this is roughly between 90 volts and 125 volts. 
According to Loeb, 14 the V am of a Na surface in 
argon is 95 volts, or in the expected region. 

We realize our range is limited and more 
samples may be desirable in future work, but 
the indications are that this may be a fruitful 
method for utilizing data concerning cold 
cathodes. 

Acknowledgment should be made to Mr. 
Gerald Rich, Sylvania Electric Products, Inc., 
Kew Gardens, New York, for his discussions and 
help relating to this work. 

14 L. B. Loeb, reference 3, p. 414. 


Fatigue of Ag-Cs 2 0, Ag-Cs Photoelectric Surfaces 

S. Pakswer 

Continental Electric Company , Geneva , Illinois 
(Received August 8, 1946) 


Fatigue of Ag-Cs 2 O f Ag-Cs surfaces has been observed in blue and red light. In blue light 
the long wave threshold shifts to shorter wave-length and the long wave maximum increases 
and sometimes shifts to shorter wave-length. Rise of temperature at the cathode counteracts 
the phenomena. In red light temperature effects are dominating. The observed phenomena are 
in line with de Boer’s theory of the photoelectric effect on such surfaces as the formation of 
positive ions on the surface causes polarization of the neighboring Cs-atoms and a change in 
their selective absorption. 


S URFACES with 51* spectral sensitivity have 
been commonly manufactured for a number 
of years and the technique of their production is 
well known. There is, however, little agreement 
concerning the mechanism of the photoelectric 
emission. The spectral sensitivity characteristic 
of the 51 surface shows two main maxima—one 
at approximately 3500A and the other around 
8000A corresponding probably to two different 
emission processes. It has not yet been definitely 
established where these electron emission proc¬ 
esses take place. 

According to the ideas developed by J. H. 
deBoer, 1 ** the sensitivity maximum at 8000A is 
caused by cesium atoms adsorbed at so-called 
“active” spots on .the surface of a semi-conduc- 

* 51 and 54 spectral sensitivity are RMA designations 
for “red” and “blue” sensitive tubes, respectively. 

1 J. H. deBoer, Electron Emission ana Adsorption Phe¬ 
nomena (Cambridge University Press, England, 1935). 

* J. H. deBoer and M. C. Teves, Zeits. f. Physik 83, 521 
(1933). 


tive layer containing CsjO and interspersed with 
Cs and Ag metal atoms. The surface layer of the 
semi-conductor polarizes the atoms of Cs and 
thus reduces their work function. The emitted 
electrons are supplied by diffusion through the 
layer of the semi-conductor. 

Timofeev, 3 in a series of experimental investi¬ 
gations, emphasizes the importance of the forma¬ 
tion of positive charges on the surface of the 
semi-conductive layer, and their influence on the 
photoelectric and secondary electron emission of 
Ag-Cs cathodes. 

Other authors 4 ” 8 believe that the photo-ion¬ 
ization takes place inside the layer of the semi¬ 
conductor as an “inner” photoelectric effect and 
that the electrons have to break through the 

•Timofeev, J. Tech. Phys. U.S.S.R. 6, 340 (1944). 

4 H. Teichmann, Zeits. f. Electrochemie 44, 602 (1938). 

1 G. Maurer, Zeits. f. Physik 60, 170 (1941). 

1 N. S. Chlebnikov, Bull. Acad. Sci. U.S.S.R. Ser. 
Phys. 8, 286 (1944). 
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Fig, 1. Tube No. 10 type CE-1 vacuum exposed to blue 
light (200 w at l'+filter 554) curve 1: 0 hr., curve 2: 1 hr., 

curve 3:48 hr. illumination, curve 4 (-): 78 hr. in the 

dark. 



Fig. 2. Tube No. 10 type CE-1 vacuum exposed to blue 
light (500 wat 12"+filter.554) curve 1 (0):0hr.,curve2 (X): 

1 hr., curve3 (A): 24 hr. illumination, curve 4 (-): 50 

hr. in the dark. 

potential barrier at the surface, possibly at 
“active” spots.® 

Experiments tend to support the deBoer 
conception 7 particularly the behavior in polarized 
light, the high velocity of emitted photoelectrons 
and the low quantum yield. The semi-conductor 
theory is supported by experience won on the 
secondary emission, by the spectral characteristic 
of the inner photo-effect 4 and by the influence of 
the thickness of the oxide layer on the sensitivity 
and the spectral characteristic of 51 surfaces.® 

7 G. Lewln, Trans. Electrochem. Soc. 87, (1945), preprint. 

• P. M. Morosov and M. M. Butslov, Bull. Acad. Sci. 
U.S.S.R., Ser. Phys. 8, 291 (1944). 


Electron microscopic study of 51 surfaces, 9 show¬ 
ing spotty, non-uniform distribution of electrons 
emitted under illumination by light of 6000A, 
can be explained by both theories. 

An insight into the mechanism of photoelectric 
emission can be obtained by a study of the fatigue 
of 51 surfaces. DeBoer 10 observed that tubes 
irradiated with blue light, without voltage ap¬ 
plied, dropped in sensitivity to white incan¬ 
descent light more than tubes irradiated with 
green light, and that red light and infra-red rays 
not only did not cause fatigue, but* regenerated 
the original sensitivity of tubes which lost sensi¬ 
tivity. With voltage applied and a white light 
source, the drop of sensitivity was a function of 
the applied voltage and the illumination on the 
cathode. The fatigue phenomena increased at 
low temperature ( — 196°C) and decreased at 
higher temperature. In tubes exposed to white 
light of .15 lumen, the infra-red threshold was 
shifted considerably to shorter wave-lengths and 
the response in the maximum was lower and the 
maximum itself was shifted slightly to shorter 
wave-lengths. 

To explain these phenomena deBoer assumed 
that the positive cesium ions recombine with 
electrons diffusing to them from the conductivity 
levels of the semi-conductor. The rate of recovery 
from fatigue is given by the rate of diffusion. 
Illumination with infra-red rays or rise of 
temperature increase the thermal agitation of 



Fig. 3. Tube No. 4 CE-1 gas-filled exposed to blue light 
(200-w lamp at l'+filter 554) Fi“22.5 v curve 1: 0 nr., 
curve 2: 3 hr., curve 3: 264 hr. illumination. 


• Yosimaro Morija, Electrotech. J. (Japan) 1, 65 (1937). 
19 J. H. deBoer and M. C. Teves, Zeits. f. Physik 74, 
604 (1932). 
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the lattice, and thus the amount of electrons 
diffusing toward the surface. If voltage is applied, 
positive cesium ions migrate toward the cathode 
into the layer and must be replaced by cesium 
atoms migrating from the layer” to the surface. 
A decrease of free alkali atoms at the surface 
has also been observed by Timofeev and Kondor- 
skaya 11 who found that the time variation in 
fatigue phenomena is a series of exponentials. 

It was felt that the data given in literature do 
not give a complete picture of fatigue phenomena. 
Following observation of the influence of differ¬ 
ent parameters on the stability and the fatigue 
of Ag-Cs photo-tubes, it was, therefore, decided 
to obtain additional data. As sensitivity meas¬ 
urements in white light give only integrated 
values, it seemed that a study of spectral distri¬ 
bution would give a better picture of the phe¬ 
nomena. 

Measurements of the distribution of spectral 
sensitivity were made with a Coleman spectro¬ 
photometer Model 10S, calibrated against a 
VanCittert monochromator and a thermopile. 
The instrument was a Leeds & Northrup galva¬ 
nometer. The plate voltage was 22.5 v. The color 
temperature of the lamp in the photometer was 
2870°K. All tests were made on tubes of the 
type CK-1/918, vacuum and gas-filled, with 
silver-plated copper cathode and also on gas-filled 
918 tubes with massive silver cathode. 

TESTS IN “BLUE” LIGHT 

The tubes were exposed to the light of a 200-w 



Fig. 4. Tube No. 3a. 918 gas-filled exposed to blue light 
(200-w lamp at 12” filter 554) Ka*22.5 v curve 1: 0 hr., 
curve 2: 3 hr., curve 3: 264 hr. illumination. 

11 Timofeev and Kondorskaya, Physik. Zeits. Sovjet- 
union 9, 683 (1936). 



Fig. 5. Tube No. 16 CE-1 vacuum, curve 1:0 hr., curve 2: 
exposed 1 hr, to blue light (500-w lamp at T+filter 554), 
curve 3: 2 hr. in dark at — 80°C. 



Fig. 6. Tube No. 17 CE-1 vacuum, curve 1:0 hr., curve 2: 

1 hr. exposed to blue light (500-w lamp at 1'+filter 554), 
curve 3: 2 hr. in dark at H-90°C. 

lamp at 12" distance filtered by a Corning filter 
554 ; only blue and ultraviolet radiation fell on 
the cathode. In some tests the 200-w lamp was 
replaced by a 500-w projection lamp. The in¬ 
tensity of the radiation in this case, as measured 
with a blue-sensitive CE-61 tube was increased 
three times. 

In Figs. 1 and 2 are represented typical 
distribution curves. In Fig. 1 curve 1 is the 
original curve. After 1-hour illumination by the 
200 -w lamp without any plate current on, the 
sensitivity in the maximum surprisingly in¬ 
creased considerably and the threshold shifted 
to shorter wave-lengths (curve 2). After a pro¬ 
tracted period of time the sensitivity at the maxi¬ 
mum decreased slightly (curve 3, after 48 hr.) and 
the threshold was shifted still further. The tube 
was now kept in the dark. After 78 hours (curve 
4 ) the increase at the maximum still persisted 
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Fig. 7. Tube No. 15 type CE-1 vacuum exposed to red 
light (500-w lamp at l'-j-filter 244) curve 1: 0 hr., curve 2: 
1 hr., curve 3: 24 hr., curve 4: 50 hr. in the dark. 


but the threshold moved back to longer wave¬ 
lengths. 

This tube was now subjected to the light of 
the 500-w lamp (Fig. 2). After 1 hour the maxi¬ 
mum had greatly increased (curve 2) but fell 
down rapidly (curve 3); the tube was heated up 
to about 50°C. After 50 hours in the dark (ciift've 
4) the maximum and the threshold shifted to 
longer wave-lengths. 

All other tubes investigated» gas-filled and 
vacuum, silver and silver plated, showed this 
initial increase in the maximum. Sometimes a 
shift in the maximum could be observed (Fig. 3). 
In Fig. 4 is shown the response of a tube with a 
silver cathode. 

It was thought that these tests indicated the 
influence of three separate processes : 

1. A process in blue light leading to a shift and an 
increase of the maximum and a shift of the threshold. 

2. A process due to the rise of temperature which 
decreases the maximum. 

3. A process in the dark which shifts the threshold back 
to longer wave-lengths. 

To investigate further, separately, the influence 
of light and temperature two tubes were exposed 
to light of the 500-w lamp for 1 hour (curve 2, 
Figs. 4 and 6). Then one tube was kept for two 
hours in a mixture of solid COa and acetone 
( — 80°C) (curve 3, Fig. 5) and the other at 
+90°C for the same period of time (curve 3, 
Fig. 6). In the first tube the initial changes 
persisted while in the second tube the sensitivity 


m tne maximum decreased considerably and the 
sensitivity on the long wave side recuperated 
completely. 


TESTS IN “RED” LIGHT 

The same lamps were used in conjunction 
with Coming filter 244 transmitting red-infra-red 
radiation. With the 200-w lamp the curves 
showed a small drop of sensitivity in all wave¬ 
lengths. With the 500-w lamp (Fig. 7) where the 
heat.development on the cathode was consider¬ 
able, the sensitivity in the maximuifi went down 
considerably after 24 hours (curve 3). A large 
amount of sensitivity, especially at long wave¬ 
lengths, was recuperated after 50 hours in the 
dark. 


CONCLUSION 

It can be easily understood that changes of 
spectral sensitivity, combining with the energy 
distribution of an incandescent lamp, will cause 
variations of output current which will appear 
as “instability.” Parameters affecting the long 
wave end of the sensitivity curve will have a 
relatively greater effect than parameters affecting 
the maximum. This will explain why “blue” 
light or high plate voltage cause a higher drop 
of sensitivity than red light. By proper choice 
of the color temperature of the lamp, the temper¬ 
ature, the applied voltage, and the intensity of 
the light, it is possible to balance the different 
influences out and obtain stable operation. 

It is difficult to explain the observed phe¬ 
nomena solely by the recombination of positive 
ions and electrons. It can be easily shown that 
fatigue and recovery would follow exponential 
or hyperbolic latvs in case of recombination and 
depending on its mechanism. 

The increase and the shift of the maximum 
and the shift of the threshold indicate changes 
in the electrical state of the Cs-atoms on the 
surface due to the formation of positive charges. 
This polarization of atoms next to an ion, and 
the change of selective absorption of light fol¬ 
lowing the Franck-Condon principle, have been 
described by deBoer in his book, 1 mainly on 
pages 193, 228, 280, and 333. 

Acknowledgment is made to Mr. John A. 
Loeber, who performed most of the experiments 
described above. 
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The Measurement of Elasticity in Fluids of Low Viscosity 

John R. Van Wazer* and Herbert Goldberg’ 1 " 1 ' 

Department of Manufacturing Experiments , Eastman Kodak Company , Rochester , New York 

(Received August 19, 1946) 

By means of an apparatus applying an alternating shearing motion to a liquid, it was shown 
that fluids with a viscosity of around one poise have elastic properties. A discussion of the vari¬ 
ation of the resonance maxima with the amount of damping is given, and the shear modulus 
and damping viscosity are calculated for some dilute solutions of high polymeric materials. 


INTRODUCTION 

LTHOUGH all forms of matter exhibit 
elastic behavior upon the application of 
hydrostatic force, it is customary to think of 
only solids and rather thick gels as being elastic 
on the application of force in shear or extension. 
This viewpoint is based on the concept that the 
relaxation time of the structural bonds holding 
a liquid together is of the order of 10~ 8 sec. 
However, a different state of affairs exists in 
many fluids. When a close-knit gel of a high 
polymer is diluted, the interlocking molecular 
chains to which the elasticity in shear is at¬ 
tributed are gradually separated and broken. It 
thus appears that the shear modulus of such a 
gel will decrease upon dilution until there are 
not enough continuous polymer chains reaching 
from wall to wall to give a measurable clastic 
effect. This type of elasticity can be observed 
experimentally when the time in which inter¬ 
polymer bonds make or break is greater than or 
of the same order of magnitude as that of the 
experiment—that is to say, when the relaxation 
time is measurably long. 

Kendall 1 has shown that some high polymeric 
solutions can be diluted to very low concentra¬ 
tions and still exhibit elastic recoil in shear. 
Although Kendall's method is very sensitive, it 
suffers from the difficulties of interpretation in¬ 
herent in transient measurements. In the study 
reported below, the oscillatory method of Gold¬ 
berg and Sandvik 2 has been adapted to the 
measurement of shear elasticity in fluids of low 
viscosity. This latter method appears to be as 

• Now in the Research Laboratory, Rumford Chemical 
Works, Rumford, Rhode Island. 

** Member of the Research Department, Eastman 
Kodak Company. 

» Rheol. Bull. 12, 26 (1941). 

* To be published. 


sensitive as that of Kendall and is, of course, 
more easily interpreted. 

EXPERIMENTAL PROCEDURE 

The apparatus used in these experiments con¬ 
sisted primarily of a pair of concentric cylinders 
between which was placed the liquid under 
study. The outer cylinder was made from a 
piece of glass tubing selected for regularity of 
bore. It had a diameter of 1.240 cm. This 
cylinder was held in the apparatus so that it 
could be made to oscillate about its axis at a 
given amplitude and any chosen frequency. The 
frequency was adjusted by changing the speed 
of a variable speed motor which drove the 
oscillating cylinder through a cam and rocker- 
arm device. Photographic study showed that the 
rotatory oscillations of the outer cylinder were 
pure sine waves. The frequency of rotation of the 
outer cylinder was measured by a strobotac lamp. 

The hollow inner cylinder (4.55 cm long with 
a diameter of 1.174 cm), having a low moment 
of inertia (4.12 g-cm 2 ) about its major axis, was 
suspended from a thin fiber. This low moment of 
inertia was achieved by building the cylinder of 
thin-walled tubing affixed to a heavy central 
shaft which served to weight the cylinder so 
that it would not float. A phonograph needle was 
used as a bottom bearing for the inner cylinder. 
Before an experiment was started, the cylinders 
were aligned by adjusting the support holding 
the suspension thread; then the inner cylinder 
was lifted slightly away from its bearing. A mirror 
was attached to the central rod of the inner 
cylinder so that a beam of light could be used to 
amplify its motion. The suspension fiber con¬ 
sisted of a single strand of untwisted silk approxi¬ 
mately 15 cm Jong. Thus, the elasticity of the 
fiber was so slight that its contributions to the 
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observed clastic effects were negligible. In the 
studies reported below, end effects were negligible 
since the layer of liquid at either end of the 
inner cylinder was approximately 20 times thicker 
than that in the annular space between the two 
cylinders. 

To make a measurement, the outer cylinder 
was filled with the solution under study, and tlien 
the inner cylinder was carefully inserted so that 
no air bubbles were entrapped between the two 
cylinders. After the cylinders were aligned, the 
outer cylinder was set in oscillation, and the 
amplitude of rotation of the inner cylinder was 
measured by the path of a beam of light re¬ 
flected from its mirror onto a screen which was 
usually placed several meters from the instru¬ 
ment. Thus, any slight drifting of the inner 
cylinder with respect to the outer one was 
greatly amplified with the result that a slow 
erratic drifting was superimposed upon the oscil¬ 
latory motion of the light spot. This necessitated 
“on the fly” measurement of the amplitude of 
oscillation with a caliper. When a non-elastic 
liquid was placed between the two cylinders, 
the inner cylinder had the same amplitude of 
rotation as that of the outer cylinder at low 
frequencies; and there was a gradual decrease in 
amplitude as the frequency was raised until at 
extremely high frequencies the inner cylinder 
remained practically motionless. When an elastic 
liquid was being studied, the amplitude of rota¬ 
tion of the inner cylinder was the same as that 
of the outer cylinder at very low frequencies and 


became negligibly small at high frequencies. 
However, at an intermediate frequency the am¬ 
plitude of rotation of the inner cylinder was 
greater than that of the outer cylinder because 
of the phenomenon of resonance. It should be 
noted that the existence of mechanical resonance 
means that there is an elastic restoring force 
resisting distortion of the liquid. Therefore, the 
studies reported in this paper cannot be inter¬ 
preted on the basis of thixotropy, simple non- 
Newtonian flow, or any other of the multitudinous 
rheological classifications which are concerned 
with changes in the internal friction of a sub¬ 
stance. 

The amplitude of rotation of the outer cyl¬ 
inder could be measured in two ways: first, by 
extrapolating the plot of amplitude vs. frequency 
of the inner cylinder to zero frequency, and 
secondly, by rigidly joining the two cylinders 
together and observing the light beam. The 
same value for the amplitude was always ob¬ 
tained by both of these methods. 

The modulus of rigidity can be calculated from 
the following easily derived equation: 


Go = 


2irl / 1 


(; 


r x L 



( 1 ) 


where Go is the modulus of rigidity assuming no 
damping, / max the resonance frequency, L the 
length of the inner cylinder, and and r 2 are 
the radii of the inner and outer cylinders re¬ 
spectively. 

The magnification factor, m, can be defined as 
the ratio of the amplitude of oscillation of the 
inner cylinder to that of the outer cylinder. 

Table I. A comparison of elastic data from recoil 
and resonance studies. 


Material 

Approxi¬ 

mate 

viscosity 

(poises) 

Kendall's 

resilient 

effect 

Resonance data 

Shear Damping 

modulus vis- 

(dynes/ Type of cosity 

cm*) damping (poises) 

Lucite in 
dichloro¬ 
benzene 

1 

Very large 

80 Series 1 

Rubber 
cement in 
benzene 

1 

Large 

0.28 Parallel 0.028 

Boiled 
linseed oil 


None 

No resonance maximum 

Glucose in 
water 

1 

None 

No resonance maximum 
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10 



Frequency 


Frequency 


Fig. 2. Resonance curves: (1) methyl methacrylate polymer 
in dichlorobenzene; (2) rubber cement in benzene. 


Fig. 3. Resonance curves for various concentrations 
of napalm in gasoline. 


When the magnification factor is smaller than 
two or three, the modulus of rigidity computed 
from the previous equation is too small, because 
the damping causes a pronounced shift in the 
resonance frequency, and the equation is derived 
for an undamped system. It is impossible to 
compute the shift of the resonance maximum 
due to damping, unless a model for the system 
is assumed. We have calculated this shift for 
two models: a spring with parallel damping, and 
a spring with series damping. The calculations 
which are based on the direct electrical analog 3 
are given in the appendix, and a graph of the 
ratio of the resonance frequency with damping 
to the resonance frequency that would be found, 
if the spring were not damped, vs. the magnifi¬ 
cation factor, is to be found in Fig. 1. From this 
graph the shear modulus as determined from the 
above equation can be corrected as follows: 

G = G 0 /f 2 (2) 

where G is the real shear modulus (assuming 
that the model is correct); Go is the shear 
modulus calculated from Eq. (1); and ^ is the 
ratio of the frequencies taken from the graph. 
It is possible to compute the variation of m 
with ^ for the more complex model of a spring 
with a series and parallel dashpot, but instead 
of one curve, a family of curves will result 
depending on the relative values of the damping 
constants. However, this procedure was not 
followed because the apparent increase in ac¬ 
curacy of interpretation should not be accepted 


without fitting the whole frequency-amplitude 
curve. 

The damping viscosity can be computed for 
the assumed models since the ratio of the 
damping viscosity to the shear modulus is re¬ 
lated to the resonance frequency and magnifica¬ 
tion factor by means of Eqs. (2), (3), (6), and (9) 
in the Appendix, for the spring with either series 
or parallel damping. If the damping viscosity as 
calculated for series damping is much less than 
the viscosity determined in a conventional vis¬ 
cosimeter, the predominant damping is in parallel 
with the elastic element. If the calculated series 
viscosity is equal to the regular viscosity, the 
damping is in series with the elastic element. 
The calculated series viscosity cannot be greater 
than the regular viscosity. Thus, by comparison 
of the viscosity as calculated from the models 
with the regular viscosity, it is possible to find 
the predominant type of damping and thus the 
most correct value of the shear modulus as 
computed for a given fluid. In this discussion of 
damping, anomalous viscosity has been neglected 
since most fluids of low viscosity are only slightly 
non-Newtonian. 

DATA AND DISCUSSION 

Several substances studied by Kendall were 
used with this apparatus to obtain the resonance 
curves shown in Fig. 2. The rheological constants 
derived from these measurements are presented 
in Table I. 

An interesting series of measurements was 
performed on dilute sols of an aluminum soap 


* J. Miles, J. Acous. Soc. Am. 14, 183 (1943). 
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that the damping at concentrations higher than 
6 percent is exclusively caused by the parallel 
viscosity. This means that both the viscosities 
in series and in parallel with the elastic element 
grow smaller with decreasing concentration, as 
might be expected. The transition from parallel 
to series damping of the elasticity occurs at 
about 2 percent. It is interesting to note that the 
concentration at which there is no longer any 
perceptible change of apparent viscosity coeffi¬ 
cient, with rate of shear (see Fig. 4) is also the 
concentration at which the resonance effect 
disappears. 

The variation of shear modulus with molecular 
weight for a series of fractionated methyl metha¬ 
crylate polymers is also given in Table II. 
Although the exact values of the maxima were 
difficu^ to determine because of the flatness of 
the resonance curves, it appears that the shear 
modulus increases with decreasing molecular 
weight at concentrations of equal viscosity. This 
result is in accord with the concept that the 
elastic properties of such a dilute solution are 
caused by the stretching of molecules. 


Table II. Collected elastic data on fluids of low viscosity. 


Fluid studied 

Solute Solvent 

Experimental data 
Reso¬ 
nance 
fre- 

Magnifi- quency 
cation (cycles/ 
factor sec.) 

Calculated constants 

Shear modulus Damping 

(dynes/cm 1 ) viscosity 

(poises) 

No Series Parallel 

damp- damp- damp- Par¬ 
ing ing ing Series allel 

Vis¬ 
cosity 
of fluid 
Cpoises) 

Real constants 

Approxi- 

Predomi- mate shear 

nant type modulus 

of damping (dynes /cm*) 

1% napalm 
(aluminum soap) 

gasoline 

1.01 
(if any) 

0.6 (?) 

0.4 

1.6 

2.6 

0.46 

2.3 

0.02 

Impossible 

Not elastic 

1.5% napalm 

gasoline 

1.29 

3.5 

11 

36 

18 

0.76 

0.88 

0.8 

Series 

36 

2.0% napalm 

gasoline 

1.37 

4.5 

18 

51 

26 

0.95 

0.91 

2± 

Series and 
parallel 

ca. 40 

1% methyl 
methacrylate 
(mol. wt.-32X10*) 

ortho dichloro¬ 
benzene 

1.31 

5.3 

25 

81 

38 

1.2 

1.25 

2.0 ± 

Series 

80 

1.05% methyl 
methacrylate 
(mol. wt. ■■32 X10*) 

dichlorodi- 
ethyl sulfide 
(Levinstein HS) 

1.29 

7.5 

48 

160 

77 

1.6 

2.3 

2.5 ± 

Series 

160 

1.65'% methyl 
methacrylate 
(mol. wt.-16X10*) 

same 

1.09 

6.0 

30 

210 

75 

1.6 

3.5 

2.0 

Series 

210 

1.95% methyl 

methacrylate 

(mol. wt.-12.4X10*) 

same 

1.05 

5.5 

21 

210 

71 

1.6 

5.5 

2.0 

Series 

210 

2.85% methyl 
methacrylate 
(mol. wt.-8.4X10*) 

same 

1.02 

5.0 

21 

530 

100 

3.8 

9.6 

3.0 

Series 

530 

4.76% mShyl 
methacrylate 
(mol. wt. -4.0X10*) 

same 

1.00 

none 


— 

—" 

— 

— 

3.0 


Not elastic 

Rubber cement 

benzene 

1.15 

0.40 

0.14 

0.70 

0.28 

0.01 

0.028 

1.0 

Parallel 

0.28 



Fig. 4. The viscosity of napalm solutions at 
various concentrations. 


in gasoline. The resonance curves for seveial 
concentrations are shown in Fig. 3. The constants 
calculated from these curves are presented in 
Table II. The predominant damping at a con¬ 
centration of 1.5 percent is caused by the series 
viscosity. Measurements by Goldberg 4 indicate 


4 To be published. 
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APPENDIX 


Derivation of the Correction to Shear 
Modulus Due to Damping 

The following discussion is based on the direct electrical 
analogy, the fundamental definitions of which are listed 
below: 


Mechanical Quantity 
x displacement 
F force 

1/G reciprocal of shear modulus 
n viscosity 
M mass 
v velocity 


Electrical Analogy 
q charge 
v potential 
C capacitance 
R resistance 
L inductance 
i current 


Because of the equivalence of Hooke’s law to the 
capacity equation, the law of Newtonian viscosity to 
Ohm’s law, and Newton’s third law of motion to the 
equation for an inductance, this direct electrical analogy 
holds true. 

Since sine wave oscillations are applied to the apparatus, 
the displacement x is related to the amplitude X according 
to the following equation in which t is the time, 5 is a 
constant to take care of phase difference, and w-2t/ 
(/« frequency): 

£ Input = X Input sin«/, 

^output— -^output sin«*>(/ 4“ 8) • 

By differentiation of the above equations with respect to 
time, we find that the ratio of the output to the input 
velocity equals the ratio of the output to the input ampli¬ 
tudes. This ratio is called the magnification factor and is 
denoted by the symbol m. 


Parallel Damping 



Mechanical model 


Electrical model 


For this model undergoing sine wave oscillations we can 
set up the following equation for the magnification factor 
according to the direct electrical analog: 


* L _ R—j/uC 

m i R+jifaL —1 /o»C) 


( 1 ) 


This can be reduced to a more general form by use of 


^■the ratio of the observed damped frequency to the free 
natural frequency of the elastic element, and d, a damping 
coefficient. 


d-R(C/L )* (2) 

and since the free natural frequency equals 1/(LC)* 


Then 


or 


d —j / \f/ 

g±l/jg 

1 d a +**+ 1/^-2 


(3) 

(4) 

(5) 


If we differentiate and set dm/d\J/ equal to zero, the 
condition for a maximum, or resonance, is fulfilled and we 
find that 

d* = 2 (1 — /ty 4 at resonance. (6) 

Equation (5) gives us the relation between ^ and the 
physically measurable m. If we compute the shear modulus 
as if there were no damping, we obtain a quantity, Go , 
according to the equation 


Co-*(/')*. 


But we really wish to know the true shear modulus 


G = kf* 


where /' is the observed frequency with damping, and / is 
the free natural frequency. 

By definition ^ 

G-Go/V*. (This is Eq. (2) in the text.) 


Series Damping 


4 —Qt—vVW - * 



The equation for the magnification factor with the sub¬ 
stitutions of ^ and d, defined in Eqs. (2) and (3) above, 
is given below. 


and 


zUt. 

i 1 /d+jtt-l/ty 

, m ,,. Ml 

1W| \/<P+V+ 1/^-2 


(7) 

( 8 ) 


Differentiating with respect to + and setting dm/dtf'-O, we 
find that 

d* -1 /2 (1 — ^*) at resonance. (9) 

From Eq. (9) 

m* -1 —4)+1 ] at resonance. (10) 


This relationship can be used to correct Go to G as was 
shown above. Equations (5) and (10) are graphed in 
Fig. 1. 
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On Creep and Relaxation* 

B. Gross 

National Institute of Technology , Rio de Janeiro , Brazil 
(Received June 17, 1946) 

The creep and the relaxation function of linear systems, for which the principle of super¬ 
position is valid, are mutually connected in a simple way. This makes it possible to calculate 
the distribution function of relaxation times of stress and the distribution function of retarda¬ 
tion times of strain, when the relaxation function or the creep function is given. It also allows 
a transformation formula to be established for the conversion of one distribution function into 
another. The results of the theory are applied to a detailed discussion of the relaxation process 
in a particular case. 


T HE great development ii? the technique of 
high polymers has brought a renewed 
interest in the theory of elastic and dielectric 
relaxation phenomena. The phenomenological 
theory of these effects is still based upon the 
classical work of Boltzmann; Hopkinson, and 
Volterra. Its recent advance has been made 
possible by the improvements of the mathe¬ 
matical tools—the Fourier and Laplace trans¬ 
forms, Stieltjes* integral equation, and Heavi¬ 
side's operational calculus. The classic worj* on 
the elastic effect has been carefully reviewed by 
Lcaderman. 1 Modern methods of specification 
and correlation of the properties of viscoelastic 
materials were discussed by Alfrey and Doty. 2 
The present paper continues in the sense of the 
phenomenological theory. It treats the relations 
existing between the creep and the relaxation 
function, shows how to deduce from them the 
underlying more fundamental quantities—the 
distribution functions of retardation time of 
strain and of relaxation times of stress—and 
establishes a general transformation formula 
between these 2 distribution functions. 

Permanent deformations shall not be taken 
into account, because here we are interested only 
in reversible effects. This does not constitute a 
serious limitation for the theory; it is possible to 
deduce from the measured deformation- and 
load-time curves the corresponding curves, which 
would be observed, if permanent deformations 
were ibsent. Furthermore our considerations are 

* Publication assisted by the Committee on Inter- 
American Scientific Publication. 

l H. Leaderman, Elastic and Creep Properties of Fila¬ 
mentous Materials and Other High Polymers (The Textile 
Foundation, Washington, D. C., 1944). 

* T. Alfrey and P. Doty, J. App. Phys. 16, 700 (1945). 


confined to the linear problem. They are entirely 
based on the assumption that the principle of 
superposition is valid for creep and for relaxa¬ 
tion. On this basis the fundamental relation 
between the creep and the relaxation function is 
established. 

Even the linear elastic system, under constant 
strain, does not in general follow the simple 
exponential law of stress decay, that on theoreti¬ 
cal grounds should be expected for a homogeneous 
material. Soon the hypothesis was formulated 
that the macroscopic body, that constitutes the 
object for the measurement, possesses a complex 
structure, being built up by a multiplicity of 
different elementary systems, each of them obey¬ 
ing the exponential law and characterized by a 
proper time constant. The observed curve of 
decay then represents an integral effect, the 
linear superposition of the single exponential 
functions. The distribution function of relaxation 
times is then more characteristic for a substance 
than the observed relaxation curve. Wiechert 3 
proposed for the distribution function a Gaussian 
curve; Wagner 4 used the same expression in his 
theory of the electric after-effect. But a priori 
there seems to be no reason to believe in the 
existence of a single general law for the distribu¬ 
tion function; this function may well have 
different forms for different materials. Thus the 
problem arises to deduce the distribution func¬ 
tion from the experimental creep and relaxation 
data. Fuoss and Kirkwood 8 have given an ex¬ 
tremely interesting method that allows calcula- 

1 E. Wiechert, Ann. d. Physik 50, 335 (1893). 

4 K. W. Wagner, Ann. d. Physik 40, 817 (1913). 

• R. Fuoss and J. G. Kirkwood, J. Am. Chem. Soc. 63, 
385 (1941). 
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tion of the distribution function of relaxation 
times, when the admittance function or its real 
or imaginary part are known. In the field of 
elastic phenomena, admittance and impedance 
measurements are not made with the same ease 
as for dielectrics and they would not lead to 
the determination of the long time end of the 
distribution function. Thus one must rely on 
the interpretation of long time creep and re¬ 
laxation data. Simha 6 has already shown how 
to deduce the distribution function of relaxation 
times, when the creep function is given. Here 
this problem is treated by a method that is 
similar to and was suggested by that of Fuoss- 
Kirkwood; it leads to expressions for the dis¬ 
tribution function, which lend themselves readily 
for analytic or numerical computation. 

Parallel with stress relaxation under constant 
strain goes strain retardation under constant 
stress. And instead of the first, one can choose 
the second effect as the adequate basis for a 
discussion of the structure of the viscoelastic 
body. Then a reasoning analogous to that out¬ 
lined above leads to the introduction of the 
distribution function of retardation times of 
strain; this derives from the creep function in 
the same way as does the other distribution from 
the relaxation function. Thus the problem of its 
determination is the same and is solved in the 
same way as the former one. 

The two distribution functions are not in¬ 
dependent from one another. The present theory 
establishes the transformation formulae for their 
mutual conversion. They are expressions which 
are of a very general scope and well suited for 
numerical computation. 

The results of the general theory are applied 
to the study of the relaxation process in the 
particular case in which the creep function is 
represented by a given analytic expression. To 
start with, the simple power law is chosen. The 
corresponding relaxation function is found to be 
given by a known transcendent, the Mittag- 
Leffler function, which already has been dis¬ 
cussed in detail in connection with various 
relaxation phenomena. It behaves reasonably at 
medium values, but does not describe correctly 
the behavior of the stress for very great values 


• R. Simha, J. App. Phys. 13, 201 (1942). 


of time, giving too high a value for the amount 
of stress relaxation. To amend it, an amplitude 
factor is introduced in the law for the relaxation 
function, without a modification of the form of 
the law. With this new expression one calculates 
backward the creep function, to which it belongs, 
and gets in this way adequate representations for 
both the creep and the relaxation function. Then 
the distribution functions are calculated, and 
finally the behavior for small times is studied. 

I. RELATIONS BETWEEN THE CREEP AND THE 
RELAXATION FUNCTION 

Creep 

The deformation, which in a viscoelastic body 
is produced by the application of a constant load 
P 0 , increases with time. It contains a purely 
elastic, constant component P 0 F/E t E being the 
instantaneous value of the modulus of elasticity 
and F a form factor, and a time-dependent, 
slowly increasing component P 0 \fr(t)F/E. is 
called the creep function. The total deformation 
under constant load is, therefore, given by 

y(t)=Poll+miF/E- (1) 

The deformation produced b> the application 
of a variable load P{t) can be calculated with the 
aid of the principle of superposition 

y( 0 - 5 p<,)+ /_ P(r)<p(t- r)<Zrj, ( 2 ) 

where 

<p(t)=d\p(t)/dt (rate of creep). (3) 

Relaxation 

The load P(t) necessary to produce in a 
viscoelastic body a constant deformation y 0 de¬ 
creases with time, because the creep of the 
system gives rise to a phenomenon of stress- 
relaxation. There is 

P(t)=yll-m]E/F. (4) 

$(t) is the relaxation function. 

The load necessary to produce a variable de¬ 
formation y(t) can again be calculated with the 
aid of the principle of superposition 

P(t)**~ f y ( T )— r )^ T j» (5) 
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where 

$(t)=d$(t)/dt (rate of relaxation). 7 (6) 

Relations between Creep and Relaxation 

The Eqs. (2) and (5) are 2 equivalent ex¬ 
pressions of the fundamental experimental fact, 
on which this theory is based—the validity of 
the principle of superposition. Their coexistence 
implies a relation between the creep and the 
relaxation function. To obtain it easily, substi¬ 
tute P{t) =exp(/>/) in (2) and (5). Since 


e*V(/- 


r)dT=e”‘ f 


e- pT <p{r)dr t 


it follows that y(t) = const, exp (pt). There results 
finally 

Up)+Up)UP)~Up)=0, (8) 

where 

Up) = f e~r‘v(t)dt, (9a) 

*'o 



e~ vt q>{t)dt. 


„<*>> 


The deduction shows that p may be real 
positive or complex, but it must not be on the 
negative real axis, because then the integrals 
would diverge. If p is purely imaginary, equal to 
say iw, L(i<a) stands for the Fourier integral; if p 
is real positive, L(p) stands for the Laplace 
integral. Accordingly, 2 equivalent treatments 
are possible, i.e., by Fourier transforms or by 
Laplace transforms. Here we consider only the 
latter one. 

Equation (8) is the fundamental relation, on 
which depend most of the following considera¬ 
tions. It may be solved with respect to L or to L : 


Up) = 


UP) 
i +UP)’ 


(10a) 


« 


L(p) = 


UP) 

i -Up) 


(10b) 


7 Different cases of creep, creep recovery, and relaxation 
as well as the deduction of the Eqs. (2) and (5) from (1) 
and (4) are discussed in detail by Leaderman (reference 1). 
The symbols used by this author are here conserved, but 
the functions and <p are not normalized. This avoids the 
introduction of the 2 constants 0 and 0, which in the 
present case are not relevant. 


With the aid of these equations, it is possible 
to calculate the rate of creep, when the rate of 
relaxation is given, or vice versa* In both cases, 
the wanted function is given by an integral 
equation—the Laplace transform. This must be 
inverted, when one wishes to obtain the explicit 
expressions for or ip. The inversion of the 
Laplace transform has recently been studied 
extensively. 9 A very general inversion formula 
now available is the Bromwich-Wagner or com¬ 
plex, inversion formula; this was used by Simha 6 
in his calculation of the distribution function of 
relaxation times. But other methods too may be 
employed, for instance, those of the operational 
calculus. And frequently one may find the solu¬ 
tion with the aid of a table of Laplace transforms. 
Therefore, there is here no necessity to write 
down explicitly the formal expressions for the 
functions ip and <p , so more so as in the present 
case a more simple way of analysis is possible, 
based on the implicit relations (10). This is 
possible, because the functions we are dealing 
with are very particular ones; they are con¬ 
tinuous, continuously decreasing and integrable 
functions, which in their turn can be represented 
as Laplace transforms. 

II. THE DISTRIBUTION FUNCTIONS FOR CREEP 
AND FOR RELAXATION 

There are 2 fundamental representations of 
a viscoelastic body by way of models; the Voigt 
model and the Maxwell model. Alfrcy and Doty 2 
have given very recently in this Journal a concise 
discussion of the properties of these models. We, 
therefore, can confine ourselves to a summary 
description. 

The Voigt Model 

The Voigt element consists of a spring and a 
dashpot connected in parallel. Creep under con¬ 
stant stress then follows an exponential law 
0 (1—exp//r), the time constant of which is the 
retardation time of strain. It indicates the time 
necessary for the time-dependent component of 

8 Relations of this type are by no means new. For in¬ 
stance, they are already given by J. R. Carson, Electric 
Circuit Theory and Operational Calculus (McGraw-Hill 
Book Company, Inc., New York, 1926), pp. 51-52. 

• See for instance, R. V. Churchill, Modern Operational 
Methods in Engineering (McGraw-Hill Book Company, 
Inc., New York, 1944). 
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deformation to reach a fraction (1—e) of its 
final value. The Voigt model of a complex body 
consists of a multiplicity of Voigt elements with 
different time constants placed in series. The 
stress being the same for all, each element takes 
its share of the total strain. In the limit, the 
discontinuous system goes over in a continuous 
one, characterized by the distribution function 
F(t) of retardation times. F(r)rfr is the fraction 
of the strain, which under constant stress has a 
retardation time between r and r+dr. With the 
Voigt model, the fundamental experiment is the 
measurement of strain retardation, or creep, 
under constant stress. This gives the creep 
function, which in terms of the distribution 
function F(r) is given by 


F(r)e-^dr]; 

•'o 


F(t) satisfies the normalizing condition 



(11a) 


( 12 ) 


The Maxwell Model 

The Maxwell element consists of a spring and 
a dashpot connected in series. Stress relaxation 
under constant strain follows an exponential law 
0(1— exp//r), the time constant of which is the 
relaxation time of stress. The Maxwell model 
of the complex body consists of a multiplicity 
of such elements placed in parallel. The strain 
being the same for all, each element takes its 
share of the stress, according to the value of its 
time constant. In the limit, the discontinuous 
system goes over in a continuous one, charac¬ 
terized by the distribution function F(t) of 
relaxation times. P{r)dT is the fraction of the 
stress, which under constant strain relaxes with 
a time constant between r and r-Mr. With the 
Maxwell model, the fundamental experiment is 
the measurement of stress relaxation under con¬ 
stant strain. This gives the relaxation function, 
which in terms of the distribution function F(t) 
is given by 

f Ftfe-'/'dr J. (lib) 

F satisfies a normalizing condition of the type 

( 12 ). . 


The Distribution Functions for Creep 
and for Relaxation 

For the following it is more convenient to 
work with the functions <p and It is easily 
seen, that these can be represented as 

<p(t) = f p(s)er“ds, (13a) 

" 0 

0 ( 0 “ f p(s)e~ t9 ds, (13b) 

J o 

The functions p and p introduced in this way 
are related to F and P by the equations 

0F(r)dT= — p(s)ds/s , (14a) 

f}P(r)dT = — p(s)ds/s , (14b) 

5 = 1/r. (14c) 

We call p the distribution function for creep 
and p the distribution function for relaxation. 
By means of Eqs. (14) it is always easy to go 
over to the “true” distribution functions F 
and P. The normalizing constants 0 are deter¬ 
mined with the aid of Eq. (12). Equations (14) 
show that the distribution functions can indeed be 
represented as Laplace transforms of “primitive” 
functions p. The possibility of this representation 
does not depend on the validity of the 2 models 
we have discussed, but ensues from the mathe¬ 
matical properties of the functions <p and 0. It is 
a common feature of all linear theories of relaxa¬ 
tion phenomena. 

III. DETERMINATION OF THE DISTRIBUTION 
FUNCTIONS 

Experimental evidence gives the functions 
<p and 0. Physically more interesting are the 
distribution functions p and p, because their 
knowledge may yield information about the 
structure of the system and the nature of the re¬ 
laxation mechanism. One way of analysis consists 
in writing down an analytic expression for 
the distribution functions, which on theoretical 
grounds appears plausible and allows the calcula¬ 
tion of the creep or the relaxation function, and 
then the comparison of the calculated and the 
measured curves. A second method consists in 
deducing the distribution functions from the ex- 
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perimentally given set of data. This can be done 
by an inversion of Eqs. (13). 


Distribution Function for Relaxation from Re¬ 
laxation Function. Distribution Function 
for Creep from Creep Function 

To obtain the inversion formula in the form 
needed here multiply both sides of Eq. (13b) by 
er p * and integrate from 0 to oo. This gives 


J* 00 /•« 

er pt $(t)dt=* I er pt dt I p(s)e~ u ds. (IS) 

0 •'0 •'o 


The left side, according to Eq. (9b), is equal to 
L(p). On the right side the order of integration 
can be inverted and the integral over the ex¬ 
ponential functions can be evaluated. This gives 


L(p) = I —r~ds. (16) 

•'o S+p 

It is again not necessary for p to be real; it may 
be complex, but it must not be on the negative 
real axis. Then (16) is Stieltjes* integral equation, 
which is inverted by 10 

p(P) =— lim[Z,(-£-»8) -L(-/>+i«)]. (17) 

2rt * +# 

An analogous expression is obtained for p(p). 


To demonstrate the validity of (17), substitute in 
Eq. (16), (—1*5) for p. There follows 



p(s)(s-p)ds 



J>(s)ds 

(s-p)W 


(18) 


In the first integral, one can put i—0, provided Cauchy’s 
principal value is taken. To calculate the second integral, 
we observe that 



MzMjs-q. 

(*-*)*+6* 


(19) 


Indeed, the value of the integral without the factor S in 
front of it is certainly finite even in the limit 5*0; thus 
the expression including this factor disappears for 5*0. But 


Knir j L Pf 

t+t Jt (s-PP+l* 


m fi(p) lim tan 1 (s/S) —xp(/>). (20) 


-P 


M T. J. Stkltjes, “Recherches sur les fractions continues,” 
Ann. de la faculti de Toulouse 8, 1-22 (1894). Cf. D. V. 
Widder, The Laplace Transform (Princeton, University 
Press, New Jersey, 1941), p. 338. Am. Math. Mo. 82, No. 8 
( 1945 ). 


The value of the second integral in (18) is, therefore, 
i*p(P)‘ And 

UmL(-p-iS)-f* pfj+W): (21a) 

analogously, 

(2,b> 

The difference of both expressions gives 2*ip(p). 11 

Equations (21) show that limL(—/>— i8) and 

5+0 

lim L(—p+i5) are conjugate functions: 

5+0 

Hm[£(— p—iS)—L(—p+ib)2 

= 2 i Im lim L(—p—ili), (22a) 

5+0 

Hm[i(~/>“-i3)+^(~^+i^)] 

= 2 Re limL(-p-id). (22b) 

5+0 

lim L(—p—i8) is equivalent to limi(?e~ <(,r ""* ) ); in 

5+0 «+0 

a shorthand way this is written as L(pe~~ ir ) t 

provided the right meaning is attached to this 

expression: given L(p),p positive; take the value 

that this function assumes when the argument is 

rotated through the under half-plan by an angle 

— it . 12 Accordingly, we replace the expressions 

Im lim L( — p—i$) and Re limL( —/>— id), respect- 
5+0 5+0 

ively, by ImL{pe~ ix ) and ReLipe*™). There 

results finally 

p(p) « Im L(per ir )/ (23a) 

p(p)=Im L(pe~ iw )/iC' (23b) 

The second equation is obtained by a develop¬ 
ment identical with that given above. When 
<p and $ are known, L and L can be calculated 
from (9). Then the distribution functions are 
obtained in a simple way. The deduction shows 
that the variable p in (23) is equivalent with the 
variable 5 of the Eqs. (14). Thus p(p)dp and 
p(p)dp are, respectively, identic with p(s)ds 
and p(s)ds. 

11 The evaluation of lim £(— p—i&) is a particular case 
of the calculus of the boundary values of a function along 
a given path. For a general solution of this problem see 
A. Hurwitz and R. Courant, Funktionentheorie (Verlags- 
buchhandlung, Julius Springer, Berlin, 1929), pp. 333-355. 

“Employing this terminology we follow fi. C. Titch- 
marsh, Introduction to the Theory of Fourier Integral* 
(Clarendon Press, Oxford, 1937), |>p. 317-319, where a dis¬ 
cussion of Stieltjes’ integral equation is given. 
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Distribution Function for Relaxation from Creep 
Function. Distribution Function for Creep 
from Relaxation Function 

Frequently another type of relation is of 
interest. From the experimental point of view it 
is easier to measure the creep function than the 
relaxation function; but for theoretical reasons 
one may want the distribution function of 
relaxation times. This demands a formula that 


allows deduction of the distribution function for 
relaxation from the creep function, a problem 
that has already been discussed by Simha. 8 The 
particular type of inversion formula (17) makes 
it easy to solve this problem. By means of this 
equation, p(p) is expressed in function of the 
Laplace transform L{p) of <p(t ); this in its turn 
is given in function of the Laplace transform L(p) 
of <p(t) by (10a). Substitution of (10a) in (17) 
directly gives, therefore, the wanted relation 


p(/>) = 


1 

— lim 
2 wi 4+0 


— 1 

hi 

/—V 

1 

1 

Of 

1 

L(-p+is) -1 

1 

1 

+ 

1+L( — />+i5)J 


limL( —p — id) — limL( — p+ib) 

1 5+0 5+0 

2 ri Cl+limL(-p-<»)][l+limL(-p+<*)] 

5+0 5+0 


. (24) 


An analogous expression is obtained for p(p). Using the relations (22), the formula is trans¬ 
formed in a way similar to that of Eq. (17). There results after simple algebraic transformations 


1 


p(P)=- 


Im L(pe~'*) 


t [1 +Re L(per'*)~\ 2 +[_Im L(pe~ iir )y 


1 Im L(pe~ ir ) 

p(p) =-. 

7 T [1 -Re £(/*-") ] 2 +[/m Upe-^J 


(25a) 

(25b) 


An Auxiliary Formula 

Equations (23) and (25) give the distribution 
functions in terms of the Laplace transforms of 
and £, not in terms of the creep and relaxation 
functions themselves. These Laplace transforms 
are given by (9); when their values L and L are 
known explicitly, the expressions Im L(pe~ lv ) 
and Re L(pe~ ir ) are easily calculated. For many 
functions, which are here of interest, the integrals 
can be evaluated in closed form. But in other 
cases this may not be so. Formulae, which allow 
to calculate the distribution functions without 
the previous explicit knowledge of L(p) and L(p) 
are, therefore, of importance. Their deduction 
shall be discussed in a mathematical paper to 
be published elsewhere. The result is 

Im L(pe r<*) = f r* Im *(*-*)*, (26a) 

•'o 

Re Upe-**) -- f Re <p(ter”)dt. (26b) 
•'o 

The same relations hold for L and £. They apply, 
when ip in its turn is a Laplace transform. 


For the application, the experimentally given 
set of creep or relaxation data must be repre¬ 
sented by appropriate analytic functions, and the 
integrals (26) be calculated. Their evaluation 
may not always be possible in closed form, but 
provided the integrand can be written down 
explicitly, numerical methods can be employed. 

IV. RELATIONS BETWEEN THE DISTRIBUTION 
FUNCTIONS 

The existence of a relationship between the 
creep and the relaxation function obviously also 
implies a direct relation between the correspond¬ 
ing distribution functions. For instance, assuming 
that the distribution function of relaxation times 
is represented by Wiechert's function, it must be 
possible to calculate the corresponding distribu¬ 
tion function of retardation times, without pre¬ 
viously calculating the creep and the relaxation 
function. To obtain this relation in a general 
form, we start with Eq. (24). The functions 
limL(— p^Fid) are expressed in terms of p(p) by 

5+0 . 

means of (21). There results after simple algebraic 
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transformations 


numerical factor 


p(P)dp = 


p(p)dp 


r.+ r^r-HW) 

L Jo (s-p) J 


(27a) 


p(p)dp 


p(p)dp 



(s-p) J 


+V 2 p 2 {p) 


(27b) 


These formulas convert one distribution function 
into another. They are of a very general scope, 
well adapted for analytic and numerical com¬ 
putation. Since the integration can be performed 
by graphical methods it would not even be 
necessary to represent p or p by an analytic 
expression. The integrals are principal values, but 
the singularity at s — p creates no difficulty; the 
way such integrals are handled has already been 
discussed in a former paper. 13 


V. STUDY OF PARTICULAR CREEP AND 
RELAXATION FUNCTIONS 

The simple power law / 

lK/)=&/ m , 0 <m<l (28) 

is one of the functions which t most frequently 
have been proposed as a mathematical expression 
for experimental creep data. It has the serious 
fault that it does not reach asymptotically a 
constant value for very great values of t , but 
yields an ever increasing deformation. But the 
fact alone that it has survived the many ob¬ 
jections raised against it speaks much in favor 
of it being at least a reasonable approximation to 
the true fact, valid over a certain interval of 
time. Thus it is worth while to study the relaxa¬ 
tion function that according to this theory is 
associated with it. The result shall lead us to a 
generalization of this law that is free of the 
fault mentioned above. 


The Simple Power Law 

T^je rate of creep is given by 

#>(0 (29) 

For the following it is convenient to introduce a 


“H, Silva and B. Gross, Phys. Rev. 60, 684 (1941). 
The method indicated in this paper has recently been 
used by S. T. Ma, Phys. Rev. 68, 166 (1945). 


x-/B 0 r(m) f (30) 

where T(m) is the gamma-function r(m + l) 
= w! 14 Substitution of (29) in (9a) gives 

£(/>)= A(/o/>)- m . (31) 

Then, according to Eq. (10a), L(p) is given by 


L(P)~ 


Hhp)- m 

i+Mtop)-”' 


(32) 


To obtain $(t), the Laplace transform (9b) must 
be inverted, with L(p) given by (32). There 
results 

d 

*(0 =-E m [-X(l/< 0 ) m ]. (33) 

dt 


Emit) is a known transcendent, the function of 
Mittag-Lefflcr, defined by 


£»(o= i-r— 4 (34) 
»-<>r(»>»+i) 

The relaxation function is given by 

lf(<) = l-£*[-X(//< 0 ) M ]. (35) 

The deduction of (33) is easily obtained by the Heaviside 
operational calculus. 15 Expand pL(p) in descending powers 
of p. For the sake of simplicity put <rs*A/o~ m . Then 

pL{p) = op v - m l\-<xp~ m +o 2 p~ 2m -c z p-~* m + -]. (36) 

Replace, according to the Heaviside rule, 1 /p n by 
/ n /r(l+n). This gives 

<r 2 / 2w ~ l <r ¥ w “ 1 

(m) r(2w)“ + r(3w) r(4*») + 

Observing that mr(w) = r(mH-l), Eq. (37) is easily 
identified with the series expansion of the derivative of 
the Mittag-Leffler function of argument { — X(///o) m |. The 
inversion of the Laplace transform in the present case can 
also be obtained by the more orthodox method of the 
complex inversion theorem. This was shown by Moraes 
and Schoenberg. 16 

An asymptotic expansion valid for great values of t/t o is 
also obtained in the Heaviside way. Expand pL(P) in 
ascending powers of p, 

pl(p) - Pll-p m /*+i> lrn /o*-p* m /<r* 

+* 4m A 4 - + — ]. W 


14 Tables and integral representations of the gamma- 
function are given by Jahnke-Emde, Tables of Functions 
(B. Teubner, Leipzig, 1933), pp. 86, 96. 

11 Reference 8, p. 28. L(P) of the present paper corre¬ 
sponds to Carson s \/pH(p); thus Carson’s expansion of 
1 /H(p) corresponds in our case to an expansion of Pp(P)* 
14 A. de Moraes and M. Schoenberg, Ann. Acad. Brasil. 
Ci. 12, 137 (1940), Section 4. 
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Replace p n by r n /Y(\-n), discard the term with an 
integer power in p (because p l gives l//r(0); but r(0)~ oc ) 
and get 




< r - J /- m ~ 1 (f 2 / 2—ml 


v — 3^—8 m—1 


T (-3m) 

-4 r 4m-i 

+ r(-4w) 


-+•••. 


(39) 


77*e Mittag-Leffier function is a generalization of the 
exponential function, with which it is identical, when the 
parameter m is 1. It is already known to be of importance 
for relaxation phenomena of various kinds. Several of its 
mathematical aspects as well as its connection with the 
theory of nerve conduction have been discussed by Davis. 17 
In connection with the theory of the discharge and return 
voltage curves for absorptive capacitors it has been studied 
by Castro, who has also availed himself of a very useful 
approximate representation. 18 For certain integer values of 
m it can be expressed by elementary transcendents. For 
small values of m a simple approximation formula exists. 
There is furthermore JE m (0)=l and E m {— <») = 0. 

Very valuable information about the behavior of the. 
expression (33) is contained in a paper b> Cole and ("ole. 19 
A comparison of their formulae (8) and (10) with the 
Kqs. (37) and (39) of the present paper shows them to be 
identical, up to a constant, the parameter m corresponding 
to Cole’s 1—a. (The Coles write —nmV(l-nm) for 
T( — nrn).) This shows, that the Cole’s expression for the 
absorption current is identic with our expression (33) for 
the rate of relaxation; it allows to use' Fig. 1 and Table I 
of the Cole’s paper for computation of the rate of relaxation 
in exactly the same way as those authors use them for the 
computation of the dielectric absorption current, and 
relieves us here of the task to give a plot or tabulate the 
function y?(/). 


For very small values of /, £(/) is given by 
the leading term of (37). Thus, when / approaches 
0 , <p(t) tends to <*> in the same way as does ^(/) 

1-+ 0: <p(t) = j8(///o) m “ l . (40) 

For very great values of /, <p(t) is given by the 
leading term of (39). Observing that — 

— — r/m shirra, 14 there results 


t —> oo : 


$(0® 


m simr m 

-(///o)- (m+1) . 

ir/3/o 2 


(41) 


Thus when t approaches <», £(/) tends to 0 much 
more rapidly than does ^>(/). It follows that the 
integral taken from 0 to « remains finite. 

It is known that experimental creep data 


17 H. T. Davis, The Theory of Linear Operators (The 
Principia Press, Bloomington, 1936). 

18 F. M. de Oliveira Castro, Zeits. f. Physik 114, 116 
(1939). 

18 K. S. Cole and R. H. Cole, J. Chem. Phys. 10, 98 
(1942). 


frequently call for a very small value of m . In 
this case a satisfactory elementary approximation 
for E m (t) exists. 18 It allows to write ip{t) in the 
form 


£(/)=/?(/// o )"- 1 


1 


(42) 


an expression that shows well the general be¬ 
havior of the function and its departure from the 
simple power law. 


The Mittag-Leffler Function 


It cannot be expected that these formulae 
describe correctly the experimental relaxation 
data for great values of /, based as they are on a 
creep law that admittedly fails for such values. 
Indeed, an inspection of Eq. (35) shows that $(/) 
approaches 1, when / approaches *>. This means, 
that in the case of stress relaxation under con¬ 
stant strain (Eq. (4)) the stress decays to 0, an 
absurd result that obviously is a consequence of 
the infinite increase of the creep function (28). 
In reality the amount of stress relaxation is only 
a rather small fraction of the total stress. To get 
a relaxation function that fulfills this condition 
it is not necessary to modify the general form 
of the relaxation law (35). It is sufficient to 
postulate that the amplitude of the function is 
not 1, but smaller than 1. Thus one must intro¬ 
duce an amplitude factor a< 1, writing 

#(/)-a[l-fi w {-(///o)- , |]. (43) 

A comparison with Eq. (4) shows the significance 
of a; 1— a represents the relation between final 
load P(°o) and initial load (or stress) P(0). 

l-a-P(oo)/P(0). (44) 


We, therefore, are led to believe that Eq. (43) 
is an adequate analytic expression for the relaxa¬ 
tion function. Now one has to calculate the creep 
function to which it belongs. 

The rate of relaxation is now given by 

d 

<p(t) = -a-E m l-(t/L o)»]. (45) 

dt 


The corresponding Laplace transform L(p ), ac¬ 
cording to (32) and (33), is 


L(p) =a 


(top)"” 

l + itop)-” 


(46) 
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tion data from creep measurements should be of 
particular interest for technical applications. 


Substitution of (46) in (10b) gives 


iW- 


0 (l-a)(/o py m 

1 —a 1 + (1— o)(top) m ' tn 


(47) 


Therefore, 

vit) - (1 -«)(///o) m ]. (48) 

1 —adt 

Both the creep and the relaxation function 
are now represented by the same general law; 
they differ only by the values of the parameters. 
This is very satisfactory; it brings out *the 
experimental fact that those functions are of 
the same type. By an appropViate choice of a, /o, 
and m f a great variety of experimental curves 
can be represented, varying from the simple 
power law to the exponential function. The 
asymptotic expressions (40) and (41) and the 
approximation formula (42) now apply to creep 
and to relaxation; they must only be completed' 
by the corresponding amplitude factor. The 
numerical analysis of creep and relaxation data 
can be performed by the methods given by Cole 
and Cole 19 and already mentioned above. But it 
cannot be the purpose of this paper to enter into 
details of numerical computation. 

The problem could have been approached from 
the side of the creep function too. The expression 
(33) is in itself a generalization of the simple 
power law, coinciding with it for small values, 
but converging more rapidly at great values, of /. 
This would suggest the possibility of introducing 
it as a suitable substitute for the power law. In 
the corresponding electric case, Cole and Cole 19 
proceeded in an analogous way, when they 
represented the dielectric absorption current by 
such an expression. 


A Functional Relation between Creep and 
Relaxation Function 

Since (pit) and p(f) are given by the same 
general law, a direct relation between them is 
readily established. It follows from Eqs. (48) 
andX45) that 


This possibility of direct computation of relaxa- 


The Distribution Function 

The distribution function of relaxation times, 
that belongs to the relaxation function (43) is 
easily calculated. Since the Laplace transform 
Lip) of (p{t) is known explicitly, Eq. (23) applies 
directly. Replace in (46) p m by ( pe~ iT ) m . Then 

L(pe~ ir ) =---:-. (SO) 

1 + (top) m (cosirm—i sinirw) 

To get p{p) one has to take the imaginary part 
of this expression. Thus 

1 a sinirm dp 

pip)dp =-. (51) 

t r itop) m +ihp)~ m +2 cosirw 

The distribution function has its maximum at 
p= 1/to. Introducing a new variable 

u = \ogA/t 0 p (52) 

normalizing, and observing that p= 1/r, one gets 

1 sirnrw 

- du. (53) 

2ir coshum+cosirm 

The distribution function of retardation times is 
given by the same law, but while for relaxation 
w = log«r//o, there is for creep 

w = log e {r// 0 (l~a) 1/m }. 

Fir)dr as given by Eq. (53) is easily identified 
with the distribution function that Cole and 
Cole 20 have obtained for dielectric relaxation by 
the Fuoss-Kirkwood method. 5 These authors 
have discussed in detail the behavior of the 
function and compared it with the Wiechert- 
Wagner distribution. 


Fir)dr 


The Behavior for Small Times 

The rates of creep and of relaxation as given 
by the Eqs. (45) and (48) become infinite at 
t = 0 , while theoretical expectations let us expect 
them to be finite. The study of the behavior for 


w K. S. Cole and R. H. Cole, J. Chem. Phys. 9, 341 
(1941). Coles* parameter 1 —a corresponds to the parameter 
m of the present paper. 
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small times should, therefore, be carried out with 
a class of functions that remain finite for f = 0. 
An adequate representation for this interval 
would be 

9(t)=P(c+t/to) m -\ c« 1 . (54) 

The Laplace transform of this function cannot be 
written down explicitly. Thus one has to rely 
on the Eqs. (26). Here we shall confine ourselves 
to the discussion of the distribution function for 
relaxation. To obtain it, replace in Eq. (54) t by 
te~~ ix and take the imaginary part of the ex¬ 
pression £(/e~ <ir ). This gives 

fO for/<c/o, 

Im <p{ter") = p sin7r(l -m) (/// 0 -c) m ' 1 (55) 

for t>ct 0 . 

The expression (55) is substituted in (26a). The 
integrand being 0 for t <ct Q , the integral now runs 
from ct 0 to <*>. By a change of variable, the 
integral is reduced to a gamma-function; the 


final result is 21 

pt 0 g-cOop) 

p(P)dp ss *— r(m) simr(l — m) - 

x (top)"- 

This distribution must be compared with (51). 
Here we are concerned only with small values of 
if to, i.e., small values of r. Since /> = l/r, this 
means, that we must consider only values of (top) 
very much greater than c . For such values, the 
distribution (51) decreases like l/(/ 0 />) m , while the 
new distribution (56) decreases \\kter e{t * p) /(top) m , 
i.e., much more rapidly than the former one. 
Practically, this signifies hn exponential cut-off 
of the distribution function for small relaxation 
times. 

I am very indebted to the Director of the 
Institute, Professor E. L. da Fonseca Costa, who 
made this study possible. 

21 This result can be found in tables of Laplace trans¬ 
forms; see for instance, Carson (reference 8), p. 39, 
formula (e). Here the deduction is outlined, because it is 
a good example for the application of Eq. (26). 
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Rapid scanning using a paraboloid antenna is unsatis¬ 
factory; rapid movement of the antenna is mechanically 
impractical, while motion of the feed near the focus re¬ 
quires long focal length for good optical results. Another 
attack on the problem is to place the feed between parallel 
plates which produce a line source near a bifocal reflector. 
The energy flows along the geodesics of the mean surface 
between the parallel plates; the problem of shaping the 
plates so that a circular feed motion produces an oscil¬ 
lating beam at the line source becomes a problem in 
differential geometry and the calculus of variations. If the 
mean surface is assumed to consist of two developable 
surfaces joined along part of their boundaries, the unique 

INTRODUCTION 

R APID scanning by means of movement of 
a paraboloid antenna is mechanically im- 

* This paper is based on work done for the Office of 
Scientific Research and Development under Contract 
OEMsr-262 with the Massachusetts Institute of Tech¬ 
nology. 

** Now at the University of Michigan. 


solution of the optical problem is a circular disk along the 
edge of which the feed moves, joined to a section of a 60° 
cone which is straightened out at the large end to obtain 
a straight line source. This is the RCA solution of the 
problem. If the surface is assumed to consist of a surface 
of revolution which provides a feed circle, and attached to 
it a circular disk a diameter of which is the aperture, under 
certain natural restrictions no exact solution of the optical 
problem is possible, but several approximate solutions 
exist. Dielectric introduced between the plates of such a 
surface of revolution scanner effects a great improvement 
in the optics. 


practical. If the paraboloid is kept fixed, and 
the source of energy moved near the focus, the 
optical results are not satisfactory except with an 
extremely long focal length. Another approach 
to the problem is the following. If the energy 
feed be placed between two curved parallel 
plates, experiment has shown that the energy 
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Fig. 1. 


will flow along geodesics of the mean surface 
between the plates; if J.he parallel plates can be 
shaped so that a motion of the feed will produce 
an oscillating beam at a straight aperture, the 
latter will serve as a line source for a nearby 
bifocal reflector and the desired scanning is 
possible. For best illumination it is desirable that 
the normal ray from every point on the feed 
curve pass through a fixed point on the aperture; 
also, it is mechanically desirable that the feed 
curve be a circle. (See Fig. 1.) 

A directed beam will be produced at the aper¬ 
ture by a fixed feed 0 if the phase errors afc*the 
aperture vary linearly with length along the 
aperture. The simplest way to accomplish this 
is to shape the parallel plates so that the mean 
surface is planar near the aperture, and the wave 
fronts are straight (near the aperture). This 
latter condition implies that the geodesics from 
0 are parallel near the aperture. We are thus 
led to the following geometric problem. To find 
a surface S containing a straight line C 2 and 
planar near C 2 , and containing a curve C 1 
(preferably a circle), with the property that the 
geodesics issuing from each point 0 of C\ meet C 2 
at a. constant angle (which varies as 0 moves 
on Ci); further, the geodesics normal to Ci must 
all meet on C 2 . 


This problem involves differential geometry 
and the calculus of variations. As yet it is not 
known whether a surface exists which meets all 
these requirements. Further, additional stringent 
restrictions as to size and shape of the antenna 
are usually imposed in any practical application. 
In this paper we discuss several approximate 
solutions of the problem, which seem suitable for 
application. 

In Section 2 we take up a solution discovered 
by RCA; it yields perfect scanning optics (i.e., 
produces an oscillating beam at the aperture), 
but fails to meet the illumination requirement. 
The mean surface consists of a circular disk 
along the edge of which the feed moves, and a 
section of a 60° cone which is straightened out 
at the large end to obtain a straight line aperture 
(see Fig. 2). It is the only known surface which 
solves the optical problem exactly, and it is 
‘ shown here that it is the unique method of 
joining two developable surfaces so as to obtain 
such optics. In Section 3, the “surface of revolu¬ 
tion” solution is studied. Here the mean surface 
consists of a surface of revolution which provides 
a feed circle, and attached to it a circular disk a 
diameter of which is the aperture (see Fig. 3). 
Such a solution satisfies all requirements except 
the optical conditions. It is proved that these 
optical conditions cannot be satisfied exactly by 
any such surface if the radius of the surface is 
bounded by the radii of the feed circle and 
aperture disk. An investigation of the problem 
of minimizing the optical errors reveals that by 
shaping the surface in any one of several simple 
ways these errors can be made very small. In 
Section 4 it is shown that this same solution can 
be improved by use of dielectric between the 
parallel plates. 
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Fig. 4. 







1. SURFACES AND GEODESICS 1 

Let a surface S be given by equations x = x(u, v), 
y=y(u, v ), 2 = s ( m , v). From the usual formula 

ds 2 — dx 2 +dy 2 +dz 2 — A(u, v)du 2 

+22?(w, iu)di> 2 

is obtained the expression for the length of a 
curve u-u(t ), v = v(t). 

s = j (Au n +2Bu'v'+Cv n )'dt 

= F(u, v, u', v')dt. 


A geodesic may be defined as a shortest arc 
joining its endpoints. Using s as parameter, the 
geodesics on S are solutions of the equations 

d/dF\ dF 

ds\du'/ du 



Gauss curvature. The fundamental form for 
a developable is the same as for the plane, 
ds 2 — du 2 +dv 2 or in polar coordinates, dr 2 -\-r 2 dB 2 . 
Examples of developables are cylinders and 
cones. Two developables Si and S 2} Si containing 
a curve C and S 2 containing a curve C', can be 
joined along C, C f as common curve without 
deforming S\ if the curvature of C at each point 
is greater than the geodesic curvature of C at 
the corresponding point. The geodesics on a 
developable become straight lines when the 
surface is developed onto a plane. 

2. THE RCA SOLUTION 


F(u,v,u', iO«l. 

Along a geodesic g, the geodesic curvature is zero 
(geodesic curvature of a curve g at a point P is 
by definition the curvature of the projection of g 
on the tangent plane to 5 at P ). 

Two fundamental properties of geodesics 
needed here are: (1) through every point on a 
surface and in every direction there is a unique 
geodesic, (2) if a constant length is measured off 
on geodesic rays through a point 0 the locus 
(geodesic circle) thus obtained is perpendicular 
to the rays through 0 (in other words, wave 
fronts from a point source are normal to the rays 
from the source). It can be shown that a geodesic 
crossing a sharp bend in a surface must make 
equal angles with the bend on both sides. 

A developable surface is one which can be 
deformed locally, onto a plane without stretching 
or tearing, thus preserving lengths. This is 
equivalent to the identical vanishing of the 

1 See, for example, L. P. Eisenhart, A Treatise on the 
Differential Geometry of Curves and Surfaces (Ginn and 
Company, New York, 1909). 


We take up the problem of finding a surface S, 
formed by joining two developables Si and S 2 
along a common edge y (see Fig. 4), with the 
property that Si contains a curve C\ and S 2 a 
straight line segment C 2 such that all geodesics 
from one jx)int 0 of C\ to the points of C 2 have 
equal lengths (this is equivalent to the condition 
that all these geodesics be perpendicular to C 2 ), 
and all geodesics from each point of Ci near 0 to 
the points of C 2 have lengths which vary linearly 
with length along C% (this is equivalent to the 
condition that these geodesics meet C% at con¬ 
stant angle). 

Let Si and S 2 be two developables joined 
along a common edge 7 . Suppose each develop¬ 
able is developed into planar form, the curve 7 
becoming two curves 71 and 7 2 . Let 0 be a point 
in Si and let 71 and 72 be in contact at the foot 
of the normal from 0 to 71 . Using coordinates as 
shown in Fig. 5, let the polar equation of 71 be 
r = r( 0 ). Now 

d$ 2 **dr 2 +r 2 d(P along 71 , 
ds 2 « dx 2 +dy 2 along 7 *. 
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If the aperture C% is to be a wave front for rays 
from 0 when 71 and 72 are made to coincide, we 
must have x = r(0) along 72 . Hence dx=dr , 

dy^rdB and the cartesian equations of 72 are 

* 

* = r( 0 ), 

r 9 ( 1 ) 

I r(0)d0. 


as 0 moves along Ci the illumination pattern 
along Ct changes, since the rays normal to C\ do 
not pass through the same point of C%. 

3. SURFACE OF REVOLUTION SCANNER 

A promising type of surface 5 is composed of a 
surface of revolution 5i with a base disk 52 
attached to it along a circular cross section (see 
Fig. 3). The feed curve C\ is a circular cross 
section of S\ and the aperture C 2 is the diameter 
of All the geodesics normal to Ci pass through 
the center of the aperture, so that'the illumina¬ 
tion requirement is satisfied. Symmetry proper¬ 
ties of 5 show that if the geodesics from one 
point 0 of Ci meet C 2 at a constant angle, so will 
the geodesics from any other point of Ci. We 
will show that such perfect optics are impossible 
if the radius of the surface is bounded by the 
radii of Ci and 5 2 , and will investigate the 
question of shaping the surface so as to minimize 
the optical errors. 

If Si is formed by rotating the curve y=y{r) 
about the y axis we obtain 2 


If C 2 is to continue to cut the rays frorfT the 
source 0 at equal angles as 0 moves along a feed 
curve Ci, then each pair of points on Ci must 
subtend a constant angle a at all points of 7 . 
Therefore 71 is a circle passing through each 
pair of points of C\\ hence Ci and 71 are parts 
of the same circle r = 2a cos 0 . From (1) it 
follows that 72 has equations 

x=*2 a cos 0 
y = 2 a sin 0 

and is a circle whose radius is double that of 71 
(see Fig. 6 ). 

If one-half of the circle 72 is made to coincide 
with 7 i, leaving 5i fixed, the surface 5 2 is de¬ 
formed into the lateral surface of a cone inclined 
at a 60° angle to the circular disk S\ (see Fig. 2 ). 
The aperture C% is now a curve on the side of a 
cone, but the figure can be deformed so that C 2 
becomes straight in space. As the feed 0 rotates 
through a central angle 0 on Ci, the beam issuing 
from C% tilts through an angle 0. 

This is the RCA solution. It furnishes the 
unique method of joining two developables so as 
to get exact scanning optics and is the only 
known method of obtaining such optics. However 


ds 2 - dr 2 +r 2 dd 2 +dy 2 - (1 +y ,2 )dr 2 +r 2 d0 2 , 
dy 
dr 

fdr\ 2 /<f0 \ 2 \* 






The equations of geodesics on Si can be in¬ 
tegrated once to give 

r\dO/ds) — h, 

where A is a constant along each geodesic. But if 



* Cf. Gisenhart, reference 1, pp. 205-206. 
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we denote by a the variable angle at which a 
geodesic meets a meridian, it is easy to see 
(Fig. 7) that 

dd/ds — sina/r. 

Therefore along a geodesic r sin a = h. Since 


dr 

cosa = (1 +/*) 1 —, 
ds 


we find that along a geodesic 


Let 0 be the point on Ci such that the plane 
through 0 and the axis of the surface is normal 
to the aperture C 2 , let g be a geodesic issuing 
from 0, and suppose that at 0 r = r 0 and 0 = 0. 
Let ri be the radius of the base circle, S\ the 
length of g from 0 to the base circle, and a 0 , a x the 
initial and final values of a on g (see Fig. 8). Then 


Si 


■/. 


n (l+/ 2 )l rdr 


(r 2 -A 2 )* 
fl (1 +y' 1 )' l dr 


i = h I - 

Jr. 9 r(r 2 — 


ho* r(r 2 -A 2 )* 
h 


a i = arcsin- 


(A) 


As g enters the base disk, it becomes a straight 
line, whose perpendicular distance from the 
center of the aperture is h. Since the meridian 
geodesic from 0 meets the aperture at right 
angles, the problem of obtaining perfect optics is 
that of making all geodesics from 0 be normal 
to the aperture C 2 ; that is, we want 0i = «i 
(see Fig. 9). 




If 0i~ a x is expanded in a series about ft = 0, 
we obtain 


* A 2 - 1 1-3-5-- (2n-l) 

9i—«i= £i4 2n —i---•, 

n-i 2»—1 2 n “ 1 (ri —l)!(2n—1) 


where 

Atn-X 


= (2w —1) f 

J rt 


n (1 +y*)«f 


We now prove the impossibility of 0 x = a x for 
all h by showing that , 

A 2 n—1 
2 fi+t ^ i 

f 2 


where f is the larger of r 0 , i, so that it is im¬ 
possible that i4 2 «_i = 0 for all n. 

Let F(r) = (1 +y' 2 )*. If ri>r>r 0 , 


A 2n-f-l = (2»+l) ^ 

rn 


Fdr 

r 2n+2 


1 

ri 2 n-H 


/• ri Fir 1 A tn -i 

>(2n —1) j -=-. 

Jr, nV 2 " fl 2n+l fl* 

If r 0 >r>r u 


A 2n+l= (2»+l) 


J f r » Fdr 
r, r 2n+2 


1 

ri 2»+l 


= (2»+l) f 


(F-l)dr 

r 2n+2 


1 

r# 2 .+l 



(F-l)dr 

r 0 V 2 * 


1 *4 In—l 

r 0 ln+1 ~ r 0 * * 


This proof can also be carried through for th$ 
case of a contour curve of the more general 
type r = r(/) K y**y(t) provided that the upper 
and lower radii r<> and ri are extreme values of r. 
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If ri>r 0 . 


,.[©'+(!)> 


-42 »+i = (2 n+l) I* 

•'to 


If r 0 >ri, 


1 A 2n—1 

- > -. 

ri 2n+i ri 2 


^2n+l= (2^ + 1) ^ 

J to 




1 i42n-l 

r 0 2n+1 r 0 2 


Thus wc have proved the existence of phase 
errors at the aperture, provided that r remains 
between r 0 and r\ on the surface. 

The size of these errors depends on the con¬ 
tour curve C, the upper and lower radii ro and r u 
and the height H. For fixed r i, H the phase 
errors approach zero as r 0 —»«>. But practical 
considerations restrict r o, r i, H. In view of 
applications the following problem is formulated. 

For fixed ro, fi, H what is the contour curve C 
which maximizes the amount of the aperture for 
which the phase errors remain less than a pre¬ 
assigned amount? 

The length of a geodesic from 0 to the aperture 
is easily computed to be 


t 


cos0i 

4 *+ f »—~-:« 

cos(0i— ai) 


where s\ t 6%, ai are given by Eqs. (A). The phase 
errors are given by the difference between this 
length and the length of the meridian ray from 
0 to the aperture. - 


The maximizing problem stated above seems 
too difficult to approach directly, and we replace 
it by the problem of maximizing the amount of 
the aperture for which the angular error | — oti | 

remains less than a pre-assigned amount. This in 
turn we replace by the following first approxi¬ 
mation (sec Fig. 10). 

What is the curve ^7: y = y(r) in the (r, y )-plane 
which furnishes a minimum value to A* among 
all curves of the form y = y(r) joining (r 0 , H) to 
(ri, 0) and making ^4i = 0? (Ai and A* as before 
are the first terms occurring in the expansion 
of 0i — «i.) 

The graph of a wave front is either of two 
types shown in Fig. 11, depending on whether 
^4i^0 or A\ <0. 

The problem just formulated is equivalent 
geometrically to flattening the wave front of 
Type 1 at its center as much as possible. 
Analytically, we are led to an isoperimetric 
problem 8 in the calculus of variations—to find 
the curve y = y(r) which belongs to the class of 
curves joining (r 0 , H) to (ri, 0) and making 



1 See, for example, 0. Bolza, Vorlesungen fiber Variations - 
rechnung (B. G. Teubner, Leipzig, 1933), Chapter 10. 
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Kig. 13. (Arbitrary units.) 


and minimizes 


• ri (1 +y' 2 )*dr\ 


in that class of curves. The Euler-Lagrange 
equation for this problem is 

MH(1+/ 2 )* r 2 (l+y 2 )*J 


where X is a constant (Lagrange multiplier). 
Upon integration we obtain 



where k is a constant. To determine X, k we have 
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so that 


75 


I* 


^■15 


Fig. 14. 


the equations 




f- 

dr 

Jro / 

/1+Xr*y \» 


(-) -M ) 

V 

A kr* / / 


= 77. 


By approximate integration, these equations 
can be solved in any numerical case and the curve 
(B) found graphically. Figure 12 shows the 
curve (B) for r 0 , fixed, with ro^*i~2r 0 , and 
for various 77. As 77 decreases toward zero, the 
value of A «furnished by the curve (B) decreases. 
Figure 13 illustrates this fact and the fact that 
the optics improve as ro increases. In each 
drawing of the table i4i = 0. In (3), (6)-(8)/(l0), 
(11) the contour curve is of the minimizing 
type (B). For the cylindrical type of surface (7), 
(10), (12) we have 


0=-4i = 


i: 


(r'*+y'*)idt 


1 

Ti 



+ 



dy 1 
r x 2 ri 


1 


To 


2 77 


r i 




15 IN 

Fig. 16. 



The limiting degenerate case 7T=0, ri = 2r 0 is 
illustrated by (8), (11), (13), and is a Schmidt 
circular reflector. 

One particular application has already arisen 
for which r o, r Xt 77 were severely restricted. The 
wave-length to be used was X = 1.25 cm, t\ was 
assigned as 15 inches, ro was to be ^10 inches 
(for mechanical reasons). Due to lack of space no 
contour curve which forced the curve (B) to 
bulge out beyond r x was allowable, so that it 
was necessary that 77 be ~ri 2 (2/ri — l/r 0 ). The 
cylindrical case (10) (see Fig. 14) seemed the 
most, practicable. Computation of path lengths 
for this case shows that the phase errors at the 
aperture remain less than X/8 for approximately 
§ of the aperture. If the height II of the cylinder 
is lowered slightly, the effect is to destroy the 
equation 4i = 0, and change to i4i<0 and a 
wave front of Type 2. The height can be adjusted 
(71=6.16 inches) so that the extremum points 
on the wave front are X/8 off the aperture (see 
Figs. 15, 16). In this case the phase errors remain 
less than X/8 for approximately f of the aperture. 
If the allowable error were X/4, by adjusting 77 to 
5.55 inches the phase errors would remain less 
than X/4 for almost 7/10 of the aperture. 

4. SURFACE OF REVOLUTION WITH DIELECTRIC 

If dielectric is introduced into part of the 
region between the parallel plates of a surface of 
revolution scanner of the type described in the 
previous section (see Fig. 17), various degrees of 
improvement in the optics can be obtained. For 
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example if dielectric of index of refraction fi(r) 
is used as shown in Fig. 17, the result is a 
discontinuity in a at the base disk. Introducing 
optical length s along a geodesic we obtain 


C . SS 


1 

•I, (M s r s -/t*)» 

= 

1 r n (1 +y s )*dr 
Jr, r( M s r s -h*)i 


h 


ai = arcsin- 

Tl 


where is the angle the geodesic makes with a 
radius of the base immediately after emerging 
into the base. 

The series for $i — on becomes 


0 i —ai* 

where 


- A*"- 1 1-3-5* • *(2w—1) 

5Z 7^2 n—i-, 

n~i2«-l 2 n ~ 1 (w —l)!(2n —l) 


^ 2 n-l = 


r n (1 +y'*)« f 1 

( 2 w — 1 ) I- 

Jr 0 ^2n-l r 2n | f] 2n -1 


If m = and these results are applied to the 
case considered at the end of Section 3, Fig. 18 
shows the type of improvement obtainable. The 
last two figures show that if we allow r 0 >ri, an 
extremely high degree of optical accuracy is 
obtainable. Of course, the feasibility of the use 
of dielectric depends on the amount of absorption 
of energy that occurs. 

This paper is a condensation of a laboratory 
report based on work done at the Radiation 
Laboratory, Massachusetts Institute of Tech¬ 
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nology, during the summer of 1944. The physical 
motivation of the problems considered, as well 
as some of the mathematical development, is 
due to L. J. Chu, C. V. Robinson, and R. C. 
Spencer. For obvious reasons, the emphasis is 
on approximate solutions suitable for practical 
use rather than the general solution of the 
mathematical problems involved. 
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Space Charge Frequency Dependence of Magnetron Cavity* 


W. E. Lamb, Jr. and M. Phillips! 

Columbia Radiation laboratory , Columbia University ** New York , New York 
(Received July 15, 1946) 

The effect on the resonant frequencies of a magnetron cavity produced by the presence of a 
thin layer of charge surrounding the cathode is investigated theoretically. The corresponding 
experimental procedure is the “cold impedance testing” of a magnetron with a hot cathode in 
the presence of a magnetic field and a low d.c. cathode-anode voltage. A small amplitude 
theory is used, based on the single stream steady state. The correction to the frequency of the 
empty cavity due to a thin cloud of charge surrounding the cathode is given by a resonance-like 
formula about the “cyclotron frequency," eB/2rm. In the “Rising-Sun" tube the curve of 
v vs. v c for constant d.c. voltage is asymmetric, apparently because of the presence of the 
“zero" mode. The validity of the theory is fimited to low level oscillations, but the comparison 
of theory with experimental results seems to support the existence of the single stream steady 
state for non-operating hiagnetrons. 


I. INTRODUCTION 

T HE investigation reported here was under¬ 
taken with a view to the use of a non¬ 
operating magnetron structure as a tuning 
device. The tuning unit could either be built into 
the magnetron to be tuned, utilizing an auxiliary 
cathode coaxial wth the working cathode, or, be 
coupled externally as an accessory tuner. Since 
any one of a great variety of coupling possi¬ 
bilities will introduce further complexities, how¬ 
ever, and since the validity of the theory is 
limited to low level oscillations, we shall consider 
primarily the effect of space charge on the 
resonant frequencies of the magnetron cavity. 
The results can be applied to tuning if coupling 
considerations are taken into account, but in 
themselves describe the results of cold impedance 
testing a magnetron with the cathode hot, in the 
presence of a magnetic field, and with a d.c. 
voltage below that needed for operation. Our 
considerations also appear to throw some light 
on- general magnetron theory. The perturbation 
of circulating space charge has been investigated 
by Blewett and Ramo 1 and Brillouin. 2 In both 
these papers it is assumed that the cathode 
radius is very small in comparison with other 

* Publication assisted by the Ernest Kempton Adams 
Fund for Physical Research. 

t At Brooklyn College, Brooklyn, New York. 

** This paper is based on work done under OSRD con¬ 
tract OEMsr-485. 

1 Blewett and Ramo, Phys. Rev. 57, 635 (1940); J. App. 
Phys. 12, 856 (1941). 

* L. Brillouin, Phys. Rev. 60, 385 (1941) and 62, 166 
(1942). 


dimensions of the apparatus, an assumption not 
justified for modern magnetrons. Furthermore, 
their investigations are concerned on\y % with the 
' charge cloud itself, not its effect on anode block 
frequencies. It has already been pointed out 3 
that in reference 1 the neglect of the effect of 
the constant magnetic field on the perturbations 
of the electron motion is not justifiable. 

A small amplitude theory for magnetrons has 
been given by Bunemann, 3 who makes use of a 
velocity potential, analogous to that used in 
hydrodynamics. The r-f velocity potential is 
considered as a small perturbation of the d.c. 
velocity potential associated with the single 
stream steady state. The impedance presented 
at the boundary of the charge cloud is computed 
and, in principle, matched to that of the re¬ 
mainder of the cathode-anode space. 

Although some question has been raised 4 as to 
the stability of the single stream steady state 
(also sometimes called the Hull or Brillouin 
steady state) we shall, like Bunemann, take it 
as our starting point. The validity of a small 
amplitude theory as applied to a magnetron 
under operating conditions need not concern us 
here, since we make no attempt to describe self- 
sustained oscillations. It turns out that there is 
very little further complication in handling per¬ 
turbations of the fields themselves, instead of 
the velocity potential, while there are advantages 

3 0. Bunemann, C.V.D. Report, Ref. Mag, 37 (1944), 
unpublished. 

4 For example, F. Bloch, NDRC Div. 15: RP-295, 
411-175 (May 25, 1945), unpublished. 
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in using the fields for the purpose of matching 
to the anode cavities. Also the theory of the zero 
mode, of interest in ‘‘rising sun” tubes, appears 
naturally in our formulation, while Bunemann’s 
hydrodynamical analogy failed to show it. This 
was caused by his neglect of the vector potential, 
and setting the curl of the electric field equal to 
zero. Only in the discussion of boundary condi¬ 
tions at the cathode do wc need refer to a velocity 
potential. 

An analysis of the limitations of our theory, 
and the difficulties involved in satisfying the 
usual cathode boundary conditions, is under¬ 
taken in the concluding section of the present 
paper. 

II. GENERAL METHOD 

We shall use a fixed set of coordinates, r, 0, z, 
and assume (hat the tube is sufficiently long that 
the dependence on z can be neglected. The 
unperturbed fields, charge density, and velocity 
of the single stream steady state are, in rational¬ 
ized m.k.s. units: 5 

E 0 = (m/e) (w<.74) (1 - b A /r 4 )r, (1) 

Po=(m/e)(€ 0 /2W(l+b\'r*), (2) 

v 0 = —o> c /2(l —b 2 /r 2 )rd, (3) 

where u e = eBo/m t the “cyclotron” angular ve¬ 
locity, b is the cathode radius, and Bo the ex¬ 
ternally applied magnetic field in the z direction. 
The equation of motion for an electron at a 
fixed point in space, correct to the first order in 
the perturbation (m/e)dv/dt — E+vXB, becomes 

(m/e)dvo/dt+ (m/e)dv x /dt 

= Eo+Ei+VoXB 0 +ViXBo+v 0 XBi. (4) 

The single stream steady state satisfies the zero- 
order equation, so that the perturbation equation 
becomes 

dv x /dt+ (v 0 • V)Vi+ (Vi • V)v 0 

= (Ex+ViXBo+VoXBi)^/^)* (5) 
The first-order field equations are 

curlEi = — (6) 

curLHi — €q2?i+poVi+piVo, (7) 

5 Reference 2, part I, sections 2 and 3. 
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where pi = divEi. It will be noted that the zero- 
order quantities do not satisfy the zero-order 
curl// equation; but since p 0 vo gives a correction 
to the applied magnetic field which is of order 
vj/c 2 , the neglect of this term is consistent with 
a non-relativistic calculation. 

If the time and angular dependence of all 
quantities is given by the factor expi(« 0 —w/), 
where n is the mode number, the field equations 
in component form become 

iwpoll = ( l/r)(d/dr)(rE 9 ) -inE r /r y ( 8 ) 

inll/r = — ia>eoE 9 +poV Tt ( 9 ) 

— dll/dr = —iwtoE 

+€ot>o/r {d(rE r )/dr-\-inEe \ -\-poV$. (10) 
The equations of motion take the form 

— iwv r + (vo/r)inv r = ( e/m)E r +vew e + ( e/m)v Q poII y 

(ID 

— ia)Vo + (vo/r)inve+v r dvo/dr=(e/m)Ee — VrG)e- (12) 

Here the subscripts denoting perturbation fields 
and velocities have been dropped, only the zero. 
subscripts being retained. 

Equations (11) and (12) may be solved for 
v r and ve in terms of the fields, and substituted 
in the field equations. These may then be com¬ 
bined to give a single second-order differential 
equation in Ee , or E r . This equation is too com¬ 
plicated to be very useful without extended 
numerical integration, but for the limiting case 
of thin layers of charge on the cathode conclu¬ 
sions as to the effect on the resonant frequencies 
may be easily drawn. 

The boundary condition at the cathode de¬ 
mands that the tangential component of the 
electric field be equal to zero, and the differential 
equation for Ee admits of a solution in powers of 
(r —fr)=y, starting with the first power. For a 
very thin charge cloud, Ee varies as y . The first- 
order y dependence of the other field quantities 
can then be found by making use of the field 
equations. This approximation breaks down for 
frequencies too near the cyclotron frequency, 
since the coefficients of higher powers of y 
contain the factor (cu c 2 —co 2 ) in the denominator. 

To justify the use of this approximation we 
may investigate the radius of the charge cloud 
under steady conditions. One has only to demand 
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Fig. 1. A plot showing the radius of the boundary of the single stream steady state charge cloud 
as a function of applied cathode-anode voltage, for cathode diameter to anode diameter ratios 
ranging from 0.5 to 0.85. 


# that the fields be continuous across the boundary 
of the cloud, at r*, and that the total difference 
of potential between cathode and anode is the 
applied voltage. The equation for the applied 
voltage is 

V=(tn/e)(to c 2 /&)r € *l(l-b*/r 2 y 

' + 2(1 - 6 4 /V« 4 ) ln(a/r e )]. (13) 

Here a is the inside radius of the anode. A plot 
of btV/mwfd 1 against r 9 /a has been made for a 
variety of b/a ratios (Fig. 1 ), but for low voltages 
the relation between y 4 and V is linear, and well 
represented by the simple formula 

y./b~(e/m)(V/to c 2 b*)/\n(a/b). 

For <a e of the order of 10 4 megacycles, as it is for 
the experimental tests made, y 9 /b is seen to be 
extremely small, of the order of 10 ~*. 

UL APPLICATION TO MODES WITH n*0 

If n is not equal to zero it is justifiable to 
neglect the last term of Eq. (11), and to assume 
that the curl of E equals zero. This corresponds 
to a similar simplification in Bunemann’s theory. 
Even under the simplifying assumptions the 
exact equation for £• is very cumbersome, al¬ 
though it can be derived in a straightforward way 


as indicated above. For large nbjy it becomes 
fairly simple, especially if written in terms of the 
variable 17 , defined by r/b = exp{rj/n): 

(co' 2 -o> c 2 )d 2 (^ 

= [2 to e */to'*+(a>'*-to e *)-](rE8). ( 14 ) 

Here 

o) f =to+nto c ( 1 — J 2 /r 2 )/2 = w+i 7 w c . 

All terms of first order in 17 are kept, in Eq. (13), 
but not in 17 /n, i.e., the effects of curvature alone 
are neglected, an approximation justified for 
fairly large n. Away from w*, y = 0 or 77 = 0 is not 
a singular point, and the power series solutions 
start with y or a constant. This is also true of 
the more complicated exact equation, awkward 
as it is to write down. For the plane magnetron, 
with a time and x dependence given by 
exp i(KX-tot), the corresponding equation is 

(wo/— to e 2 )d 2 E x /dy 2 +2/ca>e */ u)'dE x /dy 

= (2toc A /to' 2 +(toto'-to c 2 ))k 2 E x> (14a) 

where «' * to+y kw*. 

The impedance 6 presented by the charge cloud 
at its boundary, correct to the first order in the 

1 See, for example, S. A. Schelkunoff, Bell Sys. Tech. J. 
17, 17 (1938), or J. A. Stratton, Electromagnetic Theory 
(McGraw-Hill, Book Company, Inc., New York, 1941), 

p. 282. 
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thickness of the charge layer outside the cathode, 
is then easily computed directly from Eqs. (8) to 
(12) above. If E t =Sy/b, S being inserted as a 
constant to supply the right dimensions, then 
from (8) E r =S/in 

from (12) 

v t - ( e/tn)iE t /u = ( e/m)iyS/ub, 
from (11) 

i io) e 

v,=-(e/m)E r -\ - v,, 

w (I) 

and from (9) 

//= ( 8/in)(io)E t +o)e 2 mv r /e) 

= bcoS (w c 2 — co 2 )/in 2 w. 
in 2 y o > 2 

Z^E'/H- - 

6 2 €oW U) e 2 — (jJ 2 


where 


n 2 y co 2 

= i(n o/eo)*-ohms, (15) 

bk b co c 2 — w 2 

2ir w 

X ~Y 


Since it is approximately »ya) 2 /6(cj c 2 ~w 2 ) which 
enters as an expansion parameter, this expression 
may be considered valid for ny/b < (<*> c 2 — w 2 )/o> 2 . 
The failure of E r to satisfy the conventional 
condition at the cathode corresponding to space 
charge limited emission will be discussed later. 

To determine the resonant frequencies of the 
magnetron when the cathode is surrounded by 
the sheath of space charge this impedance is 
used as a boundary condition instead of the 
simple demand that E§ = 0 in the usual method. 7 * 8 
We shall confine our attention to the sym¬ 
metric anode. The equation for matching the 
fields at the openings to the anode cavities 9 for 
the nth mode is: 


cot kL 


N 0 • J m '(ka)+a m N m '(ka) 
- - 

TT m-n+lN J m (kd) +Ot m N m {ka) 



1 H. Goldstein, “Resonant modes of magentron cavities,’ 
NDRC Div. 14, Report No. 493 (Dec. 14, 1943). 

• N. Kroll and W. E. Lamb, Jr., “Resonant modes of the 
“rising sun” anode," NDRC Div. 14, Report No. 323 
(Oct. 25, 1944). 

• Cf. Goldstein, reference 7, p. 9. 



Fig. 2. Partial section of symmetrical anode magnetron. 
b is the cathode radius, a the inside radius of the anode, L 
the length of a slot, and H is half the angle subtended by 
each slot. 


where 20 is the angular aperture of the cavities, 
a is the anode radius, and L is the length of the 
anode slots, as shown in Fig. 2. a m is the param¬ 
eter arising from the presence of the cathode or 
the cathode charge layer boundary condition. It 
has been shown that a consideration of the 
cathode radius in an empty cavity introduces 
very little change in the frequency except for 
the lowest mode numbers, and that for any n the 
preponderance of the effect arises from the funda¬ 
mental. This should remain true for the effect of 
thin layers of charge on the cathode. For this 
reason we may neglect all harmonics and deter¬ 
mine a n by simply matching the electron im¬ 
pedance at the edge of the cloud to that given by 
the solution for a cylindrical cavity. Further¬ 
more, since kb<Kl for most tubes we may sub¬ 
stitute for each Bessel and Neumann function 
the first term in its power series expansion about 
the origin. 

The matching then involves using 


H^J»(kr)+a n N n (kr), 

- inQU)/k[J n ' (kr) + a n N n ' (kr) ], 


so that 

Zc*vity ^Ee/H 


iy/ Mo Jn(kr) +a n N n f (kr) 
~\/cq Jn(kr)+a n N n (kr) 


(17) 
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is determined by the condition Z 0 i— Z CRV tty at the 
boundary of the space charge, i.e., 

n 2 y< co 2 Jn'(kr e )+a n N n '(kr e ) 

kb* w e *- u *~ Mkr.)+a n N n (kr.) ’ (18) 

where = y, is the radius of the charge cloud. 
It follows that 


Jn(kr e ) f 2ny« w 2 


H 


N n '(kr «) 

\ 2 / w!(n — 1 )! 


w c J - w 2 


H 


2»y tf « 2 


£> w c 2 — w 2 


(19) 


This expression for the boundary condition 
parameter is to be compared with the correspond¬ 
ing expression in the absence of the layer of 
space charge, 


Jn'ikb) /kb\*" T 

N n '(kb)~\ 2/ n\(n — \)\ 


( 20 ) 


The matching equation at the anode radius, 
frqpi which the resonant frequencies of the whole 
resonating cavity are determined, becomes 


NQ oo /sin mQ\ 2 JJ(ka) 
cotkL = -£ 

7T m-n+lN ' 


( am rnxy \ 
«0 / 


m lmy. \ ] 

I+ “ 5 = 5 ) 1 - <21) 


J m (ka) 
2 my, u c * 


This is to be compared with Eq. (15), of refer¬ 
ence 4, viz., 

NQ ® /sintnQ\* J„'(ka) 

cot kL -£ (-) —- 

r m-n+iN\ mQ / Jm{ka) 

x |-01 « 


From the fact that (ny e /b) (« 2 /(w c *—« 2 )) ap¬ 
pears as a small quantity in the solution of our 
differential equation for E$ it is not permissible 
to use* this correction for but if y, is 

sufficiently small ( 21 ) may be valid for fre¬ 
quencies very near the cyclotron frequency. It is 
seen that the maximum tuning predicted safely 
by Eq. (21) will be of the order of the correction 
to the frequency caused by the finite cathode. 
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Fig. 3. Wave-length of rising-sun magnetron cavity as 
a function of magnetic field tor cathode-anode voltages 
shown in the legend. 

For w c <a>, i.e., for low magnetic fields, it will be 
in the direction of cancelling the cathode effect, 
decreasing the resulting resonant wave-length. 
For modes of higher w, where the fields at the 
center are small, there will be no appreciable 
effect; none, at least, which can be predicted with 
confidence from Eq. ( 21 ). 

Some preliminary measurement of the tuning 
effects of the space charge layer about a mag¬ 
netron cathode were made by Mr. B. Hildebrand 
of this laboratory. A number of 1.25-cm wave¬ 
length magnetrons were 4 ‘cold impedanced” with 
a hot cathode in the presence of an axial magnetic 
field and d.c. radial electric field. The resonant 
wave-length was measured as a function of the 
applied fields. The r-f used was obtained from a 
local oscillator and had an intensity of a few 
milliwatts. The voltages used were insufficient 
to allow appreciable leakage current and back 
bombardment of the cathode, except at the lower 
magnetic fields. No detectable r-f of microwatt 
intensity was generated by the magnetrons, 
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which were designed for pulsed operation at well 
over 10 kv. 

Figure 3 shows the resonant wave-length 
(it mode) of a rising sun magnetron cavity as a 
function of magnetic field for three values of 
d.c. voltage, 0 , 300, and S 00 volts. Within the 
limits of the field calibration, the sharpest tuning 
effects occur as expected at the cyclotron fre¬ 
quency. The tuning observed for zero anode 
voltage may be ascribed to the thermal motion 
of the electrons, for no tuning was observed with 
five volts of reversed potential. 

These experiments are being continued with 
better cavity geometry and more careful control 
of cathode emission. A quantitative comparison 
between theory and experiment will be made 
when more complete data are available. 

If one tries to make more rigorous use of the 
equation for Ee in determining th^ impedance of 
the charge cloud, the first correct ion is a displace¬ 
ment of the singularity toward higher frequencies 
by an amount of the order of magnitude of 
nypa/b. The singularity in terms of J3 0 is shifted 
toward lower magnetic fields according to the 
equation 



Experimentally this means that the singularity 
in the curves of w against 3 q should be displaced 
slightly as the d.c. potential and thus the thick¬ 
ness of the charge cloud is increased. The experi¬ 
ment is not conclusive on this point. 

IV. THE ZERO MODE 

The case of the zero mode, of importance in 
rising sun tubes , 8 is somewhat different. This 
mode corresponds to a circular current in the 
tube. Here curlE is not equal to zero, and the 
correction term in the magnetic field, VqBi, must 
also be kept. The absence of any dependence on 0 
makes the equations simpler, however, and if the 
layer of charge is sufficiently thin to justify 
the assumption that the magnetron is plane the 
differential equation for Ee becomes 

2 k c 2 y 

[1 -fecVAl -y 2 )y*E e /dy* - dE e /dy 

1-7 2 

-* c 2(1--7 2 )£*==0, (23) 

where ko^wc/c, y—<*>/ 
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This equation somewhat resembles Legendre’s 
equation, and is satisfied by a power series 
containing only odd powers of y, but again the 
solution is not valid for w = « e , since the coefficient 
of y* is kc 2 (2 + (\ —y 2 ) 2 )/6(l—y 2 ). Also, 


i[E e +ydE e /dy~] 

7(Y 2 -1) 


(24) 


To obtain a charge cloud impedance which does 
not depend critically on the frequency, it is 
necessary to take account consistently of the 
second term in the expansion in y. Working to 
this order also involves taking into account the 
deformation of the boundary layer. If a point 
on the surface of the charge cloud differs from 
its unperturbed value by an amount 5, the value 
of II to be used in matching differs from that 
inside the cloud by the contribution of the 
surface current, pqVq6. 

To compute the impedance presented at the 
edge of the cloud we need 


k 0 2 y 8 

Eo^yH- 

3(1-7 


1 dE 9 

H - - pqVq8. 

ip ow dy 


Since r e = constant+5, it follows that $ = w r /w, 
evaluated at r = r e . Since v r = icocoE r /po, 

11 = 1/W[1 -W/( 1 -7 2 )] (25) 

and 

Z.1 = ;(-) Vy[t +2*.y/(l -7 s )]. (26) 


The coefficient of the resonance term would be 
affected by including corrections to be caused by 
the current and the relativistic change of mass 
with velocity, and so is not to be interpreted too 
literally. This impedance is to be matched to 
that of the cylindrical part of the cavity, for 
which the dominant term is 


P*\'Jx{kr)+ Ny{kr) 
(kr)+N 0 (kr) 


\ «o/ j 0 


(27) 


/jfer.Vr 2 y/ 2 \1 

z ”"(t)[ 1 _ 7 :( 1 + 3 w)j' 28) 
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The zero-order Bessel and Neumann functions 
need not be expanded if use is made of the re¬ 
lation Jq(x)Ni(x)— Nq(x)Ji(x)=* — 2/tx, so that 
the approximations are as valid as those for 
modes with n not equal to zero. 

Matching at the anode radius leads to the 
equation 

N@ J 0 (ka) 

cotkL =- 

7 T Ji(ka) 



The effect of the charge cloud is thus always 
such as to cancel the cathode correction, by an 
amount which is larger for y < 1 than for 7 > 1 . 

It will be noticed that all amplitudes of vibra¬ 
tion of the charge go to zero at the cathode, so 
that there is here no difficulty about satisfying 
the conventional boundary conditions. From the 
curl// equation, 

1 dH 

-= 0 = €o Er + fWrt >*' 

r dd 

it appears that insofar as it is legitimate to 
neglect any z dependence there is no emission at 
any time directly into this mode. Nevertheless, 
where the mode exists, by virtue of its mixture 
with the tt mode of rising sun tubes, for example, 
the tuning effect owing to its presence will be 
important for the same reason that a considera¬ 
tion of the cathode size is important, because the 
fields are large near the center of the cylindrical 
space. This effect probably accounts for the lack 
of symmetry in the frequency curves found in the 
cold test experiments carried out with rising sun 
tubes. Apart from the critical frequency de¬ 
pendence there is a correction in the presence of 
zero mode excitation which varies linearly with 
the depth of the charge cloud, and always tends 
to cancel the effect of the finite radius. 

V. CATHODE CONDITIONS AND VALIDITY 
% OF THE THEORY 

The linear equations used in the small ampli¬ 
tude theory preclude the imposing of the usual 
boundary conditions at the cathode if the mode 
number is different from zero. The two-power 
series solutions of the differential equation for 


any field quantity begin with the zero and first 
powers of y , respectively, and the field equations 
lead to the conclusion that if E$ varies as the 
first power of y , then E r has a term independent 
of y. Thus if one demands that E$ and v$ are 
zero at r = fe, one cannot also demand that E r 
and v r are zero at that radius, the usual condi¬ 
tion for space charge limited emission. Taken 
seriously, this would mean that the radial field 
at the cathode is alternatively positive and 
negative, with the same exp{t(«**~tt 0 )} depend¬ 
ence as other perturbation quantities. In other 
words the cathode is here defined merely as a 
surface on which the tangential field is zero. 

Quite apart from a consideration of cathode 
conditions the small amplitude theory might not 
be expected to hold all the way into the cathode. 
In the impedance matching at the edge of the 
cloud we were interested only in the ratio of the 
perturbation fields, not their absolute magni¬ 
tudes, but it might be expected that the theory 
would break down for E r of the order of E 9 . 
The assumption that |E r | <Ee would mean, in 
terms of distances, that 6 , the amplitude of radial 
oscillations of the electrons is subject to the 
condition 8 <y t and that the small amplitude 
theory would not be valid for distances less than 
y 

The reasons for demanding the strict ob¬ 
servance of space charge limitation of any 
possible emission in the absence of equilibrium 
conditions are not entirely clear, and in our own 
case there is no total current, and hence possibly 
no emission. Nevertheless, in view of the large 
part played by conventional cathode conditions 
in magnetron theory, it was thought feasible to 
attempt to match solutions of the exact equations 
to the fields predicted by the small amplitude 
theory at some distance y\<y 9 . 

The hydrodynamical formulation has the ad¬ 
vantage of added elegance and formal simplicity 
over the expansion of the field quantities and 
velocities separately, so that we choose this 
method of presentation similar to that used by 
Cherry . 10 Fixed coordinates may be used if the 
vector potential is included, which also enables us 
to include in the description the motion corre¬ 
sponding to the zero mode of the cavity. 

10 General Theory of the Magnetron, Council for Sci. 
and Ind. Research, Rept. MUMl, Sydney (April 1, 1943). 
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Let mv+eA— -gra<ty. The proof that curl 
(>»v+«A )*0 is maintained (if there is no //„) 
has been given, e.g., by Gabor . 11 

If B=curlA and E= -grad^-A, the equation 
of motion leads to 


e<t>— -mv 2 /2-\-4'= — 


(gracty+eA ) 2 

2m 


+*. 


(30) 


The fields, velocities, and charge density may be 
written in terms of yp, the hydrodynamical poten¬ 
tial or “stream function,” and A. We then de¬ 
mand that £uo and v be zero on the cathode, 
and that Bun and pv be finite. For an infinitely 
long cathode there is no normal component of B. 
These conditions mean that if there is any 
emission the charge density is infinite at the 
cathode surface, so that this surface is a “front” 
in the language of hydrodynamics. 

If yp and A are now expanded in powers of y, 
with coefficients subject to the above condition, 
there follow limitations on the lowest allowed 
power of y, as well as relations between the 
coefficients of successive powers. 

For the formal relations which must be borne 
in mind it is convenient to set up a system of 
right-handed cartesian coordinates, with x in 
the direction of — 0 . In addition to (30) and the 
definition of yp these relations are: 

B = dA y/dx — dA x /dy = curl A, (a) 

d<t> 

E x - Ax, (b) 

dx 


and 


d<p 

Ey = Ay, 

dy 

d 2 <f> d 2 <t> dA y dA x 

€p = divE=-, 

dx 3 dy 2 dy dx 

dA x dAy 

divA^ — -1-» 

dx dy 

€ 0 /i+divpV=0. 


(c) 

(d) 

(e) 
(0 


The Lorentz cpndition (e) shows that there are 
only two, not three, independent series, which 
we can take as yp and A x . Consideration of (a), 
remembering that B must be finite but not 


identically zero on the cathode, leads to 

A x =* — [£o+a*(0, 0]y+higher terms in y. 

If yp = ypi(6, /)y*+higher terms in y, the vanishing 
of v y on the cathode means that l> 1 , but 1 — 2 
leads to v^y, p = const., and no emission. To 
obtain emission the introduction of fractional 
powers is necessary. The conditions are satisfied 
by / = 5/3, so that 

3 3 3 

yp=-+ 5(0, /)y 6 / 8 +-*e( 0 , *)y 6 /, +-^ 7 ( 0 , 0 / /3 + • • • 

5 6 7 

is a convenient form for the series. It follows that 

6 2 

p*r- —-W( 0 , 0 +o(y*)H—• ( 3 i) 

m 2 e 9 

yp is then determined by the emission, and A x by 
the value of B on the cathode, arbitrarily. As 
Cherry has pointed out, Ey^y*, Ee^y, tv^y*, 
Ve^y, p^y~ l t for small y. 

The apparent arbitrariness of the emission, 
determining yp*, is closely related to the question 
of convergence, a fact which has not been pointed 
out by previous authors. The coefficients \pt, ypi, 
etc., may be determined by substituting in the 
continuity equation and collecting terms in the 
same power of y. It turns out that ypi^ypi/ypb and 
that ypi, yps, etc., also go to infinity as yp 5 goes to 
zero. Thus the series fails if the emission is ever 
equal to zero, or changes sign. This seems to 
indicate that the standard conditions for space 
charge emission, derived historically for steady 
constant currents, are not appropriate to the 
discussion of oscillations of emission about zero. 
'Phis may correspond to Brillouin’s finding a 
double stream, and not a single stream, in the 
case of final current . 12 An exact solution, in¬ 
volving emission, contradicts the single stream 
assumption for the cathode layer. So long as 
the oscillations are small, however, Brillouin 
found no indication that the double stream 
produced at the cathode extends far into the 
charge cloud. 

An attempt was made by us to work out the 
single stream hydrodynamical theory on the 
strict basis of no emission under saturation con¬ 
ditions. This is formally easy: the stream func- 

u App. Math. Panel 129.3R,.p. 30 et seq . and p. 51. 


11 Gabor, Proc. I.R.E. 33, 792 (1945). 
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tion \f/ is then zero, and all quantities can be 
expressed in terms of A. Ee and vo vary as the 
first power of y, as before, but E r and v r now 
also vary as y for small y, with a finite charge 
density at the cathode. No Fourier analysis in 
the time is possible, however, so that the solu¬ 
tions cannot be matched to those of the linear 
equation. 

The question of the stability of the single 
stream steady state under a periodic perturbation 
thus involved the cathode conditions very in¬ 
timately. Those proofs of instability which are 
based on the assumption of ideal equilibrium 
cathode conditions seem to us of doubtful 
validity. In the absence of knowledge of the 
nature of the cathode surface, and the applica¬ 
bility of the demand that E r ~ 0, the qualitative 
experimental verification of theoretical results 
whose existence depends on there being such a 
steady state seems as good a way as any of 
testing the matter. It would remain to show 
that our results do indeed depend on the exist¬ 
ence of a single stream steady state. 

While it is impossible to make a genergj and 
categorical answer to this question, the ob¬ 
served resonance curves indicate a resonance 
frequency dependence which ( does depend on 
the existence of a magnetic field and the at¬ 
tendant circulation of the charge, and not merely 
on the charge density. This is easily shown. 
Maxwell’s equation can be set up for a charge 
cloud of cylindrical symmetry, having the den¬ 
sity p = €oa> e 2 w/e. For a thin sheath of static 
charge about the cathode the resulting equations 
can be solved, and the impedance looking into 
the sheath can be computed. For this case 


0 * n 2 y c / u> 2 \h 

-(-) , (32) 

ft 2 aAw 2 -a >c 2 / J 


corresponding to the results in the plane case 
well known in the theory of the ionosphere. 6 It 
is seen that at « = o> 0 the impedance matching 
breads down, and there is a change from reactive 
to resistive impedance. Contrary to this pre¬ 


diction the experimental curve, Fig. 3, shows a 
typical resonance pattern. 

If, on the other hand, the effect of the applied 
magnetic field on the motion is taken into ac¬ 
count, but not the zero-order velocity, the field 
equations and the equations of motion lead to 



n 2 yc a > 2 —w r 2 
b 2 ww 2 -2w c 2 


(33) 


This is again ruled out by the experimental 
results. Thus the experiments indicate a per¬ 
turbation of circulating individual electrons, and 
constitutes evidence for something like the single 
stream steady state. 

Another solution of the stationary state prob¬ 
lem has been given recently by Gabor, 13 who 
introduces “ergodic disorder,” retaining conser¬ 
vation of energy and angular momentum for 
each individual electron. This is in reality an 
infinite stream steady state. It is interesting to 
see the differences and similarities between this 
solution and the one we have used. Gabor’s 
method depends on the existence of a non-zero 
velocity of emission, although the assumption 
of equilibrium conditions means zero field at the 
cathode. If the initial velocity u 0 is small the 
tangential velocity at any point in the swarm 
of electrons is distributed about the Vo of the 
single stream steady state, the width of the dis¬ 
tribution being just lau^r, while there are 
small random velocities in the r and z directions 
to preserve the energy intact. The value of the 
saturation density arrived at by Gabor 14 also 
agrees with that of the single stream steady state 
for a thin layer about the cathode, although this 
is not true for thick clouds. Unfortunately the 
kinetic energy of an electron in a thin cloud is 
not in general much greater than the thermal 
energies corresponding to the cathode tempera¬ 
ture, so that this agreement must not be taken 
too seriously. The same kind of difficulties as to 
how such a state is set up occur here as with the 
single stream steady state. 


18 D. Gabor, Proc. Roy. Soc. 183, 357 (1945). 
14 Reference 13, Eq. (28.1). 
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The Reduction of Microphonics in Triodes 
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An analysis is presented showing the effect of grid dis¬ 
placement on the plate current of a planar triode. This is 
defined in terms of a new parameter called the motional 
transconductance. The analysis indicates that a useful 
mechanical displacement indicator may be constructed by 
moving the grid and noting the change in plate current. 
The analysis also indicates that the effect of certain modes 
of grid displacement on the plate current may be eliminated 

INTRODUCTION 

RECENT patent 1 describes an electron 
tube whose plate current is varied by 
displacement of the grid, relative to the rest of 
the tube structure, while holding the applied 
tube potentials at constant values. The grid is 
mechanically connected through a vacuum-tight 
member so that it may be moved by the applica¬ 
tion of suitable forces to the tube envelope. 

The following analysis was initially carried 
out to determine the feasibility of this idea when 
it had been determined that this type of tube 
had not been reduced to practice. The patent 
disclosure itself did not prove this. 

The analysis indicates the plate current varia¬ 
tions that may be expected in terms of a param¬ 
eter called the motional transconductance. In¬ 
spection of the relation giving this parameter 
shows that, under suitable conditions, the effect 
of grid displacement on the plate current van¬ 
ishes. This suggests a method of design, or mode 
of operation, by which the microphonism of a 
tube may be reduced since, as is well known, 
most of the microphonic difficulties encountered 
in tubes are caused by the mechanical movement 
of the grid. Design and operation relations are 
developed for this case. 

Preliminary experiments are then described 
which indicate That the theory is fundamentally 
correct. 

1 “Microphonic Electron Tube,” issued to J. Rothstein, 
November 27, 1945, U. S. Patent No. 2,389,935. 


under conditions which are stipulated. Since microphonic 
effects are, in great part, caused by the mechanical motion 
of grid structures, the analysis indicates how microphonism 
may be reduced. It is shown that the electrical transcon¬ 
ductance is large under these conditions, for the case 
investigated, so that the tube functions normally as an 
amplifier. Preliminary experimental results for comparison 
with the theory are presented. 


THEORY OF A PLANAR TRIODE 2 

Consider a planar triode as illustrated in 
Fig. 1. Here K is the cathode; A is the anode; 
and G is the grid structure. The grid is assumed 
to be made of equi-distant parallel rods having a 
radius R and a rod center spacing of 1/n. 

The distance dg is the cathode-grid center 
distance. The distance dp is the cathode to 
plate distance. The distance dq is the cathode to 
an equivalent plate distance, of an equivalent 
diode, which would give the same space-charge- 
free off cathode field intensitv as the triode with 
the grid removed. The plate current obtained 
with the equivalent diode is the same as that 
obtained with the triode. 

By a suitable conformal transformation of 
Fig. 1, the triode amplification factor, fx y can be 



Fig. 1. Notation for planar triode theory. 


2 See W. G. Dow, Fundamentals of Engineering Elec¬ 
tronics (John Wiley & Sons, Inc., New York, N. Y., 1937), 
Chapter 2. 
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determined by electrostatic theory utilizing the 
quantities enumerated above. 8 The relation is 

2icn(dp—dg) — log, cosh2r«i? 

M 85 - 

log, coth2mi? 

and applies with sufficient accuracy when 
i?<l/10n. 

For 2imR<\, cosh2Twi?—>1 and log, cosh2*»2? 
—>0. Similarly, 


coth2T»2?—- 


cosh2ir»J? 1 

=->- 

sinh2ir«-R 2rnR 


since sinh2ira/?— >2imR. Hence, we can write 


log, coth27rwi? = log. 


and the above relation becomes 


r 1 d P 
!=<*« 1+- -— 
L ndg 


1 dp m4“2 


2t nydg 


log, cosh27rni? 


L ndgi 


to the actual triode plate area, Eg> the triode 
grid-cathode voltage, Ep , the triode plate-cath¬ 
ode voltage, and Ip is the total plate current in 
milliamperes. 

As abbreviations write 

1 1 

-log,-, 

2tt» 2imR 

K'-2.33X10~*A. (4) 

Substituting (1) and (2) into (3) in view of (4) 
yields 


2mi{dp’—dg) 


For the spacc-charge-free case with arf*equiva- 
lent diode plate voltage of Eg+Ep/n the equiva¬ 
lent diode spacing has been found to be 4 


Under the conditions given above, the last term 
may be set equal to zero leading to 


dq = dg\ 


As an approximation, Child’s Law for the 
space charge limited equivalent diode may be 
. written: 8 

2.33 X10-14/ Ep\* 

Ip -71- [Eg+— ) . (3) 

dq 2 \ n / 

Where A is the equivalent diode plate area, equal 
—«- 

•F. B. Vodges and F. R. Elder, “Formulas for the 
amplification constant for three element tubes/’ Phys. 
Rev. 24, 683 (1924). 

4 See reference 2, page 44, Eq. (111). 

•C. D, Child, “Motion of positive ions/’ Phys. Rev., 
32,498(1911). 


r KEp i* 

K'\Eg+ - 

r L (dp-dg) J 

!p= -—-—ma (5) 

r Kdp -I* 

\dg+ - 

L (dp-dg) J 

for the total plate current of the triode in terms 
of triode parameters. 

The triode transconductancc is defined as 

( dlp\ ma 

-) in-, 

dEg /constant Volt 

where, for the present case, other tube parameters 
are also held constant. 

Carrying out of the indicated differentiation 
on (S) yields 

r kep -i‘ 

!*'£*+--— 

L (dp-dg)] ma 

p ~ r Kdp -I s volt* 6 

[ dg+ (dp-dg)l 

We wish to compare the effect of a grid dis¬ 
placement for constant Eg, Ep, and other 
parameters with (6). Consequently, we define a 
mechanical transconductance as 


( d JP\ 

\ddg / other parameter* oonetaat 


unit grid displacement 

Carrying out of the indicated differentiation 
on (5) yields, after suitable rearrangement of 
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Table I. Dimensions of an RCA 6A3. 

Radius of grid wire 0.00225 in. 

Grid wire center spacing-1/»«0.055 in. 
Grid wires per inch 18.2. 

Grid cathode distance 0.045 in. 
Plate cathode distance —dp » 0.090 in. 
Plate area (4, J sections)-4*4.22 in. J . 


terms, 


Mp = Sp 


KEp 

(dp—dg) 2 


r KEp nr Kdp 
\Eg +-- 1+-— 

■ L (dp- dg) JL (dp - dg) 2 J 


(dp-dg) 


in milliamperes/unit grid displacement. 

From a comparison of Sp with Mp , it should 
be possible to determine the relative effectiveness 
of the two methods of obtaining plate current 
variations.. 


MAGNITUDE OF THE MOTIONAL TRANSCON¬ 
DUCTANCE FOR A TYPICAL TUBE 

In order to compare the above theory with 
handbook data, and to determine the magnitude 
of Mp , an RCA 6A3 was selected as a typical 
tube whose characteristics could be easily de¬ 
termined. One of these tubes was taken apart, 
and the dimensions appearing in Table I were 
determined. 

The 6A3 is comprised of two tube structures in 
parallel enclosed in a common envelope. Each 
structure has an M type filamentary cathode. 
The grid and plate electrodes are nearly rectangu¬ 
lar in form. Consequently, the tube is treated as 
though it were four planar triode structures in 
parallel in the above table. 

The tube parameters of interest, shown in 
Table II, were obtained from handbook curves 8 
for £/> = + 200 volts and Eg =—30 volt. The 
voltage values indicated were chosen so that 

• RCA Tube Handbook HB-3, Vol. 1-2, Tube Division, 
Radio Corporation of America, Harrison, New Jersey. 



the point on the tube surface under consideration 
lies on a plane region of the surface. This point 
also constitutes a compromise between the space- 
charge-free assumption involved in Eq. (2), and 
the space-charge-limited case involved in Eq. (3). 

The parameters given in Table I were sub¬ 
stituted in the relevant theoretical relations, 
under the voltage conditions mentioned above, 
and the theoretical values of Table II de¬ 
termined. 

In view of the accuracy of the measurements 
in Table I, and the approximations employed in 
the theory, the results indicated in Table II 
with respect to the first two factors are considered 
satisfactory. We may conclude, therefore, that 
the value of Mp obtained is correct to within 
about the same accuracy without experimental 
verification. 


CONDITIONS FOR THE MOTIONAL TRANSCON¬ 
DUCTANCE BEING EQUAL TO ZERO 

Inspection of Eq. (7) indicates there are 
several interesting facts concerning the magni¬ 
tude and sign of Mp under certain conditions. 
For Eg negative and Ep positive, as is the case 
for normal amplifiers, the magnitude and sign 
of the bracket factor vary somewhat as follows. 
For 


\Eg\> 


KEp 

(dp-dg)' 


the right-hand term of the bracket factor is 
negative and large so that the bracket factor is 
positive and large. Since Sp is positive, Mp is 
positive and large. For 


|£«l< 


KEp 

(dp—dg) 


( 8 ) 


the right-hand term of the bracket factor be- 
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Fig. 2. Schematic diagram of the experimental arrangement. 


comes positive and larger as the | Eg | decreases 
to zero; and as Eg subsequently becomes posi¬ 
tive. Hence, the bracket factor passes through 
zero, when the second term equals the first term, 
and then goes negative and larger in magnitude 
as the \Eg\ decreases to zero; and as Eg sub¬ 
sequently goes positive. Since Sp remains posi¬ 
tive, Mp passes through zero and becomes nega¬ 
tive and large in magnitude. . 

It is well known that, for triodes, Sp increases 
monotonically as Ip increases. Further, that Ip , 
for fixed positive Ep, increases as the \Eg\ 
decreases for Eg negative and continues to 
increase as Eg goes through zero and becomes 
positive for normal maximum positive values. 

Hence, we can conclude that, in practice, Mp 
may be zero or small in the normal operating 
voltage range of triodes where Sp is large so 
that the tube will still amplify normally as far 
as electrical fluctuations in grid voltage are 
Concerned. 

Since microphonic effects are known to be 
caused, in great part, by mechanical motion of the 
grid rods, it is evident that microphonics may be 
reduced or eliminated by operating a tube, or 
designing a special tube, under the conditions 
for Mp to be zero or small. 

EXPERIMENTAL ARRANGEMENT 

A simple experiment was set up to check 
Eq. (7) by mechanically driving a tube and 


measuring the resulting 11 microphonic** output 
signal. Inspection of Eq. (7) indicates that this 
may be done most easily by varying Eg, with Ep 
fixed, so that the only other variable is Sp. 
This varies in a known manner in terms of Ip, 
which in turn is a known function of Eg for Ep 
constant. 

The schematic diagram of the experimental 
arrangement is shown in Fig. 2. A 6A3 was 
operated with battery filament supply to permit 

Table III. Dominate driving frequencies of microphonic 
output for a 6A3 and other data. £/>*=+100 volts; 

—10 volts; F/*6 volts; volts across speaker* 1.0. 




Frequencies at 



Driving 

which the output 

Remarks concerning 


frequency for 

is 3 db down from 


maximum 

the maximum 

the output 

Case 

output c.p.s. 

output c.p.s. 

wave form 

Transverse 

Excitation 




1 

194 

192- 202 

Very complex wave 
form 

Symmetrical complex 

2 

310 

309- 317 




wave form 

3 

359 

357- 361 

Fair sine wave 

4 

465 

461- 470 

Good sine wave 

5 

549 

548- 550 

Excellent sine wave 

6 

938 

883- 985 

Extremely complex 
wave form with 




multiple resonances 

7 

2100 + 

2095-2115 

Good sine wave 

Longitudinal 




Excitation 




8 

9 

355 

469 

351- 359 

461- 471 

Complex wave form 
Good sine wave 

10 

544 

542- 546 

Good sine wave 

11 

722 

719- 742 

Extremely complex 




wave form 

12 

948 

943- 952 

Fair sine wave 

13 

2090 

2065-2095 

Secondary maximum 


at 2070 c.p.8. 
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hum-free operation. The grid bias was varied by 
means of the potentiometer across the grid bias 
battery and its magnitude determined by the 
grid voltmeter. A.c. pick-up in the grid circuit 
was avoided by grounding the grid at a.c. by 
means of the 1-mfd condenser. 

The plate supply was a heavy duty, electroni¬ 
cally regulated power supply whose output 
voltage was adjustable over the limits indicated. 
A voltmeter, not shown in the figure, was con¬ 
nected from plate to ground to indicate the 
plate voltage. A 12-henry heavy duty choke was 
used as a plate load in order to obtain a low 
value of d.c. drop in the plate load over the 
large range of d.c. plate currents employed. 

The resulting “microphonic” output voltage 
developed across the plate load was impressed, 
through the 2-mfd d.c. blocking condenser, across 
the input of a stable, wide band amplifier having 
a voltage gain of 40 db. The output of the 
amplifier was indicated by a Ballantine model 
300 voltmeter and was also observed on an 
oscilloscope screen. The no signal output of the 
circuit was well below the minimum signal 
measured. 

The mechanical arrangement employed is 
shown in Fig. 3. The output of a sine wave audio 
oscillator was impressed across the voice coil of 
a small dynamic speaker. The oscillator output 
was measured by a Ballantine voltmeter and was 
held constant throughout the experiment at 1 
volt. 

Two types of mechanical excitation were em¬ 
ployed. As shown in Fig. 3A, the transverse case, 
the tube was placed on a heavy table top so 
that the grid planes were parallel with the 
table top. The speaker was placed on top of the 
tube envelope so that the speaker diaphragm 
was pressed tightly against the tube. The speaker 
was then taped to the table top so that it would 
maintain this position. It is evident that me¬ 
chanical excitation of the tube for this case will 
result in grid rod displacement perpendicular to 
the plane of the grid. 

Figure 3B illustrates the mounting used for 
the longitudinal case. For this arrangement me¬ 
chanical excitation of the tube will result in 
grid rod displacement in the plane of the grid or 
parallel to the longitudinal axis of the tube. 



r*bietcr 

A frans verse Case 



fabAf tefi 

& longitudinal Case 

Fig. 3. Mechanical layoutof the experimental arrangement. 

EXPERIMENTAL PROCEDURE AND RESULTS 

The experimental procedure involved setting 
the driving oscillator at some constant output 
voltage and varying the frequency of the oscil¬ 
lator while observing the “microphonic” output 
on the oscilloscope. The magnitude of the output 
was highly frequency-sensitive in that the output 
would vary by as much as 40 db in passing 
through a frequency range of a few cycles. It is 
considered that these variations in output are 
associated with mechanical resonances of the 
tube structure; and, in particular, with me¬ 
chanical resonances of the grid rods. 

In some frequency ranges the output wave 
form was greatly dependent on the excitation 
frequency, indicating complex modes of vibra¬ 
tion. In other cases the output wave form was 
sinusoidal and only the amplitude of the output 
signal was frequency dependent. 

For the particular tube tested, it was found 
that there were seven dominant frequency ranges 
for the transverse case and six for the longi¬ 
tudinal case in the excitation frequency range of 
100 c.p.s. to 10,000 c.p.s. These are tabulated in 
Table III below with other relevant information 
such as a statement concerning the observed 
wave form and an estimate of the width of the 
dominate frequency range in terms of the fre¬ 
quencies at which the output signal amplitude, 
as measured by the Ballantine voltmeter, are 
3 db down from the output at the frequency of 
maximum output. In obtaining these data, the 
following were held constant: £/ = 6 volts, 
££=+100 volts, volts across speaker =1.0, and 
Eg =10 volt. The magnitudes of Ep and Eg 
were found to effect the output amplitude and 
wave form, as discussed below, but not the 
frequency at which the maximum output was 
obtained. 
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Fig. 4. An experimental check of Eq. (7) with S e as the 
variable and sine wave mechanical excitation normal to 
the grid plane. * 

An experimental check of Eqs. (7) and (8) was 
then attempted in the following manner. With 
the driving oscillator accurately set at a fre¬ 
quency of maximum 4 ‘microphonia 1 * output, as 
indicated by the output Ballantine voltmeter, 
the grid bias was varied and the “microphonia** 
output as a function of grid bias determined. 
Ep was carefully held constant at +100 volts. 
This value of plate voltage was chosen so that 
the plate dissipation rating of the tube, 15 watts, 
was not exceeded at the largest positive grid 
bias voltage used during the experiment. The 
latter was +2.5 volts. 

Many very interesting factors were noted; 
some of which are summarized below: 

1. With Eg varied in the voltage range from —10 volts 
to +2.5 volts a minimum was noted in the “microphonic” 
output for the following cases of Table III. For transverse 
exqfation 4 cases, number 1, 3, 4, and 7. For longitudinal 
excitation 1 case, number 11. This factor is discussed in 
greater detail below. 

2. For the transverse case 2 and longitudinal case 8 
the “microphonic” output increased as Eg was varied from 
—10 volts to +2.5 volts in about the same amount that 
Sp increased. 


3. For the remaining cases the "microphonic” output 
decreased in varying amounts as Eg was varied from —10 
volts to +2.5 volts. 

4. For many cases, and in particular for case 6, oscillo¬ 
scope examination of the output signal indicated that one 
component of a complex vibration spectra minimized as 
in 1, while other components did not. 

In view of the above, it was assumed that 
cases 4 and 9 probably represented the gravest 
mode of vibration of the grid rods so that these 
cases are studied in detail below. Upon com¬ 
pletion of the experiment, an attempt was made 
to observe the vibration of the grid rods under 
a low power microscope while the tube structure 
was vibrated under conditions similar to those 
of Fig. 3A. This experiment failed since the 
amplitude of vibration was too small to be de¬ 
tected with the apparatus used. 

Considering case 4 of Table III, the experi¬ 
mental results obtained are tabulated in Table IV 
below. 

The results of Table IV are plotted as circles 
on Fig. 4. The solid line of this figure was ob¬ 
tained by substituting the tube parameters of 
Table I and the experimental parameters of 
Table IV in Eq. (7) and solving for Mp. To do 
this, Sp was calculated from Eq. (6) under the 
same conditions. 

It is evident that the shape of the experimental 
curve closely approximates that of the theoretical 
curve. Considering the type of measurements 
involved, this is considered a rather good check 
with the theory in spite of the displacement of 
the two curves. In addition, the following should 
be noted: 

1. The theoretical value of Eg( = E c ) for Mp =0 

Table IV. Experimental results for transverse case with 
driving frequency of 465 c.p.s. ££* + 100 volts; Eg~Ec 
“variable; £/“6 volts; volts across speaker* 1.0. 3 db 
down points 461 c.p.s. and 470 c.p.s. 


Ec 

volts 

Output 

volts 

Normalized 

output 

volts 

11 XnormaL 
ized output 
for scale 
factor 

Driving 

frequency 

for 

maximum 
. output 
c.p.s. 

-10 

0.49 

0.37 

4.09 

465 

- 7.5 

0.36 

0.13 

1.44 

465 

- 5 

0.14 

0.02 

0.22 

465 

- 4.3 

0.12 

0 

0 

465 

- 2.5 

0.27 

0.15 

1.65 

465 

- 1 

0.49 

0.37 

4.08 

465 

0 

0.52 

0.40 

4.40 

465 

+ 2.5 

0.94 

0.82 

9.00 

465 
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is -6.2 volts under the conditions of the experi¬ 
ments. This compares with the experimental 
value of —4.3 volts. 

2. When Mp changes sign the phase of the 
“microphonic” output voltage should shift 180°. 
This was noted experimentally although not 
indicated on the figure. 

3. Most of the residual output signal near and 
at the minimum value of output is at the second 
harmonic of the driving frequency. 

4. The maximum range in output signal varia¬ 
tion greatly exceeded that of the example in some 
cases. As an example, in case 7 the range of 
maximum to minimum signal, as a function of 
E et was over 30 db. 

The theory does not cover the case of displace¬ 
ment of the grid rods in the grid plane. Experi¬ 
mentally, this case is probably complicated by 
phase relations between the vibrations of ad¬ 
jacent grid rods and by transverse components 
of the resulting vibrations. Experimental results 
for this case, case 9, are plotted in Fig. 5 as circles 
to illustrate the results obtained. As noted, the 
driving frequency is nearly the same as for case 4. 
The absolute magnitude of the output signal for 
Eg = —10 volts was nearly the same in both 
cases. This is not considered significant, how¬ 
ever, since there is not reason to believe that the 
driving forces for the two cases are the same. 

CONCLUSIONS 

1. The method of utilizing the displacement of 
the grid relative to the rest of the tube structure 
to obtain plate current variations which are a 
function of the displacement, and hence of the 
mechanical force causing the displacement, is 
feasible from an electronic standpoint. 

2. Microphonism of tubes, under certain con¬ 
ditions, may be reduced as indicated by the 
theory developed and in terms of two factors or 
a combination thereof: 



(a) By designing a tube for minimum Mp 
given the operating potentials or (b) for a given 
tube to select the optimum operating potentials 
so as to obtain a minimum Mp. 

In view of the latter, it may well be advan¬ 
tageous to operate the input stage of a high gain 
automatic volume controlled amplifier with fixed 
bias to reduce microphonics even though the 
flatness factor of the system may be decreased. 

The above is thought to be interesting and 
useful, but from the practical standpoint further 
theoretical work should be done for the cylindrical 
triode and multi-grid tube cases. The construc¬ 
tion of a planar triode whose grid can be moved 
relative to the cathode and plate should also be 
attempted. It is hoped that further work along 
these lines can be carried out in the future. 
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The Effect of Hydrostatic Pressure on the Fracture of Brittle Substances 

P. W. Bridgman 

The Physics Laboratory , Harvard University t Cambridge , Massachusetts 
(Received November 11, 1946) 

An arrangement is described permitting the fracture of brittle materials under the action of 
tensile stress superposed on hydrostatic pressure. The hydrostatic pressures range up to 30,000 
kg/cm*. The tensile stress superposed on the pressure required to break Pyrex glass is a strong 
function of the material by which pressure is transmitted to the lateral surface of the glass, but 
in all cases of fracture produced at pressures above 25,000 kg/cm a the net stress at fracture was 
compressive, that is, tensile fracture takes place against the direction of the stress. Beryllium 
and phosphor bronze lose the brittleness which characterize them at atmospheric pressure and 
fracture in tension under pressure after marked plastic deformation. Carboloy remains brittle in 
tension under pressure, but its tensile strength may increase by a factor of three. NaCl elongates 
plastically in tension under pressure with no obvious disturbance of the optical homogeneity. 
Pipestone remains completely brittle under pressure and of very low strength. In simple 
compression combined with hydrostatic pressure Pyrex glass increases greatly in strength. 
Single crystal AbOj under the same conditions exhibits plastic slip on the basal plane without 
fracture. In the discussion the importance of the condition of energy release as a factor con¬ 
trolling fracture is emphasized. The Griffith conception of fracture as resulting from stress 
concentration at the ends of microscopic cracks is consistent with many qualitative aspects of 
the situation, but probably cannot be carried through quantitatively. 


INTRODUCTION 

I N a number of previous papers 1 I )*ave de¬ 
scribed the effect of hydrostatic pressure in 
increasing the ductility of substances like mild 
steel under the action of tensile forces. In this 
paper the experiments are extended to a number 
of materials ordinarily brittle, like glass. 

The effect of pressure is investigated on both 
compressive and tensile strength. Measurements 
of compressive strength may be made straightfor¬ 
wardly, but the tensile tests require a special 
technique. Under ordinary conditions there are 
technical difficulties in making tests on substances 
like glass with the conventionally shaped tension 
specimen, because of the effect of stress concen¬ 
tration at the corners of the specimen, resulting 
in capricious fracture. Most fortunately it turns 
out that a technique which is simply adapted to 
the application of tension under hydrostatic 
pressure at the same time uses specimens of such 
a shape that the difficulty from stress concentra¬ 
tion disappears, making the investigation of the 
tensile properties under pressure much easier 
than at atmospheric pressure. 

The experiments on tension to be described in 
the following are in a certain sense an extension 

1 P. W. Bridgman, J. App. Phys. 17,201 and 692 (1946). 
Rev. Mod. Phys. 17, 3 (1945). 


of experiments made long ago on what I called 
the “pinching-off” effect. 2 In these experiments 
rods of glass or other brittle substances passed 
completely through the pressure vessel, emerging 
through stuffing boxes, the part within the vessel 
being exposed to hydrostatic pressure. On raising 
pressure high enough, the glass rod fractured by a 
clean tensile breaks at some place inside the pres¬ 
sure vessel. These experiments were mostly 
qualitative in nature, and no attempt was made 
to get consistent values for the pressure required 
to produce fracture. The chief result from these 
experiments was to emphasize that it is possible 
to have tensile fracture across a plane across 
which there is no stress component. This is, from 
the point of view of some of the traditional con¬ 
ceptions of fracture, a highly paradoxical thing. 
The conclusion which I drew from these experi¬ 
ments has, therefore, understandably been met 
with considerable scepticism in some quarters, 
and with the attempt to explain away the phe¬ 
nomenon as caused by various secondary effects. 
For a long time I have had it in mind to make a 
more exact study of the “pinching-off” effect. A 
few years ago I found, in some unpublished ex¬ 
periments, that the precise pressure at which the 
“pinching-off" fracture is produced in glass is 

* P. W. Bridgman, Phil. Mag. p. 63 (July. 1912). 
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extraordinarily sensitive to surface conditions. 
This indicated the necessity for a more elaborate 
investigation of the whole effect. With these new 
experiments, this extended examination is now 
possible. We have now two degrees of freedom in 
the stress system, whereas formerly there was 
only one. Formerly the set-up was such that the 
longitudinal component of stress was continually 
zero, and the two ecjual lateral components were 
increased until fracture occurred. Now, the longi¬ 
tudinal component and the two equal lateral 
components may be independently varied, so 
that fracture may be studied over a much wider 
range of conditions. The paradox that charac¬ 
terized the “pinching-off” effect is now carried 
much further, for now tensile fractures can be 
produced across planes on which the stress is a 
compressive stress so high as to be beyond any 
possible experimental error. Thus, to mention 
only a single example, tensile fracture has been 
produced in glass under a mean hydrostatic 
pressure of 26,000 kg/cm 2 with a superposed 
tension of 11,000 kg/cm 2 , so that the net stress 
across the plane on which the tensile break 
occurred was a compressive stress of 15,000 
kg/cm 2 . 

THE METHOD 

The method and the general nature of the 
problems encountered may be indicated by means 
of a highly idealized mental experiment. Figure 1 
represents a compound tension specimen con¬ 
sisting of a central cylinder A of the brittle 
substance to be tested, and of two “pull" pieces B 
with shoulders and the same small diameter as 
the specimen, mounted together in the thin 
cylindrical sheath C which is attached by solder 
or otherwise to the pieces B at D in such a way as 
to be liquid tight. The whole compound specimen 
is immersed completely in a liquid, to which any 
desired hydrostatic pressure is applied, and, 
superposed on the hydrostatic pressure, a tensile 
force is then applied to the pull pieces B . The 
situation is idealized by supposing that the pull 
pieces are infinitely strong, that the lateral con¬ 
traction of A and B under the complete stress 
system is the same, so that their diameters con¬ 
tinue to be the same, and that the sheath C has 
negligible longitudinal strength, offers zero fric¬ 
tion on its inside surface, and is infinitely stiff so 


* 


vk 

Fig. 1. Tension specimen, A, with steel pull pieces, B ,and 
sheath, C, as used in combining hydrostatic pressure and 
tension. 

that it cannot be pushed by the external pressure 
into any cracks which might be formed on the 
surface of A or B. We now inquire what will 
happen if the pressure is first raised to some high 
value, at which it is kept constant, and the 
tension is then increased indefinitely. It is evident 
in the first place that the compound specimen 
cannot separate at the surface of separation be¬ 
tween A and B as long as the tension is less 
numerically than the pressure. For if incipient 
separation should start at this surface, the sur¬ 
faces of separation would be pushed back into 
contact by the pressure, which is greater than the 
tension. All the more, if separation cannot occur 
at surfaces already free between A and 5, it 
cannot occur in the material of the solid rod A. 
That is, under a hydrostatic pressure, P, the 
tensile strength of the material A is, under these 
conditions, at least as high as the pressure P. 
Ideally, it seems impossible to place any limit to 
this behavior, so that by increasing indefinitely 
the hydrostatic pressure the tensile strength may 
also be indefinitely increased. This means that 
the numerical value of the pressure coefficient of 
tensile strength approaches unity under these 
conditions. This in itself is highly anomalous. It 
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Fig. 2. Modification of arrangement of Fig. 1 in which 
the tension is concentrated in a neck, permitting the 
fracture in tension of the stronger materials. 

is a matter of experience that the pressure 
coefficient of most physical properties 4 of sub¬ 
stances like glass is of the order of magrfltude of 
perhaps 10~ 5 , if the unit of pressure is taken as 
the kilogram per square centimeter. Yet here we 
have the rlecessity for a coefficient 10 6 times as 
high. The situation is also anomalous when con¬ 
sidered from the point of view of strain. Under 
combined tension and pressure the specimen A 
elongates, and we have apparently the necessity 
for an indefinitely great elongation with no 
fracture. To say that beyond a certain point the 
specimen will receive plastic set on release of 
stress does not relieve the paradox of the situation 
while the stress is in action. 

This idealized experiment, leading to such 
paradoxical conclusions, may be made the basis 
of the actual experiment, and also suggests the 
direction in which the experimental results may 
be expected to go, which is indeed the direction 
of paradox. In practise the pull pieces B may be 
made of heat-treated steel, and the specimen A 
n^de of the brittle substance under examination, 
such as glass or brittle alloy or what not. The 
sheath C may be made of copper, a few thou¬ 
sandths of an inch thick. We now see at once that 
we have a method of applying tension to a brittle 
specimen without shoulders or regions of stress 


concentration on the specimen itself. The pull 
pieces B may be re-used from experiment to 
experiment, so that the preparation of the speci¬ 
men could not well be simpler. In the simple form 
shown in Fig. 1 any tension can be applied up to 
the magnitude of the pressure itself, assuming 
that there are no limiting complications in prac¬ 
tise. These complications do, in fact, occur, since 
the copper is not infinitely rigid, and would 
eventually blow into the surface of separation 
between A and B before tension reaches its 
theoretical upper limit. This difficulty may be 
avoided by artificially fashioning a neck on the 
tension specimen, as shown in Fig. 2. The neck 
may be easily made of such proportions that 
there is no harmful stress concentration in the 
neighborhood. By making the neck of suitable 
dimensions, any tensile stress may be applied in 
this manner, without grips, to any material up to 
the fracture point, whether that is above or 
below the surrounding hydrostatic pressure. This 
arrangement has been used, for example, in 
testing the tensile strength of Carboloy under 
pressure, the tensile strength being much higher 
than the highest hydrostatic pressure that was 
applied. 

The material of the sheath is a vital factor in 
the result, for not only may it be blown between 
the surface of separation of A and J5, but it may 
also be blown into any incipient cracks which 
appear in the surface of the specimen A. One 
would anticipate, therefore, that the measured 
tensile strength would be a strong function of the 
surface conditions, as exemplified by the material 
of the sheath. This did indeed prove to be the 
case. Various materials were tried. In practise the 
sheath sometimes was made compound, still 
keeping copper over the surface of separation of 
A and B , but replacing the central part by some 
other substance such as lead or rubber, which 
must naturally be attached in such a way as to 
prevent access of liquid. It would have been 
desirable if conditions could have been pushed to 
the limit by permitting contact between the 
liquid and the specimen all over its lateral 
surface, while preventing entry of the liquid into 
the interface between A and B, but no feasible 
way of doing this presented itself. As it was, a 
sufficiently wide range of external conditions was 
attained by the use of copper, lead, and rubber to 
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indicate the general nature of what might be 
expected. 

The arrangement indicated in Figs. 1 and 2 has 
points of resemblance to an arrangement proba¬ 
bly first used by Richart, Brandtzaeg, and 
Brown 3 in studies of the effect of compound 
stresses on concrete and later by Balsley 4 working 
with Griggs on minerals. Both these investigators 
used straight cylindrical steel pull pieces, attached 
to the specimen by a sheath. The pull pieces were 
taken out of the pressure chamber through 
stuffing boxes, and on the outside were subjected 
to an independent compressive stress, which, as it 
varied from greater to less than the internal 
hydrostatic pressure was capable of exposing the 
specimen to a superposed stress either of com¬ 
pression or tension. There are technical difficulties 
with this arrangement, however. The stuffing 
boxes have to be accurately aligned and are not 
capable of as wide a pressure range as that used 
here. The maximum pressure in the Illinois 
experiments was 300 kg/cm 2 , and in those of 
Balsley 10,000 kg/cm 2 . Neither of these experi¬ 
menters used necked specimens in order to permit 
raising the tension to values exceeding the 
hydrostatic pressure, but there is no reason why 
necked specimens should not be used with ex¬ 
ternally projecting pull pieces. 

During the war Gurney and Rowe 6 in England 
made a large number of measurements of the 
pinching-off effect (which they describe as frac¬ 
ture by “radial” pressure) on glass and several 
plastics, and in a number of instances used 
necked specimens, thus permitting any desired 
tensile stress depending on the dimensions of the 
neck. These experiments were limited, however, 
because of the extension of the specimen itself 
through stuffing boxes, to hydrostatic pressures 
not greater than the “pinching-off” pressure of 
the straight cylindrical specimen. 

In addition to the effect of one-sided tension, 
the effects of one-sided compression were also 
studied under pressure. These experiments were 
perfectly straightforward, and the details need 


1 F. E. Richart, A. Brandtzaeg, and R. L. Brown, Bull. 
No. 185 (1928), Eng. Exp. Stat. Univ. Ill. tt ^ 

4 J. R. Balsley, Trans. Am. Geophys. Un. Part II, 519 

( 1941 ). 

• C. Gurney and P. W. Rowe, Royal Aircraft Establish¬ 
ment, Farnsborough, Rep. No. Mat. 5 (May, 1945), and 
Rep. No. Mat. 8 (November, 1945). 


not be specially indicated, for there is no such 
complication as with the tension specimens, but 
the stress may be applied to simple cylindrical 
specimens by compressing between platens. The 
specimen may be imbedded in lead or other 
suitable soft material when it is desired to pre¬ 
vent access of the transmitting liquid. 

The various other details of the experiment, 
such as methods of applying and measuring the 
force, were the same as in my previous experi¬ 
ments, and the details have already been suffi¬ 
ciently described. An improved method of 
measuring the deformation was used in these 
present experiments, which has not yet been 
described in print. This employed a new insu¬ 
lating plug with seven terminals and a potenti¬ 
ometer method, which permitted measurement of 
the changes of dimensions from the inside of the 
pressure vessel, instead of from the outside, as 
hitherto. However, since these deformations 
during the action of stress are to play no role in 
the following, the description of this new arrange¬ 
ment can be deferred until the compressibility 
measurements in which it played an essential role 
are described. 


THE EXPERIMENTS 
Tensile Tests 

Glass 

The experiments on glass were made on Pyrex, 
all specimens being taken from the same batch. 
Five experiments were made in all. In the first a 
copper sheath was used 0.016 inch thick over the 
junction between steel and glass, turned down to 
a thickness of 0.005 inch over the central part of 
the glass. No extravagant precautions were taken 
with the glass, which was 0.44 inch long and 0.12 
inch diameter. The lateral surface was the natural 
surface of the rod as provided commercially. The 
ends were lapped by hand with a fine carbo¬ 
rundum stone perpendicular to the axis. Care was 
taken not to chip the edges. This specimen was 
exposed to a pressure of 27,000 kg/cm 2 , and then 
a superposed tension added up to 19,000 kg/cm 2 , 
when separation occurred between glass and one 
steel pull piece. The glass was undamaged, as was 
found by dissolving off the copper sheath in acid. 
The pull pieces were found to be too soft, and 
under this tension received a permanent elonga- 


Volumb is, February, 1947 


249 



tion of 1.5 percent. This flow of the steel may 
have been responsible for the separation. The 
glass received no measurable permanent change 
of dimensions. 

In the next experiment, copper ferrules were 
used over the surface of separation of glass and 
steel, but the central part of the glass was covered 
with a soft Neoprene tube, extending over the 
copper ferrules. At a hydrostatic pressure of 
25,000 kg/cm 2 and a superposed tension of 5900 
kg/cm 2 , making the net compressive stress in the 
glass 19,100 kg/cm 2 , this failed by a tensile break 
at the edge of the copper ferrule. On removihg the 
ferrules from the glass, the glass fell apart into 
several disks separated from each other by clean 
tensile breaks. In this experiment the edges of 
the ferrules were comparatively thick, and it 
seemed probable that the fracture was in some 
way connected with a discontinuity of stress at 
the edge. The experiment was accordingly re¬ 
peated, but with the edges of the copper ferrules 
feathered down to vanishing thickness. At a 
hydrostatic pressure of 25,300 kg/cm 2 and a 
superposed tension of 11,400, failure occurred at 
the interface. The entire central portion of the 
glass, where it had been exposed to the Neoprene, 
was separated into thin disks, still hanging lightly 
together. In the fourth experiment, copper 
ferrules again guarded the surface of separation 
of glass and pull pieces, and the central part of 
the glass was-covered with a heavy lead sheath, 
soldered to the copper, The central part of the 
glass was necked down by grinding and polishing 
from .120 to 0.106 inch in order to concentrate 
the tensile stress at the center and locate the 
fracture. Under a hydrostatic pressure of 28,000 
kg/cm 2 this broke in clean tensile fracture across 
the smallest diameter of the neck under an aver¬ 
age superposed tensile stress at the neck of 15,500 
kg/cm 2 . Tensile fracture, therefore, occurred here 
against a net compressive stress of 12,500 kg/cm 2 . 
The lead was melted off, and the copper dissolved 
off in aqua regia. An additional tensile break 
appeared on thus stripping the specimen, and the 
entire mass of the remaining glass was copiously 
fissured with fine disking cracks, the glass still 
hanging lightly together. In the fifth experiment, 
the glass was necked down at the center from. 1 20 
to 0.080 inch by grinding, polishing, and fire 
polishing to remove the last trace of mechanical 


cracks. The glass, together with the pull pieces, 
was mounted in a heavy straight copper sheath 
0.21 inch in diameter, which was then collapsed 
tightly around the neck in the glass by a pre¬ 
liminary exposure to 8000 kg/cm 2 , and then 
turned down to a thickness of 0.005 inch over the 
neck. Under a hydrostatic pressure of 27,000 
kg/cm 2 , this failed by a clean tensile break across 
the neck at an average superposed tension at the 
neck, corrected for the strength of the copper, of 
24,500 kg/cm 2 . This makes fracture to have 
occurred at a net compressive stress of 2500 
kg/cm 2 . 

Carboloy 

Tests were made on Carboloy of grade 999, 
which is the grade containing the .smallest quan¬ 
tity of binder furnished by the General Electric 
Company. To increase the stress the specimen 
was necked by grinding with diamond. Two 
unsuccessful preliminary experiments were made 
in which the strength of the Carboloy was not 
estimated high enough and the neck diameter 
accordingly was not made small enough. In two 
final experiments the area at the neck was made 
somewhat less than one quarter the area at the 
ends. In the two final experiments hydrostatic 
pressure was raised to 27,000 kg/cm 2 . In the first 
of the two, there was a leak at the maximum load, 
suddenly throwing an uncontrolled and unmeas¬ 
ured increment of tension on the sample, under 
which it fractured. The best estimate of the 
superposed tensile load at the neck at fracture 
was somewhere between 56,000 and 60,000 
kg/cm 2 . In the second, there was no mishap and 
tensile fracture occurred at a superposed tension 
at the neck of 54,500 kg/cm 2 . In both cases the 
break was a clean fine-grained tensile break 
square across the narrowest part of the neck, 
with no evidence whatever of any plastic flow in 
the neck, and no trace of the little shearing rim 
around the edge of the break that is almost 
always found in hardened steel. 

The tensile strength under 27,000 is thus be¬ 
tween two and three times as high as any value 
that has ever been recorded for any grade of 
Carboloy at atmospheric pressure by the method 
of the bending of slender rods. It was a surprise 
that there was no evidence of plasticity. Under 
one-sided compressive stress this grade of 
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Carboloy permits plastic shortening up to at least 
10 percent. 

Beryllium 

Beryllium as ordinarily obtained commercially, 
even in the purest form, breaks at atmospheric 
pressure in tension with no appreciable elonga¬ 
tion and with tensile strength not more than 2000 
kg/cm 2 . Being a crystalline material it was 
anticipated that under hydrostatic pressure it 
might exhibit a degree of plasticity. The first 
experiment with beryllium, which was kindly 
furnished by Professor John Chipman of the 
Massachusetts Institute of Technology, em¬ 
ployed steel pull pieces, by the same technique as 
used for glass and Carboloy. The specimen was 
necked to 0.7 of the full diameter, and mounted in 
a copper sheath, collapsed around it as in the last 
experiment on Pyrex. Under a pressure of 27,500 
kg/cm 2 this broke at the neck with a further 
reduction of area at the neck of 48 percent, thus 
showing the anticipated ductility under the 
action of pressure. The neck at the break was 
very jagged, and the contour was finely corru¬ 
gated around the periphery in an unusual way. 
The superposed tensile stress at fracture was 7900 
kg/cm 2 , on the original area of the neck. Two 
other experiments were made with beryllium, in 
which the conventional shaped tensile specimens 
were used, like Fig. 1, entirely fashioned out of a 
single bar. Mr. Charles Chase skillfully found 
how to fashion the beryllium rod with a Carboloy 
tool. In these two experiments the beryllium was 
directly exposed to the action of the pressure 
transmitting liquid, a mixture of iso-pentane and 
commerical “pentane.” In the first experiment 
the specimen pulled apart at the shoulder under a 
hydrostatic pressure of 23,000 kg/cm 2 . This was 
evidently the effect of stress concentration. There 
was, however, measurable extension in the body 
of the specimen. In the second specimen, the 
fillet at the shoulder was given a larger radius and 
the center of the specimen was further necked 
down to localize the break. Under a pressure of 
18,000 kg/cm 2 , this broke across the center of the 
neck with a coarse granular break, with a 20.6 
percent reduction of area, and a maximum 
superposed tensile stress of 5400 kg/cm 2 calcu¬ 
lated on the original area. 

There would seem to be no reason to think that 


the transmitting liquid exercises any effect in the 
case of this material. It would appear that 
increasing hydrostatic pressure progressively 
raises the ductility and the tensile strength. 

Phosphor Bronze 

For commercial welding a bronze is used con¬ 
sisting of 93 percent copper and 7 percent phos¬ 
phorus. Under atmospheric conditions this ma¬ 
terial as ordinarily supplied in the cast condition 
is coarsely crystalline and completely brittle. It 
was of interest to find whether ductility is 
imparted by pressure. Three experiments were 
made. The specimens were made in one piece 
from the commercial cast rod, and were exposed 
to direct contact with the pressure liquid. The 
first two of these were not pulled to fracture, the 
ductility proving to be greater than anticipated, 
so that the dimensions originally given did not 
permit extension to fracture. The first of these 
was pulled under 22,000 kg/cm 2 to a reduction of 
area of 12.6 percent, and the second under 29,000 
kg/cm 2 to 18.5 percent reduction. The elongation 
of both these specimens was uniform, necking not 
having yet started. The maximum superposed 
tensile load on the second specimen was 8700 
kg/cm 2 . In the third experiment the original 
specimen was turned down further over the 
central portion, to locate the break. Under a 
hydrostatic pressure of 29,900 kg/cm 2 this broke 
with an 80.2 percent reduction of area. The break 
was a burnished shearing break at approximately 
45° across the narrowest part of the neck. The 
load at fracture was not obtained. 

A control run on a similarly shaped specimen 
at atmospheric pressure yielded, as expected, a 
completely brittle fracture at the bottom of one 
fillet. 

AhOz (Synthetic Sapphire) 

The Linde Air Products Company has recently 
developed a method of making single crystal rods 
of Al 2 Oa, which have found various industrial 
uses. One of these rods was tested in tension, and 
I am much indebted to the Linde Company for 
making the specimen available. The hexagonal 
axis was oriented, as determined by the Linde 
laboratory, at an angle of 20° with the length of 
the specimen. It was mounted with steel pull 
pieces, copper ferrules, and Neoprene over the 
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Fig. 3. Schematic indication of the manner of fracture of 
Pyrex glass in simple compression when supported by 
hydrostatic pressure. 

central part. The central part was necked down 
by grinding with fine diamond powder from an 
original diameter of 0.100 to 0.070 inch, in order 
to locate the break. Although the final grinding 
was with the finest powder on hand, about 
No. 500, fine scratches were visible on the surface 
of the ground part. This material as ordinarily 
supplied is by no means as perfect as the crystals 
which are formed in nature, but usually there are 
imperfections visible to a low power glass in the 
form of minute bubbles irregularly scattered 
through the interior. The specimen used for this 
test was unusually perfect in this respect, how¬ 
ever, and showed no such visible imperfections. 
This was pulled at a pressure of 24,700 kg/cm 2 . 
At a superposed tensile load of 4900 kg/cm 2 it 
fractured on a plane perpendicular to the axis, 
not at the neck, nor at the edge of the copper 
ferrule, but at a place where ihe diameter was the 
full original diameter, situated about half-way 
between the edge of the ferrule and the neck. The 
conclusion forced by this is that the material is 
very inhomogeneous. The neck withstood with¬ 
out fracture a stress of 10,200 kg/cm 2 at the same 
time that the ruptured part was giving way under 
4900. The surface of the break itself was not 
homogeneous. About half the area of the break 
was a mirror-like plane, with fine ripple marks 
around the edge, but the remainder of the section 
had a mat appearance, perhaps caused by the 
presence of bubbles too small to see with the hand 
glass. 

Pipestone (Catlinite) 

This material, an iron-rich clay-stone, has a 
t^)ical composition: SiO* 57.4, AlaOs 25.9, FejO* 
8.7, H*0 7.4, MgO and CrO trace. Mechanically 
it seems to be an exceedingly fine-grained 
cemented aggregate. 1 have used it extensively 
for the insulation of electrical leads into the high 
pressure chamber, and in this usage it is capable 


of supporting high shearing and compressive loads 
without appreciable flow. When it does yield in 
this usage it disintegrates to a fine powder. 
Advantage was taken of the new technique to 
study its behavior in tension, it being quite 
impossible to make the conventional tension 
tests at atmospheric pressure. The specimen used 
was a single straight cylinder 0.180 inch in diame¬ 
ter and 0.438 inch long, mounted between steel 
pull pieces in a copper sheath turned to a thick¬ 
ness of 0.005 over the central part. At a pressure 
of 27,400 kg/cm 2 , this failed oh a clean tensile 
plane well within the central portion of the 
specimen, and with a reduction of diameter at the 
break of not more than 0.0005 inch. The super¬ 
posed tension at fracture was only 430 kg/cm 2 . 
There was no evidence of the copper sheath being 
blown into the fracture, but the copper was 
cleanly sheared through at the break. In view of 
experience with other materials, such a negligibly 
small effect of pressure on tensile properties was 
hardly anticipated. It is doubtless connected 
with the unusual mechanical composition of this 
material. 

NaCl 

Under normal conditions at atmospheric pres¬ 
sure rocksalt breaks brittlely in tension on one of 
its numerous cleavage planes. It is well known, 
however, that under special conditions, as when 
properly supported or when in aqueous solution, 
it may be made to support plastic deformation. 
Two tests were made of the effect of hydrostatic 
pressure. Both specimens were cut from the same 
natural crystal, with one of the natural cleavage 
planes perpendicular to the length. They were 
used in the form of straight cylinders, mounted 
between steel pull pieces. The first was used with 
a copper sheath 0.007 inch thick over the central 
part, and the second with copper ferrules and 
lead over the central portion. The first was pulled 
under a hydrostatic pressure of 29,800 kg/cm 2 to 
a reduction of area of 20 percent under a super¬ 
posed “true” tension as calculated on the final 
diameter, of 520 kg/cm 2 . At the necked part there 
was no loss of optical homogeneity—no evident 
slip planes or other evidence of crystal structure, 
and the cross section remained round. The second 
specimen, with lead sheath, was pulled under 
29,300 kg/cm 2 pressure. The experiment was 
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terminated by leak, which prevented the meas¬ 
urement of the tension, but the specimen necked 
down to a reduction of area of 14.6 percent. 
Again the specimen retained its perfectly homo¬ 
geneous appearance. 

Voigt* experimented on the effect of gas pres¬ 
sures up to 60 kg/cm 2 exerted by C0 2 on the 
tensile strength of NaCl. He found that up to 
this pressure the superposed tensile load required 
to fracture was independent of pressure, and that 
the fracture continued to be a clean brittle break 
with no trace of plastic flow. Break occurred on 
the cleavage planes, and the superposed stress to 
cause fracture was 57 kg/cm 2 . Evidently his 
pressures were not high enough to bring about 
the plasticity which is exhibited at higher pres¬ 
sures. It is to be noted that Voigt’s tensile 
strength was only one-tenth of the stress which at 
high pressure produced only flow without 
fracture. 




Fig. 4. The slip planes developed in single crystal Al»Oa 
under simple compressive stress when supported by 
hydrostatic pressure. 


Compressive Tests 

Glass ( Pyrex) 

Two experiments were made on glass of the 
same origin as that of the tension tests. The first 
specimen was 0.235 inch long and 0.125 inch in 
diameter. It was compressed in the regular way 
between Carboloy platens, after soldering into a 
lead sheath to prevent contact with the pressure 
liquid. Compressive load was applied at a hydro¬ 
static pressure of 28,000 kg/cm 2 . At an additional 
compressive load of 18,900 kg/cm 2 the capacity 
of the grid to measure compressive stress was 
reached, and the experiment had to be discon¬ 
tinued. The glass was found undamaged except 
for a slight chipping around one edge. In the 
second experiment, the specimen was made 
smaller, 0.131 inch long and 0.069 inch diameter. 
The method of mounting was as before. Com¬ 
pressive load was applied under a hydrostatic 
pressure of 28,000 kg/cm 2 . The specimen failed 
under a superposed compressive load of 47,000 
kg/cm 2 , calculated on the original area. The lead 
sheath maintained the fragments in approximate 
position; when the sheath was removed the speci¬ 
men was found with the appearance suggested in 
Fig. 3. Two wedge-shaped regions on the ends 
had slipped sidewise on planes at an angle with 

• W. Voigt, Gttttinger Nachrichten 521 (1893). 


the axis of about 65°; the material in these 
wedges was completely comminuted to a fine 
powder, opaque and white. The central portion 
was filled with conchoidal fracture surfaces; the 
fragments were much larger than at the ends and 
were transparent. 

It is to be noticed that the effect of hydrostatic 
pressure is markedly greater in increasing the 
compressive strength of glass than in increasing 
its tensile strength. 

./I/2O3 

A number of tests were made on material of the 
same origin as that of the tensile tests. The 
results on this material were very capricious, and 
would hardly merit description here if it were not 
for one remarkable feature. Four specimens were 
tested at atmospheric pressure as controls. The 
crushing strengths of these were 40,000, 8000, 
12,000, and 38,300 kg/cm 2 , respectively. Three 
specimens tested under hydrostatic pressures of 
23,800, 25,300, and 22,200 kg/cm 2 failed com¬ 
pletely at additional superposed compressive 
loads of 18,300, 7700, and 9200 kg/cm 2 , re¬ 
spectively. The failure of these specimens under 
pressure w r as remarkable in that it was not 
catastrophic, but was preceded by a long period 
of yield under approximately constant com¬ 
pressive load, as in a tension specimen that shows 
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high plastic extension. Another experiment was, 
therefore, made in which the experiment was 
terminated before the final failure, so as to permit 
examination of the specimen. This was exposed to 
24,000 kg/cm 2 hydrostatic pressure and a super¬ 
posed simple compression of 6300 kg/cm 2 . The 
appearance was as indicated in the sketch, Fig. 4, 
which 1 owe to the kindness of Mr. McCandless, 
of the Linde Air Products Company. The slip 
planes, which were inclined at approximately 45° 
to the compression axis, were identified by Mr. 
McCandless as the basal 0001 plane of the 
crystal. This is not the plane of cleavage when a 
sapphire rod is broken at a neck by tension-plus- 
bending. The cleavage plaNie under these condi¬ 
tions is 1011. It may be that in this case fracture 
occurred on 0001 because it by accident happened 
to coincide with the plane of maximum resolved 
shear. It would seem, therefore, that under 
sufficiently high supporting hydrostatic pressure 
internal slip without fracture is possible in' a 
crystalline substance as brittle under normal con¬ 
ditions as sapphire. The crystal structure obvi¬ 
ously plays a decisive role; no tendency to plastic 
flow has ever been found in glass. * 

The maximum compressive strength found 
under pressure in the experiments above is much 
less than that previously fdund under pressure 
for AI 2 O 3 of other origin . 7 For this, compressive 
strengths as high as 70,000 kg/cm 2 have been 
observed. The difference is doubtless connected 
in some way with fine scale inhomogencities. 
There seemed to be no correlation between the 
compressive strengths obtained in these new ex¬ 
periments and the crystal orientation. 

Note added on reading proof January 17, 1947. 

I have just found similar slip bands in tension 
on the basal plane, at angles of 45° and 30° to 
the length, when the specimen is enclosed in a 
copper sheath. 

Sintered Carbides 

A number of observations have been made on 
these materials incidentally in the course of 
explorations for materials best suited for the 
construction of high pressure vessels. It has 
already been stated that Carboloy (tungsten 
carbide cemented with cobalt) will support plastic 

*P W Bridgman, J. App. Phys. 12, 461 (1941). 


shortening in simple compression when supported 
by high hydrostatic pressure. The pistons of the 
piezometers used in measuring compressions to 
100,000 kg/cm 2 are made of Carboloy, and be¬ 
cause of this, considerable work has been done in 
examining the behavior of the piston material. In 
general the grades of Carboloy containing small 
percentages of cobalt are best suited for pistons. 
I have used the grades known as 90S, and lately 
exclusively 999. Shortenings in simple compres¬ 
sion up to 10 percent have been observed at 
hydrostatic pressures around -30,000 kg/cm 2 . 
Carboloy does not work harden when it yields 
plastically in compression, but the shortening 
continues proportionally to time. Compressive 
stresses as high as 150,000 kg/cm 2 have been ob¬ 
tained in Carboloy for a short time. The rate of 
yield under these conditions is, however, so high 
as to make the use for pistons infeasible. My 
pistons in the compression measurements have 
seldom been carried above 110 , 000 , and more 
usually are not carried above 105,000. Under 
these stresses the total plastic shortening of the 
pistons is something of the order of one quarter of 
a percent for a duration of maximum stress of 
fifteen minutes. There is considerable variation in 
piston material of ostensibly the same composi¬ 
tion, and it pays to make a preliminary examina¬ 
tion in order to pick out the best pieces. 

It is not inconceivable that other materials 
than Carboloy would be better adapted for 
standing high compressive stress when supported 
by hydrostatic pressure, even though the ma¬ 
terial might not be so well adapted for ordinary 
conditions of use. The natural direction in which 
to seek for improvement is in diminishing the 
amount of binder, since it would appear that the 
plastic flow takes place in the binder. A cursory 
examination was made of some of the more 
obvious or easy possibilities, but with no im¬ 
provement. In fact, none of the materials tried 
approached Carboloy in performance; doubtless 
we went too far in the direction of minimizing the 
binder. In this exploration I was fortunate to 
obtain the cooperation of Mr. deWald, who has 
specialized in the subject, and who prepared the 
specimens for me at Massachusetts Institute of 
Technology, where he enjoyed the facilities of the 
Department of Metallurgy. The following ma¬ 
terials were tried with the following results. 
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(1) A mixture of 97 percent TaC, 2 percent VaC, and 1 
percent MoaC with no binder. Under a pressure of 23 000 
kg/cm* this failed with a completely brittle fracture under 
a superposed compressive stress of 36,000 kg/cm 2 . 

(2) WC with 0.25 percent Co as binder. Under 25,000 
kg/cm* this failed brittlely under 47,500 kg/cm 2 superposed 
compressive stress. 

(3) TaC with 0.25 percent Ni as binder. Under 25,000 
kg/cm 2 hydrostatic pressure this failed brittlely under 
30,700 kg/cm 2 superposed compressive stress. 

There is, room for much more work on this 
subject. In particular, systematic investigation 
should be made of the effect of varying the grain 
size and the time and temperature of sintering. 

DISCUSSION 

This should be regarded as a first paper on this 
subject, in which the general nature of the effects 
is suggested; there is obviously need for much 
more investigation in detail, both with a wider 
range of materials and a wider range of stress 
conditions. 

Perhaps the most important single result is to 
emphasize the reality of a condition of fracture 
which may often be disregarded. This is: fracture 
cannot occur unless the process of fracture is an 
energy releasing process. The reason that in the 
idealized experiment with which we started our 
exposition tensile fracture could not occur until 
the superposed tension reached a value at least 
equal to the ambient hydrostatic pressure was 
merely that fracture under these conditions was 
not an energy-releasing process. For if fracture 
were to occur, the work done against the hydro¬ 
static pressure would be greater than the work 
received from the force producing the tension. 
The fact that fracture occurs in the actual experi¬ 
ment under tensions less than the hydrostatic 
pressure, that is, against a net compressive stress, 
is a consequence of the difference between the 
ideal and the actual case. This difference is in the 
lateral conditions. In the ideal case, there was an 
infinitely rigid sheath shielding the lateral surface 
from entry by the pressure liquid if a crack should 
appear. In the actual case, the sheath is not 
infinitely rigid, and if the external pressure is high 
enough, the sheath may be forced into incipient 
cracks, and this is an energy-releasing process. 
According to this view, tensile fracture of a 
brittle substance in a medium carrying hydro¬ 
static pressure starts on the external surface. 


This view is confirmed by the extreme sensitive¬ 
ness of tensile fracture under these conditions to 
the surface conditions. Thus in the case of glass, 
we may have fracture by the “pinching-off" effect 
at a pressure of 1500 kg/cm 2 if the external 
medium is water, and at a pressure of 3000 or 
4000 if the medium is oil, or otherwise expressed, 
fracture at superposed tensions of 1500 and 3000 
or 4000, respectively. But if the external medium 
is Neoprene or lead or copper we have seen that 
tensile fracture occurs at superposed tensions of 
5900, 15,500, and 24,500 kg/cm 2 , respectively. 
There is a specific effect of hydrostatic pressure 
concealed in this comparison, but this effect does 
not obscure the main result. The surface condi¬ 
tions at glass are doubtless complicated, and at 
least in the case of water involve a chemical 
factor as well as a purely mechanical factor, since 
it is known that water is forced by pressure into 
the surface layers of glass. Brittle substances thus 
differ essentially from the substances which flow 
plastically before yielding in tension which have 
been made the subject of previous study. In the 
case of these ductile substances, fracture starts in 
the interior on the axis, where the tensile stress is 
a maximum, because of the stress redistribution 
produced by the necking itself, and always at 
values of the tensile stress materially higher than 
the ambient hydrostatic pressure. Fracture under 
these circumstances is again an energy-releasing 
process, localise although work is done against 
the external pressure when a cavity appears in 
the inside, nevertheless the work received from 
the tensile stresses more than compensates be¬ 
cause of their greater intensity. The fact that 
fracture starts at the inside explains the con¬ 
sistency of the results on fracture of ductile 
substances as contrasted with the capriciousness 
of the results for a brittle substance like glass. 

From the point of view of energy release it is 
easy to understand the very much greater 
strength of glass to compressive stresses when 
supported by hydrostatic pressure than to tensile 
stresses. In the experiments above under a 
hydrostatic pressure of 27,000 or 28,000 kg/cm 2 
the maximum superposed tensile stress supported 
was 24,500 kg/cm 2 (copper sheath), whereas a 
superposed compressive stress of 47,000 was ob¬ 
served. When.fracture occurs under tensile stress 
combined with hydrostatic pressure two processes 
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occur, both energy-releasing. The force producing 
the tension does work, and the pressure does 
work, because when tension is released the volume 
of the specimen decreases. But when fracture 
occurs under one-sided compressive stress, only 
one of the processes is energy-releasing. The force 
producing the compressive stress again does 
work during the fracture, but, since the volume 
increases on release of compressive stress, work is 
done against the pressure by the fracture. 

From the point of view of energy release there 
is no particular significance as to whether the 
superposed tensile stress under which fracture 
occurs is greater or less than the hydrostatic 
pressure, that is, whether 1 the tensile fracture 
occurs against a net tensile or compressive stress. 
For in either case the process of fracture may be 
resolved into two components, both energy¬ 
releasing. The significant thing is the lateral 
conditions, and the extent to which the sur¬ 
rounding hydrostatic pressure may follow through 
into any crack which appears, doing work in the 
process. In the case of ductile materials, when a 
crack appears on the surface the propagation is 
by a process of slip, which is not energy-reteasing 
for the pressure, so that the fracture does not 
spread. 

Both the strong dependence on the surface 
conditions in brittle fracture under hydrostatic 
pressure and the condition of energy release 
emphasize that there can be no single criterion of 
fracture in terms of stress and strain at a point 
only. 

The actual experimental conditions differ from 
those of the idealized experiment in another im¬ 
portant respect than the rigidity of the sheath, 
namely in the molecular structure of the speci¬ 
men under test. In the idealized experiment, the 
material was thought of as structureless, and 
capable of indefinite and microscopically homo¬ 
geneous distortion, as in the mathematical equa¬ 
tions of elasticity theory. Actually, the material 
is composed of molecules, which have a certain 
impenetrability preventing indefinite approach, 
so ^iat when strain is pushed too far individual 
molecules must be forced out of their positions by 
a series of discrete operations. It is doubtless 
something of this sort that is responsible for the 
remarkable separation of the glass tension speci¬ 
mens into thin disks, often, but not invariably, 


observed after simultaneous exposure of glass to 
pressure and tension. As tension increases, lateral 
contraction increases, and there must ultimately 
come a time when some of the molecules are 
brought into such close contact that they are 
forced out of their normal positions into neigh¬ 
boring spaces that have been opened by .the 
simultaneous longitudinal extension. This process 
of molecular transfer is irreversible. When streas 
is released these displaced molecule act like 
internal wedges, distending the structure, which 
eventually fractures as in tension when stress is 
reduced far enough. A similar sort of thing has 
been found in other situations; fracture on release 
of stress would appear not to be uncommon. A 
somewhat similar state of affairs may be brought 
about in glass if foreign molecules are forced into 
the interior at the surface. Thus disking was 
almost always found in glass after a failure by the 
pinching-off effect in water as the transmitting 
medium. 

The question has been much discussed of the 
great discrepancy between the experimental 
values of fracture stress and those calculated 
theoretically from various points of view. These 
considerations may have some bearing on this 
question. Strength in tension for a brittle sub¬ 
stance we have seen to be an indeterminate 
matter, depending on the surface conditions. 
Under hydrostatic pressure breaking strengths in 
tension may be expected, with proper surface 
conditions, up to at least the magnitudes of the 
hydrostatic pressure. With pressures of the mag¬ 
nitude reached in these experiments, this is 
bringing the breaking stress up within reach of 
the theoretical values. In compression, depend¬ 
ence on the surface conditions is not to be 
anticipated, because the surface action that 
would take place at fracture is not energy re¬ 
leasing. Very large values of compressive strength 
can be reached, as for example 47,000 kg/cm 2 in 
Pyrex glass against some 2000 under ordinary 
conditions, or an increase of some 25-fold, again 
getting within sight of theoretical expectations. 

It seems probable that the increases in com¬ 
pressive strength brought about by hydrostatic 
pressure are much greater for glass-like substances 
than for crystals. This is caused by the inter¬ 
locking of the molecules in a glass, which is 
accentuated by pressure, making relative dis- 
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placement more difficult. The effect is analogous 
to the very large increase of viscosity under pres¬ 
sure observed in some liquids with complicated 
molecules. In a crystal, on the other hand, the 
regular structure provides the possibility of 
internal slip. The plastic distortion of the crystal 
of AljOs is a case in point. The behavior of a 
crystal under compression is doubtless a highly 
specific property of the kind of crystal; 1 have 
never been able to produce measureable flow in 
crystalline quartz, although experiments on the 
collapsing of negative crystals show that some 
flow must be present. 

Certain of the points emphasized here recall 
the point of view of Poncelct in a paper in Volume 
VI of Alexander's Colloidal Chemistry. Poncelet 
regards brittle fracture in tension as originating 
at the surface, and also emphasizes the role 
played by the “particulate” structure of ordinary 
matter as distinguished from the homogeneous 
isotropic structure assumed in the mathematical 
theory of elasticity. 

Rowe and Gurney 8 have concluded from their 
experiments on the fracture of glass under 
“radial” pressure (my “pinching-off” effect) that 
Griffith's theory of fracture is essentially correct. 
According to this theory an actual specimen of 
glass is filled with minute crevices, with corners so 
sharp that under ordinary tensile load there may 
be stress concentrations at the corners by as 
much as a factor of 600. The breaking strength of 
geometrically perfect glass would thus be of the 
order of 6,000,000 p.s.i., which is of the order of 
the theoretical value, whereas the strength of an 
actual piece of glass is of the order of only 10,000 
p.s.i. Under radial pressure fracture starts at the 
surface cracks. Rowe and Gurney have shown 
that assuming stress concentrations of 600, 
failure under radial pressure would be expected to 
occur at a pressure very approximately equal 
numerically to the ordinary breaking stress in 
tension, and this does in fact approximately agree 
with their experimental results. I think it must be 
admitted that qualitatively the Griffith point of 
view has considerable to recommend it. The 
strong dependence of fracture on surface condi¬ 
tions, for example, is consistent with its picture. 

Qualitatively, Griffith's picture would lead to 
the expect ation of pressure coefficients of tensile 

• C. Gurney and P. W. Rowe, Second reference under 5. 
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strength of completely sheathed brittle material 
of the order of magnitude of unity, and this also 
agrees with the experimental results above, and 
again indicates a real value in Griffith's point of 
view. It would not be easy to make a more precise 
calculation of the exact coefficient to be expected 
for completely sheathed specimens, however, be¬ 
cause of the complicated nature of the surface 
conditions, and various other over-simplifications 
discussed in the next paragraph. 

I question, however, whether other considera¬ 
tions do not play a vital role and whether the 
Griffith's picture is not much over-simplified. For 
instance, the surface conditions are in fact com¬ 
plicated, and involve chemical as well as purely 
mechanical factors, as shown by the very great 
effect of pressure media such as water or alcohol 
as contrasted with the oil used by Rowe and 
Gurney. Again, the ordinary concepts of stress 
and strain are carried down to a fineness of scale 
where there are stress concentrations of 600, 
whereas stress and strain are properly macro¬ 
scopic concepts. At this scale of magnitude, the 
conditions of fracture arc applied in the form that 
fracture occurs when the maximum tension 
reaches a critical value, irrespective of the other 
components of stress and independent of the 
strains. This condition of fracture does not seem 
to me to have any greater plausibility on the 
microscopic scale than on the macroscopic scale. 
The assumption of such a criterion amounts, 
among other things, to postulating that a pure 
hydrostatic pressure exerts no specific effect on 
the fracture properties of a substance. This is 
certainly not the case for ductile substances, as 
shown by my experiments on the enormous in¬ 
crease of the ductility of steel under pressure. 
The same thing is shown by the experiments of 
Rowe and Gurney themselves on plastics, which 
under their conditions of radial pressure tolerated 
an elongation before fracture eighteen times 
greater than under normal conditions. These 
results can properly be described as an increase of 
ductility under pressure. If plastic materials have 
their properties thus drastically altered by hydro¬ 
static pressure it would seem to be only reason¬ 
able to expect some effect also on brittle sub¬ 
stances. This is strongly suggested by the great 
increase of strength to simple compressive 
stresses found above for glass under high pressure. 
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The high tensile strength acquired by Carboloy 
under pressure is worthy of notice. The tensile 
stress at fracture is much higher than the 
surrounding hydrostatic pressure in the case of 
this material, so that the net stress at fracture is 
a tension. It is not necessary in this, or similar 
cases, therefore, to suppose that surface con¬ 
ditions play any role in the process, and the 
increase of strength may be a specific effect of 
pressure. The absolute value of the tensile 
strength, between 50,000 and 60,000 kg/cm 2 , is 
not far from that which has been observed in 
steel, pulled to the limit of ductility and strain- 
hardened under pressure. A possible explanation 
of the effect in Carboloy is that it is associated 
with the cementing film of cobalt on the surface 
of each grain of carbide; the cobalt becomes 
ductile under pressure and strain-hardens in a 
way similar to steel. 

A question that naturally presents itself in con¬ 
nection with these experiments is under what 
conditions does a substance lose its brittleness 
and become ductile under pressure? In order to 
deal with this question it is necessary to consider 
the concept of brittleness itself. It is not'uncom- 
mon to speak of a brittle fracture, and in fact this 
usage has been followed in this paper. Such usage, 
however, employs a specialization and extension 
of meaning, because 4 ‘brittle” properly does not 
refer to the process of fracture, but to what comes 
before the fracture. If the substance fractures 
before it receives permanent set, as shown by a 
permanent change of dimensions on release of 
stress, then the substance is brittle; if the sub¬ 
stance fractures after it has received permanent 


set, then it is plastic or ductile. So far as the act of 
fracture itself is concerned it may be charac¬ 
terized as a shearing fracture or a tensile fracture, 
but not as a brittle fracture. When a brittle 
fracture is spoken of, what is meant is the 
fracture of a brittle substance. But strictly, from 
this point of view, all fractures might be spoken 
of as brittle, for a plastic substance which has 
been work-hardened to the limit and then frac¬ 
tures is, when at the point of fracture, a brittle 
substance. There is thus a considerable verbal 
element in the concept of brittle. Furthermore, 
the concept is not sharp, because if measurements 
are increased in sensitiveness plastic flow may be 
discovered before fracture where formerly with 
rougher measurements none appeared. In prac¬ 
tise all that can be meant is fracture with no 
noticeable preliminary distortion. 

In answer to our question as to what substances 
lose their brittleness under pressure, it may now 
be said that as a rough qualitative matter a 
crystalline substance, particularly if it is cubic, is 
more likely to become measureably plastic under 
pressure than an amorphous substance like glass. 
The observed plasticity of crystalline AljOa 
described in this paper lends plausibility to this 
statement. The limits are not sharp, however, 
and there is enormous variation in the numerical 
magnitude of the effect, as illustrated by the 
variation from soft gteel to beryllium. In fact, 
even in the case of quartz crystal or glass an 
infinitesimal amount of flow must exist in 
principle, as shown by the spontaneous breakage 
of these materials under some circumstances a 
long time after exposure to high pressure. 


Addendum and Erratum: the Thermoluminescence and Conductivity of Phosphors* 

Q. App. Phys. 17, 743 (1946)] 

Robert C. Herman and Charles F. Meyer 
Applied Physics Laboratory , Johns Hopkins University , Silver Spring, Maryland 
(Received November 21, 1946) 


N a recent paper with the above title, 1 the vari- 
%tions in the luminescence and conductivity 
of zinc sulphide type phosphors during infra-red 

* A portion of the work described in this paper has been 
supported by the Bureau of Ordnance, U. S. Navy, under 
contract NOrd-7386. 

1 R. C. Herman and C. F. Meyer, J. App. Phys. 17, 743 
(1946). 


illumination were discussed. The solutions given 
for the differential equations describing these 
processes are valid only in the case in which the 
retrapping of electrons is negligible. Recently, 
Klasens and Wise 2 derived the solution for the 

1 H. A. Klasens and M. E. Wise, Nature 158,483 (1946). 
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Fig. 1. The fraction of empty luminescent centers, rj , and 
the fraction of trapped electrons, f, versus at for c Q /a=* 0.1 
and ««0, 2. 

special case in which the cross section for capture 
of a conduction electron into a trap is equal to 
the cross section for capture into an empty 
luminescent center or hole. At the present time 
we are obtaining general solutions to this problem 
by means of a differential analyzer and wish to 
indicate some of the preliminary results. 

The general solutions of Eq. (1) in reference 1 
involve the following parameters 3 : €, the ratio 
of the cross sections for electron capture into 
empty traps and empty luminescent centers or 
holes and the parameter e 0 /a, where Co=*<rh/hv t 
and a*=*ANi. In Fig. 1, the fraction of empty 
luminescent centers, iy, and the fraction of 
trapped electrons, f, are plotted versus at for 
€ = 0 and 2 with the time t in seconds. The corre¬ 
sponding variations of the luminescent intensity, 
/, proportional to $iy, are plotted in Fig. 2. The 

•Note that A—*V f where <r is the cross section for 
capture into a hole, V the velocity of a conduction electron; 
I o is the intensity of the incident infra-red light, and N i the 
number of electrons per cm* trapped originally. 



Fig. 2. The variations of fri, proportional to the luminescent 
intensity, versus at for co/a*»0.1 and «*»0, 2. 


behavior of {, which is proportional to the 
current i, can be obtained from Fig. 1 since 

We take this opportunity to point out that 
Eq. (12) in our recent paper 1 should be written 
as follows: 

*T l =exp(y— a/Co) 

- (a/co) [£i( - y) - Ei( - y 0 ) ] expy 

where y = (a/co) exp(-Cot), y 0 = a/co t a=AN u 
and t) = nn/Ni. This modifies Fig. 4 of the original 
paper in the manner shown for e = 0 in Figs. 1 
and 2 of this note. The conclusions drawn from 
Fig. 5 remain unaltered. 1 

More detailed information on the effect of the 
retrapping of electrons on the luminescence and 
conductivity of phosphors during infra-red illumi¬ 
nation as well as on the phenomenon of thermo- 
luminescence will be published in the future. 

We express our appreciation to Drs. G. C. 
Munro and D. T. Sigley of the Applied Physics 
Laboratory for their interest in this problem and 
thank the differential analyzer staff of the Moore 
School of Electrical Engineering, University of 
Pennsylvania for their cooperation. 
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Letters to the Editor 


On the Action of Cutting Oils 

G. P. Brewington 

iAwrence Institute of Technology , Detroit , Michigan 
December 5, 1946 

E RNST and Merchant 1 have studied the efficiency 
(cutting ratio) of a number of cutting fluids on several 
metals and, for aluminum, have attempted to relate various 
physical properties of these fluids with observed cutting 
performance. They conclude ". . . that no relationship 
whatever appears to, exist between the physical property 
and the cutting ratio.” Even though the data given either 
in the paper referred to in reference 1 or in other source^ are 
not as extensive as desired, it appears that some relation¬ 
ship does exist. t 

Those materials having a high cutting ratio appear to 
belong to that group of compounds having a sulfur (—SH) 
or chlorine in a low state of valence at the end of a short 
chain hydrocarbon. This would suggest that some of the 
higher valences of the sulfur and chlorine become active in 
the strong force fields known to exist at the newly formed 
surfaces of the work and chip, with the result that the 
molecule then adheres to the surface, thus reducing its ac-' 
tivity and tendency to seize. The element fluorine exhibits 
only one valence but does form an analogous group of com¬ 
pounds similar to those of chlorine; it should be interesting, 
therefore, to compare the cutting ratios of these two fluids. 
The results obtained from cutting measurements <$n alu¬ 
minum using a series of alcohols as cutting fluids may be 
due to a more common type of chemical action. If certain 
assumptions in the use of thermocbemical data can be 
granted, the methanol-aluminum surface reaction must be 
sufficiently energetic to remove completely an aluminum 
atom, while the higher alcohols tend to attach themselves, 
through the —OH radical, to the surface and form a mono- 
molecular film. It would appear that an approach some¬ 
what different from that used by Ernst and Merchant could 
be found in the surface energy studies of Bartell et al .* 

The literature in the field of cutting oils is largely in the 
form of advertising and, while quite readily available, does 
not yield much quantitative information. Apparently in¬ 
numerable experiments have been performed and reported 
only by word of mouth. Among such is a statement of high 
success associated with the use of a small stream of dry 
HC1 gas playing on the cutting edge of a tool cutting steel, 
Should the HC1 gas be as good as reported, and the cutting 
ratio as a function of cutting speed curve, as observed by 
Ernst and Merchant, 1 change materially, some indication 
as to the role of diffusion of the active agent in cutting 
phenomena might be obtained. Certainly the mobility of 
HC1 gas would be much higher than that of larger organic 
moleci^es dissolved in liquids. It also should prove very 
interesting, if further data were available, to attempt to 
correlate the “cutting ratio” of various fluids with electron 
configurations of the active end of the molecule. 

The cutting process viewed from any angle is extremely 
complicated and anyone who attempts to single out one 


phenomena for consideration is on dangerous ground. As¬ 
suming however, for this discussion, that tool failure at 
least depends on fatigue, which frequently can be associated 
with oscillation or standing wave phenomena, the varying 
force experienced by a tool tip must set up a standing wave 
pattern, possibly of ultrasonic frequencies, in the tool itself. 
This would suggest that the tool shape, particularly in 
carbide tools, should be such as to offer less opportunity 
for well-developed standing wave patterns to become estab¬ 
lished. One isolated unintentional experiment, reported 
verbally to the author, in which an “irregular chunk” of 
carbide brazed in a tool gave very good life, tends to sug¬ 
gest that other than the conventional form of tools might 
be further investigated. 

'Hie author wishes to thank Mr. H. A. Montgomery, 
president of the H. A. Montgomery Oil Company, for first 
suggesting that a problem, somewhat related to that dis¬ 
cussed above, should be studied and also to Mr. W. Woijto- 
wicz for many discussions of similar phenomena. 

* "Surface Treatment of Metals," Symposium, Am. Soc. Metals 
(1940). 

»Am. Chem. Soc. 56, 2205 (1934); J. Phys. Chem. 40, 881, 889, 895 
(1936). 


Approximation for Absorption Displacement in 
X-Ray Diffraction by Highly Absorbing 
Cylindrical Samples 


ZlGMOND W. WlLCHINSKY 

Esso Laboratories, Standard Oil Company ( N . J.), Baton Rouge, 
Louisiana 
November 18, 1946 


I N an article by Warren 1 treating displacement of dif¬ 
fracted x-rays caused by absorption in cylindrical 
samples, it was shown that for very high absorption, the 
displacement AS on the film is given by 


A S-(l+R/D)r 


sin20—20 cos20 
4 sin0-f 4 cos*0 In tan^- 



where R is the radius of the Debye camera used, r is sample 
radius, and D is the distance from the sample to the point 



Fig. 1. Comparison of exact expression curve A with approximation 
curve B. Ratio of A to B is shown In C. 
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Fig. 2. Diffraction of a parallel x-ray beam from the surface of a 
highly absorbing cylindrical sample. By virtue of the above construc¬ 
tion, B, the center of arc ABC lies on the bisector of the supplement of 
26 giving the above relationship among the angles. 

from which the beam diverges. The purpose of this note is 
to point out that an approximation useful for general work 
is simply 

AS=(l+R/D)r cosO. (2) 

This approximation is compared with Eq. (1) in Fig. 1, 
It can be noted that the approximation is best for small 
values of 0. As 0 increases, the magnitude of the departure 
increases at first, goes through a maximum, then decreases 
to zero at 0** 90°. The fractional departure however, in¬ 
creases steadily as can be gathered from curve C which is 
the ratio of (1) to (2), or simply the bracket in (1). At 
0 = 90°, curve C attains the value */ 4. 



Fig. 3. Additional displacement caused by beam divergence. 

A physical interpretation of the approximation (2) can 
be obtained with the aid of Fig. 2. First consider a parallel 
incident beam. For the right half of the sample, only the 
surface generated by moving ABC parallel to the sample 
axis is capable of contributing to the diffraction correspond¬ 
ing to 0. Assuming that the center of gravity of the dif¬ 
fracted beam coincides with the ray diffracted from B the 
center of arc ABC , we find that S' is displaced parallel to 
the ideal position 5 by an amount r cos0. 

If the beam diverges from a point distant D from the 
sample (sec Fig. 3), the angle of divergence of the ray to B 
is very nearly (r/D) cos 0. Therefore at the film, the ray 
diffracted from B is deviated by an amount R(r/D) cos 9, 
in addition to the quantity r cos0 fc> the parallel case; the 
sum of the two effects is Eq. (2). 

1 B. E. Warren, J. App. Phys. 16, 614 (1945). 
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Here and There 


New Appointments 

J. H. Dillon, formerly with the Firestone Tire and Rubber 
Company, is now director of research of the Textile Re¬ 
search Institute, Inc., and of The Textile Foundation. 

Frank M. Clark, insulation expert at the Pittsfield Works 
of the General Electric Company’s Apparatus Department 
and assistant engineer of the Works Laboratory there, has 
been named technical consultant on insulation of the entire 
Apparatus Department. 

W. Ewart Williams, English scientist now residing in the 
United States, has been appointed a consulting physicist 
on the research and engineering staff of Bausch and Lomb 
Optical Company. 

Awards 1 

The Medal of Freedom, the nation’s second highest deco¬ 
ration for civilian achievement in wartime, was awarded 
recently to two members of the staff of the National Bureau 
of Standards: Lauriston S. Taylor, chief of the X-Ray 
Section, and Fred L. Mohler, chief of the Atomic Physics 
Section. Mr. Taylor was also awarded the Bronze Star 
Medal. 

Electron Jubilee Celebrations 

The fiftieth anniversary of the discovery of the electron 
by the British physicist, Sir Joseph Thomson, will occur 
this year. To mark this jubilee and to demonstrdTe the 
tremendous influence such an advance in pure physics may 
have on the life of the community, the Institute of Physics 
and the Physical Society are jointly arranging a series of 
meetings and other functions to take place on September 25 
and 26, 1947, in London. A special exhibition which will 
remain open to the public for several weeks will be held at 
the Science Museum, South Kensington, and will show the 
development of the vast range of modern industrial equip¬ 
ment from its earliest experimental origins. 

Radio Engineering Show in March 

The Annual Radio Engineering Show, a part of the 1947 
National Convention of The Institute of Radio Engineers, 
will be held in Grand Central Palace, New York, March 
3-6, 1947. The displays will be strictly of an engineering 
nature—transmitter equipment, instruments, component 
parts, and radio direction and location devices. 

Commemoration Program at Argonne 
National Laboratory 

Major General Leslie R. Groves and Enrico Fermi were 
the principal speakers at the anniversary program held 
December 2 at the Museum of Science and Industry in 
Chicafo, commemorating the initial operation of the first 
self-sustaining nuclear chain reaction. 

Research Physicists and Engineers Needed by NACA 

The following statement was issued recently by the 
National Advisory Committee for Aeronautics: 


“Physicists and engineers with research experience in 
problems related to aeronautics are needed by the National 
Advisory Committee for Aeronautics. Areas of research 
include the following: electronics, electrical measurements, 
servomechanisms, optics, interferometry, spectroscopy, 
electron or x-ray diffraction, mechanics of static or moving 
bodies, thermodynamics, aerodynamics, hydrodynamics, 
gas dynamics, metallurgy, lubrication, heat engines, mathe¬ 
matics, and other fields. 

“The work of the NACA is to solve the fundamental 
problems of flight. This work is accomplished by means of 
basic research, consisting of experimental investigations 
and the development of theories needed for the prediction 
and explanation of aeronautical phenomena. The informa¬ 
tion obtained from this basic research' is disseminated 
through publications to the field of aeronautics, where its 
application leads finally to the design and development of 
the nation’s aircraft. 

“This work is carried forward at three laboratories. The 
Langley Memorial Aeronautical Laboratory, Langley Field, 
Virginia, and the Ames Aeronautical Laboratory, Moffett 
Field, California, were constructed for, and are principally 
devoted to aerodynamic studies of the problems of flight 
and aircraft structures. Both are devoting a major portion 
of their work to fundamental problems of transonic and 
supersonic flight. Langley is also doing advanced research 
on the problems of guided missiles. 

“The Aircraft Engine Research Laboratory, Cleveland, 
Ohio, i9 specifically designed for aircraft propulsion re¬ 
search. At the present time, the Cleveland facilities are 
primarily devoted to research investigations of the turbo 
jet, turbo propeller, ram jet, and rocket type power plants. 

“Applications for positions or requests for further in¬ 
formation should be addressed to the personnel officer of 
one of the laboratories.” 


Calendar of Meetings 

February 

15 American Geophysical Union, Pasadena, California (Section of 
Hydrology) 

16- 19 American Institute of Chemical Engineers, Louisville, Ken¬ 

tucky (regional meeting) 

20-22 Optical Society of America, New York, New York 
22 American Mathematical Society, New York, New York 
24-25 Inter-Society Color Council, New York, New York (Joint 
Meeting with the Technical Association of the Pulp and 
Paper Industry on the 25th) 

24-27 Technical Association of the Pulp and Paper Industry, New 
York, New York 

24-28 American Society for Testing Materials, Philadelphia, Penn¬ 
sylvania 

March 

2- 5 American Society of Mechanical Engineers, Tulsa. Oklahoma 

3- 6 Institute of Radio Engineers, New York, New York 

17- 21 American Institute of Mining and Metallurgical Engineers, 

New York, New York 

22-27 American Society for Metals, Oakland, California 
28 Institute of Aeronautical Sciences, Cleveland, Ohio 

April 

4- 5 American Physical Society, Southeastern Section, Salisbury. 

North Carolina 

9-11 Society of Automotive Engineers, New York, New York (Aero¬ 
nautic Meeting) 

14-18 American Chemical Society, Atlantic City, New Jersey 
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Ordnance Research Laboratory 

By Eric A. Walker* 

The Pennsylvania State College, State College, Pennsylvania 


T HE purpose of the Ordnance Research 
Laboratory at The Pennsylvania State 
College is to provide the Navy with an organ¬ 
ization which can do research and development 
in an academic atmosphere. It differs from the 
Naval Ordnance Laboratory at White Oak, 
Maryland, and the Naval Research Laboratory 
in one important respect, namely, that this 
organization is completely under civilian control 
and has no Naval officers on its scientific or 
administrative staff. The organization of such 
laboratories as the Naval Ordnance Laboratory 
is too well known to demand further discussion 


much larger problems, so that by 1943 the 
Ordnance Division of HUSL was firmly estab¬ 
lished. The major portion of this group was 
moved to the Ordnance Research Laboratory 
during the summer of 1945. 

The Laboratory itself is housed in a two-story 
brick structure built especially for this purpose 
during the summer of 1945. This building affords 
approximately 30,000 square feet of space laid 
out in offices, laboratories, and shops in accord¬ 
ance with the needs. The Laboratory also oper¬ 
ates two field groups, one at Newport, Rhode 
Island, and another at Fort Lauderdale, Florida. 


at this time. It is recognized that such an 
organization cannot be perfect in all respects, 
and this new Laboratory represents an attempt 
to meet the problem of providing research for 
the Navy in a slightly different way. 

Although the Laboratory was officially founded 
on January 1, 1945, it did not start work in its 
new building until October 1, 1945. However, 
the organization is much older than this. Many 
of the members of the staff were recruited from 
the Harvard Underwater Sound Laboratory, 
which itself was founded in 1941 and devoted 
most of its energies to submarine detection prob¬ 
lems. Because .of the caliber of some of the 
scientists, the Harvard Underwater Sound Labo¬ 
ratory was asked to undertake an ordnance 
problem which eventually grew into many and 

* Director, Ordnance Research Laboratory. 



i Fvtenor of Ordnance Research Laboratory, 
jhitecturally attractive. 
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Fig. 2. A view of the Black Moshannon Calibration 
Station for underwater sound devices. This calibration 
station is set on piles over a lake in a state forest. The 
general appearance is that of a Swiss chalet, and it was 
designed specifically to harmonize with its rural surround¬ 
ings. 

The one at Fort Lauderdale, Florida, will shortly 
be moved to a new laboratory structure at Key % 
West. Both of these laboratories are modern 
buildings with office space, laboratory, and shops, 
but their work primarily is that of field testing 
the finished product or of obtaining fundamental 
determinations on which working designs can be 
based. At each of the field stations there exists a 
small core of four or five men who are on a 
permanent basis. The remainder of the staff is 
composed of scientists who are sent to the field 
stations for periods of from a few days to several 
months in order to test their designs. 

The relationship between the Laboratory and 
the College is relatively simple. The Laboratory 
is established as a department of the School of 
Engineering in exactly the same way as any 
other department, such as Aeronautical, Civil, 
Electrical Engineering, etc. All members of the 
Laboratory staff are regular employees of the 
College. The scientists atfe given the academic 
titles of Professor, including the usual Associate 
and Assistant Professorships, or of Research 
Assistant, which in the usual academic scale 
corresponds to Instructor. Technicians hired as 
specialists in a particular field are usually classed 
as Assistants. The remainder of the staff, in¬ 
cluding machinists, clerks, and secretaries, carries 
appropriate designation. The direct line of re¬ 
sponsibility between the Laboratory and the 
remainder of the College is through the Director 
and the Dean of the School of Engineering. 


The relationship with the Navy is a much 
more tenuous one than that existing with the 
College, since there is only one Naval officer 
attached to the Laboratory. In fact, the Navy, 
by a contract between the College and the Bureau 
of Ordnance, sets aside a certain fund for the 
Laboratory to use in doing research and develop¬ 
ment on underwater ordnance. The Naval Ord¬ 
nance Officer is expected to be cognizant of all 
the activities of the Laboratory and must ap¬ 
prove certain business transactions which, be¬ 
cause of their financial magnitude, seem to 
require prior Navy approval. The scientific tie 
between the Laboratory and the Navy is almost 
placed on a personal basis. The Navy does not 
write a directive on which the Laboratory must 
act, but most research programs undertaken by 
the Laboratory originate with the scientific staff 
of the Laboratory and are then submitted to the 
appropriate Naval officers for their appro\al. 
Because liaison between Naval officers and the 
scientific staff is a rather close and cordial one, 
usually there are a number of discussions pre¬ 
ceding any formal proposal, and to date things 
are so well prepared that no proposal has been 
made which has not been accepted. This method 
of problem approval is a valuable one from the 
Laboratory’s viewpoint because it serves as an 
automatic check on the work of the Laboratory 
and insures against scientists going off on un¬ 
precedented problems, while allowing the staff 
to judge the worth of the investigation and, to a 
great extent, to follow their own interests. 

The internal organization of the Laboratory 
is not particularly novel, but it must stress 
certain factors which have to do with the product 
of the Laboratory, namely, scientific research. 
The Laboratory is headed by a Director and 
several Assistant Directors, but the weekly 
review of the working operations comes under 
the cognizance of a Council. This Council con¬ 
sists of the Directors of the Laboratory, includiiig 
the Business Manager and Personnel Director, 
the leaders of all the sections, and the project 
engineers in charge of the major projects of the 
Laboratory. The scientific staff is organized both 
horizontally and vertically. There are five major 
scientific sections: Acoustics, Electronics, Applied 
Mechanics, Hydro- and Aerodynamics, and 
Mathematics. These may be further subdivided. 
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For instance, the Electronics Section is divided 
into a research division, a development division, 
and a production division, which undertake the 
particular functions indicated. 

The Applied Mechanics Section is divided in a 
different manner, since it must fill a service 
function for the remainder of the Laboratory. 
It includes a design division which is expected to 
carry on all mechanical design through the blue¬ 
print stage, and the shops, which are expected to 
produce the mechanisms. This section also em¬ 
ploys a number of mechanical designers or engi¬ 
neers who are expected to carry on any research 
projects which fall into this classification and to 
serve as representatives of this section in a 
manner which will be outlined later. 

The Acoustics Section has research, develop¬ 
ment, and construction functions, and also test 
responsibilities which include the test of any 
acoustical device which is produced in this Labo¬ 
ratory or a device on which tests may be re¬ 
quested by other organizations. 

The Hydro- and Aerodynamics Section is cur¬ 
rently being organized. It will consist of two 
major divisions, the first concerned with the 
mathematical aspects of aero- and hydrody¬ 
namics with special emphasis on body shapes, 
propellers, and cavitation. The other division 
will be concerned with operations for the test of 
these devices either at sea or in the water tunnel. 

The Mathematics Section, because of the 
peculiar nature of its work, has little or no 
formal organization. 

The work of the Laboratory is usually concen¬ 
trated in a small number of major projects. These 
projects are almost entirely development work, 
and therefore they come under the cognizance 
of a project engineer. In assembling a staff for 
any particular project, the project engineer may 
feel that he needs the services of engineers or 
scientists skilled in particular scientific fields, 
so he may request the proper section leader to 
assign to him a scientist who is familiar with the 
type of problem which he expects to meet. 
Conversely, the section leader, knowing a project 
is to be undertaken, may decide that this par¬ 
ticular project has a number of features in which 
his group will be interested. He may then request 
representation and assign to the group a scientist 
who will pass on all of the designs which come 


in his field and who will keep the section leader 
informed of the progress of the work. 

The work in a project usually divides itself 
into a construction phase which is undertaken at 
the main laboratory and a test phase which is 
undertaken at one of the field stations. One of 
the inviolable principles of operation is that the 
group which tests a device must be the same 
group which designed and supervised its as¬ 
sembly at the home laboratory. This serves to 
preserve continuity of knowledge which exists 
in unwritten form and which may be of con¬ 
siderable importance in the design and final 
operation of the device. Some difficulties arise 
from time to time when an engineer is asked to 
serve both the project engineer and the section 
leader. This matter is usually resolved by a 
ruling that in the field the project engineer is in 
complete charge, while in the laboratory he must 
confer with the section leaders. 

Every attempt is made to insure complete 
dissemination of all information about all pro¬ 
jects. This is possible because they cover a 
narrow range of scientific activity. First, a 
weekly organization report is issued. The ma¬ 
terial is collected as painlessly as possible by the 
group secretaries, who visit the various indi¬ 
viduals at their work places and ask for their 
weekly reports. In it each scientific worker in 
the Laboratory may have his say. Frankness is 
encouraged, and because the organization report 



Fig. 3. Front view, Black Moshannon console. A close-up 
view of the console from which all of the underwater 
acoustic measurements are made. This panel is so laid 
out that all measurements can be made from this point 
and recorded automatically without the operator’s leaving 
the control position. 
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Fig. 4. This is a view of one of the general shops. This 
particular shop is devoted to light machine ftork for the 
construction of models and test equipment. 

never leaves the confines of the Laboratory, no 
editing is encouraged or attempted. The notes 
published in this organization report may be' 
lengthy or brief, depending on the scientist’s 
mood and on the amount of work he has done 
during the past week. At times these reports 
may be deadly reading, but they give ^very 
member of the Laboratory a chance to be heard 
on any subject, scientific, administrative, or 
otherwise. 

The second method is to encourage the fre¬ 
quent writing of internal memoranda. Each 
member of the staff is told that when he reaches 
a suitable stopping point in his work, he should 
write a memorandum addressed to his immediate 
superior and sent to anyone else in the Labora¬ 
tory who he feels might be interested in his work. 
As is expected, these memoranda provoke con¬ 
siderable comment and much constructive criti¬ 
cism. 

. The third method is by conferences. These are 
almost never scheduled on a calendar basis but 
arevassembled on short notice by the project 
engineers when they feel that some clarification 
is needed."* 

The reports^jof the Laboratory take two forms: 
a monthly report which tells of the progress of 
all research programs, and reports on a single 
program which are issued when a suitable tying- 
off point is reached. Ultimately, the product of 
the Laboratory will be gadgets or weapons, 



fiG. 5. Scale model of the 48-inch water tunnel which 
will be built at Penn State in the near future. The large 
section of the tunnel has a diameter of 12 feet and it is 
over 100 feet long. The picture shows a full-size railway 
box car to the same scale. 

together with complete sets of prints by which 
they may be constructed, and the maintenance 
and instruction manuals which are necessary for 
their use. Completion reports will include an 
evaluation of the device which sums up the 
matter by either saying that the gadget is no 
good and should be forgotten, or that it is 
useful and should go to the Fleet for training 
purposes. 

An attempt is made to provide every useful 
mechanical aid for the scientists, since they, at 
the present time, are by far the scarcest com¬ 
modity. Computers are provided to make routine 
calculations and to plot curves. Draftsmen are 
provided to put sketches into publishable form, 
and a library and staff keep the master files and 
all available useful information. Because these 
files become quite voluminous it has been found 
desirable to keep a microfilm file of all documents 
which are six months old or older. Most of these 
documents are on the general theme of under¬ 
water ordnance and include reports of this and 
other laboratories, as well as technical accounts 
of the ordnance used by foreign governments. 

In the administration of any such organization, 
certain aids and methods of operation appear 
which are peculiar to the personnel employed 
and which may work in a laboratory of one size 
and nature and not in another. Experience at 
ORL has shown that it is desirable to provide 
almost complete segregation between the busi¬ 
ness and the scientific functions of the Labora¬ 
tory. No scientist should be asked or even 
allowed to waste his time on matters which 
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belong in a purchasing office. He should not be 
allowed to hire personnel because he may make 
commitments which cannot be honored. He 
should not be asked to waste his time securing 
tickets or hotel reservations if it can better be 
done by someone attached to the Business Office. 
One other peculiarity arises from the fact that 
in a research organization very often only one 
item of a kind is made. Many scientists fed 
that such an item can best be designed 14 on the 
lathe.” It is quite obvious that no machine 
shop of any size can be run in this manner, so at 
ORL the stipulation is made that all machine 
shop work is done either to blueprint or to 
approved sketches. This still leaves the possi¬ 
bility that in some cases the scientist's contention 


may be correct, and it is not worth the time to 
make detailed drawings or elaborate sketches 
before construction is started. For this reason, 
a small and well-equipped machine shop is pro¬ 
vided in which any scientist can do his own work. 
For the safety of both the scientist and the 
machines, an expert machinist is always in 
attendance who may actually do the job or, if 
necessary, guide the scientist while the job is 
being done. Such an arrangement, although a 
rather elaborate one, seems to remove many 
causes of irritation and friction. 

Every attempt is made to get publications into 
the scientific press, and for this*purposc*an 
Editorial Office exists and may be called upon to 
give assistance if the author wishes or requires^. 


Here and There 


New Appointments 

G. Howard Carragan has been appointed head of the 
Department of Physics at Rensselaer Polytechnic Insti¬ 
tute. He succeeds Robert A. Patterson, who recently left 
to serve as an assistant director of Brookhavcn National 
Laboratory, atomic research center at Camp Upton, 
Long Island. 

Walter Evans Receives Army Award 

The War Department has announced the award of the 
Army Certificate of Appreciation to Walter Evans, vice 
president in charge of all radio activities for the Westing- 
house Electric Corporation, for “his contribution to the 
Signal Corps in connection with the development and 
production of radio and radar equipment during World 
War II.” 


there for thirteen years partly before and partly after his 
work for the Doctorate at California Institute of Tech¬ 
nology, which he received in 1929. Subsequently he was a 
research associate at Columbia and an associate professor 
at Hunter College. During the first world war he was a 
pilot and during the recent war he was Chief Technical 
Aide of the National Defense Research Committee. 

Former recipients of the Oersted Medal, which has been 
awarded every year since 1936, include W. S. Franklin of 
Lehigh, M.I.T., and Rollings; R. A. Millikan of Columbia, 
Chicago and Caltech; Henry Crew of Northwestern, and 
G. W. Stewart of Iowa. Last year’s award was to R. L. 
Edwards of Miami University. 

The formal award was made at the January 31 session 
of the annual meeting of the American Association of 
Physics Teachers, which occurred at Columbia Uni¬ 
versity. In his address of acceptance Dr. Roller discussed 
one of his chief professional interests, physical terminology, 
another field in which he has made notable contributions, 
both to the teaching of physics and to the science itself. 


Duane Roller Receives Oersted Medal 

The American Association of Physics Teachers has 
awarded the Oersted Medal to Duane Roller, professor 
and head of the Department of Physics of Wabash College, 
Crawfordsville, Indiana. The award is made annually “for 
notable contributions to the teaching of physics.” 

Through the American Journal of Physics, which he has 
edited since it was founded in 1933, Dr. Roller had made 
probably the most notable contribution to the teaching of 
physics at the college and university levels since the sub¬ 
ject was introduced into our educational system. If the 
Journal were his sole contribution (which it is not), Dr. 
Roller would richly deserve this signal honor. 

He attended Culver Military Academy and did his 
undergraduate work at the University of Oklahoma. He 
also received the Master’s degree at Oklahoma and taught 


Chicago I.R.E. Conference 

The second Chicago Conference of the Institute of Radio 
Engineers will be held on Saturday, April 19, at North¬ 
western Technological Institute. It will feature an all-day 
scries of technical sessions and discussions on the practical 
side of electronic engineering, with emphasis on applied 
electronics. 


The Bulletin of Mathematical Biophysics 


Following is the table of contents of the March 1947 
issue of The Bulletin of Mathematical Biophysics: 


Suggestions for a Mathematical Biophysics of Some Psychoses— 

vT RxgHEVSKY 

A Problem In Mathematical Biophysics of Interaction of Two or More 
Individuals Which' May Be of Interest in Mathematical Sociology— 
N. Rashevsky 
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Mathtmatte Thrtqr of Motivation Interaction* of Two Individuates I.— 

Anatol Rapoport 

Tho Meduadm of the Middle Bur: I. The Two Pieton Problem— 

Martinus H. M. Esser 

The University of Chicago Press, Chicago, Illinois! 
Volume 9, Number 1. 

New Physics Laboratory at Carnegie Tech 

The Buhl Foundation of Pittsburgh has made a grant of 
$300,000 to Carnegie Institute of Technology for the par¬ 
tial support of a plan to build a 200-million-volt synchro¬ 
cyclotron and nuclear physics laboratory. A condition of 
the grant provides that at least $250,000 shall be subscribed 
by others for the.same purpose. Dr. Charles F. Lewis, 
Director of The Buhl Foundation, said of the grant, “It 
is confidently expected that this program will notably 
strengthen Pittsburgh’s position as one of the nation’s 
outstanding centers in scientific research." 

Institute of Navigation 

The Institute of Navigation held its eastern regional 
meeting on February 13 and 14 in New York City. The 
Institute was founded during the war by members of the 
Armed Services and by civilians as a non-profit scientific 
and technical society devoted to the modern science of 
navigation in the air and on the sea. The membership Is 
composed chiefly of astronomers, mathematicians, naviga¬ 
tors, aviators, physicists, and engineers. The president of 
the Institute is Commander Gordon A. Atwater, Director 
of the Hayden Planetarium, New York City. 

Frontiers in Chemistry Lectures 

The sixth annual series of Frontiers in Chemistry lec¬ 
tures at Western Reserve University, Cleveland, Ohio, 
will occur in February, March, and April. Among the 
twelve scientists to appear in the series are Dr. Glenn T. 
Seaborg, Dr. Harold C. Urey, and Dr. K. C. D. Hickman. 
The lectures will be divided into two sections. The first 
will deal with recent advances in physical and inorganic 
chemistry, and the second with modern theories of organic 
chemistry. The course is designed chiefly for graduate 
chemists and physicists. 

Physics Research at Northwestern 

In January it was announced that Northwestern Uni¬ 
versity would begin immediately a $500,000 three-year 
program of fundamental research in physics that is ex¬ 
pected to lead to new and improved communication de¬ 
vices. Financed by the Navy, the program will be directed 
by Professors Walter S. Huxford and Robert J. Cashman 
of the Department of Physics. It is an extension of war¬ 
time research in which they developed a new invisible-ray 
telephone and many new types of photoelectric cells used 
in the phone and in various Army and Navy secret 
wessons. 

Hugh L. Dryden Elected to International Committee 

Hugh L. Dryden, associate director of the National 
Bureau of Standards, was elected a U. S. representative to 
the International Committee at the Sixth International 


Congress for Applied Mechanics held at the Sorbonne, 
Paris, September 1946. The Congress brought together for 
the first time since the war those scientists from each major 
country interested in theoretical and experimental work on 
the elastic and plastic properties of materials and struc¬ 
tures, fluid mechanics, vibration, sound, friction and 
lubrication, thermodynamics, combustion, and heat trans¬ 
fer. The International Committee, consisting of outstand¬ 
ing scientists from member nations in the field of applied 
mechanics, is the managing body of the Congress, which is 
concerned with the international cooperation, advance¬ 
ment and standardization of the sciences of applied 
mechanics. 

General Electric Fellowships at Case School 

Case School of Applied Science will offer fifty fellowships 
to high school teachers of physics for a six-weeks program 
of study during the summer of 1947. Recognizing the fact 
that industrial research and progress stem largely from a 
knowledge of physics, The General Electric Company has 
provided these fellowships for high school and preparatory 
school teachers of physics. The program is designed to 
acquaint teachers with recent scientific developments. The 
fellowships include all tuition fees, room and board, and 
travel expenses. High school and preparatory school 
teachers of physics from the following states are eligible 
to apply: Ohio, Michigan, Western Pennsylvania, West 
Virginia, Kentucky, Indiana, Illinois, Wisconsin, and 
Maryland. 

Research in Mineral Flotation at MIT 

Armour and Company has established a fund of $12,000 
for a graduate research program in the fundamentals of 
mineral flotation at the Massachusetts Institute of Tech¬ 
nology. This program, which provides for grants-in-aid for 
several assistantships and fellowships, will concentrate on 
the operation of cationic collectors, particularly the or¬ 
ganic compounds known as amines and amine salts. 

Harvey L. Curtis Retires from Bureau of Standards 

Dr. Harvey L. Curtis, physicist at the National Bureau 
of Standards since 1907, has retired. His major scientific 
achievement has been in the field of absolute electrical 
measurements. He has written the standard textbook on 
the subject, and his conclusions will form the basis for 
United States proposals in establishing a fixed relationship 
between the absolute and international electrical measure¬ 
ment units at the next International Electrical Congress. 
During World War II he assumed responsibility for in¬ 
terior ballistics research at the Bureau. 

Journal of Mathematics and Physics 

The Journal of Mathematics and Physics is published 
by the Massachusetts Institute of Technology in annual 
volumes of four numbers. Papers which appear in this 
journal deal with mathematical problems from the fields 
of engineering and applied physics and with mathematical 
methods of interest for the applications. 
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Individual members of the American Institute of Physics 
may subscribe to the Journal at the special rate of $3 per 
year. The regular subscription price is $4 per year. Sub¬ 
scription orders and other correspondence may be sent to 
the Journal of Mathematics and Physics, Massachusetts 
Institute of Technology, Boston 39, Massachusetts. 

Reinforced Concrete Research at Bureau of Standards 

The American Iron and Steel Institute is supporting a 
research program on reinforced concrete now under way 
at the National Bureau of Standards. The prime objectives 
are improved design of concrete reinforcing bars and en¬ 
gineering data that will enable engineers and builders to 
make more effective use of reinforced concrete. 

Awards 

Two members of the staff of the Naval Research Labora¬ 
tory recently received the Distinguished Civilian Service 
Award from the Secretary of the Navy for their contribu¬ 
tions to the war effort: George R. Irwin, director of the 
ballistics section, and Wayne C. Hall, head of the elec¬ 
trical division. 

The War Department has awarded the Bronze Star 
Medal to Harold O. Wyckoff, associate physicist in the 
X-Ray Section, National Bureau of Standards. Dr. Wyckoff 
served in the European Theater as assistant chief of the 
Operational Research Section of the Ninth Air Force. 

Radio Engineering Meeting 

On May 3 in Cambridge, Massachusetts, there will be 
an all-day New England Radio Engineering Meeting under 
the sponsorship of the North Atlantic Region of the Insti¬ 
tute of Radio Engineers. All persons interested in radio and 
electronic engineering are cordially invited to attend. 
There will be six technical sessions, none held concurrently, 
exhibits by the leading manufacturers in New England, a 
luncheon and a banquet. The entire program will be held 
at the Continental Hotel in Cambridge. A complete pro¬ 
gram announcement will be made later. 

German Physical Society 

A conference of German physicists was held October 
4-6, 1946, at Gdttingen, Germany, in the British Zone of 
Occupation. About three hundred physicists were present. 


A German Physical Society was organized for the British 
Zone. Following are the titles of papers presented: “Theory 
of the diffraction of electro-magnetic waves on a circular 
disk,” “Measurements on the slowing-down of neutrons,” 
“On neutron processes in beryllium, aluminum and lith¬ 
ium,” “Experiments on photographing by means of neu¬ 
trons,” “Changes of sensitivity on light counter tubes,” 
“On a method for the determination of energy and energy 
distribution of ionizing particles,” “On the age of the 
world,” “On the isotope displacement effect in the E /- 
Spectrum,” “Experimental detection of the von Schmidt 
headwave in optics,” “Collision discharge in highest pres¬ 
sure mercury lamps,” “The accommodation time of the 
electron temperature in a stationary electric discharge,” 
“Determination of the altitude of the sodium layer shining 
in the night sky,” “Oxide layers on metals,” “The optical 
and electrical qualities of synthetic Greenockite,” “Density 
of sublimed salt layers,” “Thermal dissociation in the 
radiation black body cavity,” “Deformation of electron 
clouds by the collision of gas molecules,” “Intuitive models 
for the theory of super-conductivity,” “Superconductivity 
and the periodic system of elements,” “Electron theory of 
superconductivity,” “Sublimation, condensation, satura¬ 
tion pressure and critical point in a model experiment,” 
“Does the lattice constant change for very small par¬ 
ticles?” “Optical analyses on electrolytic solutions. Meas¬ 
urements on absorption coefficients,” “Thermal effects of 
gliding friction,” “Equation of state of water at high densi¬ 
ties,” “Exact viscosity measurements up to 2000 atm.” 
“Hydrogen bonding, resonance and the formation of molec¬ 
ular chains,” “Remarks on the statistical theory of 
turbulence.” 

Dr. Max von Laue was elected Chairman of the Society. 
The question of journals was discussed but no action was 
taken. 

The following note at the end of the program is signifi¬ 
cant. “This program may at the same time be regarded as 
a ticket. . . . Ration cards, including those for potatoes, 
are necessary.” 

Necrology 

George A. Scott, assistant professor of physics at the 
University of Pittsburgh, passed away suddenly following 
a heart attack in January. 


PROCEEDINGS OF THE ELECTRON MICROSCOPE SOCIETY OF AMERICA 


T HE annual meeting of the Electron Micro¬ 
scope Society of America was held at the 
Mellon Institute in Pittsburgh, Pennsylvania, 
December 5-7. 

Titles and abstracts of the papers presented 
are given below: 

1. Trends In X-Ray Diffraction Work. David Harker, 
General Electric Company , Schenectady , New York . 


2. Trends in the Use of the Electron Microscope in the 
Study of Fine Structure. Jambs Hillier, Radio Corpora* 
tion of America, Princeton , New Jersey . 

3. The Application of Electron Diffraction Methods in 
the Study of Fine Structure. Robert Heidenreich, Bell 
Telephone Laboratories, Murray Hill , New Jersey . 

4. First-Order Theory of the Three-Electrode Electron 
Gun with Plane Electrodes. S. G. Ellis, University of 
Toronto, Canada*— On the simplifying assumption of linear 
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potential variations within the electron gun it is possible 
to deduce the position of the image of the cathode, the 
magnification and the angular aperture of the beam ex¬ 
ternal to the gun. The results are compared with those of 
Johannson. The area of the specimen illuminated in the 
electron microscope is discussed. It is shown that in general 
an electron gun can be operated either with or without the 
production of a cross-over. 

5. Some Observations on the Shadow Cast Formvar 
Replica Technique. Beatrice M. Deacon, S. G. Ellis, 
and W. G. Cross, University of Toronto, Canada .— 
Formvar replicas of polished glass surfaces containing 
sleeks were examined in the electron microscope both with 
and without shadow casting. In another experiment several 
.replicas from the same region of a glass surface were ex¬ 
amined. The nature of the replicas and the limitations of 
the method are discussed. 

' 6. Electron Microscopy of Colloid Systems. John 
Turkevich, Printeton University and James Hillier, 
Radio Corporation of America, Princeton, New Jersey .— 
Typical colloidal systems such as gold, silver, platinum, 
alumina, ferric oxide, tungsten oxide, vanadium pentoxide, 
cadmium sulfide, arsenic sulfide, etc., were examined under 
high resolution with the electron microscope. The form of 
the colloidal particle and its size were determined as a 
function of the variables used in the preparation. A method 
will be described for obtaining gold particles of very uni¬ 
form size and suitable for calibration standards. Thd*be- 
havior of particles of alumina on steam treatment will be 
illustrated with electron microphotographs. 

7. Electron Microscope Examination of the Micro¬ 
physical Properties of the Polymer Cuprene. John H. L. 
Watson, Shawinigan Chemicals Limited, Shawinigan Falls , 
Quebec. —The microphysical structure of cuprene is de¬ 
scribed from electron micrographs and suggestions are 
made from them concerning the mechanism of the forma¬ 
tion and catalysis of this material. Copper is detected in 
the electron diffraction pattern. Cuprene samples prepared 
by polymerization of acetylene in the presence of finely 
divided cuprous oxide are shown as hollow fibers charac¬ 
terized by both longitudinal and transverse structure and 
a very thin skin. The striking appearance of this type of 
cuprene serves to identify it in clogging deposits taken 
from acetylene lines. This is illustrated by a deposit taken 
from a reactor used in the process of hydrogenation of 
acetylene to ethylene. “Cuprene” specimens formed by 
alpha-ray bombardment of acetylene gas are shown as 
round particles joined by short necks about 500 to 1000A 
in length. An oxidized sample has round particles of mean 
diameter 4900A and unoxidized sample of mean diameter 
3800A. Jhe alpha-ray cuprene is quite unlike the catalyzed 
solid material in appearance and in addition possesses 
characteristics of a very viscous liquid in the electron 
micrographs. 

8. An Effect of Electron Bombardment upon Carbon 
Black. John H. L. Watson, Shawinigan Chemicals 


Limited, Shawinigan Falls f Quebec. —A significant change 
is reported in mean particle size and shape characteristics 
of carbon black due to specimen contamination while 
under examination in electron microscopes. The effect is 
described for a number of well-known commercial blacks 
and examples are given in micrograph, graphical and tabu¬ 
lar form to illustrate expected variations in mean particle 
size with continued bombardment. At normal focusing 
intensities, the particle size usually will have changed 
more than 5 percent in 30, or sometimes in as little as 15 
seconds. The change is detected with other materials but 
is more pronounced with carbon black. Chromium shadow 
cast specimens seem to change to a less degree than un¬ 
coated’ samples. The contamination is explained as arising 
from the well-known polymerization and condensation 
processes which occur when organic vapors and gases are 
bombarded by charged particles. Suggestions are made for 
minimizing the effect. 

9. The Electron Microscope Examination of Greases. 

S. G. Ellis, University of Toronto, Canada. - A method is 
described for examining the soap component of lubricating 
greases with the electron microscope. The soap component 
is mounted on Formvar films from a dispersion in ether. 
'The specimen is shadow cast by the method of Williams 
and Wyckoff. The deduction of the shape of the soap par¬ 
ticles is discussed. 

10. Artifacts Produced by Poor Resolution. L. H. 

Wilusford, Goodyear Tire and Rubber Company, Akron, 
Ohio .—A micrograph of round objects may show the fol¬ 
lowing two opposite conditions: (1) the individual objects 
of a group will have a tie or rod connection with each ad¬ 
jacent individual of that group and (2) isolated individual 
objects will have smooth profiles with no evidence of any 
portion of a tie or rod. This condition of rod connection 
is caused by imperfect resolution. A simple set-up has been 
devised for casting shadows which simulate continuous 
changes from good to poor resolution. When two disks 
under conditions of poor resolution approach each other, 
the space between them remains clear until the distance is 
just less than the limit of resolution, at which distance a 
misty connection appears. With closer and closer approach, 
the connection darkens; and before the disks are in con¬ 
tact the connection has the appearance of reality. When 
slightly overlapped, the disks have a pronounced dumb¬ 
bell effect. This artifact rod has been confirmed by de¬ 
stroying the resolution of a standard micro-tessar lens; in 
fact, the "rod” effect is quite universal, and an audience 
participation demonstration will be given which will 
duplicate the clues of poor resolution to be looked for in 
regular and stereo micrographs of round objects. 

Some structural patterns in biological systems. 

Francis O. Schmitt, Massachusetts Institute of Technology , 
Cambridge , Massachusetts . 

/ 

v /l. Remarks on the Borderline of Physics, Chemistry, 
and Biology. L. Marton. —A dual conception of life phe¬ 
nomena is proposed in a manner somewhat similar to the 


270 


Journal of Applied Physics 



dual conception of wave mechanics. The probability of 
‘‘creation of order from order” depends on the size of the 
elementary unit of a chemical compound and on the 
non-periodic complexity of its components. “Life” is there¬ 
fore not restricted to the group of so called “living or¬ 
ganisms,” the probability function has a finite value for 
the simplest chemical compounds, although its value may 
be immeasurably small. For large chemical compounds, 
which are considered often on the border line between 
chemistry and biology, it depends on the experiment 
whether the ‘‘chemical” or the “life” character will be 
predominant. These considerations necessitate also a criti¬ 
cal survey of the molecular concept. A more statistical 
definition of the molecule is attempted and experiments 
are proposed to prove the conclusions of the paper. 

12. Applications of the Phase Microscope in Electron 
Microscopy. car W. Richards, American Optical 
Company , Buffalo , New York.— The Spencer Phase Micro¬ 
scope controls^ light passing through it so that invisible 
phase differences arising from optical path differences in the 
specimen are converted into visible amplitude or intensity 
differences. In phase microscopy the contrast in the im¬ 
age may be increased, decreased or reversed, and either 
increased or decreased. The instrument and its use will be 
described. The Phase Microscope, within its limits of reso¬ 
lution, is useful for the examination of transparent speci¬ 
mens (e.g., replicas). The relation of phase and electron 
microscopy will be discussed. 

13. Preparation of Tissue for High Speed Sectioning. 

Mary C. Schuster and Cliffkrd E. Gray, Interchemical 
Corporation , New York, New York. —The standard tech¬ 
niques of tissue preparation for light microscopy produce 
distortions that become apparent with the increased 
resolution of the electron microscope. An adaptation of 
standard technique is made in the following manner: the 
tissue is washed free of soluble proteins using isotonic saline 
solution; fixation is started at very great dilution, and the 
concentration of fixative is increased slowly to the desired 
level; when fixation is complete, dehydration and embed¬ 
ding are performed with similar care. Preparation of vari¬ 
ous tissues with various reagents is discussed and illus¬ 
trated. It is believed that the procedures described will 
add to the effectiveness of the joint techniques of high 
speed sectioning and electron microscopy. 

14. Electron Microscope Studies on the Structure of 
Chlorophyll “Crystals,” “Crystalline Alpha Carotene,” 
“Crystalline Beta Carotene” and “Crystalline Vitamin A.” 

Edith A. Roberts, Vassar College, Poughkeepsie, New 
York .—Electron microscope studies of the above show 
that they are composed of structural units less than 100 
^ngstrOms, some of units close to 10 dngstrdms. These 
units appear to be protoplasmic entities comparable to 
those present in plastids rather than “crystals.” 

15. Further Electron Microscope Studies of the Struc¬ 
ture of the Starch Grain. Mildred D. Southwick, Vassar 
College, Poughkeepsie, New York .—Electron microscope 


studies of the structural organization of starch grains, 
either fresh or commercially prepared from the seeds, roots, 
stems, or leaves from different genera of plants belonging 
to the Bryophyta , Pteridophyta , and Spermatophyta indi¬ 
cate the same essential morphology of all starch grains. 
All show the presence of structural units, comparable to 
those in the chloroplast—the larger units, plastidules, and 
the smaller units, plastid granules, as well as the units of a 
still smaller size which would approach the smallest func¬ 
tional protoplasmic units known. 

.16. The Mounting of Bacteria for Electron Microscope 
Examination. James Hillier and R. F. Baker, Radio 
Corporation of America , Princeton, New Jersey .— In the 
case of some bacteria grown on solid media it is possible 
to remove a young culture from the medium intact. Jn 
other cases a modification of the light microscopists im¬ 
pression technique is found to be very satisfactory. 

17. A Study, with the High Voltage Electron Microscope, 
of the Endospore and the Life Cycle of Bacillus Mycoides. 

George Knaysi, Cornell University, Ithaca, New York 
and R. F. Baker and James Hillier, Radio Corporation 
of America, Princeton, New Jersey. —A study of strain C* 
of bacillus mycoides at 150 kv shows that the endospores 
obtained from old agar-slant cultures present considerable 
differences in appearance. Most common are those which 
are uniformly opaque, those which show a black outline 
and a shrunken content, and those with transparent 
lateral areas and thick folds. The exine is thick and sur¬ 
rounded by a thin, elastic pellicle. The intine can sometimes 
be seen. Germination is initiated bv an increased trans¬ 
parency to the electrons and by lateral bulging. This is 
followed by cracking of the exine, the two halves of which 
usually remain attached but occasionally are totally 
severed. In ordinary media, the germ cell and subsequent 
generations are semi-transparent but show no differentia¬ 
tion in their protoplasm until the fatty inclusions which 
usually appear before sporulation are formed. We were 
unable to observe these granules at 50 kw^The lorespore 
appears homogeneous. The mature spore qften shows a 
dark outline and a slightly shrunken protoplasm within 
the mother cell. Hi^hVoltage is of distinct advantage in 
the study of this problem. 

18. Demonstration, with the Electron Microscope, of 
Nucleus-like Bodies in Cells of Bacillus Mycoides Grown 
in Nitrogen-Free Media. George Knaysi, Cornell Uni¬ 
versity, Ithaca , New York and R. F. Baker, Radio Corpora¬ 
tion of America, Princeton, New Jersey. —The endospore of 
bacillus mycoides contains a relatively considerable quan¬ 
tity of ribonucleic acid which is an excellent source of 
nitrogen but a very poor source of energy. In ordinary 
nutrient media, this material is also readily formed by the 
vegetative cell and is diffuse throughout the protoplasm 
in an apparently combined form. It is the reason why such 
cells stain homogeneously and are opaque to electrons. 
When the endospore germinates in a medium without a 
nitrogen source, the ribbnucleic acid is used up and the 
subsequent generations of vegetative cells become poorly 
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stainable and transparent to electrons even at 30 kv. In 
such cells one observes one to several opaque bodies which 
appear to divide and which are finally enclosed in the fore¬ 
spore; this behavior indicates their nuclear nature. There 
is also a variable number of smaller bodies of unknown 
significance. The best results were obtained with a medium 
consisting of 0.2 g of glucose-fO.2 g of Na acetate+100 
ml of distilled water. 

19 . Observation on Actin and Myosin Extracted from 

Muscle. M. A. Jakus and C. E. Hall, Massachusetts 
Institute of Technology Cambridge , Massachusetts. —Actin 
has been extracted from striated muscle according to the 
method of Straub. The addition of neutral salts or hydro¬ 
gen ions to an aqueous solution of actin brings about a 
reversible transformation of the globular protein into Y a 
fibrous form. Electron micrographs of actin at different 
stages of linear aggregation will ite shown. A water- 
soluble muscle component designated as “myosin” by 
Szent-Gydrgyi has also been prepared and examined. 
Micrographs of this protein will be presented and com¬ 
pared with those of myosin extracted in alkaline salt solu¬ 
tionAfter the method of Greenstein and Edsall. 

y 20. Size Distribution of Tobacco Mosaic in the Early 
Stages of Infection. Gerald Oster, The Rockefeller Insti¬ 
tute for Medical Research , Princeton , New Jersey .—A 
method is described whereby the contents of the hair cells 
from leaves of Turkish tobacco plants diseased with to¬ 
bacco mosaic virus may be examined by means of>the 
electron microscope. It was found that 68 percent of the 
rod-like particles present in the hair cells of plants infected 
for 25 days are about 280 mu in length. The contents of 
. hair cells infected 'with the virus were also examined less 
/ than one day after innoculation, and particles less than 
( 280 mu in length were found to be present. The size dis¬ 
tribution of virus preparations subjected to sonic treat¬ 
ment was determined. The virus activity of the sample is 
proportional to the number of particles 280 mu in length 
that are present. 

21. Studies on the Newcastle Disease Virus (California 
Strain). A. R. Taylor, Duke University School of Medicine , 
Durham , North Carolina .—The infectious agent responsible 
for Newcastle disease of fowls has been concentrated and 
purified by ultracentrifugation. Studies of the concentrates 
have been made by means of electron micrography, ana¬ 
lytical ultracentrifugation, and chemical analysis. The 
virus is a sperm-shaped particle with a head of about 70- 
mu width and 180-mu length and a thin tail of about 500- 
mu length. Well-defined internal structure^ was observed 
in the head-piece. The virus consists of protein and lipid 
in assodation with a small amount of mucleic acid. The 
results of elementary and component analyses will be 
given inidetail. 

22. An Electron Microscope Study of the Structures of 
Some Virus Protein Crystals. R. W. G. Wyckoff, Na¬ 
tional Insitute of Health, Bethesda , Maryland , —This is a 
discussion, illustrated with electron micrographs, of the 
kinds of regularity of particle arrangement obtained when 


suspensions of several crystallizable macro molecules are 
desiccated in the presence and in the absence of salts. These 
kinds of order are compared with that observed by elec¬ 
tron microscopy in preformed crystals of these substances. 

23. Immunochemical Aspects of Sonic Treated Tobacco 
Mosaic Virus. Saul Malkiel, The Rockefeller Institute for 
Medical Research Princeton t New Jersey .—In preparing 
tobacco mosaic virus from the juice of infected plants, 
Sigurgeirsson and Stanley found small non-infectious 
particles about l of the usual length of the tobacco mosaic 
virus particles in the supernatant liquids after centrifuga¬ 
tion of the normal virus particles. Preparations of this 
small particle were compared quantitatively with the 
280X 15-mu sized rod by means of the precipitin reaction. 
More antibody was precipitated by the rod of normal size. 
A solution of freshly prepared tobacco mosaic virus was 
subjected to sonic vibrations in order to yield small par¬ 
ticles. By fractional centrifugation, the normal sized to¬ 
bacco mosaic virus particles were removed, leaving a 
supernatant liquid containing a preponderance of smaller 
particles as checked by distribution measurements of elec¬ 
tron micrographs. In order to investigate and compare more 
fully the immunochemical behavior of these particles with 
'normal tobacco mosaic virus, the stoichiometric relation¬ 
ship of antigen to antibody in specific precipitates was de¬ 
termined by means of the quantitative precipitin reaction. 
Both heterlogous and homologous antisera were used for 
this investigation. These findings and the possible theo¬ 
retical considerations are presented. 

/4. Specimen Preparation for Electron Micrographs 
and Diffraction Patterns. Leland L. Antes, University 
of Texas , Austin, Texas. —Several simple and effective 
methods of dispersing fine powders which have a tendency 
to agglomerate when in suspension are outlined. As ap¬ 
plied to such materials as carbon black, metallic oxide 
pigments and catalysts, these methods may be roughly 
classified into dry smear and surface film techniques. The 
results of these methods are compared with others which 
are generally used. Methods of preparing water-soluble 
salts for diffraction patterns are discussed, and the ad¬ 
vantages of electron diffraction methods in determining 
crystal structure are pointed out. A means of directly com¬ 
paring the intensities of diffraction pattern spots or rings 
is suggested. 

25. Alterations and Additional Equipment for an R.C.A. 
Console Electron Microscope. Henry C. Froula, Armour 
Research Foundation , Chicago , Illinois. —Alterations and 
additional equipment were made for an R.C.A. console 
electron microscope to simplify maintenance and operation 
and to improve performance. The items involved include: 
(1) controls for more positive gun-alignment, (2) equip¬ 
ment for testing the vacuum system for leaks, (3) panel 
control of illumination, (4) calibration of intensity and 
focus controls, (5) functionally improved control dials, 
(6) cassette markings for more certain identification of ex¬ 
posures, and (7) simple holder for storage of specimens. 
The usefulness of these items will be discussed. 
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26 . Spherical Aberration of Compound Magnetic Lenses. 

L. Marton and K. Bol, Stanford University , Palo AUo t 
California. 

27. Further Studies on the Magnetic Electron Micro¬ 
scope Objective. J. Hillier and E. G. Ramberg, Radio 
Corporation of America , Princeton , New Jersey .—Fresnel 
diffraction fringes observed in through-focus series are 
shown to be a sensitive criterion for the existence of asym¬ 
metries in the electron microscope objective. It is shown 
that sufficiently accurate symmetry in the objective field 
can be attained by empirical compensation. The method 
of compensating the objective is described in detail and 
some of the results in which resolving powers of 10A were 
obtained are shown. Further experiments with a new high 
contrast objective are described. 

28. Bias Focused Electron Gun. John H. Reisner, 
Radio Corporation of America , Camden, New Jersey .— 
History of the.jgun— A qualitative description of the action 
of the gun; field plots to be given; effect of circuits on the 
operation; physical parameters affecting spot sizes and 
intensities; desirable uses of the gun; effect on alignment; 
effect of vacuum; filament shapes; constructional materials. 

29. Photographic Plates for Use in Electron Microscopy 
and Electron Diffraction. Robert G. Picard and W. F 
Swann, Radio Corporation of America , Camden, New 
Jersey. —A summary of work carried out jointly by East¬ 
man Kodak and R.C.A., to provide a plate especially suited 
to the requirements of electron microscopy. After many 
attempts, an emulsion having long scale, medium con¬ 
trast, fine grain and adequate speed has been developed. 
Special, practically grainless plates admirably suited for 
electron diffraction and subsequent microphotometry have 
also been tested and will be described. 

30. Calculated Magnitude of Fresnel Diffraction in 
Shadow Casting. C. E. Hall, Massachusetts Institute of 
Technology , Cambridge , Massachusetts. —The intensity 
curve of the diffraction pattern near the edge of a shadow 
cast by an evaporated beam is calculated for a Maxwellian 
distribution of velocities in the beam. Effects other than 
diffraction which may contribute to unsharpness of the 
edge are neglected. The results indicate that when heights 
of the order of 100A are to be measured accurately by the 
shadow-casting technique, the width of the shadow edge 
may be appreciable in comparison to the total length of the 
shadow. 

31. Electron Microscope Goniometry. A. F. Kirk¬ 
patrick, Evelyn Gagnon, and T. G. Rechow, Stamford 
Research Laboratories, American Cyanamid Company, 
Stanford, Connecticut .—The frequent occurrence of crys¬ 
tals in electron micrographs presents the problem of their 
identification. The silhouette angles observed on the 
photographic plate are functions of the true interfacial 
angles of these crystals. The interfacial angles of a sus¬ 
pected compound, available in the literature, can be used 
to calculate the angles that would be formed by the ortho¬ 


graphic projection of the crystal edges upon the plane of 
the photographic plate. A comparison of the calculated 
angles with those measured on the electron micrograph 
serves to identify the crystals. Thus a measurement of a 
physical constant can be made with the electron micro¬ 
scope. The calculations can be made by geometrical con¬ 
struction with the use of stereographic projections. Ex¬ 
amples of the use of electron microscope crystallography in 
the identification of crystals will be presented. 

32. Preparation and Uses of Silica Replicas in Electron 
Microscopy. C. H. Gerould, The Dow Chemical Company, 
Midland , Michigan. —A detailed description of the prepara¬ 
tion of silica replicas and substrates and their many and 
varied uses is presented with photographs and electron 
micrographs. The question of “up and down” in stereo 
pictures of silica replicas is definitely settled by adding a 
metal oxide smoke (MgO) to the polystyrene replica before 
the silica evaporation. A successful powder dispersing tech¬ 
nique consists of dispersing the powder in an ethyl cellulose 
lacquer and depositing upon a silica substrate. A method 
of preparing silica replicas of specimens which cannot be 
subjected to the temperatures and pressures of the ordinary 
technique is described. It consists of applying a poly¬ 
styrene lacquer to the specimen surface in place of the 
conventional molding. Several other techniques are also 
included. 

33. Procedure for Preparing Latex Samples for Elec¬ 
tron Micrographs. Walter E. Brown, The B. F. Goodrich 
Company. —It is difficult to obtain good electron micro¬ 
graphs of latices consisting of soft particles such as natural 
and synthetic rubbers because the particles tend to flatten 
and merge. These particles can be hardened by bromina- 
tion to give good micrographs. For GR-S and Hycar OR 15 
this treatment results in a swelling of about 9 percent of 
the diameter. There is no other apparent change that 
might cause difficulty in interpreting the results. The re¬ 
liability of the method is shown by; (1) comparison with 
a vulcanized GR-S latex; (2) by combining two latices of 
different particle sizes and obtaining the size distribution 
for the mixture; and (3) observing a particle in random 
orientation. The complete technique for making such 
samples is discussed. It is especially important that all of 
the materials used be very clean and this involves the use 
of freshly distilled water and solvents. Generally, it is 
necessary to wash the sample after drying. 

% £ 4 . A Review of Some Recent Advances in Electron 
Microscopy Microtomy. E. Fullam, General Electric Re¬ 
search Laboratories, Schenectady , New York. 

35. Round Table Discussion of Cross Sectioning for the 
Electron Microscope—Invited Speakers and Discussion 
from the Floor. 

36. Round Table Discussion on Particle Size Problems 
in Electron Microscopy—Invited Speaker and Discussion 
from the Floor. Mary C. Schuster, Interchemical Coopera¬ 
tion, New York,' New York, Moderator. 


Volume is, March, 1947 


273 



Contributed Original Research 


Theory of Radar Reflection from Wires or Thin Metallic Strips* 

J. H. Van Vleck,** F. Bloch,! and M. Hamermesh!! 

Radio Research Laboratory, Harvard University, Cambridge, Massachusetts 
(Received September 3, 1946) 


Knowledge of the radar response of wires or thin metallic 
strips, as a function of their length and thickness, and of 
the radar frequency is important in the design of reflectors 
for radar. In view of the difficulty of this theoretical 
problem and the necessity of making | approximations, as 
well as the dearth of adequate experimental data, two 
independent procedures for solution are presented. Detailed 
quantitative results are obtained for the angular de¬ 
pendence of the cross section, and also for the mean cross 
section, of randomly-oriented wires or, more generally, 
of metallic strips, which behave electromagnetically like 
cylindrical wires of a certain “equivalent radius.” When 
expressed in terms of a unit of area equal to the square of 
the wave-length, these cross sections depend on the dimen¬ 
sions of the wire only through the two ratios 


21 length of wire 21 length of wire 

a equivalent radius of wire* X wave-length 

The mean cross section is shown to take on maximum 
values when 4//X is slightly less than an integer (»—1, 2, 
etc.). The shift of these “resonances” from integral values 
depends on the ratio 2 l/a, becoming greater as 2 l/a 
decreases. The value of tf/X 2 at resonance increases slowly 
with the order n of the resonance; it depends only very 
slightly on the ratio 2l/a t increasing as 2 l/a decreases. 
For values of 4//X away from resonance, cf/X a decreases 
rapidly, reaching minimum values near 4//X*3/2, 5/2, 
etc. The value of a/\ 2 at these minima is strongly de¬ 
pendent on 2 l/a, increasing as 2 l/a decreases. Also as 4//X 
increases, the heights of the minima increase and approach 
the height of the resonance peaks. A brief comparison with 
preliminary experimental results is given. 


I. DESCRIPTIVE SURVEY 

NTRODUCTION: In the use of radar, an 
electromagnetic wave is sent out from a 
transmitter; the wave impinges on a target and 
some of the energy is scattered back in the direc¬ 
tion of the radar. There it is received and pre¬ 
sented on a screen. The strength of the return 
signal (echo) will depend, among other factors, 
on the scattering properties of the target. These 
can be described completely, for our purposes, 
by introducing the concept of 41 radar cross 
section 1 * <r defined as 4 v times the quotient of 
poorer returned per unit solid angle in the 
direction of the radar to the power density 
incident upon the target. 

The customary targets for radar observation 
are aircraft, ships, and topographical features. 

* The work reported in this paper was done at the Radio 
ResearchTLaboratory, Harvard University under contract 
with Division 15 of the National Defense Research Com¬ 
mittee. 

“Now at Harvard University, Cambridge, Massa¬ 
chusetts. 

Now at Stanford University, Palo Alto, California, 
t Now at New York University, University Heights, 
New York, New York. 


Since these objects have not generally been con¬ 
structed from the point of view of their use as 
radar reflectors, one finds that they are rather 
inefficient in this respect—one can obtain radar 
responses comparable to those of an aircraft or 
ship by using properly designed reflectors of 
much smaller dimensions. These reflectors can 
perform several functions. 

They may be used to present echoes to a radar 
for purposes of identification of a target, or for 
marking a geographical location, thus replacing 
complicated beacons. 

For military purposes they can be used to 
present “false” echoes to a radar operator for 
purposes of deception or confusion. 

Useful types of reflectors for these purposes 
are flat sheets, spheres, corner reflectors, .and 
metallic wires or strips. Reflectors for use by 
aircraft require special consideration as regards 
weight, size, and ease of handling. The most con¬ 
venient type of reflector in this case is the bundle 
of strips, known as window, which, when dropped 
from the aircraft, will produce the required radar 
signal. Though strips are most convenient for 
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practical use, we shall refer to the reflectors as 
“wires/* and assume that they are circular 
cylinders. This assumption involves no loss of 
generality since, as shown in another paper by 
F. Bloch and M. Hamermesh, 1 a thin antenna 
of arbitrary cross-sectional shape has the same 
electrical characteristics as a circular cylinder of 
the same length and having an equivalent radius 
a. For a flat strip the equivalent radius is one- 
fourth the width of the strip. 

In designing these reflectors it is of importance 
to know the radar response of the wire as a 
function of its length and thickness, and the 
wave-length used by the radar. There will be an 
optimum length for producing echoes at a given 
radar wave-length; the band of wave-lengths to 
which the wire responds strongly will depend on 
its thickness. Wires cut for one wave-length may 
produce undesirable responses at other wave¬ 
lengths (effect of “harmonics”). 

The calculation of the radar response of wires 
is also of interest from the point of view of 
general antenna theory. The problem presents 
most of the pertinent features of the receiving or 
transmitting antenna; at the same time it does 
not involve the complication presented by the 
gap at the center in such instruments. Thus it 
represents our best opportunity for comparing 
theoretical predictions with experiment. 

The problem of radar reflection from a wire 
can be formulated as follows: A transmitter 
emits a linearly polarized wave which impinges 
upon a wire, the direction of incidence being at 
an angle 0 to the axis of the wire. The wave 
scattered back along this same direction is picked 
up by a receiver ordinarily polarized parallel to 
the transmitter. We wish to calculate the power 
returned to this receiver as a function of the 
angle of incidence 0, the direction of polarization, 
the wave-length, and the length and radius of 
the wire. 

Notation: We shall use the following symbols: 

X = wave-length. 

0 = 2irA; w = 2ir<;/X; c- velocity of light. 

21 = length of wire. 

a=equivalent cadius of wire. 

£0 = amplitude of the electric field of the inci¬ 
dent wave. 


2 - -i( 2-0 

'V 

>P^DHCCTIOW Of 


INCIDENCE 


Fig. 1. 


v?== angle between the electric field of the in¬ 
cident wave and the plane of Fig. 1. 
q=j3 cos0. 

I(z) = current in the wire at s, the coordinate 
giving position along the wire (Fig. 1). 
log = logarithm to base e. 

The cross section <r is defined as: 

c = ^ Power reflected backwards (per unit solid angle) 
Power density incident upon the target 

a is the “average cross section’* which will be 
observed when the signal is reflected from a 
bundle of randomly oriented wires. It can be 
computed from <r by averaging: 



cr sin dddd<p. 


a(6) = (\/2v)f<*d<p is the average return signal 
for fixed direction of incidence and random 
polarization. The average power returned to a 
rotating dipole antenna from a wire in fixed 
orientation would be given by <r(0). 

Methods of Solution: The first step in the 
solution of our problem is to calculate the current 
induced in the wire. (This is essentially the 
problem of the receiving antenna.) 

A simple method, which has been used in 
similar problems is that of Siegel and Labus. 2 
This method starts from a reasonable assumption 
concerning the form of the expression for the 
current, and evaluates the numerical magnitudes 
in this expression by applying the requirement 
of conservation of energy (e.m.f. method). 
Rigoristically speaking, it is not a method for 
deducing the solution to the antenna problem. 
A second, more satisfactory procedure, is to try 
to satisfy the Maxwell equations and to fulfill 
the boundary conditions at the surface of the 
wire, using a method of successive approxima¬ 
tions. The tangential component of the total 
electric field must vanish on the surface of the 
wire (assumed to be a perfect conductor). This 


1 F. Bloch and M. Hamermesh, Report 4U-TM125 of 1 E. Siegel and J. Labus, Hoch: tech. u. Elek: akus. 43, 
the Radio Research Laboratory (NDRC Division 15). 166 (1934). 
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total field consists of the incident field plus the 
field produced by the induced current in the 
wire. For sufficiently thin wires the current at 
the ends may be set equal to zero. The mathe¬ 
matical equivalent of these statements is the 
integral equation* 

er# r io) co8<pEoe iq ' 

r p 2 sin0 

+A i cosPz+A 2 sinj 3z (1) 

with 

r = [(s-*) 2 +a 2 ]*, /(db/)= 0 . 

These equations assume that the current is 
located at the center of the wire rather than 
residing on its surface, but it is well known in 
antenna theory that the resulting error is not 
serious (the reason being essentially that any 
infinitely long cylindrically symmetric charge dis¬ 
tribution gives the same exterior potential as 
though concentrated at the center). 

King and Harrison 8 solved the integral Eq. (1) 
for the receiving antenna by a method of suc¬ 
cessive approximations due to E. HalI6n. 4 Iiyts 
original form, ithe Hall6n method suffered from 
the defect that the convergence of the successive 
approximations, becomes poorer as l/\ increases. 
Even for Z=X, a reasonably accurate solution 
would require the use of complicated higher 
approximations. 

This difficulty, however, is avoided by fol¬ 
lowing procedures introduced by Miss Gray, 6 
and especially by King and Middleton, 8 who 
start from the same integral equation but who 
choose different procedures of successive approxi¬ 
mation. The Gray procedure was intended 
primarily for the transmitting antenna but, as 
explained more fully in the last part of the 
appendix, it is more suitable for the receiving 



1 R. King and C. Harrison, Proc. I.R.E. 31, 548 (1943); 
and 32, 18 and 35 (1944). 

4 E. Hallln, Nova Acta (Uppsala), Series 4,11,1 (1938). 

• M. C. Gray, J. App. Phya- 15, 61 (1944). 

• R. King and O. Middleton, Quart. App. Math. 3, 302 
(1946). For an interesting critical comparison of the 
various fthemes which have been proposed for approximate 
solution of the integral equation for the transmitting 
antenna, see D. Middleton and R. King, J. App. Phys. 17, 
273 (1946). Our approximation is, we believe, comparable 
with what these authors call “first-order King-Midaleton,” 
as we do not essay the refined but rather lengthy calcula¬ 
tion of the second order terms included in the articles of 
Bouwkamp and of King and Middleton. 
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antenna. It leads to difficulties when the wire is 
so very long that it contains a large number of 
wave-lengths (a case which does not usually arise 
in practice). The most refined scheme of approxi¬ 
mation is that recently published by King and 
Middleton. 

We have obtained solutions of the problem by 
two methods: 

(A) A combination of a judicious guess based 
on the solution of King and Harrison (with some 
corrections k la Gray or King and Middleton), 
and the application of the principle of conserva¬ 
tion of energy. 

(B) An approximate solution of the integral 
equation for the receiving antenna. The pro¬ 
cedure which we employed is one which we 
deemed at the time a modification of the Gray 
method, since it resembled the latter rather more 
than that of Hall£n. After our investigations 
were completed, however, the paper of King and 
'Middleton was published. It turns out that 
actually our scheme for approximating the in¬ 
tegral equation involves the same kind of attack 
as that used by King and Middleton in the an¬ 
tenna problem, though the superficial language is 
rather different. The point is discussed more fully 
at the end of the appendix. The mathematical 
details of the approximate solutions by methods 
(A) and (B) will be described in Sections II and 
III, respectively. 

In both methods (A) and (B) the current along 
the wire is assumed to be of the form 

I(z) = Ci cosgz+ C 2 cos pz+Q sings+ C 4 sin fiz, (2) 

where Ci, Ca, C*, C 4 are functions of the angles 
0, tp and of Z, X, a . We shall refer to the terms in 
sings and einpz (or cos qz and cos Pz) as the forced 
and resonant parts, respectively, of the solution, 
inasmuch as the phase of the impressed field 
along the wire is gz, and inasmuch as the ampli¬ 
tude Ca (or Ca) is abnormally large, because of 
resonance, if pi/r is a half-integer (or integer). 
The cosine and sine terms will be characterized 
as the even and odd members, respectively. In 
method (A) the values of Ci, Ca, Ci, C 4 , are 
determined by the conservation of energy and a 
supplemental assumption concerning the form of 
the solution away from resonance. In (B) one 
calculates the Ci, Ca, Ca, C 4 in a more dynamical 
fashion from the integral equation. In (A) it is 
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assumed that 

Ci cosfil Ci sin/3Z 

---=— 7 . (3) 

C% cosg/ Ca sing/ 

so that the boundary conditions J(db/) = 0 are 
automatically satisfied. In (B) the ratios C 1 /C 2 , 
C3/C4 have somewhat different values than (3), 
especially near resonance. At first sight this fact 
may seem to imply that in (B) the boundary con¬ 
ditions are not satisfied, but this is not really the 
case, as in satisfying the latter in (B) certain 
extra terms are included which we have not 
written down in the expression ( 2 ) for I(z ). It 
is consistent to carry these higher order terms 
only in satisfying the boundary conditions , 7 but 
not in computing the radiation, since most of 
the radiation comes from parts of the wire not 
near the ends, whereas the correction terms are 
abnormally important at the ends, especially in 
the interesting resonance region where cos fil or 
sin ftt is nearly zero. In (A) the amplitude of one 
of the forced terms drops to zero at resonance, 
since (3) shows that C\ and C% vanish with cosi 81 
and sinjS/, respectively. Actually, this is not 
correct, as the forced vibration is unaffected by 
resonance rather than suppressed by it. In con¬ 
sequence of the fact that (B) uses a more refined 
current expression than does (A) in satisfying 
the boundary condition, (B) is able to yield 
various effects and details which (A) is incapable 
of describing. 

Chu's Theory: A simple and ingeneous, though 
crude, method for obtaining expressions for the 
radar response, was used by Chu (unpublished). 
(We shall not give the details of this method 
since, as shown in Sec. II, the results can be 
obtained as a special case of Method A.) 

For resonant wires (length a multiple of X/2) 
Chu proceeds as follows: The current is assumed 
to be a pure sine function vanishing at the ends 
of the wire. Then the magnitude of the current is 
determined by applying the law of conservation 

7 The current can be made to vanish at the end even 
in the first approximation if one iterates in such a way 
that at each stage the solution at the end of the wire is 
subtracted from that at the middle. This is done, for 
instance, in the papers of Hall&i and of King and Middle- 
ton. Such a difference in procedure from ours is, however, 
a rather superficial one. It amounts, so to speak, to merely 
a different system of book-keeping for the various terms 
which necessarily appear as the iteration progresses. 


of energy (as in our method (A), which differs 
from Chu in the choice of current form). The 
expression for 9 at resonance is 

3X 2 4ir 2 //X —$+3 log( 8 ir/ 7 /X)-log 2 
- --, (4) 

16ir D°g( 8 *^ 7 /X )] 2 

where 7 denotes Euler's constant 1.78. The vari¬ 
ation of cross section with angle of incidence, 
i.e., <r( 0 ), may be obtained from the diagrams on 
page 788 of Terman's Handbook. One must, 
however, take the fourth power of the radial 
coordinate shown in his plots, as the cross section 
involves power rather than voltage, and as there 
is an extra square because on back-scattering 
the angular factor occurs both in incidence and 
reflection. 

The other case treated by Chu is that of long 
wires. Here only forced terms are considered 
(i.e., Ci — Ci = 0 in Eq. ( 2 )) and he obtains 

47 r / 2 sin 2 0 (sinx/x ) 2 

< 7 =-cosV» (5) 

Or/ 2 ) 2 + (log {X/ yva sin 0}) 2 

with the abbreviation x = (4t//X) cos0. Averaging 
over all 0 and <p , Chu finds 

ir/ 2 —X /8 tcI 

or = |/X-. (Sa) 

(ir/ 2 ) s +(log{X/ 7 To}) J 

Chu's method has the advantage of extreme 
simplicity, but it suffers from several defects: 

(a) It gives no information on the response in 
the intermediate region between the peaks corre¬ 
sponding to the resonant lengths, and the valleys 
corresponding more to the case of long wires. 

(b) It does not predict any shifts in the reso¬ 
nance maxima from the values X=4//ra, where 
m is an integer. Actually, the experimentally 
observed maxima are somewhat on the long 
wave-length side. 

(c) At resonance it neglects the effect of the 
forced oscillation, which is not negligible for 
broadside response or at the higher maxima 
(large values of m ). 

(d) It makes an error in the values of the 
height of the resonance peaks because the 
resonance shifts (effect b) alter the damping 
constant, and hence the amplitude. 

(e) The heights of the valleys are furnished by 
the Chu theory only if one assumes that away 
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Fi<j. 2. Radar response of wires: average cross section. 


from resonance practically all the response is 
caused by the forced rather than resonant terms, 
so that one can use his result (Sa) for infinitely 
long wires. Actually, for wires of practical length 
the effect of the resonant members cannot be 
neglected even in the valleys. 

Relative Merits of Methods {A) and (B): The 
results of Chu may be roughly characterized as 
a zero-order theory, which suffers from the 
defects mentioned in items (a)-(e) inclusive. 
Method (A) gives formulas for all wave-lengths, 
thus removing difficulty (a), but it is open to the 
objections (b-c-d). It is more than just an inter¬ 
polation scheme between the various Chu for¬ 
mulas as it does include the effect of the resonant 
terms away from the maxima, and so is not 
subject to the drawback (e). Hence (A) usually 
agrees c^uite closely with (B) in the valleys, but 
near the peaks (A) gives results which practically 
coincide with those given by the Chu resonance 
formula. Quite irrespective of the additional 
refinement connected with (b), (c), (d), method 
(B) has the advantage that it yields formulas 


that are much more tractable than those supplied 
by (A), as it gives closed expressions for the cross 
section averaged over all angles. Hence most of 
our comparison with experiment will be based 
on (B) and, because of the labor involved, only a 
few points will be computed by means of (A). 

Results 

(1) Variation of the Averaged Cross Section with 
Wave-Length: It is perhaps well first to take a 
bird’s-eye view of the response curves furnished 
by the theory for the cross section averaged over 
all angles, i.e., for a random distribution of wires. 
This is provided by Figs. 2 and 3. The curves are 
those furnished by method (B). Each curve of 
Fig. 2 refers to a different value of the ratio 21/a 
of the wire length to radius. In Fig. 2, the cross 
section is plotted out to //X = 1.2S (five peaks), 
while in Fig. 3 the curve is extended to the 20th 
peak for the special case 2//a = 900. The points 
actually calculated by method (B) are indicated 
by crosses in Fig. 2, and it is seen*that, r except 
for a few selected instances, most of the points 
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beyond the second or third maximum have been 
calculated only for the peaks and valleys, i.e., 
for resonance and antiresonance. No monu¬ 
mental accuracy should be attached to the 
precise values of the coordinates in the transition 
region where the curves slope very steeply and 
cannot be determined precisely without cal¬ 
culating a very large number of points. In the 
additional region covered by Fig. 3, only the 
peaks and valleys have been calculated, except 
that the shape of the curve has been computed in 
some detail for the 19th peak in order to examine 
whether there are any important changes in the 
band width at the higher resonances. It is seen 
from Fig. 3 that, measured in frequency, the 
band width increases slowly as one passes to the 
higher resonances, and is over 3 times as great 
for the 19th as for the first peak. On the other 
hand, the percentage change in frequency 
required to detune from resonance is obviously 
much smaller at the higher peaks, simply 
because the frequency is higher. As one would 
expect, the peaks are sharper, the smaller the 
radius of the wire in comparison to its length. 
No attempt has been made to calculate a 
detailed curve by method (A). Instead, the 
points calculated with this method are indicated 
by circles in Figs. 2 and 3. As can be seen from 
the curves, the two methods agree quite well 
away from resonance. The circles at 2//\=£, 1, 
1£, 2* • • are the peak maxima for method (A), 
and have practically the same values as those 
given by the simple resonance theory of Chu. 


It should be noted that the percentage dif¬ 
ference between resonance and antiresonance 
diminishes as the length of the wire, measured in 
multiples of wave-length, increases. For in¬ 
stance, Fig. 3 shows that the first peak is ten 
times as high as the first valley, whereas the 
ninth peak has only three times the height of the 
ninth valley. For infinitely long wires the dif¬ 
ference between the peaks and valleys would 
disappear entirely. 

As we go from one valley to another the 
height of the valley floor does not increase uni¬ 
formly, but rather increases in an alternating 
fashion. The first and second valleys, for 
instance, are approximately equal in elevation. 
Similar remarks apply to the third and fourth, 
which are both considerably higher than the 
first and second. This result is yielded by both 
(A) and (B), and is in accord with the experi¬ 
mental data. 

(2) Positions of the Maxima: Both experi¬ 
mentally and theoretically (method (B)), the 
resonance maxima come at somewhat longer 
wave-lengths than in the usual approximate 
formula 4Z/X = w. The displacements are greater 
the larger the radius of the wire; for an infinitely 
thin wire the resonance would be at exactly 
4 l/\ — m. With finite radii, the expression for the 
resonance maxima furnished by method (B) is 
approximately 

cot (tt \ 

) = U[2 log(X/ir a) 

— tan/3 If 

+ilog(2x//X)-1.87]->. (6) 



Fig. 3. Response of wires: average cross section. 
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Fig. 4. Broadside response of wires. 

(See Eq. (36) of Sec. Ill, where one will find a 
more complete discussion of expressions for the 
resonance maxima, including formulas (36') and 
(36") which are more accurate than ( 6 ) under 
certain conditions.) Here the cotangent applies 
to the resonances 1, 3, 5, etc., and the tangent 
to 2, 4, 6 * • *. 

The positions of the maxima furnished by 


method (B) are in quite good accord with ex¬ 
periment. For 2//a = 900, it predicts that the 
successive maxima should come at 4//X = 0.95, 
1.94, 2.935, 3.93, 4.925 whereas the observed 
values are~4f/X = 0.96, 1.88, 2.94, 3.90, 4.92. 

(3) Influence of Forced Terms at Resonance - 
Broadside Response: If we consider only the 
averaged cross section, the amplitude at reso¬ 
nance is determined almost entirely by the 
resonant term (C 2 or C 4 in Eq. (2)) and but little 
harm is done in omitting the ‘‘forced” members 
Ci and Cg in calculating the amplitudes of the 
first few peaks (m = 1 , 2, 3). When however, we 
do not average over all orientations of the target, 
but instead consider only the broadside response 
(at 0 = 90°), this is no longer true. The theory is 
particularly simple for the broadside case, as the 
phase of the incident electric vector is the same 
for all parts of the wire. The curve furnished by 
method (B) for the cross section as a function of 
2l/\ for broadside setting of the wire is shown 
in Fig. 4 . 8 It is in quite good agreement with the 
experimental data indicated by circles. On the 
other hand, method (A) gives results not in 
accord with experiment at the odd resonances. 
(The even resonances have no particularly large 
broadside scattering.) The reason why the forced 
vibrations cannot be neglected, as in method 
(A), for broadside response at resonance, espe¬ 
cially at the higher maxima, is the following: 



1 The quantity plotted In Figs. 4-8 is r(0) which is connected with <r by the relation <r-» (8/3) cos 
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Fig. 6. Angular distribution of response of wire. 


When we average over all orientations, the 
important term at resonance is usually that cor¬ 
responding to resonant rather than forced oscil¬ 
lation (i.e., of structure sin fiz or cosj 8z rather 
than sings or cos qz in Eq. (2)). In the broadside 
case, however, we are interested in scattering 
perpendicular to the wire (the equatorial zone). 
The forced oscillations Ci, C% in Eq. (2) give 
a particularly strong perpendicular scattering, 
whereas except for the first resonance or two, 
the major lobes due to the resonant vibrations 
C 2 , Ck are nearer*the poles than the equator. For 
this reason the forced radiation is abnormally 
important in the broadside case, and at the 
higher resonances actually exceeds the resonant, 
despite the fact that the latter is associated with 
a far larger current amplitude. As an example we 
cite some numerical results obtained by method 
(B) for a wire having 2//a = 900. Here at the 
first, third, fifth, seventh resonances, the con¬ 
tribution due to the resonant oscillations repre¬ 
sents respectively 95, 54, 24, 11 percent of the 
total broadside cross section, the remainder 
being caused by *the forced oscillations. It is 
because method (A) artificially suppresses the 
forced vibrations at resonance that it actually 
gives minima rather than maxima in the broad¬ 
side response curves at resonance. 


(4) Height of the Maxima in the Averaged Cross 
Section: The height of the resonance peaks as 
given by method (B) is higher than that given 
by method (A) or by the Chu formula. For 
instance, if 2//a = 900, the maxima corresponding 
to m~ 1, 3, 5, 10, 20 are, respectively, 20, 32, 
42, 66, 112 percent higher than given by Chu’s 
expression. This difference, which would disap¬ 
pear for infinitely thin wires, is ascribable to two 
causes. One is the neglect of forced oscillations 
by (A), or by the Chu expression (our Eq. (4)), 
at resonance maxima. We have already discussed 
in paragraph (3) how this affects the results at 
broadside. For the first two or three maxima, the 
peaks of the averaged cross section are not 
affected appreciably by the forced oscillations. 
However, if, for example, 2//a=900, inclusion 
of the forced oscillations in method (B) makes 
the first, third, and tenth maxima (w = 1, 3, 10), 
respectively, 6,11, 29 percent greater than if the 
forced members are neglected (i.e., if C\ and Ci 
are taken equal to zero in Eq. (2)). The other 
effect which makes the maxima given by (B) 
higher than those given by (A) or by Chu is the 
fact that (B) takes into account the displacement 
of resonance to a slightly longer wave-length than 
that furnished by the ordinary expression 
//X = w/4. The theory of Part III shows that the 
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Fig. 7. Angular distribution of response of wire. 


shift in the resonance decreases the damping and 
so increases the amplitude. 9 It is particularly 
noteworthy that this displacement effect makes 
the peak for w = 1 higher than it would be 
otherwise, since this particular peak is often 
used for calibration. (Equation (4) shows that 
according to Chu the cross section at the first 
peak is 0.1 S3X 2 , regardless of the value of l/a. 
With method (B), on the other hand, it depends 
on the radius of the wire, and has the values of 
0.184X 2 , 0.194X 2 , 0.204X 2 for 2//<z = 900, 450, 225, 
respectively.) 

(5) Height of the Valleys: Here methods (A) 
and (B) agree quite well. The cross section fur¬ 
nished by the Chu non-resonant formula (Eq. 
(5a)), is indicated by the dotted line in Fig. 3. 
We see that even the deepest parts of the valleys 
are considerably higher than the dotted line. 
This means that even as far removed as possible 
from resonance, the effects of the resonant terms 


9 Mathematically, this is expressed in the fact that the 
“resonance denominators" ¥H-E* appearing in the ex¬ 
pressions for G and H in Eq. (35) are smaller in numerical 
magnitude for and respectively, than 

for J)t and 


are not completely negligible. Stated in a dif¬ 
ferent way, a finite wire, even when it is non¬ 
resonant, is far from behaving like an infinite 
wire. It should be noted that the valley floors 
depend on the radius much more than do the 
peaks. 

(6) Angular Distribution: It is interesting to 
plot <r(6) for a fixed wave-length. This has been 
done for the first, third, and fourth resonance 
maxima in Figs. 5-7. The types of angular 
variation predicted by methods (A) and (B) are 
not much different and are in general agreement 
with experiment. The angular patterns given by 
method (A) for the first few resonances are 
almost identical with those obtained by the 
simple theory of Chu. For higher maxima such 
as the 2 peak, however, the corrections to the 
simple theory are important, as shown by Fig. 7, 
especially at 90°. 

As typical of an angular response well removed 
from resonance, the angular pattern for 2//X 
* 1.25 is given in Fig, 8, for which methods (A) 
and (B) give the same distribution. 

(7) Comparison with Experiment: Unfortu- 


282 


journal op Applied Physics 




nately, one will not find in the present paper 
elaborate curves comparing theory with experi¬ 
ment. This is because the existing data are, in 
our opinion, not yet satisfactory. In the absence 
of well-established experimental material, obvi¬ 
ously more reliance must be placed on theory 
than would otherwise be the case, and this is one 
reason why we have developed the theory in 
detail in the two forms, (A) and (B); it is perhaps 
reassuring to have two independent theoretical 
approaches. Two results of the theory, for which 
significant comparison with experiment can be 
made at present have already been discussed, 
viz., (a) shift in the positions of the resonance 
maxima from the “zero-order” positions l = \m\\ 
and (b) broadside response. Experiments on 
either of these features are easier than on the 
averaged cross section. Obviously (a) does not 
involve any intensity measurements, while (b) 
does not involve a variety of angular settings 
such as are needed in finding the averaged cross 
section. A more important feature of measure¬ 
ments of the broadside response is that they 
avoid polarization effects in the suspensions used 
to support the wires during laboratory measure¬ 
ments. The dielectric properties of the suspension 
may alter the charge distribution and hence the 
current in the wire. However, in the broadside 


case the current is a symmetrical function of the 
distance from the center of the wire, so that at 
the center we have dl/dz= 0. Furthermore, the 
equation of continuity gives dI/dz=iosp, and 
hence there will be no charge near the center of 
the wire. Thus the polarization difficulties will 
not occur if the wire is supported at its center. 

Limitations of the Theory: It is essential that 
the reader should appreciate that the antenna 
problem is so difficult that even these somewhat 
involved calculations apply only under the as¬ 
sumption that the wire is long compared to its 
radius. The calculations involve an expansion in 
descending powers of ff = 2 log(2//a), where l is 
the half-length of the wire, and a is the radius 
of the equivalent wire. The fact that the ex¬ 
pansion is in terms of reciprocal powers of log2 l/a, 
rather than of 2 l/a, itself shows that under 
no conditions can the accuracy be monumental. 
For values of 2 l/a of the order 10* it is doubtless 
quite good (say within a few percent) and for 
2//a~100 it is probably adequate, but for very 
“fat” wires of the order 21/a = 10 the calculations 
can at most be relied on only for orders of mag¬ 
nitude. Even when l/a is very large, the theory 
may involve considerable percentage of error in 
its expression for the amplitude of the resonant 
vibrations, if the wire is so very long as to contain 
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a large number of wave-lengths (see discussion in latter part of appendix). However, this dif¬ 
ficulty is not serious, because for such exceedingly long wires the resonant vibrations are of minor 
importance compared to the forced ones. 


IL DETAILS OF METHOD A 

The projection of the incident field on the antenna is £o sin0 cos<pe iqt . (We omit everywhere the 
time factor e~ iut .) We choose our current in a form suggested by the solution of King and Harrison 8 : 


/(*)-- 


cos^rcos^s cos0/—cos fiz cos ql 

sinqz sin/8/ — sin/fte sing/l 

/8 2 sin0 Q L cos q) 

sinpi+(i/U)g(l,q) J 


0 = 2[log(2 /yfta) +Ci20Z];* 7 = 1.78; Ci* 


X 


00 cos/ 

- dt. 

t 


(7) 

( 8 ) 


In Eq. (7) we shall refer to[the*first term in brackets as the even part and to the second as the odd 
part. To determine the functions / and g we use the procedure of calculating the work done on the 
antenna, and equate to the total energy flux radiated from the antenna; i.e., we set 



El+dz = 


—Re f (EXH*)R 2 da> 

4r J 


c 

4 T 




(9) 


where E, H are the fields produced by the induced currents in the antenna, F* is the conjugate 
complex of F , and Re denotes the real part. The first integral is taken over the antenna, while the 
second is taken over the surface of a large sphere of radius R. 

On the antenna we have ** 


x; 


E • l*dz = — 


iuE 0 2 cosVrcos/3/{/+ft(2g)} — cosql{h(q+P)+h(q—p) j 


/3 J n 


cos/3 l-(i/Q)f(l, q) 

sin(Sl{l—h(2q )} — sinql{h(q—p)—h{q+fi) (' 


+ 


sin/3/ —(i/Q)g(/, /3) 


( 10 ) 


with the abbreviation h{x) =sin xl/x. Again we shall refer to the first term as the even part, and to 
the second as the odd part. 

The field produced by the current I at ^ 6' and distance R is 

ip sinfl' r +l 

E = -I J(z)e»* ™»'dz. (11) 

C R */_! 


The flux density is 


The total flux is 


c ci 3 a sin*0' r +l r +l 

_|£|2 - 

W 4 rc 1 R} 


+t 


C +l C +l 

J J J(z) J*(z')«* ( “"' ) «“*'dzdz f . 


( 12 ) 


/»+' /dl(z) sin/3(s—«')| 

-J dz'J*(s')(- 


dz z—zf 


Dl- 


(13) 
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We have written the current as the sum of an even and an odd function of z . As can be seen from 
Eq. (13), integrals involving products of even and odd parts of the current vanish; i.e., the total 
flux consists of two parts, one in which we choose for I(z) only the even part of the current; the other 
in which we use only the odd part. 

We shall satisfy Eq. (9) (which is actually simply a statement of the law of conservation of energy) 
separately for the odd and even parts. Using only the even part of I(z) from Eq. (7) in Eq. (13), and 
performing the integrations, we obtain for this part of the total flux the value 


1 


1 o) 2 E 0 2 cosV 


where 


[ 07 ( 0 ) cos 2 ql+K<r(q) —Ly(q) - M cos 2 0/], 
cos 2 pl+p/Q 2 « /3 4 sin W J 

K-(P 2 — q 2 ) {l+h(2q) ) cos 2 /3/-f 2 cos0/ cos ql(q sin ql cos0/—0 cos ql sin/3/), 

L — (0 2 — <? 2 ) cos 2 0/(cos2g//2g)+g cos 2 0Z cos2g/+i0 sin2g/ sin2/3Z, 

M=(0+g) sin 2 (/3 — g)/+ (0 — q) sin 2 (/3+g)/, <r(q) = Si2(/3+g)/+Si2(/3-g)/, 


(14) 


p x sint n x 1 —cosJ 

7 (g) = Cm 2 (fr+g)/ —Cin2(/3—g)/, Six = I - ~dt ; Cin# = j--<// = log #+0.577 —Ci#. 

J n t J n t 


X 1 — COS/ 


Equating (14) to the even part of Eq. (10), and solving for/(/, g), we obtain 
/=<Ky) cos#+.4 -1 {y(#) cos 2 #y —y^^Jy^l+y 2 ) cos 2 # cos 2 #y+£ sin 2 # sin 2 #y] 

-cos 2 #[(l+y) sin 2 #(l-y) + (l — y) sin 2 #(l+y)]), (15) 

where 


x = 0 /; y = cos 0 = g//3; <r(y) =Si2#(l+y)+Si2#(l —y); 7 ( 7 ) = Cin 2 #(l+y) — Cin 2 #(l—y); 

7 (#)=Cin 4 #; A = (1 — y 2 )(#+ \y~ x sin2#y) cos# —cos#y {(1+y) sin#(l —y) + (l— y) sin#(l+y)}. 


By a similar procedure, using the odd part of the current, we obtain 
g — a(y) sinx+JB -1 { 7 (a) sin 2 #y+ 7 (y)[£y -1 (l +y 2 ) sin 2 # cos 2 #y —£ sin 2 # sin 2 #y] 

— sin 2 #[(l+y) sin 2 #(l—y) + (l—y) sin 2 #(l+y)]), (16) 

where 

J3 = (l — y 2 )(x—\y~ l sin 2 #y) sin# —sin#y {( 1 +y) sin#(l —y) — (1 —y) sin#(l+y)}. 

Having determined the functions / and g, we now calculate the scattering cross section in the back¬ 
ward direction 0. The scattering cross section is defined as or = 4 tF? | E | 2 /1E 0 1 2 when E is the scat¬ 
tered field in direction 0 , as given by Eq. (11). After performing the integration, we can write E in 
terms of # and y as 

Eocos^p r A B 

£=-- 

012(1 —y 2 )Lcos#+i //12 sin x+ig/ti 

E q 2 cos 2 <p r .4 2 B 2 2AB(sinx cosx+fg/Q 2 ) 

| JE | 2 =- -+- 

0 2 12 2 (1 — y 2 ) 2 Lcos 2 #+/Vl2 2 sin 2 #+g 2 / 12 2 (sin# cos#+/g/ 12 2 ) 2 +fr~ 2 (g cos#—/sin #) 2 

We assume that both transmitter and receiver are polarized parallel to each other. This gives an 
extra factor cos 2 ?. The average over all polarizations give (cos 4 ?)/w = f (if the polarizations of re¬ 
ceiver and transmitter were crossed, we would be concerned with (sin 2 ? cos 2 ?)* = J, making the 
cross section one-third as large). Thus we have 

<r(0) 3 1 f“ -4 2 B 2 2i45(sin#cos#+/g/12 2 ) 

X 2 8irG 2 (1 — y 2 ) 2 Lcos 2 #+/yO 2 sin 2 #+g 2 /0 2 (sin#cos#+/g/fi , ) 2 +l^“ 2 (gcos#-/sin#) 2 
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Table I. 


2 1/\ 1/4 1/2 3/4 1 5/4 3/2 7/4 2 15/4 

tf/X* 6x10"* .151 .023 .163 .022 .176 .066 .219 .127 


Assuming that the wires are randomly oriented in space, the average cross section, 9, is 



dd sin# <r(0), 


( 20 ) 


where c(B) is given by Eq. (19). The evaluation of ff/X 2 requires numerical integration of Eq. (20). 
For 2//a = 900, the results are given in Table I. 

The parameter Q increases as the radius of the antenna decreases. The terms of Eq.- (19) are of 
order I/O 2 , except when cos# or sinx become £mall; i.e., the cross section will be small (^l/0 2 ) 
except for values of x nearly ic/2 i 3t/ 2, etc. (odd resonances) and x, 2 w, etc. (even resonances). 
Figures 5 to 8 show plots of <t(b)/\ 2 as a function of B as computed from Eq. (19). 

The broadside cross section is of interest for comparison with experiment and with method (B). 
For this case B = 90°, y = 0. If we let y approach zero, then A-+2x cosx—sinx; B-+0\f-+2 cosx Si2x 
+i[7(^)‘~' s J n2 2^](3CC0sx —sinx) -1 ; g remains finite, so that the odd term gives no contribution 
broadside. This is easily seen physically. For an odd distribution of current, contributions to the 
field broadside will cancel in pairs. 

Substituting in Eq. (19) we obtain 


c(B = 90°) 3 (x cosx — sinx) 2 

--- =---. ( 21 ) 

X 2 2tt 0 2 cos 2 x+ {2 cosx Si2x+$[y(x) — sin 2 2x][x cosx — sinx] -1 } 2 

For 0=90°, <r(0)/X 2 is plotted in Fig. 4, for 2//a = 900. Equation (19) reduces, in limiting cases, to 
the results obtained by Chu. At odd resonances (x = ir/2, 3 t/ 2, etc.) sinx = 1, cosx=0. Then the 
contribution of the odd terms will be of order 1/Q~*X (even terms). If we neglect the odd terms then 
we find 

ff(0)/A 2 = fir -1 [.d//(l— y 2 )] 2 , with /^.DK*)] 2 ; A 2 = 4cos 4 xy. 

The corresponding averaged cross section is 

0/X J = |ir -, 7(x) -2 [x(Si4x — J Si8x)-f$ Cin4x —i Cin8x]. (22) 


Using the asymptotic expansions Siz~$ir—(cosz/z); Cinz~log 7 z+sinz/z; we have 

9 i 3 4t 2 //A—§+.3 log(8r/ 7 /X) -log2 
X 2 16 tt [log(8x/ 7 /X)] J 


(22a) 


which is the expression obtained by Chu (Eq. (4)). A similar derivation for the even resonances 
yields the same final formulas (22) and (22a). 

For long wires (*—►«>), we have, provided we are not at resonance and so long as y ^0: 

cosx; g—><r(y) sinx; A— >x(l — y 2 ) cosx; y 2 ) sinx. 

Substituting in Eq. (19) we find that the return cross section is zero (for yX0); i.e., for long non¬ 
resonant wires the return signal is a sharp broadside lobe. 

For Arge values of x, one finds from Eq. (21), 

<r(0=9O°) 3 x 2 3x/ 2 1 

--~-, (23) 

X* 2tG*+i r 2 2 [log(2/ 7 /9a)] 2 +T 2 /4 


which is identical with the expression obtained by Chu (cf. Eq. (5), with 0«=9O° and (cosV)a» 


I). 
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m. DETAILS OF METHOD B 

The fundamental integral equation to be satisfied after removal of the time factor is that already 
given as our Eq. (1). The constants A\ and A 2 are to be determined by the requirement that the 
current vanishes at the end of the wire. 

We seek to satisfy Eq. (1) approximately by a solution of the form 


I(z) ~ae iq ‘+y i cos#B+i 72 sin fix. 


(24) 


The coefficient a is determined so as to cancel the part of the right side of Eq. (1) which is propor¬ 
tional to e iqt . As in the paper of Gray, we write 


J </£ = /(«) J r-» cos 0rdl-+f r-'[/($) -/(*)] cos/3 rdk~i J r~ l I( f) sin prd£. (25) 


The limits of integration are to be understood throughout to be db/. In fr* 1 cos we must take 
into account the finite radius of the wire (otherwise the integral diverges), and following the usual 
procedure of antenna theory take the origin of r as at the center of the wire. In the other members, 
on the other hand* the integrals converge at r = 0 so that the wire here may be regarded as of neg¬ 
ligible thickness. For a more thorough discussion of this point see Miss Gray’s paper; 5 it will be 
assumed that the reader has some familiarity with the procedure used there. 

With these approximations we have 


C 


cos 0r 


-d£ = Z(z), with 


Z (z) = log 


[(/+g)»+g»]*+(/+«) 

[ (l-z)*+a*y-(l-z) 


— Cin/3 (/+z) — Cin/3(/—z), 


(26) 


J r- l e i '‘te~* r d$=‘le i '“l2Z(z)+2 Cin/3(/-z)+2 Cin/3(/+z)-Cin(/3+g)(/-z) -Cm(p-q)(l+z) 

— Cin(/3 —?)(/ —z) — Cin(/3+g)(Z+z) —i Si(/?+g)(/—z)—i Si(/3 —g)(/+z) 

- i Si (0 - q) (l- z) - i Si (fi + q) (l 4-z)3 + ie^'CCin 0 + q) (l - 2 ) 

+Cin(/3—g)(/+z)-Cin(/3+g)(/+z) —Cin(/3—g)(/—z) 

+i {Si(/3+g)(/—z)+SiG8—g)(/+z)—Si(/3+g)(/+z)-Si(/3—g)(/—z) )J. (27) 

The coefficients of e lg ‘ in Eq. (27) are slowly varying functions of z, and we shall replace them by 
their mean values. Actually the deviations from the mean values are considerable near the very 
ends of the wire. Consequently, it may appear to the reader that a very sizable error is committed 
by using mean values in the current formulas when we apply the boundary conditions at the end of 
the wire. This point will be discussed more fully in the appendix, where it will be shown that the 
objection is not a serious one. The second of the two factors enclosed in [ J in _Eq. (27) is an 
odd function of z, so that its mean value is zero. Furthermore 

(Z(z))a« = */ f Z(z)dz = 2[log(2//o) +log2 - Cin2/3/ - (sin2/3//2/3/) ] ~2[log(X/To) -0.577], 

(28) 

(Cinife(/+z)>A, = Cin2/W+ (sin2kl/2kl) - 1 ~log2&+0.577-l, 

(Si k(l+z) )*=Si2 kl+ (1/2 M) [cos2 hi -1 ] ■~ 

The approximations following the wavy lines are contingent on kl being somewhat large compared 
to unity, and may be considered adequate for our purposes except when the wire is less than a half 
wave long. Even with wires a half wave-length or so long, the error involved in using the asymptotic 
formulas is by no means negligible; if, for instance (21/a) =* 900, the cross section at the first resonance 
is raised six percent when the asymptotic expansions are not made. Since the formulas based on 
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these asymptotic expansions are much easier to compute with than arc those involving the Si and 
Cin functions, and since we are usually interested in wires at least half a wave long, we shall carry 
through the calculations on the assumption that the use of asymptotic approximations is legitimate. 
However, we shall later give some of the more complicated final expressions which are obtained 
when these approximations are not made. The expression (27) now becomes Ke iqt , where 

K = 2 {log(X/jra) — 0.577} +2 log(l/sin0) — iir. 

The appropriate value of the constant a in Eq. (24) is thus 

a—too cospEo/Kp 2 sin0. (29) 

We now proceed to determine the relation between yi, y 2 and the constants At, A 2 of Eq. (1). Using 
the same type of approximation as in Eq. (27} we obtain 

Jr~ l cos! bier&di = L cos pz ; J r~ l si np£e~ ifir dt — L sin 0z, 

where 

L = 2[log(X/xa) - O.577]+log20/+O.577 -log2 -iir/ 2 - 1 . 

Thus 

y x =Ai/L ; iy 2 = A 2 /L. (30) 


We must now determine the constants A i and A ^ so as to satisfy the boundary condition /( db/) = 0. 
Here it is not sufficient merely to set the expression (24) equal to zero at ±Z, which would give 
7 i= — a cosql/cosftt; y 2 = — a sinql/sinfil, in other words infinite current at resonance. Instead we 
can obtain a finite current at resonance and proper damping and radiation resistance only by 
demanding that the second, rather than firs£approximation to the current, vanish at the boundary. 
This second approximation is obtained by iterating once the first approximation to the current, or 
in other words using the first approximation to /({) and I(z ) in the second and third, but not the first 
term in the right side of (25). Clearly the first term is much more sensitive than the other two to the 
value of I(z ), as it involves an integral which would be infinite if the wire radius, a, were equal to 
zero, whereas the other integrals always remain finite even with a = 0. The boundary conditions for 
determining Ai and A 2 can thus be taken to be 

J*r“ 1 [/({)—/(db/)]cosj9rrff—i J * r- x I(£) sin/3rd£= (iw cos^//3 2 sind)Eoe ±iql 

-\'AiCos(dtzftl)-\-A 2 sit\(zLpl)' t (31) 


as is seen by substituting (25) in (1) with z= db/, and with I(±.1) =0 in the first right-hand member 
of (25). The approximation (24) may be used for /(£) and 1(1) in evaluating the left side of (31), and 
r has the value |Z±$ |. 

The satisfaction of the boundary conditions at the two ends of the wire is equivalent to satisfying 
the condition at one end separately for the problem of an 14 even M impressed field E 0 cos<j;5 ancj an 
44 odd” one iEo sings, rather than lumping both in the combination e iq \ Instead of regarding the 
boundary conditions as determining A \ and A %, we can equally well regard them as specifying yi, y 2 
inasmuch as y% 9 and A\ t At are related by Eq. (30); it is more convenient to solve for yi, y 2 than 
Ai t At, since the former enter directly into the expression (24) for the current distribution. When we 
utilize (29), (30), and (27) (approximated in the usual way for large /) we thus find that (24) yields 
the following expressions for determining yi, y 2 : 

(ua cospEo/KP* sin0) {[log(l/sin0) — coslog[(l +cos0)/(l — cos0)] sing/} 

+ 7 i {cos/3/(J log2/5/+0.288 — J log2 — \iv) — $i(log 40/+O.577) sinfil+^lir sin0/} 

* (iw co$<pE 0 /P 2 sin0) cosg/+yiL cosj Si, (32) 
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(*“ cosvEt/Kp sin#) {[log(l/sin0)-iV/2] sin ql+fc log[(l +cos#)/(I -cos#)] coaql} 

+ 7 2 {sin/M(J log2/3/+0.288-i log2- {it) +Ji(log4|8/+0.577) cos/3/-1jtcos/3Z} 

= ( io3 cos<pEo/fi 2 sin0) smql+y%L sinj 81. (33) 

We may, without too much error, replace log(l/sin0) and log(l+cos0)/(l — cos0) by zero in these 
expressions. The justification for this is that the bulk of the scattering comes from 0>3O°, so that 
the omitted terms are unimportant, and their inclusion would excessively complicate the angular 
dependence and preclude our obtaining analytical expressions for the cross section averaged over 
angle. We shall also similarly neglect the term log(l/sin0) in the quantity K of Eq. (29). Of course, 
these minor angular terms could be included, but they yield nothing worth while. The expression for 
the current may now, in virtue of (24), (29), (32), (33) be written as 

I(z) = (iw cos(pEo/ft 2 sin0)[(F'+iF ,, )^ ltf *+2(G'+iG") cos/3z cosg/+2i(/i'+i7/") sin fiz sing/], (34) 

F' = i 2'/(12' 2 +ir 2 ), F" = ir/(12' 2 +7r 2 ), 12'= 2 log (X/Va) —1.154, (34a) 

2G' -«(^O[^0«) l +S(W t ]" l -»O'" I G^ 2G /, -S08O[^(W a +S0»O*]" 1 , 

2IT = ^ f fil — |ir) [¥ (/3/ — fir) 2 +H(j3/ — $ir) 2 ]“ 1 — 7 rl 2 ' -1 //", ^ 

2 h" - m- m[*gm- fry+m - w*]- 1 ,' 

(35a) 

'{'(a) = — (12' — A) cosx+Itt sinx, a(x) = §(log4/3/+0.577) sinx — i 7rcosx, A = — |log/3/+0.7l2. 

The terms — ttG"/ 12', — ir/T'/O' occurring at the very ends of our formulas for G' and //' are im¬ 
portant only very near resonance, where G" and JJ" are abnormally large. In writing down these 
terms, we have neglected A, etc., in comparison with 12' so that their denominators are simply 12'. 
This approximation is allowable as the terms — 7rG"/12', — irII”/$! are never of dominant importance. 

Resonance occurs when there is a peak in the cross section plotted against wave-length. If the 
wire is sufficiently thin, so that 21 ja is of the order 10 3 , the only important terms which vary acutely 
with wave-length are the G terms at the resonances 1, 3, 5 • • • and the II ones at 2, 4, 6. The problem 
of locating the resonance is that of finding the position of the maximum of G' 2 +G" 2 or //' 2 +Jf" 2 , 
and resonance can be regarded as occurring when the denominator of the fractions in Eq. (35) is as 
small as possible. If the wire is not too long, or in other words if log/3/ can be regarded as very small 
compared to 2 log(2//a), the resonance is located nearly at the point where the first of the two 
squared terms composing the denominator is equal to zero. Then the forced and resonant vibrations 
are 9U° out of phase. With this approximation, resonance occurs when the factor (12' —A) cos/3Z 
— i^rsm#, or (12'—A) sin/3/+1* cos/3/ vanishes. The positions of the odd and even resonances are 
thus not given by cos/3/= 0 or sin/3/= 0, as commonly assumed, but rather by 

cotjS/ = 7r/4(12' — A) or — tan# = tt/4(12' — A). (36) 


This relation is the same as Eq. (6) of Part I. If asymptotic expansions are not used, Eq. (36) is 
replaced by 

cot/3/ \ £ Si40Z 


( cot/3/ \ 
— tan/3// 


tan/3// 2[log(2//a) +log2 — 1] — £ Cin40/ — Cin2/3/ — (sin4j3//40/) +1 


(36') 


Substitution of (36') for (36) alters the resonance frequency only negligibly except at the first, 
maximum, and even here the change is slight, (e.g., 0.3 percent in 0/ if 2//a = 900). A more important 
refinement is the allowance for the fact that the minima of the denominators of G or II are not 
located exactly where their first terms vanish. Correction for this fact leads to the formula 

/ cot/3/ \ *(l+«) [log(8 t//X)+ 0.577] 2 +2[log(8ir//X)+0.577 ][12'—A] 

( )=- with c—-. (36") 

V —tan 0// 4(12'—A) [2(12' —A)] 2 
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The difference between (36) and (36") is particularly noticeable if the wire is long enough to contain 
several wave-lengths. For instance if 2//a = 900, use of (36") rather than (36) increases the shift of 
the first peak (measured from the Chu value) by only 10 percent, but the 10th peak by 28 percent. 
The numerical figures quoted in Sec. I are based on (36") rather than (36), and in the first peak, 
avoidance of asymptotic expansions in the leading term is avoided by inserting the correction factor 
l+« in (36') rather than (36). It must be cautioned that if 2 l/a is of the order 10 2 , so that the con¬ 
vergence of our method becomes slow due to the inadequate size of 12, none of the formulas (36), 
(36'), (36") should be used for locating the maximum, as then the influence of the cross terms FG 
or FH becomes important and the resonance must be located by plotting the final expression (38) 
for the averaged cross section as a function of wave-length rather than merely maximizing G' 2 +G" 2 
or Thus if 2//a = 80 it turns out that the shift given by (36") is about 50 percent larger 

than what is obtained by locating the peak in the complete expression for the cross section. 

The reflected field can be determined from I\z) as given by Eq. (34) by following the same pro¬ 
cedure as in Eqs. (11) and (12)* We thus obtain 

• cosV(4*£ 2 )|£| 2 

= 4t cosv| J dze^^F'+iF")e iq '+2(G'+iG") cos 0z cosql+2i(H'+iH") sin @z sing/] 

- (4X 2 / r) cosV {ax\F’*+ F" 2 ) + (a 2 +a 8 ) 2 cos 2 *?(G >2 +G" 2 ) + (a,-a 3 ) 2 sin 2 *;y(/F 2 +//" 2 ) 

+2(a 2 2 -a 8 2 ) sin*y cos*y(G'iJ'+G"i7")+2a 1 (a 2 +fl 3 ) cos*y(F'G'+F"G") 

+2a 1 (a 2 -a 8 ) sinxy(F'ir+F"H ")}, (37) 

where + 

* = 2ar//A, y = cos0, ai = Jjr 1 sin2*y, a 2 =(l+y) -1 sin[*(l+y)], a 8 = (l — y)~ l sin[*(l —?)]. 

<r($) can be obtained from (37) by replacing cosV by its mean value |. (For the case of crossed 
polarization see the remarks in Sec. II following Eq. (18).) To find the value of 9, Eq. (37) should in 
addition be integrated from y = 0 to y = 1. (It must not be integrated from — 1 to +1 as in evaluating 
the Si functions we have assumed their arguments positive, which requires y>0.) 

The integrals are evaluable in terms of Si(*), Ci(*) and elementary functions. 10 It is convenient 
to make asymptotic expansions of Si(*) and Ci(*) after the integrals have been calculated. In some 
of the terms, however, it turns out that the factor multiplying Si(x) or Ci(*) contains a first power 
of * explicitly rather than involving * only through trigonometric functions, and in such terms it is 
not sufficient to use the approximations Si(*)~-£?r, Ci(*) = 0, but rather we must employ the some¬ 
what more accurate asymptotic developments Si(*)^iir—cos*/*, Ci(*)~sin*/* in order to obtain 
answers correct to terms of the zeroth order in *. By proceding in this fashion it is found that the 
averaged cross section 9 finally becomes 

16ird/3X 2 = (F' 2 +F" 2 )(2*ir—l) + (G' 2 +G" 2 )[2*ir--l+log4*+0.577 + (4* log2+x) sin2* 

+ (£ — 2{log4*+0.577 j) cos2*— (log2) cos4*] 

+ (JZ' 2 +J?" 2 )[2xir — 1+log4*+0.577 - (4* log2+ir) sin2* 

+ (2 {log4*+0.577} — J) cos2*— (log2) cos4*] 

+2 (G'H' + G"H") [4*(log2) cos2*-i sin2*] 

+4(F'G'+F"G")[(7t/ 4) sin*-J(log4*+0.577) cos*-*(k>g2) cos3*] 

+4(F'H'+F"H'%{ir cos*—i(log4*+0.577) sin*+iO<>g2) sin3*]. (38) 

10 For detailed evaluation of the integrals see report 411-103 of the Radio Research Laboratory, Harvard University 
(NDRC Div. 15). This report also contains more graphs of the angular cross sections than given in our Figs. 5-8. 
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Short wires in case the wire is not long enough compared to the wave-length to permit the use of 
asymptotic expansions, the preceding formulas must be modified as follows: Eq. (37) is still appli¬ 
cable, but the coefficients F t G, //, must be redefined. Equation (34a) is replaced by 

F f = i2"/(S2" 2 +X 2 ), F" = X/(12" 2 +X 2 ), X = 2[Si2jS/+ (2{}l)-'(cos2pl- 1)], 

12" = 2[log(2//a)+log2 —Cin2j9Z— (sin2jS//2j9/)]. 

The formulas (35) for G and H arc still valid if the coefficients irQ'*" 1 in (35) are replaced by 
2S2"~ 1 Si2j8Z, and if the definitions (35a) are modified to 

^(x) = — (f2" —A") cosx+£ Si4#/ sin*, 2(x) = \ Cin4 fil sinx — [£Si40Z4-(4j8Z)~ 1 (cos40Z--l)] cosx, 

12" - A" = 2[log(2//a)+log2 -1 ] - £ Cin40Z - Cin20Z- (sin4/3//4/S/) +1. 

The explicit expression for the resulting averaged cross section is given in reference 10, and will not 
be reproduced here, as it is quite cumbersome. 

For 2Z/a = 900, the averaged cross section at the first resonance turns out to be six percent lower 
when asymptotic expansions arc avoided. The lower values have been used in drawing the first peak 
in Figs. 2 and 3, but serious error would not have resulted had we used the asymptotic formulas. 
For the second and higher peaks, the results are not appreciably influenced by employing asymptotic 
expansions. On the other hand, when the frequency is lowered much below the first resonance, it 
is very essential to avoid using the asymptotic formulas. 

When the frequency is quite small compared to the first resonant frequency, or in other words 
if the wire is cut much too short for resonance, it is very difficult to compute with the non-asymptotic 
formula that replaces (38). The cross section is expressed as a difference of terms which nearly cancel 
and which must hence be very accurately evaluated to obtain a significant answer. 

However, for very short wires, simple formulas may be obtained by using for the coefficients the 
approximate values 

F' = l/[2 1og(2//a) + 2 1og2-l], G' = - F'(l+x 2 )/2, H'=-F'/2x, 

and developing the expression (34) for the current or the integrand of (37) as a Taylor’s series in 
jc and retainining only the terms of lowest order. In this way one finds that before averaging the 
cross section is 


* = (X 2 jcV97 r )(c OS 4^)( 1 —y 2 ) 2 [log(4Z/a) -1]- 2 , (39) 

while the averaged cross section is 

d = (X 2 jc 6 /45t) [log(4//a) -1 ]“ 2 , (jc = 2t r//X). • (40) 

Equations (39) and (40) can safely be used if the frequency is twenty percent or less of the first 
resonant frequency (i.e., X/Z^20). Equations (39) or (40) show that for wires very short compared 
to the wave-length, the cross section is proportional to the sixth power of the wire length, and 
inversely proportional to the fourth power of the wave-length. This behavior is reasonable, as in the 
low frequency limit the dimensions of the object and the wave-length also enter in the sixth and 
inverse fourth powers in the known formulas for other types of scatterers (e.g., spheres), as well as 
in the general Rayleigh theory of scattering by small particles. 

We can, in fact derive (39) in a quite independent fashion by computing the Rayleigh scattering. 
It suffices to*consider the case <p = y = 0 where the wire axis A is parallel to the incident vector J5o, 
as it is readily seen that for very long waves the cosine of the angle between A and Eq is involved 
to the fourth power, thus accounting for the factor cosV(l —y 2 )* in (47). The broadside radiation of 
a dipole of moment M has a Poynting vector \r^c^R^ifPM/dt 2 ) 2 . In the long wave-length limit we 
can safely take d*M/dt 2 = — {2icv) 2 aoEo t where <zo is the static polarizability of the wire. The cross 
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section is then ao*(2ir/X) 4 4T. We now need only the value of ao, and this we can take from the soluble 
problem 11 of a very prolate ellipsoid of revolution of semi-major axis and semi-minor axis a in a static 
field parallel to the axis of symmetry. Since the wire is a conductor, we take the dielectric constant as 
oo. The polarizability is then the volume of the ellipsoid divided by the demagnetizing factor D, and for 
the infinitely prolate case the value of D is (4Ta 2 // 2 )[log(2//a) — 1]. We thus obtain a formula iden¬ 
tical with (39) except that \og2l/a occurs in place of log4//a. The difference is of minor consequence 
since 2 l/a is large, and is no doubt due either to the non-equivalence of an ellipsoid and cylinder, or 
to the fact that our replacement of Z(z) by a constant (Z ) Av as in (28) is of necessity an approximation. 

The cross section falls off very rapidly as the frequency is lowered from the first resonance. Con¬ 
sequently in Fig. 2 or Fig. 3 the ordinate can be regarded as sensibly equal to zero when the abscissa 
is less than about half the value associated with the first resonance. Part of the drop of the curve as 
one appfoaches the origin is caused by the fact that &/\ 2 rather than a is being plotted! X increases 
when the abscissa (proportional to frequency) is lowered. However, most of the decrease of a/\ 2 
is caused by the a rather than*l/X 2 factor. For instance, if 2Z/a = 900, the value of fr/X 2 yielded by 
(40) at x = 0.3 (frequency one-fifth that of the first resonance = l.S~^r/2) is 0.00000012, and the 
cross section a is only one sixty-thousandth of its value at the first resonance. The values of tf/X 2 
at frequencies forty, sixty, eighty, and one hundred percent of the first resonance (* = 0.6, x = 0.9, 
1.2, *= 1.50) are 0.000043, 0.0014, 0.0071, 0.184, respectively, if 2//a = 900. 


APPENDIX. SOME NOTES ON THE 
CONVERGENCE OF METHOD B 

If we decompose the fundamental integral 
Eq. (1) into its forced and resonant parts, then 
the equation satisfied by either portion is mathe¬ 
matically of the type form 

J r“ l /p({)e“^ r df ==P p cos kz f (41) 

where I p refers to only the forced or resonant 
part of the current (£=/, r, respectively) and 
where k means q = ficos6 for the forced and 
0*=2 w/\ for the resonant case. For simplicity we 
consider only the portion of the solution which 
is even as regards reflection in the origin, as the 
convergence questions connected with the even 
and odd members are fundamentally similar. We 
seek to solve (41) by a trial function of the form 
Ep coskx. The left-hand side of (41) then turns 
out to be of the structure 

£,>[/*(*) cos kz+g p (z) sin kz], (42) 

(Cf. Eq. (27)) where f p (z) is a slowly varying 
function of z, and g p (z) may be disregarded in 
the first approximation. We next replace f p by 
its mean value, and thus take 

Ep=D P /? P . (43) 


11 E. C. Stoner, Magnetism and Matter, p. 39. 


^Against this procedure it may be objected by 
some readers that actually f p {z) does vary with z, 
and so should not be replaced by a constant in 
such a debonnaire fashion. In fact, at the ends 
of the wire f(z) has approximately half its value 
at the center, which is also nearly its mean value, 
provided of course the wire length l is large 
compared to its radius, as we assume throughout. 
Now for computation of the radiation from the 
wire, it seems fairly clear that the approximation 
fp — Jp is not responsible for much error, since the 
ends of the wire contribute only a fraction of the 
total radiation. However, it may well seem at 
first sight that the use of (42) is a bad mistake 
in applying the boundary condition /(±/)=0, 
i.e., in satisfying Eq. (31), for it is at the ends 
of the wire that the difference between f p and } p 
is largest. We shall now show that this objection 
is not as serious as it first seems. We may dis¬ 
tinguish between two cases: (a) wires which 
contain at most a few wave-lengths, so that 
log(//X) is small compared with log(X/a), and 
(b) wires which are so extended as to contain an 
enormous number of wave-lengths, so that 
log(//X) is comparable with, or greater than, 
log(X/a). 

First we shall dispose of case (a). Here as can 
be seen from the study of Eq. (27) the distinction 
between f p (z) and / p is important only at dis¬ 
tances from the ends of the wire which are com¬ 
parable with the wire radius, and small compared 
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with the wave-length. However, because of the 
fact that the current vanishes at the ends of the 
wire, the substitution of } p for f p leads to no 
serious error when we remember to include the 
sum of the resonant and forced terms rather than 
to consider them separately. Individually they 
would show abrupt discontinuities near the end 
of the wire if we assumed them inversely propor¬ 
tional to f P (z). Because log(//X) is by hypothesis 
small compared to log(X/a) in case (a), the 
value of f p is roughly the same for the forced and 
resonant members, as can be seen from Eqs. (27) 
and (30). Hence for estimating the orders of 
errors, we can replace //, f r by a common ex¬ 
pression f t and the point of our argument is that 
ia the “end zone,” i.e., the region a small fraction 
of a wave-length from the end of the wire, the 
difference between the expressions 

f~ l (D f cos qz+Dr cosj 3z) 

and . (44) 

f~ l (Df cos qz+D r cosj 3z) 

is of minor importance. The reason for this state¬ 
ment is that at the ends of the wire the terms 
D/cosqz and D r cos/3z nearly cancel. The can¬ 
cellation, it was pointed out in Part I, is not 
complete, but still it is enough to insure that 
throughout the end zone either form of expression 
(44), and hence the difference between the two 
forms, is only of the order 7(0)/ft (with 
ft~log(X/a)). This is sufficient accuracy since 
our solution only pretends to be accurate to the 
order 7(0). Here 7(0) denotes the order of mag¬ 
nitude of the current down most of the wire (not 
necessarily at the center) and is of the order 
<j)E/(Hl away from resonance and c oE/P 2 at 
resonance. This argument can be stated some¬ 
what more exactly as follows: If we iterate (1) 
or (25) to obtain a second approximation to the 
current, the difference as compared with (24) is 

A7=/(s)~ l | - j r -1 [7o(£) - 7 0 (z)] cos/3rd( 

+i J r^Ioit) sin/3rd£ 

+ (tw cos <p/p 2 sin0)Eo0 <fl * 

+AiCosPz+A 2 $\npz\ ~Io(z), (45) 


where Io(z) denotes the first approximation to 
the current, given by (24) and where the sig¬ 
nificant part of f(z) is given by (26). Because of 
the boundary condition (31) one finds that Jo(/) 
is of the order 1/ft compared with 7o(0). The 
factor in braces in (45) vanishes at the ends of 
the wire, and reaches values of the order of 
7 0 (0 )/ only when one moves a wave-length or 
so away from the ends. Except at the very ends 
of the wire, the distinction between / and / 
disappears, so that the factor in braces in Eq. (45) 
is nearly the same as /(z)7 0 (z). Thus A7 is 
everywhere of the order 7o(0)/ft. Similarly one 
can show that each successive approximation 
gives a contribution of the order 1/ft times the 
preceding one. Our procedure is hence con¬ 
vergent. 

In case (b), however, the situation is a dif¬ 
ferent one. The value of f p (z) is essentially dif¬ 
ferent for the forced and resonant parts of the 
solution, as// has the structure A log(X/a)+J5, 
while f r has the form C log(\/a)+D lo g(l/\)+E 
and so increases without limit when the wire 
contains more and more wave-lengths, whereas 
in (a) we assumed that log(//X) was small com¬ 
pared with log(X/o). In the end zone the cor¬ 
rection A7 furnished by the second approxima¬ 
tion still is of the order 7 0 (0)/ft, but becomes of 
the order 7 0 (0) at distances from the end of the 
wire comparable with the wave-length, but large 
compared with the radius of the wire and small 
compared with its total length. Since the cor¬ 
rection is comparable in order with the first 
approximation for part of the wire, it may seem 
that all semblance of convergence is lost. How¬ 
ever, we believe that the resulting error is not 
serious. In the first place, the difficulty arises 
only in connection with the resonant rather than 
forced part of the solution, as the extra term 
D log(//X) occurs only in connection with the 
former, and in the latter most of the contribution 
comes from the “close-in” rather than the “far¬ 
away” portion since 

er-ifit 

cos-#£ 

r 

converges. Hence our forced member is reason¬ 
ably well determined, and for long wires this is 
the main effect. Furthermore, the fact that the 
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integral varies only slowly with position on the 
wire, together with the fact that most of the 
radiation does not come from too near the end 
zone, means that the amplitude of even our 
resonant term is probably not in error by a factor 
2 or so until log(//A) becomes large rather than 
merely comparable with log (A/a). When log (//A) 
is large compared with log (A/a), the resonant 
terms are unimportant compared with the forced, 
and so any quantitative percentage error in the 
resonant part of the theory in this region is incon¬ 
sequential as long as it gives resonant terms 
which are small compared with the forced. "In 
other words, our theory behaye correctly in the 
limit of infinitely long wires, where it agrees with 
Chu. Before reaching the limit, but by the time 
log(//A) becomes comparable with log(A/a), the 
difference between the heights of the peaks and 
valleys is small compared with the elevations of 
the valleys, so that accuracy in this difference 
is unimportant. We might add that practically 
we are not concerned, anyway, with wires so 
long that log(//A) is comparable with log(A/a), 
so that case (b) is of rather academic interegj. 

In closing, it is perhaps well to make a few 
remarks comparing our procedure in method (B) 
to that of Hall6n 4 (or King an^d Harrison 8 ), of 
Gray, 5 and of King and Middleton.® In each 
instance one is concerned with obtaining a first 
approximation to an integral of the form 
fr~ l cos k&^dt with the singularity at the 
origin avoided by integrating down the center 
of the wire, so that r 2 = (£—z) 2 +a 2 . Hall6n ap¬ 
proximates the integral by coskzf When 
the upper limit of integration is infinity, the 
integral fr~ x cosk £erW r d$ converges when 
whereas fr- x d$ does not. Thus, it is clear that 
the Hall&i procedure is not appropriate for long 
wires. This difficulty is avoided by Miss Gray, 
who approximates the integral by 

coakzJ'r- l e~ ifir d$. 

This is not an unreasonable step when JM0, as 
then both the original and substituted integrals 
are convergent. Hence the Gray scheme is a 
fairly suitable one for the forced part of the 
solution, as here In fact, for the broadside 
case Jfe = 0 which figures particularly prominently 


in the forced part of the scattering, the original 
form of the integral does not differ from that 
substituted by Miss Gray. In this particular 
case, there is no essential distinction between the 
Gray scheme of approximation and our own 
which resembles that of King and Middleton. 
(We might mention parenthetically, that the 
Gray procedure was not intended specifically for 
the problem of the receiving antenna, to the 
forced part of which it applies quite well, but 
rather for the resonant radiating antenna, to 
which the same difficulties apply as in the 
resonant portion which we now discuss. On the 
other hand, it was intended primarily for the 
half wave antenna, which is so short that the 
proper behavior, as l approaches infinity, is 
irreleyant. Even for the half-wave case, the 
method of King and Middleton is somewhat 
more accurate than that of Miss Gray.) Cer¬ 
tainly, the type of substitution employed by 
Miss Gray is not a happy choice for the resonant 
terms if the wire is so long as to contain a great 
number of wave-lengths. The difficulty is that 
the resonant part of the problem has £ = /?, so 
that fr~ l cos k^er^dt diverges (through to half 
the Halten value) when the limit is infinite, 
whereas the integral substituted by Gray con¬ 
verges. Correspondingly, the amplitude of the 
resonant member, which by (43) is inversely 
proportional to the substituted integral, remains 
finite if the Gray approximation is applied to an 
infinitely long wire, whereas actually it should 
go to zero. This difficulty is avoided in our type 
of procedure which is essentially the same as that 
of King and Middleton and consists in replacing 
fr~ l cos kie-^dt by cosi kzfr~ l co$k(z — £)e~W r d£ 
in first approximation. (Cf. Eq. (27) or (42).) 
The factor multiplying coste is then an integral 
which converges for infinitely long wires for the 
forced part of the solution and diverges for the 
resonant part, whereas Hall6n has divergence 
for both portions, and Gray has convergence. 
Correspondingly in the limit of very long wires, 
the forced amplitude remains finite, approaching 
the Chu value asymptotically, and the resonant 
member approaches zero as should be the case, 
whereas the first approximation of Hall&i would 
make both amplitudes tend to zero, and that of 
Gray would make them both stay finite. 
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The general approximate theory of x-ray scattering at 
small angles by finely divided solids is reviewed. It is 
assumed that the x-ray scattering data can be interpreted 
in terms of a particle size distribution, with particle-to- 
particle scattering negligible. Scattered intensity curves for 
Maxwellian, Gaussian, and rectangular size distributions 
are calculated, and several procedures for obtaining a size 
distribution from the experimental scattering data arc 
described. Details of the experimental technique are given, 
and evidence is presented to show that appreciable error 
can result if crystal-monochroma ted radiation is not used. 


General procedures are given for applying corrections to 
the experimental data for the slit geometry used. Scattering 
data, mass distribution curves, and average particle sizes 
are presented for amorphous silica gels and for crystalline 
oxides of alumina, nickel and iron. These data are shown 
to correlate well with the results of crystal size measure¬ 
ments by x-ray diffraction line broadening and with specific 
surface measurements. The average particle size values 
determined from the experimental data are shown to have 
considerable significance, at least for the type of materials 
considered here. 


INTRODUCTION 

HE usefulness of x-ray scattering at small 
angles in the study of finely-divided solids 
has been demonstrated by many investigators. 1 
Carbon blacks have been studied by Warren and 
his collaborators, 1 * 2 by Guinier, 3 and by Krishna- 
murti, 1 cellulose in various forms by Kratky 
and his collaborators, 4 by Hosemann 5 and by 
Guinier, 3 while Guinier 3 * 6 has applied the method 
to ovalbumine, rubber, colloidal silver, ramie, 
and the hardening of alloys. Catalyst studies 


* Much of the material in this paper was presented 
by C. G. Shull at two Gibson Island conferences: the 
ASXRED meeting in 1944 and the AAAS Catalyst Session 
in 1945. 

** Now at Clinton Laboratories, Oak Ridge, Tennessee. 
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have been reported by Guinier, 3 Elkin, Shull, 
and Roess, 7 and Jellinek and Fankuchen. 8 

The interpretation of the x-ray intensity scat¬ 
tered at small angles is by no means unam¬ 
biguous. 9 At least two specialized points of view 
have been emphasized in the literature: (1) the 
Guinier 1 and Hosemann 1 theory, which empha¬ 
sizes particle form factor scattering and assumes 
that particle-to-partick scattering can be neg¬ 
lected, and (2) Kratky’s view 4 - 10 that, at least 
for fibrous materials, such as cellulose, a statisti¬ 
cal distribution of Bragg reflection planes is 
responsible for the observed scattering. 

Basically it is the distribution of electron 
density which produces the scattering, and there¬ 
fore nothing more than this distribution, if that 
much, can be obtained without ambiguity from 
the x-ray data. An average electron density, the 
Patterson distribution, 11 can be calculated, at 
least in principle, from the observed x-ray data. 
Such an average electron density having been 
determined, its interpretation in terms of more 


7 P. B. Elkin, C. G. Shull, and L. C. Roess, Ind. Eng. 
Chem. 37, 327-331 (1945). 

8 M. H. Jellinek and I. Fankuchen, Ind. Eng. Chem. 
37, 158-164 (1945); Ind. Eng. Chem. Anal. Ed. 18, 172- 
175 (1946) (with E. Solomon). 

9 An excellent discussion is given in A. Guinier, J. Chim. 
Phys. 40, 133-150 (1943). See also R. Hosemann, Zeits. f. 
Elektrochemie 46, 535 (1940). 

10 Kratky, Zeits, f. Elektrochemie 46, 556 (1940), dis¬ 
cussion of Hosemann’s paper. 

11 A. L. Patterson, Zeits. f. Krist. A90, 517-542 (1935). 
D. Wrinch, Fourier Transforms and Structure Factors 
(American Society for X-Ray and Electron Diffraction, 
1946), p. 12. 
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directly useful physical pictures, such as particle 
size distributions, offers considerable difficulty, 
and requires that further assumptions be made. 

The most useful method of interpreting the 
small angle x-ray data may well depend upon 
the nature of the materials being studied. It has 
seemed to us that the particle size (or mass) 
distributions resulting from Hosemann’s theory, 
which assumes particle-to-particle scattering to 
be negligible, are of great value in forming 
physical pictures of the solid materials which 
we have studied (silica gels, silica-alumina cata¬ 
lysts, alumina gels, and alumina-base catalysts). 
We have, therefore, consistently used this method 
of interpreting the data, and have endeavored to 
find evidence supporting it from investigations 
of these materials by entirely independent means, 
such as physical adsorption and the broadening 
of ordinary x-ray diffraction lines. 

Once this assumption of negligible particle-to- 
particle scattering is made, the procedure be¬ 
comes straightforward. The angular distributions 
of x-ray intensity scattered at small angles by a 
series of particle mass distributions obtained by 
varying two parameters in several types of 
distribution functions have been calculated. The 
observed data are compared with the calculated 
curves, after taking into account any necessary 
corrections for the geometry of the apparatus, 
and the mass distribution giving the best fit is 
determined. Spherical particle shape is assumed 
in all of the work reported here, although calcu¬ 
lations have been made 12 for randomly oriented 
spheroids also. 

The justification for these assumptions can 
only be found in the usefulness of the particle 
size distributions obtained and in the agreement 
between predictions based on them and data 
obtained independently. We believe that on these 
grounds the assumptions have been shown to be 
justified for the materials we have studied. 

It is possible to invert the x-ray data to give 
the mass distribution function directly. 18 This 
procedure was discovered too late for use in 
presenting our data. It is unlikely that signifi¬ 
cantly different results would be obtained for the 
materials studied here. 


L. C. Roeas and C. G. Shull, J, App. Phys. 18, 308 
(1946). 

“L. C. Roess, J. Chem. Phys. 14, 695-697 (1946). 


GENERAL THEORY OF X-RAY SCATTERING BY A 
DISTRIBUTION OF RANDOMLY 
ARRANGED PARTICLES 

For purposes of mathematical analysis we 
consider a scattering specimen which contains 
small particles arranged in a random fashion. 
The intensity of x-radiation scattered at a small 
angle e by a single particle is given by 

/«)= IePe 2 V*S(R t *), (1) 

where 

£= (2ir/A)€, ' (2) 

I e is the Thomson scattering factor for a single 
electron and is essentially constant for the 
angles to be considered, p« is the electron density 
and V the volume of the particle, and S(R f £) is 
the scattering function characteristic of the par¬ 
ticle size R and its geometrical shape. The 
scattering function S is related to the particle 
structure as the atomic form factor is related to 
the structure of an atom. 

When many particles N are present, as is 
always the case experimentally, and if their 
contributions to the scattered intensity are in¬ 
dependent of each other, then obviously the 
scattered intensity is given by 

m=I e Np*V*S(R t {). (3) 

This is the equation used by Guinier 8 in his early 
studies. 

If a distribution of particle sizes is envisaged, 
as Hosemann 1 has suggested, 

/({) f N(R) V*(R)S(R , t)dR (4) 

where N(R)dR is the total number of particles 
having sizes in the range R , dR . This integral 
equation can be put into a somewhat more 
usable form by introduction of a mass distribu¬ 
tion function and by expressing the particle 
volume in terms of the particle size. Thus 

/(*) ~XJ.p. 2 f M(R)R*S(R , i)dR, (S) 

J o 

with M{R)dR representing the total mass of 
particles in the size range R , dR and K being a 
constant proportional to the total mass. 
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Table I. Relationship between average particle size and 
parameters in Maxwellian type of distribution. 

* 0 1 2 3 4 5 

f/r 0 0.227 0.693 1.183 1.677 2.176 2.674 

In proceeding further, it is necessary to assume 
a particular particle shape in order to permit 
evaluation of the scattering function 5. The 
scattering function for the general case of 
spheroidal particles (which includes spherical, 
rod-shaped, and plate-shaped particles) has been 
evaluated in an exact form and will be discussed 
in the second paper 12 of this series. Guinier 3 has 
introduced an approximate scattering function 

S 0 (R, *)=exp[-^VJ, (6) 

which agrees exactly at very small angles with 
the exact scattering function for spherical par¬ 
ticles. Deviations are obtained, however, at the 
larger angles and the effect of these on the 
interpretation of experimental data will also be 
discussed in the companion paper. In Eq. (6), 
Guinier has defined r as the radius of gyration 
(defined as in the usual mechanical case) of the 
particle. However, the introduction of the radius 
of gyration is not of sufficient generality to make 
the Guinier function a good approximation for 
very asymmetrical particles, as Guinier 3 has 
shown. 14 

The integral Eq. (5) along with the Guinier 
scattering function has been used by Hose- 
mann, 5 by Elkin, Shull, and Roess, 7 and by 
Jellinek, Solomon, and Fankuchen 8 in their 
studies. Since, in general, not very much is 
known in advance about the particle shape or 
whether there is a preferred shape, it would 
seem that the use of the Guinier scattering 
function would be as significant as any. A com¬ 
parison of the results obtained by interpreting a 
typical set of experimental data with both the 
Guinier scattering function and the exact scat¬ 
tering function for spherical particles has shown 
agreement within about 20 percent for the 
calculated average particle size. In the present 
paper, the experimental data have all been 

14 See also section on Numerical Results in reference 12. 
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interpreted by use of the approximate scattering 
function and the resultant particle size distribu¬ 
tions described in terms of a particle diameter. 

Methods of Data Interpretation 

In applying Eq. (5) to the interpretation of 
experimental data, it is necessary to perform a 
mathematical inversion of the data in order to 
obtain the desired particle size distribution. 

A direct inversion procedure making use of the 
exact scattering function for spheroidal particles 
has been introduced by Roess, 13 but as mentioned 
earlier this was discovered too late for application 
to the present experimental data. Several in¬ 
direct methods are available, however, which 
provide a simple and easily-performed procedure 
for obtaining the particle size distribution, and 
these have been used in the present study. 
Basically these indirect methods involve a match¬ 
ing of the experimental scattering curve with 
either one or a suitable combination of standard 
scattering curves which have been calculated in 
advance for selected distributions of particle 
size. Three types of distributions have been 
studied: Maxwellian, Gaussian, and rectangular, 
and these will be considered individually. 

Maxwellian Type of Particle Size Distribution 

Hosemann 1 has suggested that the particle 
size distribution might be represented by an 
expression of the type r n exp[— (r/r 0 ) 2 ], where n 
and r Q are constants whose values are to be .ad¬ 
justed to the experimental data. Following this 
idea, we let 

2 

M(f) -- r n exp[-rVVo 2 ], (7) 

✓w+l\ 

r °“ ,r (— ) 

where the coefficient is that which gives a total 
mass of unity. The average particle size f, 
which is defined as that size which divides the 
mass distribution in half, has been calculated for 
this distribution in terms of the parameters r» 
and n, and the resulting values are listed in 
Table I. It is interesting that f/r 0 varies almost 
exactly, linearly with n for 1. 

If Eq. (7) and the Guinier scattering function, 
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Fig. 1. Calculated scattering curves for Maxwellian type 
of particle size distribution. 


Eq. (6), are inserted into Eq. (5) ? we obtain 

m=Ki. P s —-—— 

/ w +i\ 

xf r n +* exp[-($t 2 +r 0 - 2 )r 2 ]dr t (8) 

Jo 

and this integrates directly to 



X[ir 0 2 f s +l]-t ( " +4)/2 l. (9) 

The requirement of finite total mass in the dis¬ 
tributions of Eq. (7) restricts values of n to 
those greater than —1. 

Equation (9) represents the intensity distribu¬ 
tion to be expected if the particle size distribution 
has the form of Eq. (7). Conversely if Eq. (9) 
can be made to fit the experimental data by 
adjustment of its parameters, then the particle 
size distribution is obtainable directly from 
Eq. (7). The adjustment of the parameters can 
be conveniently done by either of two graphical 
methods, (a) a curve matching and resolution 
process, and (b) a curve shifting procedure. 


The former procedure makes use of the stand¬ 
ard scattering curves shown in Fig. 1. These have 
been calculated 16 according to Eq. (9). If the 
experimental scattering curve (plotted as log/ 
versus log£*) can be matched to one of these 
standard scattering curves by suitable displace¬ 
ment of the two graphs along horizontal and 
vertical axes, the particle size distribution is 
represented by Eq. (7) with the parameter n 
determined by the selected standard curve and ro 
determined by comparing the location of the £ 2 
axis on the experimental graph m relation to 
the r 0 2 f 2 axis of the standard curve graph. If, 
however, the experimental data do not match 
any of the standard curves it is necessary to 
resolve the experimental curve into the sum 
(or difference) of two or more component curves 
each of which is a good match for one of the 
standard curves. The parameters of the com¬ 
ponent curves will be determined in the same 
fashion as in the earlier one-component match 
and the relative amplitudes of the distributions 
will be determined by the relative intensities of 
the component scattering curves. It has been 
found generally that one standard curve will 
represent the experimental data, but even when 
additional component curves have been found 
necessary the whole resolution process can be 
carried out in less than one-half hour. 



Fig. 2. Typical experimental scattering curve for alumina 
gel illustrating the shifting procedure for determining the 
particle size distribution parameters. 


14 The calculated values for the scattered intensity 
produced by various particle size distributions have been 
tabulated and are available from the authors upon request. 
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The second method for determining the par¬ 
ticle size distribution does not involve the use 
of the standard curves but is nevertheless quite 
similar to the former method. Equation (9) can 
be put into a logarithmic form 

( #+4\ 

-y- J log[* 2 +3/r 0 2 ], ( 10 ) 


with K\ a constant. From this equation it ran 
be seen that a graph of the experimental in¬ 
tensity versus (£ 2 +3/r 0 2 ) on a double logarithmic 
scale should show a linear relationship between 
these variables. Moreover the slope of the 
line through the experimental data would be 
~[(n+4)/2] and hence n would be determined. 
It is not possible to plot the above variables 
directly, since r 0 is also an undetermined param¬ 
eter, blit the data can be plotted simply as 
I versus £ 2 (again on double logarithmic paper) 
and then various values of 3/r 0 2 added to £ 2 until 
a straight line is obtained. Figure 2 illustrates the 
use of this shifting procedure. The experimental 
data are represented by the solid line and upon 
adding a fixed quantity (220 10“ 4 radians 2 A~ 2 ) 
to the abscissa of the experimental values, the 
circled points are seen to agree closely with a 
straight line. The parameters n and ro are im¬ 
mediately available and the particle size dis¬ 
tribution can be represented by Eq. (7). In cases 
where the shifting process does not lead to a 
single straight line, the experimental curve can 
be broken into component curves each of which 
can be shifted into a straight line. Additional 
terms arc therefore necessary in describing the 
true particle size distribution. Again this process 
can be performed in a short time. 


Gaussian Distribution of Particle Size 


Let the particle size distribution be repre¬ 
sented by 


M(r) = 


2 p 1 
VV r o l+ff(P) 



where the coefficient has been selected to make 
the total mass unity. Substitution of Eqs. (11) 
and (6) into Eq. (S) gives upon integration 


m 


KI tP * r 0 * 

vv pzi+mpn 


D(p, foS) 


( 12 ) 



Fig. 3. Calculated scattering curves for Gaussian type of 
particle size distribution. 

with 


D(p, r 0 £) 


(1+t 2 ) exp(-/3 2 ) 



exp(T 2 -/3 2 )[2r 2 +3][l+//(r)] L 


where 


and 


30 4 

3j9 2 +r 0 2 £ 2 


2 r x 

II(x)= - I exp( — u 2 )du. 

y/ir J o 


(13) 


From Eq. (12) it is seen that the angular depend¬ 
ence of the scattered intensity is wholly within 
the function D . This function has been evaluated 
for various values of 0, and a typical family of 
curves is shown in Fig. 3. It should be mentioned 
that the parameter P in the distribution given by 
Eq. (11) determines the sharpness of the dis¬ 
tribution, whereas ro is the average particle size. 

The curves given in Fig. 3 can be used in the 
same fashion as those of Fig. 1 in interpreting 
experimental data. If the data can be matched 
to one of the curves, one expression of the type 
given by Eq. (11) suffices to describe the par¬ 
ticle size distribution. If a simple matching 
cannot be performed it is necessary to perform 
the resolution process as outlined for the Max¬ 
wellian type of distribution. 
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Fig. 4. Calculated scattering curves for rectangular type 
of particle size distribution. 


Rectangular Distribution of Particle Size 

Let the particle size distribution be repre¬ 
sented by 


1 

M(r) =- for r i ^ r ^ r 2 

ft-ri 


= 0 otherwise. 

Equation (5) now integrates into 


' (14) 


where 

a) = 


with 


2KI.p,'0.-a.*) ’ 

<15) 


(1- a 4 )* 4 


{(1 + «V 2 ) exp(-aV 2 ) 

-(l+* 2 )exp(-* 2 )} (16) 


ri r!+r 2 4 f 2 

a=—, f =- and ^ 2 =-$ 2 . (17) 

r 2 2 3 (1+a) 2 


In Eq. (17), f is the average particle size of the 
rectangular distribution. The angular variation 
of the scattered intensity is given by the func¬ 
tion B, and this is graphed in Fig. 4. Curves of 
this type may be used to evaluate the particle 
size distribution in a fashion similar to that 
outlined above. 


Comparison of fhe Scattering Curves Calculated 
for Different Distributions 


The standard scattering curves which have 
been given in the preceding sections are all 


seen to possess three distinct features: (a) a flat 
section at the very small angles, (b) a curved 
region (the knee of the curve) at intermediate 
angles and (c) a steep, linear section at the larger 
angles. Because of the difficulty of making 
absolute intensity measurements, the interpreta¬ 
tion of the experimental data is based on the 
shape of the experimental scattering curve, rather 
than on its absolute level. Since a fit between the 
observed curve and one of a family of calculated 
curves is made by effectively multiplying the 
ordinates and abscissae of the former by arbi¬ 
trary factors (displacement in the vertical and 
horizontal directions until a match is found), 
it is seen that no significant match can be found 
if the experimental curve has been obtained in 
an angular region which does not include the 
curve knee. 

In comparing the families of curves in Figs. 1, 
3, and 4, it is found that some members in one 
family are very similar in shape to others in 
another family. Specifically, the curve for 0 = 2 
in Fig. 3 is very similar (over the angular range 
illustrated) to the curve for a = 1/4 in Fig. 4. This 
means that very accurate and extensive experi¬ 
mental data would be required in order to select 
the correct distribution form. However, the 
average particle sizes, obtained by matching an 
experimental curve with both of these calculated 
curves, agree very closely in value. Hence it 
appears that the curve matching method may 
introduce some ambiguity as to the distribution 
form but does lead to quite definite values of the 
average particle size for those cases in which the 
particle geometry is such that the Guinier scat¬ 
tering function can be used. 

Figures S and 6 illustrate several particle size 
distribution curves and their appropriate calcu¬ 
lated scattering curves. Distributions A, B, and 
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Fig. 5. Various types of particle size distributions. 
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C all have closely the same average particle size. 
The scattering curves for A, B, and C differ 
somewhat in the knee curvature with the sharpest 
distribution (A) showing the most curvature in 
the scattering curve. Distribution D corresponds 
to a considerably different average particle 
size and the resultant scattering curve differs 
markedly from the other curves. 

Experimental Technique 

A schematic diagram of the camera used in 
determining x-ray scattering at small angles is 
shown in Fig. 7. Basically the camera consists 
of two parts: (a) a crystal monochromator for 
insuring that x-rays of only one wave-length 
pass into the camera, and (b) the scattering 
chamber which is an evacuated cylinder about 
IS cm in diameter and 60 cm in length. Both 
calcite and rocksalt crystals are used as mono- 
chromating crystals: the former when a high 
degree of collimation is desired and the latter 
when higher intensity and less collimation is 
found necessary in the primary x-ray beam. The 
x-radiation coming from the monochromator 
passes into the evacuated scattering chamber 
through a thin beryllium window and then 
through slits A and B of respective opening 
0.13 by 1.6 and 0.13 by 2.5 mm. These slits 
serve both to limit the width of the primary 
beam and to eliminate the weaker component 
of the Ka doublet when a calcite crystal is used. 
If only one slit is used, the well resolved Ka 
doublet will pass through the camera, and be- 



Fio. 6. Calculated scattering curves for the distributions 
given-in Fig. 5. 


cno mjn vm* 



cause of the angular separation of its components 
an unsymmetrical scattering pattern will be ob¬ 
tained. By proper alignment of the calcite crystal 
and the two slits, a homogeneous primary beam 
Ka i, can be obtained. The half width of this 
beam after passage through slit B has been de¬ 
termined to be 0.10 mm, and at a distance of 
50 cm beyond this slit this value has increased 
to only 0.14 mm. Thus it is seen that very little 
divergence is present in the beam reflected from 
the calcite crystal. This collimation is very de¬ 
sirable when the x-ray scattering is to be studied 
at the very small angles. 

The scattering specimen is placed immediately 
behind the second slit and the scattered radiation 
recorded on a piece of photographic film located 
at one of several positions in the scattering 
chamber. It has been found convenient to pul¬ 
verize the sample by grinding to a particle size 
of the order of one micron (much larger than the 
particles whose size is to be studied by the 
scattering) and to pack this powder into a 
rectangular opening about (4 by 2 mm) in a flat 
metal plate. The thickness of the plate deter¬ 
mines the specimen thickness and this can be 
selected so as to be of optimum value. No binder 
has been found necessary in this technique. 
A beam stop of width 0.5 mm is placed 1 cm in 
front of the film to absorb the primary beam. 
Specimen to film distances from 60 to over 
400 mm have been used, depending upon the 
range of scattering angles to be investigated. 
At the conclusion of the main scattering exposure 
of duration 10 minutes up to 30 hours depending 
upon the scattering power of the specimen, the 
beam stop is removed and a short exposure of 
the primary beam is made. A typical exposure is 
reproduced in Fig. 8. The image of the primary 
beam and the scattered radiation on either side 
of the beam can be seen. 

The intensity distribution across the equator 
(perpendicular bisector of the primary beam 
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Fig. 8. Typical small angle x-ray scattering photogram. 

image) of the film is determined with a micro¬ 
photometer of Scanning area 0.04 by 0.5 mm. 
Since the scattered x-ray intensity varies over a 
considerable range (several hundred or a thou¬ 
sand to one) a series of exposures are made with 
increasing expQsure times in order that a large 
range of photographic density may be covered 
without exceeding the range in which the x-ray 
intensity is proportional to the density on any 
one film. After the individual films are micro- 
photometered, the component intensity curves 
are combined by graphical matching into a 
complete scattering curve. 

Some tests have been performed in which the 
use of crystal monochromated radiation is com¬ 
pared with that of filtered and unfiltered x-radi¬ 
ation. Figure 9 shows a series of scattering 
curves obtained for a sample of alumina with 
three types of primary radiation. The geometrical 
conditions of exposure (beam divergence, etc.) 
were kept unchanged from one exposure to 
another. It will be seen that intensity errors as 
large as 50 percent are obtained with unfiltered 
radiation. Upon filtering out the Kft radiation 
component, intensity errors as large as 20 percent 
are still present, caused by the white radiation 
band which is transmitted through the filter. 
The average particle size values as calculated 
from the filtered and crystal monochromated 
radiation curves differ by about 25 percent. 

It has been mentioned earlier that slit open¬ 
ings, rather than pinholes, were used to define 
the primary beam. This has been done in order 
to utilize the increased intensity of scattering 
available with a slit system. Such technique, 
hoviever, requires that a correction be applied 
to the data since the scattered intensity distribu¬ 
tion will be altered. Hosemann 1 has considered 
the case in which the slit openings are infinitely 
long, but this situation will not be satisfied under 
the usual experimental conditions. The general 


theory of slit correction has been worked out 
and will be outlined in Appendices A and B of 
this report. As will be shown there, two methods 
of applying the correction are available and 
either one may be used. 

Experimental Results 

The above procedure of analysis has been 
applied to several dozen finely divided samples in 
this laboratory. In general, scattering data were 
taken over the scattering angle range from about 
0.2 to 2.5 degrees. As mentioned above, for the 
best interpretation of the data it should cover 
the region of interesting curvature. This region 
will depend in an approximately inverse fashion 
on the average particle size: with small particle 
systems the larger scattering angles are most 
interesting, while the smaller scattering angles 
are most profitably studied for systems of large 
average particle size. 

In view of the interpretative assumptions dis¬ 
cussed earlier, it is highly desirable to compare 
the results of x-ray scattering analysis with those 
obtained by other independent techniques. With 
crystalline materials the crystal size (as con¬ 
trasted with the particle size) can be evaluated 
from studies of the width of x-ray diffraction 
lines, and for both crystalline and amorphous 
materials, low temperature gas adsorption can 
be used for obtaining information on the state 
of subdivision. Both methods have been used in 
our studies wherever possible. 



Fig. 9. Comparison of experimental scattering curves 
obtained with unfiltered, filtered and crystal monochro¬ 
mated primary radiation. 
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Fig. 10. Particle size distribution obtained for a 
sample of alumina gel. 


In determining the crystal size, the Jones 16 
technique of correcting the line broadening for 
geometrical effects was used. Values of the 
Scherrer constant used in the crystal size evalua¬ 
tion were those given by Stokes and Wilson 17 and 
Murdock. 18 

A typical particle size distribution 19 obtained 
for a sample of alumina gel is shown in Fig. 10. 
The experimental data and their analysis for 
this alumina gel have been given in Fig. 2. 
From the distribution curve, an average particle 
size can be readily evaluated. For the distribution 
given in Fig. 10 the average particle size has been 
determined as 36 angstroms and this has been 
marked on the distribution curve by the full 
vertical line. Also shown on the distribution 
curve by the broken vertical line is the crystal 
size (38 angstroms) as determined from the 
diffraction line broadening. The agreement be¬ 
tween the crystal and particle sizes is well within 
the experimental error. 

Figure 11 illustrates the correlation which has 
been obtained between average crystal and 
average particle sizes. The line drawn represents 
equivalence of the two values. It is to be empha¬ 
sized that the particle size may be either equal 
to or larger than the crystal size, since agglomera¬ 
tion of crystals into larger particles may be 
present. Crystals larger than particles would not 
be expected however. The four shaded points to 
the lower right of the line are believed to signify 
this agglomeration effect. These four materials 
were AljOj-MoOa catalysts which had been pre- 


16 F. W. Jones, Proc. Roy. Soc. 166, 27 (1938). 

17 A. R. Stokes and A. J. C. Wilson, Proc. Camb. Phil. 
Soc. 38, 313 (1942) and 40, 197 (1944). 

“ C. C. Murdock, Phys. Rev. 63, 223 (1943). 

19 When using the Guinier exponential scattering func¬ 
tion, the particle size distribution is obtained in terms of 
the radius of gyration of the particle. For spheres, the 
particle diameter is 2(5/3)* times the radius of gyration. 



Fig. 11. Correlation between average crystal and particle 
sizes for a variety of materials. The solid points arc be¬ 
lieved to represent crystal agglomeration into larger 
particles. 


pared in a special manner. Independent evidence 
supporting this hypothesis is obtained from the 
gas adsorption studies in which the particle size 
correlated better than the crystal size with the 
specific surface. 

The unshaded points in Fig. II indicate fair 
agreement between the crystal and particle size. 
It would appear from the general sequence of 
the data that the crystal size is a little larger 
than the particle size, and this may reflect the 
difference in degree of weighting which the two 
determinations afford. Jones 16 has shown that 
the crystal size values will be weighted to the 
larger sizes and this may account for the ob¬ 
served displacement of values from the line. 

Low temperature gas adsorption analysis has 
been widely used 20 in the study of finely divided 
solids and this technique provides interesting 
data for comparison with the x-ray scattering 
data. One can easily determine the specific 
surface (surface area per unit mass) and over-all 
porosity of such solids by this method. It can be 
shown that the specific surface 5 of a collection 
of spherical particles of diameter D is given by 


*M(D) 


6 

S=- 

P 


o D 


■dD 


( M(D)dD 
•'o 


(18) 


6 


(19) 


J0 P. Emmett, Ind. Eng. Chem. 37, 639 (1945). 
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Fig. 12. Average particle size and specific surface ^varia¬ 
tion with calcination temperature for two iron oxide 
preparations. Solid line—preparation A, broken line— 
preparation B . 

where p is the particle density (not over-all 
apparent density) and D is an average particle 
size. Thus a linear relationship should exist 
between Sp and \/D. 

The specific surface and average particle sizes 
for a large number of materials have been de¬ 
termined. 21 Typical of the results of such in¬ 
vestigations have been those published 7 for 
various silica-alumina preparations. It w ats found 
there that modifications in preparation technique 
brought about changes in the specific surface of 
the gel which were followed in all cases by 
appropriate qualitative changes in the average 
particle size as determined by small angle x-ray 
scattering technique. 

Figure 12 illustrates additional comparative 
data obtained by gas adsorption and x-ray 
scattering analyses. Two preparations of iron 
oxide were heat treated at the temperatures 
shown on this graph and the specific surface and 
average particle size values were obtained. It is 
seen that for preparation B the specific surface 
falls rapidly and the particle size increases 
rapidly upon heat treatment about 1000°F. 
Preparation A on the other hand is seen to be 
quite stable in regard to either measurement at 
temperatures through 1200°F. Also shown on 
the graph are several crystal size values and 
th&e are seen to agree closely with the particle 
size determinations. 

Equation (19) predicted a linear relationship 
between Sp and 1/J5 and Fig. 13 summarizes our 

* We are indebted to Dr. P. B. Elkin for supplying us 
with the gas adsorption results. 



Fig. 13. Correlation between specific surface and particle 
size for a variety of materials. 

data with regard to this. The line shown on this 
graph is that given by Eq. (19). Considerable 
deviations are to be noted for individual points 
but the general trend of the data follows fairly 
well that to be expected. Data for both amorphous 
and crystalline materials are represented on this 
graph. 
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APPENDIX A. METHOD OF CORRECTING THE 
SCATTERED INTENSITY DISTRIBUTION 
OBTAINED WITH A SLIT-SHAPED 
BEAM TO THAT FOR A 
PINHOLE BEAM 

The experimental data given in the body of 
this paper were all taken with a slit-shaped 
primary beam, whereas the theory given is 
applicable only to data taken for a pinhole beam 
of very small cross section. Fortunately it is 
possible to change the experimental intensity 
distribution into a form equivalent to that which 
would have been obtained if a pinhole primary 
beam had been used. The theory of data in¬ 
terpretation given in the body of this paper and 
the companion paper can then be applied to 
this modified scattering curve. 

A ray diagram of the x-ray optics in the 
scattering camera is shown in Fig. 14. The x-rays 
coming from the crystal or target focal line (not 
shown), in front of the first slit (of length 2/i), fan 
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out from this slit in a vertical plane. Those which 
pass through the second slit (length 2/ 2 ), and 
strike the specimen, are scattered through the 
scattering angle and may be either (1) recorded 
on a piece of photographic film placed in a plane 
perpendicular to the camera axis, or (2) detected 
by a Geiger counter behind a scanning slit 
opening. In either case the intensity distribution 
is determined by means of a scanning slit of 
finite length (2y 0 ) at different positions along the 
equator axis. It is obvious that the intensity at 
any point in the scanning area is a result of the 
superposition of various intensity elements as 
scattered through different scattering angles by 
different scattering elements in the sample. 

Consider a specimen element ds which is 
struck by a ray making an angle rj with the 
camera axis. From the camera geometry it is 
seen that 

w = aL, (20) 

g^yL+s, 

since all of the angles under consideration are 
small (less than 3°). The angle a is characteristic 
of the position of the scanning slit in the plane 
of intensity measurement. Since 

d 2 = u 2 +(g-y) 2 , 

it follows that 



= or+<r 2 (21) 

with 

s—y 

= -• ( 22 ) 

L 

g(a) will be considered to represent the in¬ 
tensity striking the scanning area with center 
at angular position a, and I(e)ds the intensity of 
scattering at an angle € by a specimen element ds . 
Since g(a) is the summation of the intensity 
produced by all specimen elements and all 
primary rays, it follows upon averaging over the 
scanning* area, that 

1 /* vo C lt /•(*+m/£a 
g(a) =— I dy I ds I I(t)dy. (23) 

2yo •'—Vo J—li Jto-h)lLi 

The problem remaining is the determination of 
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1(e) when g(<x) is known. Suppose 1(e) to be 
represented by 

/«~E<Z\ex p(-UV) 9 (24) 


with as many terms included in the summation 
as are necessary to describe the function. It 
follows from Eqs. (21) and (23) that 



1 


/•VO 





£,-7\ cxp(-*/ i 2 a 2 ) I dy 

| ds 



2yo 


•'-vo 

J-h 










X 

1 cxp(—t 

iW)dy, 

(25) 



* 




= 

L. 

Tif(t<) exp(—<,•*«*), 


(26) 

= 


Ti exp( 

-tiW), 


(27) 

with 







l 

r" t 

. <1 «(»+ Il)/£) 



/(<•■)= 

2yo 

1 dy 

ds 1 




J—l/0 J - 

-is 






Xexp(—f 


(28) 

and 







Ti' = Tif(ti). (29) 


The function /(/,*) is independent of a and de¬ 
pends only upon values of and the camera 
geometry, and the latter remains fixed during 
the various exposures of one specimen (assum¬ 
ing the specimen-to-detector distance remains 
unchanged). Equations (24) and (27) permit the 
desired transformation of g(a) into 1(e) in the 
following fashion. If g(a) can be represented by a 
series of exponential terms, each with known 
values of U and 7Y, then 1(e) can be represented 
by the same exponential series but with different 
term amplitudes, T%. 






Fig. 15. Slit correction function calculated for 
various experimental conditions. 


The triple integral in Eq. (28) has been in¬ 
tegrated with the result that 


ihct f \Zir 

- f(ti) -{[1+2/ , 2 (a+c) 2 ]//[/; (a+c) ] 

La 2 


where 


and 


+[ 1+2 mc-ayyimc-a)-] 

-[i+2 tffl+cyMttf+c)]* 

-[1 +2tHc-byiHlt i (c-b)l\ 
+*,{(a+e) exp[—/< s (a+c) s ] 

+ (c—a) exp[—/< 2 (c—a) 2 ] 

— (6+c) exp[—/<*(6+c) 2 ] 

-(c—b) exp[-/ t 2 (c-£>) 2 ]), (30) 

La 

ft-1+—, 

L 

hla+h 

a- -, 

La (31) 

hla-h 


yo/L, 

2 (■* 

H{x) =- I exp (—v 2 )dv. 


Equation (30) has been evaluated numerically 
for various /< and the function /(/<) is graphed in 
Fig. IS for the experimental conditions generally 
used in our particular scattering camera. In the 


present study a microphotometer slit opening of 
length 0.5 mm was used for scanning across the 
photographic film and typical curves for this 
scanning area are given in Fig. 15. If a scanning 
slit of longer length had been used (as would 
have been done with a Geiger counter) the 
values of /(/,) would have been changed and this 
is also illustrated in Fig. 15. It is to be emphasized 
that/(/,) depends only upon the camera geometry 
and need be evaluated just once. 

The representation of g(a) by a series of 
exponential terms can be conveniently performed 
graphically. When the experimental intensity 
distribution is graphed on log intensity versus a 2 
axes, the curve can be resolved into the sum of a 
series of straight lines (as is done in analyzing 
complex radioactive decay curves, for instance). 
Each straight line corresponds to one of the 
terms in Eq. (27) and U and T{ can be deter¬ 
mined from the slope and intensity axis inter¬ 
cept, respectively, of the straight line. Knowing 
the values of /(/<) from Fig. 15, the true scattering 
curve (for pinhole conditions) can then be re¬ 
constructed by use of Eq. (24). 

APPENDIX B. SIMPLIFIED METHOD OF APPLYING 
THE SLIT CORRECTION WHEN THE 
EXPONENTIAL SCATTERING 
FUNCTION IS USED 

In Appendix A a general method of correcting 
the scattered intensity for the slit geometry is 
given. When the Guinier scattering function is 
used in interpreting the data, a second and more 
easily performed procedure is available for taking 
into account the slit effect. In this procedure the 
correction is applied to the final particle size 
distribution rather than to the original intensity 
data. 

The basic integral expression for the intensity 
of x-ray scattering at an angle € by a small 
scattering specimen is has been given (Eq. (5)) as 

I(l)ds=KI,p 2 [ M(r)r'exp(~ir 2 li 2 )drds, (32) 
Jo 

with { = (2ir/\)e. When many specimen elements 
and many primary and scattered rays are con¬ 
tributing to the observed intensity, additional 
integrations must be performed as has been 
discussed in Appendix A. Applying Eqs. (21) 
and (23) to (32), the observed intensity dis- 
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tribution is given by 


with /t(2x/V3X)r] given by Eq. (28). Let 


f(«) 



(33) 


(34) 


M(r)/(^r) = Af'(r). (35) 

It follows that 

g(a) = KI t p 4 2 J Af'(r)r 8 expj^ — ~r 2 a 2 jrfr, (36) 

and this expression has the same form as the 
original integral expression for pinhole condi¬ 
tions. Thus the function M\r) can be obtained 
by procedures given in the body of this paper. 
Following this, the true particle size distribution 
can be derived with the use of Eq. (35). 


Back Number Prices 

A TTENTION is called to the new price scale for single copies and back 
volumes of this journal as listed on the second cover page. The new price 
scale was effective March 1, 1947. 

The increase is the result of increased handling costs and the fast-diminishing 
supply of older issues. The increase will make it possible for exhausted issues 
to be reprinted with no great burden placed on current subscribers for this 
reprinting. 


VOLUME 18 , MARCH, 1947 


307 



X-Ray Scattering at Small Angles by Finely-Divided Solids. H. Exact Theory for 
Random Distributions of Spheroidal Particles 

L. C. Roess and C. G. Shull* 

Beacon Research Laboratory of The Terns Company , Beacon , New York 
(Received August 29, 1946) 

The theory of the scattering of x-rays at small angles is given for a continuous distribution in 
size of randomly spaced and oriented spheroidal particles having arbitrary, but fixed, shape. 

Families of scattering curves are presented for spheres, and for spheroids ranging in shape from 
flat disks to long rods. Both Maxwellian and rectangular types of particle mass distribution are 
used. A fit between the experimental and a calculated scattering curve enables one, under 
favorable circumstances, to determine the mass distribution in the test sample. However, .an 
unambiguous interpretation of the experimental scattering curve on the basis of the small angle 
scattering theory is not possible without additional evidence from independent investigations of 
such Quantities as particle shape and sample specific surface. 


INTRODUCTION 

T has been pointed out in the preceding paper 1 
that a reasonable, though by no means 
entirely unambiguous, approach to the interpre¬ 
tation of x-ray scattering at small angles can 
result from the calculation of the scattering to be 
expected from assumed mass distributions of 
particles having a definite shape, followed tfy an 
estimation of the actual mass distribution and 
particle shape by obtaining a fit between the 
observed scattered intensity curve and one of a 
series of calculated intensity curves. It is the 
object of this paper to present the exact theory 
for the x-ray scattering at small angles by a 
continuous distribution of randomly spaced 
spheroidal particles having an arbitrary, but 
fixed, shape. Scattering by spheres is, of course, a 
special case of the theory, while the scattering 
by disks of finite radius but vanishing thickness, 
and by rods of finite length but vanishing radius 
form two limiting cases. 

ASSUMPTIONS 

It is desirable to state clearly and exactly the 
assumptions on which the calculations are based: 

1. The particles have whatever form of random spacing 
necessary to produce incoherency in the radiation scattered 
by individual particles, so that the total intensity is the sum 
of the individual intensities. 

2. The particles have random orientation. 

* Now at Clinton Laboratories, Oak Ridge, Tennessee. 

1 C. G. Shull and L. C. Roess, J. App. Phys. 18, 295 
(1947). 


3. The incident x-ray beam is composed of mono¬ 
chromatic and parallel rays, and is of negligibly small cross- 
sectional extent. 

4. The interaction of the scattered radiation with the 
incident radiation inside the sample to produce an index of 
refraction is ignored. This effect should be noticeable only 
at extremely small angles. 8 A closely related assumption is 
that multiple scattering can be neglected. 

5. The effects of finite sample size are ignored. They also 
should be noticeable only at extremely small angles. 

6. The effects of variations on an atomic scale of the 
electron density distribution inside a particle are ignored. 

7. The particles all have the same shape. 3 

8. Absorption of x-radiation inside a particle can be 
neglected. 

GENERAL THEORY 

The general equation for the scattered in¬ 
tensity /(£) is 4 

V*(R)N(R)(S(R, Z))*AR, (1) 

=AI.— f V(R)M(R)(S(R, (2) 

P •'O 

with 

4ir . 

l-y sm9, (3) 

X—wave-length, 

25«-«-scattering angle, 

8 R. von Nardroff, Phys. Rev. 28, 240-246 (1926). 

* The mathematical methods used in this paper have also 
been applied to calculate the scattered intensity for 
particle distributions varying in both shape and size. 

4 R. Hosemann, Zeits. f. Physik 113, 751-768 (1939). See 
also Eq. (4) of reference 1. 
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/♦-Thomson scattering factor for a single electron, 6 
A — absorption factor, 6 

p,- average electron density of particle, electrons per 
cm 6 , 

p * mass density of individual particles, gram cnr*. 


Watson 9 that Eq. (4) may be written 


S(u) = 


9x />/*’(«) 
2 


( 7 ) 


F(7?) is the volume of a particle characterized 
by the size parameter R, (S(R , £))„ is the 
scattering function (the shape function 7 or form 
factor for the particle averaged over-all orienta¬ 
tions), and N(R)dR and M(R)dR are, respect¬ 
ively, the number and the mass of the particles 
having size parameters in the range R, dR. 

SHAPE FUNCTIONS FOR SPHEROIDS 


«ift(2;4, (5/2); -«’). (8) 

The generalized hypcrgeometric function is de¬ 
fined 10 by 

pFq(ai, a it • ■ •ap ; 0,, 0», ■ • -/V, z) 

£, (ai)m(a 2 )«-' ■(<*?) mZ m 

m-o m, !(/3i)„(/3 2 ) m • • • Q3 g )J 

with 


Patterson 7 and Guinier 8 have shown that the 
shape function for a spheroid having principal 
axes R, R, vR in a system of Cartesian coordinates 
(x, y, z) is 


with 


S(Ri, 10-5(11) 


( sinw -ucosu\ 2 

— 5 —)- 


u = i?£(sin 2 i?-hu 2 cos 2 #)*. 


(4) 

(5) 


In Eq. (5), # is the angle between the z axis and 
the difference s — s 0 between the unit vectors s 0 
and s which specify the direction of the incident 
and scattered beams, respectively. 

The effect of random orientation of the 
spheroids can be obtained most simply by con¬ 
sidering the spheroid fixed, and averaging over-all 
directions of the vector s —So. This is equivalent 
to integrating S over the surface of a sphere, and 
gives 


(« v))» 


l c r r 2r 

— I | S[/?£(sin 2 #+i > 2 cos 2 #)*] sim 

4?r J o J o 


or, putting # = cos#, 

<S(K{.«0>*-f S[K|(l + (®*-l)*»)»]i*. (6) 

•'O 

It follows directly from formulas given by 


6 Because of the small angular range involved, the state 
of polarization of the incident beam has negligible effect on 
the angular variation of intensity. 

6 The absorption may be assumed independent of angle 
for the small angles under discussion. 

1 A. L. Patterson, Phys. Rev. 56, 972-977 (1939). 

8 A. Guinier, Theses (Masson et Cie, Paris, 1939), or 
Ann. de Physique 12, 161-237 (1939). 


(a)o= 1; (a) m = a(a+l)‘ • *(a+w—1). (10) 


Obviously p F q is an integral function when qZp. 

Substituting Eq. (8) in Eq. (6), and integrating 
term by term, using 11 

j' [1 + (*> 2 “1 )x*~\ m dx 

= |; f; 1—v 2 ), (11) 

one obtains 


(S{Rt, »)>*- 


« (2 U-R*?)™ 

m-om!(4) m (5/2) m 


\ \ §; 1-u 2 ), (12) 

-,Gi(2;4 f (5/2); -7? 2 € 2 , v), (13) 


where we define 


pG q (<X\, « 2 » • * -Olp\ Pu 02, * • m Pq \ Z, v) 

* (<*l)m(c*2)m* * • («p)m2 m 

= £- 

m^om !(0l)m(02)m* * * ( Pq)m 

X2F 1 (-m,*;f;l-t> 2 ). (14) 

For spherical particles, v= 1, 2 Fi( —m, $; §; 0) 
-l f and <S(R{, 1)>*«S(K0. 

In the limit r—K) 


2Fi(-m,*;|;l)-^, (IS) 

(t)« 

so that 

(S(Rl 0)) av = 2^,(1, 2; 4, (5/2), |; -1? 2 { 2 ). (16) 

• G. N. Watson, Theory of Bessel Functions (Cambridge 
University Press, Cambridge, 1922), pp. 54 and 147. 

10 For example, reference 9, p. 100. 

11 Note that Eq. (11) is valid for any value of m if Vj*0. 
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This is the scattering function for a disk of radius 
R and vanishingly small thickness. 

If we let u—»oo, but simultaneously R -+0 in 
such a way that Rv-^L, the spheroid approaches 
a rod of length 2 L and vanishingly small radius. 
The scattering function for such a rod may be 
obtained most simply from Eq. (6). 


lim(S(/?£, v))a* = = f S(L(x)dx 

R-*0 J 0 


R-*0 


since 


= t m,2;4,(5/2);i; -£*(*), 

_1_(2)m 

2m+l (§)*, 


(17) 

(18) 
(19) 


By direct integration, using Eq. (4), it can 
readily be shown that 

6 Si(2x) 3 9 

<S.(*)>A, = -- 


5 x 2x* 10x« 

3 sin2x/ 6 

f—1+- 
2x t 


3 cos2x / 1 3 

+-( i-+ 

5x 2 \ 

in which 


3 \ 3 sin2x/ 6\ 
— )+-( H— ), 

2x'/ 10 x 3 \ x 2 / 


> ( 20 ) 

r x sin/ 

Si(: c)= I - dt. (21) 

Jo t ‘ 


A similar closed expression for (S(R%, 0))a* has 
not been found. 


MASS DISTRIBUTION FUNCTIONS 

Hosemann 4 introduced the Maxwellian type of 
mass distribution function 12 

M(2?)=J3^^ e -u/*o)‘; 

2 ( 22 ) 



which has a maximum at 

• R m ~ = (n/2)*Ro, (23) 

and showed that a wide variety of distribution 
forms could be obtained by varying the parame- 


11 With the value of B given in Eq. (22), the total mass is 
unity. 
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ters n and Rq. Consideration of the more general 
function 

e -«/*o>” (24) 

has shown that no advantage with respect to 
variety of the mass distribution form is gained by 
choosing 2, while considerable simplicity is 
lost in evaluating the integral in Eq. (2). 

It must be pointed out here that, since the 
incident beam has a finite cross section, the 
effective scattering specimen has a finite volume, 
so that 

M(R) = 0, R>R\ 

where R' is of the order of the beam radius. A 
mass distribution function expressed by 

M(R) = BR*(R'-R)», 0 <R<R'\ 

= 0, R>R' J ^ 

in which n is very large, has been tried and found 
to give results essentially the same as the 
Maxwellian type. The increased simplicity of the 
analysis using the latter type is thus sufficient to 
justify its use, despite the infinite range of R. 


INTENSITY SCATTERED BY MAXWELLIAN 
MASS DISTRIBUTIONS 

Since for a spheroid 

4 IT 

V(R)=-vR\ (26) 

3 


substitution of Eqs. (26), (22), and (13) in 
Eq. (2), and term by term integration gives, 
using Eq. (14), 



(-i?o 2 { 2 )" 


m*= 0 


w!(4)m(5/2) m 


X«fi(-m,i; (27) 


with 



w+4 

2,-;4, (5/2) ;-*,•«*» 

2 


, (28) 


K=AL 


4irt»2?o 5 p« l 

8p 



(29) 


Journal of Applied Physics 



Equation (27) is the formal solution of the 
scattering problem. It is worth noting that the 
parameter R 0 enters directly as a scale factor, 
while the parameter n affects the shape of the 
intensity function. 

The series in Eq. (27) converges for all values 
of {, Ro, n, and v. However, numerical calculation 
by direct summation of the series becomes 
impractical for large values of i? 0 £ or Rofy. In 
these ranges asymptotic series must be used for 
the calculation; the form of these series depends 
upon the value of v . Three ranges of v are 
important: 

ikSCI; v=l; and i£>1. 


Equation (31) is also valid for all values of v and, 
when used with the asymptotic expansion 11 for 
the zF z terms, is suitable for numerical calcula¬ 
tion when iC2>l. 

When v£Sl, the series in Eq. (27) suffices for 
numerical calculation when used with its asymp¬ 
totic expansion 18 for large 


INTENSITY SCATTERED BY RECTANGULAR 
MASS DISTRIBUTIONS 

If the mass distribution is defined as follows 


1 

M(R)= -, R x $R$R 2 

R 2 Ri 


(32) 


In each range, a suitable form of 2 F\(—m t \\ §; 
1 — v 2 ) must be used. 18 

It can be shown that Eq. (27) can be written 


I(S,v) = 


K 


(1-v 2 )* 




w+4 5 3 

-; 4, — 7?o 2 { 2 

2 2 2 


) 


( w+4\ 

-) (-i?o 2 W 

2 / m 


--L 

2 m~0 


(4) m (5/2) m 
XjFi(£, m + 1; tw+2;r 2 ) 


(30) 


= 0, otherwise J 

so that it is normalized to unit mass, the scattered 
intensity given by Eq. (2) becomes, using 
Eq. (26), 


I(Z, v) 


K' 


Ri—Ri 


X {*»SG,(2, 2; 4, 3, (5/2); -RS?, v) 
-RxWl, 2; 4, 3, (5/2); -RS?, *)}, (33) 


with 


K'=A I,- 


Amp , 2 


3p 


(34) 


1/ we put a=Ri/Rt, Eq. (33) can be written 


Equation (30), while valid for all values of v, is 
useful for numerical calculation when n«l. For 
large iiol an asymptotic expansion 18 of the first 
term is required. 

Equation (27) can also be written 


m—0 


m+4\ 

2 A 


(2)„(—- ) 


m!(4),(5/2). 


/ «+4 1 

X»F,( 2+m, - Ym ,-; 

V 2 2 


K'RS 

/«.»)--- 

1 — a 


(2)m(2)m tFii-m, \; §; 1 - v 2 ) 

X(-Rt 2 ?) m (\ -a* +tm ) 
m !(4) m (3) m (5/2) ra 


(35) 


The series (divided by 1 —a 4 ) has been calcu- 
latedfor v — 1 and a=0, 0.5, 0.9, and 1.0. (When 
a = 1, the intensity is - that produced by a group of 
spheres all having the same radius Rt, and is 
given by Eq. (8) with tt=2?a£.) 


4 -Ym, -+m, -FoW~D V (31) 

_ 2 2 / 

U A summary of the formulas giving the relevant 
asymptotic series, as well as a discussion of the procedure 
used in obtaining them, has been prepared and is available 
from the authors on request. 


NUMERICAL RESULTS 

Calculated scattered intensity curves' 4 are 
plotted on a double logarithmic scale on Figs. 1 to 

14 Numerical values have been tabulated, and are avail¬ 
able from the authors upon request. 
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Fig. 1 . Calculated intensity scattered by Maxwellian 
distributions of spheres, v«l (Eq. (27)). 

i 

5. Figure 1 shows the effect of varying the 
parameter n (which controls the form of the mass 
distribution) on the shape of the angular distribu¬ 
tion of the intensity scattered by a Maxwellian 
distribution of spheres. The increased curvature 
observed as n increases is associated with an 
increased sharpness in the mass distribution. As 
is shown by the asymptotic expansions, all curves 
for rc>0 18 approach the same slope ( — 2) as 
i?o 2 £ 2 becomes large. 

Figure 2 shows the effect of particle shape 
(v = 0, J, 1, 10) on the angular distribution of 
the intensity scattered by a* mass distribution 
having a fixed form (n = 1). The abscissa are 
chosen proportional to the radius of gyration 1 ® of 
the particle in order to make the curves merge at 
small values of 2? 0 $- Distinct differences are ap¬ 
parent between the disk-shaped (y = 0) and rod¬ 
shaped (r==10) particles. The smaller slopes at 
large 2J 0 £ values are predicted by the asymptotic 
expansions: for v = 0 the limiting slope is — 1 and 
for v very large the limiting slope is — £. 

Figures 3 and 4 show the effect of varying n on 
the shape of the angular distribution of the 
intensity scattered by oblate spheroids having 
the fixed shape parameters v = 0 and v = l* 
respectively. 

Figure 5 shows the calculated angular distribu¬ 
tion of scattered intensity produced by rectangu¬ 
lar amass distributions (cf. Eq. (32)) having 

11 When 0 the leading term in the asymptotic ex¬ 
pansion is proportional to 

cf. A. Guinier, Ann. de Physique 12, 

161-237 (1939); 

3 !$ 



Fig. 2. Calculated intensity scattered by jthe same 
Maxwellian distribution of spheroids having various 
shapes. 


various values of ol~R\/R 2 . The curvature is 
considerably greater than that associated with 
the Maxwellian distributions. Also, although it is 
not shown on the plot, the scattered intensity 
shows a series of maxima and minima, for a «1, 
0.9, and 0.5 at J? 2 £ values greater than those for 
which the curves are drawn. 

It may be shown by superposition that the 
curve for v = J, n = 1 on Fig. 2 has very nearly the 
same shape as that for 0=1, » = £on Fig. 1, while 
the curves v=l, n~0 and v = |, n = 5 form a 
similar isomorphic pair. These examples show 
that when both particle shape and mass distribu¬ 
tion form are varied, near coincidences can occur, 
rendering the interpretation in the scattered 
intensity curves very uncertain. Obviously, if a 
distribution in particle shape were also considered, 
the possible ambiguity Would become even 
greater. Other independent evidence must be 
taken into account in deciding between the vari¬ 
ous possibilities. In general, a mass distribution 



Fig. 3. Calculated intensity scattered by Maxwellian 
distributions of thin disks, v«0. 
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Fig. 4. Calculated intensity scattered by Maxwellian 
distributions of oblate spheroids, t/=0.25. 


having a small value of n is improbable, so that 
the ambiguity of the above examples could be at 
least partially resolved by this argument. If a 
crystalline material is under investigation, inde¬ 
pendent information on particle shape can be 
obtained from x-ray line width measurements. 17 

In each of the examples cited above only one 
scattering curve is involved. When the radius of 
gyration of the average particle in each of the 
two mass distributions calculable from each 
scattering curve is computed, it is found that 
those of the spheroidal particles are appreciably 
greater than those of the spherical particles. This 
shows that when a given intensity curve is 
interpretable in terms of two or more distribu¬ 
tions of differently shaped particles, the resulting 
average radii of gyration are by no means 
identical, as would be required, for example, by 
the approximate theory using the Guinier scat¬ 
tering function. 1 

The matching of the scattered intensity curves 
with the experimental data has been discussed in 
the previous paper. 1 

17 For the crystalline materials discussed in reference 1, 
no evidence for shape asymmetry has been found from line 
width measurements. 



Fig. 5. Calculated intensity scattered by rectangular 
distributions of spheres (Eq. (35)). a^Ri/Ri. The in¬ 
tensity fluctuations at large values of R£& are not shown. 
The intensity scattered by a Maxwellian distribution of 
spheres is also plotted for comparison. 

ERRORS DUE TO USE OF THE^GUINIER 
SCATTERING FUNCTION 

The exact scattering function for randomly 
oriented particles of fixed size and shape has a 
primary peak centered at zero scattering angle 
and a series of secondary peaks at larger angles 
whose amplitudes decrease as some negative 
power of the angle. In contrast, the Guinier 
function used in the approximate theory given in 
the preceding paper 1 has a primary peak only, 
and decreases exponentially at larger angles. 
This neglect of the secondary peaks leads to 
appreciable errors in the calculated scattered 
intensity at relatively large angles. 18 However, 
these errors are small for i£ 0 £ values up to 1.5 or 2, 
and since the region enclosing the knee of curve 1 
rarely extends to jR 0 £ values greater than 2.5 to 3, 
no really serious errors of interpretation result 
from the use of the Guinier function in place of 
the corresponding exact scattering function, when 
the particles are reasonably symmetrical in shape. 

18 This may be illustrated by the asymptotic pro¬ 
portionality of the Guinier function scattered intensity to 
( f o£)“ (H+4) > while the exact function for spheres gives 
(flo£)“ 4 for all n>0. 
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Excess Noise in Cavity Magnetrons 

Robert L. Sproull* 

RCA Laboratories, Princeton , N. J .f 
(Received October 17, 1946) 


The magnetron oscillator of some frequency-modulation 
radars also furnishes the “local oscillator” excitation for 
the crystal mixer of the receiver. Excess noise generation 
by the magnetron was observed to reduce greatly the re¬ 
ceiver sensitivity. This noise exhibited a strong dependence 
upon anode voltage and current, and changed with time 
in a perplexing manner. After many experiments, a 
hypothesis of the cause of excess noise was developed, and 
further experiments confirmed this hypothesis. The noise 
is thought to be caused by ionization of atoms of the 


cathode oxide coating, which atoms are removed from 
the cathode by electron bombardment. In order to reduce 
the generation of excess noise, and still preserve the ad¬ 
vantages of an oxide-coated cathode, a special shape of 
cathode has been developed. The coated regions of this 
cathode are sheltered from electron, bombardment, and 
the noise is much reduced. Use of cathodes of this general 
type should also produce magnetrons with longer operating 
lives than present tubes. 


T HE magnetron oscillator in some 1 frequency- 
modulation, continuous-wave radars also 
furnishes the “local oscillator’* excitation of the 
crystal mixer of the receiver. It was observed 
that the magnetron oscillations were frequently 
modulated with large amounts of noise, thereby 
impairing the sensitivity of the receiver. The 


cause of this excessive noise modulation (many 
times ordinary shot noise) was made the subject 
of a special investigation, the results of which 
are reported here. Excess noise is not noticed in 
the usual use of a magnetron as a transmitter 
tube, since the signal-to-noise ratio is at least 
60 db. However, the noise phenomena may 


CR-TSTAL CAVITY 



"noise current" 
METER 


Fig. 1 . Noise comparison apparatus. 

* Now at Cornell University, Ithaca, N. Y. 

t This paper is based on work done for the U. S. Navy under Contract NXsa 35042. 
1 Such as the AN/APQ-19, developed in this laboratory. 
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increase our understanding of magnetron opera¬ 
tion, are important in special applications of 
magnetrons, and are of interest in any develop¬ 
ment of receiving tubes utilizing magnetic fields. 


I. DESCRIPTION OF THE NOISE PHENOMENA 

Figure 1 shows the experimental arrangement 
used to detect noise modulation and to estimate 
its magnitude. Since the magnitude of the oscil¬ 
lating field in the crystal cavity was kept con¬ 
stant by varying the attenuation between the 
magnetron and this cavity, the receiver detector 
current “I n ” was roughly inversely proportional 
to the signal-to-noise ratio of the magnetron 
oscillations. 

Figure 2 shows the “noise current” J„ as a 
function of magnetron d.c. anode voltage (F a ) 
for several anode currents (J a ) in a 4000 mega¬ 
cycle, continuous-wave magnetron 2 developed 
in this laboratory. To obtain such a plot, the 
magnetic field was varied to produce different 
values of V a at constant I a , It is apparent that at 
low voltages the total noise current is sub¬ 
stantially constant, and in this region the con¬ 
tribution of the magnetron noise to the total 
receiver noise is small. At some voltage, which 
we shall call V My a relatively sharp break in 
the curve appears, and above this voltage the 
magnetron noise dominates noise from other 
sources and becomes hundreds or thousands of 
times as large as at low voltages. This region 
( V a > F«o) of excess noise contained the ordinary 
operating point of the oscillator. Phenomena very 
similar to those portrayed in Fig. 2 were also 
observed in a magnetron 8 of quite different 
design. 

Curves such as those of Fig. 2 are not repro¬ 
ducible in detail. The “peaks” and “valleys” of 
the curves cannot be repeated even a few minutes 
after they are observed. The most useful feature 
for comparing noise phenomena in different tubes 
is the voltage V<». Even this parameter changes 
with time, however, and may have quite different 
values in two tubes constructed (as nearly as 


1 G. R. Kilgcfre, C. Shulman, and J. Kurshan "A Fre- 
lencv-Moduiaftfd Magnetron for SuDer-High-F requen- 


8 J. S. Donal. Jr., R. R. Bush, C. L. Cucaa, and H. R. 
Hegbar, “A One-Kilowatt Frequency- Modulated Mag¬ 
netron for 900 Megacycles,” Proc. I.R.E. (to be pub¬ 
lished). 



Fig. 2. Noise in early 4000 megacycle magnetrons. At 
constant anode current, anode voltage and magnetic field 
are approximately proportional. Therefore the abscissa 
may be considered (except for units) as either voltage or 
magnetic field strength. 


possible) identically. Several tubes must, there¬ 
fore, be constructed in order to be certain of the 
dependence or lack of dependence of noise upon 
some one feature of the design. Figure 2 is 
representative of the early 4000 megacycle tubes 
and exhibits the increase in noise with decrease 
in anode current which was observed with all 
tubes. 

After vigorous oscillation in these magnetrons 
has begun at a sufficiently high anode voltage, 
the cathode heater power may be removed. 
Back-bombardment of the cathode by electrons 
which have received energy from the oscillating 
field produces secondary electrons and warms the 
cathode sufficiently to produce some thermionic 
electrons. The excess noise was invariably less 
when the ordinary heater power was removed. 
All of the measurements and correlations re¬ 
ported here refer to operation with no applied 
heater power. 

The receiver (Fig. 1) was ordinarily tuned to 
pass modulation* components in the frequency 
range 1496 to 1504 kilocycles, but other fre¬ 
quency regions were also explored. In general the 
noise was less the higher the receiver frequency, 
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and the excess noise was quite small at a re¬ 
ceiver frequency of 30 megacycles. 

n. CORRELATIONS OF NOISE WITH 
MAGNETRON PROPERTIES 

Many tubes were constructed with slightly 
different features from the ordinary magnetron 
in order to test the dependence of noise upon 
different aspects of the design. In each case 
correlation of noise properties with the changes 
made was attempted. Correlations were also 
attempted between noise properties and oper¬ 
ating conditions of the tube. 

The high-frequency load presented to the 
magnetron by the antenna and transmission 
system changed the details of the excess noise, 
but any standing wave ratios and phases which 
produced reasonably stable operation with moder¬ 
ate efficiency produced about the same values 
of Vao. The presence or absence of discontinuities 
in the straps of the magnetron resonator, the 
presence or absence of “hats” on the ends of 
the cathode produced no consistent changes in 
noise. The geometry and potentials of electrodes 
near the ends of the cathode affected ffie noise 
only very slightly. Small changes in anode 
diameter produced no effect. A variation of 
almost a factor of two in ca!thode size produced 
marked changes in efficiency and stability; but 
the noise was little changed except with very 
small or very large diameters, and in these cases 
the noise was greater than with intermediate 
diameters. 

These and other experiments were used to 
show that several more or less obvious hypotheses 
of the causes of excess noise were not tenable. 
For example, any axial oscillations (such as 
observed in magnetron structures many years 
ago by Megaw 4 ) should be strongly affected by 
end plate potentials, and if the noise were related 
to such oscillations it should be a function of 
these potentials. Other hypotheses were con¬ 
cerned with the resonant modes of the resonator 
and with the space-charge and electric field 
distributions in the cathode-anode space. The 
results of the studies with various cathode and 
anode diameters, the fact that the excess noise 
was observed in a magnetron of quite different 

4 E. C. S. Megaw, "Fundamental Characteristics of 
Electronic Osdllauons," Nature 137, 189 (1936). 
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construction, and the occurrence of noise over a 
wide range of anode voltages and currents, made 
such hypotheses of the cause of noise very 
unlikely. 

Three successful correlations emerged from 
this work, but none gave immediately a clear 
indication of the cause of the noise. These corre¬ 
lations will be briefly described here. The first 
was a correlation of noise with low efficiency 
accompanied by high back-bombardment of the 
magnetron cathode. Tubes which exhibited con¬ 
siderably lower efficiency than others of similar 
construction were usually very noisy. Experi¬ 
mental tubes were constructed with windows 
which allowed observation of the cathode during 
operation, and this correlation was verified in 
such tubes. This correlation is probably related 
to the reduction in noise as the normal cathode 
heater power is removed; in both cases high 
noise accompanies high cathode temperature. 

The second correlation was between excess 
noise and the length of the cathode sleeve which 
was coated with oxides. It was found that if the 
emitting length were confined to less than two- 
thirds of the length of the anode, the voltage 
(Foo) at which noise began could be materially 
increased. It was not certain that the ends of 
the cathode did not emit electrons, but the 
carbonate spray was carefully cleaned from ail 
except the central region of the cathode sleeve 
in the hope that no emission would occur in the 
end regions. The suggestion was that the r-f 
and d.c. fields were distorted there, and it might 
be desirable to prevent the interaction of elec¬ 
trons with such fields. 

The third correlation was between noise and 
the thermionic emission properties of the cath¬ 
odes. The critical voltage (Vao) was used as a 
measure of the former, and the heater current 
required to permit a thermionic current of SO 
milliamperes at 100 volts (no magnetic field) was 
used as a measure of the latter. The correlation 
coefficient 5 of V w with this current was 0.79 for 
thirteen experiments with ten tubes. This shows 
a definite relation, with low noise accompanying 
low thermionic activity. This correlation was 
strengthened by observations on a single tube 
during the early part of its life, when both the 

f H. L. Rietz, Mathematical Statistics , Open Court 
(Chicago, 1927), p. 82. 
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Fig. 3. Noise as a function of pressure. This tube had 
a helical tungsten filament in place of the usual oxide- 
coated cathode. 


cathode activity and the noise were changing. 
Magnetrons were constructed with strontium 
oxide coatings on the cathodes, since the emission 
from SrO is known 8 to be considerably less than 
that from the SrO-BaO mixtures ordinarily used. 
These tubes showed high values of heater current 
for 50 milliamperes thermionic current, but the 
noise properties did not differ appreciably from 
other tubes. This experiment indicated that noise 
was not directly related to the cathode’s therm¬ 
ionic activity, but that for cathodes of the same 
composition, high noise accompanied high ac¬ 
tivity. 

HI. IONIZATION NOISE 

One of the first hypotheses of the cause of the 
excess noise was that it originated in the ioniza¬ 
tion of gas atoms in the interaction space of the 
magnetron. To test this, several tubes were 
continuously pumped while noise data was taken, 
and neon gas was admitted to vary the pressure. 
No variation of noise with pressure was observed 
for pressures less than about 5X10 -8 mm of 
mercury. At* pressures greater than this, the 
noise increased and the efficiency decreased 
rapidly; this behavior was not surprising since 

• M. Benjamin and H. P. Rooksby, “Emission from 
Oxide-coated Cathodes,” Phil. Mag. 15, 810 (1933). 


at 10*“* mm a glow discharge was beginning. The 
pressures could not be measured inside the mag¬ 
netron itself, but they were measured in an 
ionization gauge connected to the magnetron. 

Several magnetrons were constructed with 
tungsten helices in place of the usual oxide- 
coated cathodes. Two of these were continuously 
pumped, and noise was observed as a function of 
pressure. Figure 3 represents the behavior of 
these tubes. Unlike the results with oxide- 
cathodes, the data here show a continuous in¬ 
crease in Vao (that is, decrease in noise) as the 
pressure decreases. For pressures less than 10~ 8 
mm, Vao was greater than 1200 volts for tungsten 
filament tubes. But lowering the pressure below 
10~ 8 mm did not change the noise in oxide-coated 
cathode tubes, and even at 10~ 6 mm Vao was no 
larger than 800 or 900 volts. If the cause of the 
noise is the same in the tubes with these two 
types of cathodes, it must be that there is a 
condensable gas in the oxide-coated cathode 
magnetrons which is present in the anode- 
cathode space but which is not measured by 
external pressure gauges. 

Evidence to support this interpretation came 
from quite different experiments. Observations 
upon tubes with windows re vealed a luminescence 
in the anode-cathode space or upon the cathode 
surface. Spectrographic investigation showed 
that the line spectra of barium and strontium 
(the metallic constituents of the cathode coating) 
were represented by their most persistent lines. 
Since the lines were quite sharp, it was apparent 
that the luminescence was not fluorescence of the 
solid (such fluorescence is also observed on 
activated cathodes, but its spectrum is broad 
and diffuse). It appeared therefore that there 
were substantial quantities of Ba and Sr atoms 
in the interaction space. At least some of these 
were ionized, since some of the spectral lines 
observed were those of the positive, singly- 
charged ion. 

In order to obtain further information about 
the atoms and ions in the anode-cathode space, 
“double-triode” tubes were built. In these tubes 
electrons from the central cathode bombarded 
both a nickel anode and an oxide-coated anode, 
which had been activated as if it were a cathode 
and which could be heated by a tungsten heater. 
A negative grid was placed in each half of the 
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tube, and the positive ion currents to these 
grids were measured. Both anodes were main¬ 
tained at approximately the same potential, and 
the electron cur-rents in the two parts of the tube 
were the same. The grid current in the nickel 
anode space was about 0.01 microampere when 
10 milliamperes electron current was flowing; 
this corresponds to roughly 10~ 6 mm pressure of 
residual gas in the tube. The grid current in the 
other side of the tube was always many times 
this value, and* when the oxide-coated anode was 
heated to 700-800°C, grid currents of 10-40 
microamperes were observed. It was apparent, 
therefore, that atoms or i<jns were released from 
the bombarded surface, and that these formed a 
condensable gas phase which could not be ob¬ 
served outside the immediate neighborhood of 
the bombarded surface. Noise measurements 
were also made on these tubes; excess noise was 
observed, and it was substantially proportional 
to the ion current collected by the grid. 

From these experiments it was possible to 
derive the following interpretation of the phe¬ 
nomena of magnetron noise: (1) Some of the 
electrons (of the order of 20 percent/*emitted 
from the cathode return to it after gaining con¬ 
siderable energy from the r-f field. If the cathode 
is oxide-coated, these back-bombarding electrons 
remove atoms or ions of the cathode material. 
Any ions emitted quickly return to the cathode, 
but they alter the space charge in the region of 
the potential minimum and permit a momentary 
excess of electrons to be emitted. Atoms emitted 
have between a 1 percent and a 10 percent chance 
of being ionized before they strike the anode or 
other parts of the tube. Ions thus produced alter 
the space charge and may release other atoms or 
ions when they bombard the cathode. (2) Noise 
in excess of ordinary shot noise is produced by 
these processes. The noise occurring in space- 
charge limited electron currents when appreciable 
numbers of positive ions are present has been 
investigated by Thompson and North. 7 Most of 
the noise effects observed in the present tests of 
fecial triodes are consistent with their work. 
In general, however, the excess noise in mag¬ 
netrons is greater than that obtained in any other 
vacuum tubes, and it would be necessary to 

7 B. J. Thompson and D. O. North, “Fluctuations 
Caused by Collision Ionization," RCA Review 5,88 (1941). 


assume pressures of the order of 0.1 to 0.01 mm of 
mercury in a magnetron in order to explain the 
observed excess noise by simple extrapolation of 
the work of Thompson and North. (3) The very 
great noise in magnetrons and the irregular de¬ 
pendence of noise upon time, current, and volt¬ 
age, may be the result of cumulative or chain 
effects. The equivalent pressure of barium and 
strontium atoms near a hot magnetron cathode 
is of the order of 10“ 2 mm; this figure is derived 
from measurements on the “double-triode” tubes 
and is checked by the fact that at neon pressures 
less than 5X10~ 3 mm the noise in an oxide- 
coated cathode magnetron was independent of 
pressure. At such a large pressure the contribu¬ 
tion of positive ions to the space-charge distribu¬ 
tion is considerable, and increasing the pressure 
by a factor of ten would cause oscillation to 
cease and a gas discharge at low voltage to occur. 
Under operating conditions the magnetron may 
therefore be on the verge of a Townsend break¬ 
down. The ionization of a single atom may result 
in a burst of charge reaching the anode that is 
many times the electronic charge, and a corre¬ 
spondingly large increase in noise may occur. 
Among the processes which could participate in 
such a breakdown are ionization by electron 
impact, removal of atoms from the cathode by 
electrons, removal of atoms from the anode sur¬ 
face (which is soon contaminated with cathode 
material) by electrons, secondary electron emis¬ 
sion at the cathode, and removal of atoms and 
electrons from the cathode surface by positive 
ion bombardment. It is not clear why such a 
breakdown does not occur, however, instead of 
merely threatening to occur. 

Our interpretation is therefore that the domi¬ 
nating cause of the excess noise is associated with 
the presence of gas atoms in the interaction space. 
In a tungsten filament tube, these atoms are of 
residual gases and by sufficiently extensive pump¬ 
ing and gettering the excess noise may be sub¬ 
stantially removed. In an oxide-coated cathode 
tube which is well out-gassed and gettered, the 
atoms are at least predominantly atoms removed 
from the cathode by electron back-bombardment. 

The correlations reported in the preceding 
section give some support to these conclusions. 
The first correlation (noise vs. degree of back- 
bombardment) is evidently related to the de- 
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pendence of the rate of removal of cathode 
material upon the number of bombarding elec¬ 
trons and the cathode temperature, both of 
which are higher in magnetrons with excessive 
back-bombardment. Experiments showed that 
the equivalent pressure of cathode material was 
an exponentially increasing function of the cath¬ 
ode temperature. Therefore, under conditions of 
severe back-bombardment, it would be expected 
that noise would be greater than with moderate 
bombardment. This is just what was observed. 

The reduction in excess noise by reducing the 
sprayed length of the cathode is presumed to be 
related to the first correlation. In several tubes 
with short-spray-length cathodes, the cathodes 
operated at temperatures less than 700°C. 
Most full-length-sprayed cathodes operated at 
considerably higher temperatures. This is evi¬ 
dence of smaller back-bombardment when the 
electrons do not interact with electric fields near 
the ends of the anode. 

The third correlation is still obscure. It may 
be that a very active thermionic cathode, which 
may have a surface layer of barium or strontium 
atoms, yields more atoms or ions when bom¬ 
barded with electrons than a less active cathode. 

A number of apparently unconnected relations 
are consistent with the gas-ionization hypothesis 
of the cause of excess noise: The decrease of 
noise .with increasing I.F. frequency, the de¬ 
crease of noise when the cathode heater power 
is removed, the negative results of various experi¬ 
ments with end-plate potentials and geometries, 
observations of the appearance of anode and 
cathode surfaces after many hours of operation, 
the occurrence of excess noise in magnetrons of 
quite different construction, the lack of de¬ 
pendence of noise phenomena upon cathode and 
anode diameters, and the irregular changes of 
noise with time, are all susceptible to explanation 
by this hypothesis. 

There are three outstanding difficulties: (1) 
The physical process whereby atoms or ions are 
released from the cathode coating by bombarding 
electrons is not known, though several processes 
seem to be * capable of producing this result. 
(2) The exact way in which ions and ionization 
of emitted atoms combine with the electron flow 
and the electric and magnetic fields to produce 
such large amounts of noise is not known. 


(3) The decrease of noise with increasing anode 
current does not seem to be explained. 

Despite these difficulties, the hypothesis of 
the cause of the noise is felt to be reasonably well 
established. More detailed information is re¬ 
quired about the mechanism of release of cathode 
material in order to advance our understanding 
of noise. Experiments with a mass spectrometer 
are planned to determine what molecules, atoms, 
or ions are released. The results of these experi¬ 
ments may make possible a quantitative theory 
of noise generation. Preliminary results with 
“double-triode” tubes indicate that at least some 
of the cathode material is removed as atoms and 
that the exponential increase of removed atoms 
(per unit electron current) has an exponent which 
corresponds to an “activation energy” of 40-50 
kilocalories per mole. The heats of sublimation of 
barium and strontium are 44 and 38 kilocalories. 
This may be a coincidence, or it may be that 
electron bombardment produces small patches of 
barium and strontium, from which atoms readily 
volatilize at the cathode operating temperature. 

IV. PROGRESS IN THE REDUCTION OF 
EXCESS NOISE 

The increase in Vao by reducing the sprayed 
length of the cathode has already been reported. 
This change and the improvement of the effi¬ 
ciency and reduction of back-bombardment re¬ 
sulting from further development of the frequency- 
modulated magnetrons 2 resulted in a large per¬ 
centage of magnetrons which were not “noisy” in 
the ordinary operating region, near V a — 850 volts. 

The hypothesis of the cause of noise which was 
advanced in the preceding section suggested that 
the cathode be modified in order to reduce the 
excess noise and to raise V w still further. No 
hope was entertained of eliminating the back- 
bombarding electrons, so a means was sought for 
preventing the removal of cathode material by 
such electrons. There is considerable evidence 
that electrons returning to the cathode do not 
strike at normal incidence, but at angles varying 
between 45° and tangential incidence. Further¬ 
more, for a fixed magnetic field, the sense of 
rotation of all electrons about the cathode is the 
same. These facts permit the construction of a 
cathode such that returning electrons strike a 
nickel surface instead of striking the cathode 


Volume is, March, 1947 


319 




(a) 




Fig. 4. Grooved cathode. 

coating. One such cathode is shown in Fig. 4. 
The active length of the cathode is in the form 
of a 13-pointed star; only one side of each star 
point is coated with oxides. To accomplish this, 
the entire cathode was coated, and the spray 
was carefully scraped from areas where it was 
not wanted. This process was tedious, $jnce the 
diameter of the cathode was only 0.070 inches, 
but was quite practical for experimental tubes. 

Figure 5 shows the noise behavior of one of the 
four tubes constructed with the cathode of Fig. 4. 
By “correct’* direction of the magnetic field we 
mean that direction which allows back-bombard¬ 
ing electrons to strike only the nickel surface 
(this is the clockwise sense of rotation in Fig. 4). 
It is evident that the noise is much less if the 
oxide-coating is sheltered from bombardment. 
This provides increased confidence in the hy¬ 
pothesis of the cause of noise which was advanced 
in the preceding section. 

Three other tubes with cathodes as shown in 
Fig. 4 were built. One of these showed somewhat 
less noise for the “incorrect” direction of mag¬ 
netic field than for the “correct” direction. This 
tube exhibited very high back-bombardment, 
more noise than other tubes of this type, and low 
efficiency. When it was dissected this tube was 
found to have a cathode which was not parallel 
to the axis of the anode. These facts make the 
information from this test of questionable value, 
but it is still not understood why this tube 
exhibited more noise when the electrons were 
rotating in the proper sense. 



Fig. 5. Noise in magnetron with grooved cathode. When 
the magnetic field is m the “correct” direction, the oxide- 
coated surfaces are sheltered from back-bombarding 
electrons. 

The remaining two tubes showed substantially 
the same behavior as the first (Fig. 5) and there¬ 
fore confirmed the conclusions from that tube. 
The net result of all such experiments was that 
Vao is 200-300 volts larger when the magnetic 
field is applied in the “correct” sense. 

An interesting possibility of cathodes of the 
general type of Fig. 4 is that they may permit 
substantially longer life than has previously been 
experienced with magnetrons. There is much 
evidence (some of it contained in the present 
work) that cathode life in a magnetron is limited 
more by the destruction of the cathode by back- 
bombardment than by the processes of cathode 
decay observed in ordinary diodes and negative 
grid tubes. If long life, not low excess noise, were 
the chief requirement, the oxide-coating could 
initially cover the entire cathode. Removal of 
part of the surface by back-bombardment would 
not cause failure, because at least part of the 
surface would be sheltered from back-bombard¬ 
ing electrons. 

It is a privilege to acknowledge the cooperation 
of Messrs. G. R. Kilgore, C. I. Shulman, and 
Dr. J. Kurshan in this study, and the suggestions 
and encouragement of Dr. L. P. Smith and 
Dr. I. Wolff. 
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A Semi-Polar Form of Fourier Series and Its Use in Crystal Structure Analysis 
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A new form of Fourier series for crystal structure analysis is developed and a graphical 
method of summation described. The procedure is designed to permit simple and fairly rapid 
computation and recording of the density contributions of all planes at all points in the unit 
cell. Its particular advantage is in the case of centrosymmetrical projections where 
must be assigned experimentally. Adjustment of phases involves only re-addition of numbers 
rather than a complete new summation. The method also requires a minimum of equipment 
which is easily constructed at negligible expense. 


T HE distribution of electron density through¬ 
out the unit cell of a crystal can be deter¬ 
mined by the summation of a Fourier series of 
the following general type 

p (xyz) L* Zi CD 

at each point, xyz , for all values of The 

coordinates, xyz , are given in integral numbers 
of N, the number of subdivisions of the axes. 
On expansion, Eq. (1) becomes 

1 r cos2tt 

p(xyz ) —-HI JLh ~ (hx+ky+lz) 

+E* L* Zt B^n—ihx+ky+lz )]. (2) 

In most crystal pattern syntheses, the series is 
restricted to a two-dimensional one whose sum¬ 
mation gives a projection of the electron density. 
Considering only the reflections, {hk 0), for in¬ 
stance, the series is 

1 T cos2t 

p(xy) =— I 21* A {hk o) (hx+ky) 

Al A 

sin2ir 1 

+L* L* 0 ) — (hx+ky) J. (3) 

Summation .of Eq. (3) at all points, xy, gives a 
representation of the electron density projected 
on 001. Projections on 100 and 010 are obtained 
by considering only the 0 kl and h.01 reflections, 
respectively. 


Because of the tedious nature of the computa¬ 
tions involved in even the two-dimensional 
series, a number of computational aids have 
been devised. All of these aids are characterized 
by the trigonometric separation of Eq. (3) into 
a group of one-dimensional series which can be 
summed easily by means of strips on which are 
printed the products of all possible magnitudes 
of A and B times all possible values of the 
cosine and sine. Summation is reduced to the 
addition of previously computed numbers. 

Use of the computational aids reduces the 
labor of any one summation, but it may actually 
increase the total labor of a crystal structure 
determination. If one is dealing with a centro¬ 
symmetrical projection, the phases are all either 
0 or 7 r and the equation to be summed is 

p (xy) L* Fihk o) cos2*(te+*y). (4) 

A 

If the phase of a given reflection is 0, the sign of 
F is positive; if it is ir, the sign is negative. In 
most structure determinations, the phases are 
unknown and must be determined by trial and 
error. Given a trial structure, one may compute 
phases and these may then be used in the 
summation. In general, many of the signs will be 
found to have been incorrectly determined and 
the electron density will not be a faithful repre¬ 
sentation of the structure. It will then be neces¬ 
sary to change phases either experimentally or 
by making adjustments in the trial structure and 
re-computing. Each time phases are changed, a 
complete new summation must be made. When 
accurate parameters are being sought, a number 
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of approximations must usually be made before 
the final electron density map is obtained. 

If, instead of summing Eq. (4) by use of 
strips, one employs a method in which the 
contributions of each plane at each point are 
determined individually and recorded, adjust¬ 
ment of phases will not require additional sum¬ 
mations. To change signs, one need merely re-add 
columns of numbers. In the form of Eq. (4), the 
series requires a great deal of computation. 
However, if it is put into a new form, to be 
described in the following section, a graphical 
method of summation can be used which is both 
simple and reasonably rapid. In addition, the 
graphical method has an advantage in that the 
%]uipment required is a minimum, consisting of 
a chart, a scale, and a table of numbers. 

THEORY OF THE SEMI-POLAR SERIES 

The point, P, in Fig. 1 is conventionally 
specified by the rectilinear coordinates x and y, 
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As* an alternative, one may choose to locate P 
by the coordinate x and the angle, <p f between 
the x axis and a line from the origin to P. Since 

y=*tan^, (5) 

the rectilinear coordinate, y, may be replaced by 
x tan (p. Equation (4) becomes 

1 

p(s, x ta rup) =— La La F (hk o> 

A 

2t 

Xcos— (hx+kx tanp). ( 6 ) 

In a similar manner, the point, P', in Fig. 1 may 
be specified by the coordinates y tan(90 — ^) and 
y. In this case, the series is given by 

1 

p[y tan(90 — <p), y]=— La L* F ihk0) 

A 

2t 

X cos —\_hy tan (90 — (p ) +ky~\. ( 6 ') 

N 


For all of the points along a line of constant <p 
or 90 —#>, the tangent is a constant. Equations 
( 6 ) and ( 6 ') may, therefore, be written 

1 2t 

p(x, c ) =— La L* F (hk o) cos— x(h+ck), (7) 

A N 

1 2ir 

pfc', y) =- 7 La Lib F ihi bo) cos— y(c'h+k), (7') 

A N 


where c and c' are the tangents of <p and 90 — ^. 
For the points, P" and P'", the corresponding 
expressions are 


1 2r 

p(#» -c)=— L* L* P<Afc 0 ) cos— x(h-ck), (7") 
A N 


p(—s'* —y) - --La L* F(fik o) 

A 

Xc 0 S l<-y)(-c' h + k). (7"') 
N 


The expressions are the same, except that c, c\ 
and y are negative. Since the cell is centro- 
symmetrical, only half need be considered. 
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The important feature of Eq. (7) and its 
related expressions is that for any given reflec¬ 
tion, hk 0, and any given slope, c, the entire 
expression in parentheses is a constant. Equation 
(7) may, then, be written 


p(xc) Fw o) cos— xC. (8) 

A N w 

The density contribution of any plane at each 
point, x , along the line whose slope is c is found 
by multiplying "F by the cosine of ( 2nC/N)-0 
(for tf = 0), (2wC/N) • 1 (for x = l), (2*C/JV)-2 
(for #=*2), etc. If one is interested in the density 


at any one point, x t c , Eq. (8) reduces to 
1 r 2ir 

p(xc) F(hko) cos—xC(wo) 

Al N 

2t 

+ ^'*'0) COS-xC(VJfc'O) 

N 


+ F(h"k'jo) cos—xC(v'jk"o) + • • • I. (9) 
N J 

A POLAR GRID 

If the points on the rectilinear grid that is 
usually used in structure analysis are specified in 
the semi-polar form just described, there will be 
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Fig. 2. The polar grid for one-quarter of the unit cell. 
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Table I. Values of (2*/N)-Cx for C»4.80. 


Table II. Product of F times cos(2ir /N)* Cx. 


x (2r/N) Cx 


0 

(2t/ N) • 0.00 

1 

(2t /N)- 4.80 

2 

C 2t/N )• 9.60 

3 

(2t/N)- 14.40 

4 

(2*-/iV) -19.20 

5 

(2t/N)- 24.00 

6 

(2t/N)- 28.80 

7 

(2x/N) • 33.60 - (2 r/N) * 26.40 

8 

(2 r/N) • 38.40 - (2 r/N) • 21.60 


a large number of constants, c , corresponding to 
the tangents of the various angles, and, in 
general, their numerical values will not be simple 
numbers. Because of this, computation of the 
constant, C, will not be easy. Furthermore, there 
will be only a few points along each line, except 
in special cases. The value of having a “con¬ 
stant” will be reduced. Both of these difficulties 
can be eliminated if one abandons the conven¬ 
tional grid in favor of one defined by the inter¬ 
sections of the x and y coordinates with radial 
lines of simple slopes. For each radial line, there 
will be N/2 points, assuming the summation is 
made from the origin to t. 

A grid suitable for most purposes is formed by 
allowing N to equal 60. There are, then, thirty 
divisions along each axis from 0 to j r. To approxi¬ 
mate the distribution of points formed by such 
a rectilinear grid, a series of radial lines whose 
slopes are .05, .10, .15, .20, etc. has been chosen. 
Intersections of these with the x coordinates 
locate the points of the grid for the first segment, 
in Fig. 1, of the cell. For the second segment, 
a symmetrical array is obtained by using the 
intersections of the y coordinates and radial lines 
whose slopes, c', have the same values. The grid 
thus defined for the first two segments of the 
cell is shown in Fig. 2. The principal disad¬ 
vantage, outside of the unconventional array, 
lies in the fact that there are only twenty points 
along each of the axes, x — x and y = ir. To offset 
this, points half-way between those shown may 
|jje handled by interpolation. The point density 
near the origin has been reduced by eliminating 
some of the points, those from the origin to x 
and y equal four being, actually, coincident with 
points of the conventional grid. 

It might be well at this time to discuss, 
briefly, the mathematics of the semi-polar co- 
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X 

Cx 

F coe(2r/N) Cx 

0 

0.00 

100 

1 

4.80 

89 

2 

9.60 

53 

3 

14.40 

6 

4 

19.20 

-43 

5 

24.00 

-80 

6 ‘ 

28.80 

-99 

7 

26.40 

-95 

8 

21.60 

-64 


ordinate system just developed. Heretofore, the 
tacit assumption has been made that the unit 
cell is square so that a point at # = 10 and y = 5, 
for instance, actually lies along a radius which 
makes an angle with the x axis whose tangent is 
.50. It may not be immediately obvious that the 
same relation holds for a rectangular or oblique 
cell. Actually, the expression, tan<p=y/jc, is 
merely a convenient mathematical shorthand 
for referring to the ratio of units of distance along 
the y axis to that along the x axis. No matter 
what the absolute lengths of the two units may 
be or the angle between the axes, the statement, 
tan<p = .50, simply means that the point is twice 
as many x units from the origin as y units. This 
holds, of course, only when the axes are divided 
into the same number of parts. 

GRAPHICAL- SUMMATION OF THE 
SEMI-POLAR SERIES 

As was mentioned in an earlier section, for a 
given plane, hk 0 , and a radial line of slope, c, 
the term, ( h+ck ), in Eq. (7) is a constant for all 
points along the line, and the series may be 
expressed in the form of Eq. (8). The density 
contribution of hkO at each point of the grid 
along the radial line is computed by multiplying 
the amplitude, F, by the cosines of a series of 
angles which are multiples of 2i tC/N. The dis¬ 
crete values of the cosine so obtained may be 
computed, once for all, and tabulated. Since they 
depend only on the geometry of the plane and 
are independent of the structure, such a table 
could be used for any structure determination. 
However, use of a table of cosines would require 
that multiplication be performed for each plane 
at each point, which is an extremely tedious 
task. Inasmuch as Eq. (8) is a periodic cosine 
function, the product can be determined readily 
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by graphical means. Given a cosine curve and a 
vertical scale appropriate to the magnitude of F, 
it is only necessary to know what points along 
the axis of the curve correspond to multiples of 
2irC/N. These, of course, can be determined in 
advance and tabulated. 

As an example, the density contributions of 
the plane, 420, along the radial line whose slope 
is .40 will be determined. The amplitude will be-. 


assumed to be +100. The constant, C, in Eq. (8) 
is given by 

C=h+ck, 

= 4+.40-2, 

= 4.80. 

The values of the product, 2 vC/N times x for the 
first eight points along the radial line are listed 
in Table I. Because the cosine function is sym- 


Table lit.* Part of the tabulation of C times x as a function of C and x. 


V 

x-0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

4.00 

0.00 

4.00 

8.00 

12.00 

16.00 

20.00 

24.00 

28.00 

28.00 

24.00 

20.00 

16.00 

12.00 

8.00 

4.00 

4.05 

0.00 

4.05 

8.10 

12.15 

16.20 

20.25 

24.30 

28.35 

27.60 

23.55 

19.50 

15.45 

11.40 

7.35 

3.30 

4.10 

0.00 

4.10 

8.20 

12.30 

16.40 

20.50 

24.60 

28.70 

27.20 

23.10 

19.00 

14.90 

10.80 

6.70 

2.60 

4.15 

0.00 

4.15 

8.30 

12.45 

16.60 

20.75 

24.90 

29.05 

26.80 

22.65 

18.50 

14.35 

10.20 

6.05 

1.90 

4.20 

0.00 

4.20 

8.40 

12.60 

16.80 

21.00 

25.20 

29.40 

26.40 

22.20 

18.00 

13.80 

9.60 

5.40 

1.20 

4.25 

0.00 

4.25 

8.50 

12.75 

17.00 

21.25 

25.50 

29.75 

26.00 

21.75 

17.50 

13.25 

9.00 

4.75 

0.50 

4.30 

0.00 

4.30 

8.60 

12.90 

17.20 

21.50 

25.80 

29.90 

25.60 

21.30 

17.00 

12.70 

8.40 

4.10 

0.20 

4.35 

0.00 

4.35 

8.70 

13.05 

17.40 

21.75 

26.10 

29.55 

25.20 

20.85 

16.50 

12.15 

7.80 

3.45 

0.90 

4.40 

0.00 

4.40 

8.80 

13.20 

17.60 

22.00 

26.40 

29.20 

24.80 

20.40 

16.00 

11.60 

7.20 

2.80 

1.60 

4.45 

0.00 

4.45 

8.90 

13.35 

17.80 

22.25 

26.70 

28.85 

24.40 

19.95 

15.50 

11.05 

6.60 

2.15 

2.30 

4.50 

0.00 

4.50 

9.00 

13.50 

18.00 

22.50 

27.00 

28.50 

24.00 

19.50 

15.00 

10.50 

6.00 

1.50 

3.00 

4.55 

0.00 

4.55 

9.10 

13.65 

18.20 

22.75 

27.30 

28.15 

23.60 

19.05 

14.50 

9.95 

5.40 

0.85 

3.70 

4.60 

0.00 

4.60 

9.20 

13.80 

18.40 

23.00 

27.60 

27.80 

23.20 

18.60 

14.00 

9.40 

4.80 

0.20 

4.40 

4.85 

0.00 

4.65 

9.30 

13.95 

18.60 

23.25 

27.90 

27.45 

22.80 

18.15 

13.50 

8.85 

4.20 

0.45 

5.10 

4.70 

0.00 

4.70 

9.40 

14.10 

18.80 

23.50 

28.20 

27.10 

22.40 

17.70 

13.00 

8.30 

3.60 

1.10 

5.80 

4.75 

0.00 

4.75 

9.50 

14.25 

19.00 

23.75 

28.50 

26.75 

22.00 

17.25 

12.50 

7.75 

3.00 

1.75 

6.50 

4.80 

0.00 

4.80 

9.60 

14.40. 

19.20 

24.00 

28.80 

26.40 

21.60 

16.80 

12.00 

7.20 

2.40 

2.40 

7.20 

4.85 

0.00 

4.85 

9.70 

14.55 

19.40 

24.25 

29.10 

26.05 

21.20 

16.35 

11.50 

6.65 

1.80 

3.05 

7.90 

4.90 

0.00 

4.90 

9.80 

14.70 

19.60 

24.50 

29.40 

25.70 

20.80 

15.90 

11.00 

6.10 

1.20 

3.70 

8.60 

4.95 

0.00 

4.95 

9.90 

14.85 

19.80 

24.75 

29.70 

25.35 

20.40 

15.45 

10.50 

5.55 

0.60 

4.35 

9.30 

5.00 

0.00 

5.00 

10.00 

15.00 

20.00 

25.00 

30.00 

25.00 

20.00 

15.00 

10.00 

5.00 

0.00 

5.00 

10.00 


Table III. ( Continued ) 


15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

0.00 

4.00 

8.00 

12.00 

16.00 

20.00 

24.00 

28.00 

28.00 

24.00 

20.00 

16.00 

12.00 

8.00 

4.00 

0.00 

0.75 

4.80 

8.85 

12.90 

16.95 

21.00 

25.05 

29.10 

26.85 

22.80 

18.75 

14.70 

10.65 

6.60 

2.55 

1.50 

1.50 

5.60 

9.70 

13.80 

17.90 

22.00 

26.10 

29.80 

25.70 

21.60 

17.50 

13.40 

9.30 

5.20 

1.10 

3.00 

2.25 

6.40 

10.55 

14.70 

18.85 

23.00 

27.15 

28.70 

24.55 

20.40 

16.25 

12.10 

7.95 

3.80 

0.35 

4.50 

3.00 

7.20 

11.40 

15.60 

19.80 

24.00 

28.20 

27.60 

23.40 

19.20 

15.00 

10.80 

6.60 

2.40 

1.80 

6.00 

3.75 

8.00 

12.25 

16.50 

20.75 

25.00 

29.25 

26.50 

22.25 

18.00 

13.75 

9.50 

5.25 

1.00 

3.25 

7.50 

4.50 

8.80 

13.10 

17.40 

21,70 

26.00 

29.70 

25.40 

21.10 

16.80 

12.50 

8.20 

3.90 

0.40 

4.70 

9.00 

5.25 

9.60 

13.95 

18.30 

22.65 

27.00 

28.65 

24.30 

19.95 

15.60 

11.25 

6.90 

2.55 

1.80 

6.15 

10.50 

6.00 

10.40 

14.80 

19.20 

23.60 

28.00 

27.60 

23.20 

18.80 

14.40 

10.00 

5.60 

1.20 

3.20 

7.60 

12.00 

6.75 

11.20 

15.65 

20.10 

24.55 

29.00 

26.55 

22.10 

17.65 

13.20 

8.75 

4.30 

0.15 

4.60 

9.05 

13.50 

7.50 

12.00 

16.50 

21.00 

25.50 

30.00 

25.50 

21.00 

16.50 

12.00 

7.50 

3.00 

1.50 

6.00 

10.50 

15.00 

8.25 

12.80 

17.35 

21.90 

26.45 

29.00 

24.45 

19.90 

15.35 

10.80 

6.25 

1.70 

2.85 

7.40 

11.95 

16.50 

9.00 

13.60 

18.20 

22.80 

27.40 

28.00 

23.40 

18.80 

14.20 

9.60 

5.00 

0.40 

4.20 

8.80 

13.40 

18.00 

9.75 

14.40 

19.05 

23.70 

28.35 

27.00 

22.35 

17.70 

13.05 

8.40 

3.75 

0.90 

5.55 

10.20 

14.85 

19.50 

10.50 

15.20 

19.90 

24.60 

29.30 

26.00 

21.30 

16.60 

11.90 

7.20 

2.50 

2.20 

6.90 

11.60 

16.30 

21.00 

11.25 

16.00 

20.75 

25.50 

29.75 

25.00 

20.25 

15.50 

10.75 

6.00 

1.25 

3.50 

8.25 

13.00 

17.75 

22.50 

12.00 

16.80 

21.60 

26.40 

28.80 

24.00 

19.20 

14.40 

9.60 

4.80 

0.00 

4.80 

9.60 

14.40 

19.20 

24.00 

12.75 

17.60 

22.45 

27.30 

27.85 

23.00 

18.15 

13.30 

8.45 

3.60 

1.25 

6.10 

10.95 

15.80 

20.65 

25.50 

13.50 

18.40 

23.30 

28.20 

26.90 

22.00 

17.10 

12.20 

7.30 

2.40 

2.50 

7.40 

12.30 

17.20 

22.10 

27.00 

14.25 

19.20 

24.15 

29.10 

25.95 

21.00 

16.05 

11.10 

6.15 

1.20 

3.75 

8.70 

13.65 

18.60 

23.55 

28.50 

15.00 

20.00 

*25.00 

30.00 

25.00 

20.00 

15.00 

10.00 

5.00 

0.00 

5.00 

10.00 

15.00 

20.00 

25.00 

30.00 


* Explanation of Table III. This table contains, that po 
between 4.00 and 5.00, rl -—•— " K * 


rtion of the tabulation of the product of the constant, C, times the coordinate, x, for C 
oitiMi hv mnltinlvinff C hv x. anv oroduct lamer than 30 being reduced to an equivalent 


Th*e vsJMs'llsted'in^the tablearethe croMlnaSaiong the srtiTrf'a’coeine c^e.^aduatoiTn terms of M ai which a scale should be set in 
order to determine graphically the product of the amplitude times the appropriate cosine. 
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metrical about 0 and r, one-half a cycle of the 
curve is sufficient if all values of the product 
greater than v are recomputed to a symmetrical 
value less than In the present case, the product 
is equal to v when C times x is equal to 30. 

The products listed in Table I are the angles 
by whose cosines the amplitude must be multi¬ 
plied to determine the density contribution of 
the plane, 420, at each of the first eight points of 
the grid along the radial line whose slope is .40. 
If the cosine curve is calibrated in terms of 
2ir/iV, it is only necessary to set the scale at the 
points 4.80, 9.60, 14.40, etc. and to read off the 
product. The values so obtained are listed in 
Table II. 

In order to perform the computations for all 
planes at all points in the cell, it is necessary to 
tabulate all possible solutions of x times ( h+ck ) 
and the related functions. This might at first 
seem to require an extensive table since the 
values of h and k may become quite large in large 
cells. However, the symmetry of the cosine 
function reduces the number of independent solu- 
tiohs to a finite number. The highest independent 
value of the product of C times x, anti hence 
of C itself, is that which makes the product 
( 2ttC/N)-x equal to tt. In the present case, the 
value is 30. Any value of C greater than thirty 
is symmetrical with one less than thirty. This 
is evident from x = 7 and * = 8 in Table I. 
Furthermore, since the cosine function is sym¬ 
metrical about 0, negative value of C are the 
same as positive, and the sign of C may be 
disregarded. With equal to 60, there are only 
600 possible values of C, and the products of C 
times x can be tabulated conveniently. Such a 
table can be used for all structure determina¬ 
tions. A portion of the table is shown in Table 
III. 


In many cases, it is sufficient to base a grid on 
N equal to 30. Radial lines of slopes .1, .2, .3, 
etc. may be used. The tabulation of C times x 
requires only 150 values of C against 15 values 
of x. 

SUMMATION PROCEDURE 

In determining the electron density by the 
method just developed, it is convenient to com¬ 
pute the density contributions of each plane at 
each point along a given radial line at the same 
time, as was done in the example. Worksheets 
can be prepared for each radial line s on which 
are columns for the indices, the constants for 
each reflection, the F values, and for the density 
contributions at each x coordinate. The con¬ 
tributions of each plane, in turn, can then be 
easily determined by setting the proper scale at 
the points along the cosine curve indicated in 
the tabulation of C times x. When all planes 
have been handled, the columns of density 
contributions are totaled, and the totals plotted 
on the polar grid. If thecesulting electron density 
map indicates that adjustments must be made 
in phases, it is only necessary to re-add the 
columns. 

SUMMARY 

A semi-polar form of Fourier series has been 
developed and a graphical method of summation 
described. Although the procedure is somewhat 
more tedious than the conventional strip 
methods of Fourier series summation, it may be 
found useful, particularly when phases must be 
assigned experimentally in centrosymmetrical 
projections. An added advantage is the simplicity 
of the equipment, which can be constructed at 
a negligible cost. 
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The Insulation of High Voltages in Vacuum 
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Breakdown studies have been made between electrodes in high vacuum at constant voltages 
from 50 to 700 kv. These further demonstrate the inadequacy of the field emission theory to 
account generally for high.voltage breakdown in vacuum. Experiments are described which 
investigate some of the “total voltage” breakdown mechanisms, including positive-ion emis¬ 
sion by electron impact, electron emission by positive-ion impact and by photons. In the d.c. 
case these processes contribute to a steady interchange of charged particles between cathode 
and anode which increases with voltage until breakdown ensues. At higher breakdown voltages 
the cathode gradient has diminished far below the value for field emission. Measurements of 
electron emission by electrons with energies up to 300 kv for tungsten, steel, aluminum, and 
graphite are reported. The possibilities of predicting and of improving the insulating strength 
of electrode gaps in high vacuum by the study of the coefficients of the electrode materials are 
discussed. 


INTRODUCTION 

HE use of vacuum for the insulation of high 
voltages has become of increasing impor¬ 
tance in modern science. In physics, vacuum 
insulation is essential for the acceleration of 
charged particles to high energies for nuclear 
studies, and generally for the production of high 
energy radiations. In engineering, the primary 
application of vacuum insulation has been in 
electronic tubes, including high vacuum rectifiers 
and high voltage x-ray tubes. The present 
applications of vacuum to low power switches 
and low loss high frequency condensers merely 
suggest the possible future importance which 
vacuum insulation may have in electrical power 
engineering. 

During the last decade, the technique of pro¬ 
ducing and maintaining vacuum in large volumes 
has developed to the extent that vacuum may 
now be regarded as an available voltage-insu¬ 
lating medium. Nevertheless, although solid, 
liquid, and gaseous dielectrics have been in¬ 
tensively studied for many years, relatively little 
effort has been directed toward understanding 
and developing the unique electrical insulating 
properties of vacuum. After interruption by the 
war, the study of vacuum insulation, particularly 
at high voltages, is being resumed in the Depart¬ 
ment of Electrical Engineering at M.I.T. Some 


of the information obtained in these prior studies, 
as well as comments on our present picture of 
the mechanism of voltage breakdown in vacuum, 
is reported herein. 

Vacuum insulation may be said to exist when 
the breakdown strength between metallic elec¬ 
trodes is independent of the pressure of the 
intervening gas. In an insulating vacuum the 
mean free path of electrons and positive ions 
moving in the residual gas must, therefore, be 
large compared with the inter-electrode gap in 
order that the contribution of gaseous ionization 
to the breakdown mechanism be negligible. 
While this condition may be achieved at atmos¬ 
pheric pressure for gaps of a small fraction of the 
wave-length of light, for the more ordinary gaps 
of physics and engineering a residual gas pressure 
of 10"~ 4 mm of Hg or less is generally adequate. 
Further reduction in pressure does not increase 
the insulating strength of the gap except insofar 
as residual gas pressure may affect the absorbed 
gas and molecular layers of contaminating ma¬ 
terial which are in equilibrium on the electrode 
surfaces. 

Vacuum insulation is more susceptible to 
quantitative analysis than any other insulating 
medium. Being free from the obscurities and 
limitations of intervening materials, the situation 
between metallic electrodes immersed in high 
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EUECTROOE SEPARATION IN MM. 

Fig. 1. Breakdown voltages and gradients between 1" 
stainless steel ball and 2" steel disk in vacuum. 

t 

vacuum may be more precisely described in 
terms of the electric field configuration, the 
number and energy of the charged particles, and 
other factors which influence the current flow 
and breakdown strength. Compared to a gas 
gap at high pressure, the phenomena in a vacuum' 
gap are fewer and more direct. All of the ioniza¬ 
tion and recombination processes which occur in 
the gas are eliminated along with the field¬ 
distorting influence of space charge; only the 
electrodes remain effective in contributing or 
removing charged particles from the inter- 
electrode gap. 

FIELD EMISSION BREAKDOWN AT 
LOW VOLTAGES 

Much work has been done on vacuum insula¬ 
tion at low d.c. voltages and high field strengths 
with the object of studying the phenomena of 
high field emission. These experiments in general 
were made using well-outgassed electrodes in a 
highly evacuated chamber, the electrode arrange¬ 
ment consisting variously of concentric cylinders 
with the inner cylinder a filament easily out- 
gassed by heating, of a point directed at a plane, 
of two fine crossed wires, or of sphere gaps. 
These experiments indicated that gradients at 
the cathode surface of several times 10® volts per 
centimeter could be insulated before breakdown 
ensued, and that gradients at least ten times 
higher than this value could be insulated on the 
anode surface. Hayden 1 reports a maximum 
cathode gradient of 1.3 X10® volts per centimeter 

* Hayden, J. A. I. E. E. 41, 854 (1922). 


between outgassed molybdenum spheres. FiersoF 
observed a cathode gradient of 5.4X10® volts per 
centimeter between molybdenum plates out- 
gassed at 1400°C. In the work described in the 
present paper it was found that at voltages less 
than 50 kilovolts it is quite easy to support 
gradients above 10® volts per centimeter on steel 
cathode surfaces after conditioning the surface 
by permitting low energy flashover. 

In the voltage range below 20 kilovolts de¬ 
tectable high field emission from cathode surfaces 
in vacuum begins at a fairly definite gradient 
which depends on the electrode material and its 
surface condition and increases exponentially 
with increasing gradient until flashover. This 
effect was first quantitatively analyzed by 
Schottky, 8 who modified the Richardson thermi¬ 
onic emission equation by reducing the true work 
function of the metal to account for the attrac¬ 
tive influence of the electric field on the escaping 
electrons. The later experiments of Millikan 4 
and others indicated that, unlike the prediction 
of the Schottky equation, high field emission is 
substantially independent of the cathode temper¬ 
ature, at least up to about 1200°C, beyond which 
it is overshadowed by the thermionic emission. 
This non-dependence has been more adequately 
explained by the newer Fowler-Nordheim rela¬ 
tion. 8 

Both the Schottky and Fowler-Nordheim 
relations assume the existence of a smooth 
cathode surface. Actually, high field emission, 
like thermionic emission,® takes place preferenti¬ 
ally from the microscopic projections, crystal 
edges, and spots of impurities which usually exist 
on surfaces. This consideration of surface rough¬ 
ness and contamination explains to a consider¬ 
able extent the discrepancy between the experi¬ 
mentally observed cathode gradients and the 
higher values predicted by theory. Since field 
emission varies exponentially with gradient, it is 
evident that an intensification as small as 10 


1 Piersol, Rep. Brit. Assoc. Advancement Sci. 359 
(1924). 

1 Schottky, Jahrbuch der Radioactivitat und Elektrotechnik 
(1915), Vol. 12, pp. 200-205. 

4 Millikan, Eynng, and McKeown, Phys. Rev. 31, 900 
(1928). 

8 Fowler and Nordheim, Roy. Soc. Proc. A119, 173-181 
and A121, 626-639 (1928). 

• R. P. Johnson and W. Shockley, Phys. Rev. 49, 433 
(1936). 


32& 


Journal of Applied Physics 









percent because of surface projections would 
cause most of the field-emission current to flow 
from such points. The adverse influence on the 
breakdown gradient of such factors as contami¬ 
nating surface films, rough electrode surfaces, 
and low work-function electrodes has become 
generally appreciated. 

It is now well established that voltage break¬ 
down between metal electrodes in high vacuum 
at high gradients, but relatively low voltages is 
initiated by high field emission. This emission 
increases exponentially with gradient and results 
in local temperature increases and enhanced 
secondary effects which lead to instability. For 
many years it has been generally believed that 
this same high field mechanism accounted for 
breakdown at high voltages. That this cannot 
be the case is demonstrated by the data of Fig. 1, 
in which breakdown voltage and gradient are 
shown as a function of electrode separation for 
constant voltages from 20 to 650 kilovolts. It is 
seen that, while fairly constant gradients of 
several million volts per centimeter are required 
to produce breakdown at voltages less than 50 
kilovolts, the cathode gradient required at volt¬ 
ages higher than this decreases rapidly. Thus, 
whereas a gradient of 3000 kilovolts per centi¬ 
meter is required when the total voltage between 
the electrodes is 20 kilovolts, a gradient of less 
than 100 kilovolts per centimeter is the maximum 
that can be supported at 650 kilovolts. This 
gradient is evidently inadequate of itself to insure 
breakdown through the mechanism of high field 
emission. 

HIGH VOLTAGE BREAKDOWN 

The explanation of high voltage breakdown 
suggested some years ago by one of us 7 pictures 
an interchange of charged particles and photons 
between cathode and anode. Thus, an electron 
starting from the cathode and accelerated by 
the voltage between the electrodes, impinges on 
the anode with the resultant possible emission 
of both a positive ion and photons. Such positive 
ions and some of the photons would return to the 
cathode and cause further electron emission. 
When the conditions are such that this inter¬ 
change becomes cumulative, breakdown results. 

7 Van.Atta, Van de Graaff, and Barton, Phys. Rev. 43, 
158 (1933). 


To represent this mechanism quantitatively, let 
coefficient A represent the average number of 
positive ions produced by one electron, and 
coefficient B the average number of secondary 
electrons produced by one of these positive ions; 
similarly, let C represent the photons produced 
by one electron, and D the secondary electrons 
produced by an average photon. Then, when the 
condition 

AB + CD>1 

is realized, the interchange becomes cumulative 
and breakdown ensues. It is evident that these 
coefficients will be functions of the accelerating 
voltage between the electrodes and the gradient 
at the electrode surfaces, as well as of the elec¬ 
trode material and the surface condition. Some 
preliminary experiments to measure these coeffi¬ 
cients were undertaken before the war with the 
collaboration of J. R. Maull, and work in this 
direction is now being resumed. 

The experimental arrangement for determining 
coefficient A is shown in Fig. 2. Electrons starting 
from the filament are accelerated by the voltage 
between electrodes, and impinge on the upper 
target, where they are measured. Because of the 
uniform field, any positive ions produced by 
these primary electrons return along the same 
path and are measured by collection in the 

le 
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Fig. 3. Breakdown coefficients for steel electrodes with 
2-cm gap. 


Faraday cage. The ratio of the positive-ion 
current to the electron current is the coefficient 
A, and can thus be determined over a range of 
voltages and gradients and different electrode 
materials. It is noteworthy that the emission of 
positive ions due to electron impact is assisted in 
this experiment by the electric field at the anode 
surface. This is exactly the condition which 
exists in an actual gap in high vacuum. 

Figure 3 shows the coefficient A, the ratio of 
secondary positive ions to electrons, for a 
parallel-plane steel gap as a function of the gap 
voltage. This curve was quite reproducible after 
the steel target had been outgassed by electron 
bombardment. The low voltage peak was found 
to be caused by the ionization of the residual gas 
and varied closely with its pressure. As would be 
expected, this residual gas ionization reduces 
with increasing gap voltage so that at the higher 
voltages the returning positive ions are owing 
primarily to secondary ion emission from the 
anode. The small proportion of residual gas ions 
to ions from the anode itself accounts for the small 
dependence on pressure of breakdown voltages 
ip high vacuum* 

That a definite positive-ion current could be 
measured from the electron bombarded target 
is evidence that this mechanism contributes to 
breakdown in vacuum. The small value of coeffi¬ 
cient A, in this case 2 to 20X10~ 4 in the energy 
rangt below breakdown, indicates the cathode 
coefficient B must be large if this particle 
mechanism is to be important. The sharp increase 
in coefficient A near the breakdown voltage is 
to be noted. The existence of secondary positive- 
ion emission is also supported by two observa¬ 


tions of Anderson in the course of a doctorate 
research in this program. 8 With constant applied 
potential and a substantially uniform field, 
Anderson found deposition of anode (copper) 
material on the cathode after some minutes of 
operation near the breakdown value. He also 
showed a definite, though small, cathode temper¬ 
ature rise under such conditions—this tempera¬ 
ture rise being a fraction of one percent of the 
rise of this same electrode when the polarities 
were reversed. 

It should be expected that the-coefficient A 
will in general differ from one metal to another 
and show considerable dependence on surface 
condition. 

The same arrangement shown in Fig. 2 may 
be used to give an idea of the coefficient 5, the 
average number of electrons produced at the 
cathode by the impact of one high energy positive 
ion. The returning positive ions, having been 
accelerated by the full gap voltage, are permitted 
to impinge on a second target within the collector 
cage. The resultant secondary electrons are 
collected as current I c in this experiment. Figure 
3 shows that under these conditions the second¬ 
ary electrons increase slowly with the energy of 
the impacting positive ions, the ratio being a 
small number at energies below 220 kv. This 
result checks generally with the measurements 
of Allen, 9 Linford, 10 Hill et a/, 11 in which second¬ 
ary electron emission under high energy positive- 
ion bombardment and low cathode field were 
found to be small (2 to 20) and usually increased 
with voltage. 

Since, in an actual gap, the cathode is sub¬ 
jected to a high electric gradient which would 
have the effect of assisting in the escape of 
electrons, the cathode coefficient shown in Fig. 3 
is labeled B ' and must be regarded as low, 
perhaps low by the large factor required to make 
the particle mechanism of importance in vacuum 
breakdown. It is evident that a heavy positive 
ion having an energy of the order of a hundred 
kilovolts will produce brief, but extremely in¬ 
tense, local heating at its point of impact on the 
cathode. The effect of a high cathode gradient 

• Anderson, Elec. Eng. 54, 1315 (1935). 

• J. S. Allen, Phys. Rev. 55, 236 (1939). 

" L. H. Linford, Phys. Rev. 47, 279 (1935). 

11 Hill, Buechner, Clark, and Fisk, Phys. Rev. 55, 463 
(1939). 
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would be to reduce the space charge limitation 
to electron emission during this short period of 
intense local heat. Thus under the conditions of 
high cathode gradient a relatively large number 
of electrons might escape because of the impact 
of a single positive ion. Experiments are now 
planned to determine coefficient B under the 
complete conditions of voltage and gradient. 

Unless retarded by the external circuit, the 
collapse of the insulating strength of a vacuum 
gap is characterized by unusually rapid develop¬ 
ment greatly exceeding that of gaseous or solid 
insulator gaps. Evidently the conditions for 
instability are sharply defined and the subse¬ 
quent discharge is relatively unimpeded. This 
is to be expected because of the short transit 
times involved in the energy interchange between 
electrodes and the absence of space-charge phe¬ 
nomena in the early phases. At an intermediate 
stage, after the condition for instability has 
been reached, self-focusing processes probably 
concentrate the discharge into a thin-cored 
channel and further enhance the emission of 
charged particles from the surfaces through 
thermionic emission. It has been observed that 
higher voltages can be insulated in the case of 
somewhat ununiform fields than when the inter¬ 
change of particles can proceed undeviating 
along a straight line path between electrodes. 
The problem of vacuum insulation must be met 
primarily by reducing the emission character¬ 
istics of the electrode surfaces so as to prevent 
the onset of instability until well beyond the 
required conditions of voltage and gradient. 

EMISSION OF ELECTRONS BY HIGH 
ENERGY ELECTRON IMPACT 

Primarily by replacing the upper target of 
Fig. 2 with a tungsten filament, the experimental 
set-up was adapted for measuring the number of 
secondary electrons emitted due to impact of 
high energy primary electrons, as a function of 
voltage and electrode material. Figure 4 shows 
the ratio of secondary electrons to primary 
electrons from 30 kv to 340 kv for tungsten, 
steel, aluminum, and graphite. It is seen that 
this ratio diminishes with increasing primary 
energy and that the ratio is a function of the 
atomic number of the electrode. A study of the 
energy of these secondary electrons showed a 



Fig. 4. Secondary emission of electrons by electrons with 
energies up to 340 kv. 

low energy group with energies less than 20 volts. 
Most of the remainder of the secondaries had 
energies in excess of 800 volts, some extending 
in the limit up to the energy of the primaries. 
As can be seen from the ascending curves of 
Fig. 4, the proportion of these high energy 
secondaries increased with voltage, becoming 
fairly constant above 200 kv. These more ener¬ 
getic electrons result from elastic nuclear scat¬ 
tering and from electron-electron collisions. 

To the picture of vacuum breakdown this 
information adds the concept that electrons from 
the cathode striking the anode cause repeated 
opportunities—though each time with diminished 
energy—to bring about the emission of positive 
ions and photons. The reduction of this second¬ 
ary emission coefficient at the higher voltages 
illustrates how some breakdown factors may 
actually become diminished at extreme voltage 
values. 

Experiments have been devised, but not yet 
carried out, for measuring the contribution of the 
photoelectric mechanism to high voltage break¬ 
down in vacuum. It is well known that the 
efficiency of x-ray production increases markedly 
with voltage, though with an increasing tendency 
for the radiation to continue in the forward 
direction. Only backward-scattered radiation 
would be effective in releasing more electrons 
from the cathode. Although a high electric field 
at the cathode would assist the photoelectric 
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emission, the probability of this mechanism being 
important appears to be small. 

The several processes which contribute to the 
interchange of charged particles are seen to 
depend in an important way on the total avail¬ 
able voltage between the vacuum-immersed elec¬ 
trodes. The breakdown voltage curve of Fig. 1 
clearly shows that, at the higher voltage values 
across a given gap, it is the voltage and not 
primarily the gradient that affects the insulation 
performance. For these reasons the term “ total 
voltage mechanism'* has been applied to vacuum 
breakdown in the high constant voltage range. 

PULSED MICROWAVE 1 VOLTAGES 

Some studies have recently been made by the 
linear accelerator group at M.I.T. of the insula¬ 
tion of microwave voltages in high vacuum. 12 In 
a copper cylindrical cavity, 3000 me voltages in 
pulses 2/usee, in duration and calculated at 
2X10® volts peak were insulated across the 5-cm 
gap. The pulse nature and high frequency of 
these insulation tests is in favor of both high 
voltages and gradients since the time and energy 
available to accomplish breakdown is limited. 
It would seem that positive ions can have 
relatively less influence with this type of voltage 
and that the breakdown mechanism would de¬ 
pend on high field and photoelectric emission of 
electrons from both electrode surfaces viewed as 
alternate cathodes. 


way in which the breakdown coefficients A and 
B may also depend on materials, and hence the 
need of quantitative information on theseiactors. 
When these breakdown coefficients are suffi¬ 
ciently known, it should be possible to begin to 
design and predict the insulation strength of 
electrodes in vacuum. Moreover, it may prove 
possible to improve substantially the insulating 
strength between electrodes in vacuum by vari¬ 
ous measures which reduce the electrode coeffi¬ 
cients. Various possible procedures are suggested, 
including the use of composite electrode surfaces 
in which the surface layer is of low atomic 
number and, therefore, inefficient as a source of 
heavy secondary particles and x-rays, the use of 
highly porous surfaces and of grids or insulating 
films, to repress secondaries, the local distortion 
of the surface field so as to delay the focusing 
effects of a particle interchange, the magnetic 
deflection of the interelectrode electrons, and the 
more complete conditioning of the electrode sur¬ 
faces. The experimental determination of surface, 
coefficients under these various conditions can 
in principle be performed in a more quantitative 
way than is generally possible in experiments on 
material insulating media. Such studies should 
not only widen our understanding of the essential 
factors in vacuum breakdown, but they may 
extend insulation strength of high vacuum into 
the region of usefulness for electrical power 
engineering and various scientific purposes. 1 * 


POSSIBILITIES FOR REDUCING SURFACE ACKNOWLEDGMENT 

BREAKDOWN COEFFICIENTS It is a pleasure to acknowledge the effective 

The striking dependence of secondary electron assistance of J. R. Maull in making some of the 
emission on the electrode material illustrates the a measurements reported herein. 

11 Hal pern, Eberhardt, Rapuano, and Slater, Phys. Rev.^* u J* G. Trump, Doctorate Thesis, M.I.T., E. E. Dept. 
69, 688 (1946). ■(1933). 
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Preparation and Uses of Silica Replicas in Electron Microscopy 

Charles H. Gerould 

The Dow Chemical Company f Midland , Michigan 
(Received November 21, 1946) 

A detailed description of the preparation of silica replicas and substrates and their many 
and varied uses is presented with photographs and electron micrographs. A method of pre¬ 
paring silica replicas of specimens which cannot be subjected to the temperatures and pressures 
of the ordinary technique is described. It consists of applying a polystyrene lacquer to the 
specimen surface in place of the conventional molding. The question of “up and down” in 
stereo pictures of silica replicas is definitely settled by adding a metal oxide smoke (MgO) to the 
polystyrene replica before the silica evaporation. A successful powder dispersing technique con¬ 
sists of dispersing the powder in an ethyl cellulose lacquer and depositing upon a silica sub¬ 
strate. Several other techniques are also included. 


INTRODUCTION 

ITHIN the last two years the field of 
electron microscopy has expanded many 
fold resulting in a great need for the development 
of new and improved^electron microscopic tech¬ 
niques as well as the optimum use of those 
available. The great diversity of the recent 
entrants into the microscopic field has made an 
even greater need for literature on techniques 
which are of general application. 

The polystyrene-silica replica technique of 
Heidenreich and Peck 1 is one which has succeeded 
in solidly establishing itself and is now being 
widely used on many and varied research prob¬ 
lems involving the electron microscope. Among 
these we might mention the application of silica 
replicas to such metallurgical specimens as steels, 
copper alloys, and magnesium alloys. 2 " 8 We 

1 R. D. Heidenreich and V. G. Peck, J. App. Phys. 14, 
23 (1943). 

* C. S. Barrett, J. App. Phys. 15, 691 (1944). 

• R. D. Heidenreich, SAE J. (trans) 53, 588 (1945). 

4 R. D. Heidenreich, L. Sturkey, and H. L. Woods, J. 

App. Phys. 17, 127 (1946), 


might mention also their application to non- 
metallic materials such as teeth, 6 bones, minerals, 
glasses, ceramics, resins, woods, and textile 
fibers. 7 In addition, we must include the use of 
structureless silica substrates 8 as supports for 
many different types of electron microscope 
specimens such as bacteria, viruses, powders, 
emulsions, metallic oxide smokes, thin evapo¬ 
rated films, microtome sections, etc. 

These many and varied uses of silica replicas 
have resulted in a demand for more explicit 
information on their preparation and uses. It is 
the purpose of this paper to fill this need and at 
the same time make available to the field some 
of the more recently developed, and as yet 
unpublished, microscope techniques in which 
silica replicas are an essential part. 

These new techniques include a new method 

1 R. D. Heidenreich, C. H. Gerould, and R. E. McNulty, 
Tech. Pub. 1979. Metals Tech. 13 (April, 1946). 

• C. H. Gerould, J. Dent. Res. 23, 239 (1944). 

1 R. B. Barnes, C. J. Burton, and R. G. Scott, J. App. 
Phys. 16; 730 (1945). 

• R. D. Heidenreich, J: Opt. Soc. Am. 35, 139 (1945). 
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Fig. la. Block of clear polystyrene containing two Fig. lc. Polystyrene impression of specimen mounted 7 
specimens of a magnesium alloy sheet whose surfaces have to 10 cm above conical tungsten filament containing 

been covered with a corrosion resistant coating. Silica approximately 1 mg of silica in the form of quartz, 
replicas are to be prepared of this coating. The molding 
was formed from molding granules at a temperature of 
160°C and a pressure of about 1500 !b./sq. in. 



Fig. Id. Actual evaporation of silica with filament 
incandescent under a vacuum of about 10~ 4 mm of Hg. 
Silica is completely evaporated in 5 to 15 seconds, part of 
which condenses on surface of polystyrene to give a 
continuous film of approximately 200A thickness. 

All micrographs were obtained with either 
the RCA type B or U electron microscope. 

of preparing replicas for stereoscopy which makes preparation OP SILICA REPLICAS 

it possible to settle definitely the question of up 

and down" in stereo pictures, a procedure for The cleanliness of the specimen surface is one 
prepdring silica substrates, an ethyl cellulose of the most important points to be considered in 
lacquer particle dispersing technique for use with preparing silica replicas. In the case of an etched 
such substrates, a method of preparing silica metal the prepared surface must be free of 
replicas utilizing a room temperature produced reaction products, grease, stains, oxide, or hy- 
polystyrene impression and several other miscel- droxide films or any material which may either 
laneous techniques. adhere to the replica or prevent it from repro- 


Fig. lb. Polystyrene impression on left and coated metal 
specimen on right. Mechanical separation has been 
accomplished by sawing away the excess polystyrene from 
the edges of the specimen and then pulling the two surfaces 
apart. Specimens may be dissolved with acids or alkalies 
ifnecessary. 
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ducing the true metal surface. When working 
with non-metallic specimens, the surface must 
likewise be free of any foreign material which 
would contaminate the replica. It is our belief 
that many of the difficulties met in preparing 
silica replicas by the polystyrene-silica technique 
arises from improperly prepared surfaces, mainly 
dirty surfaces. 

The polystyrene-silica technique can best be 
illustrated by a series of photographs of the 
various steps involved in preparing the poly¬ 
styrene impression, evaporating the silica upon 
the plastic, and removing the silica replica film. 
These various steps are described in detail in 
order that one may experimentally follow the 
technique and obtain good replicas with a 
minimum of difficulty. 

The first step, after the specimen has been 
given a suitable surface preparation, is to mold 
polystyrene against the surface. This is accom¬ 
plished quite simply by imbedding the specimen 
in polystyrene as illustrated in Fig. la. Poly¬ 
styrene molding granules of medium viscosity 
or molecular weight* are best for this. 

The molding may be accomplished in an ordi¬ 
nary electrically heated metallographic specimen 
mounting press or a steam-heated compression 
molding die. The specimen is placed in the 
molding die with the prepared surface upward 
and sufficient molding granules added to give a 
final clear molding at least \ inch thicker than 
the specimen. The actual molding is accom¬ 
plished by heating the molding granules to a 
temperature of 160°C, care being taken that no 
pressure is applied until they are thoroughly 
softened. Otherwise they may be pressed against 
the specimen surface causing deformation. After 
the granules have had a chance to soften thor¬ 
oughly (5 to 10 minutes usually is required), 
pressure is applied up to about 1500 lb./sq. in. 
and the cooling of the die commenced at once. 
The pressure is maintained until the molding has 
cooled below 80°C since release of the pressure 
at higher temperatures may result in the forma¬ 
tion of bubbles in the molding. 

The sjSecimen is now separated from the 
plastic impression by first sawing away the 
excess material from the edges of the specimen 

* Such a material is available commercially as Styron 
No. 379-dear. 


and then separating the two, mechanically if 
possible. Figure lb shows a magnesium alloy 
specimen which has just been mechanically 
separated or stripped from the polystyrene. 

If mechanical separation is impossible without 
fracturing or otherwise distorting the polysty¬ 
rene, chemical reagents may be used to dissolve 
the specimen. Mineral acids or strong caustic 
solutions may be used on most specimens without 
damage to the plastic impression. 

Figures lc and Id show the next step in which 
silica is evaporated in vacuum upon the surface 
of the plastic impression. The molding is mounted 
7 to 10 cm above a spiral tungsten filament 
(cone shaped of about 5-mm length with a 35° 
angle) containing about 1 mg of clear quartz in 
the form of small slivers weighing roughly 0.2 mg 
each. The filament of the type shown in the 
photographs is heated to incandescence for a 
period of 5 to 15 seconds, using 25 to 30 amp. 
at 10 to 15 volts. The silica is completely evapo¬ 
rated in a few seconds, providing the individual 
splinters of silica are not too large and the 
vacuum is 10~ 4 mm of Hg or better. 

The tungsten filament used in this evaporation 
is prepared by winding 20-mil tungsten at a dull 
red heat on a tapered mandrel having about a 
35° included angle. The quartz used may be 
prepared quite easily by breaking up a natural 
clear quartz crystal by means of mortar and 
pestle and then screening to obtain particles of 
the proper size. Other laboratories have success¬ 
fully used cloudy quartz, fused silica, or Santocel. 

The block of polystyrene supporting the silica 
film is now prepared for the removal of the film. 
The sides and bottom are first scraped thoroughly 
to remove all undesirable silica film and any dirt 
which may contaminate the solvents. The silica 
film is scored into slightly over squares and 
the polystyrene block lowered to the bottom 
of a dish of high purity ethyl bromide and 
benzene with the replica side up as shown in 
Fig. 2a. The block will stick to the bottom of the 
dish as the plastic softens. About 10 percent of 
benzene is added to the ethyl bromide to decrease 
its volatility and thus prevent moisture conden¬ 
sation upon the silica films as they are removed 
from the solvent. Such moisture condensation is 
invariably accompanied by precipitation of the 
polystyrene. Ethyl bromide is used for this step 
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Fig. 2a. Silica film has been scored into squares and the Fig. 2c. Silica films are being transferred on a piece of 
whole polystyrene block is about to be immersed in ethyl 200-mesh stainless steel screen to a rinse consisting of 
bromide plus 10 percent benzene. ethyl bromide plus a few percent of iso-amyl alcohol. 



Fig. 2b. Silica films are seen as they start floating off Fig. 2d. Catching the silica films on a standard electron 
from the polystyrene block stuck to the bottom of the microscope specimen screen after they have washed in the 

dish of ethyl bromide and benzene. Silica films generally solvent rinse for at least 5 min. After catching, the screens 

come free from the polystyrene 1 to 5 min. after immersion are blotted on a filter paper and viewed directly in the 

in the solvents. electron microscope. 

in the replica technique for the following reasons: mersion. Side illumination with a dark red back- 

1. It is an excellent solvent for polystyrene; ground is of great help in seeing them. Figure 2b 

2. its density is sufficiently high to cause the shows the films as they come free from the 

films to float about in the solvent; 3. its great polystyrene. They are transferred almost at once 

volatility tends to produce convection currents to a rinse containing ethyl bromide plus a few 

which aid in washing the films free from poly* percent of iso-amyl alcohol added to reduce the 

styrene; 4, its refractive index is such that the solvent's volatility. Benzene is not used because 

silica films are generally readily visible in the an effective concentration is probably upwards 

solvent. of 10 percent. Transfer of the silica films to the 

The silica films will generally free themselves rinse is easily accomplished by using a piece of 
from the polystyrene 1 to 5 minutes after im- 200-mesh stainless steel screen as shown in Fig. 
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Courtesy A.I.M.E. 

Fig. 3. Silica replica of'magnesium alloy showing twinning Fig. ^ Silica replica of cleaved enamel from human tooth, 
and fine globular precipitation, 4000X. *3500X. 



Fig 4. Silica replica of ground surface of quartz crystal. Fig. Silica replica of polished and acid-etched internal 
4000 X. section of rabbit bone, 3000 X. 



Fig. 8. Silica replica of maple wood cleavage, 4500 X. 


Fig. 5. Silica replica of glass etched with HF, 10,500X. 
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Courtesy A.I.M.E. 

Fig. 9. Comparison between silick replicas of a magnesium alloy prepared by 
means of: (a) a polystyrene molding using both heat and pressure, 6000 X. 

(b) a polystyrene lacquer film using no heat or pressure, 6000 X. 


2c. The films readily loose themselves from the 
screen when it is lowered into the rinse provided 
they are not allowed to dry during transfer. 

The silica films are allowed to wash at least 
five minutes and then caught on the standard 
microscope specimen screens as shown in Fig. 2d. 
The screen with the films are dried by blotting 
on a filter paper. Such films are believed to have 
a thickness of about 200A. 

Figures 3-8 show examples of silica replicas as 
applied to a magnesium alloy, quartz crystal, 
etched glass, tooth, bone, and wood. 

One often finds in replica work a need for 
obtaining silica films from specific areas of a 
specimen. This is not difficult since the poly¬ 
styrene molding with the silica film may be 
examined quite readily with the light microscope 
at magnifications up to 1000 X using illumination 
through the specimen. Regions which are of 
particular interest may be outlined readily by 
scribing the surface with a needle point and 
then scraping off all the silica film except that 
of particular interest. This film may then be 
removed in the usual manner. Sueh a technique 
is often found very useful in studying interfaces 
between dissimilar materials. 

As has been mentioned before, many of the 

£ 3 * 


difficulties experienced when preparing silica 
replicas arise from improperly prepared surfaces. 
Dirty surfaces often give silica replica films 
which tend to roll or fold up and which may 
refuse to straighten out by the customary method 
of “teasing” the films with a specimen screen as 
they float in the rinse. Another difficulty often 
experienced in preparing silica replicas is fragility 
of the films caused by lack of appreciable fine 
structure in the original specimen. It appears that 
fine detail in a specimen adds considerably to the 
mechanical strength of silica replicas. 

On the other hand, silica replicas of single 
phase or electrolytically polished metals, glass, 
or other microscopically smooth surfaces are very 
often extremely fragile. Care must be taken to 
handle these films delicately and even then part 
of the film may break up on the specimen screen. 

Occasionally one wishes to prepare replicas of 
surfaces which for some reason cannot be sub¬ 
jected to the temperatures and pressures neces¬ 
sary to obtain a polystyrene impression. In such 
cases an alternate method is used in which a 
polystyrene lacquer is applied to the specimen 
to give a heavy coating, stripped off and then 
used to prepare silica films in the ordinary 
manner. This technique has given quite reliable 
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results in practice using a 1 percent solution of 
polystyrene in benzene for the initial application 
andfthen backing this film up with several 
applications of a more viscous lacquer of 2 to 3 
percent polystyrene in benzene. By means of the 
more concentrated solution one can build the 
original film up to the point where it may be 
mechanically stripped from the specimen or the 
specimen dissolved if it is felt to be advisable. 
Figures 9a and b show a comparison between the 
conventional method and this polystyrene lac¬ 
quer technique. 

The resolution possible with this technique 
appears to be very good though very likely not 
equal to that of the pressure molding technique 
whose resolution is apparently better than 100A. 
The resolution of this "cold” replica technique 
can probably be improved, as suggested by 
Matheson,* by vacuum boiling of the specimen 
in the lacquer as a means of outgassing the 
surface. The initial lacquer coating can then be 
built up as previously described. 

STEREOSCOPY 

The use of stereoscopy as an electron micro¬ 
scope technique has become of quite general 


application and is held to be invaluable in inter¬ 
preting electron micrographs by many micro- 
scopists. The stereoscopic technique is especially 
well suited for use with silica replicas.* However, 
one of the difficulties experienced-in such applica¬ 
tion has been the impossibility of definitely 
establishing the “up and down” of the stereo 
pictures unless something was known about the 
topography of the original specimen surface. 

A very simple procedure is now being used to 
remove this uncertainty. This consists of adding 
a metal oxide smoke to a known side of the 
silica replica film and using this oxide smoke to 
determine the correct viewing arrangement. This 
is best accomplished by depositing the oxide 
smoke on the polystyrene impression of the 
specimen surface. Magnesium oxide smoke works 
very successfully, an even distribution being 
obtained by wafting the molding through the 
smoke of burning magnesium. Zinc oxide smoke 
can also be used but is much more difficult to 
distribute evenly. 

Silica is evaporated upon the polystyrene 
impression and the films removed in the usual 
manner carrying the oxide smoke with them, 




tne repuca nim. me qucsuuu v* -;-. / 

J SO the oxide cubes appear below the surface. Compound preapi- 
tetiotTran ^observed projecUng upward in relief from the grain boundaries. Magn.ficat.on dOOOX. 

*L. A! Matheson and R. D. Heidenreich, "Magnification calibration of electron microscopes,” Presented at Chicago 

meeting of E.M.S.A. (November, 1944). (1944) 

• R. D. Heidenreich and L. A. Matheson, J. App. Phys. 15, Hi (.1944). 
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Fig. 11. Silica smoke dispersed in ethyl cellulose on a 
silica substrate, 7500 X. 



Fig. 12. CaCOa dispersed in ethyl cellulose on a silica 
substrate, 4500 X. 


attached to the side reproducing the specimen’s 
surface structure. Electron micrograph stereo 
pairs of these films are then obtained and viewed 
through the stereoscope with the pictures ar¬ 
ranged so the oxide smoke appears below the 
surface, the proper arrangement. By this njethod 
the question of “up and down” is definitely 
settled. Figure 10 shows a stereo pair of a 
magnesium .surface with MgO smoke on the 
replica. 

SILICA SUBSTRATES AND A POWDER 
DISPERSING TECHNIQUE 

Structureless silica substrates have been found 
very useful as supports for a variety of electron 
microscope specimens. They can be prepared 
having a thickness of from <100 to 200A and 
are completely structureless and without holes 
or fibers. The films are structurally strong as 
compared to organic films, and may be subjected 
• to very intense electron beams with a minimum 
of electron scattering, “charging up,” and break¬ 
age. Microscope specimens may be heat treated 
at elevated temperatures for short periods of 
time while supported on silica substrates. They 
also can be successfully used as the support for 
specimens for electron diffraction transmission 
study. 

These substrates are prepared by dipping a 
clean and dry microscope slide in a 2-5 percent 
solution of polystyrene in benzene and allowing 
to dry. The silica film is formed upon the lacquer 
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film by the same technique as used for replicas 
except that 10 or 20 percent less silica is generally 
used. The films are removed in the same manner 
as other silica replica films and caught on stand¬ 
ard electron microscope specimen screens. How¬ 
ever, the silica films separate from the thin 
polystyrene film quite slowly, £ hour to several 
hours usually being required. 

Difficulties are occasionally met in preparing 
these films and they seem to be largely caused by 
improper thickness of the polystyrene film. For 
some inexplicable reason, if this film is too thick, 
the silica films are fragile, and if too thin, the 
silica films come loose from the lacquered slide 
with great difficulty or may not come loose at all. 


-vk- ; ■ 



Fig. 13. Polystyrene emulsion dispersed on a silica 
substrate, 7500X. 
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l r, G. 14. Magnesium-aluminum alloy evaporated in vacuum 
an J condensed on a silica substrate, 6500 X. 

It appears that a 2-5 percent lacquer solution 
gives a film of optimum quality. 

Precautions must also be taken to see that the 
lacquer is relatively moisture-free and the glass 
slide dry. Failure to observe these precautions 
may result in a cloudy lacquer film and sub¬ 
strates which show bubbles. 

Many different particle dispersing techniques 
have been published 10 * 11 which make it possible 
to determine accurately particle size and shape. 
Most of these techniques can be successfully used 



Fig. 15. Silic^ replica of a polished steel surface shadowed 
with chromium, 3500X. 


19 M. L. Fuller, P. G. Brubaker, and R. W. Berger, J. 
App. Phys. 15, 201 (1944). 

11 A. M. Cravath, A. E. Smith, J. R. Vinograd, and J. 
N. Wilson, J. App. Phys. 17, 309 (1946). 


Fig. 16. I^ampblack dispersed in ethyl cellulose on a silica 
substrate and shadowed with chromium, 3500X. 

with silica substrates with improved results. A 
powder dispersing technique has been in use here 
for several years which has given excellent results 
on a wide variety of powdered materials ranging 
in size from <0.01 micron to several microns. 
This technique consists of dispersing the powder 
in an ethyl cellulose lacquer as a thick slurry, 
diluting and adding to the silica substrate. This 
is accomplished in practice by placing a few 
milligrams of the powder in a mortar and adding 
a drop or two or an ethyl cellulose lacquer 
consisting of 2 percent ethyl cellulose in 70 
percent amyl acetate and 30percent ethyl alcohol. 
The mixture is lightly ground with mortar and 
pestle to a thick slurry or paste during which 
time the dispersion of the particles actually takes 
place. Amyl acetate is then added slowly at first 
and the concentrated dispersion diluted to the 
proper concentration for adding to the silica 
substrate on a specimen screen. Tests have indi¬ 
cated that the effect of the grinding action upon 
the particle size and shape is negligible in speci¬ 
mens having a particle size of less than 5 microns. 

Ability to judge the proper quantities and 
dilutions is readily obtained with a little experi¬ 
ence. Generally the slurry dilution is about 1:50. 
Quantities should be varied so that the minimum 
thickness of dried ethyl cellulose is used, i.e., 
just sufficient to keep the particles firmly at¬ 
tached to the silica film. Figures 11 and 12 show 
typical particle dispersions obtained by this 
technique. 
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Courtesy A.I.M.K. 


Fig. 17. Silica replica of a magnesium-nickel alloy 
showing not only a replica of the globular Mg 2 Ni particles 
but also some of the actual particles themselves on the 
silica replica film. The faithfulness of the technique in 
reproducing the size and shape of the particles is evident. 
Figure 3 also shows this same phenomenon on a smaller 
scale. Magnification 4000 X 

Silica substrates may also be used for sup¬ 
porting a variety of other types of specimens as 
illustrated by Figs. 13 and 14 showing an emul¬ 
sion and an evaporated magnesium alloy. Emul¬ 
sions are . readily dispersed by diluting to the 
proper concentration and then adding a drop of 
the liquid to the substrate on a specimen screen. 

MISCELLANEOUS USES AND TECHNIQUES 

Silica replicas and substrates have also been 
found to be useful in the field of heavy metal 
“shadow-casting.” 12 This technique is probably 
not of great value on silica replicas for the 
purpose of improving contrast since silica replicas 
normally show considerable contrast. However, 
the technique has definite possibilities as a means 
of making elevation determinations without the 
use of stereoscopy. 

Shadowing of silica replica films is probably 
best accomplished by evaporating the heavy 
metal upon the silica film while it is on the 
gurface of the polystyrene molding. The films are 
then removed in the usual manner. Figure 15 
shows an example of the “shadow-casting” of a 
polished steel specimen. 

*R. C. Williams and R. W. G. Wyckoff, J. App. Phys. 
15, 712 (1944). 


Shadowing of various electron microscope 
specimens supported on silica substrates is of 
definite y^lue both from the point of view of 
improving contrast and of making elevation 
determinations. This technique is probably best 
accomplished by applying the polystyrene lac¬ 
quer film to a glass slide, evaporating the silica, 
adding the specimen, 44 shadow-casting,” and 
then removing the silica film in the usual manner. 
It seems advisable to use such a procedure rather 
than attempt the shadowing of the substrate 
and specimen while supported "by the specimen 
screen. In this case the silica film may be uneven, 
making it a very poor target for accurate 
44 shadow-casting.” Figure 16 shows a specimen 
of lampblack 44 shadow-cast” in this above 
recommended manner. 

A very interesting and often valuable use of 
silica replicas lies in the isolating of impurities 
and certain second phase elements or compounds 
from some metals. This occurs occasionally in 
metals which contain one or more elements or 
compounds which are present as a second phase 
and which are relatively insoluble in the etchant 
used during the surface preparation. Such con¬ 
stituents of the metal are often either left lying 
on the metal surface after etching or are pro¬ 
truding from the surface and only loosely at¬ 
tached to the metal. When polystyrene is molded 
against the metal surface and separated, these 
particular constituents are imbedded in the poly¬ 
styrene and removed with it. When the silica 
evaporation is completed and the polystyrene 
dissolved, as the silica films are removed, the 
particles are often transferred to the silica replica 
and attached to it. As a result we find that in 
the electron microscope we see not only a replica 
of certain second phase constituents in the metal 
but also some of these particular constituents 
actually attached to the replica film. Figures 3 
and 17 show examples of this phenomenon. Such 
materials can often be identified by transmission 
electron diffraction. 

Occasionally one finds an electron microscope 
specimen in particle form which tends to sublime 
when subjected to the high vacuum and heat of 
electron bombardment in the microscope. This 
sublimation may be appreciably decreased by 
supporting the specimen on a silica substrate 
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and then evaporating more silica over the surface 
of the specimen. Sulfur is a material which may 
be treated in this manner. 

CONCLUSIONS 

1. Silica replicas of a variety of bulk materials 
such as metals, minerals, glasses, ceramics, resins, 
woods, etc., can be successfully prepared using a 
heat and pressure molded polystyrene impression 
plus evaporated silica. 

2. Silica replicas can be successfully prepared 
from bulk materials which cannot tolerate either 
the temperatures or pressures of (1), by applying 
a heavy polystyrene lacquer, removing^ and 
evaporating silica upon the lacquer impression. 

3. The question of “up and down” in stereo 
pictures of silica replicas can definitely be estab¬ 
lished by depositing a metal oxide smoke on the 
polystyrene impression before evaporation of the 
silica. 

4. Structureless silica substrates are well suited 
as the supporting membranes for specimens such 


as powders, emulsions, metallic oxide smokes, 
thin evaporated films, bacteria, viruses, micro¬ 
tome sections, etc. 

5. Excellent dispersions of powders from <0.01 
to several microns in diameter may be obtained 
on silica substrates using an ethyl cellulose 
lacquer dispersing technique. 

6. Heavy metal “shadow-casting” can be 
effectively applied to both silica replicas and 
silica substrates. 

7. Isolation of metallic phases directly on 
silica replicas of metal surfaces is often useful in 
minutely examining and identifying these con¬ 
stituents. 
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The X-Ray Storage Properties of the Infra-Red Storage Phosphor 
and Application to Radiography 

O. E. Berg and H. F. Kaiser 
Naval Research Laboratory , Washington , D. C. 

(Received November 4, 1946) 

An application of the characteristics of infra-red storage phosphors to radiography is de¬ 
scribed, whereby the expense and trouble of x-ray film processing may be partially or com¬ 
pletely eliminated. The properties of these materials to store x-ray energy for periods of time 
and release that energy upon exposure to infra-red radiation have proved practical for either 
temporary and permanent recording of the latent x-ray image. One distinct feature of this 
method is the complete removal of harmful x-radiation to the technician. The possibility of a 
new field of radiography in “flash fluoroscopy” is also suggested by the authors. Graphs and 
charts exhibiting the characteristic behavior of infra-red phosphors to x-ray energy are included 
as well as actual photographs and radiographs comparing radiography with phosphorography. 


T HE image storage phosphor was a research 
development required in war work as a 
practical and sensitive means for the detection 
of infra-red radiation. In the course of research 1 
carried on to produce such phosphors it was found 
possible to produce phosphors which exhibited 
storage properties not only for visible light, but 

1 Contract OEMSR 982, OSRD Report 16.5—119 
(N5643). 


also for cathode rays, and x-rays. The optical 
characteristics of such materials have been 
described in papers of Roland Ward 2 and of N. 
F. Miller and C. E. Barnett. 3 


* R. Ward, “Preparation and properties of infra-red* 
sensitive strontium selenidc and sumde-selenide phosphor/* 
J. Opt. Soc. Am. 36, 351(A) (1946). 

* N. F. Miller and C. E. Barnett, “Infra-red sensitive 
phosphors from zinc and cadmium sulfides," J. Opt. Soc. 
Am. 36, 352(A) (1946). 
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Since no attempt had been made to study 
these materials for x-ray energy storage char¬ 
acteristics, the authors have carried out a series 
of experiments on materials kindly furnished by 
the Brooklyn Polytechnic for this purpose. The 
ability of these materials to save x-ray energy 
suggests their application to radiography as a 
possible substitute for the photographic emulsion 
for the retention of a latent image. 

The ability of these materials to store radiant 
energy is not surprising in view of the fact that 
all phosphors exhibit such properties when cooled 
to liquid air temperature, exposed to an energy 
source to fill the electron traps and then warmed 
up, whereupon the freeing of electrons from the 
traps is indicated by bursts of light. 4 

Phosphors may be produced which store 
energy from x-rays, beta-rays, gamma-rays, and 
visible light and which hold this energy for 
indefinite periods of time. The energy is released, 
in the form of light varying from red to ultra¬ 
violet, by infra-red radiation with speed of release 
governed by intensity of the infra-red radiation. 
Figure 1A and B shows how these effects may 
be employed in radiography. The x-rays pass 
through the subject into the phosphor plate or 
screen, and by differential intensity record in 
'detail thereon producing a latent image. This 

4 “Characteristics of luminescent materials for cathode- 
ray tubes/' J. Inst. Elec. Eng. 92, Part III, No. 20, 300 
(December, 1945). 
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latent image is quite stable for many phosphors. 

Then, in an adjoining room, away from harm¬ 
ful x-radiation, and at the convenience of the 
operator, the image is made visible to the eye by 
irradiating the plate with infra-red radiation. If 
a particular area of the image is of special 
interest to the technician, he may expose it 
separately with an infra-red spotlight (photo¬ 
graphic masking technique is also applicable 
here). The length of viewing time of a phosphor 
plate may be determined from its energy decay 
rate graph shown in Fig. 2A which indicates 
the intensity of the released light as a function 
of time and intensity of the infra-red source. 

When plotting light units against log time as 
in Fig. 2B, we get several linear portions indi¬ 
cating that the decay of luminescence is not of 
simple exponential character, but occurs in a set 
of several such processes. Light values are given 
as arbitrary light units measured by a 931A 
photo-cell multiplier with voltage regulators. 

If a permanent record of thfe x-ray image is 
desired, it is an inexpensive and a simple task to 
expose the phosphor image directly to a sensitized 
paper (sensitive in the color region of the partic¬ 
ular phosphor in use). Such a process eliminates 
the need for double emulsion x-ray film. 

A 4"X5" experimental phosphor viewing plate 
was prepared according to the following pro¬ 
cedure: 
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While it might have been desirable to apply 
the phosphor to a thin cardboard base as for a 
fluorescent screen, because of the high processing 
temperatures involved, it was found necessary 
and advantageous to use a steel plate with a 
thick silver plating. This base plate was not 
affected by high temperatures and its silver 
coating prevented chipping or peeling of the 
phosphor during experimentation. 

Furthermore, silver plated steel is preferable 
to a paper base in that it serves as an absorbing 
medium for transmitted x-radiation after the 
x-rays have transversed the subject and the 
phosphor, thereby reducing scatter. 

An emulsified mixture of phosphor, ethylene 
dichloride, and jasonite (plastic binder) was 
applied with a small artist’s spray gun, and dried 
at 850°C to remove excess binder and render the 
phosphor active. 5 After a few experiments, it 
was found that a .020-inch coating of the 
phosphor was sufficiently thick to produce peak 
luminescence. 

Test exposures were made on the resultant 
plate at various kilovoltages and exposures. 

1 For further information on phosphor coating applica¬ 
tion see OSRD Report No. 5643. 



Figures 3 and 4 are comparative results of an 
x-ray film image and a phosphor image, respec¬ 
tively, of a 3-inch ammeter. It is an indication 
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Fig. 3. Radiogram of 3 inch 
meter. X-ray exposure made 
on fine grain industrial x-ray 
film. 



Fig. 4. Phosphorogram of 
3-inch meter. Dark areas in¬ 
dicate uneven phosphor coat¬ 
ing. 



Fig. S. Secondary film expo¬ 
sure to phosphor image of me¬ 
ter. Notice increased latitude 
and preservation of detail. 


of the definition and latitude obtainable in a 
4 4 phosphorogram. ’ 1 

An interesting and advantageous feature con¬ 


cerning latitude in this method of exposure is 
revealed in Fig. 5, another photograph of the 
same exposure after some diminution by previous 



Fxo. 6 . The storage sensitivity curve in the x-ray region of the spectrum for one particular infra-red phosphor. 
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infra-red exposure. The definition is as sharp as 
before and areas that were overexposed (too 
brilliant) in the previous photographic exposure 
now appear in readable detail. The latitude of a 
phosphorogram is thus extensive and flexible. 
An overexposed plate can be irradiated with 
infra-red till it reaches a readable intensity. 
Likewise, an underexposed plate can be increased 
in intensity to a readable density by increasing 
the infra-red radiation. 

Figure 6 shows the storage sensitivity curve in 
the x-ray region of the spectrum for a particular 
phosphor. Each type of storage phosphor hits its 
own sensitivity curve and exhibits its own char¬ 
acteristic properties as well. Although a blue- 
green phosphor was used extensively in these 
experiments, it is now possible to obtain a 
phosphor for any color region in the visible 
spectrum. Blue-green is a comfortable color to 
the eye, but it is not the most efficient color for 
definition. 

In general, the results of these experiments 
have revealed numerous possibilities of infra-red 
phosphors in radiography. Their properties, how¬ 
ever, are not always advantageous. 

Referring back to Figs. 3 and 4, we recognize 
the same undesirable characteristics of graininess 


and diffusion as in the fluorescent screen. This 
might be corrected to a large extent by more 
refined .processing methods. Figure 2 shows an¬ 
other disadvantage—a reluctant release of stored 
energy, because of the exponential decay rate, 
which may handicap the speed of repeated expo¬ 
sures upon a given phosphor plate. For all prac¬ 
tical purposes, however, the energy remaining in 
the phosphor after reasonable exposure to infra-red 
radiation is negligible and the contrast of the re¬ 
corded image appears to diminish with time. 

Phosphorography will not immediately replace 
the x-ray film nor the fluorescent screen. It will 
supplement these methods and be particularly 
valuable in special cases. For example: flash 
fluoroscopy will be possible with the high current 
condenser-discharge x-ray tubes, whereby an 
image made with a very short x-ray exposure of 
high intensity will be made immediately visible, 
and retained long enough for inspection or 
recording on paper or film. 

Grateful acknowledgment is extended to Drs. 
R. E. Ward and R. T. Ellickson of the Poly¬ 
technic Institute of Brooklyn for their willing 
cooperation in supplying information and ma¬ 
terial for this work. 
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A Flux Plotting Method for Obtaining Fields Satisfying Maxwell’s 
Equations, with Applications to the Magnetron 

Prescott D. Crout 

Radiation Laboratory ,* Massachusetts Institute of Technology , Cambridge t Massachusetts 
(Received September 13, 1946) 

In this report the flux plotting methods which have previously been applied to fields satis¬ 
fying Laplace's and Poisson's equations are extended to fields satisfying Maxwell’s equations. 
Application is made to the hole and slot, and vane types of magnetron tubes. 


1. INTRODUCTION 

Tj'LUX plotting” is a procedure for drawing 
A two mutually orthogonal families of 
curves in such a way that the rectangles so 
formed have a specified geometric shape at each 
point. This shape is so determined that the curves 
represent a field which satisfies a specified par¬ 
tial differential equation. This equation, which 
characterizes the field, is not used directly, but 
it or its equivalent is used only indirectly to de¬ 
termine the geometrical condition that is used 
in actually constructing the plot. Flux plotting 
procedures for obtaining fields satisfying La- 


9.0 cm Magnet 1 



Fig. 1. Cross section of hole and slot type magnetron. 
Magnetic field is axial (perpendicular to the plane of the 
paper). Its directions in tne anode wells at a certain instant 
are shown by the circles ® and O. Electric field is across 
the gaps between the anode segments. Its directions at 
a certain instant are shown by the arrows. 


•This paper is based on work done for the Office of 
Scientific Research and Development under contract 
OEMsr-262 with the Massachusetts Institute of Tech¬ 
nology. 


place’s equation, Poisson’s equation, and certain 
other equations have been devised and applied 
successfully to wide varieties of problems. 1 The 
purpose of this paper is to extend these methods 
to fields characterized by Maxwell's equations. 
In so doing we do not use these equations di¬ 
rectly, but use Ampere's law and Faraday's law 
instead. These laws together with Stoke's theo¬ 
rem evidently give Maxwell's equations. Some 
familiarity with flux plotting methods is assumed. 

For the sake of clarity the new method will 
be described in connection with the specific ap¬ 
plication which gave rise to it—that of an in¬ 
finite, hole and slot type magnetron, a cross 
section of which is shown in Fig. 1, operating in 

its main mode (4-1-or IT mode). 2 Later in 

Section 6 application is made to the vane type 
magnetron. All fields are sinusoidally alternating. 
The electric current which links each anode well 
(cavity) and passes across the gap between two 
adjacent anode segments produces the axial 
magnetic field in the well (Ampere's law); also 
the rate of change of this axial magnetic field 
produces the voltage which maintains the elec¬ 
tric current (Faraday's law). Because of sym¬ 
metry we need consider only the field which lies 
between two axial planes which bisect, respec¬ 
tively, an anode segment and an anode well, Fig. 2. 

1 H. Poritsky, “Graphical field-plotting methods in 
engineering,” Trans. A.I.E.E. 57, 727 (1938). B. Hague, 
*‘M6thodes Analytiques, Graphiques et Expdrimen tales 
Utilises Pour l’Rtude des Champs Magnltiques et 
Electriques dans Les Machines et Appareils filectrigues,” 
Comptes rendus 4, 47 (1932). (This reference contains an 
extensive bibliography.) A. D. Moore, Fundamentals of 
Electrical Design , p. 31, P. D. Crout, “The Determination 
of Fields Satisfying Laplace’s, Poi99on*s, and Associated 
Equations by Flux rlotting,” Radiation Lab. Rep. 1047. 

* The field so obtained can be made the basis of calcula¬ 
tions for determining the frequency spectrums of finite 
strapped or unstrapped magnetrons. See Crout and Both- 
well, “A Method for Calculating Magnetron Resonant 
Frequencies and Modes,” Radiation Lab. Rep. 1039. 
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2. NATURE AND CONSTRUCTION OP 
THE FLUX PLOT 

The peak electric field is shown in Fig. 2 by 
means of a number of electric lines of force, 
which divide the region into corresponding tubes 
of flux; and a number of lines of no work, which 
are orthogonal to the lines of force, and which 
divide the region into corresponding strips. The 
peak magnetic field is perpendicular to the plane 
of the paper. Let the various tubes and strips be 
numbered consecutively as indicated, and let 

« length of elementary rectangle common to uh 
tube and 7 th strip measured along a line of 
force through the center; 

IT,-, ** width of elementary rectangle common to uh 
tube and jth strip measured along a line of no 
work through the center; 

/Ijj^are* of elementary rectangle common to uh 
tube and jth strip; 

electric flux in the ith tube, <j> being the arbi- 
trarily chosen flux per unit tube; 

£*= electric intensity = electric flux density since 
dielectric constant = 1 ; 

H =*magnetic intensity-magnetic flux density 
since permeability = 1 ; 
cu « angular frequency; 
c » velocity of light. 

Gaussian units are used throughout 

We shall first consider the equilibrium of an 
elementary rectangle, and shall leave till later 
the consideration of the elementary triangles 
which occur at the “kernel” or point of inter¬ 
section of the lines of no work. The total peak 
displacement current flowing outside (on the 



Fic;. 2 . Electric field in hole and slot type magnetron, 
cathode side) of the center of rectangle ij is 3 

(k.+E^)~; (2) 

hcncc, noting Ampere's law, we see that the value 
of II at this point is independent of j, and is 
given by < 

(k.+I>)y. (3) 

The total magnetic flux in the jth strip between 
the center of rectangle ij and the kernel is 
therefore 


00 ) 
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00)/ n ~ l \ 

[ i/H-1 oij<r n -{-zl fk 

c \ u -1 / 


(4) 


where 

Ai,~LijWij for rectangle ij t 
L n j —base of triangle in 7 th strip, 
altitude of triangle in jth strip, 

4ni*area of triangle in jth strip— 

(5) 

a/ -■ fraction of W„i from the last line of force to the 
center of gravity of the last triangle (equals i for 
triangles with straight sides). 

By using the center of gravity as the point at 
which to evaluate B in an elementary rectangle 


or triangle, multiplication of this value of B by 
the elementary area gives the flux exactly if the 
surface which represents B is a plane, regardless 
of whether or not that plane is horizontal (B 
constant). The first term in (4) gives the peak 
magnetic flux in half of rectangle ij, whereas the 
last gives that in the triangle. 

1 From here on the word "ijeak” will be omitted, it being 
understood that all quantities are peak values of sinu¬ 
soidally varying quantities. Complex notation can be used 
if desired, in which case the magnetic intensity will be 
purely imaginary. 
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Noting Faraday’s law we see that the electric flux in the »th tube can be obtained from the rate of 
change of the magnetic flux given by (4), thus 




^Ti(Wi: ^)^.7+(«,v n + n £<r*)^ ni + £ ( 6 ) 

CL \ Jfc-i / \ Jfc-i / i-i+ 1 V Jfc-1 / JJ CJLij 


Here the brace is the magnetic flux given by (4), which with co gives the rate of change of this flux, 
or the induced voltage in abvolts . 8 Division by cL ,7 gives the electric intensity in statvolts/cm, and 
multiplication by W a gives the total electric flux in the rectangle, which must equal <r^. Cancelling 
<t> and transposing, ( 6 ) becomes 

0 2 { * ( k. + '£ A , 7 + (ay<r n +£ <r^A ni + ^"£ (*<r, +E , (7) 


which is the desired equilibrium condition for 
the rectangle . 

We shall next obtain the equilibrium condi¬ 
tion for a triangular area at the kernel. Let the 
triangular area Fig. 3 be broken up into ele¬ 
mentary bands of constant width dx by a suit¬ 
able family of curves, being measured along 
the orthogonal trajectory which passes through 
the center of gravity. We shall suppose that H 
is essentially constant over the triangle, its value 
Ho being taken as that at the center of gravity; 
also we shall suppose that the length of the ele¬ 
mentary band at x is given closely by 

L = (8) 


the total electric flux in the triangle, thus 
r Wn > HoO)X HtfjiWnj 1 

cr n (b = I- dx — -. 

Jo c(tw-f-l) 


( 10 ) 


Noting the last term of (4) we replace Hq by 
its value 


<f) CO 
C 


(a,<r»+ £ (11) 


and obtain, after cancelling <t> and transposing, 
2(w+l)«r n 




C“) (“' , - +e '* 


Jfc-1 


) 


( 12 ) 


where K and m are constants. The total mag¬ 
netic flux in the triangle from the vertex to the 
elementary band is 


Dividing the left hand side by L n jW n j, and the 
right by its equal KW n j m + l * and noting that 

Anj=KW n r +1 /(m+ 1 ). 


r 


IJoKx m dx 


HoKx m+l 
m- f -1 


hence the electric intensity at the band is 


we finally obtain 


W ni 2\c/ \ tx 


»—1 


> 


njt 


(13) 



in which the last two factors give the voltage 
across the band. Integrating (9) we obtain 


% 



Fig. 3. Tri¬ 
angular area at 
kernel. 


which is the desired equilibrium condition for 
the triangle . We note that this expression con¬ 
tains neither K nor m\ also, in comparing (13) 
with (7) we note the presence of the factor \ in 
(13). 

As usual with flux plotting methods, the actual 
process of making the plot i 9 one of systematic 
trial and error. The choice of the <rjs is a matter 
of convenience. If <r% is put equal to one, the ith 
tube is a unit tube; however, at the edge of the 
plot and in the weaker parts of the field it is 
desirable to use fractional tubes so that more 
lines show on the plot. 
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In constructing the plot a step-by-step process 
can bemused whereby the values of L ifl W <y, and 
a taken from one approximate plot are placed 
in (7) and (13) to obtain improved values of 
Lij/Wij and <r i9 which are then made the basis 
of the plot which constitutes the next approxi¬ 
mation. The first plot would be largely assumed 
from physical considerations. One step of the 
step-by-step process will now be described. 

First we note that the cr/s associated with a 
plot may be multiplied by any constant without 
altering the plot. This is evident from (7) and 
(13), and also from the fact that the effect is 
merely to magnify the field strength. Values of 
Lif f Wi/t and a taken from the given approxi¬ 
mate plpt are now placed in the right hand sides 
of (7) aiid (13) to give for each rectangle or tri¬ 
angle the value of Lija/Wij to be used in con¬ 
structing the next approximate plot . 4 In so doing 
the unknown factor ( <a/c ) 2 is replaced by an 
arbitrary constant multiplier k ; hence the values 
obtained are of the form jfefty where the ft/s are 
computed numbers. Dividing by the measured 
values of Li$/W%$ we obtain a set of values of 
kpijWij/Lijt which we denote by fty. If k can be 
chosen so that fty=cr t - for all rectangles and tri¬ 
angles, then this value of k can be taken as 
(< c/c) 2 t all conditions are satisfied, and the given 
plot is final. Actually this cannot be done except 
with the final plot; hence in general we choose the 
new set of <r/s so that a, approximates all the 
ft/s in the *th tube. Since <r* is of the form kyi 
this is equivalent to choosing 7 , so as to approxi¬ 
mate all the values of ftyW^y/L,-/ in the ith tube. 
This can be done by choosing an average value 
or perhaps better, a weighted average with the 
areas as weighting factors. Dividing the com¬ 
puted values of L.-yo-./W^y, namely fcfty, by these 
new values of <r f - we obtain the values ft// 7 o*» 
which we use as a new set of Lij/Wij values in 
constructing the new plot . 4 We note that these 
are independent of ife, which may be given any 
convenient numerical value. 

The step-by-step process ends when a value of 
k can be chosen for which fty«= for all rectangles 
■ » 

4 Each computed value of Lipi/Wy is associated with 
the center of its rectangle or the center of gravity of its 
triangle, .respectively, n the center of a new rectangle 
differs appreciably from that of the old, interpolation in 
this field of values may be necessary. The same is true of 
triangles. 


and triangles, this value being («/$)*, as stated 
above . 5 The most accurate value of «/c is prob¬ 
ably given by equating the total electric energy 
to the total magnetic energy obtained from the 
final plot, as described in Section 4. 5 

3. ALTERNATIVE PROCEDURE USING 
A PLANIMETBR 

Let 

“ distance from the kernel measured along a line of no 
work at the center of the jth strip, (14) 

* ■*» <r<£ — total electric flux outside of the line of force at 
s/. Here <t> is again the arbitrarily chosen 1 'normal'* 
flux per tube. 

Aj = area of jth strip from the kernel to Sj\ 

then proceeding as with (3), noting Ampere’s 
law, the magnetic flux density for any Sj is 

$co/c = (r<l>o)/c. (IS) 

The total magnetic flux in Aj is therefore 



it being permissible to consider a a function of 
Aj since both a and Aj are functions of Sj . Con¬ 
tinuing as with ( 6 ), noting Faraday’s law, we 
multiply by w/c to obtain the voltage 



across the strip at sj. Choosing for Sj the value at 
the center of the ith tube, dividing by La to 
obtain the electric intensity, and multiplying by 
Wn we obtain the flux a x <f> of the tube, thus 

/«V W« r x « 

<r«/» = 0 y-J -J— J <rdA y, 

where Ay is the strip area to the center of the 
ith tube. Cancelling 4> and transposing we ob- 


1 From the derivation of (7) and (13) or, later, of (17) ; 
and (18) it is evident that the above method of successive 
substitutions is equivalent to using the first approximate 
electric field to determine the corresponding magnetic 
field, corresponding to which, in turn, is obtained an 
electric field, which is taken as the second approximation 
—and so on. A method of successive substitutions may 
not be desirable in some cases, in which the new set of 
Ln/Wij values may be chosen arbitrarily after comparing 
the new values computed as above with those of the 
preceding plots. 


Volume is, April, 1947 


351 




Fig. 4. Electric field in hole and slot type magnetron. 
Approximation 1. 


tain finally 



(17) 


which is the desired equilibrium condition for a 
rectangle . 

We shall now derive a condition analogous to 
(17) which can be applied to the triangles at the 
kernel. Denoting by Sj the voltage, given by 
(16), across the strip at the base of the jth tri¬ 
angle, and noting from (9) that for any approxi¬ 
mating function Kx m for triangle width tlie field 
intensity varies linearly with x, we have for the 
total electric flux in the triangle 


a n 0 


$/ r W *i X SjWnj 

— I - dx =-, 

L ni j 0 Wnj 2L n j 


or, substituting from (16), cancelling <t> , and 
transposing, 


integrals in (17) and (18). Such a curve is drawn 
for each strip. 

The step-by-step process described at the end 
of Section 2 evidently applies here, (17) and (18) 
being used instead of (7) and (13). As before 
<a/c is not determined until the final plot has 
been made, after which u/c is obtained by equat¬ 
ing the total electric and magnetic energies as 
described in Section 4. 


4 . ELECTRIC AND MAGNETIC FIELD 
ENERGY. DETERMINATION OF «/c 

In any strip the electric flux passing through 
an elementary band bounded by two lines of 
force is 4>dc . Dividing by dsj we obtain the elec¬ 
tric intensity. The total electric energy in the 
strip is therefore 6 


Electric energy in jth strip 


*L 

Sir 



(19) 


Noting (15) we also have 


Magnetic energy in jth strip 



eHAj. ( 20 ) 


Using the method of Section 3 a curve of o' as a 
function of s/can be plotted, and d<r/dsj obtained 
by approximate differentiation; also a curve of a 
as a function of Ay is already available. 7 The 
integrals in (19) and (20) can hence be obtained 


L n jcr n 1 / W V r Anf 
1^"2W Jo 


adAj , 


( 18 ) 


where the upper limit of the integral is the area 
of the triangle. This is the desired equilibrium 
condition for the triangle. In contrast to (17) we 
note the factor % in (18), also the fact that L n y 
and W n j are the base and altitude of the triangle, 
respectively. 

In applying (17) and (18) a convenient set of 
Ws for the various tubes is chosen, and Ay is 
ob^ined with a planimeter for values of sy cor¬ 
responding to lines of force on the plot. These 
values of A$ are then plotted against the corre¬ 
sponding^ known values of <r. This curve gives <r 
as a function of Ay; hence a planimeter or ap¬ 
proximate integration can be used to give the 


* The expression for electric energy obtained by means 
of the magnetic field using (16) merely duplicates (20), as 
is shown by the following. 


Electric energy in jth strip 



Integrating by parts noting that <r=*0 when Aj takes its 
greatest value, this becomes 


Electric energy in jth strip 



which is (20). 

7 Tables for approximate differentiation are given in 
Crout, 14 An application of polynomial approximation to 
the solution of integral equations arising in physical 
problems/* J. Math, and Phys. 19, 34 (1940). 
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using a planimeter or approximate integration. 
Adding the energies of the various strips the 
total electric energy and the total magnetic 
energy can be obtained, both being proportional 
to 0 2 . Equating these, <t> 2 cancels out, and we have 



the upper limits on the integrals being the strip 
areas, and the summations being over the strips. 
This method of determining <a/c reminds one of 
Raleigh^ method in elastic vibration problems, 
and offers probably the most accurate way of 
using the flux plot to obtain the resonance 
frequency. 

We shall finally obtain expressions for the 
electric and magnetic energies which are ap¬ 
plicable if the individual rectangles and triangles 
are considered separately, as in Section 2. The 
electric energy in a rectangle is evidently 

Electric energy in rectangle 

l/^\ ( VityLjj 
~ 2 \47r / \ Wij ) ~ SvWij' C ' 


constant. K\ can be determined by the relation 


a n <t>‘ 


‘I 


KiWnj 1 

K\ocdx= -, 


whence the electric intensity becomes 


E nj = 


2 <T n <t>X 


The electric energy in the triangle is therefore, 
noting (8), 


Electric energy in triangle 

=i n—T“ 

8* J 0 LwvJ 

= {v^YKWnr-'/Wm+S), 

Electric energy in triangle 

= (cr n 0) ? L ny /27r(w+3)ir ni , 


(24) 


where L n y and W n j are the base and altitude of 
the triangle, respectively, and K and m are the 
values applicable to the jth triangle. 

In the triangle the magnetic field is closely 
equal to the constant value (11); hence the mag¬ 
netic energy is closely 


also, noting (3), the magnetic energy of a rec¬ 
tangle is seen to be 


Magnetic energy in rectangle 



LnWn. 


(23) 


From (9) it follows that in a triangle the elec¬ 
tric intensity is of the form K\X where Ki is a 



Fig. 5 . Electric field in hole and slot type magnetron. 
Approximation 2. 


Magnetic energy in triangle 


-£©'(-«-) X 


2 pWni 


Kx m dx 


Magnetic energy in triangle 

♦’MV V i.fH'-i 

■sJJ r"- + £'7 sth)- 


(25) 
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5. APPLICATION TO A SPECIFIC PROBLEM. 

HOLE AND SLOT TYPE MAGNETRON 

The procedure used to obtain the field in the 
cavity shown in Fig. 2 will now be outlined. 8 
The approximation that was used for the electric 
field in order to get the step-by-step process 
started was a uniform electric field in the gap 
between two adjacent anode segments, the elec¬ 
tric field being taken as zero everywhere else, 
Fig. 4. Data from this first approximation are 
now inserted in the right-hand sides of (17) and 
(18) as described in Section 3 to obtain corrected 
data for the plot which constitutes the second 
approximation. In so doing we note that <r is 
zero in the anode-cathode region, and increases 
linearly through the gap to a value which re¬ 
mains constant in the well. It follows that 
JoAUadAj and hence the computed values of 
Ltjat/Wij are constant in the anode-cathode re- 

•The worjc outlined in this section including that 
involved in constructing the flux plots shown in Figs. 5 
and 6 was dope by Mr. F. S. Holt. 


gion, and that in the well Lipi/Wu and L % p % j 
W n j are proportional, respectively, to A a and 
Anj/2. The flux plot which constitutes the second 
approximation was begun at the inner (cathode) 
side of the gap, the work being carried both in¬ 
ward and outward from this point. We note that 
in the anode-cathode region this plot can be a 
lattice of curvilinear squares, which gives a field 
satisfying Laplace’s equation since. LipJWii is 
constant in this region; also we note that the 
choice of the <r/s is a matter of convenience. The 
second approximation is shown in .Fig. 5. 9 

Continuing the step-by-step process, data from 
this second approximation are now inserted in 
(17) and (18) to obtain data for a third approxi¬ 
mation. In so doing each new value of <r< is taken 
as the average of the 7,*/s of the elementary 
areas in the ith tube. After the third approxima¬ 
tion, Fig. 6, was obtained, it was found that the 
ratio of a to Wifiu/La was constant for all the 
elementary areas to within the accuracy ex¬ 
pected of the graphical process. This third ap¬ 
proximation, Fig. 6, was therefore taken as the 
final result, the constant ratio being (w/c) 2 . The 
frequency corresponding to the value so ob¬ 
tained for w/c is 2.818 10 9 c.p.s.; that obtained 
by equating electric and magnetic energies using 
(21) was 2.825 -10 9 c.p.s. The various tube di¬ 
mensions were 


Cathode radius 

0.1182" 

Anode radius 

0.3175" 

Gap width 

0.066" 

Radius to center of well 

0.640" 

Well diameter 

0.398". 


The values of the cr/s for the final plot, Fig. 6, 
are shown in Table I. 

6 . APPLICATION TO A SPECIFIC PROBLEM. 

VANE TYPE MAGNETRON 

If the shape of the electric field is known ap¬ 
proximately, the work required to obtain a plot 
can be greatly reduced. 10 For example in the 

* The labels shown in Figs. 5 and 6 are those that were 
used in making the plot. The strips are indicated by 
primes, the tubes are numbered, and subdivisions are 
indicated by letters or, if obvious, are not indicated. This 
notation differs from that used in the derivation of (7), 
(13), (17), and (18); but is convenient for actual con¬ 
struction. 

10 The work outlined in this section including that 
involved in constructing the flux plot Fig. 7 was done by 
Mr. F. E. Bothwell. 
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Table I. Values of o <. 


Table II. 


Tube 

9i 

Tube 

9i 

Tube 

9i 

Triangle 

.0625 

4 

.999 

11 

.999 

lc 

.125 

5 

.999 

12 

1.00 

lb 

.250 

6 

.999 

13 

1.00 

la 

.250 

7 

.985 

14 

1.00 

2b 

.499 

8 

.989 

15 

.836 

2 a 

.499 

9 

.994 



3 

.997 

10 

.997 




vane type magnetron, Fig. 7, the electric lines 
of force in most of the region between the vanes 
evidently approximate arcs of circles centered 
at the cathode; also in the anode cathode region, 
where the magnetic field is weak, the electric 
field approximates a solution of Laplace's equa¬ 
tion. With these facts in mind Fig. 7 was drawn 
for the case where the cathode and all vanes but 
one are at the same voltage, no attempt being 
made to satisfy (7). Omitting the line of no work 
let us temporarily consider the field as occupying 
a single strip; then Eqs. (7) form a set of twelve 
homogeneous, linear, algebraic equations for the 
o /s. These can be conveniently solved by suc¬ 
cessive substitutions by first placing all <r/s on 
the right-hand side of (7) equal to unity. The 
Oi s so obtained are inserted in the right-hand 
sides of (7) to give the next approximation, and 
so on. In each step the k which replaces (<o/c) 2 
was given that value which would make the 
average of the computed <r/s equal to unity. 
This method of successive substitutions has the 
physical significance described in footnote 5 ; its 
convergence was rapid, and the results obtained 
are shown in Table II. When put equal to 
(w/c) 2 the last obtained value of k corresponds 




Values of 9 * 



X** 

1 

2 

3 

4 

5 

1 

1.00000 

.97989 

.97990 

.97998 

.97999 

2 

1.00000 

.97444 

.97484 

.97489 

.97491 

3 

1.00000 

.96696 

.96786 

.96792 

,96793 

4 

1.00000 

.96162 

.96293 

.96302 

.96300 

5 

1.00000 

1.14617 

1.14824 

1.14833 

1.14835 

6 

1.00000 

1.00887 

1.01120 

1.01130 

1.01127 

7 

1.00000 

1.06811 

1.07140 

1.07148 

1.07150 

8 

1.00000 

1.24744 

1.25118 

1.25127 

1.25128 

9 

1.00000 

1.32741 

1.33002 

1.33001 

1.33002 

10 

1.00000 

1.14551 

1.14404 

1.14388 

1.14386 

11 

1.00000 

.83281 

.82418 

.82390 

.82388 

12 

1.00000 

.34074 

.33420 

.33401 

.33400 



Table of values of k 



step 

1 

2 

3 

4 

5 

k 


6.0374 

5.7562 

5.7517 

5.7516 


to a wave-length of 2.6200 cm. The (probably) 
more exact value obtained by equating total 
electric and magnetic energies as described in 
Section 4 is 2.6456 cm. 

Let us finally try to improve the accuracy of 
the plot by subdividing and proceeding as in 
Section 5. We therefore draw the line of no work 
that was omitted above; and, placing the or/s of 
Step 5 in the right-hand side of (7), determine a 
new set of values La/Wa . These new values, 
however, duplicate the old values in all tubes 
except the first four, in which there is a dis¬ 
crepancy of one percent. Since La and Wa 
cannot be measured to within one percent, no 
alteration of the plot is indicated, and it is there¬ 
fore taken as final. It is probable that the pro¬ 
cedure used in this section on thq vane type mag¬ 
netron can be used to advantage on the hole and 
slot type magnetron considered in Section 5. 
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A Magnetron Oscillator for Dielectric Heating 

R. B. Nelson 

Research Laboratory, General Electric Company, Schenectady, New York 
(Received January 31, 1947) 

Magnetron oscillators can provide very high frequency power for dielectric heating. Factors 
determining the choice of frequency for particular jobs are discussed. The design of a magnetron 
having 5 kw continuous output at 1050 megacycles is described, and performance data on the 
tube are given. 


INTRODUCTION 

HE method of heating non-conducting ma¬ 
terials by dielectric loss in a high frequency 
electric field is becoming an important industrial 
process. Many of the materials heated by this 




RADIAL VARIATION OF FIELD 

• 

a Fig, 1 . Distribution of heating in cylindrical load. In a 
simple cylindrical cavity where the electric held is produced 
by radial currents in the walls, the r.m.s. held is a maximum 
at the center and decreases radially as a Bessel function. 
The rate of decrease depends upon the wave-length in the 
dielectric, giving the discontinuity in slope of the curve of 
& plotted against radial distance. Rate of production of 
heat per unit volume is proportional to £*. 

^6 


method, such as plastics, are of such low loss that 
it is hard to heat them as rapidly as desired. The 
rate of heating increases with the electric field 
strength and, in practically all materials, with the 
frequency. Since the usable field is definitely 
limited by arcing between the electrodes, the only 
remaining way to speed up the heating process is 
to increase the frequency. 

Commercial dielectric heaters have been re¬ 
stricted to frequencies below about 40 megacycles 
by the limitations of available vacuum tubes. 
However, the recent development of nuignctron 
oscillators has made available considerable power 
at frequencies up to some 10,000 megacycles. 
Using magnetrons for heating thus allows the 
choice of almost any desired frequency. 

CHOICE OF FREQUENCY 

It must not be assumed that the highest fre¬ 
quencies are always best. While heating rates go 
up with frequency, a point is reached where non¬ 
uniformity of heating limits the usable frequency. 
Two effects contribute to non-uniformity. First, 
in the case of high loss materials such as most 
foods, there is the decreased heating toward the 
center of large objects because the power is 
absorbed by the surface layers before it can 
penetrate. Second, in the case of low loss ma¬ 
terials such as plastics, the wave-length of the 
heating power limits the volume of material that 
may be heated uniformly. To apply power 
efficiently to low loss material, it is necessary to 
surround the material with reflecting walls so 
that the electromagnetic wave passing through it 
is not radiated and lost after one passage. The 
reflecting walls set up a standing wave in and 
around the load material. This wave has in 
general a three-dimensional space variation of 
electric field, with periodic maxima and minima. 
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Since the dielectric heating at any point is pro¬ 
portional to the square of the electric field 
strength, widely varying temperatures will be 
produced in the material if its dimensions arc 
comparable with a wave-length. As an example 
of how the standing-wave pattern limits the 
usable frequency, consider a cylinder of load 
material located axially in a cylindrical resonant 
cavity, as shown in Fig. 1. Exciting the cavity in 
its lowest mode with axial electric field, the field 
is a maximum at the center and falls off radially 
as 

E “ L m ax /o(6.28r/X), 

where E is the electric field strength at radius r 
from the axis, E m&x is the field on the axis, and X 
is the wa ve-length in the material. If it is required 
to heat the edges of the load 90 percent as much 
as the center, 

E"/E max 2 = J 0 2 (6.2Sr/X)^.9i) at the edges, 

and solving the above equation for a load of 
radius a 

aS. 0725X. 

If, for example, the load is a piece of phenolic 
plastic with dielectric constant 4.0 and radius 
1.0 cm, 

X = X 0 /4.0*, 

where Xo is the free space wave-length corre¬ 
sponding to the frequency used. Solving for X 0 

X 0 ~27.6 cm. 

Thus, the maximum frequency allowed in this 
case would be 1087 megacycles. 

OSCILLATOR DESIGN CONSIDERATIONS 

On the basis of ^considerations such as the above 
example, it appeared that many dielectric heating 
processes could be done well at a frequency of 
about 1000 me. Therefore, a magnetron oscillator 
was developed in the General Electric Research 
Laboratory to give 5 kw output at 1050 me. In 
designing this oscillator, consideration had to be 
given to several special requirements of heating “ 
apparatus which differ from other uses of 
magnetrons. 

The most important specific requirement is 
that the heating oscillator must be capable of 
operating into any load impedance, including the 
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Fig. 2. Photograph of the 5-kw magnetron, showing the 
external appearance and also an axial section. 

completely unloaded condition. This is caused by 
the non-uniformity of successive charges of load 
material, to the certainty of bad adjustment of 
matching transformers by unskilled operators, 
and the possibility of accidentally running the 
oscillator with no load at all. To meet these con¬ 
ditions, the anode should be capable of dissipating 
the entire input power to the tube. The output 
seal and transmission line to the load must stand 
very high voltages and currents associated with 
high standing wave ratios. The cathode should 
not be damaged by the excessive power it re¬ 
ceives from back-bombardment by electrons, 
which is a function of the load impedance as well 
as the plate voltage and current. 

Although the multiple-cavity magnetron has 
many resonant modes, efficient oscillation occurs 
only in the 4< tr” mode where each anode is 180° 
out of phase with those adjoining it. When this 
mode is overloaded, as may occur by poor load 
matching, the oscillator will tend to jump to 
another mode, which is usually completely 
unloaded, and may continue in the spurious 
mode, even if the mismatch is corrected, until it 
is turned off and restarted. The accepted cure for 
mode jumping is to strap the anodes together in 
two alternate sets with low impedance con¬ 
ductors. This raises the frequency of all modes 
except the “*•” mode to a point where the 
oscillator’ does not readily excite them. The 
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SECTION i-l 

L.Fig. 3. Construction of water cooled magnetron. Sec¬ 
tional views showing the tubular anodes ana water circu¬ 
lating channels. The O.D. of the copper shell is 3$". 

heating magnetron, as distinguished from the 
radar transmitter, runs continuously, so once it 
has jumped modes it does not have a chance to 
restart properly. Also the wide range of load 
impedances favors mode jumps. These factors 
necessitate very tight strapping. It is desirable 
that the next higher frequency mode be at least 
twice the frequency of the operating mode. In 
the oscillator to be described, this separation was 
attained by a new method of strapping. 

A 5-KW, 1050-MC MAGNETRON 

The magnetron is shown in the photograph, 
Fi£. 2, and constructional details in Fig. 3. It has 
10 anodes, and so may be run at relatively low 
voltage and magnetic field. Rated operating con¬ 
ditions for the full 5 kw output are: plate voltage 
5.0 lev, plate current 1.5 amp., magnetic field 
1500 gauss. Water cooling was adopted for the 


anodes, and this allowed making the anodes of 
U-shaped pieces of copper tubing through ?irhich 
the water flows. Channels in the copper tube shell 
form headers for water distribution. 

In addition to providing excellent cooling, the 
tubular anodes have a minimum of inter-anode 
capacity, thus allowing a large fraction of the 
capacitance of the resonant circuits to be pro¬ 
vided by low impedance straps. The resulting 
tight strapping gives a frequency ratio of 1:2 
between the operating mode and the next higher 
mode. The double ring straps afe looped inside 
the anode U's. This allows the straps to be 
attached near the centers of the anode faces, 
eliminating unbalanced r-f voltages on the 
anodes. Also, the anodes shield the cathode and 
the rest of the tube from the fundamentally 
unbalanced double ring straps. The ten resonant 
circuits formed by the anode loops extending 
radially inward from the tube shell are electrically 
similar to conventional vane resonators. 

The over-all size of the magnetron is deter¬ 
mined by the output seal, which must be large to 



Fig. 4. Magnetron mounting and connections. The tube 
is slid downward into the cylindrical magnet, simul¬ 
taneously plugging in to the coaxial output transmission 
line which is ngialy mounted on the magnet. The iron 
magnetic circuit is shown in heavy cross-hatching. 
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handle the power. In this cylindrical structure the 
seal occupies the entire diameter of the tube shell. 
The coaxial arrangement of the seal with the 
cathode and magnetic pole pieces allows the tube 
to be plugged into its magnet and output 
transmission line simultaneously. Figure 4 shows 
the method of mounting the tube. An electro¬ 
magnet is used, consisting of a solenoidal coil 
with an iron shell whose ends line up with the 
iron pole pieces mside the tube. Air is blown 
through the center conductor of the output line 
to cool the seal, the inverted cup shape of the seal 
giving a good distribution of the cooling air as 
well as protecting the seal from breakage. 

The power output is obtained by attaching a 
flat stra 3 from the center conductor of the seal to 
one of tne anodes. The exact point of attachment 
is selected to provide proper loading of the 
oscillator when the 52.5-ohm transmission line on 
the output has no standing wave. 

The cathode is a simple spiral of pure tungsten 
wire with molybdenum end hats. It requires 600 
watts heating power. In a magnetron having 
considerable electron bombardment of the cath¬ 
ode, it is desirable to use a very inefficient high 
wattage cathode, so that the back heating be¬ 
comes a small fraction of the total heating power. 



Fig. 5. Performance chart. Solid lines are contours of 
constant magnetic field, dashed lines are constant power, 
and dotted lines constant efficiency. Power, in watts, and 
efficiency measured are indicated on the experimental 
points. This chart is taken with a load matched to the 
transmission line. 



Fig. 6. Rieke diagram. The effect of load impedance on 
the efficiency and wave-length of the oscillator is best 
shown by this chart. The data were taken at fixed condi¬ 
tions of 1.0 amp. plate current and 1200 gauss magnetic 
field. Upper figures are wave-length (add 29.000 cm) and 
lower figures percentage efficiency. Constant efficiency and 
constant wave-length contours are shown by solid and 
dotted lines, respectively. The radial coordinate is voltage 
reflection coefficient, with the scale marked in standing 
wave ratio in decibels. The azimuthal coordinate is the 
phase angle of the reflection coefficient, with the scale 
marked in wave-lengths displacement of the standing 
wave minimum from an arbitrary zero. 

MAGNETRON OPERATING CHARACTERISTICS 

The performance of the magnetron as an 
oscillator is graphically presented by several 
charts. Shown in Fig. 5 is the 11 performance 
chart’’ in which power output (upper numbers) 
and efficiency (lower numbers) are plotted 
against plate voltage and current. Lines of con¬ 
stant magnetic field are also shown. 

Another important oscillator characteristic is 
shown in Fig. 6, the 14 Rieke diagram,” in which 
efficiency and wave-length are plotted as a 
function of load impedance for constant current 
and magnetic field. The radial coordinate is 
standing wave ratio in the output line (in voltage) 
plotted on a scale proportional to reflection 
coefficient. The angular coordinate is the phase 
angle of the standing wave minimum. Thus the 
position of a point on the chart represents a 
complex load impedance, which might be trans¬ 
formed into resistance and reactance components 
by superposition of a Smith chart. 


VOLUME 18, APRIL, 1947 


359 




Fig. 7. Effect of plate voltage on output power. With a 
constant magnetic field as obtained from a permanent 
magnet, power output varies rapidly with plate voltage, 
following the dotted curve. An electromagnet excited by 
the magnetron plate current reduces this variation. 

It is apparent from Fig. 5 that the platcjjurrent 
changes very rapidly with plate voltage at 
constant magnetic field. That is, the variational 
resistance fpr plate modulation is around 250 
ohms. This is a good situation if one desires to use 
amplitude modulation, as the modulating power 
is low. However, in dielectric heating, a constant 
r-f output is desired, and account must be taken 
of variations in line voltage. It is obvious from 
the curves that a small variation in line voltage 
and hence in plate voltage will produce a large 
change in plate current and in output power. 
Figure 7 shows this relation, neglecting the 
regulation of the plate supply rectifier. 

A method of greatly reducing the effect of line 
f voltage fluctuations and, incidentally, plate 
supply ripple, is to run the tube’s electromagnet 
in series with the low voltage end of the plate 
supply. This gives a magnetic field directly pro¬ 
portional to the plate current. Since the plate 
voltage is almost directly proportional to the 
ms^netic field, the plate current will in turn be 
proportional to plate voltage. The resultant 
ohmic plate resistance characteristic produces the 
variation of r-f power with plate supply voltage 
shown by the solid curve in Fig. 7. 

The relationship between d.c. plate current, 


plate voltage, and magnetic field also affects the 
way in which the magnetron output depends on 
the load impedance. The data plotted in Fig. 6 
were taken under the easily reproducible condi¬ 
tions of constant current and magnetic field, 
letting the voltage find its own value. The 
voltage varies much less at constant current than 
the current would at constant voltage. 

In practical operation we do not have either a 
constant current or constant voltage power 
supply, and the regulation characteristics of the 
supply affect the relationship- of magnetron 
power output and load impedance. It is obvious 
that this is a very important relationship for 
heating applications. 

With the magnetic field supplied by a series 
electromagnet, some of the effects of power 
supply regulation are simulated, and r-f power 
output tends to be stabilized. For a constant 
voltage power supply and series magnet, the 
variation of output power with load for a pure 
resistive load is plotted in Fig. 8. For comparison, 
there is also shown the relations obtained with 
constant voltage power supply, and with constant 
current. 



LOAD RESISTANCE R/ZO 

Fig. 8 . Effect on output power of varying pure resistance 
loads. For loads which present a pure resistive impedance to 
the magnetron, the power delivered i9 plotted as a function 
of the ratio of load resistance 2S to the characteristic 
impedance Z o of the transmission line. At constant mag¬ 
netic field, the power increases with load resistance if the 
magnetron plate voltage is held constant, but decreases if 
the current is constant. Using a series electromagnet with 
constant voltage supply, the better characteristic shown 
by the solid line is obtained. 
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It has been found that if plate voltage is applied 
to the magnetron with no magnetic field but 
with the magnet in series, the tube will start in a 
very high frequency mode of oscillation, drawing 
plate current so that the voltage never rises 
enough to start the desired mode of circuit 
oscillation. To prevent this, it is necessary to 
have a field of at least 600 gauss present before 
plate voltage is applied. A rectifier across the 
magnet as shown in Fig. 9 supplies this starting 
current, and normally stops supplying current 
when the magnetron current builds up a voltage 
drop across the magnet coil greater than the 
output voltage of the rectifier. 

The magnet supply rectifier can be made to do 
another useful job as a fine control for plate 
current and output power. In the plate supply 
rectifier, continuous voltage control is expensive, 
but a few taps for step control are cheap. Now at 
any given plate voltage, the magnetron is ap¬ 
proximately a constant-magnetic-ficld device, 
independent of plate current. If the plate current 
supplies part of the magnetic field and the rest 
comes from the magnet rectifier, any increase in 
rectifier current will tend to increase the magnetic 
field and thus will cause a corresponding decrease 
in magnetron current. In this way continuous 
adjustment of output power is obtained by 
regulating the 100-watt magnet rectifier. Figure 9 
shows the Variac connection used for control. 

R-F LOADING EQUIPMENT 

The problem of carrying the 1050 me power 
from the magnetron and coupling it into a load is 
one which has almost as many answers as there 
are varieties of material to be heated. The power 
is taken from the oscillator on a stub-supported 
coaxial line, the start of which is shown in Fig. 4. 
A line size of 3|" O.D. with 1£" center conductor 



Fig. 9. Current supply for electromagnet. An auxiliary 
d.c. supply for the magnet is necessary to assure proper 
starting. This variable-voltage rectifier may be used to 
control the magnetron power output. 

has been adopted as adequate for this power 
level and frequency. For most loads, a large 
step-up in impedance is necessary to match the 
line to the load. This usually takes the form of a 
resonant cavity tuned to the operating frequency 
and coupled to the transmission line by a loop or 
antenna. 
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An Approximate Solution of the Differential Equation of the Ultracentrifuge 

W. J. Archibald 

Dalhousie University , Halifax , Nova Scotia 
(Received November 13, 1946) 

In determining molecular weights with the ultracentrifuge by the equilibrium method, it is 
necessary to drive the rotor at relatively high speeds for very long periods of time. It would be 
a real advantage to be able to deduce molecular weights from the distribution of concentration 
within a cell placed in a rotor without waiting for equilibrium. The solution of a certain dif¬ 
ferential equation gives the theoretical distribution within the cell at any time, and a com¬ 
parison of the experimentally determined concentrations with those deduced from theory 
should yield molecular weights without waiting for equilibrium. The exact solution of this 
differential equation is known, but it is not suitable for numerical work. The present paper 
presents an approximate solution from which numerical results can be obtained with ease. 


O NE of the most important methods of meas¬ 
uring high molecular weights is by the use 
of the ultracentrifuge as developed by Svedberg 
and Beams. A dilute solution of the substance 
whose molecular weight is to be determined % is 
placed in a small cell, with radial sides and cylin¬ 
drical ends, near the periphery of the rotor, and 
under the influence of the centrifugal force the 
distribution of concentration changes tyo m an 
initial uniform distribution to an exponential one. 
When this final equilibrium state has been 
reached the concentration 44 c,” at any point in 
the cell, is given by the expression 


c — Cq exp 


filf(l-Fp)w 2 (r 2 -ro 2 ) 
2RT 


! 


a) 


where 44 M" is the molecular weight of the dis¬ 
solved substance, 44 V'* its partial specific vol¬ 
ume, p the density of the solvent, c*> the angular 
velocity of rotation, and 44 r" the distance of any 
point in the cell from the axis of rotation. 44 Co” 
is the concentration at the point 44 ro.” “2?” is the 
gas constant per mole and 44 T” the absolute 
temperature. The equilibrium state is reached 
when the tendency for solute particles to settle 
to the outer part of the cell because of the cen¬ 
trifugal force is exactly equal to the tendency for 
them to diffuse inwards because of the concen¬ 
tration gradient. It is obvious that Eq. (1) gives 
4< Jlf M in terms of quantities that can be meas¬ 
ured, although the experiment is one that can 
only be performed successfully with faultless 
optical and mechanical equipment. 

The time required for the attainment of the 
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equilibrium state is often very long—sometimes 
the centrifuge must run for many days, or even 
weeks, at constant speed and at a constant tem¬ 
perature. If the time of a run could be shortened 
this method of molecular weight determination 
would be much more useful. The experimental 
difficulties would be greatly reduced and the 
number of runs made with any centrifuge would 
be increased. This latter consideration is an im¬ 
portant one in view of the many substances that 
could be studied by this method. If the distribu¬ 
tion of concentration witlfin the cell at any time 
after the start of an experiment could be deduced 
theoretically, a comparison of the measured and 
computed distribution might enable 44 ilf” to be 
found without waiting for equilibrium. The 
function c(r, /), which gives the concentration at 
any point at any time, would be required for 
this purpose and this is obtained by solving the 
following differential equation: 


1 d / dc 

-( D — w 2 rsc 

r dr IV dr 




( 2 ) 


In (2), 44 Z) M is the diffusion constant of the solute 
and 44 s" the sedimentation constant, i.e., the 
velocity of settling of the dissolved substance in 
unit gravitational field. The quantities l *D 99 and 
44 s” are related to each other. It is possible to 
show that 

D/s = RT/M{t-Vp). (3) 

A proof of this relation is given in a previous 
paper by the author. 1 The differential Eq. (2) was 

i W. J. Archibald, Phys. Rev. 53, 746 (1938). 
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first derived by Lamm . 2 A simple derivation is 
to be found in reference 1 . 

A treatment of Eq. ( 2 ) which is free of any 
mathematical approximations has been given and 
is to be found in two places in the literature . 8 4 
While the solution given is exact and can be 
employed for purposes of computation, yet the 
cost in time of getting numerical results is so 
great that little use has been found for it. The 
expression obtained for c(r t t) is simple in form 
and would be most serviceable if the mathe¬ 
matical functions which it contains could be 
looked up in tables. However such tables are 
not available and the task of compiling them 
would be a major project in applied mathe¬ 
matics. It is the purpose of this paper to derive 
another expression for c(r , t) which, while not 
exact, is felt to be good enough for many pur¬ 
poses, and which contains functions that are 
tabulated. 

In dealing with Eq. ( 2 ) it is more convenient 
to use “s” and “r” rather than “r” and as 
the independent variables, where 

M(t-Vp)u 2 

z— —r 2 =-r 2 and t=*2o) 2 sL (4) 

2D 2RT 


As ri^r^rt where r\ and r 2 are the inner and 
outer limits of the cell, respectively, then 
a^z^b where 


a] il/(l-Fp)co 2 


rr 


2RT 

In terms of these variables we find 

r»& 


c(z , r) b—a 


**+£■ 


J er*M(oc nt 1 , z)dz 


Co r b 


j e~ K {M(a ni 1, z) } 2 dz 


and the a n f s are the “eigenvalues” of the pa¬ 
rameter a. The a»’s are those particular values 
of a which give the functions M(a n , 1, z) the 
property that 

d 

— M(a ni 1 , z) « Af(a„, 1, z) (7) 

dz 

for z^a and z — b. “co” is the initial uniform 
concentration. (The reader is asked to consult 
reference 3 or 4 for a detailed proof of (S) and 
a full explanation of the results stated here.) 
M(a n , 1, z) is an abbreviation for 

F(a nt 2 , a) 

F(a n , 1, z) - : W(a nt 1, s). (8) 

W(a nt 2, a) 


where F(a n > y , z) and W(a nt y % z) are the two 
independent solutions of ( 6 ) which are to be 
found written out in full . 3 * 4 It is the difficulty of 
obtaining numerical values for the F and W 
functions which limits the usefulness of Eq. (5). 

It will be our purpose to see if it is possible to 
derive some expression for the functions M(a nt 
1 , z) t other than that given in ( 8 ), and which 
contains only well-known functions. This al¬ 
ternative expression will of necessity be an^ap- 
proximation and a careful study of the magni¬ 
tude of the different quantities involved will be re¬ 
quired to make the approximation a good one. 
A further purpose will be to discover a simple 
method for determining the eigenvalues a*. 

In (5) the first term, in e\ gives c/co for the 
equilibrium state. In an actual experiment it is 
not desirable to have the final concentration 
vary too widely throughout the cell. If one were 
to accept as a reasonable set of conditions that 
finally the concentration at r% be three times 
that at r x then 

or (fr—a)£sl.l. 


XM(a n , 1» z)e (a *“ 1)r , (5) 


where M (a, 7 , z) is a solution of the differential 
equation 


. d*M /y \dM a 

-+( — 1 )-AT-0 

dz* \z J dz z 


( 6 ) 


* Lamm, Ark. Mat. Astron. Fysik. 21B, No. 2 (1929). 

* W. J. Archibald, Phys. Rev. 54, 371 (1938). 

* W. J. Archibald, Ann. N. Y. Acad. Sc. 43, 211 (1942). 


This serves to show the narrow limits within 
which the variable “s” is confined. Furthermore, 
since 

b/a**rx*/n 2 , 

we have 

rj 1 fr 2 

a = (6—a)-ad.l-. 

ra J_ ri 2 rf-rf 

The cells used are usually small and one might 
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Table I. 


choose as typical values the following: fa = 5.0 
cm and fi=4.5 cm. This gives ac* 4.7. As a re¬ 
sult of these considerations we are entitled to 
treat the variable “z” as being moderately large 
(of the order of 5.0) and as being confined within 
a short range of values. The results of a computa¬ 
tion on a typical experiment 8 ' 4 show that 
5.0^s^6.2 and these figures are probably typi¬ 
cal of most cases in which the equilibrium method 
is used. 

A further point of interest has to do with the 
quantities a„. The exact theory gives a = l as 
one of the eigenvalues. This a, of course, gives 
rise to the first term in (5). AJ1 the other as have 
large negative values. In the computations re¬ 
ferred to above it was found that ai= — 38.7. 
a* was not determined, but the indications were 
that it was less than —100. 

The first term in (5) presents no difficulty: 
but the terms in the summation part of the ex-^ 
pression are bothersome. Thus we will confine 
our attention to these terms. This means that 
we must study Eq. (6) (with y = 1), remembering 
that a is very large and negative and thaf 4 V* 
is moderately large and of restricted variation. 
In (6) let 

M=e‘' 2 sr*V., (9) 


The equation for 44 F” then becomes 


d 2 V 

-+ 

dz 2 


1 1 («-*)] 
— I - 

4 4z 2 z 


F=0. 


( 10 ) 


The considerations given above suggest that it 
is permissible to drop the term 1/4z 2 . This term 
is very small in comparison with — (a— \)fz and 
is even quite small in comparison with £. Then 
(10) becomes 


d 2 V 


dz 2 


+ 


1 (*-*) 
4 z 


This is still an inconvenient equation to deal 
with but it can be further simplified by replacing 
the term in braces by 


1 (a+b) 
4 2 



z 


(ID 


This term is a very close approximation to 
i)/* when a is large and b—a is 


c 

/(«) 

/(s) approx. 

5.0 

7.59 

7.56 

5.2 

7.29 

7.27 

5.4 

7.01 

7.00 

5.6 

6.75 

6.75 

5.8 

6.51 

6.52 

6.0 

6.28 

6.30 

6.2 

6.07 

6.10 


/(«)«-*- 


(«-*) 


/(») approx. - | -i—^—-(«-!) j' 


With a - -38.7, a -5.0, and b -6.2. 


of the order of unity. As an example we may use 
the numerical data from reference 3 or 4. Putting 
a = —38.7, a = 5, and 6 = 6.2 with 5.0^z^6.2 we 
obtain the results given in Table I. It will be 
observed that the maximum difference between 
the two quantities is less than 0.5 percent. 

Thus if one uses 


d 2 V cr 2 

--)—F=0, 

dz 2 z 


( 12 ) 


as the differential equation for the function 44 F” 
it seems reasonable to suppose that (9) will give 
a close representation of the function 11 M” for 
“z” between “a” and “6.” 

Now Eq. (12) has for its most general solution 

F(z) =s*M^i(2^)+5iV 1 (2^)}, (13) 

where J\ and N\ are Bessel functions of the first 
and second kind, respectively, and A and B are 
arbitrary constants to be determined by the con¬ 
ditions of the problem. Combining (9) and (13) 
we have 

M(a,z) = e*' 2 {AJtfcz^+BNtfvz') }. (14) 

It must be emphasized that this expression can 
only be made to approximate M{a t 1, z) (by the 
proper choice of A and B) for large values of a 
and for z between a and b. For any other range 
of variables it will undoubtedly be wide of the 
mark. Even subject to these restrictions there is 
no reason to suppose that e' l2 J i(2<rz*) is an ap¬ 
proximation to F(a, l,z) or e t/2 N i(2<rz*) to 
W(a, 1, z). All we are entitled to expect is that a 
linear combination of F(a, 1, z) and W(a f 1, z) 
can be replaced by some linear combination of 
the functions e g,t J\(2<rz 1) and e* l2 Ni(2<rz*). 
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We will now adopt for the function M(a n , 1, *), 
which occurs in Eq. (5), the form given in (14). 
However it is still necessary to discover what 
values of a n to use. (It must be remembered that 
a is contained in the quantity a.) It will be re¬ 
called that the function M(a, z) must be such 
that 

dM/dz-M (15) 

for z—a and z=b. This equation will be found to 
hold only when the a’s are properly chosen. Let 

Zi(2<rz») = AJ l (2az')+BN 1 (2az') 

and in order to be specific let N i (2az i ) be the 
Neumann function whose properties are well 
known. Then 

M{a, z) =e' /5 Zi(2<rz*). (16) 

Substituting (16) in (15) one gets 
dZ x z* 

-Z, = 0. (17) 

d{2az^) 2a 

(In the following the argument of Z, J, and N 
will be omitted.) But 

dZi 1 

-=Z,--Zi. 

d(2<rz‘) 2 <rz* 

Therefore, (17) becomes 

Zo—Zi tanf = 0, (18) 

where 



In terms of the J and N functions (18) becomes 


Substituting these expressions in (20), and sim¬ 
plifying, one obtains 

A (cos«—tanf situ) +B(sin€+tanf cost) =0, 

where «= 2<rz*~ t/4. Dividing through by cose 
this becomes 

.4(1—tanf tan«)+B(tanf+tan«)=0 
or 

A+B tan(f+«)=0. (22) 

Now £ and « are both functions of z and equa¬ 
tion (22) must hold for z—a and z—b. There¬ 
fore, we get the two equations 

i4+5tan{f(ffl)+«(a)}=0l .... 

A-\-B tan{f(6)-f «(6) j =0J' KU} 

These equations can only have roots other than 
the trivial ones A = B = 0 if 

tan {f (a)+ 1 (a) ) = tan {f(f>)+ t(b) }. (24) 

Equation (24) can be satisfied if 

{r(*)+«(«Mr(a)+«(o)) 

= »jr, » = 0, 1, 2, • • • (25) 

Introducing the functions f and < explicitly (25) 
becomes 



A(Jo—Ji tanf)+B(A7o—iVi tanf) =0. (20) 

At this point it is useful to make a further ap¬ 
proximation. We have carried the Bessel and 
Neumann functions as far as it is convenient— 
to carry them further leads to complicated ex¬ 
pressions. However the argument 2<rz* is so large 
that they may be replaced by their asymptotic 
representations. The quantity 2 az* will usually 
have values in excess of 20 and in this range we 
may use the following: 

Jo = (inrz*) - * cos(2az i —t/4), 

* 

Nq = (x<rs*)~* sin(2 <tz* —ir/4), 

Ji = (i rcrz*)~* cos(2 <rz* — 3 ir/4), 

Ni = (t sin(2<rz*—3x/4) . 



where x=2<r(b*— a*). The permissible values of 
a are determined by finding the values of x for 
which this equation is satisfied (x is a function 
of a). Before looking at (26) in detail it is obvious 
that when n = 0 its solution is # = 0. This means 
<r = 0 or 

a = J— 

This will give a small negative value for a. 
Remembering that out treatment cannot be ex¬ 
pected to be correct when a has a small absolute 
value it will be realized that this is the approxi¬ 
mation to the eigenvalue a*l. However the 
term in (5) arising from this eigenvalue (viz., the 
term in e 9 ) is simple and there is no point in 
doing otherwise than taking it as it stands. 
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Fig. 1. The"full line is the function M( — 38.7, 1, z) and 
the dotted line the function —0.4205M( — 38.77, z). 

j*r 


Since b—a~i, we have 

1 ' 1 

(i 1 —-~—. 

M+o* 26* 

Therefore, 

(6»-a») (1+6) /0.5\ 1+6 O.S 

__- I-~-. 

x 6* V x / 6 x 

When n=l, 2, • • • in (26) an actual computa¬ 
tion using representative figures shows that 
xcxnr. Thus the arguments of the inverse tan 
functions will be small, and these terms will be 
very small in comparison with nr. This being 
the case we will replace x by nr in the inverse 
tan functions and expand them retaining only 
the first term of the expansions. This gives 

(6»-o‘)fl+o 1+6] 

**»»*"!-{—;-— f 

* ttir l o* 6* J 

or 

nr 1 f l+o 1+6] 

ffn m - 1 - 1 -}. ( 27 ) 

2(6*—a*) 2nr\ a* 6* J 

It is interesting to see how accurately this for- 

366 , 


mula gives ai (i.e., n = 1) for the problem re¬ 
ferred to above in which a “5.0 and 6 *>6.2. A 
simple computation gives <n=* 6.154 or a\ 
==—38.77. The correct value is ai“—38.70. 
Thus it is seen that for large absolute values of 
a the approximation is a very good one. Using 
the exact theory, several weeks of computing 
were required to get ai and the labor involved 
in getting «» seemed prohibitive. Formula (27) 
gives a result, correct to within 0.2 percent in 
this case, with only a few minutes required for 
the computation. When » = 2, we have <r* = 12.36 
and a 2 = —154.6. This checks with the exact 
theory as to order of magnitude and is probably 
quite accurate because for such large values of a 
the approximations are especially valid. This 
eigenvalue and the ones which follow it are so 
large that rapid convergence of the summa¬ 
tion in (5) is assured even for small values of r. 

Returning to a consideration of Eq. (14) we 
see that it should now be written 

M(a n , z) =A„e z!2 j J 1 (2o'„s i ) +i'T n iVi(2(r»z*) j, (28) 

where 

K n =BJA „ = - cot {f„(a)+* n (a) j. (29) 

Since it is not usual to find the J\ and Ni func¬ 
tions tabulated for such large values of the argu¬ 
ment as occur in this problem it seems best to 
replace them by their asymptotic representations 
in M(a n , z). Then (28) becomes 

M(a n , z) = e‘ /2 z~ J {cos(2(r„2* — 3 t/4) 

+K„ sin(2<rnZ J — 3 t/4) }. (30) 

It will be noted that the A n as well as some other 
constants which’occur as multiplying factors have 
been dropped. That this is permissible is at once 
evident from Eq. (S). M{a n , 1, z), or its approxi¬ 
mation M(a», z), is found twice in the numerator 
and twice in the denominator and any constant 
multiplying factor will cancel. Hence M(a n , z) 
as written in (30) will replace M(a n , 1, z) as 
given by the exact theory, and the a» s will be 
given by (27) and (11). 

A noteworthy feature of the function M(a n , *) 
is its simplicity and the ease*with which nu¬ 
merical ^results can be obtained from it. Its 
validity is best illustrated by comparing the 
curve obtained from it with that obtained from 
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Table' II. c(z t t)/c* 


the exact function 1 , a). This latter func¬ 
tion is tabulated for 5.0^a^6.2 and a= -38.7. 4 
In Fig. (1) the two functions JWf(—38.7 f 1, z) and 
-0.4205Af(-38.77, z) are plotted for purposes 
of comparison. (It is to be observed that the 
two M functions are not identical—one is a 
multiple of the other.) No attempt has been 
made to find the best multiplying factor: the 
factor —0.4205 is the one that makes the two 
functions identical at 2 = 5.0, the extreme end of 
the range. The usefulness of the approximation 
seems well attested within the range of values 
for which it was devised. 

The evaluation of the integrals which occur in 
Eq. (5) does not seem of importance. Since 
Af(cr n , z) must be computed in any case the 
simplest procedure is to evaluate these integrals 
by numerical integration. 

Two sets of values of c/co for several values of 
r are to be found in Table II. In the first column 
of each group are the results given by the ap¬ 
proximate functions and in the second column 
those given by the exact functions. These latter 
values are obtained from reference 4, for the 
problem considered there. In computing the 
values of c/c Q from the exact solution the terms 
in a 2f a 3 , • • • etc., were not used. This did not 
seem to introduce a serious error into the results 
because it was felt that these higher terms were 
insignificant even for such a small value of r as 
.015. However, no proof of this could be given 
and it is reassuring to discover from the approxi¬ 
mate solution that this omission is justified. If 
the term in a 2 is included the numerical values 
most seriously affected are only changed by a 



r ■», 

015 

T _ 

.03 

r ■* 

.05 

r ■■ 

.10 

f 

A 

B 

A 

B 

A 

B 

A 

B 

5.0 

.726 

.717 

.632 

.627 

.569 

.567 

.524 

.524 

5.1 

.795 

.784 

.695 

.689 

.627 

.625 


5.2 

.853 

.841 

.754 

.747 

.687 

.684 

.640 

.639 

5.3 

.900 

.889 

.809 

.804 

.748 

.746 



5.4 

.938 

.926 

.863 

.857 

.813 

.810 

.778 

.777 

5.5 

.968 

.956 

.916 

.910 

.882 

.879 



5.6 

.994 

.983 

.971 

.965 

.955 

.953 

.944 

.944 

5.7 

1.021 

1.013 

1.030 

1.026 

1.037 

1.035 


5.8 

1.051 

1.050 

1.096 

1.095 

1.126 

1.126 

1.148 

1.148 

5.9 

1.094 

1.099 

1.174 

1.177 

1.228 

1.229 



6.0 

1.157 

1.165 

1.269 

1.273 

1.344 

1.346 

1.398 

1.398 

6.1 

1.241 

1.254 

1.382 

1.389 

1.476 

1.479 



6.2 

1.358 

1.374 

1.519 

1.528 

1.628 

1.632 

1.705 

1.705 


ColumnB A contain the approximate values and columns B the exact 
values of the function c( s, r)/c«. 


few units in the third figure beyond the decimal. 
(It should be stated that the values given in 
Table II for the approximate solution do not 
include the terms in a 2 , as, •••. They were 
omitted purposely in order to have the same 
conditions in both sets of calculations.) The 
greatest differences between the two sets of 
figures occur in the section headed r = .015. 
(This corresponds to a time equal to about 1/7 
of that required to reach full equilibrium.) But 
even here the approximation is within 1.2 per¬ 
cent of being correct ovti most of the range of z. 
For larger values of r the differences are much 
less. 

To obtain a set of curves from the exact solu¬ 
tion would take an experienced computer several 
weeks: using the functions derived in this paper 
the same curves could be obtained in six or eight 
hours. 
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The Motion of a Conical Coil Spring 

I. Epstein* 

Department of Physics , University of Cincinnati t Cincinnati t Ohio 
(Received November 22, 1946) 

The elongations and natural frequencies of conically-shaped coil springs are derived theo¬ 
retically for several dynamic boundary conditions. Frequencies are verified experimentally on 
nickel and piano wire springs, attesting the reliability of the computations. 


1. EQUATION OF MOTION 

HE dissimilarities in the analytic expres¬ 
sions for the oscillatory motions of coni¬ 
cally-shaped Springs on onp hand and cylindrical 
ones on the other, arise as results of the vari¬ 
ability of mass per unit length in the direction 
of motion and of the inconstancy of the spring 
“constant” in the case of the conical type. If a 
constant mass per unit length of wire, m % is 
assumed, the total mass of a single complqte 
turn of wire can be stated as a function of the 
diameter of the turn, or as a function of the 
diameter of the largest turn and the linear dis¬ 
tance from it. Let it be required to find tpe mass 
of a complete turn of wire at an average distance 
x from a coil of diameter D 0 (Fig. 1). The cir¬ 
cumference of the turn in question is v(D 0 — 2ax), 
where a is the tangent of the half-angle at the 
vertex of the cone. Hence, its mass is m times 
this value. The “inertial force” (mass times ac¬ 
celeration) of a single turn of wire is then, 
w(Do — 2ax)md 2 E/dt 2 , where E is the displace¬ 
ment of the turn (elongation of the spring), 
measured from its unstretched position. The 
inertial force of an element dx must be equated to 
the net force necessary to give the element dis¬ 
placement E . The formula for the deflection of a 
single turn of wire (as measured by one 360° 
revolution of the coil around the longitudinal 
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axis of the cone) of loop diameter D and wire 
thickness d , under a load oT P pounds, is 
f=&D*P/Gd A t where/is the deflection in inches, 
D and d are measured in inches, and Gis the 
torsional modulus of elasticity of the wire used. 1 
Since the spring constant K is defined as the 
force per unit deflection, the conical spring “con¬ 
stant” is K = Gd*/8D z , and the force on an 
element of wire due to spring tension is: 



It is advantageous to use as independent 
variable the diameter of a turn of wire, defined 
by the equation Z = D=Do — 2ax. Thus, equat¬ 
ing the inertial force to the tension force, the 
equation takes the form: 

2irmZ*d 2 E d 2 E 3 dE 

a 2 Gd* dt*~dZ 2 Z dZ (1) 

A solution of the form Z£(Z, /) —w(Z) -T{t) is 
assumed, and substitutions are made back into 
Eq. (1). The variables Z and t may be separated 
and two ordinary differential equations arise. 
For the equation in t we get: 

d 2 T/dt 2 +\ 2 T= 0. (2) 

The general solution of this equation is 7 1 — To 
cos(X/+3), where X = 2*/, where/; are the natural 
frequencies of the oscillatory system to be de¬ 
termined by boundary conditions operating on 
the ordinary differential equation in Z. For the 
equation in Z we get: 

— 2rm\ 2 J dhv 3 dw 

--. ( 3 ) 

a 2 Gd* Z*wdZ* Z*wdZ 

1 National Metals Handbook (American Society for Steel 
Training, Cleveland, 1933), p. 990. 
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Table I. 


For ease in computation to be done later, the 
following changes are made at this point. Z is 
changed so that t=Z/Do. Thus, the range of the 
independent variable, rather than being from 0 
to Do, will now be from 0 to 1. Further, let 
cPGd'/htmDo* be denoted by a single bulk con¬ 
stant c. Equation (3) then reduces to: 

dhv 3 dw XVzti 

-+-= 0. (4) 

dz 1 s dz c 

Series solutions of Eq. (4) may be identified 
with solutions in Bessel functions of orders \ 
and — f of the form: 

W{y) = (y/2)i{AJ- W (y)+BJ m (y )}, (5) 

where y = XsV3Vc« Finally, the general solution 
of Eq. (1), in terms of the independent variable 
x, is: 

E(z t t) = (A/2)h>{AJ- m {Az*) 

+£/ 2/8 (Az 3 )] cos(X/+5), (6) 

where \/3^c has been replaced by A. An in¬ 
vestigation will now be conducted into the par¬ 
ticular solutions of this equation to be used to 
satisfy specific boundary conditions. 

2. SPECIAL BOUNDARY CONDITIONS 
I. Both Extremities Fixed 

The particular solutions of Eq. (6) which sat¬ 
isfy the boundary conditions 22(0, /) =22( 1, t) =0, 
are: 

E(z, i) - (A/2)»2 2 BJ 2 / 3 (Ax 3 ) cos(X/+6). (7) 

By taking 5 = 0, we assume that the motion 
starts from rest, that is, dE/dt — Q at / = 0. In 
order to satisfy the boundary condition at the 
base, it is necessary that 22(1,/) in Eq. (7) be 
zero for all /. This can be accomplished by limit¬ 
ing the values of A to those which are roots of 
the equation / 2 /a(A)=0. The first two roots of 
this equation are Ai = 3.38 and A* = 6.53, while 
other roots may be deduced by adding t suc¬ 
cessively to each former root. 2 Since Ay=Xy/3c*, 
and Xy=2ir/y, then /y (the natural frequencies of 
the system under assigned boundary conditions) 

* Dinnik, Archiv d. Math, und Phys. [ 3 ], 18, 337-338 
(1911). 



Root 

A / 

/Kc/sec.) 

//(experi¬ 

mentally) 

Ni 

1st 

3.38 

2.59 

2.58 


2nd 

6.53 

5.21 


Piano wire 

1st 

3.38 

2.53 

2.55 


2nd 

6.53 

5.08 



will be /y=3c*Ay/2?r, where the Ay are roots of 
J 2 / 3 (A) =0. The constant c may be determined in 
one of three ways. First, by the defining formula 
for c : c = a 2 GdV2irwZV, using quantities which 
are deemed reliable for a, G, d f and m. Another 
method is to analyze the static case for an ex¬ 
perimental determination of Gd 4 and using values 
for the other quantities to the best of one’s 
knowledge. A third method is to solve for V c 
using one experimentally determined natural 
frequency. Once determined in this manner, c 
will retain the same value regardless of boundary 
conditions or initial distortions. It is best to 
arrive at a suitable value of c by using all three 
methods simultaneously, and arriving at con¬ 
sistent values for all of the constants included 
in c. 

In experiments performed in conjunction with 
this problem, two springs (one of nickel and one 
of piano wire) were employed. By the methods 
just outlined, the value of c adopted for the nickel 
coil was 2.75 and for the piano wire coil, 2.65. 
Thus, for the nickel coil, 

3(2.75)* Ay Ay 

6.28 1.26’ , 

and for the piano wire coil, 

3(2.65)‘Ay A y 

~ 6.28 1.29 

Table I shows the results of this case. 

IIA. Vertex Fixed, Base Free 

In this case, the boundary conditions to be met 
are that £(0,0 = 0. and dE/dx be zero at 2=1. 
As in the previous case, in order to fulfill the 
condition at the vertex, A, (Eq. (6)), must be 
made identically zero. Thus, for a particular 
solution, we choose: 

E(z, t) - (A/2) VB/ w (A*0 cos(Ai). (») 
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Fig . 2 . Graphical solution for 
first two roots, and At of 
Eq. (9). 


dE/dx must be zero for z = 1, that is, 

= - f/ VI (A*) for s -1. 


and noting that y = 0 when 2 = 0, y — A when 
z=l. Now, from the definition of /_ 2 / 3 (:y), it is 
evident that 


Hence, the equivalent expression to be satisfied 
is: 


3 (A) 


(9) 


The roots of this equation will determine the 
values of A which will satisfy the boundary con¬ 
ditions at the base of the spring. Equation (9) 
may be solved graphically from tabulated values 
of /y*(A) and of 4/3[Vs/j(A)/(A)]. By inspection 
of Fig. 2, Eq. (9) is satisfied when A = 1.92, 4.9, 
• • •,. Using the formulas developed in Section I, 
the natural frequencies may be computed. Table 
II shows the results of this case. 


UB. Base Fixed, Vertex Free 

"In this case, the boundary conditions to be 
met are that JE(1, t) =0, and that dE/dx be zero 
at s=0. It is advantageous at this point to write 
the general solution of Eq. (4) in the form: 

Wfy) m (y/ 2)» \AJ. vl (y) +BJ i/t (y )}, 


lim[(y/2)V_ J/ ,(y)] = 

v—o 


1 

^ 2 / 3 ) 


where r(n) = T(w+l). Thus, when y=0, E(z,t) 
= £(0, t)?* 0, as is required by boundary condi¬ 
tions, and the solution is not trivial. Inclusion of 
7j/j(y) in the solution is unnecessary to meet 
boundary conditions and B can be taken as 
zero, thus reducing our solution to: 

E(y, t) = (y/2)U/_ 2 /g(y) cos(Xf), (10) 


Table II. 



Root 

A/ 

//(c/sec.) 

//(experi¬ 

mentally) 

Ni 

1st 

1.92 

1.53 

1.53 


2nd 

4.9 

3.9 



3rd 

8.1 

6.4 


Piano wire 

1st 

1.92 

1.49 

1.51 


2nd 

4.9 

3.8 



3rd 

8.1 

6.3 
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or, in terms of si 


Table III. 


E(*> 0 “ [(A/2) 14 ]z*/_2 /*(Ab 8 ) cos (\t). (11) 

We now aim to satisfy the condition that dE/dx 
be zero at **0, using Eq. (11) as the particular 
solution of Eq. (1). This requires the following 
relationship to be satisfied: 

3z(Az z ) J- 2 /z(Az*) *=- — 2zJ„2/a(Az z ) for z = 0, 
or the equivalent form: 

3 z[( - 2/3) jL 2 /a(Az 8 ) - Az z J m (Az z ) ] 

= —2zJ-tf Z (Az z ). 

Terms in J„w(kz z ) are mutually annihilated and 
the following relationship remains to be satisfied: 

~3Az 4 7i / 8 (A2 8 )=0 for 2 - 0 . (12) 

But this is true for 2 = 0, hence, Eq. (11) satisfies 
the boundary condition at the vertex. 

To satisfy the boundary condition at the base, 
E{ 1, t) =0, the choice of A must be restricted to 
roots of the equation .7_*/ 8 (A)*0. Hence, the 
boundary conditions of this case are satisfied by 
the particular solution (11) where Ay are roots of 
J_2 /s(A)= 0. The first three roots of this equa¬ 
tion are Ai = 1.25, A 2 = 4.43, and A 8 = 7.58, while 
other roots may be deduced by adding tt suc¬ 
cessively to each former root. 2 After converting 
these roots to fundamental frequencies, the re¬ 
sults of this case may be stated in tabular form 
(Table III). 

HIA. Weight Attached to Base, Vertex Fixed 

The boundary conditions in this case are that 
E(z t t) be zero at z = 0 and that KdE/dx * Md 2 E/ 
dt 2 at 2 = 1, where K=Gd A /&z z , the spring “con¬ 
stant” in this problem, and M the mass of the 
attached weight. 

In order to satisfy the boundary condition at 
the vertex, A in the general solution of Eq. (1) 
must be taken as zero. Hence, 



Root 

A/ 

fi( c/sec.) 

//(experi¬ 

mentally) 

Ni 

1st 

1.25 

1.00 

1.04 


2nd 

4.43 

3.52 



3rd 

7.58 

6.04 


Piano wire 

1st 

1.25 

.96 

.92 


2nd 

4.43 

3.44 



3rd 

7.58 

5.88 



following equality must hold: 
aGd A 

-(4J 2 / 8 (A) — 3A7fi/a(A)} = 9AfcA 2 /2/»(A), 


or, writing this equation in a form more easily 
accessible to computation, 



4 / 2 /s(A) 

*3 TaT 


= /6/a(A). 


(14) 


Thus, the particular solution of Eq. (1) which 
satisfies the conditions of this case is Eq. (13) 
wherein Ay are roots of Eq. (14). The defining 
equation for Ay, (14), and hence, for the funda¬ 
mental frequencies of this system, may be solved 
by graphical means. The right member in Eq. 
(9) tabulated for Case 11 A, is present here again. 
The function to the left of the equals sign in 
Eq. (14) is then built up as a tabulated function 
of A and is plotted on the same sheet as /j/s(A). 
The intersection of these curves gives the roots 
Ay. Three different weights (60, 80, and 110 
grams) are used in each case. For the coils used 
here, it was found that aGd K ~ 5.22 for the nickel 
coil, and for the piano wire coil, a corresponding 
value of aGd 4 *3.72. Figure 3 gives, by inspec¬ 
tion, the roots of Eq. (14) necessary for the ful¬ 
fillment of the boundary conditions of this case. 
These roots are then converted into natural 
frequencies, yielding the following summary 
(Table IV). 


IHB. Weight Attached to Vertex, Base Fixed 


* (A/2) *Bz 2 Jtji(Az z ) cos (At) (13) 

satisfies the physical conditions imposed at the 
point of support. To fulfill the boundary condi¬ 
tion at s* 1 (point of attachment of weight), the 


The boundary conditions in this case are that 
E(z, t) be zero at 2*1, and that — KdE/dx 
= Md 2 E/dt 2 at 2*0, where 2C*^?d 4 /8z^ the 
spring “constant” in this problem, and M the 
mass pf the attached weights. 
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To fulfill, the boundary conditions cjf this 
problem, it is necessary to employ Bessel func¬ 
tions of orders § and — f. The solution taken is 
the general one: 

£(z,/)“(A/2)*z 2 

X } cos(Xi). (15) 

The following two equalities must hold for the 
solution of this case: 

aGd 4 

-(A/2) * { 3j 4 (Az*)/_a/a / (As 5 ) + 3B (Az 3 ) Jt/s (Az 3 ) 

4z 2 

+2AJ^ /t (Az*)+2BJ m (Az ‘)} 

• =9JlfcA 2 (A/2)«z 2 {AJ. m (h*) +BJ Vi (Az»)} , (16) 

for z— 0, and 

(A/2) *z 2 {v4/_ 2 /a(Az 8 ) +BJ W (A* 3 ) } 

Xcos(X/)=0 (17) 

for z= 1. The condition of Eq. (17) reduces to: 

A J _t/s(A) -\-BJ s/»(A)=0. (18) 

In order to reduce Eq. (16) it is advisable to con¬ 
vert the derivatives of Bessel functions into re¬ 


lated Bessel functions, and then to take limits 
of each term as z—*• 0. Doing this, the condition 
to be met at the vertex becomes: 


aGd i A* 
(0.90275)4* 



9McA 2 4* 

(2.67893)A» 



(19) 


Applying also condition (18), A / and Bj can be 
eliminated, and the final ratio obtains: 




J2/s(A) 
/_ j/a(A) 


( 20 ) 


where M has been converted into grams. The 


values of Aj which satisfy Eq. (20) are the ones 
which, when put into solution (15), will have 
both boundary conditions satisfied. Equation 


(20) may 

be solved graphically. 

/a/s (A) and 


Table IV. 




Mass attached 

1st frequency 


Wire 

in grams 

Ai 

A 

/i (experimentally) 

Nickel 

60 

1.06 

.84 

.84 


80 

.96 

.76 

.74 


110 

.84 

.66 

.64 

Piano wire 

60 

.96 

.74 

.73 


80 

.85 

.66 

.64 


110 

.74 

.57 

.56 
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Table V. 


Table VI. 


Wire 

Mass attached 
in grams 

1st frequency 
At fx 

/l(experimentally) 

Nickel 

60 

.89 

.71 

.71 


80 

.82 

.66 

.65 


110 

.74 

.59 

.58 

Piano wire 

60 

.81 

.62 

.61 


80 

.75 

.58 

.56 


110 

.66 

.51 

.50 


/-*/*(A) have been tabulated against A as inde¬ 
pendent variable. aGd*/Mc will have a constant 
value, depending on the spring used and the 
mass suspended. Figure 4 shows the final de¬ 
termination of the roots of Eq. (20). It gives, by 
inspection, the roots of Eq. (20) necessary for 
the fulfillment of the boundary conditions of 


nickel coil piano wire coil 

Ratio of 1st root f\ fi /i f\ 

diameters Ai theory exp. theory exp. 


Case I (1: ») 3.38 (see results of Case I) 

1:10*, (1:2.154) 3.6 2.86 2.86 2.80 2.81 

1:8*, (1:2.000) 3.7 2.94 2.94 2.88 2.89 

1:6*, (1:1.817) 3.85 3.05 3.02 2.99 2.97 


this case. These roots may be converted into 
natural frequencies in the usual way. The fol¬ 
lowing is a tabulation of the results of the theory 
and their experimental verification (Table V). 

IV. Two Intermediate Points Fixed 

Next considered is the general case of the spring 
fastened at any two intermediate points. The 
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Fig. 5. Graphical solution of 
Eq. (24) when ratios of largest 
diameter of coil to smallest are 
as 1:10*, 1:2, and 1:6*. 


boundary conditions, stated mathematically, arc 
that E(z\ t)^ 0 for z' = a and JFor z* -b. There is 
no loss in generality if the widest upper boundary 
is taken to have the value 1. This can be done 
since in Eq. (1), c is defined as cPGd'/lmnDJi 
where D 0 is the diameter of the widest turn of 
wire. This is, in effect, thinking of the upper 
bound as the base of the spring. Thus, the 
boundary conditions to be used are: E(l, f)=0 
»iE(6, t), where 0<6<1. Wc take as a solution 
of Eq. (4) the general solution: 

E(z, 0 « (A/2)¥ {AJ- 2/3 (Az>) +BJ m (Az *)} 

Xcos(X/). (21) 

To satisfy boundary conditions at z=*l and at 
the following equalities must be met 
simultaneously: 

i4/_t/s(A)+jBJ2/i(A) =0, (22) 

AJ- m (Ab')+BJw(Ab*) -0. (23) 

The solution of this pair of simultaneous equa¬ 
tions depends upon the satisfaction of the fol¬ 


lowing relationship: 

/-2/s(A) JyijA) ^ 

Equation (24) may be solved graphically for 
specific values of b l . Values of J n (kAj) for » = $ 
and — §, and for k = 6, 8, and ltfare derived from 
tabulated values of /_*/»(#) and Jt/z{x) by a 
shift of axis of the independent variable. It will 
be noted that this case degenerates into Case I 
when k becomes infinite (that is, when the lower 
diameter is taken as zero). Figure 5 shows the 
solution of Eq. (24) for values of 5 8 =6, 8, and 
10. It gives, by inspection, the values of A/ which 
will satisfy Eq. (21) and both boundary condi¬ 
tions. A; may be translated into /} and iA the 
usual way. Table VI below gives the results of 
this case. 
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An Introduction to the Mathematical Theory of Plasticity 

f W. Prager 

Brown University, Providence , Rhode Island 
(Received December 12, 1946) 

The paper aims at introducing the reader to the principal theories of plasticity. Since a pres* 
entation of the general stress-strain relations used in these theories would require too much 
space, the discussion is restricted to the mechanical behavior of plastic materials under shear. 
Theories of plastic deformation (Hencky, Nadai) and theories of plastic flow (Saint Venant- 
L6vy-Mises, Prandtl-Reuss, Prager) are illustrated by the example of a prismatic bar under 
torsion. 


1. INTRODUCTION 

N designing a structural member or a machine 
part the engineer, as a rule, uses formulas 
which ai e based on the theory of elasticity in a 
more or less rigorous manner. The highest stress 
predicted by these formulas is then compared 
with the maximum stress of the same type which 
the material can stand without failure. A so- 
called factor of safety is derived from this com¬ 
parison. Now, in all but the very simplest cases 
the factor of safety obtained in this manner will 
differ considerably from the factor of safety de¬ 
fined as the ratio of the ultimate load to the de¬ 
sign load. The reason for this is. of course, the 
fact that the stresses set up by the ultimate load 
will exceed the elastic limit of the material and 
that, consequently, the theory of elasticity is 
unable to predict these stresses. In order to ob¬ 
tain the second factor of safety, the only one 
with a physical meaning, the mechanical be¬ 
havior of the material beyond the elastic limit 
must be taken into account. This behavior must 
also be taken into consideration in the study of 
manufacturing processes which aim at obtaining 
a favorable stress distribution under service con¬ 
ditions by setting up suitable initial stresses 
through previous plastic deformations. Another 
important field of application of the theory of 
plasticity is furnished by the phenomenon of 
creep. Under a constant load acting over a long 
period of time and at a high temperature a slow 
but steady increase of the deformation may take 
place. The* problem of predicting the total de¬ 
formation due to creep which may occur during 
the lifetime of a structure is of an obvious im¬ 
portance. In the cases mentioned so far, the 
plastic deformations must be rather small, as 


otherwise they would endanger the safety of the 
structure. This assumption of small deformations 
will no longer be justified in the study of tech¬ 
nological processes like rolling or drawing. How¬ 
ever, in an introduction to the theory of plas¬ 
ticity, it would certainly be unwise to try to 
cope at the same time with the difficulties arising 
from the consideration of finite deformations 
and from the unelastic behavior of the material. 
In the following it will, therefore, be assumed 
that the deformations, though greater than those 
possible within the elastic range, can still be 
treated as small. In order to show that such an 
assumption is reasonable, let us consider a bar 
of mild steel in simple tension. At the elastic 
limit the unit extension is of the order of one 
per mille. Now, we certainly are entitled to treat 
a unit extension of one percent still as small, but 
it is already far greater than any unit extension 
possible within the elastic range. 

2. ELASTIC TORSION 

The essential characteristic of the mechanical 
behavior of an elastic material is adequately ex¬ 
pressed in Hooke's famous statement "ut tensio 
sic vis” No similarly concise description of the 
mechanical behavior of plastic materials is pos¬ 
sible, and a mathematical theory attempting to 
take into consideration all mechanical phe¬ 
nomena observed in the plastic range would not 
be practical. A workable mathematical theory 
must idealize the mechanical behavior of struc¬ 
tural materials to a certain extent, and different 
idealizations are being used in the various fields 
of application. The fact that there exist almost 
as many theories of plasticity as writers on this 
subject is often a source of confusion to the stu¬ 
dent beginning to explore this field. 
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In the following, some of the more important 
theories of plasticity will be discussed briefly. 
Since a presentation of the general stress-strain 
relations used in the mathematical theory of 
plasticity would require too much space, the fol¬ 
lowing discussion is restricted to the mechanical 
behavior of plastic materials under shear such 
as occurs at a generic point of a cylindrical or 
prismatic bar in torsion. Using a system of rec¬ 
tangular coordinates x, y, z, with the z axis 
parallel to the generators of the cylindrical or 
prismatic surface of the bar, we let r* and r y 
denote the components of the shearing stress 
acting at a generic point o^ a cross section. We 
shall assume that all other stress components 
vanish and that r, and r y are independent of z. 

The equation of equilibrium , 1 

dr x /dx-{-dTy/dy~ 0 * (1) 

is fulfilled if the stress components are derived 
from a stress function $(,x , y) in accordance with 

r x =m dy f T y =— d\p/dx. (2) 

The condition that the cylindrical or prismatic 
surface of the bar is free from stresses requires 
that the stress function \p has a constant value, 
for instance zero, along the boundary of the 
cross section of the bar . 1 

In order to obtain a differential equation for 
the stress function, we must consider the de¬ 
formations of the bar and make use of the stress- 
strain relations. As in elastic torsion, the dis¬ 
placement components are assumed to be of 
the form 

w= — yz$ t v=xzO, w~<p(x, y, 0)> (3) 

where 6 denotes the angle of twist per unit length, 
and the function <p represents the warping of an 
.originally plane cross section of the bar . 2 The 
shear strains corresponding to the displacements 
(3) are 2 

y x —d<p/dx--yd , y y — dip/dy+xd. (4) 

Up to this point, our discussion of the torsion 

, for instance, S. Timoshenko, Theory of Elasticity 
(McGraw-Hill Book Company, Inc., New York, 1934) p. 
230. 

# j. Mandel, Ann. Ponts Chaussles 116, 1-33 (1946) 
assumes w**6<p(x, y). Such proportionality between warp¬ 
ing and angle pf twist can hardly be expected in the plastic 
range. 

1 See, for instance, S. Timoshenko, reference 1, p. 233. 
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problem applies equally well to elastic and 
plastic materials. Further progress, however, de- 
pends’on the introduction of a stress-strain rela¬ 
tion, and different materials require different 
stress-strain relations. For the purpose of the 
present discussion, the stress-strain relation of an 
isotropic material is best expressed as a relation 
between the vector x with the components r*, r y 
and the vector y with the components 7 *, y y , 
both vectors being considered as functions of 
time, as is the angle 0 . In addition to the vectors 
x and y, a stress-.strain relation-may therefore 
contain their derivatives with respect to time, 
dx/dt t dy/dt, d 2 x/dl 2 , etc. In expressing the stress- 
strain relation in vector form, we make certain 
that it is independent of the choice of the co¬ 
ordinate axes x, y, as it must be for an isotropic 
material. 

For an elastic material, the stress-strain rela¬ 
tion (Hooke’s law) has the following particularly 
simple form 

x = G 0 y, (5) 

where Go is the shear modulus, a characteristic 
constant of the material. Introducing ( 2 ) and (4) 
into the scalar equations equivalent to (5), we 
obtain 

df/dy = G 0 {d<p/dx-yd ), 

- dj/dx - Go(d<p/dy+x0). ( 6 ) 

Elimination of the warping function <p from Eqs. 
( 6 ) furnishes the following differential equation 
for the stress function: 

dty/dx'+dy/dy* - 2G O 0, (7) 

where Go and 0 may be considered as given con¬ 
stants. Together with the condition that ^ = 0 
on the boundary of the cross section, Eq. (7) 
completely defines the stress function 

As L. Prandtl 4 has pointed out, the function yfr 
satisfying (7) and vanishing along the boundary 
can be obtained by experiment. Let us consider a 
thin membrane, for instance a soap film, which is 
uniformly stretched over an opening in a rigid 
plane plate. The edge of the opening is given the 
shape of the contour of the cross section for 
which we desire to solve the boundary value 
problem formulated above. Furthermore, the 
membrane is fastened to the edge of the opening, 

4 L. Prandtl, Jahresber. Deutsch. Math.-Ver. 13, 31-36 
(1904). 
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If we now have a small excess pressure p on one 
side of the plate, the membrane will be deformed 
and it can easily be shown that the deflections 
a) of the membrane out of its original plane will 
satisfy the differential equation 

dV^ 2 +aVdy 2 = -p/t, (8) 

where T is the uniform surface tension in the 
membrane. Along the edge of the opening we 
have w = 0. Choosing the value of p/T in a suit¬ 
able manner, we can therefore obtain the surface 
z^\p(x t y) by experiment. Equations (2) show 
that the magnitude of the vector x is represented 
by the slope of the deformed membrane, and 
that the vector x is tangential to the contour 
lines of the deformed membrane. 5 

3. STRESS-STRAIN RELATIONS FOR PLASTIC 
MATERIALS UNDER SHEAR 

In its initial phase, engineering research in 
plasticity was concerned with the limits of the 
clastic range rather than the phenomena occur¬ 
ring beyond this range. The condition that a 
given state of stress and strain is on the boundary 
of the elastic domain is expressed mathematically 
by the vanishing of a certain expression in the 
components of stress and strain {yield condition ). 
For isotropic materials, this expression must be 
invariant with respect to rotation of the co¬ 
ordinate axes. Since Hooke’s law holds up to the 
boundary of the clastic domain, all strain com¬ 
ponents which might appear in the yield condi¬ 
tion can be expressed in terms of stress com¬ 
ponents. The yield conditions for an isotropic 
material then stipulates the vanishing of,a cer¬ 
tain stress invariant. In the torsion problem, 
where the state of stress at a point is defined by 
the vector x, the only yield condition of this 
kind is 

(9) 

where \x\ denotes the intensity of stress , i.c., the 
magnitude of the vector x t and k the yield stress 
in pure shear. 

The yield condition (9) establishes the limit 
up to which the stress distribution can be ob¬ 
tained frohi the theory of elasticity. To carry 
the stress analysis beyond this point, we must 

•For a comprehensive survey of the elastic torsion 
problem see T. J. Higgins, J. App. Phys. 10, 248-259 
(1942). 


explore the stress-strain relations in the plastic 
range. It was already pointed out above that, 
for the torsion problem, a stress-strain relation 
reduces to a relation between the vectors x and 
Y and their derivatives with respect to time. We 
shall restrict the following discussion to stress- 
strain relations which do not involve time de¬ 
rivatives of an order higher than the first. More¬ 
over, we shall neglect all viscosity effects. This 
means that we shall only admit stress-strain 
relations which are homogeneous in the time 
rates of stress and strain. In spite of these re¬ 
strictions which are suggested by the results of 
experiments on metals such as steel, copper, and 
aluminum, we still retain considerable freedom 
in fitting stress-strain relations to experimental 
evidence. 

With each homogenous state of stress and strain 
in a plastic body there is associated a certain 
permanent strain , i.e., the residual strain after 
the stress is reduced to zero by unloading the 
body. That part of the strain which disappears 
upon unloading is called the elastic strain. In 
the case of the torsion problem, we shall denote 
the clastic and permanent strains by y f and y", 
respectively. Experience shows that the elastic 
strain is related to the stress by Hooke’s law: 

x = Gay', (10) 

In establishing stress-strain relations for plastic 
materials, we must distinguish between loading 
and unloading. An infinitesimal change of the 
state of stress and strain in a plastic material is 
said to constitute loading if it involves a change 
of the permanent strain. On the other hand, 
during an infinitesimal change of stress and 
strain which constitutes unloading the per¬ 
manent strain remains constant. In the case of 
the torsion problem, we have dy/dt~dy'/dt for 
unloading, and Eq. (10) suggests 

dx/dt — Gody/dt (11) 

as the stress-strain relation for unloading. Equa¬ 
tion (11) is used in all theories of plasticity as 
the stress-strain relation for unloading; these 
theories therefore differ only in the stress-strain 
relations for loading. Moreover, even for loading 
the elastic strain is supposed to be related to the 
stress by Hooke’s law, so that the task of es¬ 
tablishing a stress-strain relation for a plastic 
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material consists essentially in defining the man¬ 
ner in which the permanent strain, or its rate of 
change, depend on the stress. For the torsion 
problem, in particular, we must define the man¬ 
ner in which y" or dy"/dt depend on %. 

Let us first consider the case where y n is made 
to depend on * (theories of plastic deformation). 
The isotropy of the material requires then that 
these two vectors have the same direction. This 
may be expressed by the equation 

Goy" = (X-1K (12) 

where X is a scalar factor of proportionality 
which, as a rule, will be a function of the co¬ 
ordinates x , y, and the time. To obtain a proper 
relation between y" and x we must supplement 
Eq. ( 12 ) by a relation between the intensities 
lr"l and hi: 

M=Gdf(lr"l)- (13) 

In the following, Eq. (13) will be called the flow 
condition . The flow condition enables us to 
eliminate the factor of proportionality, X, from 
Eq. (12). In the following, we shall consider two 
kinds of flow conditions: 

(a) for perfectly plastic materials: G 0 f=k 

-const., 

(b) for materials with strain-hardening: for the 
small permanent strains to which this dis¬ 
cussion is restricted, / is a monotonically 
increasing function of its argument; it is 
then convenient to write the inverse of 
(13) in the form 

Go|r"l“MQKM/Go)-i3. (14) 

The elastic strain is given by Eq. (10), the 
permanent strain by ( 12 ) and (13). Combining 
Eqs. ( 10 ) and ( 12 ), we obtain the following rela¬ 
tion for the total strain y—y'+y": 

Goy^X*. (IS) 

In the case of a perfectly plastic material Eq. 
(15) together with the flow condition |t| —k 
constitute the stress-strain relations for loading, 
lilhis stress-strain relation must, of course, be 
supplemented by Hooke’s law, Eq. (5), which is 
supposed to be valid as long as |-e| <k. Stress- 
strain relations of this type were first discussed 
by H. Hericky.* In the case of a material with 

•H. Hencky, Zeits. f. angew. Math. Mech. 4, 323-334 
(1924). 


strain-hardening the form (14) of the flow con¬ 
dition enables us to eliminate X from Eq. (15). 
Since both y' and y" have the direction of x, 
we have 

G»lr"l=Go[|Yl-lr , |]=Go|Yl-l^|. 

Equating the last member of this continued 
equation to the right-hand side of (14), we find 

GoIyI = Mk(M/Go). 

Comparing this to the equation obtained by 
taking absolute values on both' sides of (IS), 
we find 

X-*(M/GW. 

The stress-strain relation for the loading of a 
material with strain-hardening therefore takes 
the form 

GVr-*g(M/Go). (16) 

Setting Go/g — G, we may write (16) in the 
form x = Gy, where G is a function of \x\/Gq. 
This stress-strain relation which, of course, ap¬ 
plies to loading only, has the form of Hooke’s 
law, but the shear modulus G, the so-called 
secant modulus , depends on the intensity of 
stress. The relation x = Gy covers the elastic as 
well as the plastic range, if G is made to equal 
Go for \x \ <k. The practical stress analysis is 
simplified, however, if a single analytic function 
G( | x | /Go) is used for both the elastic and the plas¬ 
tic range. To obtain good results one must, of 
course, choose a function which departs but little 
from the initial value Go as long as | x | <k. On ac¬ 
count of its mathematical simplicity, this type of 
stress-strain relation which was introduced by 
A. Nadai 7 is widely used in the modern litera¬ 
ture; 8 it gives a continuous transition from the 
elastic to the plastic state. 

The stress-strain relations of Hencky and 
Nadai are sometimes criticized because they let 
the stress depend on the instantaneous strain 
only and not on the history of straining as might 

7 A. Nadai, Plasticity , a Mechanics of the Plastic State of 
Matter (McGraw-Hill Book Company, Inc., New York, 
1931), p. 75. 

•See, for instance, B. Finzi, Atti Ac. Sd. Torino, Cl. 
Sd. Fiz. Mat. Nat. 76, 222-238 (1941); F. P. Cozzone, 
J. Aero. Sci. 10,137-151 (1943); A. A. Ilyushin, Prikladnaia 
Mat. Mekh. 7, 245-272 (1943); L. M. Kachanov, ibid. 6, 
187-196 (1942); E. Melan, Oesterreich. Ing.-Arch. 1,14-21 
(1946). W. R. Osgood, J. Aero. Sd. 11, 213-226 (1944); 
W. W. Sokolovsky, J. Appl. Mech. 13, A1-A10 (1946). 
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be expected for plastic materials. We shall re¬ 
turn to this criticism after discussing some rival 
theories of plasticity. 

Let us now consider the case where dy ,f /dt 
is made to depend on x (theories of plastic flow). 
The isotropy of the material requires that these 
two vectors have the same direction, and we may 
write 

Gody"/dt=ux t (17) 

where m is a factor or proportionality similar to 
the factor X appearing in (12). Combining Eqs. 
(10) and (17), we obtain the following relation 
for the total strain y = y'+y”: 

GoSy/dt~dx/dt+nx. (18) 

For a perfectly plastic material with the flow 
condition j x | = k or x • * = k 2 , we have x • dx/dt = 0. 
Scalar multiplication of each side of Eq. (18) by 
x yields therefore 

H = Gqx • dy/k 2 dt - GoW/k 2 , (19) 

where W = x-dy/dt denotes the rate at which 
work is done. Substituting (19) into (18) we 
obtain 

Gody/dt~dx/dt J rGoWx/k' 1 with \x\—k. (20) 

This stress-strain relation for loading must, of 
course, be supplemented by Hooke’s law, Eq. 
(5), which is supposed to be valid as long as 
\x \ <k . Stress-strain relations of this type were 
first discussed by L. Prandtl 9 and E. Reuss. 10 

As has already been indicated above, the 
sharp distinction between the elastic and plastic 
ranges with separate stress-strain relations com¬ 
plicates any stress analysis considerably. It 
therefore seems desirable to modify Eq. (20) so 
as to obtain a gradual transition from the elastic 
to the plastic state and take account of strain¬ 
hardening at the same time. As the present 
author 11 has shown, this can be accomplished 
without difficulty. In fact, let us drop the condi¬ 
tion \x\ = ife in (20). Scalar multiplication of each 
side of this equation by x then furnishes 

GoW = $&+GoWS/k\ ( 21 ) 

9 L. Prandtl, Troc. 1st Internat. Congr. Appi. Mech., 
Delft, 1924, pp. 43-54. 

10 E. Reuss, Zeits. f. angew. Math. Mech. 10, 266-274 
(1930). 

11 W. Prager, Proc. 5th Internat. Congr. Appl. Mech., 
Cambridge, Massachusetts, 1938, pp. 234-237. 


where S=**‘*=|*|*is3 measure of the intensity 
of stress and the dot denotes differentiation with 
respect to time. Solving (21) for W and substi¬ 
tuting into (20), we obtain 

dy dx S/k* 

Go— —+- x. (22) 

St dt 2(l-S/k*) 

Let us apply this stress-strain relation to the 
case of pure shear, where T„ = y y = 0. Equation 
(22) then takes the form 


Gq y x — ‘Txd’ 


r x f x /k 2 
l-TzV k 2 * 


r* 

l-r,V**‘ 


(23) 


With the initial condition 0 for ?*=»(), in¬ 
tegration of (23) furnishes 

r 9 = k tanh(Goy*/&). 


The graph of r x vs. y x has the initial slope Go 
and the asymptote r* = &. The stress-strain rela¬ 
tion (23) thus provides a continuous transition 
from elastic behavior governed by Hooke’s law 
to the flow of a perfectly plastic material. 

Equation (23) is easily modified so as to in¬ 
clude strain-hardening. To this end we write 



dx 1 /Go \<§ 
dt 2 \G* 




(24) 


where G* denotes the so-called tangent modulus 
which depends on the stress intensity S. Indeed, 
specializing as in (23), we obtain 

( Go \ T x fx Go 

—-1 )-r x = -~r, 

G* / T* 2 G* 

or 

drg/dyx^G.* 

From a graph of r x vs. y x the tangent modulus 
G*]can be found as a function of r, 2 ; the quantity 
G* appearing in (24) is the same function of S. 
The stress-strain relation (24) was suggested in 
1942 by H. J. Laning in an unpublished manu¬ 
script ; more general stress-strain relations of this 
type are discussed by G. H. Handelman, C. C. 
Lin, and W. Prager. 12 

The first term on the right-hand side of Eq. 
(18) represents the rate of change of the elastic 


11 G. H. Handelman, C. C. Lin, and W. Prager, Quart. 
App. Math. 4, 397-407 (1947). 
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strain. For perfectly plastic materials, it has 
sometimes been suggested to neglect the elastic 
strains at the side of the often much larger per¬ 
manent strains. Equation (18) then takes the 
form 

dy/dt = n'x with |*| — k. (25) 

Stress-strain relations of this type were the first 
to be used in the theory of plasticity, in the two- 
dimensional case by B. de Saint Venant, 13 and 
in the three-dimensional case by M. L6vy 14 and 
R. v. Mises. 15 As will be shown below, serious 
objections can be raised against the neglection of 
elastic strains. 16 In view of this fact, the amount 
of effort which has been spent on developing this 
particular theory of plasticity is surprising. 17 

4. PLASTIC TORSION 

In applying the stress-strain relations of the 
preceding section to the torsion problem, let us 
first consider perfectly plastic materials. These 
possess a clearly defined yield point below which 
they obey Hooke’s law (Hencky, Prandtl-Reuss) 
or are rigid (Saint Venant-L6vy-Mises); in the 
plastic range they flow under constant | x-f. Once 
the applied torque is sufficiently large to produce 
yielding, the cross section can be divided into 
elastic (or rigid) and plastic regions. In the latter 
we have |t| =£ or, in terms of the stress function, 

(d^/d#) 2 +(d^/dy) 2 ==fe 2 . (26) 

As the applied torque increases the plastic re¬ 
gions expand until, finally, they cover the entire 
cross section. 

Let us first consider this final stage of the 
torsion test. Here Eq. (26) is satisfied throughout 
the cross section. The left-hand side of this 
equation is the square of the slope of the tangent 
plane of the surface z*=\p(x, y) with respect to 
the plane z=* 0. According to (26) the surface 
z—fix, y) therefore is a surface of constant slope. 

14 B. dc Saint Venant, Comptes rendus 70, 473-480 
(1870). 

14 M. L^vy, Comptes rendus 70, 1323-1325 (1870). 

1# R. v. Mises, Goettinger Nachrichten 582-592 (1913). 

¥ See also W. Prager, J. App. Phys. 15, 65-71 (1944). 

17 Excellent surveys of the Saint Venant-Mises theory of 
plasticity have been given by H. Geiringer, Fondements 
mathimatiques de la thSorie des corps plastiques isotropes 
(Gauthier-Villars, Paris, 1937), and S. G. Mikhlin in the 
chapter entitled “The mathematical theory of plasticity’* 
of the book Some New Methods in the Mechanics of Con¬ 
tinuous Media (Russian), (Izd. A. N. USSR; 1938), pp. 
157-216. 

^90 


We can produce such a surface experimentally 
by heaping sand on a horizontal tray which has 
the shape of the cross section. Indeed, the slope 
of such a sand hill has a constant value corre¬ 
sponding to the angle of friction, and the bound¬ 
ary condition ^ = 0 is enforced by the shape of 
the tray. For a bar of quadratic cross section, 
for instance, the surface z-\p(x, y) is a pyramid, 
for a rectangular cross section it has the form of 
a roof and for a circular cross section the form of 
a cone. 

In the case of a perfectly plastic material, and 
for a torque which produces plastic flow through¬ 
out the entire test specimen, the stress distribu¬ 
tion can thus be obtained without reference to 
any specific relation between stresses and strains. 
This fact is usually expressed by stating that, 
under these circumstances, the stress distribu¬ 
tion in torsion is statically determinate. 18 

So far, we have assumed that the torque is 
sufficiently large to produce plastic flow through¬ 
out the entire test specimen. For smaller torques 
only part of the material will become plastic. 
According to the theories of Hencky and Prandtl- 
Reuss, the stress function \p will satisfy Eq. (7) 
[with (d\p/dx) 2 +(d\p/dy) 2 <k 2 ~] in the elastic re¬ 
gion of the cross section and Eq. (26) in the plas¬ 
tic region. Continuity of the stress vector x at 
the boundary between elastic and plastic regions 
requires continuity of the first derivatives of ip. 
The complete problem for the stress function has 
therefore the following form: to determine a func¬ 
tion \p(x,y) with continuous first derivatives , which 
vanishes along the contour of the cross section and 
satisfies Eq . (7) with (d\p/dx) 2 +(d\p/dy) 2 <k 2 in 
part of the cross section and Eq. (26) in the rest. 19 
As Nadai 18 has pointed out, Prandtl’s membrane 
analogy can easily be modified so as to enable 
us to solve this problem by experiment. Let us 
consider the square cross section as an example. 
A membrane is then stretched uniformly over a 
square opening in a rigid plate and fastened to 
the edge of this opening. Over the opening we 
erect a pyramidal surface of the slope which 
corresponds to the yield stress k. If now the 
membrane is deformed by slowly increasing pres- 

14 This was first pointed out by A. Nadai, Zeits. f. 
angew. Math. Mech. 3, 442-454 (1923). 

10 For an ingenious manner of constructing particular 
solutions of this problem by an inverse method see V. V. 
Sokolovsky, Prikladnaia Mat. Mekh. 6, 241-246 (1942). 
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sure on one side of the plate, it will at first 
assume a shape which corresponds to the stress 
function in the elastic case. As the pressure in¬ 
creases, however, the membrane will partly be 
pressed against the pyramidal surface. Where 
this is the case, the membrane represents the 
plastic stress function satisfying Eq. (26). Where 
the membrane is not in contact with the pyra¬ 
midal surface it represents the elastic stress func¬ 
tion satisfying Eq. (7). 

Having determined the stresses by means of 
this so-called soap film—sand hill analogy, we 
can determine the strains. Let us first apply the 
theory of Hencky, again considering a square 
cross section as an example. In Fig. 1, let the 
shaded areas be the plastic regions as obtained 
from the soap film—sand hill analogy and the 
unshaded cruciform area the elastic region. Since 
the stress function, and hence the stresses, are 
determined by the analogy, the strains in the 
elastic region can be found by applying Hooke’s 
law. As Eqs. (4) show, this means that, in the 
elastic region, the warping function <p can be 
determined to within an immaterial constant. 
To show how the warping function in the plastic 
region is found, we consider the shaded area 
ABC in Fig. 1. Here r,==fe, t„ = 0 , and the y 
component of Hencky’s stress-strain relation (15) 
gives 

y y = d<p/dy+x6 = 0, (27) 

while the x component does not furnish any in- 
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formation on account of. the presence of the un¬ 
known factor X. Integration of (27) furnishes 

<p=* -xy$+f(x). (28) 

Along the arc ABC the warping function <p is 
known from the elastic solution, and this en¬ 
ables us to determine the function f(x) in (28). 

Next, let us apply the theory of Prandtl and 
Reuss to the same problem. The soap film—sand 
hill analogy shows that, for any given torque, 
this theory furnishes the same stress distribution 
as that of Hencky. Moreover, it can be shown 
that the warping function, too, i9 the same for 
both theories. 20 Indeed, let us consider a generic 
point P of the cross section. As the torque is 
increased, the boundary between the elastic and 
plastic regions sweeps across the section of the 
bar. Once P has been engulfed in the plastic 
region, the stress x at this point remains con¬ 
stant. For instance, if P is engulfed in the shaded 
area ABC of Fig. 1, the stress at P will have the 
constant components r x — k, r„ = 0. Accordingly, 
dx/dt is zero, and the y component of the stress- 
strain relation (18) of the Prandtl-Reuss theory 
furnishes 7 x = 0, while the x component does 
not give any information on account of the pres¬ 
ence of the unknown factor ju. The strain com¬ 
ponent y x therefore retains whatever value it has 
at the instant when the boundary between the 
clastic and plastic regions sweeps across P. On 
account of the continuity of the stress vector, 
however, the stress components at P just before 
this point is engulfed into the plastic region must 
be t x = fe, r,, = 0. At this instant we therefore have 
7^ = 0 at P, by Hooke’s law. Since from this 
instant on y v = 0 at P, we have y y = 0 at a generic 
point P inside the shaded area ABC of Fig. 1. 
From this and the identity of the stress dis¬ 
tributions for the two theories follows the iden¬ 
tity of the warping functions. 

The theories of Hencky and Prandtl-Reuss are 
thus seen to furnish two identical predictions in 
the case of the torsion problem. This result must 
not be unduly generalized, however. As a rule, 
the predictions furnished by the two theories 


80 This was first pointed out by the present author in 
H. Geiringer and W. Prager, “Mechanik isotroper Koerper 
im plastischen Zustand, Ergebnisse d. exakt. Nat. wiss. 
13, 310-363 (1934), p. 331. 
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differ; conditions under which they agree were 
investigated by A. A. Ilyushin. 21 

As regards the theory of Saint Venant-L6vy- 
Mises, it does not give a solution of the torsion 
problem except in the case where the torque is 
sufficiently large to produce plastic flow through¬ 
out the entire test specimen. Indeed, the stress 
distribution in the plastic part being the same as 
was studied above, Eq. (25) gives 

iv^dv/dy+x#** 0 
or 

<P=~xyd+f(x) (29) 


for a point in the shaded region ABC in Fig. 1. 
Since the cruciform unshaded region now is sup¬ 
posed to be rigid, we have £ = 0 along the arc 
ABC . This condition enables us to determine 
/(*), and hence <p , inside the shaded area ABC 
provided that its boundary, the arc ABC, is 
known. The theory of Saint Venant-Levy-Mises 
does not furnish any condition, however, from whicti 
this boundary between the rigid and plastic regions 
could be determined . Moreover , the stress distribu¬ 
tion in the rigid part is indeterminate. 

Let us review the results obtained so fan The 
Saint-Venant-L6vy-Mises theory is applicable 
only if the torque is large enough to produce 
plastic flow throughout the entire bar. For 
smaller torques the theories of Hencky and 
Prandtl-Reuss furnish identical results. In all 
but the very simplest cases, however, the theo¬ 
retical determination of the boundary between 
the elastic and plastic regions encounters prac¬ 
tically unsurmountable mathematical difficul¬ 
ties. 22 These difficulties are avoided by the theo¬ 
ries of Nadai and Prager which stipulate a con¬ 
tinuous transition from the elastic to the plastic 
state. # 

? Let us first apply Nadai’s theory to the torsion 
problem. In terms of the stress function the 
intensity of stress, on which the shear modulus 
depends, is given by 


t 


*| 



I gracty |. 


' u A. A. Ilyushin, Prikladnaia Mat. Mekh. 9, 207-218 
(1945). 

m For a numerical treatment of this problem by relaxa¬ 
tion methods see D. G. Christopherson, Trans. A.S.M.E. 
62, A1-A4, and F. S. Shaw, Austral. Counc. Aeronaut. 
Rep. ACA-11 (1944). See also R. V. Southwell, Relaxation 
methods in theoretical physics (Oxford Press, 1946). 


The stress-strain relation t=Gy therefore gives 

1 B\p B<p 1 d\p dip 

-=---- )rx6. 

G dy dx G dx By 

Elimination of <p between these equations 
furnishes 


B / 1 Bip\ B / 1 Byp\ 
taVG Bx) By \G By) 


( 30 ) 


which equation replaces Eq. (7). Here G is a 
function of |grad^|, and the stress function yp 
vanishes on the contour of the cross section. 
Equation (30) is non-linear, and somewhat 
reminiscent of equations which are encountered 
in connection with steady two-dimensional flows 
of compressible fluids. Integration methods de¬ 
veloped in fluid dynamics might therefore prove 
useful; so far, however, the boundary value 
problem formulated in connection with Eq. (30) 
has been solved only in a few special cases. 23 

Finally, let us apply the stress-strain relation 
(24) to the torsion problem. To this end, we set 


rk 


Go 


--1 



“•log-4 (5). 


This enables us to write Eq. (24) in the form 
By d 

Go- = A-(%/A). (31) 

Bt Bt 


Introducing the warping function and the stress 
function into the two scalar equations equivalent 
to (31) and eliminating the warping function be¬ 
tween them we obtain 24 



This equation contains the time rates of change 


* The as yet unpublished Ph.D. thesis of G. H. Handel- 
man (Brown University, 1946) is concerned with the 
application of this theory to thin-walled sections. See also 
L. A. Galin, Prikladnaia Mat. Mekh. 8, 307-322 (1944). 

u This equation was first established in W. Prager, 
‘Theory of plasticity,** (mimeographed lecture notes) 
Brown University, Providence, Rhode Island, 1942, p. 112. 
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of if and 6 in a homogeneous manner. Accord¬ 
ingly, the time scale is irrelevant and the angle 
of twist 6 may be taken as measure for the time. 
Thus, 



Considered as an equation for i(x t y, 0), Eq. 
(33) is non-linear. It is worth noting, however, 
that this equation is linear in di/dd with co¬ 
efficients which depend on if. This remark sug¬ 
gests the possibility of integrating (33) approxi¬ 
mately by'solving a number of linear problems 
for di/dS with coefficients which depend on the 


function if built up from the previously obtained 
values of diff/dd. Physically speaking, this pro¬ 
cedure amounts to producing the desired angle 
of twist in a series of small steps, and assuming 
that during each step the tangent modulus at 
any point of the cross section retains the value 
which corresponds to the stress intensity exist¬ 
ing at the beginning of this step at the point 
under consideration. 

For perfectly plastic materials, the theories of 
plastic deformation afid of plastic flow furnished 
die same solution of the torsion problem; except 
for the circular cross section these dieories will 
yield different results, however, when strain¬ 
hardening is taken into account. Torsion of a 
cylindrical bar of non-circular cross section may 
therefore afford an opportunity of deciding ex¬ 
perimentally between these two theories. 


On the Theory of Noise in Radio Receivers with Square Law Detectors* 

Mark Kac 

Department of Mathematics, Cornell University , Ithaca , New York 

AND 

A. J. F. SlEGERT** 

Radiation Laboratory, Massachusetts Institute of Technology , Cambridge, Massachusetts 
(Received September 13, 1946) 

For the video output V of a receiver, consisting of an i-f stage, a quadratic detector, and a 
video amplifier, the probability density R(V) has been obtained for noise alone and for noise 
and signal. The results are expressed in terms of eigenvalues and eigenfunctions of the integral 
equation 

J K(t)p(s—t)f(t)dt =*X/(5), 

where p(r) is the i-f correlation function (i.e., the Fourier transform of the i-f power spectrum) 
and K(t) is the response function of the video amplifier (i.e., the Fourier transform of the video 
amplitude spectrum). Two special cases are discussed in which the integral equation can be 
solved explicitly. Approximations for general amplifiers are given in the limiting cases of wide 
and narrow videos. Some applications of the method to other problems are shown in Sections 
7B and 9. 


I. THE RECEIVER MODEL 

HE response of a linear circuit to noise has 
been investigated by several authors. The 

* 'Hie major part of this paper is based on work done 
for the Office of Scientific Research and Development under 
contract OEMsr-429 with Cornell University and contract 
OEMsr-262 with Massachusetts Institute of Technology. 

** Now at the Physics Department, Syracuse University, 
Syracuse, New York. 


probability densities and correlation coefficients 
of the noise outputs of some types of detectors 
are also known. 1 To find the probability density 
of the noise voltage output of the next stage 


1 References to the work in this field can be found in the 
articles by S. O. Rice, Bell Sys. Tech. J. 23, 282 (1944); 
24, 46 (1945), and M. C. Wang and G. E. Uhlenbeck, 
Rev. Mod. Phys. 17, 323 (1946). 
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SQUARE LAW 
01TECTOR 


where 



■LJ 
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-• AMP 

r - ""W • vtoco *” 

AMR 


* *" 


w(/)=x(/)-fy(/), 


Fig. 1. The receiver model. 

(video or audio amplifier) is a problem of a dif¬ 
ferent type, since after the detector, the noise 
voltage is no longer Gaussianly distributed. 

In this paper we have, therefore, calculated 
the probability density P( V) of the noise voltage 
V at the end terminals of a receiver consisting 
of an intermediate-frequency amplifier, a quad¬ 
ratic detector and a video (or audio) amplifier 
(Fig. 1). The response of both amplifiers is as¬ 
sumed to be linear and characterized by the 
steady-state response function y(f) and C(f) t 
respectively, or the response functions Q(t) and 
K(t) t such that the output voltages of the ampli¬ 
fiers are y(f)e? ri/t and C(f)# ri/t f respectively, if 
the input voltage is If, therefore, the video 
input voltage is r(/), the video output voltage 7 
is given by 


and fo is the carrier frequency. The i-f output 
voltage is then 


-Jfcjj dfe^yif) 

X f dt'e- 2rifi 'u(t')e 2lriM 
^ — 00 

= 2?eje 2Ti/o< ^* dt'u(l') 


= Re{U{t)e" i * 


where 

U{t)= f dt'Q(t—t')u(t'), 

and 

Q(t)= 

^ CO J~~vo 

We shall normalize y and Q by demanding that 

f Q t (r)dT= 1; 

then we have 

f Q\r)dr = J J J dTdfdf"e*'«''+f'')r y (J' +fo ) 

Xy(f'+fo) = U 

or 

fVY(/o+/'b(/o-/') = t- 

%/ —go 

The calculations are appreciably simplified by 
assuming a symmetrical pass band* for the i-f 
amplifier, i.e., 


7(0- f 4fC(f)e**"‘ f dt'e-Wv(t ') 

■ ( 111 ) 

= f dt'K{t-t')v{t') 

*^—00 

where 

K{r) = f* dfC(f)e*'<". (1.12) 


Since 7(0 can depend only on the values which 
i/(/') assumes at times t'^t, it follows that K(t) 
=0 for r <0, which means that all poles of C{f) 
lie above the real axis. Since K must be real, 
we have C(— /) = C*(/). Both conditions are ful¬ 
filled for passive networks. We shall normalize 
K by 

r K(t)dt=i. 
j 0 

In writing i-f voltages Fi.r. (<) and Vi.f. w for 
input and output it is generally convenient to 
consider them as modulated carriers, i.e., we 
write 

Vi. f.‘°«-R e {«(<)«*'*'•*} 

=*#(/) cos2rfot+y(t) sin2w/o/, 


7 (/o+/) = 7 *(/«-/)• 


( 1 . 20 ) 


We also put \y(fo+f )| =B(f). Inserting this in 
the normalization equation we have 




i.e., the power spectrum is normalized. The sym- 
* See, however, footnote 3, Section IV. 
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metry of y implies that Q is real and Fi.f. ( o) can 
now be written as 

cos2 *fot+Y(t) sin2ir/o/ (1.21) 


with 


X(t) = f 

J —oo 

m=f* di'Q(t-n y (n. 


( 1 . 22 ) 


Q(t ) must of course vanish for r< 0 . 

The detector is assumed to yield the output 

* 2 0)+F 2 (/), (1.31) 

if the input voltage is 

X(t) cos2ir/o/+ Y(l) sin2jr/ 0 /. (1.32) 

In order that this be a reasonable model of an 
actual detector it is necessary to assume 


*'(0 

x(t) 


«/o 


and 


y(0 


</o, 


which implies that the width of the pass band of 
the i-f amplifier is small compared to the inter¬ 
mediate frequency f 0 . 


According to (1.31) and (1.32), the detector 
output voltage arising from this i-f input voltage 
is given by 

**(/)+F’(/) = F 0 (»\ 

where 

\/N * 

X(t) EM/*')I[**'cos2*(//-/<,)* 

\i *-i 

+ F/sin2*(/*'-/,)<] 

y/N - , ( ‘ ' 

Y(t) =-— EI >(/*') IC-M' sin2*(//-/o) 

+ F/cos2x(//-/,)<]. 


Making use of (1.20) and the fact that the band 
width of the i-f amplifier is small compared to 
the intermediate frequency fa, we may write 


m- 


F(<) = 


\/'N “ 

— 7 - E B(fk)(Xk cos 2 */jt<+ Ft sin 2 */itt), 
V* — 00 


\/N 


VTZ 


E B(/*) 


(2.13) 


X(-X k sm2irfkt+ Yk cos2*/*<), 

where 


n. REPRESENTATION OF NOISE 

The i-f output noise voltage (omitting the ir¬ 
relevant d.c. component) is represented 2 as 

VN - , 

^.fM^-EM/*')! 

V * *-i 

X (X/ cos2*/*'/+ F*' sin2*/0) (2.11) 

with 

//-t/r, 

where <XY, K/, X 2 ', F 2 '* • -are independent nor¬ 
mally distributed random variables each having 
the probability density 

7 r~*exp( — u 2 ). 

The representation holds only for the time in¬ 
terval 0 <t<T, but this is adequate if T is chosen 
large compared to the time during which ob¬ 
servations are made. We shall later let !T—><*>. 
The properties of y (/) were discussed above and 
N denotes the input noise power per unit 
frequency. 

1 S. O. Rice, “Mathematical analysis of random noise," 
Bell Sys. Tech. J. 23 , 282 (1944), see p. 328. 


ft-k/T, 

X k = X'k+k 0 and Y k ~Y'k+kQ 


with ko=Tf 0 , assumed to be an integer. 

The video output voltage V(t) is given by 
( 1 . 11 ) as 



jc(<-OC^(0 + TO^ 

(2.15) 

K(u) lX*(t-u) + Y 2 (t - u) ~]du . 


In the derivation of Chapter 3 we shall consider 
the probability distribution of the slightly modi¬ 
fied quantity 

V T (0- C 'K(u)ZX*(t-u)+Y*(t-H)yu 9 (2.16) 
J 0 


and then pass to the limit as T—► 00 . 


HI. “WHITE NOISE” 

The i-f output X(t) cos2r/o/+ F(/) sin2rfat 
with X(t)> Y(t) given by (2.13) can be described 


VOLUME 18 , APRIL, 1947 


385 



as caused by the “white noise” 

x(t) cos2ir/o/+y(/) sin2ir/o/, 
where x(t) and y{t) are given by 

y/N h 

*(/) E (X k cos2*-/*/+ Yk sin2 rf k t) 

\/T kmm—L 

y/N L 

^(0=—= E (—Xat sin2x-/*/+ Y k cos2tt f k t), 

\T k—L 

where L is a number so large that the frequencies 
fo-±L/T lie outside of the pass band of the i-f 
amplifier. This“white noise” is the input thermal 
and shot noise which actually t is known to have 
a constant power spectrum up to very high 
frequencies. 

In the derivation of the next section it will be 
advantageous to represent x(t) and y(t) in a dif¬ 
ferent orthogonal system, and we will now show 
that the expansion coefficients in any other com¬ 
plete orthogonal system are Gaussianly dis¬ 
tributed and independent of each other, if L is 
sufficiently large, i.e., if the power spectrum is 
constant up to sufficiently high frequencies. 

Let be an orthonormal, complete set in 
the interval (0, T ). Expanding x(t) in this system 
we have 

00 

*(0=L «A(0. (3.1) 

1 

where 

^ E cos2irfktdt 

+ F* J* sin2rfktdt^. (3.2) 

The coefficients Uj are thus linear combinations 
of the Gaussian variables X k , Yk and are, there¬ 
fore, Gaussianly distributed. To prove inde¬ 
pendence of linear combinations of independent 
Gaussian variables, it is necessary only to show 
that (uiUj)**0 for Using the statistical 

properties of X k and K*, we have 

* 1 N r T r T 

— I I dsdUt>i{t)4>/s) 

2 i Jo Jo 

L 

XE cos2ir/jfc($-0. (3.3) 


l r or sufficiently large L 
1 L 

-= E cos2ir fk(s-t) 

T -L 

can be replaced by 5(5—/) and, therefore, 

N 

(uiUj) A ,-+j5jt' (3.4) 

In the same way we can show, for the co¬ 
efficients Vj of y(/), that 

N 

(3.5) 

and 

(ukVi) a *—> 0 . ( 3 . 6 ) 

IV. DERIVATION OF PROBABILITY DENSITY 
FOR NOISE ALONE 

To derive the probability density P{V) we 
use the above representation for the incoming 
' 41 white noise” writing the i-f input voltage 3 as 


Ui.f. (<) =*(/) cos27r/ 0 /+y(/) sin27r/ 0 /, (4.11) 


with 




and 

x(t) = U&jit) 

(4.12) 

Choosing N as unit of power we have 



(UhUi)k, 

= (v k vi)ki — ii5ik* 

(4.13) 

The i-f output voltate Vi.f. ( o) is given by 


Vl.Y. W 

= X(t) cos2tt/o/+ F(/) sin2*/o/, 

(4.14) 

where 

x«)-j 

f Q(t-r)x(r)dr, 




—00 

yioo 

(4-15) 


K«)-j 

1 Q(t-r)y(r)dr. 

— 00 



* The authors are aware that the results of this section 
can be obtained in a more elegant way by using the 
representation (4.12) for rather than for the 

components x{t ) and y(t), and by defining the quadratic 
detector by 

rather than by Eq. (4.31), provided that the I.F. and 
video band widths are small compared with f 0 [cf. Phys. 
Rev. 70, 449, C6 (1946)1. The simplifying assumption of 
symmetrical I.F. pass band can then be easily dispensed 
with. The method presented here was chosen to keep the 
continuity with the existing literature. 
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The correlation coefficient 

p(r) = (X(t)X(t+ T )W(Xm*, (4.21) 

can be expressed in terms of the function Q as 
follows: 

* 00 

<X( 0 X(/+r)>* = J §Q(t- 70(20+ r-n) 

— 00 

X (X(Ti)X(r2))sidTldT2 
— ^ j Q(f>—Ti)Q(t+T—Tl)dTl 

=^J Q(0M<>+T)de, (4.22) 

<*’(*)>*, = ; C Q\6)dd=\, (4.23) 

L J~.cn 

and therefore 

/% 00 

p(t) = I Q(0)Q(6+T)de. (4.24) 

J — 70 

We note that 
C e 2 * t/T p(r)dT 

d —oo 

n co 

Q(B)Q(e+T)e-^dddT 

-oc 

= JJJ jdfdf"y(f'+f 0 )y(r+f 0 ) 

— 00 

Xe 2»i[/'*+/"(»+r)+/rl dddt 

00 

= J f df'df"y(f+f 0 )y(f"+f 0 ) 

X 3(/'+/")«(/"+/) 

= 7 (/+/o) 7 (/«-/) = I 7 2 (/+/o) | (4.25) 

which is a special case of the Wiencr-Khintchine 
relation. 

The detector output voltage Vd ( o) is, therefore, 

v^^x^o+v 2 ^) 

n 

00 

■ J* J*0(/-n)Q(<-T2) 

—oo 

XC*(ri)x(r l )+y(Ti) 7 (r s )]dri</r 2 , (4.31) 


and the output of the video amplifier 

v{t)=j Kit-e^x^+Y^ie^e 

oo 00 

- J K(t-d)dof jQ(d-n)Q{e-T t ) 

00 —00 

X [#(ti),x;(t2) +y(Ti)y(T 2 )‘]dTidT2. (4.32) 
Changing variables to 

0' =/ — 0, T\ —t—Tu T2~l — T2 % (4.33) 
wc have 


00 

F(<) = j’*K(0')dd'f J QiW-d'Mrt'-e' 


) 


X [*(/- r ,')*(<■~7s') 

+y(/~ Ti)y(t— rJ)yLridr%. (4.34) 

If the i-f input noise voltage is a homogeneous 
random function xit — r) and y{t — r) are given by 


x(t t) — Uj <l>j{T), 
y(/~r) = L i v/0y(r), 


(4.35) 


where u/ and vf are random variables with the 
same properties as Uj and i and we have— 
omitting the primes— 

DO 

V(t)=J K K(6)dej j Q(u-6)Q(t 2 -0) 

- ~ Q0 —00 

'X'Hi,{u{Uj+v t Vj)<l>i(Ti)<t>j(T2)dTidT2 (4.36) 

= 'Ea(M{U i +v l v l ) 

00 

X J* J*A(rt, Ti)<t>i(Tl)<t>j(Ti)dTldTt (4.37) 

with 

A(ti, r*) = ^K(e)ddQ(r l -9)Q(T t -6). (4.38) 

We note that t does not appear anymore on the 
r.h.s., that means that V{t) is a homogeneous 
random function. This is caused by the fact that 
the input noise is itself a homogeneous random 
function. . 
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The essential step in our calculation is now to 
choose as the function 0 t (r) the normalized eigen¬ 
functions of the integral equation 

J* A(n, T 2 )^(r 2 )dra = X0(ri). (4.41) 

Then V(t) is expressed as 

. (4.42) 

where the quantities X, are the eigenvalues of the 


integral equation. The quantities 

u?+v?=Zi (4.43) 


are independent and their probability densities 
W(Zi) are given by 


W{Z X ) = 


e~ Zi if Zi>0, 
0 if Z»<0, 


(4.44) 


because u x and v x arc independent Gaussian vari¬ 
ables of spread The probability distribution 
of the sum representing V is therefore 


P(V)dV=dV f • • f "a(K-L<X*Z<) II* W(Zk)dZ k 

% do Jo 

=dV-~ f dSe- iV i f • • • r II* e-^-WdZk 

2tt •/_« J o J o 

1 r* 1 

= dV— I d{e~ iV *— - : -. 

2ir IIa:( 1 — iX A f) 


(4.45) 


For V>0 the path of integration is closed in the lower half plane and contracted around all poles 
£•= — i/X, with X.>0 and vice versa . We thus obtain 


P(F): 






di 


e -iVt 


( 




ri'd-ivo 




g(-K/X.) 




for F>0 (4.46) 


where means summation oVcr all values of s for which X a >0. For F<() we obtain 

« 

d£ e~ iV * e (-ri\n) 


P(V) 






i \ n'(i 

kf*n 


= L 


<-) . 


k ' n '( 1_ r) 

k*n\ X n / 


(4.47) 


where £« <-) indicates summation over all n for 
which X*<0. The product is extended always 
over all k with exception of k = n. 

It. is sometimes more convenient to have the 
integral equation in a different form, involving 
the functions K and p rather than K and Q. This 
form is obtained by introducing the new unknown 


so that 


/(0)= f Q(T2-0)4>(T2)dT 2f (4.51) 

J —co 

J'WweCri-<>)/(») -Mn). (4.S2) 


Multiplying both sides with (?(ti— 0') and in- 
388 . 1 


tegrating over r, we obtain 

f K(6)de[ dnQin-e’) 

J— 00 J — 00 

(4.53) 

We can now write 

- rdr<2(r)<2(T+a'-0)-p(0'-0), (4.54) 

•/ —Q 0 

and have the integral equation in the form 

rK(6)p(0 > -e)mde=\m, 

j —to 
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or. since KCS) =0 for 0<O. /** 

w (V)*-ZXAZ,)»-r\j-J K(s)ds- 1, (4.62) 

J" KWp(0'- 0 )fWM=V(0')- (4.55) (F s )»,=ZXy*(Z y %+i:x ) X*(ZA>*. 


Finally, by writing (iC( 0 ))»/( 0 )=<i>( 0 ) we can 
bring the equation into the form which will be 
derived directly in Section 6 : 


Jo ( 


By means of the expression 


(4.56) 


(4.61) 


/** 

= L V+(£ X,)» (4.63) 

1 

-l+EXA 

For the fluctuation 

a 2 = (K%-<lV. (4.64) 

We thus obtain 

cr 2 = L X, s = f °° f"fir(s)*:(/)p ! (s-0<fr<a, (4.65) 

•/ o VO 


we can easily verify formulas for the moments. 0 

For the first two moments we have for instance this being the trace of the first iterated kernel. 


V. DERIVATION OF THE PROBABILITY DENSITY FOR SIGNAL AND NOISE 

For the case of signal and noise only one derivation will be given here, since the direct derivation 
runs parallel to the analogous derivation for noise alone. The i-f input voltage Fi.f. (<) is in this case 
given by 

Fi.f.<« = [*(/)+«(*)] cos 2 tt/o/+O(/)+ 0 (/)] sin27r/„/, . (5.11) 


where x(t ), y{t ) are the input white noise amplitudes, and a(t ), (i(t ) are the input signal amplitudes. 
The i-f output voltage is then given by 

Fi.f. ( o) = [*(0+/>W] cos 2 ir/tf +[Y(t)+q(t) ] sin2*M (5.12) 

where X and Y are defined as above and 


PQ)" i Q(l— t)oc(t)(It and 



Q(l—r)^{r)dr 


(5.13) 


are the signal amplitudes after the i-f amplifier. The detector output voltage is then 

IV - 1 = ZX(t) +P(t)y+m) +</(/)? (5.14) 

and the output of the video amplifier is 

V(t) - f" K{t-0)de {[*(•) +/>(0)] 2 +[ Y(d+q(0)y } 

•/ —00 



00 

K(t-6)def J Q(B-n)Q(d - r,) |[X(n) +«(n)][*( t,) +«(r 2 ) ] 


+ [y(n) +/3(Ti)][y(T t ) +0(r 2 )] \dridn. 


(5.15) 


Changing variables to 


6' = i—d, r\ =t— n, Ti =t- .T t , 


(5.16) 
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we obtain 


V(i) = £ K(8')d0'f J QW - e')Q(r t ' - e>) {[*«- r,') +«(< - n') ][*(/- r,') +«(* - r 2 ')] 

+[>(*- n') +£(/ - n') ]Qy(t- T 2 ') +0(t- t,’) ] }dT,’d t% 

= J A(ti, r s )rfr,dr 2 f [x«- r,) +a(* - r0][*«- r 2 ) +a(t- r 2 )] 

+ [>(<-Tl)+ l 3(<-Tl)][>(<-T2)+/3(<-T2)]). (5.17) 

We now expand noise and signal amplitudes in terms of the eigen functions <t>j of A, writing 

x(t-r) = £/ a(t-r) = L, 

y(t-r) = Y.jVjipj (r), £(/-t) = Y,iPi(.t)4>j(r), 

and obtain 


(5.18) 


^(0 = Hj M [«i+«y(0] 2 + [f'j+/3;(0] 2 


(5.19) 


The probability density of the variables Uj and Vj are x~ l .exp( —«/) and x~ l cxp(.—i/y s ), respectively, 
and the characteristic function for F(/) is, therefore, given by 


<C’ {v )m = J• • • J exp{t£ Z)y AjC(«j+«y) 2 +(t'/+^y). 2 ] | II 


exp[-(tt/+u/)] 


dUjdvj 


1 ^ 

= n - J* J* dUjdvj exp { -[(«,■*+»/) 0 -tfAy) -2i$X/(«ya i +i’A)]+*SX,- {af+Pf) | 

' —aO r 

Xexp[ - +/V) 1, (5.21) 

L 1 ~tiXy J 




exp[ftX i (g/+/8j ? )/(l -ifri)] 

1 —ifXy 


(5.22) 


The Fourier inversion integral of this expression which represents the probability density cannot be 
evaluated in closed form. 

We shall check this expression by deriving the known 4 probability density for the voltage after a 
quadratic detector. This distribution is obtained in the limit of infinitely wide video band width, 
which implies that 

f K(e)+($)d6=M 0) (5.31) 

Jo 

for any function $($). Then A(nr2) becomes simply the product Q(ti)Q(t 2 ) and the integral equation 
reduces to 

• Q(ri) J Q(Ti)<t>(Ti)dTi = \<l>(Ti). (5.32) 

The only eigenfunction of this integral equation is of the form CQ(t\) where C is a constant, and from 

4 S. A. Goudsmit, RL 43-21; K. A. Norton and V. D. Landon, Proc. I.R.E. 30, 425, Sept. 42; J. C. Slater, RL V-23; 
D. G. Fink, Report T8; D. O. North, RCA Tech. Rep. PTR6C. 
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S-xQ l {j)d,T — 1 we have C=1 and X = 1. The characteristic function, therefore, reduces to 

expt£(a’+ 0 J )/(l--t{) 

where 


1-if 


a— f a(t — T)Q(T)dT= f <x(t')Q(t — t')(It' =*p(t), 

/»* f /*W-r)G(r)rfT= f" /S(t'K>(<- r')dr' = </(/)• 
*'—00 J-M 


(5.33) 


Calling the signal after the detector s* = $*(/) we have 

s^(<) =/>*(<)+2*(<) = « 2 +/3 4 , 


and 


1 J 2~ir J_« . 






'*•~ exp( V+ifr 2 /( 1 -»£)) 




2tt J 1 —if 

for V>0 and zero otherwise. With w = 1 — if this becomes 

i r 0 ’ + 

P(V) = cxp(— V—s 2 )— I exp [_Vu+s 2 /u]du/u 

2iri J 

= exp( — F— s 2 )Jo(2isS\/V) for F>0 and 


(5.34) 


(5.35) 


(5.36) 


zero otherwise, where / 0 is the Bessel function of order 0. This result is in agreement with the earlier 
results. 


VL DIRECT DERIVATION FOR NOISE ALONE 

In order to give a direct derivation of the re¬ 
sults obtained in Section 4, we investigate the 
probability density of the function 

7(0- f T K(u)[x\t-u)+y\t-u)y,u (6.11)* 
Jo 

and let, at an appropriate instant, T approach 
infinity. For the sake of simplicity, we shall re¬ 
strict ^ourselves to the case K{u)> 0. We divide 
the interval r (0, T) into a large number n of 
equal subintervals and consider the expression 


-EC W-ud+y'it-ujtyCM; 

n i-i 

* J 1 J 

- - T<uj<-T. 

n n 


( 6 . 12 ) 


The characteristic function of the joint prob¬ 
ability density of 

Xi=5c(/ — «i), X 2 = x(t-U 2 ), •••, X n *=x(t-U n ) 

defined as the average 

^exp^i E (Ml- «;) 

is easily found to be 

ex p[~7 L PriUj-udS&kl (6.13) 
L 4 j,k~i J 

where the correlation coefficients pr for the finite 
interval T are defined as 


* For convenience, x and y are used in this section to 
denote the quantities formerly denoted by X and Y. 


and 


1 00 

p T (t) =— E A(Jk) cos2t fkt, (6.14) 

X —00 

.^(/)»B s (/)=|7*(/±/«)|. (6.15) 
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Thus the joint probability density of 

Xl$ Xg t *» Xn 

is given by the formula 
1 /•*/•* r » 


where 


Xexpj -- E Pr(Uj-u k )(,( k Jd(r • </£,. 


1 1 


exp \ - £ a f, (6.16) 


(y/w)WD ‘l i T ' ' 

where the matrix [a#] is the inverse of the cor¬ 
relation matrix [pr(wy— Uk)~\ iand the deter¬ 
minant of the correlation matrix. 

We next find the characteristic function of 

» i 

i.e., the average 

(exp K(u,)x l {t - uj) | ^ . 


We have 


(exp {~~ ^("')*’(* -«/) J ^ , 

i i /••/•• [tfr» 

= 7 - 7 — -77 I ■ I ex P — £ *(«>)*/ 
(v T ) •'-» •'-«* l # 1 


Xexpj -£ * -dx n . (6.21) 




(6.24) 


Let /ii (B) » Mi (n) . • • •» M» (n> be the eigenvalues of 
the matrix then changing the coordinates 

in the last integral to "principal axes” of the 
"ellipsoid” 

n 

Efttx/x k ' = 1 (6.25) 

1 

and noting that £*/ 2 remains invariant under 
the transformation, we get easily 

/ .l\ 


/exp — Z j:(My)x I (/-My)|\ 

' l n 1 J/*, 


* - / ifr\‘ 

1 1 V n / 


(6.26) 


Since K(jtj) >0 we can introduce the new 
variables 

> ( 6 . 22 ) 

Obtaining 

(expj-^- £ K(u,)x\t-u,) 

1 i 1 

w*yv new: 1 

i 

xf"...f%x P |^r«/4 

•/-* l n i 

Xexpj - £ 0jkx/xk ^dx\ • • (6.23) 


Since we have assumed that A(f) is an even 
function we can show without much difficulty 
that 

£ K(u j )x 2 (t — u j ) and £ K(u,)y 2 (t — u,) 

1 i 

are independent in the statistical sense of the 
word. Thus the characteristic function of 


- £ K(uj) {**(/-fO+y f (/_*i)} (6.27) 
n i * 


n » / i£T\ 

DHK{udn[n«"-—) 

i i \ »/ 

we now observe that the matrix is the in¬ 
verse of the matrix 

[(2f( W y))»pr(«,-«*)(is:(M*))*3 (6.28) 

and that the determinant of (6.28) is 

d n *(«,). 

i 

Denoting by Xi ( “\ X* (n) , • • •, X„ (n) , the eigen¬ 
values of matrix (6.28) we see that the p’s are 
the inverses of the X’s and that 

z?n^(Mi)=xi ( " ) -x 2 <»>...x»<»). 
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These facts imply that the characteristic func¬ 
tion of (6.27) is 




(6.29) 


for large |Z|. 6 However, it can be considerably 
simplified if one assumes that for some ?(0 < v < 1) 
the series 

00 

£ V 


It follows from Hilbert’s treatment of integral 
equations that the eigenvalues of matrix (6.28) 
when multiplied by T/n approach, as n ap¬ 
proaches infinity, the eigenvalues of the integral 
equation 

f r ZX(sWPT(s-0CK(0M0dt = X f(s), (6.31) 

Jo 

provided these eigenvalues are simple. Since the 
distributon of (6.27) approaches that of V{t) we 
deduce \hat the characteristic function of V(t) 
is given by the formula 

i/na-*v r u (6.32) 

where Xi (r \ X 2 (r \ •••, are the eigenvalues of 
the integral equation (6.31). For large T we can 
replace the integral equation (6.31) by 


converges. On the other hand it is easy to see 
that the exact probability density P(V) is the 
limit, as n approaches infinity, of P n ( V) where 


" exp(—F/X,) 

Pn(F) = £— ---; F>0. (6.36) 

'“‘x. frd-xy/M 

i 


i\»(F) = 0; F<0 since with the assumption 
K(u)> 0 negative eigenvalues cannot occur. In 
fact, the characteristic function corresponding 
to P n (V) which is seen to be 

* 1 
n i -tv 

approaches the characteristic function associated 
with P(V) thus P n (V) approaches P(V). 


VII. EXPLICIT SOLUTIONS IN SOME 
SPECIAL CASES 


f. 


'JO 


[K(s)y P (s-l)[K(t)]>fm = X/(*), (6.33) 


and the characteristic function of V(t ) by 

l/IL(t-iXyf), (6.34) 

wht re Xi, X 2 , X 3 , • • • are now the eigenvalues of 
the integral equation (6.34) which we again as¬ 
sume to be simple. The probability density P{ V) 
of V can now be expressed by means of the in¬ 
version formula 




e -m 


na -*x/€) 


dl (6.35) 


At the end of Section 4, the integration has been 
carried out by the method of residues. The justi¬ 
fication of the formal integration is not quite 
simple since one must investigate the behavior 
of the entire function 


♦W-IItt-fc/Z) 

i 


1. Single-Tuned I.F. with Simple Low Pass Video 

For the special case of a single tuned i-f 
amplifier with the video amplifier acting as a 
simple low pass filter the integral equation can 
be solved explicitly and the eigenvalues can be 
expressed in terms of roots of Bessel functions. 
For one special ratio of video band width to i-f 
band width it is even possible to obtain P(V) 
in closed form. For other ratios it is not too 
difficult to sum the series for P{V) numerically. 

The correlation function p(t) is in this case 


p(/)=<r ttUI 


which is equivalent to writing 


A(f)- 


Const. 

1 + (2t//o) 2# 


(7.11) 


(7.12) 


* We note that <t>(Z)**D(iZ) where D(jt) is the Fredholm 
Determinant of the above integral equation. It is note¬ 
worthy that this relationship between the characteristic 
function of P(V) and the Fredholm Determinant persists, 
even in the general case in which K(t) is not assumed 
positive (in which 02186 the simple product representation 
need not hold, since 2X need not converge). In the general 
case one must take the Fredholm Determinant of the 
kernel JC(/)p(5—f). 
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For the video we assume 


i.e., 


It can be shown quite easily^that 

*w-k°exp(-«::?o 0 <-> 


(7.25) 


C(f) = 


1 


l+hrif/p 


(7.14) 


and therefore, 


,2 oo 


The integral equation (6.33) now assumes the 
form 


P 

< 

Putting 


r f (*+ n f(t)dt = \f(s). (7.15) 

Jo 

^(t)=exp 0^/(0 (7.16) 


we have 

f exp(-«js-/|)ex|»(-/J/)^(0*“-V(O' (7-17) 

J() P 

This integral equation is solved by 6 

(7.18) 

and the eigenvalues are determined by 

/(i./»- 1 [2(2a//8X)*]-0. (7.19) 

Thus the eigenvalues of our integral equation 
are expressible in terms of roots of Bessel func¬ 
tions and are seen to be simple. It is interesting 
to note that if 2d/0 = § we can express P(V) in 
terms of one of the theta functions. In fact, if 
2a/0 = f, Eq. (7.19) assumes the form 


and since 


P(V)=- E (-l)‘+ l s*exp(-r*s*V/6). (7.26) 

3 4-1 

Introducing the theta-function notation 

0(q; 0) = l-2 q+2q*-2q»+ • • • (7.27) 

we have 

qO'(q;0)=-2Z (-l)^V (7.28) 

i-i 

and finally 

P( V) = expf ~ J d'(e'** vl6 \ 0). (7.29) 

For other values of the ratio a/0 we can cal¬ 
culate values of P( V) and plot the corresponding 
graphs. 

2. The Noise Power, Averaged over a 
Finite Time Interval 

In some problems it is of interest to know the 
distribution of the average 


f P{t)dt. 

T Jb 


(7.31) 


The derivation of Section 4 is clearly applicable 
to this case if we put 


J,[(6/X) l ] = 0 

(7.21) 

/2\*sini: 


/.(*)-(-) 

(7.22) 

\ir/ \/x 


6 1 


=-- (« = 1, 2, • • •) 

*■* n* 

(7.23) 


*(* 0 - 


1/r, 0<tt<7 
0 elsewhere. 


(7.32) 


we see that 


and formula (6.36) for V> 0 becomes 

' t 2 " s 2 exp( — ir 2 $ 2 F/6) 

• P{V)**—T\ -—-—. (7.24) 

ei mi-(*•//)) 

i 


The probability density is given by (4.46) re¬ 
placing V by M except that the X’s are now eigen¬ 
values of the integral equation 

- f r p(s-0/(0*®X/(s). (7.33) 

T Jo 

In the simple case 


pW=«~ 


SS 0 —Of I 1 I 


(7.34) 


• For the solution and discussion of the integral equation 
see M. L. Juncosa 14 An integral equation related to Bessel 
functions,’ 1 Duke Math. J. 12, 465-471 (1945). 


the eigenvalues can be shown to be given by 
the formula 

2 1 

ttt (*•“) 

g l+ym 2 
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where y m is the mth (positive) root of the equation 
tan gy= -2y/(l - y 2 ) (7.36) 

and g=*ciT. 

Vm. APPROXIMATIONS FOR P(V ) 

At the end of Section 5, it was shown that, for 
infinitely wide video, P(V ) becomes identical 
with the well-known probability density of the 
output voltage of a quadratic detector. We will 
derive now an approximation for the case that 
the video band width is very large compared 
with the i-f band width. 

It can be shown that*in this case one of the 
eigenvalues say Xi, tends to unity while all others 
approach zero. In order to obtain the dependence 
of the eigenvalues on the band width ratio we 
shall write 



1 // ,> 

A (/') = — a ( — 
B \B j 

) (8.11) 

and 

«/>-*('?) 

). (8.12) 

where 

/■ 0 



rH 

II 

& 

(8.13) 

and 

•'-CO 

(8.14) 

c(fo/b) = 1 


in conformity with our original normalization for 
A(f) and K{t). The limiting process is carried 
through for B/b = *— >0, while the functions a{v) 
and c{y) remain unchanged. In terms of A and C 
our integral equation becomes 

f (8-21) 

and traces 5* are, therefore, 

Si-1. 


oo 

Si = J J dvidvja(vi)a{v2) 


Xc(«[n!- v{] -fo/b)c{t[?\ - *j] -fo/b ), 

( 8 . 22 ) 

00 

5a =J J J dvidv2dv»a(vi)a(vi)a(vn) 

Xc(<[vj — »>i] — fo/b)c(t[yi — Ka] —fo/b) 
Xc(t[v3 — v t 2-f<s/b), 


etc. Expanding c(« '—fo/b) in a power series 
around fo/b we shall write 

c(tv—fo/b) = 1+Ci«»+(7j«V+ • • •. (8.23) 


Assuming that 


I a{v)v A dv 
J-x 


is finite we obtain the following approximations: 


where 


5j=l d-ae 4 +0(e 4 ), 


5s=l +3ae 2 /2+0(« 4 ), 

(8.24) 

5.=l+2a« 2 +0(« 4 ), 


= 2(2Cj —CV) f a{v)v 2 dv 
d-00 

(8.25) 


and essential use has been made of the fact that 
a{v)=a( — v). Noticing that 

X l J 5 s > 5. (8.26) 

(since 5„=LrV\ and Xi is by defintion the 
largest eigenvalue) we obtain 

X i 5 > 5./5a = 1 + «e s +0(e 4 ). (8.27) 


Therefore, £"X* S is of order t 4 or higher, and 
£"X* 4 is of order t 8 or higher. Now we notice 
that 


(5.) l = Xi-t-0(« 8 ) 

so that 

(8.28) 

Xi = 1 +ae*/2 f0(t 4 ). 

Making use of the expression 

(8.29) 

00 

F=EXA 

[of. Eqs. (4.42), (4.43)], we write 

(8.31) 

V= Vi+v 

with 

(8.32) 

Vi=l-Xt+XjZ, 

and 

(8.33) 

r-EX*(Z*-l). 

3 

(8.34) 


If Pi(l'i) is the probability density of Vi, 
given by 

Pi(Fi)=0 for F,<l-Xi (8.35) 

and 

Fi-(l-Xi) 

Pi(Ti)=Xr 1 exp-for Vj>( 1—Xi), 

Xi 


and w(v) is the probability density of v, we have 
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for P( V) the exact expression 

P{V)= C dvPAV-v)w{v) 

^ —00 


-£ 


V-l+\i 


dvP\( V—v)w(v). (8.36) 


Since the width of w(v) is of order « 2 we can use 
Pi{V) as the first approximation of P(V). To 
discuss the reliability of this appproximation we 
expand P{ V) in the form 

/.V-l+Xi 

I vdvw(v) 

—-Q0 | 


+*Pi"(V) f 

—00 

I /»V—1+Xi 

+ j1. 


V-I+Xi 


v 2 dvw(v) 
tMvw(p)Px"{V-i) (8.37) 


where, in the last term, 

0<£< \v\. 

For any fixed value of F>0, the integrals in^jhe 
first and second term can be replaced by fc = 0 
and with an error of order c 4 or 

smaller, because 


x 


F-(l-Xi) 


vdvw(v) 


■l 


x 


V-(l-Xi) 


h [F-(l-X,)] 3 
v*dvw(v) 


■w(v)dv = 0(^), (8.38) 


/•* V 4 

ir-d- 


w(v)dv = 0(f). 


o C^-d-Xx )] 2 

The last term in (8.37) can be shown to be of 
order « e or higher. Thus we have 

P( Pi( V)+*Pi"( F)<«%+0(0 (8.39) 

for any fixed V> 0. Substituting 

Xi-l+««V2+0(O 


and 




we see that for fixed V>0, Pi(F) is a good ap¬ 


proximation except for terms of order c 4 and 
higher. 

If, in addition, the existence of 



(8.41) 


is assumed the approximation can be improved 
by including the term 

*P|"(0<0» 

where 

<0*-S*-(Si) l +0(€ 12 ). (8.42) 

and Xi [which occurs in Pi( 7)] is calculated from 

Xi = (5 4 )*+0(6 8 ). (8.43) 

Substituting these values we obtain an approxi¬ 
mation for P{V) valid up to terms of order € 4 
inclusive. In the neighborhood of F=0, no ap¬ 
proximation which utilizes only the traces of a 
^limited number of iterated kernels, can be ex¬ 
pected to hold, since there—as can be seen from 
the general solution—the eigenvalues indi¬ 
vidually determine the shape. 

The considerations of this section cannot be 
expected to be applicable to the case treated 
exactly in Section 7 since there not even 



exists. In that case one sees directly that the 
eigenvalues are such that 


Xi-l-0(«) f £ X* 2 = 0(€ 2 ). 

2 

In order to be able to obtain a general approxi¬ 
mation for wide videos one must demand that 
the i-f spectrum falls off sufficiently rapidly at 
infinity. 

In the opposite limit, b/B— K), similar con¬ 
siderations show that P(V) becomes Gaussian 
with mean (F)* = l and spread proportional to 
{b/B)'. 


IX. APPLICATION TO A DISCRETE CASE 

For some applications of noise theory it is 
desirable to have the characteristic function 

exp (ihUklS -*(&•••« (9.11) 

\ Jk-l f ht 
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of the joint probability of n successive values 
Ih ^ 2 * * *t /»; /****(/*)+y*(fc) of the detector 
output, from which the averages of products 
(II*J* m *)* (w* integer) can be derived. 0(f r • .£ n ) 
can be obtained by carrying through the idea of 
transformation to principal axes for the discrete 
case, that is, by a slight modification of Section 
6. However, we shall derive tf>(£r • •£») from the 
results of Section 4*s ; ncc this seems the quicker 
way. 

We simply chose for K(t) the function 
1 n 

K(t)=~i:s k 6(t-t k ) (9.12) 

£ i 


To obtain 0, it is not necessary actually to de¬ 
termine the eigenvalues since the product 
11/(1 —iAj) can be expressed in terms of the de¬ 
terminant det | £*pfcm+&*m| as follows: 

We note that 

n 

II(iw —iAj) is a polynomial in u which has zeros 

i 

at u = Aj and starts with i n u n . The determinant 
det | — u8km | is a polynomial in w, which has 

the same roots and starts with ( — ) n u n . We there¬ 
fore have 

n 

n(iw— i\j) =i~* n det | tkPkm — u8km\ (9.17) 
1 


where £=*£i £* for the sake of normalization, 
and the time variable t is chosen in such a way 
that al! 4<0. For this choice of K(t) wc have 

CK{i)lx\t)+yHt)^dt^ il-klk (9.13) 
Jo £ i 


and, provided that the Ik are normalized so that 
</fr>Av == 1, we have 




11/(1 i\/£) 


(9.14) 


The integral equation, whose eigenvalues are X, 
degenerates in this case into a system of linear 
equations for n discrete variables /(/*) =/*: 


where 

with 


1 n 

~ Xrf £kPkmfk ~ 
£ *-l 


pkm — pipk tm) 


A = £X. 


We write these equations as 


(9.15) 


and, specially, for u- — i 

n 

II(1 ~~iAj) =r* n det | £*p*m-H$*m| . 7 

i 

The characteristic function is thus obtained as 




i n 

det | (kpkm+i&kml 


(9.18) 


While it has not been possible to evaluate the 
joint probability 


(9.19) 


explicitly (except for n = l and n = 2, in which 
cases they are well known) one can obtain aver¬ 
ages of the form 

<ILfor integer values of w*, 

by expanding both sides of (9.18) in power series 
in the variables £*• and by comparing coefficients. 


n 

£ Zkpkmfk = A/ m . 

A*«=l 


. 7 For the general kernel a corresponding relation can be 

(9.16) derived between the above product and the Fredholm 
determinant of the kernel. 
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Heating and Cooling of Bolometer Elements 

J. N. Shive 

Bell Telephone Laboratories , Inc. t Murray Hill , New Jersey 
(Received January 20, 1947) 

The analogy between thermal and electrical networks is used to obtain solutions to problems 
relating to the heating and cooling of air-backed and solid-backed bolometer elements exposed 
to radiation of periodically fluctuating intensity. From the equations derived, thermal response- 
frequency characteristics are computed for “typical” bolometer elements. Features of these 
characteristics are discussed, and the physical influences of the various thermal properties of the 
bolometer material and of the backing material are pointed out. 


INTRODUCTION 

N some of the present-day applications of radi¬ 
ation bolometry the heat-sensitive receiver 
element is placed in series with another resist¬ 
ance, and a d.c. biasing voltage is applied across 
this series. The radiation incident upon the 
element is mechanically interrupted, as by a 
rotating sector disk, so that the element alter¬ 
nately heats and cools. Under these conditions 
an a.c. voltage is generated across the element, 
which, when amplified and measured, serves as 
an indication of the intensity of the incdfhing 
radiation. 

The amplitude of the a.c. signal thus generated 
is approximately proportional' to the biasing 
voltage across the receiver element. This, in 
turn, is limited by the rate at which the element 
can dissipate the Joule heat produced by the 
bias. If the element is placed in thermal contact 
with a solid backing through which this heat 
can be more rapidly dissipated, the bias voltage 
can be increased. The amplitude of the tempera¬ 
ture fluctuation of the element due to the 
absorption of a given chopped radiation signal 
is reduced by the presence of such a backing, 
but this reduction, for certain ranges of chopping 
frequency, can be more than compensated for by 
the use of the higher biasing voltage made 
possible by the backing. In addition, the use of 
a backing brings about a faster approach to 
temperature equilibrium at each interruption of 
the reflation beam, so that the time constant 
of the element is correspondingly reduced, a con¬ 
sideration of importance, for example, in the 
rapid scanning of an infra-red spectrum. 

There are a number of questions in connection 
with the backing of bolometer elements for which 


both experimental and theoretical answers have 
been sought. It is of importance to know, for 
example, what thermal properties and what 
geometry the backing should have in order to 
secure maximum dissipation of the bias heating 
with minimum reduction of the amplitude of 
the temperature fluctuations of the element. It is 
equally important to know the effect of such a 
backing on the frequency dependence of the 
element. 

It is the purpose of this paper to demonstrate 
a method for obtaining answers to such questions 
by applying the mathematics of electrical net¬ 
work theory. The electrical analogy has long been 
useful in the solution of problems in mechanics 
and acoustics, and some applications have already 
been made in the field of heat flow. 1- VAnalytical 
expressions governing the behavior of bolometers 


STRIP BACKING 
p.KpXc; HOLDER 



Fig. 1. Physical arrangement of bolometer strip, 
backing, and holder. 


1 V. Paschlds and M. P. Heisler, J. App. Phys. 17, 246 
(1946). 

* C. D. McCann and H. E. Criner, Machine Design 17, 
137 (1945). 

* V. Paschkisand H. D. Baker, Trans. A.S.M.E. 64, 105 
(1942). 

4 M. Avrami and V. Paschkis, Trans. A.I.C.E. 38, 631 
(1942). 
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STRIP Q.R. BACKING 



Fig. 2. Electrical analog of the bolometer 
assembly of Fig. 1. 

will be developed from this analogy, and these 
will be employed in presenting graphical illustra¬ 
tions of the temperature fluctuation of the 
element in its dependence on the thermal proper¬ 
ties of the bolometer and the backing, and on 
the chopping frequency. 

General Equations for Backed Bolometers 

Consider a thin strip of temperature-sensitive 
bolometer material of 1 sq. cm area and Ax 
thickness. Consider this strip to be fastened to a 
solid slab of backing material, also of 1 sq. cm 
area, and extending in thickness from x = Ax to 
x~L. At x — L let the backing slab be fastened 
in turn to some kind of holder or housing. This 
physical arrangement is sketched in Fig. 1. 

Let the exposed front surface of the bolometer 
strip absorb an incident radiation signal of 

Uoil+t’"')* (1) 

watts, where Uo is half the radiant power per 
unit area in the unchopped beam, a? is 2tt times 
the chopping frequency, and t is the time. Let 
heat be dissipated by reradiation and convection 
from the front face of the strip, according to 
Newton’s law of cooling, at a rate of viT^o-T ,) 
watts, where <r is the dissipation constant of the 
front face in watts per sq. cm per degree, T x - o is 
the instantaneous temperature of the front face, 
and T» is the ambient temperature. Similarly let 
heat be lost from the rear surface of the backing 
slab to the holder at a rate cr f {Tz-L“-T M ) watts, 
where <r' is the backing-to-holder dissipation 
constant (here considered to be thermally non¬ 
reactive) and is the instantaneous tempera¬ 
ture of the rear face of the backing. These various 
heat flows *are indicated in Fig. 1. Consider the 

* In (1) there is considered, for simplicity’s sake, only 
the fundamental component of the multiply-harmomc 
radiant power input obtained by the usual mechanical 
chopping of the incident beam. 


lateral surfaces of the bolometer and backing to 
be thermally insulated so that heat can flow 
only in the x coordinate. 

Let k and k f be the thermal conductivities of 
the bolometer material and backing material, 
respectively, in watts per sq. cm per degree per 
cm, p and p' the respective densities in g per cc, 
and C v and C7 the respective specific heats in 
Joules per g degree. Then the respective thermal 
diffusivities K and X' are constants given by 

K » k/pCv and K' = Jfe'/p'C/. 

The electrical analog of the backed bolometer 
strip is a short transmission line (Fig. 2) having 
distributed series resistance Ro and shunt capacity. 
Co per unit length, looking into a longer trans¬ 
mission line representing the backing and having 
distributed series resistance Ro f and shunt ca¬ 
pacity Co per unit length. The front-surface 
dissipation of the bolometer strip corresponds to 
a conductance Go hung across the input end of 
the short line, while the backing-to-holder dissi¬ 
pation corresponds to a conductance Gl termi¬ 
nating the long line. The following table of 
equivalents may be found useful in visualizing 
the correspondence of analogous thermal and 
electrical entities (Table I). 

The problem is now that of finding the input 
voltage amplitude Vo|*-o as a function of fre¬ 
quency when a current 

*o(l+*' w 0 

is fed into the network. The a.c. solution of this 
network may be obtained by considering the 
problem as that of a short line of input impedance 
Z (taken just inside the input dissipation con¬ 
ductance) and terminated at x — Ax by the input 


Table I. 


Entity Thermal 

Electrical 

Input flow, a.c. part 

Input amplitude 

Series resistance per unit length 

To|*-o 

1 

k 

A*'"* 

K 0 U -0 

bolometer 

R • 

backing 

1 

k ' 


Shunt capacity per unit length 
bolometer 
backing 

Front-surface dissipation 
Backing-to-holder dissipation 

pC, 
p'Cv 

r*) 

<r'(T.- L -T,) 

Co 

a , 

G.K,-. 
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impedance Z' of the long line, which in turn is terminated at x=L by the dissipation Gl. Thus, 
the solution is 


Vo \ x-o^io/ (Go+1 /Z) 


where*Z is given 5 by 


Z = Z 0 


Zo sinhyAx+Z' coshyAx 

j i 

Zo coslvyAx+Z' sinhyAx 


and where, in turn, Z' is given by 


.1 


Z'=Z r '- 


Zo' sinhy'(L —Ax) H -coshy(L—Ax) 

G l 


1 

Zo' coslry^L —Ax)H-sinlvy^L —Ax) 

G l 


( 2 ) 


In these equations Z 0 and y are the characteristic impedance and propagation constant, respectively, 
of the short line representing the bolometer strip, and Z 0 ' and 7 ' are the corresponding constants for 
the long line representing the backing. For series-resistance shunt-capacity lines these quantities 
have the values: 


Zo = (i?o/jCoa>)* ' 

^==(j/?oCow ) 4 

Zo' = (Ro/jCo'o))* ’ U 

- 

With the quantities (3) replaced into (2), and with the corresponding thermal equivalents sub¬ 
stituted into the resulting expressions, the amplitude of the temperature fluctuation at the front 
surface of the bolometer strip becomes 


where 


and where 


7"o | z-o = EV(*+l/Zth). 

1 /K\i 


Zth’ 


i/a\* /joy /joy 

-( — I sinhl — I Ax+Z th coshl — ) Ax 

l/K\*k\jo / \K/ \KJ 

k\jo/ i/Ky / joy /i w \* 

~y~ ) cosh^— 


Z' 


th = 


1 /zrv / jw\* 1 / joy 

—( — ) sinhl —I (Z, —A*)-|—coshl — I (L—Ax) 

1 /K' \» k\ jj \K'/ _ 1x7 

k\jo) 1 /K'y / joy 1 /j*>V 

?(x) “"■(f) (i ~H 


(4) 


•A derivation of this expression for the input impedance of a distributed-constant line terminated by another 
impedance can be found, for instance, in Slater’s Microwave Transmission, Chap. I. 
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The subscript th indicates that the impedances 
designated are thermal impedances. 

Application to Air-Backed Bolometers 

The above equations can equally well be 
applied to air-backed bolometers. For an air- 


backed element the only heat loss is by air 
dissipation at the front and rear surfaces. The 
thermal impedance of the backing in this case is 
replaced by the appropriate air-dissipation factor, 
so that Z'th in (4) becomes simply Z' th =«l/<r. 
With this substitution the first two equations of 
(4) combine to give 


To | 


Ua 


*=»Q — 



i/x\‘ 1 . 

-( — I coshl — 1 Ax~{ — sinh 
n\ju>/ \K/ <r 


1 /K\* 1 

~( — I sinhl — I Ax-\ — cosh 
k\jw/ \K / a 



1 

Ax 


t 

Ax 


(5) 


Two approximations to (5) can be made, each 
being valid over a particular range of parameters, 
which simplify the task of interpreting physically 
the results obtained from (5). For small argu¬ 
ments the sinh is nearly equal to the argument 
and the cosh is nearly equal to unity. Thus, for 


strip made of thermistor material* and having: 

Ax = 0.0018 cm 
& = 0.01 watt/cm deg. 
p = 5 g/cc 

C„ = 0.75 joule/g deg. 

* (r = 0.005 watt/sq. cm deg. 


Eq. (5) becomes 

T o |x-0— 


\UWKyAx\^(U 
Uo(o Ax+k) 


a {a Ax2k) -f* 


jk 2 u) Ax 


K 


This curve is composed of the following three 
distinct regions, each being characteristic of a 
particular frequency range. 

( 5 a) I. A frequency-independent region for very 
low frequencies in which, physically, the tem¬ 
perature of the entire flake is always in equi¬ 
librium with the incident radiation. From Eq. 


For large arguments the sinh and cosh are 
nearly equal. Hence, if 


Eq. (5) becomes 
» 

To I i-o : 


|(j«/K)‘A*|S1.8 
Uo 


a+kUWK )‘ 


(5b) 


Equations (5), (5a), and (5b) can be used to 
calculate theoretical response-frequency curves 
for various bolometers. By thermal response is 
meant the .ratio T 0 \ x -o/U 0 of the amplitude of 
the front-face temperature fluctuation to the 
amplitude of the incoming chopped radiation 
signal. Such a response-frequency curve is given 
by the solid curve of Fig. 3 for a typical bolometer 
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Fig. 3. Response-frequency characteristic for 
air-backen bolometer. 


* Thermistor material is a mixture of certain semi¬ 
conductor oxides. It has a large negative temperature 
coefficient of resistance. 
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(5a), appropriate to this region, it is apparent 
that the temperature fluctuations of the strip 
are in phase with the fluctuations of the incoming 
radiation. 

II. An intermediate region in which the re¬ 
sponse is inversely proportional to the frequency. 
Here the strip temperature is no longer in 
equilibrium with the incoming radiation, and the 
phase of the former lags that of the latter by a 
quarter cycle. As will be shown below, the 
instantaneous temperature of the whole strip is 
effectively equal to that of the front surface over 
the entire frequency region for which this rela¬ 
tionship holds. The thermal time constant of the 
strip is the reciprocal of the 1 frequency at which 
the transition from region I to region 11 occurs. 

III. A high frequency region in which the 
response obeys a l/\/w relationship, as given 
by (Sb). Here the phase of the front-face tem¬ 
perature lags that of the incoming radiation by 
an eighth cycle. 

The physical meaning of the transition from 
region II to region III can be understood fronr a 
consideration of the speed v and wave-length X 
with which waves of temperature traverse the 
thickness of the strip in consequence of the 
periodic heating and cooling of the front face. 

The propagation constant y of the electrical 
line representing the bolometer, as given by 
Eq. (3) is: y — (JRoCaw)K The imaginary part 
of this quantity, called the phase constant 0, is: 
fi — (RoCoa)/2)i. And the velocity v of electrical 
waves along this network is given by r = 

= (2w/i?oCo) i . The thermal analog of this 
velocity expression is Vtherm = (22iLw)*, while the 
wave-length X of the temperature waves is 

2 TV 

X =--2r(2 #/«)*.* (6) 

Comparing (6) with the condition in (5b) for 
which the transition from region II to region III 
becomes practically complete, it is evident that 
Xiii 54A*. Thus, the transition corresponds, with 
increasing frequency, to the physical situation 
in which the temperature waves have become so 
short that their wave-length is comparable to 

•These expressions for wave-length and velocity of 
propagation of temperature waves in a semi-in finite 
medium were derived (otherwise) and used by Kelvin in 
his studies of the penetration of diurnal and annual waves 
of temperature into the earth. 


the thickness of the strip, and the strip is no 
longer at the same instantaneous temperature 
throughout its entire thickness. Hence for chop¬ 
ping frequencies lying in region III various 
layers within the bolometer strip have tempera¬ 
tures different from r|*-o* and the electrical 
output response of the bolometer bridge is no 
longer determined by r 0 |*-o, but rather by the 
average throughout tHe thickness of the strip 
of the local temperature fluctuation amplitude, 
with due regard for phase. It can be shown* 
that this electrical response continues to decrease 
like l/u> with increasing frequency, even though 
the front-face temperature fluctuation amplitude 
falls off like l/\/w. It appears from these con¬ 
siderations that for chopping frequencies in 
regions I and II this solution could equally well 
have been obtained from a lumped-constant 
analogy as from a transmission line analogy. 

In Fig. 3 are plotted two dashed curves show¬ 
ing how the response-frequency characteristic is 
altered if a change is made in the thickness of 
the strip or in the value of the dissipation con¬ 
stant. The dashed curve characteristic of the 
5-times-greater dissipation constant becomes 
identical with the solid curve for wS30. It can 
be seen from this illustration that if, by backing 
or otherwise, the dissipation from the element 
can be increased, an advantage will be gained in 
the operation of the bolometer. For, with this 
5-fold greater dissipation a \/5-fold greater d.c. 
bias can be placed across the bolometer bridge, 
and for wS;30 a \/5-fold increase in the electrical 
signal to the amplifier will be obtained for a 
given radiation signal. Furthermore, the time 
constant has been decreased to l/\/5 of its 
former value. 

Unfortunately, there is no solid backing ma¬ 
terial whose dissipation is entirely conductive, 
and some thermal reactance due to the volume 
heat capacity of the material is inescapable. The 
effect of this reactance, as will be shown in the 
next section, is to modify the advantage gained 
by the use of a solid backing. 

Application to Solid-Backed Bolometers 

As an example of the kind of response-fre¬ 
quency curve to be expected for a solid-backed 

• The author is particularly indebted to W. H. Brattain 
for helpful discussion of this subject. 
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bolometer there is shown in the solid curve of 
Fig. 4 the characteristic of the same strip 
bolometer as was used in the calculations for 
Fig. 3, but now fastened intimately to a rocksalt 
backing having the following dimensions and 
properties. 

L = 0.1 cm: arca = l sq. cm 

V = 0.07 watt/cm degree 
p'CV = 2 joules/cm 3 degree 

<r' = 0.1 watt/cm 2 degree. 

In the same'figure appear a number of dashed 
curves showing the effects produced by varying, 
one or two at a time, some of the parameters of 
the backing. The caption adjacent to each 
dashe^ curve explains which parameter has been 
changed, and by how much. All of these curves 
have been computed from (4), using, wherever 
appropriate, the type of simplifications indicated 
in (5a) and (5b). 

These curves exhibit features which are capable 
of simple physical explanation. The peculiar 
shape of the solid-line characteristic A is caused 
by the effect of the thermal reactance associated 
with the volume heat capacity of the backing. 
If this reactance could be eliminated, as for 
curve B which, to illustrate an extreme case, 
has been computed for p'CV = 0, the character¬ 
istic would resemble that of an air-backed unit 
with unachievably high surface dissipation. This 
circumstance is of importance in the practical 
selection of a backing material. It can be con¬ 
cluded generally that for backings having low 
p'CV the response can be expected to remain 
frequency-independent out to higher chopping 
frequencies than for backings having comparable 
k f but higher p'CV. 

. Curve C, which has been computed for the 
extreme case fe'==0, appears to coincide exactly 
with the solid curve of Fig. 3 except in the 
frequency-independent region, here the limiting 
response is twice that of the air-backed unit. 
With jfe' = 0, the rear surface of the bolometer 
strip is thermally insulated, so that it now has 
only half the total dissipation of the air-backed 
unit. Of course, such a low-conductivity backing 
would be of no practical value in dissipating the 
bias heat of the element. 

In curve D } to illustrate still another extreme 
case, the backing has been given an infinite 



Fig. 4. Response-frequency characteristic for 
rock salt-backed bolometer. 


thermal conductivity. This is equivalent to 
placing the entire thermal capacity of the back¬ 
ing directly in contact with the rear surface of the 
bolometer strip. This unbuffered reactance brings 
about the rapid decrease in response in the 
range from « = 10 to w = 100 and results in the 
nearly frequency-independent response in the 
range from a> = 500 to 10,000. In the latter 
range the frequency is so high that the heat 
capacity of the backing presents practically a 
“short-circuiting” reactance to the rear surface 
of the bolometer strip. Thus, while the tempera¬ 
ture at the front surface of the strip is being 
driven by the fluctuation of the incoming radia¬ 
tion, the temperature of the rear surface is being 
held nearly constant by this reactance. And, 
while the whole strip is at the same phase 
throughout, it is not at the same temperature 
throughout. This state of affairs does not change 
much with increasing frequency until so high a 
frequency is reached that the wave-length of the 
thermal waves in the strip becomes shorter than 
the thickness of the strip. Then, of course, the 
front-surface temperature of the strip becomes 
independent of the nature and properties Qf the 
backing. 

It is to be noted that in the solid curve A 
there appears some tendency toward a levclling- 
off in the neighborhood of «~100. The reason is 
as explained in the last paragraph, except that 
here the full short-circuiting effect of the backing 
reactance is buffered by the distributed thermal 
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resistance of the backing, and the levelling-off is 
not as pronounced. 

Curve E shows the modification in the re¬ 
sponse-frequency curve brought about by making 
the backing five times thicker than for the 
solid curve A. Increasing the thickness of the 
backing increases the heat capacity, and the 
parallel reactance of this extra capacity makes 
itself felt at a lower chopping frequency than 
for curve A . Curve E tends toward a higher low 
frequency limiting response than curve A be¬ 
cause of the decrease in dissipation, brought 
about by the increased thermal resistance of the 
thicker backing. „ 

Finally, curve F shows the effect of making 
the backing-to-holder dissipation ten times larger 
than for curve A. This increased dissipation 
lowers the low frequency limiting response and 
makes it necessary to go to higher chopping 
frequencies before coming to the fall-off due to 
the heat capacity of the backing. 

It is often stated that an ideal backing material 
is one having a large value of the diffusivity K '. 
In making such a statement a distinction t»ust 
be made whether the diffusivity is desired to be 
large by virtue of a large thermal conductivity 
k' or by virtue of a small volume heat capacity 
p'C/. A comparison of curves B and D shows 
why this distinction is necessary. In a bolometer 
assembly of such geometry and thermal proper¬ 
ties as are considered here the highest permissible 
d.c. bias across the bolometer strip is deter¬ 
mined chiefly by the backing-to-holder dissipa¬ 
tion rather than by the thermal conductivity of 
the backing. As long as the latter is large enough 
(as it is for rocksalt) so that the backing offers a 
comparatively small thermal resistance between 
the element and the holder, there is little virtue 
in having V still higher, as, for example, for 
quartz. However, any decrease in the value of 
p'Gv improves the response in the frequency 
region from w~l to w^lOOO and also decreases 
the time constant, both without affecting the 
permifsible d.c. bias. 

DISCUSSION 

In the interest of simplifying the development 
of this presentation a number of short cuts and 
omissions have been employed which would have 

404 t 


to be taken into account in the application of 
the method here outlined to any physical problem 
where accuracy of theoretical prediction is de¬ 
sired. There will be pointed out, in the next few 
paragraphs, the nature of some of these simplifi¬ 
cations, their consequences, and, so far as pos¬ 
sible, their specific remedies. 

All the equations appearing in this paper were 
derived on the assumption of a single sinusoidal 
amplitude fluctuation of input radiant power. If 
the fluctuation is obtained with a sector disk 
producing a nearly square-wave iriput of radiant 
power, a more satisfactory solution would be 
obtained by solving the appropriate equation for 
the fundamental chopping frequency and two or 
three of its harmonics as well, assigning to each 
harmpnic solution a weight corresponding to the 
Fourier coefficient of the particular harmonic in 
the square-wave expansion, and summing over 
the expansion. 

While backed bolometers can be made for 
which the thermal contact between the element 
and its backing is intimate, it is usually necessary 
in practice to fasten the two together with a 
thin layer of cement whose thermal properties 
may contribute to the behavior of the whole. 
The backed bolometers discussed in connection 
with the curves of Fig. 4 have been idealized to 
the extent of neglecting this layer and its effects. 
A paper is now in preparation by W. van 
Roosbroeck in which some of these details are 
treated. Van Roosbroeck’s treatment will also 
include a consideration of cases in which the 
incoming radiation, instead of being absorbed, 
as here assumed, at the front surface of the 
bolometer strip, is absorbed throughout the 
thickness of the strip. 

In usual practice a backed bolometer is made 
of a narrow strip of sensitive material cemented 
to a backing slab much larger in area than the 
strip. Hence the physical problem is not one 
dimensional except in a small volume of the 
backing immediately adjacent to the strip. At 
larger distances away from the strip in the 
backing the heat flows along nearly radial lines 
and the isothermals are nearly semi-cylinders 
coaxial with the center line of the strip. The 
analogous electrical problem is one in which the 
series conductance and parallel capacitance of 
the transmission line representing the backing 
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increase nearly linearly with distance along the 
line. Except for special cases exact solutions for 
varying-parameter lines are not easily obtainable. 
However, approximate electrical analogs can be 
set up which are capable of solution. Such 
approximations, over certain frequency ranges 
are assisted by the fact that temperature waves 
in a semi-infinite solid are attenuated in ampli¬ 
tude by a factor *r' lx per wave-length. Hence, 
for higher frequencies the temperature waves, 
which become shorter in wave-length with in¬ 
creasing frequency, do not penetrate far enough 
into the backing to get into the region where 
the fanning-out of the heat flow lines occurs, 
and the constant-parameter solutions already 
derived can be used as good approximations. 

In deriving the equation for the solid-backed 


element the assumption was made that the 
holder presented a non-reactive dissipation tb 
the rear surface of the backing slab. This assump¬ 
tion could lead to error only in frequency region / 
where the chopping rate is so low that the tem¬ 
perature waves penetrate clear through the 
backing. For higher frequencies the exact nature 
of the holder’s impedance would not be of any 
consequence. 
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The Speed of Propagation of Brittle Cracks in Steel 

G. Hudson* and M. Gkkrnpield** 

David Taylor Model Basin , USN, Washington, D. C. 

(Received September 30, 1946) 

Brittle failure was produced in notched steel tensile specimens. The speed of propagation of 
the brittle crack was measured and found to be approximately 40,400 in./sec. 


T HERE have been recent reports of the 
brittle failure of steel plate used in a variety 
of engineering structures. This rupture occurred 
when the steel was subjected to certain severe 
conditions. In the main these brittle failures may 
be characterized by the following: 

(1) A crack is propagated with extreme rapidity through 
the steel plate, 

(2) The surface of rupture created by this crack is 
orthogonal to the plane of the plate, 

(3) This rupture surface shows a characteristic “herring¬ 
bone” pattern, 

(4) There exist small permanent strains, often of less 
than 2 percent, in the neighborhood of the fractured 
surface. It was thought that a study of the speed of 
propagation of brittle cracks in steel might contribute to an 
understanding of the mechanisms of these phenomena. 

A preliminary note on the beginning of this 

study has been given in an earlier paper. 1 This 

- _ % 

* Now at New York University, New York City, New 
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** Now at North American Aviation, Los Angeles, 
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1 M. Greenfield and G. Hudson, Proc. Nat. Acad. 31, 
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work was subsequently extended with a more 
refined technique, to include more variation in 
the path length over which the average velocity 
of the crack was measured, and a variation in the 
distance of this path from the point of initiation 
of the crack. In the present paper, in addition to 
reporting the later results which agree with the 
previous ones within the limit of experimental 
error, more details are given of the technique 
used. 

It has been found possible to produce brittle 
failure in a steel tensile specimen at room tem¬ 
peratures in a controlled experiment of the 
following type. The specimens consisted of rect¬ 
angular plates of a plain carbon structural steel 
(also known as medium steel) with a carbon 
content not exceeding 0.31. This steel had a 
minimum average ultimate strength of 60,000 
lb./in. 2 , and a minimum average yield strength of 
34,000 lb./in. 2 . This steel had not been heat 
treated. The specimens were approximately 2 
feet long, 5 J inches wide, and 1 inch thick. To fix 
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Fig. 1 . Schematic diagram showing the positions of 
one-mil Nichrome break wires 1, 2, and 3 on the tensile 
specimen. 


the point of initiation of the failure, a notch 
consisting of a milling saw cut of the order of ^ 
inch in width and } inch deep was machined into 
one edge of the specimen midway betwej^n its 
ends. See Fig. 1. 

The specimen was placed in the grips of a 
tensile machinef and pulled to t failure. A brittle 
crack initiated at the milling cut, as indicated by 
Fig. 1, was propagated across the specimen, at 
right angles to the edge. 

An attempt was made to photograph the crack 
as it spread through the plate. The camera used 
was a Fastax Western Electric, operating at 
about 3000 frames per second. Even this speed 
was insufficient to catch the phenomenon, as the 
crack invariably spread across the specimen be¬ 
tween two successive frames. It was possible, 
however, to infer by this method a lower limit of 
the order of 5000 in./sec. for the velocity. 

The following method using electronic recording 
was finally adopted for determining the speed of 
propagation of the crack in these specimens. The 
specimens were first prepared by heating them to 
a temperature sufficient to melt but not boil a 

t These specimens were actually tested in two different 
types of machines: one is a Baldwin Southwark hydraulic 
type with a 600,000 lb. capacity located at the David 
Taylor Model Basin, USN, Washington, D. C., and the 
other, an Olsen screw type with a 600,000 lb. capacity, 
located at the National Bureau of Standards, Washing¬ 
ton, D. C. 



Fig. 2. A typical record obtained from the breaking of a 
tensile specimen like that shown in Fig. 1. The numbers 
1. 2, and 3 designate the positions of the electron beam at 
tne instants of breaking of wires 1, 2, and 3, respectively. 

layer of medium de Khotinsky cement. This 
cement was spread smoothly on the surface of the 
metal in the region through which the crack was 
to be propagated. While the de Khotinsky was 
still fluid, several lengths of one-mil Nichrome 
wire were embedded in the cement, as shown 
schematically in Fig. 1. These wires were arranged 
to be approximately parallel, about one inch 
apart, and perpendicular to the expected path of 
the crack. The de Khotinsky thus served not only 
to cement the wire firmly to the tensile specimen, 

Table I. Speed of propagation of brittle crack. 


Testing 

machine 

Specimen 

number 

Wire 

numbers 

Distance 

inches 

Average velocity 
inches/second 

TMB 

E-l 

2-3 

2.23 

42,700 

TMB 

E-3 

2-3 

4.41 

37,900 

NBS 

F-3 

2-3 

1.01 

36,500 


F-3 

3-4 

0.98 

43,000 


F-3 

4-5 

0.96 

39,500 


F-3 

5-6 

0.96 

41,200 

NBS 

G-2 

3-4 

0.96 

42,400 


G-2 

4-6 

1.99 

41,600 

NBS 

G*3 

2-4 

1.97 

44,200 


G-3 

4-5 

0.96 

37,400 


G-3 

5-6 

0.98 

43,700 

NBS 

G-5 

3-4 

1.00 

41,200 


C-S 

4-5 

0.99 

33,000 


C-5 

5-6 

0.98 

41,000 

Average 

of above velocities® 

40,400±2500 in./sec. 
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but also insulated the wire from the specimen. 
The ends of the wires which protruded from the 
cement were insulated from the specimen by 
strips of paper stuck to the specimen partly by 
the de Khotinsky cement and partly by Scotch 
Tape. After cooling the specimen, the ends of the 
wires were then soldered to binding posts on 
Bakelite strips. These were held by rubber bands 
to the specimen about two inches on either side 
of the path of the crack. 

When a crack is propagated from the base of 
the saw cut, it breaks the fine wires in succession. 
The breaking of the first wire is used to start a 
single horizontal sweep of the electron beam on 
the screen of a cathode-ray oscillograph. Each of 
the succeeding wires, on breaking, introduces a 
voltage tflep on the vertical deflection plates by 
means of a simple voltage divider arrangement. 
The resulting staircase-like record may be photo¬ 
graphed, e.g., see Fig. 2. The rounding off of the 
successive steps is caused by the impedance? of the 
circuit used. A calibration wave? for timing is 
provided by a standard oscillator. See Fig. 2. 

'file average velocity of the crack between any 
two successive wires is calculated by dividing the 


measured distance between them by the corre¬ 
sponding time interval measured from the 
oscillograph record. 

Table I gives the final results. Column 1 states 
where the specimen was tested, i.e., either at the 
Taylor Model Basin or at the National Bureau of 
Standards. Column 2 is the specimen number. 
Columns 3 and 4 give, respectively, the numbers 
of the 1-mil Nichrome wires between which the 
speed was measured, and the distance between 
those wires. For example, Specimen F-3 had six 
(6) 1-mil Nichrome wires cemented to it. The 
breaking of the first wire started the single sweep 
across the c.r.o. screen. Then there were signal 
wires 2 through 6 spaced as indicated in column 4. 
Column 5 gives the average velocity for the 
corresponding distance listed in column 4. 

The average of all the velocities listed in 
column 5 is 40,400 in./sec. with a mean absolute 
deviation of 2500 in./sec. 

It is intended to continue this work to learn 
whether there is a significant variation of the 
velocity of the brittle crack with the thickness 
of the steel plate, its temperature, and its 
composition. 


Use of the Broadcast Band in Geologic Mapping* 

Larkin Kerwin** 

Massachusetts Institute of Technology , Cambridge , Massachusetts 
(Received December 4, 1946) 


A review of the literature indicates that a method of geologic mapping by means of observing 
the effect of geologic anomalies on electromagnetic field intensity should be practical. Field 
equipment is designed and assembled for that purpose and proves accurate and simple to use. 
Preliminary investigations with it successfully locate several anomalies. 


INTRODUCTION 

HE practicability of using high frequency 
electromagnetic waves in sub-surface geo¬ 
logic investigation is generally viewed as dubious. 
Joyce’s theoretical conclusions from Maxwell’s 

* This paper is based on a portion of a thesis entitled 
“The Development of Field Equipment Suitable for 
Measuring the Significant Properties of the Earth and 
Their Effect on Electromagnetic Wave Propagation, ’ 
submitted for credits towards the degree of Master of 
Science at M.I.T. Financial support for the work was 
provided through a grant from The Geological Society of 
America, which is hereby gratefully acknowledged. 

** Now with the Department of Physics, Laval Uni¬ 
versity, Quebec. 


work 1 promise great attenuation under the as¬ 
sumed conditions. Eve, 2 Terman, 3 and Ollendorf 
support these considerations. However King 
predicted less attenuation, while Fritsch 4 declares 
that theoretical assumptions are never justified 
in practice and suggests that practical procedures 
are quite possible. 

Relatively few experimental investigations 


1 J* W. Joyce, Bureau of Mines Tech. Pap. No. 497 (1931), 
* A. S. Eve and D. A. Keys, Applied Geophysics (Cam¬ 
bridge University Press, New York, 1929). 

1 F. E. Terman, Radio Engineers' Handbook (McGraw- 
Hill Book Company, Inc., New York, 1943), p. 698. 

4 V. Fritsch, Beit. Ang. Geophysik [4] 5, pp. 375-395. 
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have been undertaken and these are inconclusive. 
Potter and Friis 6 determined that ordinary 
topographic variations did not have great effects 
on high frequency field intensities. On the other 
hand, Cloos, 6 Howell, 7 and Fritsch 8 found that 
field intensities did vary with the sub-surface 
geology. Joyce, Eve, 9 Allen, and Silverman and 
Sheffet 10 worked qualitatively in mines or tunnels 
and found in general that broadcast frequencies 
often penetrate the ground for considerable 
distances, but that higher frequencies were 
quickly absorbed. Joyce also did some quantita¬ 
tive work at 500 cycles, but it is highly doubtful 
if this frequency justified thq use of electro¬ 
magnetic wave theory in considering the results. 
The effect was undoubtedly a simple inductive 
one in view of the tremendous wave-length. 
Fritsch 11,12 lists many interesting results of suc¬ 
cessful underground propagation. 

These results and others indicated that the 
effect of geology” on the field intensity of electro¬ 
magnetic waves might provide a useful method 
of geologic mapping. The Geologic Society of 
America provided a grant for the purpose^ of 
developing equipment, and preliminary” results 
obtained with it last summer indicate that the 
band from 200. kc to 1000 kc will prove useful 
in future work. 

It was decided that the investigation of the 
field patterns of various frequencies over the 
same area would provide useful information. 
Geologic anomalies would cause irregularities in 
the pattern which would vary with frequency 
according to the penetrating power of the various 
wave-lengths. Equipment was purchased and 
adapted or constructed to produce, monitor, and 
measure suitable electromagnetic fields. 


EQUIPMENT 

The field intensity recorder was assembled 
inside a wooden-bodied station wagon supplied 


* R. K. Potter and H. T. Friis, Proc. I.R.E. [4] 20 (April, 
1932). 

* E. Cloos, Am. J. Sd. [166] 28 (October, 1934). 

T Hdtoell, Geophys. [2] 8 (April, 1943], 

•V. Fritsch, Beit. Ang. Geophysik [3] S, pp. 315-364. 

* Eve, A.I.M.E. Tech. Pub. No. 316. 

10 D. Silverman and D. Sheffet, Geophys. [4] 7 (October, 
1942). 

11 V. Fritsch, Beit. Ang. Geophysik [1] 6, pp. 100-119; 
[316, pp. 277-306; [4]6. pp. 407-412 L [4] 7, pp. 449^61 
“ V. Fritsch, Neues Jahrb. 
pp. 90-116. 


2; [417, .. 

f. Geol. B., Vol. 84, Series 1, 
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by the Geotechnical Corporation. Its basic com¬ 
ponent was a modified Model DAE radio direc¬ 
tion finder. The antenna consisted of a 14-inch 
shielded loop, mounted in a stationary cylinder 
provided with azimuth scale and commutator 
rings connected to a shielded lead. This loop was 
mounted on a spring tripod which was bolted to 
the floor of the station wagon. This mount was 
firm, but protected the loop from the shocks 
produced by the car’s motion. 

The associated receiver was mounted on a 
small oak table, directly in front of the operator’s 
seat. This unit was of the superheterodyne type, 
covering the frequency range 240 kc to 2000 kc 
in three bands. It was provided with volume 
control, antenna tuning, and beat frequency 
oscillator, which made the receiving of unmodu¬ 
lated signals considerably easier. The case was 
provided with shock mounts screwed to the 
reinforced table top. In this unit the field pro¬ 
duced a proportionate I.F. voltage, and that of 
the 2nd I.F. stage was selected as the most 
satisfactory for recording purposes. It was 
tapped to a jack on the panel, the signal from 
which was then proportional to the field strength, 
but could be controlled by the volume control 
circuit. 

This voltage was measured by a vacuum-tube 
voltmeter of the “Vomax” type, installed im¬ 
mediately above the receiver on shock mounts 
attached to the latter’s case. Sponge rubber pads 
were glued to the roof of the wagon and the 
voltmeter as added protection. For continuous 
recording, an Esterline-Angus recording milli- 
ammeter was used, having speeds up to six 
inches per minute. It was connected into the 
voltmeter circuit via a jack mounted on the 
meter face. By using this system throughout, 
any component could be removed for alteration 
or replacement without necessitating a rewiring 
job each time. For transportation and moderate 
speeds of recording the meter was mounted in 
sponge rubber padded clamps on a shelf under 
the table. Here it was easily available for inking, 
marking the chart, etc. The needle was weighed 
somewhat more than usual, and it was found 
that it would not jump from the paper if the 
car was driven at low speeds. For continuous 
operation at high speeds, a low frequency spring 
suspension should be used. 
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All of these units were operated with 110- 
volt, 60-cycle power. In the mobile unit this was 
provided by a Janette rotary converter operated 
by storage batteries. This produced a steady 
voltage at about 200 watts and operated silently. 
When well charged, the batteries provided 24 
volts to operate the equipment for about 8 
hours, more than a normal day’s field work. 
A battery charger was mounted underneath the 
operator’s seat and connected so that after the 
day’s operations a long power cable could be 
connected to any convenient 110-volt outlet and 
the batteries charged overnight. This system 
proved completely satisfactory. A constant-volt¬ 
age transformer proved useful for last-minute 
work at the day’s end, in case the batteries began 
weakening. A general view of the equipment in 
the station wagon is given in Fig. 1. 

It was«intended that frequency ranges from 
200 kc and up should be investigated. For pre¬ 
liminary work the broadcast band seemed suit¬ 
able, and first field runs were made by recording 
the fields of various commercial transmitters as 
descril>ed later. For easily controllable work and 
for greater frequency range, a compact 75-watt 
transmitter was obtained. Known as the BC- 
375-E in the U. S. Army Signal Corps for whom 
it was designed, this transmitter provided con¬ 
tinuously variable frequencies from 200 kc to 
500 kc and from 1500 kc to 12,500 kc by means of 
six plug-in tuning units. This transmitter was 
designed to operate from 24-volt d.c. supply; 
plate voltages, etc., being supplied by a dyna- 
motor. This supply provided approximately 750 
watts. For portable operation battery operation 
was indicated, but was impractical because of 
the heavy drain of about 30 amperes. Accord¬ 
ingly, after some search a small gasoline driven 
generator was obtained which provided the 
required power, and delivered it through a 
number of “floating” storage batteries. This 
provided a smooth d.c. supply of about 28 volts 
for which the transmitter was easily modified. 

During the process of taking field intensity 
measurements over various ground conditions, 
it was possible that the electromagnetic field 
would undergo certain variations independent of 
the geology. Fluctuations at the transmitter, 
atmospheric changes, the time of day at which 
readings were taken, etc. all contributed to 



Fig. 1. Field intensity recording equipment mounted 
in station wagon. 


fluctuation. It was therefore necessary to provide 
a stationary monitoring field intensity meter 
which would keep a record of these changes. The 
fact that relative field strengths and not absolute 
measurements were required simplified matters 
somewhat. A Hallicrafters Model SX-28 all-band 
receiver was obtained and provided with a 
simple fixed antenna. A vacuum-tube voltmeter 
was connected into the a.v.c. circuit of the re¬ 
ceiver. Thus by the adjustment of the r-f amplifier 
amplitude and the use of a suitable voltmeter 
scale, a convenient deflection was obtained. This 
followed accurately the variations in field in¬ 
tensity. In order to obtain a continuous record 
of these changes, an Esterline Angus recording 
milliammeter was placed in the voltmeter circuit. 
This meter was adjusted to record at the rate of 
1 foot per hour, which provided a satisfactory 
record of field strength changes without noting 
any minor fluctuations. 

All of this equipment operated from 110-volt, 
60-cycle current which was usually available 
near the scene of operations, or could be provided 
by a small motor generator. 

In the course of the field work which was 
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Fig. 2. Field intensity recordings (taken from recording meter chart). 


extended over several weeks, the station wagon testing, and after a few adjustments following 
was driven over all kinds of roads, and a com- the first couple of days’ experience, the appa- 
plete gamut of speeds. The equipment and ratus proved entirely field-worthy. The only 
mountings were thus subjected to a most thorough precaution taken was to remove the recording 



Fig. 3a. Area lo¬ 
cation and geol¬ 
ogy- 
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milliammeter needle if it was intended to proceed 
over rough ground at high speed. At low speeds 
it recorded satisfactorily. On this score, it is 
believed that future equipment patterned after 
this will provide a simple and rugged tool for 
the investigator. 

FIELD PROCEDURE 

For preliminary work, a dike situated in 
Newton, Massachusetts was selected as a suitable 
testing ground. This dike had been roughly 
located during a survey by Mr. Blumberg of 
Harvard, who kindly lent some of his field maps 
to this project. An extension of basic melophyre 
was found protruding through the roxbury con¬ 
glomerate which was characteristic of the area. 
The contrast in the physical properties of these 
rocks is considerable, making them quite suit¬ 
able for the purpose in hand. 

The district was suburban, with considerable 
vegetation and the houses widely separated. 
Some time was spent in examining the geology 
in order to locate the dike factually if possible. 
In Fig. 3a the dike location based on surface 
geology is indicated. 

Field intensity measurements were then made 
under a variety of conditions. First, detailed runs 
were made by taking field intensity records of 
about five minutes duration at points about 
twenty-five feet apart along the road. In each 
case the location of the loop and its orientation 
were established by taping and bearings taken 
with a Brunton-type pocket transit. The latter 



readings were taken from two directions and at 
some distance from the station wagon, elimi¬ 
nating the latter's effect on the compass. The 
bearings so taken were all consistent with those 
established from surveyed maps. 

The duration of the five-minute reading was 
important in order to achieve an averaging effect. 
An example of the readings obtained over several 
stations as taken from the field chart is given in 
Fig. 2a. One of the disadvantages of using the 
broadcast band with the present equipment here 
became apparent. The modulating voltage had 
some effect on the instantaneous readings, al¬ 
though not the average. Therefore readings 
extending over some period of time were neces¬ 
sary to obtain accurate values. The type of 
program being broadcast also has an effect, as 
the modulation of musical programs is much 
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smoother than those of the “soap-opera” type, 
and gave records which were much easier to 
interpret. An example is shown in Fig. 2b. 
These difficulties are avoided when using the 
unmodulated wave of the local transmitter. 

The procedure was repeated several times, for 
several frequencies. Records were also made in 
the sunshine, rain, under dull clouds, and at 
night. 

In addition to this, several types of continuous 
recording were investigated. By keeping the 
loop in a constant position of initial maximum 
strength and driving the station wagon slowly 
over the area, a figure such as that shown in 
Fig. 2c was recorded. This shows the prominent 
features which are marked. Other runs were 
made by keeping the loop manually oriented as 
much as possible in the direction of maximum 
intensity. The result is shown in Fig. 2d, where 
it is seen to bear close resemblance to the former 
record. Note that runs were made in varyirig 
directions and must be properly interpreted as 
to orientation. Continuously rotating the loop 
so as to produce an average effect gave a record 
such as shown in Fig. 2e, which follcflvs the 
same general pattern as before. 

A series of resistivity measurements was also 
made in the area in order to’ determine whether 
any relation existed between resistivity and field 
intensity. These measurements were made by 
iryserting four metal stakes into the ground about 
twenty-five feet apart along the line of measure¬ 
ment. ISO volts, 60 cycle, as supplied by the 
small motor generator in the station wagon were 
applied between the two outer stakes. By meas¬ 
urements taken of the resistance between them 
the current put into the ground could be calcu¬ 
lated. The voltage drop between the two inner 
stakes was then measured with a vacuum-tube 
voltmeter, and from these readings the resistivity 
was calculated. 13 By advancing the rear stake 
and changing terminals, successive readings were 
quickly taken. In this manner the resistivity was 
measured along the same direction as that in 
which the field intensity was recorded. 

From the accumulated data, field intensity 
contours were drawn on the field map, and are 
shown in Fig. 3b. We see that the contours 

u C. A. Heiland, Geophysical Exploration (Prentice-Hall, 
Inc., New York, 1940), p. 709. 


follow closely the direction of the dike as deter¬ 
mined by the surface geology. Resistivity con¬ 
tours were also determined and are shown in 
Fig. 3c, where they assume the same general 
pattern as the other figures. The resistivity of 
the dike is substantially lower than the con¬ 
glomerate, and as would be expected, the field 
intensity above the dike was also lower. 

Azimuths of maximum field intensity are given 
in Fig. 3d, but they do not appear to convey 
any conclusive information. Over the dike, on 
Oak Hill Road, they seem to orient more 
towards the North than at other places. 

Certain characteristics of the graphs drawn 
from the accumulated data are of some interest. 
It was observed that data taken at night showed 
considerably less variation than that taken by 
day. Measurements of low frequencies showed 
greater disturbance over the dike than did those 
of higher frequencies. Data taken during rainy 
weather showed the fields to be in general 
stronger and less affected by geology. Low in¬ 
tensities over the dike pointed to its higher 
conductivity, as was verified by resistivity meas¬ 
urements. The low frequency irregularities were 
more widespread than the others, indicating that 
the ground anomaly was more than a surface 
effect. To some extent here, and more so in 
urban areas later investigated, the effects of 
manholes, steel rails, etc. were quite obvious and 
easily detected. 

Besides the detailed investigations in this 
area, other districts were investigated, using both 
stationary and rotating loop techniques. In the 
more urban area of Hammond Street, Brookline, 
a similar dibase dike protruding through the 
conglomerate was located by this method, and 
its presence verified by an examination of the 
surface geology. The boundaries of the dike were 
fairly sharply recorded as the field weakened 
over it. In Medford there is a noted extrusion of 
Medford dibase through Lynn volcanic complex. 
In this instance the resistivity of the dike is 
higher than the surrounding rocks, and the 
field intensity increased over it. 

It was also observed that topography appeared 
to have relatively little effect. In driving over 
stretches of country in Arlington where the 
geology was uniform, the field remained essen- 


412 


Journal of Applied Physics 



tially constant except for manhole effects, etc., 
whether the receiver was passing over rolling 
hills, proceeding through cuttings, or on level 
ground. A notable exception was observed on 
the top of Pine Hill, a prominence beside the 
Medford Dike and very close to the transmitting 
antenna of the broadcast station being recorded. 
At the top of the hill the signal was extremely 
strong, but it weakened considerably as the bulk 
of the mountain was interposed sharply between 
the receiver and transmitter. 

For most of these field measurements the field 
itself remained very constant, as shown by the 
monitoring station. Variations were observed 
between daytime and nighttime records, and 
with weather; but over considerable periods (3-4 
hours) if $ie weather and daylight conditions 
were constant the field remained quite steady. 

In general it is considered that the results 
obtained thus far show sufficient promise to 
warrant a continuation of the research. The 
equipment has proven sufficiently rugged, sensi¬ 
tive and simple to operate over long periods of 
field measurements. The cost of operation in¬ 
volves only the depreciation of equipment, and 
station wagon expenses. The method of field 
intensity recording has been used to locate a 
geologic anomaly as determined by other inde¬ 
pendent means, and has generally located other 
geologic features. Accordingly, further work on 
the subject is being done. 

MODIFICATIONS 

In light of past experience, several modifica¬ 
tions are recommended for the equipment, and 


will be incorporated into it shortly. The portable 
transmitter will provide a much more satis¬ 
factory field from the point of view of modulation 
as well as that of situation and pattern. For 
continuous recording, the milliammcter is being 
equipped with speedometer drive. This will 
permit operation by one person rather than the 
operator and driver previously necessary'. The 
loop antenna is being supplemented by a vertical 
antenna, the two being interchangeable by means 
of a switch. This will eliminate the necessity of 
rotating the loop when azimuths are not being 
taken. A switching system in the charging 
circuit will make that operation somewhat more 
convenient to perform. The monitoring unit is 
being made self-sufficient by powering it with 
another rotary converter operating from 12 volts 
d.c. The SX-28 Hallicrafters receiver is being 
replaced by a smaller, more portable one. 

Considerable attention is being devoted to 
frequencies below the broadcast band, as field 
experience here supports the general theory' that 
low frequencies are more suitable. Experiments 
will also be performed on bands above the 
broadcast, up to about 12,000 kc. 
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A Note on a Paper by Faust and Beck 

William M. Stone 
Iowa State College , Ames, Iowa 
(Received October 31, 1946) 

An infinite sum transformation is defined and applied to a system of linear difference 
equations discussed by Faust and Beck in their paper on single tuned amplifiers. Some trans¬ 
forms of the more common functions are given and points of superiority of the transform method 
over the classical methods of solution of difference equations are emphasized. 


I N their paper, 44 Oscillation Conditions in 
Single Tuned Amplifiers, 1,1 Faust and "Beck 
solved a simultaneous set of two first-order 
difference equations by classical methods. The 
purpose of this paper is to introduce the General¬ 
ized Laplace Transformation of Samuelson 2 and 
to illustrate its application to the same problem 
in circuit analysis. The advantages are that (1) 
a difference system is reduced to an algebraic 
system, (2) there are no extraneous constants 
introduced, and (3) no assumptions need be 
made as to the nature of the solution. 

The generalized Laplace transformation is 
defined as * 

( 1 ) 

0 

where F(k ) must be of exponential order, 
F{k)<M<J t , k>K, and defined for all positive 
integral values of k . The series is then uniformly 
convergent for all values of s>a. The subscript 
refers to the shifting operator, E m F(k ) = F(k+ w), 
and serves to distinguish the generalized Laplace 
transformation from the ordinary case. Some 
transforms may be found by elementary sum¬ 
mation but a more powerful method is readily 
available. By definition of the E operator 

F(n+l)s-»-\ 

o 

= 5[F(0)5^ + F(1)5^+ . . 0-^(0), 

• *5/(5) ~F(0), (2) 

which may be generalized at once by mathe- 


1 Faust and Beck, J. App. Phys. 17, 749 (1946). 
f Samuelson, Bull. Am. Math. Soc., Abstract 52-3-86 
(1946). 


matical induction to the form 

L{E m - F(k )} * =5-/(5) - Zs-'-’FU). (3) 

J-0 

Following is a list of some of the more useful 
transform pairs: 


F(k) 

m 

1 

l/(s-0 

a k cos wk 

5 —a cos uu 

5 2 — 2as cosw+a 2 

a k si nwk 

a sinw 

5 2 — 2a5 cosw+a 2 

a k coshwfe 

5 — as cosh w 

s 2 — 2as coshw+a 2 

a k sinhwfe 

a sinhw 

s t —2as coshw+a 2 

a k k™ 

a"»!/(j-a) n+1 . 


Here k in) means the Newton factorial poly¬ 
nomial, k(k-l)(k — 2)- • -(k—n+&). 

Using capital letters for the object function, 
small letters for the transforms, Faust and Beck’s 
equations for voltage and current may be written 
as 

E{k+\)-E{k)-Z x I{k) = Q, (4) 

E(k+ 1) + gm Z*E{k) -Z 2 /(ft+1) 

+Z 2 J(ft) = 0. (5) 

By means of (2) these may be transformed at 
once to an algebraic system: 

(5- 1 )e(5)-Z 1 i(5)=£(0), (6) 

(s+ gm ZM*) Z 2 (5 1 )i ( 5 ) ~£(0) —/(0)Z 2 . (7) 
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The solution of this system is found to be 


e(s )=- 


£(0) H 1+ S)] 


+7(0)Zi—22(0) 


2 Z, 


i(s) = 


'-“biih 1 -’-*' 

4-0--3K 


( 8 ) 


mzt 

z. 


Substitute 


^ 2i ( 1+ s;) +, “ 8 - z ' 


( 9 ) 


a = (1 —cosine --, sinhw = 

a 


--A/a, 


= 5/a, 


so that 


22(0)(.v-/l)+7(0)Z 1 -22(0)- 


e(i)=- 


2Z t 


2 ( 0 ) 


s' 2 -2i4j+a 2 

E{ 0) 


i(s)=- 


( E 0 \l 

l-O- t ^)] +£(0)s - 


(10) 


(ii) 


5 2 —2vlj+a 2 

Making the denominators conform with the list of transforms the object functions may be written as 

Z t 


7(0)Zi—22(0) 


E(k)=a k i* 

7(*)=a*' s 

The boundary conditions are 


22 (0) coshwfc-f- 


2Z, 


B 

Zi £(0) 


sinhwfc 


7(0)—-H-—(1 +gmZ}) 

2Zi Z% 

7(0) coshw/H-sinhwfc 

B 


I(n) - 0, 

E(0) =E< n +Z l I(0), 


( 12 ) 

(13) 

(14) 

(15) 


where 7(») is the current in the last mesh, £(0) is the voltage in the input stage, E i% is the voltage 
of the input generator whose internal impedance is Z,, Substitution of both conditions in (13) 
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and algebraic reduction leads to 


£(0) —Ey 


B coshswH-sin hurt 

2 Z t 

B coshw»+F— +Z 0 ( — \-gm\\ 


. /(0) = -£,„ 


—+Z,( -l-gm)] S> 

IZt \Zt )\ 

sinluew 


sinhu’n 


r z x /1 

B coshwn+- \-ZA — 


(s +J -)] si 


sinhwn 


In practice the gain off all n stages is of most importance. If Z 9 is set equal to Z 2 as is customary 
the gain of the n stages may be reduced to 

E(n) #(l —gmZi) nl * 

---. (18) 

E tn B coshzim + (i4 +g m Z 2 ) sinh wn 

The well-known expansion formulas 


coshuw = 


sinhww *= /( cos h w ) n ~ 2k "Hsinhw) 2 *' 1 ’ 1 * (20) 

where (£) represents the binomial coefficients as k takes on the values 0, 1, 2, ..., lead to the 
form of (18) 

-E(») (1-g^O" 

---. ( 21 ) 

£i. / n+1 \ / n \ 

\2*+l/ V2fc+1/ 

which is equivalent to the general formula for the gain given by Faust and Beck. 


^2^^( cos hw) n '* 2A (sinhw) 2 *, 

(19) 

( \(coshw) n ~ 2fc “ l (sinhui) 2 * +1 , 

V2& + 1 / 

(20) 
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Internal Friction of Zinc Single Crystals* 

Irvin H. SwiFTf** and John E. Richardson*** 
Department of Physics , The State University of Iowa, Iowa City, Iowa 
(Received December 24, 1946) 


Measurements were made of the internal friction of 
single crystal rods when vibrating longitudinally at 45 
kilocycles per second. The decrement, or ratio of energy 
dissipated per cycle to twice the total vibrational energy, 
was used as a measure of the internal friction. At strain 
amplitudes below about 10~* or 10”* the decrement was 
independent of strain amplitude. The value of the constant 
decrement at low amplitudes, and the changes which 
occurred as the amplitude was increased, were both greatly 
dependent on the history of the specimen. The constant 
decrement for different crystals ranged from 7X10“* to 
values higher than could be measured (about 200 X10~ 6 ). 


For some of the initially high-decrement crystals, values 
decreased with time (room temperature anneal). In general, 
for annealed crystals the decrement, measured as a function 
of increasing strain amplitude, remained almost constant 
up to and beyond the static clastic limit and then rose 
rapidly. It returned to the initial value when the strain 
amplitude was again reduced. On a second run, however, 
the rise in decrement occurred at much lower amplitude 
than on the initial one. It is concluded that the decrement 
is the result of two separate processes. The changing 
decrement at higher strain amplitudes is qualitatively ex¬ 
plained with the use of dislocation theory. 


INTRODUCTION 

T HE internal friction of single crystals of 
exceedingly pure zinc has been measured 
by Read, 1 and of less pure zinc by Read and 
Tyndall. 2 The decrement, which is the ratio of the 
energy dissipated per cycle to twice the total 
vibrational energy, was taken as a measure of the 
internal friction. Read found the decrement to be 
dependent on the past history of the specimen, 
strain or stress amplitude at which it was 
measured, time, etc. For the purer zinc decre¬ 
ments of the order of 10“ 6 were found at the 
lowest strain amplitudes but these, for most of 
the crystals, increased many fold with increasing 
amplitude. The present work consists of further 
observations of the behavior of the decrement of 
longitudinally oscillating zinc crystals under 
various circumstances and with partially con¬ 
trolled history. 


EXPERIMENTAL METHOD 


The zinc 2 used in this investigation was slightly 
less pure than that used by Read. 1 The crystals 


* The main contents of two dissertations submitted in 
partial fulfillment of the requirements for degrees of Doctor 
of Philosophy in the Department of Physics in the Gradu¬ 
ate College of the State University of Iowa. 

** April, 1943. 

***June, 1946, 

t Now at the tyaval Ordnance Test Station, Inyokern, 
California. 


1 T. A. Read, Phvs. Rev. 58, 371 (1940). 

1 T. A. Read and E. P. T. Tyndall, J. App. Phys. 17, 
713 (1946). . , . 

•The zinc used was “Bunker Hill/’ a commercial zinc 
with not more than 0.01 percent impurity. Read and 


were grown by the Bridgman method in which a 
small casting is lowered through a furnace. The 
majority of the crystals were grown with the 
casting imbedded in dental investment com¬ 
pound and the rest were grown in the glass tube 
in which the original casting was made. The 
dental investment compound was easily softened 
by water after the crystals were grown and could 
then be removed with little danger of straining 
the crystals. The crystals had a cross-sectional 
area of 9 sq. mm and had fairly smooth surfaces. 

The decrements were measured by essentially 
the same method as that used by Read 4 in which a 
composite oscillator is constructed by cementing 
to a quartz crystal a zinc crystal of the same cross- 
sectional area and cut with a fine jeweler’s saw to 
a length such that the composite oscillator 
resonates at a frequency within less than 4 
percent of the resonant frequency of the quartz 
crystal. The resonant frequency of the quartz 
crystal used in the present work was 45 kilocycles 
when vibrating longitudinally in the fundamental 
mode. The composite oscillator was suspended by 
silk fibers placed at displacement nodes of vibra¬ 
tion between, but not touching, parallel plane 
electrodes. The assembly was then placed in a jar 
and the jar evacuated to a pressure of less than 

Tyndall (reference 2) report data from three crystals 
grown from this same zinc and two with additional im¬ 
purity. 

4 The writers are indebted to Dr. Read for information 
about his bridge circuit, etc., in addition to that in 
reference 1. 
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0,1 mm of mercury. The quartz crystal was 
etched with hydroflouric acid before using and 
had a decrement of 2.7 X 10~ 6 . 

The electrical apparatus consisted of an alter¬ 
nating-current bridge containing the composite 
oscillator as one arm and driven by a stable 
35-100 kc oscillator. The detector used with the 
bridge consisted of an r-f amplifier, pentagrid con¬ 
verter, and associated oscillator which changed 
the high frequency signal from the bridge to an 
audible signal, and several stages of audio ampli¬ 
fication. Its sensitivity with headphones was 
greater than that needed in any of the measure 1 
ments. Either a vacuum thermocouple or a 
vacuum tube voltmeter were used to measure the 
voltage c applied to the composite oscillator. The 
maximum strain amplitude, £/o, in the zinc 
Specimen was then computed from the following 
formula : 5 

2e 

[f 0=s -(10J£)*X10 8 , (1) 

RV o 

where R is the electrical resistance of the com¬ 
posite oscillator at resonance, Vo is the velocity 
of sound in the zinc specimen, and K is the 
constant relating the inductance L of the com¬ 
posite oscillator and the masses M\ and M 2 of the 
cylinders in the equation: 

L=K(Mi+M 2 ). (2) 

The subscripts 1 and 2 in Eqs. (1) and (2) refer to 
the quartz and specimen, respectively. 

The decrements of the zinc crystals were ob¬ 
tained from a knowledge of the inductance in the 
equivalent circuit, the resistance measured by 
the bridge, the resonant frequency of the com¬ 
posite oscillator, and the masses of the quartz and 
specimen. The constant K was evaluated with 
Eq. (11) in a paper by Cooke* and Eq. (2), from 
the observed variation of the reactance of the 
quartz crystal alone with frequency in the im¬ 
mediate neighborhood of the resonance fre¬ 
quency. It was determined to an accuracy of 1.5 
percent The accurate measurement of changes in 

•This formula is an obvious modification of formula 
(1), reference 2 1 for stress amplitude. It may be obtained 
by equating the expression for total energy in electrical 
terms to that tn mechanical terms, and solving for Uq. 

•W. T. Cooke, Phys. Rev. 50, 1158 (1936). Cooke’s K 
is eight times the K used in Eq. (2). 
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frequency required in the plotting of the reso¬ 
nance curve was obtained as follows. The crystal 
controlled multivibrators of a piezoelectric fre¬ 
quency standard were adjusted in frequency 
until a harmonic of one of them was within about 
50 cycles of the resonance frequency of the quartz 
crystal. The difference frequency obtained from 
this reference frequency and the frequency of the 
oscillator driving the bridge was amplified and 
used to drive a Cenco counter. The number of 
counts per second was then equal to the deviation 
of the unknown frequency from the crystal con¬ 
trolled reference frequency. 

EXPERIMENTAL RESULTS 

Before describing the quantitative results, 
some qualitative observations may be of interest. 
It was noted that some of the crystals could be 
made to give a high pitched “ringing” sound 
when set into flexural oscillations by suspending 
them from the mid-point and tapping lightly. 
Later work showed that crystals for which this 
ringing was audible for 2 or 3 seconds had 
decrements of the order of 10~ 4 or less, whereas 
higher decrement crystals instead of ringing 
yielded a metallic or even wooden sound. A rough 
idea of the behavior of the decrement of a crystal 
could be obtained by subjecting it to this simple 
test. For example, eight crystals were tested just 
after they had been sawed to the desired length 
and then again after an anneal at 250°C for three 
hours. No noticeable difference was obtained at 
this time, but after storage at room temperature 
for several days a noticeable drop in the decre¬ 
ment, as judged by the increased time of ringing, 
was observed for some of the crystals while the 
rest showed little change. The crystals of the 
former class seemed to be persistent in their 
behavior. For example, crystal No. 1 (orientation 
15°) would always return to a low decrement 
after two or three days* rest at room temperature 
without handling, regardless of its previous 
history. At one time when it was known to have a 
low decrement, it was accidently dropped onto 
the floor and bent considerably. It was then 
straightened by hand and left idle for several 
days after which it appeared to ring as well as 
ever. The data in Fig. 1 (curve A) and Fig. 8 
(curve A) were taken on this crystal after it had 
rested nine days before it was mounted in the 
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apparatus and 7 J hours afterward. Other crystals 
behaved similarily although none of these were 
subjected to such drastic treatment. Crystals 
which did not develop a ring in a few days after 
growth did not do so after months of lying idle. 
Several crystals of this type were also annealed at 
250°C and still did not develop a ring. These 
qualitative tests moreover showed very clearly 
how little handling was needed to increase the 
decrement. If a crystal which had a good ring was 
placed on a table and one end was elevated about 
a fourth of an inch and then dropped, the crystal 
thereafter would give only a metallic ‘'clink” 
when tapped. In fact, while the crystals were 
being subjected to the ringing test, the gentle 
taps needed to set up the oscillations a few times 
would noticeably reduce the time of ringing. One 
or two days of rest at room temperature after the 
above treatment was however sufficient to restore 
the ringing properties of the crystals. 

Nothing was found in the method of growth, 
amount of handling, etc., which gave any clue as 
to why some crystals had a low decrement while 
others had decrements which were too high to 
measure with the apparatus and which would not 
decrease with either a high or room temperature 
anneal. There was no apparent correlation of high 
and low decrement crystals with th& degree of 
smoothness of their surfaces. 

The writers observed, as did Read, 1 that the 
decrement measured at low amplitudes immedi¬ 
ately after mounting in the apparatus was always 
much higher than after the crystal had been 
allowed to rest in the apparatus for some time 
undisturbed except for infrequent low amplitude 
measurements. 7 Two examples of this behavior 
are given in Fig. 1. Curves A and B are for two 
different crystals. The decrease in decrement with 
time after mounting was caused by, at least 
primarily, the self-annealing of the crystals at 
room temperature. Part of the decrease, par¬ 
ticularly the initial rapid decrease, may have been 
caused by the drying of the cement between the 
specimen and the quartz. Calculations based on 

estimates of the thickness of the cement layer, 

—— - - % 

T The crystals of reference 2 made of the same zinc as 
the writers’ did not show this decrease of decrement with 
time. These crystals however were of larger cross section 
than the writers’ and the natural conclusion seems to be 
that they could be mounted without producing any 
detrimental strains. 



Fig. 1 . Decrease of decrement with time after mounting, 
showing room temperature annealing. Curve A was taken 
on crystal No. 1. 

etc., indicate, however, that the decrement of the 
cement would have to be as large as 100 to 1000 
to cause the high decrements obtained. This 
seems improbable in view of the fact that the 
cement had dried for twenty or thirty minutes 
before the crystals were mounted. Also, Fig. 2 in 
Read’s paper 1 shows a similar decrease of the 
decrement with time after mounting and his 
crystals were fastened to the quartz with beeswax 
and rosin which would show no drying effect. 

Observations were made of the decrement as a 
function of maximum strain amplitude and time 
for thirteen crystals. It is not possible to present 
all of these data in full detail, but certain rather 
typical data are summarized and presented 
graphically. In Fig. 2 are shown curves of the 
decrement against strain amplitude for three 
crystals which had been allowed to rest in the 
apparatus for the following lengths of time: 
No. 2, two days; No. 3, three days; No. 4, thirty 
hours. In all cases the decrement had decreased 
to a nearly constant value before the data were 
taken. Crystal No. 4 (curve C) is particularly 
interesting as its decrement was practically con¬ 
stant to a value of maximum strain amplitude 
over five times that at the static elastic limit* 
(about 80 X10 ~ 7 ) for this crystal. Subsequent to 
the data in Fig. 2, crystal No. 4 was stored at 
room temperature for over six months. It was 
then remounted in the apparatus and the data 
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Fig. 2. Typical decrement versus maximum strain ampli¬ 
tude curves. Curve A was for crystal No. 2 (0 = 71°); 
curve B was for crystal No. 3 (0**71°); and curve C was 
for crystal No, 4 (0*70°). 

shown in Fig. 3 were taken. The decrement had 
been allowed to reach a fairly constant value 
after mounting before the data were taken. The 
time given with each curve is the elapsed time 
after the taking of the first curve. The decrement 
was measured for increasing and then decreasing 
strain amplitude, as shown by the arrows. The 
decrement at the lowest strain amplitude de¬ 
creased from 95X10~ 5 to 70X10 -6 in the course 
of 143 hours, but did not come down to the 
previously measured value of 7.0X10” 6 (Fig. 2). 
It may be seen from the lower branch of each of 
the curves shown in Fig. 3 that the strain 
amplitude required to increase the decrement by 
some amount, say 50 percent, increases con¬ 
siderably with elapsed time. In curve J the maxi¬ 
mum strain amplitude was at the static elastic 
limit (80X10~ 7 ) before the decrement started to 
increase very rapidly. Where two curves were 
taken with little intervening time, such as B and 
C, G and H, and I and /, the ascending branch 
of the second curve of a pair was nearly identical 
to the descending branch of the previous curve. 
After these data were taken, the crystal was 
removed from the apparatus and allowed to rest 
for 20 days. It was then remounted in the appa¬ 
ratus and left idle for seven days after which the 
data fhtewn in curve Fig. 4, were obtained. 
The decrement in this curVe shows only a gradual 
rise to a strain amplitude nearly three times that 
at the elastic limit. The decrement at low strain 
amplitude is still however about nine times as 
large as the first previously measured value 
(curve C, Fig. 2). 
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perature. 

♦ 

The curves shown in Fig. 5 demonstrate very 
well the phenomenon mentioned in connection 
with Fig. 3. These curves were taken on crystal 
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No. 6 (0«56°) which was known to be strained 
prior to mounting. Data were first taken to a 
strain amplitude of S0X10 -7 (curve 1) and the 
strain amplitude was then reduced to its lowest 
value. Curve 2 was then run to a strain amplitude 
of 80X10~ 7 , with curves 3 and 4 following in a 
similar fashion. From these curves it appears that 
previous runs affect subsequent runs only at 
strain amplitudes below the highest maximum 
strain amplitude obtained on the previous run. 
Thus, had the crystal been taken continuously 
from the minimum to the maximum strain 
amplitude (94X10“ 7 ), it would probably have 
followed the lowest curve, which is a smooth 
continuation of curve 1. Also, while descending 
curves are not shown, they coincide quite well 
with the next ascending curve, as previously 
pointed out in connection with Fig. 3. 

The curves shown in Fig. 6 taken on crystal 
No. 5 (orientation 80°) illustrate some effects of 
room temperature annealing. The decrement of 
this crystal remained constant until a critical 
value of strain amplitude was obtained and then 
started to rise. As successive runs were taken, 
this critical value of strain amplitude increased. 
The data for curve A were taken soon after the 
crystal was mounted. Data for curve B were 
taken S3 hours after A was taken; and curve C, 
98 hours after B. Other sets of data were taken on 
the crystal during these two periods and there¬ 
fore they should not be considered strictly as rest 



Fig. 5. Decrement versus maximum strain amplitude U% 
for crystal No. 6 (0* 56°), which was known to be strained 
before mounting in the apparatus. The curves are shown 
for increasing strain amplitude only and were taken in 
the order designated. They show that the decrement was 
influenced by previous runs only at strain amplitudes 
lower than the highest strain amplitude obtained on 
previous runs. 



Fig. 6. Decrement versus maximum strain amplitude C/o 
for crystal No. 5 (0 = 80°). Curve A was taken soon after 
mounting, curve B 53 hours after A, and curve C 98 
hours after B. Succeeding curves were very little different 
from curve C. As the crystal annealed at room tempera¬ 
ture, the point of rise of the decrement occurred at higher 
strain amplitudes. 



Fig. 4. Decrement versus maximum strain amplitude Uo 
for crystals No. 9, 4, 10, and 5 corresponding to curves A, 
B % C, and Z), respectively. All of these crystals had rested 
for a long period of time in the apparatus after mounting 
and before measurements were taken. The arrows on each 
curve designate the strain corresponding to the minimum 
static stress which will produce glide in the basal plane. 


periods. Finally the crystal refused to anneal any 
further at room temperature and data could be 
very nearly repeated on successive runs taken 
several days apart. These later curves were 
substantially identical to curve C, Fig. 6. At this 
point the crystal was annealed for several days 
at 260°C, mounted in the apparatus, and left idle 
for a week. The decrement then remained nearly 
constant for a range of stress amplitude 2\ times 
the value at the static elastic limit, as shown by 
curve D , Fig. 4. It will be noticed that after the 
high temperature anneal and remounting, the 
decrement at low strain amplitudes was higher 
than before the anneal (Fig. 6). 

The two curves given in Fig. 7 indicate the 
diverse results that can be obtained when the 
conditions are very nearly the same. Curve A is 
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Fig. 7. Decrement versus maximum strain amplitude Uq. 
Curve A was for crystal No. 7a and curve B was for crystal 
No. 7b. Each of these two crystals weife sections cut from 
one long 60° crystal. 

for crystal No. 7a and curve B is for No. 7b. 
These two crystals were sections cut from the 
same original 60° crystal and annealed for two 
hours at 250°C. Crystal No. 7a was mounted four 
days after the anneal and curve A was taken 
after it had rested in the apparatus for one day. 
Crystal No. 7b was mounted eleven days after 
the anneal and.curve B was taken after it hjjd 
rested in the apparatus for two days. Curve A 
rises sharply at a low value of strain amplitude, 
while curve B shows a constant decrement as the 
strain amplitude is increased to a value of six or 
seven times that at which curve A starts to rise. 
The only known difference in the histories of the 
two crystals was in the time they were allowed to 
rest before and after mounting in the apparatus. 
Crystal No. 7b apparently had sufficient time to 
anneal at room temperature while No. 7a was 
still in a strained state. One other curve was 
taken on crystal No. 7b one day previous to curve 
B (one day after mounting), and it was nearly 
identical to curve B indicating that this crystal 
was in an annealed state (see discussion of 
Fig. 6). 

Curve A of Fig. 8 was taken on the crystal 
(crystal No. l f orientation 15°) which was 
dropped, bent, and subsequently straightened, as 
mentioned earlier. After the above treatment it 
was left idle for five days and mounted in the 
apparatus. At this time its resonant frequency, 
was found to be too low and it was necessary to 
cut it to a shorter length. Three days after the 
sawing operation it was remounted in the appa¬ 
ratus and left idle for about eight hours except 


for occasional measurements of the decrement at 
very low strain amplitudes (curve A , Fig. 1). The 
data for curve A , Fig. 8 were then taken. 
Curve B represents data on crystal No. 8 
(orientation 73°). It had rested for several days 
before mounting, and 34 hours after, before the 
data were taken. These two crystals had about 
the same resolved shear stress in the basal plane 
for a given tensile stress. The two curves are 
similar in form, indicating that crystal No. 1 had 
recovered fairly well from the severe strain 
given it. 

The curves A } B, C, and D in Fig. 4 are for 
crystals which had been allowed to rest for long 
periods of time in the apparatus after they were 
mounted. The histories of crystals No. 4 and 
No. 5 have been given earlier in this paper. 
Crystal No. 9 (orientation 50°) and crystal 
No. 10 (orientation 20°) were left idle in the 
apparatus for about the same periods of time as 
crystals No. 4 and No. 5. The decrement of three 
of the crystals rose slowly with strain amplitude 
for values of strain amplitude considerably 
greater than the value of the static elastic limit, 
while the decrement of the other crystal began to 
rise sharply at about the static elastic limit (curve 
A ). This crystal (orientation 50°) probably was 
still in a strained state as crystals with orienta¬ 
tions near 45° are much more easily strained than 
those with orientation angles near 0° or 90°. 

When the voltage across the composite oscil¬ 
lator was suddenly changed from one constant 
value to another, the decrement took an ap¬ 
preciable time to change from the previous value 
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to the final value at the new stress amplitude. 
The curves in Fig. 9 illustrate this effect. For 
curves 1 and 2 the voltage change was an increase 
while for the others the voltage was decreased. 
Usually when the voltage across the crystal was 
changed, a time of less than 20 seconds was re¬ 
quired for the decrement to attain, say, 90 
percent of its total change. In two of the curves 
of Fig. 9, however, the decrement required about 
a minute to attain 90 percent of its change. No 
attempt was made to fit these data with a 
mathematical function because the data were too 
inaccurate, particularly in the region where the 
decrement was changing rapidly with time. In 
addition there were other complicating factors. 
The strain amplitude is proportional to the cur¬ 
rent through the crystal and hence as the 
decrement (proportional to resistance, which 
determines the current) changed with time after 
the voltage across the crystal was changed to the 
new value, the strain amplitude was not constant 
during the time indicated in Fig. 9. Also, because 
of the low decrements involved, the time re¬ 
quired for the strain amplitude to reach a steady 
state upon a change of the applied voltage from 
one value to another was large enough to make 
the effective zero of time uncertain. 

DISCUSSION OF DATA 

A number of points should be mentioned in 
regard to the measurements described above. 
These are: 

(1) The decrement measured at low amplitude 
decreased with time after mounting in the appa¬ 
ratus, approaching a constant value (Fig. 1). The 
final value reached was not, however, unique, in 
that a crystal after a second mounting would 
show a decline in decrement to a constant value 
but not necessarily to the same value found in the 
first experiment. 

(2) The decrement was independent of strain 
amplitude for all maximum strain amplitudes 
below a critical value of the order of 10~ 6 to 10~* 
(the bridge detector was sufficiently sensitive to 
balance the bridge at strain amplitudes much 
lower than 10"*, probably 10~ 9 ). The value of the 
low amplitude decrement was, for a given 
mounting in the apparatus, affected only by time 
(as shown in Fig. 1). 

(3) The value of the low amplitude decrement 



Fig. 9. Curves showing for crystal No. 7a the change in 
decrement with time following a sudden change of driving 
voltage across the composite piezoelectric oscillator. The 
curves were taken in the order designated by the numbers 
on each curve. 

was higher for all crystals measured than for 
Read’s 1 spectroscopically pure zinc crystals. The 
lowest decrements found were about the same as 
for those of crystals made of the same zinc, as 
reported by Read and Tyndall. 2 It does not 
follow, however, that the decrement is a function 
only of the amount of impurities present. Other 
factors are much more important as is shown by 
the data on crystal No. 4. In Fig. 2 it had a 
decrement of 7X10~ 6 whereas after it had lain 
idle for six months and was remounted in the 
apparatus, the decrement at low amplitudes was 
70X10- 6 (Fig. 3). 

(4) The value of strain amplitude at which the 
decrement started to increase became greater 
with elapsed time following mounting in the 
apparatus, i.e., increased as the value of the low 
amplitude decrement decreased. This effect is 
illustrated in Figs. 3 and 6. 

(5) If a crystal had been oscillated at a suffi¬ 
cient amplitude momentarily to increase the 
decrement, then on measurements made soon 
after, the decrement was larger at all strain 
amplitudes between the value at which the 
decrement started to rise and the highest value 
obtained on the previous run. The amount that a 
run influenced the decrement obtained on a suc¬ 
ceeding run decreased with elapsed time between 
the runs. The effect of time between runs is 
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illustrated particularly well by Fig. 5 but is also 
evident from the series of curves in Fig. 3. 

(6) The decrement lagged in time behind the 
oscillation amplitude when the amplitude was 
changed suddenly. It is apparent from these 
curves that a finite time was required for the 
decrement to reach a stable value after the 
oscillation amplitude was changed. 

The shape of the curves of decrement versus 
strain amplitude suggests that the observed 
decrement was composed of a constant decre¬ 
ment plus an amount which varied with strain^ 
amplitude. The portion of the decrement (to be 
designated by decrement ;4);which was constant 
with strain amplitude was measured alone at 
small strain amplitudes. Decrement B is that 
portion which was zero or negligible at zero 
strain amplitude and increased with increase of 
strain amplitude. It is possible on this basis to 
give a qualitative explanation of the behavior of 
the decrement in the experiments described 
above. The dislocation theory is used together 
with several assumptions to be listed later. 

The dislocation theory 8 is based upon a certain 
type of local imperfection in the crystal lattice 
called a line dislocation. The local imperfection is 
concentrated about a line in a slip plane and is 
composed of such an arrangement of atoms that 
movement of the line imperfection through the 
crystal along a slip plane gives the same effect as 
if the material above the slip plane had been 
shifted a distance of one atomic spacing with 
respect to that below. The dislocations can be 
either positive or negative, one being comple¬ 
mentary to the other in the sense that it is the 
mirror image of the other. A dislocation experi¬ 
ences a force in a shear stress field which reverses 
in sign with change in sign of the dislocation. 
Hence since a dislocation sets up a shear stress 
field of its own, dislocations of unlike sign are 
attracted to each other and those of like sign arc 
repelled. Also a dislocation is attracted to the 
crystal surface by the force which would be given 
by an image dislocation of opposite sign outside 
of the surface. Dislocations can be formed in 


* A summary of the dislocation theory is given in the 
article by Frederick Seitz and T. A. Read, J. App. Phys. 
12, 100 (1941). The forces between certain types of dis¬ 
locations and other related matters are discussed in J. S. 
Koehler, Phys. Rev. 90, 397 (1941). 
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pairs in the interior of a crystal or singly at the 
surface as the result of shear stress. 

In addition to the properties of dislocations 
summarized briefly above, the following as¬ 
sumptions will be used in the interpretation to be 
given for the results: 

(a) The dislocations present as a result of 
previous low frequency, or “static” strains tend 
to form a stable lattice-like array within the 
crystal specimen. 8 

(b) The low amplitude decrement (4) is a 
function only of the total number of dislocations 
present at a given time in the specimen. 

(c) The number of dislocations, if any, that are 
formed in the specimen as a result of the oscil¬ 
lating stress is a negligible fraction of the total 
number- present. Presumably the short time 
during which stress was applied did not allow 
much opportunity for dislocations to form either 
pairwise in the interior, or at the surface. 

(d) The value of decrement B is a function of 
the number of dislocations present which are 
“free” to dissipate energy. Whenever a disloca¬ 
tion is held within a dislocation lattice it is 
assumed to mean that the dislocation is pre¬ 
vented, or at least restricted, from participation 
in the energy dissipation process. 

A crystal which had been recently mounted in 
the measuring apparatus would be expected to be 
in a strained state as a result of handling during 
mounting. Hence there would be a large number 
of dislocations of both signs distributed through¬ 
out the crystal. With the aid of thermal fluctua¬ 
tions, the forces on and between dislocations 
would cause them to migrate. Some dislocations, 
particularly those near the surface, would diffuse 
out of the crystal, others would disappear by 
cancellation of positive and negative dislocations 
(if the pair was originally in the same slip plane), 
and the remaining ones would migrate to posi¬ 
tions such that the crystal had a minimum of 
potential energy, i.e. they would arrange them¬ 
selves in some sort of orderly pattern. After a 
long time the number of dislocations in the 
crystal would be essentially constant, all being 
held in the lattice. Under assumption (b), that 
decrement A is a function only of the total 
number of dislocations present, the curves of 
Fig. 1 would follow. Furthermore, the final value 
reached by the decrement several days after 
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mounting woulcfnot be expected to be the same 
for a different mounting in the apparatus. Each 
mounting would entail a different kind and 
amount of the unavoidable strain, resulting in a 
different number and distribution of dislocations 
immediately thereafter. Hence the stable lattice 
reached would not be unique. This explains such 
data as that in Fig. 2 (crystal No. 4) where the 
low amplitude decrement was 7 X 10~ 6 and later 
after the crystal was remounted the decrement 
was 70X10~ 6 , as shown in Fig. 3. The process by 
which energy is dissipated in an amount pro¬ 
portional to the total number of dislocations and 
independent of amplitude is difficult to determine 
without more detailed information. One possi¬ 
bility is th^t irreversible heat flow occurs as the 
result of oscillating stress in an elastically 
inhomogeneous medium. In this event, the dislo¬ 
cations would presumably provide the elastic 
inhomogeneity. Quantative calculations should 
show whether or not this possibility is reasonable. 

Decrement B, a function of strain amplitude, 
could be interpreted according to the following 
picture. The dissipation represented by decre¬ 
ment B would be assumed to be the result of 
movement of the dislocations. This movement 
would result in a plastic change in length of the 
specimen, with consequent loss of oscillation 
energy. The data could then be interpreted by 
assuming that the dislocations did not move 
appreciably when they were attached to the 
dislocation lattice and that they could be broken 
away from the lattice by the application of a 
sufficiently large stress. The amount of stress 
required would vary according to how tightly 
each dislocation was bound in the lattice. Hence 
as the oscillation amplitude was increased 
steadily from zero, more and more dislocations 
would be freed from the restraining influence of 
their neighbors and be made available to dissi¬ 
pate energy, with a consequent rise of the 


decrement. The decrement, during the subsequent 
decrease of amplitude would then be larger at a 
given amplitude than on the ascending curve 
because more dislocations would be free than 
before. Examples of this hysteresis-like effect are 
given in Figs. 2, 3, 5, 7, and 8. This picture, 
furthermore, would explain the effect shown in 
Figs. 3 and 5 in which an ascending branch of a 
curve was nearly identical to the descending 
branch of a curve taken soon before it. It would 
be due to the fact that the same number of 
dislocations were free to dissipate energy on both 
curves. The dislocations that had been freed from 
the dislocation lattice by the oscillating stress 
would, upon removal of the stress, gradually take 
either their old positions, or new positions in the 
lattice. This process would, however, take a 
finite time as thermal energies would be expected 
to be an important factor. The data given in 
Fig. 3 show how elapsed time after a run erases 
the effect of a previous run. Also, the increase of 
the point of rise of the decrement shown in Fig. 6 
would be caused by the fact that as the crystal 
had riiore time to anneal, the dislocations which 
were loosely bound in the lattice would disappear 
from the crystal, leaving only those which were 
tightly bound and required a large stress to make 
them available to dissipate energy. 

The number of dislocations that are freed from 
the lattice would be expected to depend some¬ 
what on the time that the crystal was oscillated 
at a given amplitude, i.e., some time would be 
required to establish an equilibrium state. The 
curves of Fig. 9 show that several seconds were 
required for a stable value of the decrement to be 
reached when the oscillation amplitude was 
changed from one constant value to another. 

In conclusion, the writers wish to express their 
appreciation to Professor E. P. T, Tyndall for his 
guidance and help during the progress of this 
work. 
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Letters to the Editor 


Measurement of Surface Tension 

Robert Weil 

South-West Essex Technical College and School of Art , 
Walthamstow, England 
January 27, 1447 


maintain the rate of bubbling at less than two per second, 
as is suggested by Adam. 1 

It was not possible to extend the measurements to 
capillaries with different diameters and different wall 
thicknesses: it is certainly desirable that this should be 
done. 


1 Sugdea, J. Ckem. Soc. p. 858 (1922); p. 27 (1924). 

* Martin, Sitz. Alcad. Wiss. Wien 123. 2491 (1914). 

* Adam, The Physics and Chemistry of Surfaces, p. 375. 


S UGDEN'S 1 method was employed for measuring the 
surface tension of distilled water at a temperature of 
2S°C in order to determine how the value would be affected 
by imperfections in the circularity of the capillaries. The 
procedure was as follows: six capillaries were drawn out 
from pieces of glass tubing so that the diameter at the tip 
was between .04 and .06 cm. While still soft the tips were 
squeezed to different degrees; thus the Cross sections as¬ 
sumed elliptical shapes. It was argued that the ratio R of 
the minimum to the maximum diameter was a measure of 
the deviation from the true circularity. This ratio, as 
determined by means of a cathetometer, varied from .537 to 
.914. The diameter of the large tube was .2814 cm. 

The maximum bubble pressures were determined for 
each specimen. A high rate of bubbling was used at first 
with smaller rates following it. The mean of three readings 
for each rate was taken: the divergences were negligible. 
No automatic counting device being available, it was not 
possible to exceed a rate of about 140 to 150 bubbles per 
minute. Graphs were, drawn plotting pressure against ra\^ 
and extrapolated to infinitely long periods of bubble 
formation. This extrapolation seemed justified since, after 
some practice, it became possible to reduce the rates to as 
small values as two bubbles per minute. A mean value of 
the measured radii was used in order to calculate the 
surface tension. 

Two interesting results have been found: for .9<R<1 
values for the surface tension agree very well with data as 
obtained by other workers with capillaries whose cross 
section approximates to a circle to a greater degree than 
those used in this investigation. 

It would appear that Martin's* conclusions obtained from 
work on similar deviations in J&geris origfnal method do not 
apply here. 

Secondly, when plotting the pressure p against the rate 
of bubbling, it was found in all cases that the values of p 
increased with the rate of bubbling up to about 60 bubbles 
per minute or more, and then definitely decreased for 
higher rates. It was found, as might be expected, that, on 
raising the rate to a greater value than could be measured 
visually, the pressure rose considerably. The cause for this 
kink in the curves is not quite obvious. It is a matter of 
some conjecture whether it can be accounted for by the fact 
that at small rates actual maxima and minima are recorded 
in the positions of the liquid in the gauge, while at great 
frequencies it is the mean positions which are observed. In 
some unpublished work L. B. Wood points out the necessity 
of extrapolating to infinitely long periods of bubble 
formation to obtain reliable and consistent results, It would 
seem that there are occasions when it is not sufficient to 


Letter to the Editor 

Francis J. Murray 

The Institute for Advanced Study, School of Mathematics, 
Princeton, New Jersey 
January 8, 1947 

M AY I respectfully call your attention to the fact that 
the suggestion of Mr. Eaglesfield on linear equation 
solvers, on page 1125 of the current issue of the Journal of 
Applied Physics (December, 1946) duplicates a paper of 
mine presented to the American Mathematical Society, 
September 1945, and abstracted in the November issue of 
the Bulletin of the American Mathematical Society , Vol. 51 
(1945), page 883. 

The content of the paper appears in full in my book The 
Theory of Mathematical Machines , a current publication of 
the Columbia University Press. 

In this paper, I prove the convergence in the case in 
which 2) di 2 is used. In the case of a machine which uses 
maxd< as an indication, one can give examples where the 
machine will reach a minimum not zero. 

I have constructed a number of models upon the 21 dj 
principle and a large one is now being constructed by the 
Watson Scientific Computing Laboratories at Columbia 
University. 


Here and There 


Personnel 

The National Bureau of Standards recently announced 
the retirement of two longtime employees. Harvey L. 
Curtis, physicist at the Bureau since 1907, had deferred his 
retirement in 1945 to continue direction of interior ballistics 
research. Frederick J, Bates, sugar physicist who had also 
been chief of the Optics Division since 1941, has given more 
than 43 years of continuous service to the Bureau. 

On December 30 Carroll L. Wilson resigned as vice 
president and director of National Research Corporation in 
order to assume his duties as general manager of the 
Atomic Energy Commission. 

Ross Gunn has resigned as superintendent of the Physics 
Division, Naval Research Laboratory, to act as director of 
physical research for the U. S. Weather Bureau. 

In January three appointments to the new Department 
of Engineering Sciences and Applied Physics at Harvard 
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University were announced. Leon N. Brillouin was ap¬ 
pointed Gordon McKay Professor of Applied Mathematics, 
and James B. Fisk and Ronold W. P. King were named 
Gordon McKay Professors of Applied Physics. 

Cheater Peterson has been appointed physicist in the 
Resistance Measurements Section of the National Bureau 
of Standards. 

The following men have new appointments to the De¬ 
partment of Physics at the University of Minnesota: 
Charles A, Critchfield, Frank Oppenheimer, Edward J. 
Lofgren, Joseph Weinberg, and Otto H. Schmitt. 

Division of High-Polymer Physics 

The following are officers for 1947 of the Division of 
High-Polymer Physics of the American Physical Society: 
Chairman, Lawrence A. Wood; Vice Chairman, Hubert M. 
James; Secretary, W. James Lyons; Treasurer, Robert S. 
Spencer. Professor James and Dr. Spencer were also elected 
to the executive committee. 

General Electric Fellowships at Union College 

For the third year General Electric Company is offering 
50 six-week, all-expense fellowships to high school science 
teachers in seventeen northeastern states, for summer 
study at Union College in Schenectady, New York, 

Leonard Loeb Honored 

School and Society reports that Leonard B. Loeb, pro¬ 
fessor of physics, University of California (Berkeley), has 
been chosen to deliver the 38th annual Kelvin lecture at the 
Institution of Electrical Engineers, London, England, on 
April 24. Professor Loeb will speak on “Electrical Dis¬ 
charge through Gases.'* 

Junior Chamber Puts Physicist in Top List 

The U. S. Junior Chamber of Commerce published in 
January its selection of the nation's ten outstanding young 
men of the year. Included among them was Philip 
Morrison of Cornell University, atomic physicist, "for his 
outstanding work in the development of the atomic bomb 
and his struggle to educate the people to the danger and 
promise of atomic energy.*' 

Electronics Fellowships at MIT 

A number of graduate and advanced research fellowships 
are being offered by the Massachusetts Institute of 
Technology, Cambridge, Massachusetts, for study and re¬ 
search in the field of electronics. They will be known as 
Industrial Fellowships in Electronics and are sponsored 
jointly by a group of industrial organizations concerned 
with the advancement of electronics and its applications. 
Applicants should communicate with the Director, Re¬ 
search Laboratory of Electronics. Under normal circum¬ 
stances application must be made at least four months 
prior to the intended date of entrance. 


Work to Start Soon on Schenectady Atomic Laboratory 

Construction of the Knolls Atomic Power Laboratory to 
be built near Schenectady, New York, by the Atomic 
Energy Commission will start this spring, The laboratory 
is being erected under the supervision of the General 
Electric Company, which will operate it for the government 
when completed. It is predicted the new building will be 
occupied by the middle of 1948. 

Acta Crystallographica 

A special international organization, formed largely for 
this purpose, is planning the publication of a journal to 
perform the services formerly rendered by the Zeilschrift 
fUr Kristallographie. Acta Crystallographica, as it will be 
called, will be published either in England or America, and 
while French, German, and Russian will be permitted 
languages, the bulk of the journal will be in English. It is 
expected that there will be six issues per year totaling ap¬ 
proximately 1000 pages. The price to individual subscribers 
is tentatively set at $10 a year. 

The American representatives in the international 
organization are extremely anxious to obtain a good idea 
of the probable circulation of the journal in North America. 
Any reader of this notice who would, or who might, 
subscribe to Acta Crystallographica is urged to send a note 
or postcard to that effect addressed to Dr, Henry A. 
Barton, American Institute of Physics, 57 East 55 Street, 
New York 22, New York. 

Reorganization of American Institute of Physics 

Reorganization of the American Institute of Physics and 
plans for a new semi-popular journal devoted to physics 
and its relation to society have been announced by the 
Institute. Effective immediately, the 7000 members of five 
societies (The American Physical Society, The Optical 
Society of America, The Acoustical Society of America, 
The American Association of Physics Teachers, and The 
Society of Rheology) will become members of the Institute. 
Heretofore the Institute has been an organization of these 
five Member Societies without any individual memberships. 
Provision is also made for associate membership in the 
Institute, open to others interested in physics. No change 
is made in the organization, functions, and activities of the 
five societies. 

The new journal, for which initial financing is now being 
sought, will contain news about physicists, their meetings, 
their work, and other activities, and about similar features 
in related fields; information about the action of govern¬ 
mental and other non-physics agencies affecting physics; 
articles and letters presenting the views of physicists on 
problems of general importance; references to current 
literature in physics; book reviews, etc. Technical journals 
in the field of physics already being published by the 
Institute and its Member Societies will remain unchanged. 

Division of Electron and Ion Optics 

The Division of Electron and Ion Optics will hold a 
meeting in connection with the Washington meeting of the 
American Physical Society on May 1-3,1947. There will be 
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New Books 


a program of invited papers in the general held of “The 
Physics of Surface Phenomena.'* Contributed papers will be 
welcomed. For further information address J. R. Pierce 
(secretary-treasurer), Bell Telephone Laboratories, Inc., 
463 West Street, New York 14, New York. 

The Bulletin of Mathematical Biophysics 

The following is the table of contents for the March 1947 
issue of The Bulletin of Mathematical Biophysics: 

Suggestions for * Mathematical Biophysics of Some Psychoses— 

N. Rash e vs icy 

A Problem la Mathematical Biophysics of Interaction of Two or More 

Individuals Which May Be of Interest in Mathematical Sociology— 

N. Rash k vs icy 

Mathematical Theory of Motivation Interactions of Two Individuals: 
• I.—Anatol Rapoport 

The Mechanism of the Middle Bar: I. The Two Piston Problem— 

Martinus H. M. Esser * 

The University of Chicago Press, Chicago, Illinois 
Volume 9 Number 1. 

Symposium at Ohio State 

A Symposium on Molecular Structure and Spectroscopy 
will be held at the Mendenhall Laboratory of Physics at 
The Ohio State University from Monday, June 9, through 
Saturday, June 14. There will be discussions of the in¬ 
terpretation of molecular spectroscopic data as well as 
methods of obtaining such data. In addition, there will be 
sessions devoted to microwave and Raman spectroscopy. A 
dormitory will be available for those who wish to resirfe on 
the campus during the meeting. For further information, or 
for a copy of the program when it becomes available, write 
to Professor Harald H. Nielsen, Mendenhall Laboratory of 
Physics, The Ohio State University, Columbus 10, Ohio. 

International Nickel Cooperative Educational Program 

A broadening of International Nickel Company’s co¬ 
operation with universities and colleges in the United 
States and Canada in the field of engineering education 
through the distribution of technical literature has been 
announced by T. H. Wickenden, manager of the develop¬ 
ment and research division of The International Nickel 
Company, Inc. 

The program will make available useful material for 
classroom instruction in training students in scientific 
fields. It has been offered to, and accepted by, a number of 
institutions in the United States and Canada which give 
accredited courses in mining, metallurgy, chemical en¬ 
gineering, and one or more other engineering courses. As 
rapidly as possible the program will be offered to all 
engineering schools. 

The development and research division of the company 
will furnish to each institution an exhibit containing ap- 
proximftely 50 specimens of nickel-containing materials; 
a portable metals identification kit containing approxi¬ 
mately 35 specimens of important metals and alloys for 
qualitative identification of metals and alloys; literature 
and other information concerning nickel and its alloys; and 
other data. Motion pictures of the company's mining, 
smelting, and refining operations will be made available. 
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Circuit Analysis by Laboratory Methods 

By Carl E, Skroder and M. Stanley Helm. Pp. 

288 -f*xvi, 6X9 in. Prentice-Hall, Inc., New York, 

1946. Price $5.35. 

Some twenty years ago Professor Harry E. Clifford 
planned a system of laboratory reports which was used 
under his cognizance at M.I.T. and Harvard, and the form 
of which is still used there and in many other schools. The 
purpose of this system was to encourage the student to plan 
and think about the experiment rather than treat it as a 
mere manual exercise. The modus operandi was to require 
a preliminary report which involved the following sections: 
a. A statement of the problem, b. The theory involved, 
c. The procedure, d. The circuit diagrams, e. The results 
expected together with a sample calculation, and f. A 
proposed analysis of the results. 

After having this preliminary report, together with a list 
of needed instruments, accepted by the instructor, the 
student was then free to perform the experiment and was 
expected to perform it with little additional guidance. The 
experiment was finished only when a final report, including 
the completion of Sections e and f, was accepted. This 
method was and still is in sharp contrast with the cook book 
method prevalent in some schools. This latter method is 
sometimes reduced to a point where the student is asked 
only to read instruments and to put the readings in 
appropriate squares on a data sheet provided by the 
instructor. There is no question as to which method does 
the better job of teaching. 

In the book Circuit Analysis hy Laboratory Methods , the 
authors attempt to follow the preliminary report system 
and at the same time reduce some of the drudgery involved 
in merely copying sections of theory from references. This 
they do admirably. However, by the title one is rather led 
to expect that the book will contain an entirely new and 
different set of experiments. This is not so, since many of 
the experiments are good old standbys, but the emphasis 
has very definitely been shifted from machines to circuits. 
Only three out of the thirty-five experiments are on 
rotating machine characteristics. Eight of the remainder 
are on series and parallel circuits including resonance, which 
acknowledges their importance both in engineering and as 
a teaching mechanism. Three are on polyphase circuits, and 
three on reactive power. The remainder are distributed 
among instruments, Kirchhoff’s laws, power, resistance, 
etc. 

Although the text explaining the philosophy of the 
experiments is good, it is expected that the course would be 
taken concurrently with a theory course in circuits. Since 
there should be some correlation between this and the 
laboratory, one would hope to find a classroom text which 
covers the same material in the same order. This might not 
be easy, although it might be accomplished by a certain 
amount of reorganization. 

The chapter describing the report to be expected of the 
student is good, but it could have been rendered more vivid 
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by including an example of what the authors consider to be 
a good report on one of the experiments included in the 
later chapters. 

It seems that the authors have lost some crispness in 
trying to make the book so general that it can be used in all 
laboratories with all kinds of equipment. Somehow the 
sentence, “The inductance of the coil and the capacitance 
of the condenser should be such that resonance will be 
obtained at a frequency about in the middle of the fre¬ 
quency range designated by the instructor/* docs not seem 
nearly as authoritative as, “Choose the inductance and 
capacitance so that resonance will be obtained at 2000 cps.” 

Eric A. Walker 

The Pennsylvania Slate College 

The Diffraction of X-Rays and Electrons by 
Free Molecules 

By M. H. JPirknne. Pp. 160-fxii, Figs. 82, 5$X8J in. 

Cambridge Series of Physical Chemistry. Cambridge 

University Press, Cambridge, England, 1946. 

The thirteen chapters cover the following topics: 
Coherent scattering, incoherent scattering, fluorescence 
radiation, experimental measurements of the scattering of 
x-rays by atoms, diffraction of fast electrons by atoms, 
diffraction of x-rays by free molecules, intermolecular 
interferences in gases and liquids, thermal movements in 
molecules, the chemical bond, use of x-ray and electron 
diffraction for determination of structure, Fourier analysis 
of interference measurements of free molecules, measure¬ 
ment of x-ray scattering functions of gases, and a list of 
molecules studied by x-ray diffraction. An excellent 
bibliography contains 187 references. 

The book is essentially a report of the work of the Debye 
school in the field of x-ray scattering by free molecules. The 
material is well presented and the l>ook makes easy and 
interesting reading. Theoretical considerations and deriva¬ 
tions are summarized, the results and conclusions are 
clearly stated, and the step-by-step details omitted. The 
first twelve chapters could well serve as a complete coverage 
for twelve semi-popular lectures. Most of the work pre¬ 
sented in the book is more than ten years old, and much of 
it is familiar to workers in the field. However, even the 
experienced x-ray diffraction worker will find that the 
careful authoritative presentation clears up for him a few 
misunderstood points. The book should serve a useful 
purpose as a general report and reference for this phase of 
the x-ray diffraction field. 

B. E. Warren 

Massachusetts Institute of Technology 


New Booklets 


Tracerlab, Inc., 55 Oliver Street, Boston 10, Massa¬ 
chusetts, has published the first issue of Tracerlog , the 
purpose of which is “to publish technical information on 
laboratory, medical, and industrial uses of radioactivity, 


not to mention an occasional 'commercial* plug for Tracer- 
lab’s own products -and services.** It will be published 
monthly and mailed free of charge on request to physicists, 
chemists, physicians, and engineers interested in radio¬ 
activity and its applications. 

Tube Department of Radio Corporation of America has 
announced the publication of two 16-page booklets. Form 
PG-101 is entitled “Power and Gas Tubes for Radio and 
for Industry” and Form 1275-C is named “Receiving Tubes 
for Television, FM, and Standard Broadcast.” Either book¬ 
let may be obtained for 10 cents a copy from RCA tube 
distributors, or by sending 10 cents direct to Commercial 
Engineering, Tube Department, Radio Corporation of 
America, Harrison, New Jersey. 

Miniature Precision Bearings, Inc., Keene, New Hamp¬ 
shire, offers a four-page bulletin on miniature ball bearings 
for precision instruments and mechanisms. It describes in 
detail five series: radial, super-light radial, pivot, angular 
contact, and thrust. 

Acme Scientific Company, 1448 West Randolph Street, 
Chicago 7, Illinois, has issued a four-page folder describing 
in detail Acme’s new mold polishing service. The company 
feels that the type of surface which it can provide on 
irregular contours may be useful to the readers of this 
journal. 

Eberbach and Son Company, Ann Arbor, Michigan, 
publishes a 16-page house organ called Announcer of 
Scientific Equipment , of interest to research, control, and 
development laboratories. 

Rex Rheostat Company, P. O. Box 232, Baldwin, Long 
Island, New York, announces its new Catalogue No. 3 , 
8 pages. The company manufactures slide-contact rheostats 
and resistors. 

Leeds and Northrup Company, 4934 Stenton Avenue, 
Philadelphia 44, Pennsylvania, has published a new 
catalog, ND46(l) f which provides information about a 
pyrometer which supplements the Micromax line of 
instruments for those applications which require split- 
second response to temperature changes, or unusually rapid 
concentration on a single chart of data from many points. 
16 pages. 

Walker-Jimieson, Inc., 311 South Western Avenue, 
Chicago 12, Illinois, makers of radio and electronic supplies, 
have issued their 1947 Reference Book and Buyer's Guide . 
106 pages. 

Radio City Products Company, Inc., 127 West 26 Street, 
New York 1, New York, is announcing its new Catalogue 
No. 129 , which describes a comprehensive line of radio, 
electrical, and electronic test instruments. 24 pages. 

American Documentation Institute, 1719 N Street, 
N. W., Washington 6, D. C., has published its first Catalogue 
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of Auxiliary Publications in Microfilm and Photoprints. To 
be distributed free so long as this first edition is available. 
52 pages. 

Dow Coming Corporation, Midland, Michigan, has 
announced the third edition of its DC Silicone Catalogue . 
12 pages. 

RCA Victor Division, Camden, New Jersey, has pub¬ 
lished two new booklets for the wider dissemination of 
technical information about electron tubes. Each contains 
16 pages, and the titles are Receiving Tubes for Television , 
FM t and Standard Broadcast , and Power and Gas Tubes for 
Radio and for Industry. 

. Castle Films Division of United World Filins, Inc., 30* 
Rockefeller Plaza, New York 20, New York, is announcing 
a new catalog listing many new films Pleased during the 
past year for school and industrial training purposes. 


The Ruberoid Company, 500 Fifth Avenue, New York 
18, New York, has issued a 40-page illustrated booklet by 
Dr. Oliver Bowles entitled Asbestos—The Silk of the Mineral 
Kingdom . Dr. Bowles is chief of the Nonmetal Economics 
Division of the U. S. Bureau of Mines and is a prominent 
authority on the subject of asbestos. 

Philips Research Laboratory has published a 20-page 
index listing all articles which have appeared in Philips 
Technical Review during the period January 1936 (first 
issue) to June 1942 (last issue prior to suspension of 
publication during.the German occupation of Holland). It 
is available on request from Elsevier Book Company, Inc.,* 
215 Fourth Avenue, New York 3, New York. The index, 
distributed free as a service to readers, alphabetically 
catalogs by subject all articles which appeared during that 
period. 


Calendar of Meetings 


April 

28-30 American Geophysical Union, Washington, D. C. 

28-30 National Academy of Sciences. Washington, D. C. 

Hay 

1-3 American Physical Society, Washington, D. C. 

8-10 Acoustical Society of America, New York, New York 
17 New England Radio Engineering Meeting, Cambridge, Massa¬ 
chusetts 

26-27 Institute of Aeronautical Sciences, Detroit, Michigan 

June 

1-6 Society of Automotive Engineers, French Lick, Indiana 
8-10 American Society of Refrigerating Engineers, Los Angeles, 
California 


9-13 American Institute of Electrical Engineers, Montreal. Quebec, 
Canada 

9-14 Symposium on Molecular Structure and Microscopy. Ohio State 
University, Columbus, Ohio 

16-19 American Society of Mechanical Engineers, Chicago, Illinois 

16-20 American Society for Testing Materials, Atlantic City. New 

18-21 Society for the Promotion of Engineering Education, Minne¬ 
apolis, Minnesota 

23-25 American Society for X-Ray and Electron Diffraction, Mon¬ 
treal, Quebec, Canada 

July 

16-19 American Society of Civil Engineers. Duluth, Minnesota 
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Special Issue on High Polymers 

The following six papers were presented at the meeting of the Division of High Polymer Physics of the American 
Physical Society at Columbia University, January 30-February 1, 1947. 

Measurements of the Refractive Index of Films* 

Fred W. Billmeyer, Jr. 

E. T. du Pont de Nemours and Company, Plastics Department, Arlington, New Jersey 

The refractive index of a film of transparent or translucent material may be determined by 
immersing the film in a suitable liquid mixture and observing the intensity of light reflected 
from the surface of the specimen. The composition of the immersion liquid is varied, and a 
record is made of its refractive index (measured on a refractometer) and of the reflected light 
intensity. The refractive index of the film is the same as that of the immersion liquid giving the 
lowest reflected intensity. This has been confirmed by experiments with a glass plate, whose 
refractive index was known. According to Fresnel’s laws of reflection, the experimental data 
should fit a parabola with its minimum at the refractive index of the film. On fitting the data 
by the method of least squares, the minimum is obtained with a standard deviation of the 
order of 0.002 refractive index units. The method has been applied to several plastic materials. 


INTRODUCTION 

A METHOD has been developed for meas¬ 
uring the refractive index of a solid material. 
Originally used with thin films of translucent 
plastics, it may be applied as well to thicker 
specimens, of more highly absorbing or colored 
material. Mentioned by R. W. Wood 1 and used to 
some extent in the investigation of anomalous 
dispersion phenomena, the procedure consists in 
immersing the specimen in a suitable mixture of 
liquids and observing the intensity of light re¬ 
flected from its surface. The composition of the 
immersion liquid is varied, and a record is made 
of its refractive indices (measured by a re¬ 
fractometer) and of the corresponding intensities 
of the reflected light. The refractive index of the 


* Presented at the meeting of the Division of High 
Polymer Physics, American Physical Society, January 30- 
February 1, 1947. . ... n 

1 R. W. Wood, Physical Optus (The Macmillan Com¬ 
pany, New York, 1934), third edition, pp. 411-12, 509. 


sample is the same as that of the immersion liquid 
which gives the lowest intensity of reflected light. 

THEORY 

When a material of refractive index im¬ 
mersed in a liquid of refractive index n not too far 
different from w 0 , is illuminated with unpolarized 
light striking its surface at an angle i (see Fig. 1), 
the fraction of the light reflected is given by 
Fresnel’s Law as 2 



* The coefficient \ in these equations becomes nearly 1 
when reflections from the back face of a transparent sample 
are included. For these experiments its actual value is 
immaterial. 
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where /o and I are the initial and reflected light 
intensities, respectively, and i and r are the 
angles of incidence and refraction. The angle r is 
given by Snell’s Law: 

« 

n sini = » 0 sinr. (2) 



If i is chosen as 45°, a convenient angle experi¬ 
mentally, and n is nearly equal to « 0 , r becomes 
nearly 45°, and Eq. (1) reduces to 

I/h~\ (tan 2 (f — r) — tan 4 (i — r)). (3) 

Use of Eq. (2) then gives, for i — r small, 

-)+... (4) 

»o / 

which is a parabola with its minimum at w = »o. 

EXPERIMENTAL 

Apparatus 

A diagram of the essentials of the apparat us is 
shown in Fig. 2. 



Fic. 3. Glass plate. 


Fig. 4. Type FM-3 Nylon. 

In the actual experiments two sets of apparatus 
were used. One consisted of a Bausch and Lomb 
'projection microscope illuminator as light source 
and a Photovolt photometer, model 500, as 
detector. The tungsten lamp was run from a 
voltage-stabilizer, and a Wratten 62 filter was 
used to approximate mercury green light. 

Later experiments were made with the light¬ 
scattering apparatus built by the author (to be 
described elsewhere). A stabilized incandescent 
lamp was used in conjunction with Wratten 
filters 11 and 22 to approximate sodium yellow 
light. Occasionally the filters were omitted. 

In each case the sample was a thin film held 
between two pieces of polythene approximately 
0.080 inch thick, arranged so as to fit tightly 
along the diagonal of a 4-centimeter square glass 
cell. The polythene was cut away so as to allow 
the light to hit the film and to allow free circula¬ 
tion of the immersion liquid. Polythene is 
especially suitable because of its general in¬ 
solubility. 

The immersion liquids must be miscible with 
one another and must not dissolve, swell, or 
otherwise affect the sample. Some liquid pairs 
which have been used are benzyl alcohol and 
carbon tetrachloride for the range in refractive 
index around 1.5, and carbon tetrachloride and 
benzene, or carbon tetrachloride and ethanol, for 
lower indices. 

Measurements were carried out by starting 
with a liquid mixture about 0.01 refractive index 
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unit away from the index of the film (chosen by 
experience or in a preliminary experiment) and 
adding small increments of a liquid with index 
beyond that of the sample. For each liquid mix¬ 
ture used, the refractive index and the intensity 
of reflected light were measured. 

The measurements of refractive index wore 
carried out either on a Bausch and Lomb “Pre¬ 
cision’’ rcfractometer using mercury green light, 
or on a Bausch and Lomb Abb6 refractometer, 
which gives a reading for sodium light. All ex¬ 
periments were carried out at room temperature 
(approximately 25°C) and the refractometers 
were checked against standard glass plates 
occasionally. 

Glass Plate Experiment 

To tost tho accuracy of the procedure, the 
refractive index of a microscope slide was meas¬ 
ured both by the method described here and 
directly by the Abb6 refractometer, with the 
following result: 

by refractometer, 

w = 1.5171 

by light reflection, 

w = 1.5156db0.0036 (95 {>ercent reliability). 

The two values agree within one standard 
deviation. The data are presented in Fig. 3, with 
the refractometer value indicated by an arrow. 



Fic. 5. “Teflon,” density 2.18. 


Table I. Refractive indices of films. 


Material 

Index 

Color of light 

Notes 

polythene 

1.515 

1.519 

mercury green 
mercury green 

PM-1, lot 720 

PM-1, lot 859 

tet rafluorocthy lene 

1.378 

1.376 

white 

sodium yellow 

“Teflon/’density 2.18 
“Teflon/* density 2.12 

hexamethylene 

sebacamide 

1.532 

sodium yellow 

Type FM-3 Nylon 


COMPUTATIONS 

The refractive index of the test specimen may 
be obtained from the experimental data either by 
inspection or from the equation of the parabola 
fitted to the observed points by the method of 
least squares. 

In the latter case, the reflected intensity is 
represented by the equation 

I=a+btt+cn 2 (5) 

and the position of the minimum is 

b 


In the experiments carried out on films of 
plastics, the standard deviation in the value of n 0 
was computed directly from the experimental 
data for the case of the glass plate. For each of 
the other cases the standard deviation was esti¬ 
mated from this value and the relative magni- 



Fig. 6. “Teflon,” density 2.12. 
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tudes of the 1 ‘chi-square* * index of precision 8 for 
glass and for the case in question, 
k, Whenever the refractive index as determined 
by a visual inspection of the data was compared 
with that computed by least squares, the differ¬ 
ence between the two was less than twice the 
standard deviation of the computed value. 

Some experimental results are presented in the 
following table, and a few of the computed curves 
are shown in Figs. 4, 5, and 6. Included on the 
graphs are the estimated and computed indices of 
refraction of the respective films, and a scale of 
standard deviation, <r. The intensity is represented 
in arbitrary units, with the zero‘of intensity con¬ 
siderably below the axis. 

P* The intensity at the minimum will depend 
upon the transparency of the film. For a very 

9 See, for example, R. A. Fisher, Statistical Methods for 
Research Workers (Oliver and Boyd, 1941), eighth edition. 


transparent material such as glass, it will be 
limited chiefly by the scattered and stray light in 
the apparatus. The value of n 0 is not influenced 
by the magnitude of this residual intensity. 

CONCLUSION 

A method similar to the mineralogical im¬ 
mersion technique for measuring the refractive 
index of a solid has been presented.' The test 
specimen may be a thick or thin piece with a 
reasonably plane face, or a film. The material 
may be clear or translucent, and rrtay also be 
colored. The optical quality of its surface need 
only be fair. For these reasons this technique has 
proved successful in several cases where other 
methods, such as the determination of Brewster’s 
angle, have failed. 

Some experimental results are given in the 
accompanying table and figures. 


A Sound Velocity Method for Determination of Molecular Weight of Liquid Polymers! 

Alfred Wkissler, James W. Fitzgerald,* and Irving Resnick** 

Naval Research Laboratory , Washington , D. C. 


A new method is presented for determining number 
average molecular weights of liquid polymers, by means of 
easily performed measurements. The molecular weight is 
an explicit function 



T HE molecular weight of a polymer is so 
fundamental a property, and the methods 
available for its determination are so few in 
number, that any new technique warrants a 
certain interest. This paper presents such a new 
method, suitable for liquids, which is based on 
the relatively simple measurements of sound 
velocity, density, and refractive index. 

I. BASIS OF THE METHOD 

Sound velocity in liquids became useful for 
the investigation of molecular structure after 

t Presented at the meeting of the Division of High 
Polymer Physics, American Physical Society, January 30- 
February 1, 1947. 

* Now at Engineering Research Associates, Washington, 


of the sound velocity r, density d , refractive index », and 
the two empirical constants A and B. Accuracy of about 2 
parts per hundred was attained for the lower polyethylene 
glycols. The method seems suitable for molecular weights 
up to several thousand. Sound velocities were measured 
by an acoustic interferometer, at one megacycle frequency. 

the discovery by M. R. Rao 1 of the empirical 
constant 

R=Mv'/d (1) 

where M is the molecular weight, v and d are the 
sound velocity and density measured at the same 
temperature, and R may be called the molar 
sound velocity. For each pure liquid (except 
water) the molar sound velocity is a constant 
independent of temperature; therefore, density 
and the cube root of velocity vary in such a way 
that their ratio is fixed. 

** Now at Johns Hopkins University, Baltimore, 
Maryland. 

1 M. R. Rao, Ind. J. Phys. 14,109 (1940); J. Chem. Phys. 
9, 682 (1941). 
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Table I. Physical properties of polyethylene glycols at 30°C. . 


Glycol Mol. wt. Density 


Sound Boiling 

velocity hd Viscosity point 


Ethylene 

62.1 

1.1068 g/cc 

Diethylene 

106.1 

1.1094 

Triethylene 

150.1 

1.1158 

Tetraethylene 

194.2 

1.1159 

Pentaethvlene 

238.2 

1.1165 

Poly 200 

200 ± 10 

1.1168 

Poly 300 

300 zfc 15 

1.1176 

Poly 400 

400=fc20 

1.1182 

Poly 600 

600 ±30 

1.1183 


Although the velocity of sound varies irregu¬ 
larly within a given homologous series, such as 
the alcohols or ketones, the molar sound velocity 
was found to be an additive property of the atoms 
(or bonds) in the molecule. From the published 


1642.9 m/s 

1.4295 

13.95 c.p. 

6971.2 mm 

1567.7 

1.4438 

22.55 

10572.0 

1593.3 

1.4531 

29.96 

12371.2 

1580.1 

1.4567 

35.16 

13870.5 

1580.0 

1.4593 

42.37 

17670.5 

1592.2 

1.4572 

39.71 


1578.0 

1.4618 

59.02 


1576.0 

1.4636 

74.70 


1570.2 

1.4653 

104.62 



molecular weight 

Bd 



tables of R increments for atoms of carbon, 
hydrogen, oxygen, etc., the molar sound velocity 
may be calculated with good accuracy, just as in 
the familiar case of molar refraction. 

Further, Lagemann and Dunbar 2 showed that, 


in terms of the two empirical constants and the 
observed sound velocity, density, and refractive 
index. Similar expressions may be obtained from 
other pairs of molar constants; for example: 


within a homologous series, linear relationships 
exist between any two of the following molar 
constants: (a) molar sound velocity, (b) molar 
refraction 


N = —[ - 

d Vn 2 +2 


( 2 ) 


B'd 

- 

v* — i4'(2.9+log log tj) 

B"d 

M =--- 

✓n*-i\ 

(-) -i4"(2.9+log logrj) 

\n 2 +2/ 


( 6 ) 


(7) 


where n is index of refraction, (c) molar viscosity 
as defined by Souders 3 

M 

/= (2.9+Iog logrj)— (3) 

d 

where rj is viscosity in millipoises, (d) molar 
magnetic rotation, (e) parachor, (f) critical 
volume, and (g) van der Waals’ b. 

An example of such a relationship is the one 
involving refraction and sound velocity 

R=AN+B (4) 

where A and B are, respectively, the slope and 
intercept. Upon substitution of Eqs. (1) and (2), 
this immediately yields an expression for the 

1 R. T. Lagemann and W. S. Dunbar, J. Phys. Chem. 49, 
428 (1945). 

* M. Souders, J. Am. Chem. Soc. 60, 154 (1938). 


where A', A ", B' f and B " are the analogous 
slopes and intercepts of the other linear relations. 

These results should be applicable not only to 
a homologous series, in which the difference be¬ 
tween two successive members is — CH 2 —, but 
also (o a polymer homologous series, where the 
difference is any monomer structural unit. 

II. EXPERIMENTAL 

It was therefore decided to test the validity of 
Eq. (5), and incidentally of (6) and (7), by using 
it to determine the molecular weights of several 
pure members and commercial mixtures of the 
polyethylene glycol series. These polymers, of 
type formula H0-(-CH 2 -CH 2 --0-) n --H, 
have been studied intensively in the past. 4 - 6 The 

4 H. Staudinger, Der Aufbau der hochmolekularen organ - 
ischen Verbindungen , (Julius Springer, Berlin, 1932). 

4 R. Fordyce and H. Hibbert, J. Am. Chem. Soc. 61, 
1910, 1912 (1939). 
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chemical individuals (the monomer, dimer, 
trimer, tetramer, and pentamer) were purified by 
fractional distillation through a 40 cm Widmer 
column, at about 1 mm pressure. The mixtures 
were those of average molecular weight 200, 300, 
400, and 600, as manufactured by Carbide and 
Carbon Chemicals Corporation. 

Several physical properties of these nine liquids 
were measured at 30 o ±0.1°: refractive index for 
sodium light by the Abb£ refrac tome ter, density 
by a 25 ml pycnometer, sound velocity by the 
acoustic interferometer described below, and 
viscosity by the Ostwald-Fenske viscometer. 
These properties are listed in Table 1. 

The acoustic interferometer 6 was of con¬ 
ventional type, 7 ~ 9 energized by a one megacycle 
crystal-controlled oscillator. Figure 1 shows the 
circuit used. Figure 2 is a sectional view of the 
brass interferometer cell, containing the quartz 
crystal source and the movable reflecting plate, 
immersed in the thermoregulated oil bath. About 
300 ml of liquid are required for a measurement. 
As the reflector is moved vertically through the 
liquid by the micrometer head, cyclical variations 
in the standing wave pattern recur at distances 
of integral half-wave-lengths. These cause corre¬ 
sponding cycles in the current through the 
interferometer crystal, which are observed on a 
suitable microammeter. The micrometer-head 
travel Required for an interval of two current 

• Designed by one of us (J. W. F.) and Mr. Burton G. 
Hurdle. 

1 G. W. Pierce, Proc. Am. Acad. 60, 269 (1925). 

• J. C. Hubbard and A. L. Loomis, Phil. Mag. 5, 1177 
(1928). 

9 E. Klein and W. D. Hershberger, Phys. Rev. 37, 760 
(1931). 



Fig. 2. Interferometer in thermoregulated oil bath. The 
inner tank shown has since been removed. 


maxima, then, is equal to the wave-length; and 
the velocity of sound is, of course, the product of 
this wave-length and the frequency. In practice, 
one measures the travel for twenty maxima, 
which makes possible a precision of a few 
hundredths of a percent. 

HI. DISCUSSION 

From the physical properties of the nine liquids, 
there were computed the molar refractions, 
viscosities, and sound velocities. These observed 
molar constants agree reasonably well (Table II) 
with the values calculated 10 from the molecular 
structures, using the published tables 2,3,10 of the 
bond increments for each type of constant. In the 
case of molar sound velocity, the agreement is 
better than 1 percent, which is less than the 
dispersion in values among the original com- 


Table II. Molar constants of polyethylene glycols. 


Molar sound vehxity Molar tefraction Molar viscosity 


Glycol 

Ob- 

served 

Calcu¬ 

lated 

Ob¬ 

served 

Calcu¬ 

lated 

Ob¬ 

served 

Calcu¬ 

lated 

Ethylene 

661.7 

652.0 

14.47 

14.49 

181.2 

176.0 

Diethylene 

1111.2 

1106.1 

25.40 

25.39 

312.9 

316.9 

Tricthylene 

1571.6 

1560.1 

36.37 

36.31 

443.2 

457.8 

Tetraethylene 

2027.1 

2014.2 

47.36 

47.28 

575.3 

598.7 

Pentaethylene 

2485.1 

2468.2 

58.36 

58.27 

708.3 

739.6 

Poly 200 

2091 

2075 

48.79 

48.87 

593.6 

617.5 

Poly 300 

3125 

3105 

73.71 

73.56 

897.3 

937.5 

Poly 400 

4163 

4135 

98.63 

98.48 

1201.3 

1257.5 

Poly 600 

6236 

6195 

148.40 

148.17 

1813.4 

1897.5 


10 Molar refraction was calculated by the method of K. 
Fajans, Physical Methods of Organic Chemistry, edited by A. 
Weissberger (Interscience Publishers, New York, 1946), 
Vol. I, pp. 672, 679. 
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Flu. 3. Linear relation between molar sound velocity and 
molar refraction. 


pounds used for constructing the table of incre¬ 
ments. Compared to values previously reported 11 
for 20°, the molar refractions show the customary 
increase of 0.01-0.02 percent per degree, at¬ 
tributed by Fajans 10 to loosening of the electron 
shell. The agreement is poorest for the molar 
viscosities. 

Next, the existence of a linear relation between 
molar sound velocity and molar refraction was 
verified for the five pure compounds. The points 
lie on the straight line of Fig. 3, of which the 
slope A is 41.59 and the intercept # is 57.7. The 
slope may also be calculated from the tables of 
bond increments: for each — CH 2 — CII 2 — O — 


Table III. Determination of molecular weight by 
sound velocity. 

_57.7 d _ 


M-- 


Glycol 

Ethylene 

Diethylenc 

Triethylene 

Tetraethylenc 

Pentaethylene 

Poly 200 
Poly 300 
Poly 400 
Poly 600 




- 


— r 


Mole. 


Mole. 

Mole. 


wt. by 


wt. 

wt. 

Theoretical 

sound 


number 

wt. 

Mole. wt. 

velocity 

Deviation 

avR. 

avg. 

62.1 

59,9 

-3.5% 

60.8 

62 

106.1 

111.5 

5.1 

101.6 

109 

150.1 

147.3 

-1.9 

148.5 

155 

194.2 

195.7 

-0.8 

195.4 

190 

238.2 

237.7 

0.2 

234.5 

238 

200dbl0 

186.2 

— 2.0+ 

183 

219 

300=tl5 

302.7 

'0.0+ 

315 

359 

400db20 

381.8 

0.0+ 

384 

480 

600+30 

546.9 

-4.0+ 

561 

720 


11 A. F. Gallaugher and H. Hibbert, J. Am. Chem. Soc. 
58, 813 (1936). 



Fig. 4. Verification of other linear relations. 


structural unit, the R increment is 454 and the N 
increment is 10.88. The quotient of these two, 
which should be the slope, is 41.73, so that the 
agreement is a few parts per thousand. 

As expected, linear relations were found (Fig. 4) 
for the two other pairs of molar constants, sound 
velocity and viscosity, and refraction and vis¬ 
cosity. For the former pair, slope A' — 3.466 and 
intercept #' = 31.9; for the latter, A" = 0.08337 
and #"=—0.640. The agreement between ob¬ 
served and calculated slopes is not as good in 
these cases. 

Next came the crux of the entire work. For 
each of the nine liquids, the molecular weight was 
calculated as indicated by Eq. (5), from the 
density, sound velocity, index of refraction, A y 
and #. The results show an average accuracy of 
about 2 percent (Table III) on the basis of the 
theoretical molecular weights, which compares 
well with that of other methods. 

For purposes of comparison, the number aver¬ 
age molecular weight was determined by freezing- 
point depression in water as solvent. 12 Meas¬ 
urements were made at concentrations of 
approximately 2 percent and 4 percent, and the 
values extrapolated to infinite dilution. The pre¬ 
cision is estimated at about 3 parts per hundred. 
It is apparent from Table III that, within ex¬ 
perimental error, the sound velocity molecular 
weight is the same as the number average 

u Using water as solvent avoided the anomalous results 
encountered in ethylene dibromide solution by Gallaugher 
and Hibbert, reference 11, presumably because the glycols 
tend to be solvated, rather than associated, in aqueous 
solution. The apparent molecular weights obtained in the 
present work decreased slightly with increasing concentra¬ 
tion, which indicates that association of glycol molecules is 
negligible compared to solvation. 
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IV. SUMMARY 



Fig. 5. Bulk viscosities of polyethylene glycols at 30°. 

molecular weight. In addition, a weight average 
molecular weight was determined from the log- 
log plot of bulk viscosity against molecular 
weight 13 (Fig. 5). As would be expected, for the 
heterogeneous mixtures the weight average 
results shown in Table III are considerably 
higher than the number average or sound 
velocity molecular weights. ^ 

Attempts were also made to calculate the 
molecular weights from Eqs. (6) and (7), the 
analogous relations involving the pther two pairs 
of properties. However, the errors are large, as 
demonstrated in Table IV. This may be due 
partly to the fact that the precision of measure¬ 
ment of viscosity is only about one-tenth as good 
as that of sound velocity or refractive index. 
Unfortunately, the errors increase for higher 
molecular weights because the calculations in¬ 
volve a decreasing difference between the two 
terms in the denominator of the expression for M. 

18 These lower polyethylene glycols appear not to conform 
to the relation logi; = A -f/J M* suggested for bulk viscosities 
by P. J. Flory, J. Am, Chem. Soc. 62, 1057 (1940). 


A new method for determining molecular 
weights of polymeric liquids has been shown to 
yield results of about 2 percent accuracy in the 
case of the lower members of the polyethylene 
glycol series. This method, which . gives the 
number average molecular weight, consists of 
calculating M from two empirical constants and 
the observed sound velocity, density, and re¬ 
fractive index. We intend to investigate extension 
of its applicability to solid polymers or solutions 
of solids. 
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Table IV. Molecular weight determinations using other 
pairs of molar constants. 


Glycol 

Theoretical 
Mol. wt. 

Refraction 

and 

velocity 

Velocity 

and 

viscosity 

Refraction 

and 

viscosity 

Ethylene 

62.1 

59.9 

63.6 

62.5 

Diethylene 

106.1 

111.5 

131.4 

98.2 

Triethvlenc 

150.1 

147.3 

138.0 

167.2 

Tetraethylene 

194.2 

195.7 

186.0 

205.2 

Pentaethylcne 

238.2 

237.7 

237.9 

221.9 

Poly 200 

200±10 

186.2 

187 

183 

Poly 300 

300 ±15 

302.7 

479 

185 

Poly 400 

400 ±20 

381.8 

1677 

168 

Poly 600 

600 ±30 

•546.9 

Infinite 
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An Instrument for Measuring Particle Diameters and Constructing Histograms from 

Electron Micrographs* 

E. E. Hanson and J. H. Daniel 

Chemical and Physical Research Laboratories, The Firestone Tire and Rubber Company , Akron, Ohio 

An instrument for shortening the time and labor required in constructing particle size 
histograms from electron micrographs is described. Representative histograms obtained with 
the instrument for GR-S latiees are shown. Linear, surface, and volume-equivalent diameters of 
non-spherical particles are defined, and variations in the instrument for plotting such diameters 
are proposed. 


INTRODUCTION 

N certain studies of the polymerization of 
synthetic rubbers, it is desirable to obtain 
particle-diameter distribution curves or histo¬ 
grams for tile rubber latiees. Such diameter 
histograms may be obtained from electron micro¬ 
scope photographs of the latex particles. 

The technique used in this laboratory for 
preparing latex specimens for the electron micro¬ 
scope 1 consists essentially of forming a film 
from a dilute water solution of polyvinyl alcohol 
containing a small amount of the latex. 

The construction of particle diameter histo¬ 
grams is tedious and time consuming. In the 
usual procedure, the “longest” and “shortest” 
diameters of the projected image (or of a photo¬ 
graphic enlargement) of a particle are measured 
with a rule, their arithmetic mean is computed, 
and finally the number of particles with mean 
diameters lying in chosen diameter intervals is 
plotted against the diameters. Multiplication by 
a scale factor, containing the reciprocal of the 
magnification, converts the diameter axis of the 


histogram to read directly in Angstrom units. 
To obtain a representative distribution, at least 
200 particles should be measured. 

The instrument to be described here was de¬ 
veloped to reduce the time and labor required in 
constructing such histograms. It will be called a 
“histogram computer.” 

In the development of the histogram com¬ 
puter, consideration was given to the question 
of whether the arithmetic or the geometric 
mean, or some other function of the “longest” 
and “shortest” diameters of a particle, should be 
plotted. With an unbroken film in the electron 
microscope, the latex particles usually appear 
approximately spherical in shape. However, when 
holes are present in the film, as frequently is the 
case, the particle contours are elliptical. The 
problem, then, is to compute the diameter of the 
equivalent spherical par tick; having either the 
same volume, or the same surface area, as the 
actual ellipsoidal particle. The two cases require, 
of course, calculation of different functions of 
the major and minor axes. In addition, the 


Table I. Comparison of arithmetic and geometric mean diameters with volume and surface equivalent diameters. 


Prolate Spheroid Oblate Spheroid 

Mean % Error % Error % Error % Error 


Rat io 
a/b 

u-fft 

2 

Geom. 

Mean 

iab)\ 

Differ¬ 

ence 

% D „ 

Arith. 

Mean 

Geom. 

Mean 

n. 

Arith. 

Mean 

Geo in. 
Mean 

Dv 

Arith. 

Mean 

Geom. 

Mean 

[)» 

Arith. 

Mean 

Geom. 

Mean 

1.0 

b 

6 

0.0 

6 

0.0 

0.0 

b 

0.0 

0.0 

b 

0.0 

0.0 

b 

0.0 

0.0 

1.5 

1.256 

1.2256 

1.0 

1.1456 

9.2 

7.0 

1.166 

7.8 

5.6 

1.316 

-4.6 

-6.5 

1.336 

-6.0 

-7.9 

2.0 

1.506 

1.4146 

2.9 

1.2606 

19 

12.2 

1.316 

14 

7.9 

1.5876 

-5.5 

-11 

1.666 

-9.6 

-15 

2.5 

1.756 

1.586 

5.1 

1.3576 

29 

16 

1.446 

22 

9.7 

1.8426 

— 5.0 

-14 

1.996 

-12 

-21 


a-Major Axis * 
ft-Minor Axis 


Dv-Diameter of sphere of equal volume. 
D$ — Diameter of sphere of equal surface. 


* Presented at the meeting of the Division of High Polymer Physics, American Physical Society, New York, January 

30-February 1, 1947. „ 

1 R. H. Kelsey and E. E. Hanson, J. App. Phys. 17, 675 (1946). 
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Fig. 1 . The scanning mechanism. 


particles may be either prolate or oblate, or 
some shape in between. Without going through 
some time-consuming process, such as taking 
stereo-photographs, there is no way of deter¬ 
mining what volumetric shape a particle has. 

A comparison between the diameters of the 
volume-equivalent and the surface-equivalent 
spheres, and the arithmetic and geometric mean 
diameters for both prolate and oblate spheroids 
is given in Table I. In some cases the geometric 
mean is the closer approximation, and in others 
the arithmetic mean is the closer. It was there¬ 
fore decided to design the simplest of possible 
mechanisms, which gives the arithmetic mean. 
In general, the measurements should be restricted 
to particles having a major to minor axis ratio 
of less than two. , 

APPARATUS 

The histogram computer consists essentially 
of a scanning mechanism for setting manually 
two pairs of mutually perpendicular lines on the 
outline of the particle, and a coupled recording 
mechanism for dropping a steel ball into a 
compartment corresponding to a range of diam¬ 
eters containing the arithmetic average of the 
two measured diameters of the particles. 

Figures 1 and 2 are photographs of the scanning 
and the recording mechanisms, respectively. The 
scanning mechanism consists of a steel base¬ 
plate ^ith a right angle section cut out for view¬ 
ing the electron micrograph field, two mutually 
perpendicular screws (one labelled E) for trans¬ 
lating non-rotating nuts to which clear Lucite 
blocks are attached, two equal gear trains 
coupling the rotations of the screws to their 
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Fig. 2. The recording mechanism. 


respective Selsyn motors, and a sub-base plate 
of clear Lucite on the under side of which are 
two scribed, inked-in lines drawn parallel with, 
and perpendicular to the two screws. Each of 
the movable Lucite blocks has a scribed, inked-in 
line drawn on its top and bottom surface, in a 
vertical plane parallel to a line in the sub-base 
plate. This enables the operator to set the lines 
without parallax on the edge of the particle. 
Each of the two Selsyn motors is coupled to a 
corresponding motor on the recorder so as to 
transmit its rotation. 

In the recorder unit, the Selsyn motors, A 
and By transmit their rotations additively through 
a differential gear, C, to a screw 10 inches long. 
The screw serves to position the ball-dispensing 
mechanism E. Directly below the ball-delivery 

Ui 
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T—* 

pq 


J 


Fig. 3. The ball release mechanism. 
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tubeJ^nd parallel to the screw, is a thin rec- 
tan*^ ar Lucite box, F, divided into 80 com¬ 
partments for receiving the steel balls as they 
are dropped. 

The ball-dispensing unit consists of a I.D. 
copper-tubing magazine, D , for holding a supply 
of A” dimeter s teel balls, and an electromag- 
n ^5 a Jly controlled “valve” by which the oper¬ 
ator can cause the balls to be dropped one at a 
time. A cross-sectional diagram of the valve is 
shown in Fig. 3. The axis of the delivery-tube is 
sufficiently offset from the magazine, D, to 
prevent the balls from falling through. The flat 
plunger, F, normally held by the spring, S, in 
the position shown, is pierced by a hole slightly 
larger in diameter than the steed balls. When the 
circuit to the magnet, Af, is closed, the plunger 
carries one ball over and discharges it into the 
delivery tube. The delivery tube projects be¬ 
tween two parallel guides to a position T V' 
above the opening in the recorder compartments. 
The parallel guides also serve the purpose of 
preventing any rotation of the dispensing unit 
nut. 

The recorder compartment box, F, was made 
by bolting together the two ends of two pieces 
of 6"Xll"X 4 l " Lucite blocks against .0%" 
thick spacers. Strips of .010" thick shim stock 
were inserted into grooves which had been 
accurately milled into the inner surfaces of the 
plates on centers. The bottom of the box is a 
metal blade which can be removed at the end of 
a run to release the accumulated balls into a flat 
box below. 

End-play was taken out on the three screws 
by special thrust bearings. Back-lash was elimi¬ 
nated through the use of split-nuts engaging 
the screws. 

The Selsyn motors were designed to be oper¬ 
ated normally at 115 volts and 400 cycles. 
However, since no 400 cycle source was avail- 


LJ_ 

Fig. 4. Appearance of the 
scanning lines set on a 
particle. 



Fig. 5. Contact print of the recorder compartmented box 
showing distribution from which histogram of run 3, Fig. 6, 
was obtained. 


able, they were operated from the transformer, G t 
at 60 cycles and 24 volts. 

The gear train normally used gave an amplifi¬ 
cation factor of 18 from the scanning to the 
recorder units. Therefore, a total magnification 
of 35,300 diameters was required in the electron 
micrograph to give a value of 50 Angstroms to 
each |"-long compartment interval. Other values 
could be given to the compartment interval by a 
suitable choice of gears and total magnification 
of the electron micrograph. 

In practice, a particle count can be made 
either from a photographic enlargement, or 
directly from an image of the electron micro¬ 
graph plate projected at the desired magnifica¬ 
tion on a ground-glass screen. The procedure is 
first to set the scanner unit on the zero position 
(scribed lines directly over each other), and the 
ball dispensing unit approximately at the zero 
position of the recorder box, and finally to shift 
the compartmented box slightly by hand until 
the bails fall equally often on both sides of the 
chosen zero wall. The scanning unit is then set 
successively on the particles to be measured, so 
that each particle is bracketed by the scribed 
lines as shown in Fig. 4. As each particle in turn 
is thus bracketed, the ball release switch is 
closed to record that particle. A counter, coupled 
to the switch, automatically totals the number of 
particles as the measurements proceed. 
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Fir,. 6. Histograms of experimental latex. Each run mad** 
from same electron micrograph field. 

TYPICAL RESULTS 

Figure 5 is a direct contact print of the record 
given by the histogram computer of 335 particles 
of an experimental GR-S latex. The print was 
made by placing F-2 contact paper against the 
back of the recorder compartments, and illumi¬ 
nating the front of the box for 15 seconds with a 
60 watt Mazda bulb placed 7 feet away. In this 
case the electron microscope magnification was 
5600, and the photographic enlargement was 
6.3 X to give a total magnification of 35,300 X. 

In Fig. 6 are three histograms of an experi¬ 
mental GR-S latex. All were constructed from 
the same electron micrograph field, and are, 
therefore, indicative of the reproducibility of the 
instrument. In these measurements an interval 
of 100 Angstrom units was chosen. Since the 
limit of resolution of the electron microscope was 
about 50 Angstroms for the specimens used, it 
was concluded that the sharp variations between 
50 Angstrom intervals, shown in Fig. 5, were not 
significant. 

Figure 7 is similarly a record of three successive 
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Fig. 7. Histograms of another experimental latex. Each run 
made from same electron micrograph field. 


histograms constructed from the same field of 
an electron micrograph of another GR-S type 
latex. 

In general, the reproducibility of the curves is 
considered satisfactory. 

It has been our experience that it is much less 
tedious to operate the computer than to measure 
particles with a rule, that the accuracy is in¬ 
creased, and that the time required to construct 
a histogram is reduced by about one-half. 

OTHER POSSIBLE MECHANISMS 

Construction of an electronic servo-system, to 
replace the Selsyns and differential in the histo¬ 
gram computer, was not justified in this labora¬ 
tory ^ because of extra complications, but would 
give added features which might be desirable in 
some applications. Among such features may be 
listed the following: 

1. Distribution of the geometric as well as arithmetic 
means of major and minor axes. 

2. Distribution of surface area (approximate) or of 
volume (exact), assuming particle shape to be an ellipsoid 
of revolution. 

3. Flexibility of size of histogram increments. 

One such scheme is shown in Fig. 8. Circular 
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potentiometers, Pi and P 2 , have resistances linear 
with their respective angles of rotation, 61 and 0 2 , 
to the desired degree of accuracy. In use, 0 1 
and 02 are set proportional to the major and 
minor axes, D\ and Z> 2 , respectively. Similar 
potentiometers, P 3 and P 4 , are mechanically 
inter-connected so that their angles of rotation 
remain always equal to the single angle 0. This 
angle 0 is determined by the position of the servo¬ 
motor, which also runs the ball dispenser of the 
recorder (minus differential gear). In Fig. 8, the 
two voltages, V 2 and F 3 , applied to the sum 
amplifier will always differ 180° in phase, so 
when their magnitudes are equal, the sum am¬ 
plifier output to the servo-motor will be zero. 
The direction of rotation of the servo-motor 
when V 2 and F 3 are not equal will depend on 
which voltage is the greater. The blocks labeled 
CF are cathode followers with amplification, 
A extremely constant and slightly less than 
unity. Setting Pi = p 2 = 0 for the moment, the 
following relations will exist: 


T 2 — t \A cf\ 0 2 ~ V\A cfJziDi 


= k\L) jC 1 V oA cF\k 2 D 2 , (1) 

V 3 = V 4 Acf 2 0 = -Acf 2 0 2 C 4 Vo, (2) 

where Oi — kiDt; 0 2 — k 2 D 2 \ voltage across P 1 
= CiV 0 \ voltage across P 4 = — C 4 Fo. 

When the servo-motor has equalized Vs and 
— Fa, and the recorder ball dispenser conies to 
rest, the following relation will exist: 


A cf 2 0 2 C 4 Vo = kiDit 1 1' oA cf ik 2 D 2t 

/ CxAcf^ (3) 

0 =( k\k 2 -) (DJWK 

\ CaAcfJ 


Hence the position of the recorder ball dispenser 
is proportional to the geometric mean of the 
particle major and minor axes. 

Since Vo docs not appear in Eq. (3), line volt¬ 
age regulation is unnecessary. Rheostat Pi allows 
the increment of diameter for the histogram to 
be varied. The combination of R\ and P 2 allows 
a shift of recorder zero for cases where no small 
particles are present. 

To obtain a histogram of approximate surface 
areas, a switching arrangement feeds F 4 instead 



Fig. 8. Schematic diagram of proposed servo-mechanism 
for histogram computer. 


of V 3 to the sum amplifier, thus giving 0 pro¬ 
portional to the product DyD 2 . 

To obtain a histogram of the arithmetic mean 
of particle diameters, a switching arrangement 
removes CFi and CF 2 from the circuit, connects 
the ungrounded ends of Pi and P 2 , and feeds 
Vi and V 2 separately, and V 4 instead of F 3 , to 
the sum amplifier (for this arrangement k\ must 
equal k 2 , as would normally be the case). 

To obtain a histogram of volumes, V 4 instead 
of Vs is fed to the sum amplifier, P 3 is connected 
mechanically and electrically to P 2 in the same 
manner it was formerly connected to P 4 , and the 
series outputs of Pi, P 2 , and P 3 , arc fed to the 
sum amplifier. In the case of a prolate spheroid, 
0i must be set proportional to the major axis; 
for an oblate spheroid, 0i must be set propor¬ 
tional to the minor axis. Obviously, only a small 
range of particle sizes can be covered in volume 
histograms as compared to diameter histograms. 
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Torsion of a Rubber Cylinder* 


R. S. Rivlin 

British Rubber Producers* Research Association , Welwyn Garden City , Herts., England, and 
National Bureau of Standards, Washington, D. C., U. S. A. 

It has been predicted theoretically that, in general, a right-circular cylinder of incompressible, 
highly elastic material, which is isotropic in its undeformed state, cannot be held in a state of 
pure torsional, deformation by means of a torsional couple alone. In addition, normal surface 
tractions must be exerted over the plane ends of the cylinder. These normal surface tractions 
depend on the amount of torsion and on position on the plane ends of the cylinder. Experi¬ 
ments are reported here in which this phenomenon is observed in a right-circular cylinder of 
pure gum compound. The dependence of the surface traction on amount of torsion and its 
distribution over the surface of the cylinder is studied by measuring the bulging of the rubber 
into small holes in a metal plate on one end of the cylinder. 


L INTRODUCTION 

N a series of papers which is pending publi¬ 
cation elsewhere, 1 the mechanical properties 
of highly elastic materials, such as rubber, which 
can be assumed incompressible and isotropic in 
their undeformed state, are discussed in terms of 
a stored-energy function W. This stored-energy 
function is specified in terms of the invariants of 
strain. It is shown that, once W is specified in^ 
this manner, the forces, which must be applied 
in order to support any given state of deforma¬ 
tion, can be calculated. This calculation has been 
carried out for the pure torsional deformation of 
a right circular cylinder, for an assumed stored- 
energy function of simplest possible type and 
subsequently for any general form of stored- 
energy function. 

The theory predicts that in order to produce a 
pure torsion in the cylinder, a torsional couple 
must be exerted on the plane ends of the cylinder,- 
as in the classical theory of elasticity for small 
deformations. In addition, normal tractions must 
be exerted over these surfaces. The distribution 
of these normal tractions over the ends of the 
cylinder and their dependence on the amount of 
torsion have been calculated for any specified 
form of the stored-energy function. 

In this paper experiments are reported in 
which this distribution and dependence on 
amount <5f torsion is measured for a cylinder of 
pure gum compound, on the assumption that the 

* Presented at the meeting of the Division of High 
Polymer Physics, American Physical Society, January 30- 
February 1, 1947. 

1 R. S. Rivlin, Phil. Trans. Roy. Soc. A (pending publi¬ 
cation). 


surface traction is measurable by the bulging of 
the rubber into small holes in a metal plate on 
one end of the cylinder. The results obtained are 
compared with those derived theoretically for 
two simple forms of the assumed stored-energy 
function. Agreement, within the accuracy of the 
experiments, is obtained if the stored-energy 
function has a form equivalent to that put 
forward for rubber by Mooney. 2 This form in¬ 
volves two physical constants for the material. 

n. SPECIFICATION OF THE STORED- 
ENERGY FUNCTION 

The stored-energy function for an ideal per¬ 
fectly elastic material may be completely defined 
in the following manner. If a cube of the material, 
of unit edge, is subjected to a pure, homogeneous 
deformation in which it is deformed into a 
cuboid of dimensions \i by X 2 by X 3 , then the 
strain invariants h, 1%, and / 3 are defined as 

I\ — X 1 2 +X 2 2 +X 3 2 , 

/2 = X 2 2 X 3 2 +X 3 2 X l 2 +X 1 2 X 2 2 

and 

Ji = Xi%?X,*. (1) 

If the material is isotropic in its undeformed 
state, the energy stored in the deformed cube is 
defined as the stored-energy function for the 
material. It must be a function of / 1 , I 2 , and Is, 
provided it depends only on the state of deforma¬ 
tion of the cube and not on the manner in which 
the deformation is reached. Once the form of this 


* M. Mooney, J. App. Phys. 11, 582 (1940). 
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function is specified, the mechanical properties 
of any body of this material are, in principle, 
completely determinate and are purely a matter 
for calculation, provided such phenomena as 
internal friction and creep are negligible. 

For an incompressible material, the volume of 
the cube considered is unaltered in the deforma¬ 
tion, so that 


/3 = X l 2 X 2 2 X 3 2 = l. (2) 

Then W, the stored-energy function, is given by 

W=W(f lt I 2 ). (3) 

In general, the form of the function W(Ii, / 2 ) 
will be such that when the body is undeformed 
0 . 


III. THE TORSION OF A RIGHT- 
CIRCULAR CYLINDER 

Let us consider a right-circular cylinder of 
radius a and length l of incompressible material, 
for which the stored-energy function W is given 
by (3). It has been shown that, in such a body, 
a pure torsion, in which each circular cross 
section of the cylinder is turned in its own plane 
through an angle <#>( = ^s) proportional to its 
distance z from one end, can be maintained by 
the application of surface tractions alone. The 
necessary system of surface tractions is inde¬ 
terminate to the extent of an arbitrary hydro¬ 
static pressure, but if the surface tractions 
applied to the curved surface of the cylinder are 
zero, then the surface tractions which must be 
applied to the plane ends have been calcu¬ 
lated as 

(i) tangential surface tractionsO acting azimuth- 
ally in the deformed state of the cylinder (these 
effectively act as a torsional couple on the 
cylinder), and 

(it) normal surface tractions Z. 

0 and Z are measured per unit area of the 
surfaces on which they act and their distribution 
over the plane ends of the cylinder and depend¬ 
ence on \p are giYcn by 


0 = 2 fr 



and 



r d*W d*W 

-2-+ (3+* 2 r 2 )-- 

La/i 2 dhdh 

d*W ~|| 

+ (2 +yr*) - \\dr . (4) 

d/ 2 2 JJ 

r is the distance of the point considered from the 
axis of the cylinder. dW/dI\, dW/dh, d 2 W/dIf, 
etc., are, in general, functions of 1 \ and / 2 which 
can be calculated if the form of W(Ii, J 2 ) is 
known. For the deformation considered, 

/i = / 2 = 3+*V 2 . (5) 

We shall consider here two particular choices 
of the form of the stored-energy function W for 
which Eq. (4) are considerably simplified. 

In the series of papers 1 mentioned above, par¬ 
ticular attention was paid to the stored-energy 
function given by 

W= Ci(/i —3), (6) 

when Ci is a physical constant characterizing the 
material. Materials for which Eq. (6) are valid 
were described as incompressible, neo-Hookean 
materials. 

The particular interest residing in this choice 
of the stored-energy function rests on the facts 
that 

( i ) it is the simplest choice that can be made, 
from the point of view of the formulation of a 
theory of large elastic deformations; 

(ii) it is the form derived by Treloar, 3 for an 
ideal rubber, on the basis of the kinetic theory 
of large elastic deformations. 

Equation (6) is a particular form, obtained by 
making C 2 = 0, of the relation 

H /r =Ci(/i —3) + C 2 (/ 2 — 3), (7) 

which was first suggested by Mooney 2 as suitable 
for describing the elastic properties of rubber. 
It is noted that Eq. (7) involves two physical 
constants for the material, C\ and C 2 . 

If the relation (7) is introduced into (4), we 

* L. R. G. Treloar, Trans. Faraday Soc. 39, 241 (1943). 
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0- k 


Fig. 1. Distribution of normal surface traction over plane 
ends of cylinder in pure torsion. 

(a) When W'*C 1 (/,-3) 

and 

(b) when W r ~C , i(/,-3) + C,(7,-3). 


obtain * 

0 = 2MCi + C 2 ) 

and 

Z = - 2\f/ 2 a 2 C 2 - t 2 {a 2 - r 2 ) (Ci - 2 C 2 ). 


( 8 ) 


The equations for 0 and Z, when W takes the 
form (6) can, of course, be obtained by putting 
C 2 = : 0 in (8). 

We see that if the physical properties of the 
material are represented by either Eqs. (6) or (7), 
the force Z which must be exerted at each point 
is proportional to the square of the amount of 
torsion. If Eq. (6) applies, Z must everywhere 
have the nature of a thrust (since Ci is essen¬ 
tially positive), which is distributed over the 
diameter of a plane end as shown in Fig. 1(a). 
If Eq. (7) applies, then Z does not vanish at the 
periphery (where r=a) and provided C 2 is 
positive and sufficiently small compared with C\ % 
its distribution will have the form shown in 
Fig. 1(b). 


IV. EXPERIMENTAL PROCEDURE 


The experiments which will be described in 
this paper have as their object the study of the 
distribution of the normal force Z defined in the 
previous section and its dependence on the 
amount of torsion. 

In a preliminary qualitative experiment a 
rubber cylinder of pure gum compound, with 
brass plates bonded onto its plane ends, was 
subjected to a torsional couple by means of a 
lever attached to one of the ends while the other 
end was held in a vise. It was found that unless 
a longitudinal thrust was intentionally exerted 
parallel to the axis of the cylinder, the cylinder 
elongated, its axial cross section before and after 



I 7 ig. 2. Axial cross section of cylinder before and after 
twisting by a couple. 

* torsion being shown roughly in Fig. 2. This 
simple experiment bears out the mathematical 
conclusion that a pure torsional couple does not 
give rise to a pure torsion. Clearly, if a pure 
torsion is to be obtained, normal compressive 
forces, whose resultant must have the nature of a 
thrust, must be exerted over the plane ends of 
the cylinder. This is in general agreement with 
the theoretical predictions outlined in the pre¬ 
vious section. 

Consequently, an apparatus was designed in 
which the pure gum cylinder, to whose plane 
ends brass disks are bonded, is restrained from 
elongating. So, when one disk is rotated with 
resjjcct to the other by the application of a 
torsional couple, the longitudinal thrusts re¬ 
quired for the production of a pure torsion in 
the rubber cylinder are automatically called into 
play. The upper brass disk A contains five 
circular holes, each J-inch in diameter, varying 
in distance from the center and spaced as shown 
in Fig. 3, in order to have as little mutual inter¬ 
action as possible. The lower disk B has rigidly 
attached to it a steel di.sk C. 

The assembly of rubber cylinder and disks A, 
B, and C is held in a robust steel frame D, as 
shown in Fig. 4. The upper disk is rigidly at¬ 
tached to the frame and the lower disk is capable 
of being rotated in its own plane about its axis, 
by means of a crowbar which is introduced into 
one of a series of holes in the steel disk C. 
Provision is made for holding the cylinder in a 
state of torsion by means of steel pegs, which 
can be introduced into one of the holes E in 
the frame. A scale is also provided for measuring 
the angle through which the lower disk is rotated. 

When this disk is rotated, the^rubber bulges 
slightly in the holes in disk A and the amount of 
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this bulging is assumed to be proportional to the 
thrust which would have to be exerted to prevent 
the bulging. 

The bulging represents a small deformation 
superposed on a relatively large torsional de¬ 
formation. At each of the holes this torsional 
deformation approximates to a state of simple 
shear of an amount depending on the amount of 
the torsion and the position of the hole con¬ 
sidered. The assumption that the amount of 
bulging is proportional to the normal force tend¬ 
ing to produce it is equivalent to an assumption 
that the former does not depend greatly on the 
state of simple shear on which the bulging defor¬ 
mation is superposed. There are certain theo¬ 
retical reasons for assuming that this is approxi¬ 
mately valid in the experiments described here. 

In order to produce a simple extension in a 
cylinder superposed on the simple torsion, an 
additional normal surface traction must be 
exerted over each of the plane ends. If the 
stored-energy function for the material of the 
cylinder has the form (6), it has been shown 1 
that this additional normal surface traction is 
independent of the amount of torsion and of 
position on the surface of the cylinder. The 
stress distribution in the neighborhood of the hole 
is complex, but for small deformations, it is 
reasonable to assume that the amount of bulge 
in each hole is dependent only on the force 
tending to produce the bulging and not on the 
amount of torsion or position of the hole, except 
insofar as this force is determined by them. This 




Fig. 4. The torsion apparatus. 

conclusion should be approximately valid if the 
stored-energy function has the form (7), pro¬ 
vided Ci is small compared with C i. However, 
there is no reason to believe that it should be 
true for every possible form of the stored-energy 
function. 

The amount d of the bulging in each of the 
holes is measured at the center of the hole, for 
various angles of rotation 0 o f the disk jB, by 
means of a dial gauge. The top of the disk B is 
ground flat and used as a reference plane in 
carrying out this measurement. 

V. EXPERIMENTAL RESULTS 

If Eq. (8) is valid for Z , then the relation 
between d and 6 should be 

d = KO'^laKi +(a 2 - r 2 ) ( C v - 2 C 2 ) ], (9) 

where K is some constant of proportionality. 
r is now taken as the distance of the center of 
the hole from the center of the disk. This assump¬ 
tion is justified if the radius of each hole is small 
compared with that of the cylinder, but it is 
impracticable to make it too small as the values 
of d are thereby reduced. The repeatability with 
which d could be measured in the experiment 
was estimated as ±0.002 in. using the same dial 
gauge. The accuracy with which 0 could be 
measured in the arrangement employed was dt$°. 

The gum compound used had the following 


Fig. 3. Upper brass disk vulcanized to rubber cylinder. 
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Fig. 5. Relation between displacement and the square of 
the angle of torsion. 


composition in parts by weight: 


Rubber 

100 

Sulphur 

3.0 

Captax 

0.8 

Stearic acid 

1.0 

Agerite 

1.0 

Zinc oxide 

5.0 

Tuads 

0.08 


The mix was vulcanized for 30 min. at 134°C. 
In order to produce a strong bond between the 
brass plates, a “tie gum” layer, less than -fa" 


thick , was introduced between the main rubber 
cylinder and each of the brass plates, and a 
cement marketed as “Reanite, No. 3615” was 
employed. The composition of the “tie gum” 
layer was, in parts by weight, 


Rubber 

100 

Stearic acid 

1.0 

Sulphur 

3.5 

Captax 

1.0 

Zinc oxide 

5.0 

Thermatomic black 

40 


The rubber cylinder employed had a radius of 
2.12 in. and length of 1 in. The holes in disk B 
each had a diameter of \ in. and the distances of 
their centers from the center of the disk arc 
given in the following table: 

Hole number 1 2 3 4 5 

r in inches 0 .85 1.18 1.47 1.69 

Equation (9) suggests that the results of the 
experiments be plotted as a relation between d 
and d 2 on linear graph paper. This should yield 
a straight line passing through the origin for 
each hole. 

This is done in Figs. 5 for each of the five 
holes, and it is seen that the linear relation be¬ 
tween d and d 2 of Eq. (9) is borne out within the 
accuracy of the experiment. 

The slope m of the straight line obtained for 
each hole is the value of J£[2a 2 C , 2 +(fl 2 "-’*' 2 ) 
X(Ci- 2C 2 )] for that hole, and if this is plotted 
against (a 2 — r 2 ) a straight line should be obtained, 
which passes through the origin if C 2 = 0 and 
otherwise gives an intercept of 2a 2 C 2 /C on the 
w-axis. If m is plotted against (a 2 —r 2 ) as in 
Fig. 6, it is seen that within the accuracy of the 
experiment the relation (9) between d/6 2 and 
(a 2 — r 2 ) is again borne out. 

If mo is the intercept of the straight line in 
Fig. 6 on the m-axis and b is its slope, we have 
m*=2a 2 C*K and 6 = 2C(C X — 2C 2 ). Whence 

Ci 2b 

———a 2 +2. (11) 

Ci mo 

From measurements on Fig. 6, we obtain 
m 0 = 10 X 10~ 6 in. deg.~ 2 , 

and 

b = 5.65 X 10“ 6 in.- 1 deg.~ 2 
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so that 



C 2 

Mooney 2 uses the constants C\ and C 2 to 
define three additional constants as follows: 

G = 2(C 1 +C 2 ) 

//=2(Ci-C 2 ) 

and 

a = H/G . 

He’thcn shows that the constant G is the modulus 
of rigidity of the material. The constant a is 
named the coefficient of asymmetry. From the 
definitions it follows that 

_ Ci/C % -1 

C1/C2+I 

Consequently, the experimental results presented 
here lead to a value of 0.75 for the coefficient of 
asymmetry of the pure-gum compound studied. 
This is somewhat larger than the values found 
for two compounds studied by Mooney. Further 
work would be required to establish the variat ion 
of a with the nature of the compound. 

VI. CONCLUSIONS 

The experiments bear out the general conclu¬ 
sion of the theory that in order to produce pure 
torsion in a rubber cylinder, normal surface 
tractions must be exerted on the plane ends and 
that these surface tractions vary with the amount 
of torsion and the position on the plane end of 
the cylinder. If the assumption is made that the 
amount of bulging in each hole is proportional to 
the force producing it and does not depend on 
the state of local strain on which the bulging is 
superposed, then the results of the experiments 
are in accordance with the assumption of an 
expression of the form (7) for the stored-energy 
function of the rubber. It has already been 
pointed out by Mooney that a stored-energy 
function of this form describes the linear shearing 
stress vs. amount of shear relation for rubber in 
simple shear, with a fair measure of accuracy, 
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Fig. 6. Relation between slopes of lines in Fig. 5 and 
positions of holes. 


up to reasonably large deformations. Also, 
Treloar 4 has recently obtained results in agree¬ 
ment with this for pure, homogeneous strain of 
a sheet of rubber. 

The form (6) for the stored-energy function is 
that derived from the kinetic theory of rubber¬ 
like elasticity. Load vs. deformation relations 
derived from this have been compared with 
experimental results for simple types of deforma¬ 
tion and have yielded fairly good agreement, 
depending on the type of deformation employed. 

It appears then that the form (6) for the 
stored-energy function provides a first approxi¬ 
mation to the stored-energy function for vul¬ 
canized rubber and that a second approximation 
is provided by the form (7). The differences be¬ 
tween these forms are more or less accentuated 
depending on the type of deformation studied. 
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Elastic Losses in Some High Polymers as a Function of Frequency and Temperature" 

H. S. Sack, J. Motz,** H. L. Raur, and R. N. Work 
Cornell University , Ithaca , New York 


1 he frequency and temperature dependence of the elastic losses of polyvinyl chlorides 
(0° to 80°C, 60 to 1400 c.p.s.) and of natural rubber and butadiene-styrene copolymers (GRS) 
of different relative concentration (-50° to 35°C, 20 to 3500 c.p.s.) was studied by 3 methods, 
in which the motion of a reed in free or forced vibration is observed. Natural rubber at tem¬ 
peratures above 20°C, and polyvinylchloride exhibit frequency independent losses, the mecha¬ 
nism of which is not yet clear. The results for rubber below 20° and for GRS can be explained 
by a relaxation theory. 1 he behavior of the elastic losses also reflects the existence of a second- 
order transition,,below which rotation of chain segments is hampered. 


1 . INTRODUCTION 

A MONG the theories of elastic losses in solids, 
the so-called relaxation theory has lately 
received considerable attention. 1 According to 
this theory the reaction of a body to an applied 
strain is not instantaneous but requires a finite 
time which is determined by the molecular con¬ 
stitution of the material. 2 The time which is 
characteristic of the speed with which molecules 
will move towards their new equilibrium position 
when a stress is set up is called the relaxation 
time. This theory is the analogue to Debye’s 3 
theory of anomalous dispersion of dielectrics, and ** 
has been discussed for simple and more compli¬ 
cated models in many publications. It will suffice, 
here, to recall that according to this* theory the 


* Presented at the meeting of the Division of High 
Polymer Physics, American Physical Society, January 30 
February 1, 1947. Early results of this investigation were 
presented at the APS meeting in November, 1943. It was 
not possible to publish these results earlier except for a 
short summary (H. S. Sack, J. Motz, and R. N. Work, 
J. App. Phys. 15, 396 (1944).) As they are in direct con¬ 
nection with the paper presented at the January 1947 
meeting, and in order to avoid duplication in publication, 
the former work, in its essential lines, is included in the 
present contribution. Part of the later work was sponsored 
by the Office of Naval Research. 

More details can be found in Cornell theses of J. Motz, 
R. N. Work and H. L. Raub. 


** Now at the Armour Research Foundation, Chicago, 
Illinois.* 

1 R. Simha, J. App. Phys. 13, 147 (1942); T. Alfrey and 
P. Doty, J. App. Phys. 16, 700 (1945); W. Kuhn, Zeits. f. 
physik. Cnemie B42, 1 (1939). 

a The relaxation theory can also be applied in cases where 
the relaxation is not due to a molecular rearrangement, but 
rather to heat flow. In this case the relaxation time is a 
function of the boundary conditions and therefore of the 
external shape of the body or of the grain structure of the 
substance. In this article we will refer only to relaxation 
phenomena which are governed by the motion of the 
molecules. C. Zener, Metals Tech. [5], 13 (1946). K. 
Bennewitz and H. Rfltger, Physik. Zeits. 37, 578 (1936); 
40,416 (1939). 

* See e.g. P. Debye and H. Sack; Handb. Rad. (1934); 
Vol.VI, part 1, p. 141. 


elastic losses—defined as energy loss per cycle 
(often called —should rise linearly with fre¬ 

quency o) for low frequencies, and decrease as l/o 
for high frequencies. The shape of the maximum 
in the intermediate region depends on the number 
of relaxation processes and, therefore, on the 
relaxation times that are present. This analogy 
between dielectric and elastic properties has been 
emphasized particularly in a recent publication 
of Kirkwood, 4 in which he applied to elastic 
phenomena a treatment which he formerly had 
applied to dielectric behavior where he calculated 
the distribution of relaxation times on the basis 
of a diffusion process of the single groups of the 
long chain molecules in high polymer substances. 5 

So far, little experimental evidence for the ex¬ 
istence of this relaxation phenomena has been 
found, at least in experiments in which the elastic 
losses under alternating stresses are measured. 6 
The aim of the work here presented was to find 
cases in which the relaxation theory would apply. 
High polymer molecules seem particularly suited 
for such a study because these molecules show a 
high degree of mobility, and their motion seems 
to be sufficiently slow so that it can be hoped that 
a relaxation time may be found in a low frequency 
region. It is also known from dielectric measure¬ 
ments that such relaxation phenomena do exist 
in these substances. 

As a starting point the series of polyvinyl chlo¬ 
rides were chosen because Fuoss 7 observed die¬ 
lectric relaxation in a region around 1000 c.p*s. 
However as will be discussed later, no elastic 

4 J. G. Kirkwood, J. Chem. Phys. 14, 180 (1946). 

1 R. M. Fuoss and J. G. Kirkwood, J. Am. Chem. Soc. 
63, 385 (1941). 

• The relaxation theory has been tested for nonperiodic 
motions, as for instance in the case of creep, etc. 

7 R. M. Fuoss, J. Am. Ch. Soc. 63, 369 (1941). 
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Fig. 1 . Diagram of experimental arrangement, (a) and (b) 
coil attachment; (c) arrangement of magnet; (d) optical 
system. 


relaxation was observed. More success was ob¬ 
tained wbh elastomers, in particular with syn¬ 
thetic rubber. The experimental procedure and 
results will be discussed in the following. 

2 . EXPERIMENTAL PROCEDURE 

Three different methods for the determination 
of the elastic losses were used : (a) The observation 
of the half-widths of the resonance curve of a reed 
in forced vibration, (b) the measurement of the 
damping properties of a free vibrating body, and 
(c) the measurement of the (elastic) hysteresis 
loop. 

The first and second methods are only appli¬ 
cable if the damping is relatively low. The last 
method is, in principal, free from this restriction, 
but the interpretation of the measurements is 
easier for high damping. The last method has the 
advantage, that it permits the measurement of 
the elastic losses over a wide range of frequencies, 
without need for changing the sample, while for 
methods (a) and (b) samples of different lengths 
have to be studied, in order to measure the clastic 
losses at different frequencies. 

In all three cases, the sample, in the form of a 
reed approximately 2 mm thick and 4-15 mm 
wide, and of appropriate length, was clamped on 
one end, while an alternating force could be 
applied to the other end. In the first experiments 
this force was applied by an electrostatic method : 
One side of the reed was covered with a very thin 
metal foil and opposite the reed, separated by a 
few mm, was placed an electrode so that an 
alternating potential could be applied between 
the reed and this electrode. This gives rise to an 



Fig. 2. Photograph of vibrator-unit. 

alternating force of twice the frequency of the 
applied potential. (If a d.c. potential is super¬ 
imposed, it is possible to create an alternating 
force of the same frequency.) In later measure¬ 
ments a small coil was attached to the end of the 
reed, and the reed was so mounted that this coil 
is in the air-gap of a strong speaker magnet. An 
alternating current set up in the coil then creates 
an alternating force on the reed. 

The motion (vibration) of the end of the reed 
is observed by an optical method. The end of the 
reed protrudes into a light beam. If the reed 
vibrates, this light beam is thus modulated, and 
in falling on a photo-cell creates an a.c. signal 
proportional to the amplitude of vibration. This 
signal is then amplified. Figure 1 shows diagram- 
matically the optical arrangements and the at¬ 
tachment of the coil to the reed, in (a) for a lateral 
vibration, and in (b) for a longitudinal vibration. 
In the later experiments the whole device was 
made as small and compact as possible in order to 
avoid outside disturbances. Figure 2 reproduces 
a photo of the complete assembly mounted on a 
solid base plate. This picture represents the case 
of longitudinal vibration. For flexual vibrations a 
different clamping block is used. The screws on 
top of the light-bulb holder serve to adjust the 
light beam so that maximum modulation and, 
therefore, maximum sensitivity are obtained. For 
the study of variations with temperature the 
complete system was put in an automatically 
controlled constant-temperature box. (This ar¬ 
rangement is, of course, only workable for tem¬ 
peratures not higher than approximately 70°C.) 

With the compact optical system as shown in 
Fig. 2, it was necessary to define the end of the 
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reed more sharply by attaching to it a thin metal 
edge. The photo-current is first amplified by a 
preamplifier driven by batteries, and then 
by a conventional audiofrequency amplifier. The 
driving potential or current was delivered by an 
audio oscillator, and kept constant over the whole 
frequency range. The frequency could be recorded 
within 1 percent. 

In case (a) (resonance curve), the output of the 
photo-amplifier was read on an a.c. meter giving 
a direct measure of the amplitude of vibration, 
which, when plotted as a function of frequency, 
gives a resonance curve whose half-width is easily 
determined. This method is precise for low or 
moderately high damping. For higher damping, 
the resonance peak becomes very wide and may 
be distorted by higher harmonics or parasitic 
reasonances in the system. 

In case (b) (free vibration), the reed is deflected 
from its rest position by a d.c. potential or cur¬ 
rent. By opening a switch, the current or po¬ 
tential is interrupted and the reed returns to its 
equilibrium position executing a damped vibra¬ 
tion. The output of the photo-amplifier is applied 
to the deflecting plates of an oscilloscope. At th<? 
time, the switch is opened, starting the vibration 
of the reed, a linear sweep of adjustable speed is 
applied to the other set of the plates of the 
oscilloscope. Thus, on the screen appears the 
picture of the damped vibration, from which the 
logarithmic decrement can be calculated by 
measuring successive amplitudes. Figure 3 re¬ 
produces two sets of pictures obtained with two 
materials of different constitution. The four 
pictures in each set represent different frequencies 
of vibration as indicated by the time-scale. The 
set at the left represents a material in which the 
damping increases very strongly with increasing 
frequency, whereas in the set at the right the 
damping is nearly independent of frequency. 
Again, this method is only usable for low 
damping. 

In case (c) (hysteresis loop), the procedure is 
somewhat more complicated. The output of the 
photo-amplifier is again applied to one set of 
plates of the oscilloscope. To the other pair of 
plates a potential is applied which is taken across 
a resistor in series with the driving coil. Since the 
driving force is proportional to the current in the 
coil, this signal is proportional to the force. Thus 



Fig. 3. Examples of damped free vibrations: butadiene- 
styrene, left 50/50, right 70/30. 


there will appear on the screen the elastic 
hysteresis loop of the material (stress-strain 
diagram). The area of this hysteresis loop is a 
measure of the damping qualities of the material. 
In fact, if divided by the square of the amplitude, 
it is proportional to the energy dissipated per 
cycle divided by the total energy of vibration. In 
this method, the two signals must appear on the 
oscilloscope screen without phase differences 
caused by the electric system. As phase differ¬ 
ences in amplifiers are unavoidable, a phase 
shifter is added to the system. This phase shifter 
is calibrated for each frequency by replacing the 
sample by a metal reed. It is known that for a 
metal like brass the phase shift between the 
vibration and the applied force is near 0 or 180°, 
except for a narrow region around resonance. If 
with this metal reed the stress-strain curve ap¬ 
pearing on the oscilloscope screen is not a straight 
line, then there exists a phase shift in the elec¬ 
trical system, and it can be compensated for by 
an adjustment of the phase shifter. The accuracy 
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of this phase adjustment proved to be one of the 
main difficulties of this method, especially for 
measurements at frequencies far away from 
resonance. 

In order to have a relative measure of the 
amplitude, another signal derived from a resist¬ 
ance in series with the coil is passed through the 
photo-amplifier system. As the current in the coil 
is kept constant, a variation of this signal as it 
appears on the oscilloscope screen is a measure of 
the change in amplification of the photo-amplifier. 

The pattern on the oscilloscope screen is photo¬ 
graphed, and the area of the hysteresis loop 
measured with a planimeter. This area is then 
divided by the square of the maximum amplitude 
as determined with the help of the calibration 
line ment .oned above. 

3. INTERPRETATION OF MEASURED QUANTITIES 

The quantities determined by the three sets of 
experiments are: the half-width of the resonance 
curve Aw/a)r (where Aco is the difference in fre¬ 
quency for two points where the amplitude of 
vibration is \ the amplitude at resonance fre¬ 
quency w r ); the logarithmic decrement 5; and the 
energy W dissipated during one cycle, divided by 
the square of the amplitude y, i.e., W/y 2 . In 
order to discuss the elastic properties in terms 
of molecular properties, it is necessary, first, to 
relate the measured quantities to material con¬ 
stants. In the case of forced vibrations this can 
be done by introducing a complex modulus of 
elasticity, e.g., a complex Young’s modulus for 
longitudinal vibrations, E'+iE'\ which might 
be frequency dependent. For small damping 
(£"/£'« 1) the same complex modulus can be 
used in treating the case of free vibrations. In the 
case of (£"/7t')<$Cl, the following relations exist 
Aco/c » r =y/3(E"/K'); 5 = t(E"/E'), where E" and 
E f have the values at the resonance, or free 
vibration frequency, respectively. W/y 1 is pro¬ 
portional to £", with a proportionality constant 
which depends, in contrast to the two other 
formulas, on the dimensions of the reed, the 
boundary conditions etc. (For a free-clamped, 
thin reed of length l this constant is ic 2 /SI.) This 
proportionality is only valid for frequencies 
below a certain frequency, which is low for low 
damping and high, for high damping. For fre¬ 
quencies beyond this limit, deviations from pro¬ 


portionality occur that have to be calculated for 
each particular case. The same complication 
arises for the other two methods if the damping 
is no longer small. In all these cases of non¬ 
proportionality it is necessary, in order to calcu¬ 
late the higher approximations to know the exact 
mechanism which gives rise to the losses, and 
which determines the frequency dependence of 
the elastic modulus. These calculations were 
made under the assumptions of a thin reed, 
clamped at one end, and acted upon by the ex¬ 
ternal force on the other end, whose motion was 
observed. The damping mechanism was assumed 
to be of the viscous type, and the frictional force 
was written as K(de/dt ), where « is the deforma¬ 
tion. In this case E" = Kco. Further calculations 
were made with putting = const., without 
specifying the mechanism that would yield this 
type of loss, since such a mechanism is not yet 
known. The experimental results were then cor¬ 
rected with the help of the formulas thus derived. 
.Since the assumptions are only approximations to 
the real case, no data were used where the 
corrections exceeded 30 percent. 

In the hysteresis loop method, the evaluation 
of W/y 1 in absolute units is rather cumbersome. 
Therefore the width of the resonance curve was 
measured simultaneously, at least at. one temper¬ 
ature. This value was used to calculate the pro¬ 
portionality constants. The results were ex¬ 
pressed directly in terms of Aw/w r , and are 
plotted in these terms in the figures. (£"(w) is 
then the value taken from the graph multiplied 
by E' at the resonance frequency and at the 
temperature where resonance is observed, and 
divided by VI.) 

4. EXPERIMENTAL RESULTS AND DISCUSSION 

(a) Generalities 

In all the experiments the amplitude of vibra¬ 
tion was so small that the maximum strain was 
not bigger than 0.1 percent. Under these condi¬ 
tions it proved that all the effects are linear. With 
the exciting force varying by a factor 5 to 10 in 
amplitude, no change in the losses was observed. 
Also the vibration remained sinusoidal (no ap¬ 
pearance of harmonics). Furthermore the hyster¬ 
esis loop has the form of an ellipse within a very 
good approximation (deviations from the ellipse 
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Fig. 4. Young’s modulus and elastic losses of polyvinyl-, 
chloride with 20 percent (A)> 30 percent {B) and 40 percent 
(C) plasticizer. % 

correspond to an harmonic content of not more 
than 1 or 2 percent). 

The influence of the “tightness” of clamping 
appears to be negligible for the loss measurement. 

The metal foil glued to the reed in the electro¬ 
static method, and the coil and coil supports used 
in the electrodynamic method, were replaced by 
similar attachments of different weight or geo¬ 
metric form, and proved to have no influence 
upon the measured elastic losses. 

In most cases measurements were repeated, if 
possible with reeds of different width or length. 
Good reproducibility was observed. The error for 
the losses is approximately ±10 percent. 

As will be seen later, very high losses, of an 
equivalent of approximately 100 for Aw/w, were 
observed under certain conditions. Such high 
values have to be interpreted with caution, as 
they mean that all the energy supplied by the 
outside force is dissipated in a very small region 
near the point where the force acts, and it is not 
excluded that the way in which the coil is con¬ 
nected to the reed has an effect; also the formula 
used for the calculation will probably receive 
additional correction terms, which cannot be 
evaluated exactly. 

(b) Polyvinyl Chlorides 

Three samples were measured. 8 Material A 
contained 80 percent polyvinyl chloride and 20 
percent tricresyl phosphate, B, 70 and 30 percent, 
and C, 60 and 40 percent. All measurements were 


* We are obliged to Dr. Fuoss, at that time at General 
Electric, for providing us with these samples. 



made by the first method (resonance curve). In 
Fig. 4 the results for Young’s modulus and the 
half-widths of the resonance curve are indicated 
as a function of temperature. Young’s modulus 
was calculated from the measured resonance fre¬ 
quency assuming a free-damped, thin reed (or a 
clamp-clamped reed) in flexural vibration. By 
choosing different lengths of the reed, and by 
vibrating it as free-clamped or clamp-clamped, a 
series of resonance frequencies are obtained in the 
range of approximately 100 to 1400 c.p.s. The 
values obtained at these different frequencies 
agree within the experimental error with the 
curves drawn in Fig. 4. We can, therefore, con¬ 
clude that in this frequency range, no dispersion 
occurs. This means that in our experiments we do 
not find a relaxation phenomena as it would have 
been suggested by the dielectric measurements 
made by Fuoss on the same substances in the 
same frequency and temperature range. This 
does of course not necessarily mean that such 
relaxation phenomena are absent, but if they are 
present, they are masked by other processes 
which are of greater importance and yield fre¬ 
quency independent losses. 

From Fig. 4 it can be seen that Young’s 
modulus decreases with increasing temperature, 
while the losses increase. This can be explained by 
the “loosening” of the structure, and the in¬ 
creased tendency to flow. It should also be men¬ 
tioned that static measurements of Young’s 
modulus, at room temperature and with small 
stresses, were made, which yielded from 4 to 10 
times higher values than those obtained by the 
vibration method. This seems to indicate that a- 
dispersion zone must be present below the fre¬ 
quency range here studied. 
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(c) Natural Rubber 

The sample studied was natural gum stock 
with 3 percent sulphur. For temperatures between 
5 and 5S°C measurements were made with all 3 
methods, yielding identical resuts; for lower tem¬ 
perature, down to — 46°C, only the hysteresis- 
loop method proved workable. The frequency 
range was 20 to 900 c.p.s. for the first two 
methods, and 300 to between 1500 and 3500 
(depending on the temperature) for the third 
method. Figure 5 reproduces the results for tem¬ 
peratures below 4°C, and shows that the losses 
rise linearly with frequency (but the line docs 
not go through the zero). Measurements at 
temperatures above 10°C are not included in the 
diagrams. They yield for 20 to 1300 c.p.s., a 
constant value of 0.2 for 22°C, and slightly lower 
for higher temperature. (A slight rise of approxi¬ 
mately 10 percent would also be compatible with 
the measurements.) 

Where a comparison can be made, our results 
are in good agreement with those of Stambaugh, 9 
and other earlier investigators. The frequency 
independent losses at higher temperatures can be 
represented, in a formal way, by a constant E". 
However, as mentioned, no simple mechanism is 
known that would yield this resub. Some specula¬ 
tions concerning this mechanism were given earli¬ 
er, 10 but no new evidence in favor of or against 
it has been obtained. The losses at lower tempera¬ 
tures can be represented by the superposition of a 
frequency independent part and a viscous term, 
R n = Koj , where K could be? called a coefficient of 



9 R. B. Stambaugh, Ind. Eng. Chem. 34, 1358 (1942). 

10 H. S. Sack, J. Motz, and R. N. Work, J. App. Phys. 15, 
396 (1944). 


viscosity. The same frequency dependence would 
result from a relaxation phenomenon with meas¬ 
urements made below the relaxation time (or 
zone of relaxation times). In fact, for low fre¬ 
quency, the relaxation theory gives a molecular 
picture of viscous flow. Figure 6 shows how this 
coefficient of viscosity increases with decreasing 
temperature. 

Resonance frequencies could be observed above 
— 18°C. These values indicate that Young’s 
modulus is rising slightly with decreasing temper¬ 
ature (20 percent increase from 22°C to — 18°C). 

(d) Butadiene-Styrene Polymers 

The samples 11 were unloaded and contained 1 
percent sulphur, 0.5 percent BLE and 0.3 percent 
tctramethylthiuramonosulfide. The content of 
butadiene to styrene was 70/30; 65/35; 60/40; 
55/45; 50/50. For the first 4 samples, at 22°C, all 
3 methods were used, and gave identical results. 
The last sample at all temperatures, and the 
others below 22° were only investigated by the 
hysteresis-loop method. As an example Fig. 7 
reproduces a set of curves observed for the 60/40 
sample. For higher temperatures than those given 
in the figure, the losses are lower, and the bending 
is less pronounced. In Fig. 6 the slope of the linear 
part (low frequencies) is given as a function of 
temperature for this sample, and for 70/30 and 
50/50. it appears that the temperature variation 
of this slope has the same shape, but is shifted to 
higher temperatures will higher styrene content. 

The characteristic feature in Fig. 7 as compared 
to the figure for natural rubber (Fig. 5) is the 



Fig. 7. Losses for 60/40 butadiene-styrene copolymer. 

11 These samples were kindly given to us by the U. S. 
Rubber Company. 
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appearance of a peak in the curve. Again, the 
other samples show a similar behavior, except 
that the temperature at which the bending of the 
curve occurs, in the frequency range here studied, 
is higher for higher styrene content. For the 
70/30 sample it does not yet occur above — 26°C, 
while for SO/SO the bending is already pro¬ 
nounced at 16°C. This appearance of a peak can 
be interpreted as the result of a relaxation 
phenomenon, though the curves do not corre¬ 
spond exactly to those calculated with a single 
relaxation time. 

Finally it is of interest to note that while at a 
constant frequency the losses increase first slowly 
and then more and more rapidly with decreasing 
temperature, this trend is reversed at very low 
temperatures (approx. — 40°C for 60/40), and the 
losses decrease again. This fact stands out par¬ 
ticularly well in looking at the change of the 
resonance curve. In lowering the temperature the 


resonance becomes wider, then is no longer ob¬ 
servable, reappears again and becomes narrow. 
This characteristic temperature is higher for 
higher styrene content; for 70/30 it could not be 
observed above — S0°C, the lower limit of our 
temperature range. This characteristic tempera¬ 
ture is approximately the second-order transfor¬ 
mation temperature of these substances. 12 As it is 
assumed that below the transformation point the 
segments of the chain-molecules 4 ‘freeze in,” and 
are no longer able to orient as freely as above this 
temperature, we may conclude that the relaxation 
phenomena observed are linked to this segment 
mobility. In agreement with this is the observa¬ 
tion that the loss-frequency curve below this 
temperature has a different character from that 
above, and does not show the characteristic peak, 
at least not in our frequency range. 

12 R. F. Boyer and R. S. Spencer, Advances in Colloid 
Sciences (Interscience Publishers, New York, 1946), Vol. H, 
p.d. 


Electrical Conductivity of GR-S and Natural Rubber Stocks Loaded with 
Shawinigan and R-40 Blacks*- ** 

P. E. Wack, R. L. Anthony, and E. Guth 
University of Notre Dame , Notre Dame, Indiana 


Measurements have been made of the direct current con¬ 
ductivity of rubbers loaded with carbon black. Shawinigan 
and Continental R-40 blacks compounded in natural 
rubber and GR-S were studied, and the resistivities were 
determined as functions of time, temperature, concentra¬ 
tion and elongation. Resistance decreased with time, at 
first very rapidly, then more slowly, approaching an 
equilibrium value. This behavior seems to be independent 
of the type of black used. Temperature coefficients of 
resistance (at 50°C) were positive for Shawinigan stocks, 
negative for samples containing R-40, and tended to 

I. INTRODUCTION 

C ARBON black has been used as a reinforcing 
agent in rubber-like materials for many 
years. In recent years special grades of carbon 
black h#ve been developed which serve the pur- 

* This work was carried out under contract to the Office 
of Naval Research as a part of Contract N6-ori-83, Task 
Order 1. 

** Presented at the American Physical Society Meeting, 
Division of High Polymer Physics, held at Columbia 
University on Jan. 30-31 and Feb. 1, 1947. 
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increase with increasing concentration of black and with 
increasing extension of the sample. At low concentrations, 
R-40 gave higher conductance in GR-S than did Shawini¬ 
gan. At high loadings, Shawinigan gave the higher con¬ 
ductance in both GR-S and natural rubber. Resistance 
increased with elongation for all stocks containing R-40. 
The Shawinigan GR-S .samples showed an inversion; for 
small elongations the resistance increased on stretching, 
but for higher extensions the resistance decreased. The 
results are interpreted on the assumption that the carbon 
black tends to form chains in the rubber matrix. 

pose of not only reinforcing these materials but 
also of imparting to them some electrical con¬ 
ductivity. However, our knowledge of the exact 
mechanisms or processes, which are responsible 
for this reinforcing action and greatly increased 
electrical conductivity, is still far from complete. 
Both effects are closely related, and increased 
knowledge of one will aid our understanding of 
the other. 

The reinforcing action of fillers has been dis- 
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cussed in a series of theoretical papers by 
Rehner, 1 Smallwood, 2 and Guth. 3 A general dis¬ 
cussion of the effects of various types of carbon 
black in GR-S has recently been given by 
Parkinson. 4 * The apparent tendency of the carbon 
black particles to form chains in the rubber, and 
possibly even a network structure at high carbon 
black concentrations has been pointed out by the 
aforementioned authors and others. Parkinson, in 
particular, has noted that, in some instances, 
there is strong evidence that the forces between 
carbon particles are greater than the forces be¬ 
tween the carbon particles and the rubber. The 
possibility that in some cases the chain of carbon 
black particles may serve as the major reinforcing 
agent rather than the individual carbon black 
particles, was suggested by Guth. 3 

Past studies of the electrical conductivity pro¬ 
duced in rubbers by carbon blacks have been 
confined chiefly to investigations of the effects 
resulting from varying the type of black, the 
particle size of the black, and the concentration 
of the black in the rubber. Cohan and Mackey 6 
and Cohan and Steinberg 6 have shown that the 
specific resistance of a rubber compound at 20% 
volume concentration decreases with increasing 
purity of the black, decreases with increasing 
graphitic structure, and decreases exponentially 
with decreasing particle size. The progressive 
decrease in resistance with decreasing particle 
size had also been noted by Amon and Brown 7 
in a study of the electrical resistance of carbon 
black inks. Hall, Buckley, and Griffith 8 have 
studied the dependence of the electrical re¬ 
sistance upon the concentration and structure 
of the black, using Shawinigan black in natural 
rubber and in GR-S. Bulgin, 9 in one of the 


most comprehensive papers published to date 
on this subject, discussed the dependence of the 
electrical conductivity in conducting rubbers 
upon the concentration of the black in rubber, its 
dependence upon the temperature, and its de¬ 
pendence upon the extension. Bulgin® employed 
a large variety of blacks and studied the behavior 
of these blacks in GR-S, GR-I, and in natural 
rubber. 

In the work reported here, the conductivity has 
been studied much more completely than in 
any previous work as a function of time, tem¬ 
perature, extension, and concentration of the 
black in the rubber. The behavior of two types of 
conducting blacks, Shawinigan and Continental 
R-40, in both GR-S and in natural rubber, has 
been studied. The conductivity of the blacks 
themselves was also investigated as a function 
of temperature, under a pressure of approxi¬ 
mately 2000 lb. per square inch. 

This more complete study was carried out in 
the expectation that the results might indicate 
the state of aggregation of the black particles in 
the rubber and thus lead to conclusions about 
the relative strength of the carbon black-carbon 
black and the carbon black-rubber interaction. 
Since rubber is an insulator, appreciable con¬ 
duction in a rubber stock loaded with conducting 
carbon black spheres can take place only if these 
spheres form a chain. Such chains in turn may 
form a lattice or network. Our results can be 
understood on the basis of a simple picture of 
the formation and breaking up of chains of 
carbon black particles. Carbon black particles 
are colloidal in size. To a first approximation, 
we may neglect the forces between them. Then 
we can consider the chain formation as a purely 


1 J. Rehner, J. App. Phys. 14, 638 (1943); Rubber Chem. 
Tech. 17, 865 (1944). 

1 H. M. Smallwood, J. App. Phys. 15, 758 (1944); 
Rubber Chem. Tech. 18, 292 (1945). 

*E. Guth, J. App. Phys. 16, 20 (1945); Rubber Chem. 
Tech. 18, 596 (1945). 

4 D. Parkinson, Trans. Inst. Rubber Ind. 21, 7 (1945); 
Rubber Chem. Tech. 19, 100 (1946). 

* L. H. Cohan, and J. F. Mackey, Ind. Eng. Chem. 35, 
806 (1943); Rubber Chem. Tech. 16, 918 (1943). 

6 L. H. Cohan, and M. Steinberg, Ind. Eng. Chem. 36, 7 
(1944). 

7 F. H. Amon, and O. J. Brown, American Ink Maker, 
November, 1941. 

6 R. H. Hall, B. P. Buckley, and T. R. Griffith, Can. 
Chem. and Process Industries 29, 587 (1945). 

• D. Bulgin, Trans. Inst. Rubber Ind. 21, 188 (1945); 
Rubber Chem. Tech. 19, 667 (1946). 


Table I. 


(»R-S stocks 


Parts by 
weight 

GR-S 100.0 g 

Zinc oxide 5.0 g 

Pine tar 5.0 g 

Stearic acid 2.0 g 

Sulfur 2.0 g 

Captax 1.5 g 

(Shawinigan or variable 
R-40) 

Cured for 70 minutes at 40 
lbs./in. 8 steam pressure. 


Natural rubber stocks 


Smoked sheet 

Parts by 
weight 

100.00 g 

Zinc oxide 

7.85 g 

Pine tar 

3.00 g 

Stearic acid 

3.30 g 

Sulfur 

2.81 g 

Captax 

0.743 g 

(Shawinigan or 

variable 

R-40) 



Cured for 90 minutes at 35 
lbs./in. 2 steam pressure. 
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kinetic phenomenon regulated only by chance. 
The probability of formation of a chain becomes 
appreciable only when the loading is sufficiently 
high. Changes in temperature and elongation 
cause a modification of structure of the carbon 
black chains. This will also change with time. 
It should be pointed out that the carbon black 
particles are connected to each other by the 
flexible long rubber molecules. In the unstretched 
state, the rubber molecules are curled up t> jn 
accordance with the kinetic theory of rubber 
elasticity. The flexibility of the rubber molecules 
will permit almost free translational kinetic 
(Brownian) motion of the carbon black particles, 
up to the limit given by the length of the rubber 
molecules. According to this picture, stretching 
of a loaded stock will limit the region in which 
the carbon black particles can move, and at 
sufficiently large extensions, the positions of the 
carbon black particles are more or less rigidly 
fixed. 

n. EXPERIMENTAL PROCEDURE 

All Stocks were mixed on a small laboratory size- 
mining mill and cured in a small platen press. The 


Table II. GR-S stocks. 


Black 

Volume 

concentration 

(%) 

Tensile 

strength 

(Ib/in. 1 ) 

Elongation 
at break (%) 

Shore 
hardness 
(30 sec 
value) 

Shawini^n 

40 

1270 

50 

97 

Shawinigan 

28 

2070 

300 

74 

Shawinigan 

19 

1430 

750 

57 

Shawinigan 

IS 

1080 

875 

46 

R-40 

40 

1640 

150 

97 

R-40 

28 

2880 

675 

74 

R-40 

19 

2820 

775 

61 

R-40 

15 

3060 

925 

50 



Fig. 2. Fast stress-strain curves at 30°G for natural 
rubber. R-40 stocks are denoted by full lines and Shawinigan 
stocks by clashed lines. 

following base formulae were used for all stocks: 
Four different loadings of Shawinigan and of 
R-40 were employed in the GR-S and natural 
rubber stocks. These were 136.9 g, 80 g, 50 g, and 
36.9 g. These loadings gave volume concentra¬ 
tions of 40 percent, 28 percent, 19 percent, and 15 
percent, respectively, for the GR-S stocks, and 
39 percent, 27 percent, 19 percent, and 15 per¬ 
cent, respectively, for the natural rubber stocks, 
the slight difference at the two highest loadings 
being caused by the difference in densities of 
GR-S and natural rubber. The volume concen¬ 
tration is defined here as the ratio of the true 
volume of the carbon Black to the total volume 
of the cured rubber. The carbon black volume 
was calculated from its .weight, employing the 
standard density value of 1.80 g/cm 3 . The 
densities (and volume) of the cured rubber stocks 
were determined by hydrostatic weighing at 
room temperature. It is of interest to note that 
the volume of cured loaded stock is equal to the 
sum of the volumes of the cured gum stock and 
of the carbon black, to within 1 percent or better, 
when the carbon black volume is calculated from 
the density value of 1.80 g/cm 3 . This was checked 


Table III. Natural rubber stocks. 


Black 

Volume 

concentration 

(%) 

Tensile 

strength 

(Ib/in. 8 ) 

Elongation 
at break (%) 

Shore 

hardness 

Shawinigan 

39 

1220 

50 

99 

Shawinigan 

27 

1630 

150 

81 

Shawinigan 

19 

2060 

575 

67 

Shawinigan 

15 

2640 

500 

66 

R-40 

39 

1340 

150 

95 

R-40 

27 

2060 

425 

78 

R-40 

19 

2500 

425 

70 

R-40 

15 

2140 

550 

60 
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Fig. 3 View of oven with door opened to show 
mounting rack. 


by hydrostatic weighing of gum stocks and 
loaded stocks. 

The tensile strength, elongation at break and 
Shore hardness are given in 1 able II below for 
the eight GR-S stocks, and in Table III for the 
eight natural rubber stocks. 

Figures 1 and 2 show stress-strain curves at 
30°C for the 19 percent and 28 percent concen¬ 
trations in GR-S, and for the 19 percent and 27 
percent concentrations in natural rubber. It is 
seen that for each loading the R-40 gives higher 
rigidity in both natural rubber and GR-S at 
low extensions than does the Shawinigan. At 
high extensions, the situation is reversed. An 
explanation for the higher rigidity of Shawinigan 
stocks at higher extensions will be suggested in 
connection with the interpretation of resistivity- 
extension curves (cf. Fig. 14). The data shown in 
Figs. 1 and 2 were taken with the fast stress- 
strain machine described in an earlier paper. 10 

The rubber was cured in the form of standard 
tensile sheets 6 inches square by i 3 6 inch thick. 
After an aging period of 24 hours or more, the 
samples for investigation were die-cut from these 
sheets. These samples were in the shape of square 
headed dumb-bells, the straight center sections 
having a width of 0.25 inches and a length of 2 
inches. The ends of the samples were placed in 
flat aluminum clamps which covered only the 
enlarged end portions of the samples. The clamps 
served simultaneously as a means of stretching 

10 S. L. Dart, R. L. Anthony, and P. E. Wack, Rev. Sci. 
Inst. 17, 106 (1946). 



Fig. 4. View of oven with door closed. The apparatus 
used for measuring resistivities of the blacks is seen in front 
of the oven. 

the rubber and also as electrical contacts to the 
sample. Resistivities of (stretched) samples were 
measured in the direction of the stretch. The 
coating of the sample ends with Aquadag before 
clamping made no appreciable difference in the 
over-all resistance measurements. After clamp¬ 
ing, the samples were mounted in an oven by 
means of a rack capable of holding eighteen 
samples, each sample being individually mounted 
in a horizontal Pyrex glass tube. One end of 
each sample was held fixed at one end of the 
glass tube, the other end being attached to a 
copper rod which protruded through the door of 
the oven. The elongation of each sample could be 
adjusted and measured by means of these rods. 
The time required, after a temperature change, 
for equalization of temperature throughout the 
oven, including the interior of the samples them¬ 
selves, was checked by means of a differential 
thermocouple. This waiting time was approxi¬ 
mately 15 minutes after reaching the desired tem¬ 
perature, as read on a mercury thermometer 
centrally located in the oven. Good air circulation 
was maintained by means of a small fan mounted 
in the base of the oven. Resistances were meas¬ 
ured with the aid of a Leeds and Northrup 
Type H.S. galvanometer and a 2-volt storage 
battery. For low resistance samples a Leeds and 
Northrup Testing Set, Model 5430, was also 
used. Specific resistances were then calculated for 
each sample from the known sample dimensions. 
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Fig. 5. Resistivity versus volume concentration of 
Shawinigan black at 70°C. Open circles denote GR-S 
stocks, and black circles denote natural rubber stocks. 

The measurements on the carbon black were 
made in the oven by inserting the powder >n a 
small Bakelite tube and maintaining a pressure of 
approximately 2000 lbs./in. 2 on the black by 
means of a piston and tension spring device. This 
pressure, along with considerable tamping down 
of the black while inserting it in the cylinder, 
gave apparent densities ranging from 0.36 g/cm 3 
to 0.39 g/cm*. 

Figure 3 shows the oven with its door opened, 
and the rack in which the samples are placed. 
Figure 4 is a view of the oven with its door closed 
and shows the copper rods projecting through the 
door. The device employed in measuring the tem¬ 
perature coefficients of resistivity for the carbon 
blacks is seen in front of the oven. 

* Reversal of the direction of current flow during 
the measurements, as well as several checks 
employing 60 cycle current, gave no evidence of 
any important polarization effects, either in the 
rubber or in the carbon black. 

• m. RESULTS 

A. Dependence of Resistivity Upon Carbon Black 
Concentration and Upon Time 

Initial measurements of the resistivities of 
several samples showed that the resistivity for 
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Fig. 6. Resistivity versus volume concentration of R-40 
black at 70°C. Open circles denote GR-S stocks, and black 
circles denote natural rubber stocks. 

each sample was a function of the time which had 
elapsed after the sample had been cut out and 
mounted in the clamps in an unstretchcd condi¬ 
tion. In all cases the resistance decreased with 
time, at first quite rapidly, and then more slowly, 
and appeared to be approaching a stable value. 
This behavior is easily explained using our pic¬ 
ture of the rubber-black system. As the samples 
were molded, cured, and cut, strains were set up 
in their interior. These strains caused a breakage 
in the carbon black chains, thus leading to an 
increase in the resistance. In the course of time 
kinetic (Brownian) motion of the carbon black 
particles will lead to a re-forming of the chain 
structure and thus to a decrease in the resistivity. 
Any small temporary distortion of the sample, 
for example a small extension followed by an 
immediate retraction to zero extension, produced 
a relatively large increase in the resistance, which 
then decayed in the same manner with time again 
to a semi-equilibrium value. This behavior had 
been noted much earlier by Evans 11 and has since 
been pointed out by Bulgin and others. The 
approach to a steady state value of the resistance 
can be greatly accelerated by “annealing” the 
samples at elevated temperatures. This effect 
would seem to indicate that any sudden change in 

11 R. D. Evans, Paper presented at the meeting of the 
Ohio Academy of Science in 1930 and kindly made avail¬ 
able to us by W. W. Vogt. 


JOURNAL OF APPLIED PHYSICS 





strain disrupts existing carbon networks, which 
subsequently tend to reform themselves. In the 
work described here all samples were annealed, in 
an unstretched condition, for a period of 10 hours 
at 70°C after they had been mounted in the oven. 
The value of the resistivity attained at the end of 
this initial annealing period is denoted by p 0 in 
(his work. (It should be noted here that this value 
of resistivity is not really constant but rather 
continues to decrease slowly with time. However, 
the important consideration is that the rate of 
change of resistance with time must be so small 
that it cannot appreciably alter the results of 
some additional experiment.) Preliminary meas¬ 
urements rlso indicated wide variations between 
the resistivity values for samples which were 
supposed to be identical. Resistivities for samples 
cut from the same tensile sheets were found to 
vary, in some cases, by as much as a factor of ten. 
This was particularly true for the Shawinigan 
black- GR-S stocks at low carbon concentra¬ 
tions. The Shawinigan black—natural rubber 
stocks were somewhat more uniform. However, 
the continental R-40 stocks were much superior 
in this respect. At high concentrations the varia¬ 
tions in resistivity values were much smaller for 
all stocks. 

The dependence of p 0 upon the volume concen¬ 
tration of the carbon black in the rubber is shown 
in Figs. 5 and 6. Figure 5 shows the effect on 
resistivity of four concentrations of Shawinigan 
in both GR-S and natural rubber, and Fig. 6 
shows the behavior of R-40 in these two rubbers. 
In these two figures each point is an average value 
of a large number of separate determinations on 
individual samples. The vertical line drawn 
through each point shows the range of po values 
for each stock. Comparison of Figs. 5 and 6 shows 
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Fig. 7. Annealing curves at 70°C for 19 percent volume 
concentrations of R-40 (open circles) and Shawinigan 
(black circles) in natural rubber. 


that at low loadings' R-40 gives better conduc¬ 
tivity (lower resistivity) in GR-S than does 
Shawinigan. At the high loadings, Shawinigan 
gives better conductivity in both GR-S and 
natural rubbers. The R-40 natural rubber stocks 
have higher resistivities than the R-40 GR-S 
stocks. In the case of the Shawinigan black, how¬ 
ever, the situation is reversed and here the GR-S 
stocks have the higher resistivities. The very 
rapid decrease of resistivity with increasing 
concentration of Shawinigan black at low concen¬ 
trations, may explain in part the wide variations 
found in the resistivity values for identical stocks 
in this region. Slight variations in concentration 
of the Shawinigan, from sample to sample, might 
thus be expected to produce large changes in 
resistivity in the region of low loadings. Large 
variations in the resistivities of supposedly 
identical rubber stocks loaded with Shawinigan 
black were also found by Hall, Buckley, and 
Griffith. 8 They suggest that the effect may be due 
to variations in the degree to which the structure 
of the Shawinigan black has been broken down 
during the milling and curing processes. 

To minimize the effects of variations in the 
value of po and thus make possible better 
comparisons between different samples, when 
studying the dependence of resistivity upon ex¬ 
tension, temperature and time, the relative 
resistivity, p/p 0 , is employed in this work rather 
than the actual resistivity, p. Figure 7 shows the 
decrease in the relative resistivity with time 
during the annealing period for 19 percent volume 
concentrations of R-40 and Shawinigan in natural 
rubber. Figure 8 shows the decrease in this ratio 


GR-S unslretched T-70 # C 

tliowtmgon • 

R-40 o 



Fig. 8. Annealing curves at 70°C for 19 percent volume 
concentrations of R-40 (open circles) and Shawinigan 
(black circles)’ in GR-S. 
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Fig. 9. Decay of resistivity with time at various ex¬ 
tensions for a 19 percent volume concentration of R-40 in 
GR-S. Temperature * 70°C. 

with time, during the annealing period, for the 
same concentrations of these blacks in GR-S. In 
general, this relative decrease' with time was 
found to be larger for the GR-S stocks than for 
the natural rubber stocks, and it became pro¬ 
gressively smaller for both stocks as the loadings 
were increased. 

B. Dependence of Resistivity of Loaded Stocks 
upon Extension 

At the end of the 10-hour annealing period, the 
samples were stretched to various elongations, 
and the temperature was maintained at 70°C for 
an additional 14 hours. During this period the 
decay of resistivity with time was again observed. 
Figure 9 shows the decrease in the relative re¬ 
sistivity with time, at various extensions, for a 
GR-S stock containing a 19 percent volume 
concentration of R-40. These curves have been 
crosl-plotted at times of 30 seconds and 14 hours 
to show the dependence of the resistivity upon 
the extension. This dependence is shown in 
Fig. 10. Figure 11 shows the decrease in p/p 0 with 
time, at various extensions, for a 19 percent 
concentration of R-40 in natural rubber. The 
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Fig. 10. Cross-plot of Fig. 9 showing the dependence of 
resistivity upon extension at times of 30 sec (open circles) 
and 14 hours (black circles). 

corresponding dependence of p/po upon the ex¬ 
tension, at times of 30 seconds and 14 hours, is 
shown in Fig. 12. A very similar behavior was 
observed for the 15 percent and 28 percent 
concentrations of R-40 in GR-S and also for the 
15 percent and 27 percent concentrations of R-40 
in natural rubber. It was not possible to obtain 
data as a function of extension for the 40 percent 
loadings in GR-S nor for the 39 percent loadings 
in natural rubber, because of the extreme stiffness 
of these stocks. 

Figure 13 gives the dependence of p/po upon 
time for various extensions of a GR-S stock con¬ 
taining a 19 percent volume concentration of 
Shawinigan. A very pronounced inversion in the 
value of the relative resistivity as a function of 
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Fig. 11. Decay of resistivity with time at various ex-, 
tensions for a 19 percent volume concentration of R-40 in 
natural rubber. Temperature « 70°C. 
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Fig. 12. Cross-plot of Fig. 11 showing the dependence of 
resistivity upon extension at times of 30 see (oi>en circles) 
and 14 hours (black circles). 

extension is apparent in the range of low ex¬ 
tensions. These curves have been cross-plotted at 
times of 30 seconds and 14 hours to show the 
dependence of p/p 0 upon the extension. 'Phis de¬ 
pendence is shown in Fig. 14. Examination of 
Figs. 13 and 14 shows that for high extensions the 
resistivities are almost immediately reduced to 
values which are very considerably less than the 
values which existed just before the extension. At 
extensions in the vicinity of 15 percent to 
20 percent the resistivities, immediately after 
stretching for the first time, tend to become quite 
large and arc extremely sensitive to slight differ¬ 
ences in extension. Reproducibility of relative 
resistivities in this region was poor. The general 
behavior shown in Figs. 13 and 14 is strongly 
suggestive of a maximum in the resistivity 
versus extension relationship in the region of low 
extensions. This might, perhaps, be caused by a 
general breakdown of the carbon black network 



Fig. 13. Decay of resistivity with time at various exten¬ 
sions for a 19 percent volume concentration of Shawinigan 
in GR-S. Temperature = 70°C. 



X ELONGATION 

Fig. 14. Cross-plot of Fig. 13 showing the dependence of 
resistivity upon extension at times of 30 sec (open circles) 
and 14 hours (crosses). 

structure at these extensions, followed by a 
forced realignment of the carbon chains in the 
direction of the extension at higher elongations 
caused by the orientation of the rubber mole¬ 
cules. A process of this nature would account for 
the increased conductivity in the direction of the 
extension and might even be accompanied by a 
reduction in the conductivity in the direction 
perpendicular to the stretch. The latter possi¬ 
bility has not yet been checked, since the equip¬ 
ment employed in this work was designed to 
measure resistivities (and conductivities) in the 
direction of the extension. 

A probable explanation of the different be¬ 
havior of Shawinigan and of R-40 at large exten¬ 
sions may be given. At large extensions of the 
material the rubber molecules most firmly bound 
to the carbon black particles will be subject to 
exceptional high extensions and will make ab¬ 
normally high contributions to the rigidity. 
Therefore, we would expect carbon black to 
increase the rigidity of the material more when 
it is more firmly bound to the rubber molecules. 
That this is the case with Shawinigan is indicated 
by the decrease in resistivity below the initial 
value at high extensions. However the larger 
size of the Shawinigan particles may also be of 
importance both for the increase of rigidity and 
for the decrease of resistance with increasing 
extension. 

An anisotropic conduction of the type sug¬ 
gested above has been shown by Habgood and 
Waring 12 to occur in extruded stocks containing 

li B. J. Habgood, and J. R. S. Waring, Trans. Inst. 
Rubl>er Ind. 17, 51 (1941); Rubber Chem. Tech 15, 146 
(1942). 
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Fig. 15. Decay of resistivity with time at various exten¬ 
sions for a 19 percent volume concentration of Shawinigan 
in natural rubber. Temperature = 70°C. 

* 

Shawinigan black. A similar asymetry in graphite 
electrodes was also noted by Buerschaper. 13 

The behavior of Shawinigan black in GR-S for 
the 28 percent loading was similar to that shown 
in Figs. 13 and 14 for the 19 percent loading. In 
the case of the 15 percent loading of Shawinigan 
black in GR-S, the resistivities of the extended 
samples were too high for measurement with the 
present equipment. A similar inversion in the 
resistivity versus extension relationship <vas 
found for the 27 percent loading of Shawinigan in 
natural rubber, but was not perceptible for the 15 
percent and 19 percent loadings in natural rubber. 
Figures 15 and 16 show the dependence of relative 
resistivity upon extension and time for the 19 
percent volume concentration of Shawinigan in 
natural rubber. 

C Dependence of Resistivity of Loaded Stocks 
upon the Temperature 

After the samples had been maintained in 
an extended condition for a time of 14 hours at 
70°C, the temperature was lowered in steps to 
about 30°C and the corresponding values of 
resistivity were noted. The temperature was then 
increased in steps, and readings were taken as 
a function of increasing temperature. In general 
the resistance versus temperature relationship 
so obtained was not a linear one, and the 
two branches of the curve did not coincide. 
Figures 17,T8, 19, and 20 show the temperature 
dependence of resistivity at zero extension for all 
loadings of Shawinigan and R-40 in both natural 


11 R. A. Buerschaper, J. App. Phys. 15, 452 (1944). 


rubber and GR-S. In general, the agreement be¬ 
tween data obtained with decreasing and in¬ 
creasing temperatures becomes better as the 
loadings are increased. This is particularly true 
for the Shawinigan stocks. The temperature 
coefficients of resistivity were determined by con¬ 
structing tangents to these curves at 50°C, this 
temperature coefficient being defined as 

Ap 

«6o°e — — -• 

A7"pbo°c 

The dependence of a6o°c upon carbon bhack 
concentrations is shown in Fig. 21 for GR-S and 
in Fig. 22 for natural rubber. Each plotted point 
is an average of four separate determinations. It 
is seen- that awe is positive for all Shawinigan 
stocks, and increases with increasing loadings. 
With one exception, namely, the 40 percent 
volume concentration in GR-S, the temperature 
coefficient for the R-40 stocks is negative and also 
increases with increasing loadings. Since the 
temperature coefficients at 100 percent concen¬ 
tration should correspond to those of the carbon 
blacks themselves, the possible trend at higher 
concentrations is indicated in Figs. 21 and 22 by 
dotted line extensions of the curves. 

Figures 23, 24, 25, and 26 show the dependence 
of the resistivity-temperature relation upon ex¬ 
tension for 19 percent volume concentration of 
both blacks in GR-S and natural rubber. Average 
temperature coefficients over the range from 
30°C to 70°C have been calculated from these 
curves as follows. Let A be the average value of 
p/po at 70°C and B the value of this ratio at 30°(\ 



Fig. 16. Cross-plot of Fig. 15 showing the dependence of 
resistivity upon extension at times of $0 sec (open circles) 
and 14 hours (crosses). 
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Fig. 17. Resistivity versus temperature relationships at 
zero extension for four loadings of R-40 in natural rubber. 
Circles indicate decreasing temperature and crosses in¬ 
creasing temperature. 



Fig. 19. Resistivity versus temperature relationships at 
zero extension for four loadings of Shawinigan in natural 
rubber. Circles indicate decreasing temperature and crosses 
increasing temperature. 




Fig. 18. Resistivity versus temperature relationships at 
zero extension for four loadings of R-40 in GR-S. Circles 
indicate decreasing temperature and crosses increasing 
temperature. 


Fig. 20. Resistivity versus temperature relationships at 
zero extension for four loadings of Shawinigan in GR-S. 
Circles indicate decreasing temperature and crosses in¬ 
creasing temperature. 
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Fig. 21. Dependence of temperature coefficient of re¬ 
sistance upon volume concentration in GR-S. Open circles 
denote Shawinigan and black circles R-40. 



Fig. 22. Dependence of temperature coefficient of re¬ 
sistance upon volume concentration in natural rubber. 
Open circles denote Shawinigan and black circles R-40. 


Then 

A —B A-B 

«bo°c = — ; -=-‘ 

(A+B) 2Q(A+B) 

40-- 

2 

The dependence of this temperature coefficient 
upon extension for 19 percent volume concentra¬ 
tions of R-40 and Shawinigan is shown in Fig. 27 
for natural rubber and in Fig. 28 for GR-S. This 
coefficient increases with increasing extension in 
all cases. It is positive for the Shawinigan stocks 
and negative for the R-40 stocks. A similar 
behavior was found for the other loadings. 

These results show that the temperature co¬ 
efficient of the resistivity of the loaded stocks 
depend* strongly upon the concentration and 
upon the extension. The positive coefficient is 
probably connected with the breaking and re¬ 
forming of carbon black chains. Such a kinetic 
effect will, in general, increase with increasing 
temperature, in contrast to the resistivity of the 
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Fig. 23. Relative resistivity versus temperature at vari¬ 
ous extensions for a 19 percent concentration of R-40 in 
natural rubber. 


black itself, which will decrease with rising tem¬ 
perature. The explanation of the negative coeffi¬ 
cient at lower black concentrations needs further 
consideration. It will also be noted that when a 
run is made first decreasing the temperature 
and then increasing it again to the original value 
the final resistivity is (with one exception: 19 per 
cent concentration Shawinigan in GR-S) larger 
than the starting value. This fact and the pres¬ 
ence of hysteresis effects in general indicates 
that any disturbances of the material, whether 
thermal or mechanical, tends to break up some 
chains and thus increase the resistivity tem¬ 
porarily. This effect is simply superimposed on 
the other trends which .would be observed if 
measurements could be made on samples in 
complete statistical equilibrium. The decrease of 
the area of hysteresis loops on elongation for 
R-40 and Shawinigan in GR-S may be explained 
as due to the fixation of black particles as ex¬ 
plained in connection with the effect of elongation 
on resistivity in general. 

D. Dependence of Resistivity of the Carbon 
Blacks upon Temperature 

The temperature dependence of the blacks was 
measured with the aid of the apparatus described 
in Section II, a pressure of 2000 lbs./in. 2 being 
maintained on the blacks during the measure¬ 
ments. The dependence of the resistivity upon 
the temperature is shown in Fig. 29 for both 
blacks. The temperature coefficients of resistivity 
at 50°C, as determined from these curves, are 
—0.0021/°C for R-40 and -0.0006/°C for 
Shawinigan. 
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Fig. 24. Relative resistivity versus temperature at 
various extensions for a 19 percent concentration of R-40 
in GR-S. 


It is interesting to note that even at a pressure 
of 2000 lbs./in. 2 the apparent density of the 
carbon black ranged from about 0.36 g/cm 3 to 
0.39 g/cm 3 , whereas the apparent density of the 
carbon black in the rubber at the highest loadings 
was about 0.7 g of carbon black per cubic centi¬ 
meter of cured rubber. It had originally been 
expected that pressures of from 1000 to 2000 
lbs./in. 2 would result in a stable value of re¬ 
sistivity for the carbon black, since a previous 
study of the decrease in resistance of the carbon 
black with increasing pressure seemed to indicate 
a leveling off of resistance values in the region of 
about 1000 lbs./in. 2 On the basis of this expecta¬ 
tion, these resist ivity values were at first included 
in the plots of the logarithm of the resistivity 
versus volume concentration shown in Figs. 5 and 
6, as points corresponding to a 100 percent 
volume concentration. This led to an approximate 
linear relationship for the R-40 black in GR-S 
and in natural, rubber when log resistivity was 
plotted versus log concentration. However, it has 
since been discovered that the resistivity of the 
black itself depended strongly upon its apparent 
density and that even at constant pressure a wide 



Fig. 25. Relative resistivity versus temperature at 
various extensions for a 19 percent concentration of 
Shawinigan in natural rubier. 



Fig. 26. Relative resistivity versus temperature at vari¬ 
ous extensions for a 19 percent concentration of Shawinigan 
in GR-S. 


variation in apparent densities can be obtained 
by tamping down the black while it is being 
loaded in the cylinder. Since the carbon black 
volume, calculated from the density value of 
1.8 g/cm 3 , plus the gum rubber volume has been 
shown to be equal to the volume of the cured 
loaded rubber, it follows that the “apparent” 
density of the carbon black corresponding to a 
100 percent volume loading should be 1.8 g/cm 3 . 
This density value is much greater than any wc 
have been able to produce, and the corresponding 
resistivity value is therefore unknown. This 
strong dependence of resistivity upon apparent 
density of the black has been noted by Benson, 
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Fig. 27. Dependence of temperature coefficient of re¬ 
sistivity upon extension for 19 percent concentrations of 
R-40 (black circles) and Shawinigan (open circles) in 
natural rubber. 



Fig. 28. Dependence of temperature coefficient of^te- 
sistivity upon extension for 19 percent concentrations of 
R-40 (black circles) and Shawinigan (open circles) in GR-S. 


140 grams of black per 100 grams of raw rubber, 
the corresponding true volume concentrations 
ranging from 15 percent to 40 percent. The 
resistivities of these stocks were studied as 
functions of time, temperature, extension, and 
loading. The following results were observed: 

A 

Fast stress-strain curves show that in both 
natural rubber and GR-S, the R-40 black gives 
the belter reinforcement at low extensions, but 
that Shawinigan gives the better reinforcement 
at the high extensions. 

t 

B 

Any small strain produces an increase in re¬ 
sistivity which then decays with time in a nearly 
exponential fashion. In particular the process of 
cutting out the samples and mounting them in 
clamps produces such strains. Annealing the 
samples at elevated temperatures accelerates the 
approach to an initial steady-state resistance 
value. Accordingly, in this work all samples were 
annealed for 10 hours at 70°C in an unstretched 
condition. The resistivity value attained at the 
end of this time is denoted by p 0 . 


Gluck, and Kaufmann. 14 They also showed that 
the density of the black measured at a constant 
pressure could be increased by as much as a factor 
of two by various densifying processes, for ex¬ 
ample by ball-milling. 

In contrast to the large variations in the 
resistivity of the blacks produced by variations in 
pressure and density, the temperature coefficients 
of resistivity were found to be nearly independent 
of pressure and density, provided neither the 
pressure nor the density was too low. Accordingly 
these values have been included in Figs. 21 and 22. 

IV. SUMMARY 

The behavior of two types of conducting 
blacks, R-40 and Shawinigan, has been studied in 
natural rubber and in GR-S. A series of four 
loadings of each black in each type of rubber was 
employed. These loadings ranged from about 40 
grams of black per 100 grams of raw rubber to 

14 G. Benson, J. Gluck, and C. Kaufmann. In paper 
presented before the Toronto Meeting of the Electro¬ 
chemical Society, October 16 to 19, 1946. 


C 

At the lowest concentrations, R-40 gave better 
conductivity in GR-S than did Shawinigan, the 
log resistivity versus concentration curve being 
very steep for the Shawinigan black in this region. 
At the high loadings Shawinigan gave higher 
conductance in both GR-S and natural rubber. 
The R-40 GR-S stocks were better conductors 
than the R-40 natural rubber stocks. For 
Shawinigan black, however, the natural rubber 
stocks were better conductors than the GR-S 
stocks. 

D 

For the R-40 stocks, stretching a sample pro¬ 
duced an increase in the resistivity, which then 
decayed with time while the sample was held at 
a fixed extension. The Shawinigan stocks behaved 
differently, however. In the case of the 19 percent 
and 28 percent concentrations in GR-S and also 
the 27 percent concentration in natural rubber, an 
inversion was found in the resistivity versus ex- 
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tension relationship. The resistivity increased 
with increasing extensions up to about 20 percent 
extension and then decreased for higher ex¬ 
tensions. For sufficiently high extensions, the 
resistivities were immediately reduced to values 
which were very considerably less than the 
unstretchcd values. All resistivities were meas¬ 
ured along the length of the sample and hence in 
the direction of the extension. 

E 

The dependence of resistivity upon tempera¬ 
ture was observed for all stocks over the tem¬ 
perature range from 30°C to 70°C. In general, the 
average temperature coefficient, calculated at 
50°C, was positive for the Shawinigan stocks and 
negative for the R-40 stocks. It increased with 
increasing carbon black concentration and also 
increased with increasing extension of the sample. 

F 

Temperature coefficients of resistivity were 
also measured for the two blacks at 50°C. The 
blacks were compressed under a pressure of about 
2000 lbs./in. 2 This pressure was maintained 
during the measurements, the “apparent” densi¬ 
ties ranging from 0.36 to 0.39 g/cm 3 . The ob¬ 
served temperature coefficients were —0.0021/°C 
for the R-40 black, and — 0.0006/°C for 
Shawinigan black. 

Our results can, in general, be understood on 
the basis of a simple picture of the formation 
and the breaking up of chains of carbon black 
particles. Thermal and mechanical disturbances 
both lead to a breakage of the chains and thus 
to an increase in the resistance. In the course 
of time Brownian motion of the carbon black 
particles will re-form the chain structure and 
thus decrease the resistivity as a function of time. 



Fig. 29. Dependence of carbon black resistivity upon 
temperature at a pressure of 2000 lbs./in.* 


This explains the decrease of resistance with time 
of freshly cured and cut and of stretched samples, 
the increase of resistivity on stretching in general, 
the fact that the ascending branch of the resis¬ 
tivity-temperature curve lies tbovc the descend¬ 
ing branch and a positive temperature coefficient 
of resistivity. In the case of Shawinigan the 
greater increase of rigidity and the decrease of 
resistivity (below the initial value), both at high 
extensions, is probably determined by the greater 
strength of the rubber-carbon black bond and 
the larger size of the black particles as compared 
with R-40. 

It is a pleasure to thank Professor Hubert M. 
James for frequent consultation and many valu¬ 
able suggestions in connection with this study. 
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Elastic Properties of Cork 

II. Stress-Temperature Relationship of Compressed Cork 

S. L. Dart and Eugene Guth 

Polymer Physics Laboratory , University of Notre Dame , Notre Dame t Indiana 
(Received October 14, 1947) 

In the first paper of this series it was shown that for cork, held at constant compression, the 
stress as a function of compression, temperature, and time was separable into two factors, one 
factor representing the load-compression curve and the other describing the decay of stress with 
time. In the present paper the dependence of the load-compression curve upon temperature is 
studied. After the sample has relaxed at constant temperature and compression for a time 
sufficiently long so that the change of stress with time may be neglected, stress-temperature 
curves were obtained. These curves showed a linear dependence of the stress upon the tempera¬ 
ture. From the stress-temperature curves the resolution of the stress into its additive com¬ 
ponents due to internal energy and entropy was carried out. The physical significance of this 
resolution is discussed. The experiments were carried out with a refined version of the apparatus 
described in the first paper. In particular, the apparatus was corrected for rate of thermal 
expansion. 


INTRODUCTION 

N a previous paper 1 an account was given of 
the stress relaxation of cork as a function of 
compression, temperature, and time. In particu¬ 
lar it was shown that the stress decayed to zero 
in about 1000 years at room temperature and in 
about 1000 minutes at 200°C, independent, of 
compression. This independence of the decay 
time on compression was also checked at 80°C 
and at 130°C. It was also demonstrated that the 
compressive stress Z as a function of compression, 
temperature, and time was separable into two 
factors, 

Z{t 9 T,t)-F(t 9 n-G(t 9 T), ( 1 ) 

where the factor F(c, T) is essentially the load- 
compression curve of cork and the factor G(t } T) 
describes the decay of stress with time and 
temperature. In the previous paper it was proved 
that G(/, 7") has the form 

G{t } T) =a —b log/ (2) 

where a and b depend on T only. In particular 
a and b were thrown into the form 

• a-1 

6-0/(«-n 

giving as a final equation 
Z{t, T, t) -Ah r)[l - &9/(a - T)1 log*]. (3) 

* Dart and Guth, J. App. Phys. 17, 314-318 (1946). 

4?0 ,. 


However, the dependence of A(e, T) = F(e, T) 
upon T was left open. The present paper fills 
in the gap and brings the fundamental stress- 
temperature relationship for cork. 

EXPERIMENTAL METHOD 

The apparatus used was described in the 
previous paper. It consisted of a lever arm for 
compressing the sample which was automatically 
kept balanced through a chainomatic drive. 
Through this drive the force was recorded as a 
function of time on a clock-driven drum. 

The apparatus was carefully rechecked for 
possible errors in the thermal expansion correc¬ 
tion and was also corrected for rate of thermal 
expansion. This latter is very important in 
connection with the measurement of stress as 
a function of temperature at constant com¬ 
pression, since the compression must be main¬ 
tained constant during the temperature change 
as well as during the temperature equilibrium. 
The procedure used was patterned after that of 
Anthony, Caston, and Guth. 2 That is, the sample 
was allowed to relax 1 until the rate of change of 
stress was small enough to make the stress- 
relaxation negligible during the subsequent stress- 
temperature determination. The preliminary re¬ 
laxation time used was 1000 minutes. After this 

a R. L. Anthony, R. H. Caston, and E. Guth, J. Phys. 
Chem. 46, 826 (1942). Reprinted in Rubber Chem. Tech. 
16, 297 (1943). 
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preliminary relaxation period the temperature 
was lowered in steps and the corresponding stress 
changes were noted. Using this procedure one 
can find the temperature behavior of the stress 
at temperatures less than the relaxation tem¬ 
perature. 

Figure 1 shows the results of such an investiga¬ 
tion at the compressions indicated and with the 
common relaxation temperature of 80°C. It is 
seen that within the experimental error the stress 
depends linearly on the temperature. Thus, we 
may express this by the equation 

Z(t,T) = M(e)+m*yr t (4) 

where M(t) ai.d iV(e) are functions of compression 
alone. We will defer the discussion of the sig¬ 
nificance of f his relation to a later section. 

This then gives us the stress as a function of 
compression and temperature, exclusive of time 
effects. That is, this Eq. (4) gives us the tem¬ 
perature dependence of the factor A(e, T) or 
F(e, T) in Eq. (3). Before we write down an 
equation expressing all the experimental results 
presented, we must recognize that we have 
measured time effects and temperature effects 
separately, i.e., time effects were measured at 
constant temperature and vice versa. Let us call 
the constant relaxation temperature T* and the 
temperature which is changed, T. T* is really a 
variable separate from T because in order to 
specify the state of the system one must specify 
not only the actual temperature 1\ but also the 
temperature 7'* at which the relaxation took 
place. This situation was discussed in more 
detail by Guth, Anthony, and Wack 3 for the 
case of rubber in extension. They showed, experi¬ 
mentally, that certain ratios (rf. Eqs. (13a, 
b, c, and d) of their paper) are constant. The 
constancy of these ratios implies the validity of 
14 generalized similarity and separability” ex¬ 
pressed by the equation 

Z(«, r, T*, t) = F(c t T)-G{T* f /). (5) 

It seems reasonable to assume that “generalized 
similarity” will also hold for cork, though this 
was not checked directly. Taking into account 
(3) we can then identify more explicitly the 


* £. Guth, P. E. Wack, and R. L. Anthony, J. App. 
Phys. 17, 347 (1946). 



Fig. 1 . Stress-temperature curves for cork previously 
relaxed at r* = 80°C for 1000 minutes. Circles indicate 
points obtained on lowering the temperature. Crosses are 
the points obtained on raising the temperature. 

factors F and G. 

F(e, T) = M(c) + A(c) • T\ 

G(T\ /)={! — [0/(« - 7 1 *)] log/}. (6) 

Then our generalized equation of state takes the 
form 

z( e , r, T* % t) = iM(t)+N(*)r] 

x[i-DV(«-r*)]iog/} (7) 

= F(«, T) G(T* t /). 

DISCUSSION OF EXPERIMENTAL RESULTS 
A. Stress Relaxation 

The discussion so far has been concerned solely 
in presenting the experimental results of our 
investigation of the elastic properties of cork. 
We shall now try to give a more fundamental 
discussion of these results in the light of present 
day theories. Consider first, the stress relaxation. 
The general equation for the time dependency 
of stress as given by Boltzmann has been general¬ 
ized for the non-Hookean case, by Guth, Wack, 
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and Anthony.® This may be written as follows: 

where 0' is a small constant, F=F(e) gives (he 
stress-strain relationship, and 0'<i>(t—t') is the 
memory function of Boltzmann. For relaxation 
we have *(/) = c(/') = 0 for / <0 and «(/) = constant 
for />0. Thus, Eq. (8) becomes 

Z(f)-F(€)l 1-m)], (9) 

where 

*(/)« f *(9a) 

•'o % 

It is to be noticed that Eq. (9) is identical in 
form with the experimental Eq. (3). Thus, we 
can describe the time dependency by means of 
the generalized Boltzmann theory. Also, for 
the case of cork, comparison of (3) and (9) 
shows that 

00 ) 

while (9a) shows that 

*(/-/') = l/(*-/ ; ). ^ (10a) 

A relation of the type (10) holds for many ma¬ 
terials in a limited range of t values. The re¬ 
markable result for cork is the validity of the 
relation (10) over a very wide range of t values. 
As a matter of fact, (10) is valid for cork in 
the range / = 1 min. We plan to discuss the 
theoretical significance of this fact at a later 
time. 

If the stress-time curve is an exponential in t , 
we have 

Z«Z 0 exp(-lC'/), (11) 

where K f is given by 

K' = (kT/h)e~* HIRT . 

Here A II is the activation energy and kT/h is 
the rate factor as given by Eyring. 4 This equation 
is a straight line on a logZ vs. t plot. Such a 
plot was tried on a relaxation run at 200°C and 
4^56 percent compression and the result was far 
from linear. However, activation energies were 
calculated using a straight line portion of the 
curve and also using the time for the stress to 

4 Cf. for instance, S. Glasstone, K. Laidler, and H. 
Eyring, The Theory of Rate Processes (McGraw-Hill, New 
York, 1941). 


drop to a value 1/e times the first value. These 
activation energies were 38.0 and 36.8 kilo¬ 
calories per mole, respectively. These results are 
slightly larger than the corresponding values for 
rubber-like materials, which have activation 
energies of about 32 kilocalories per mole. 

In Eq. (3), F(s, T) designates the value of the 
stress at /=1 min. Expressing this fact more 
explicitly, Eq. (7) may be written 

z(«, r, r*, /)=/?(«, T) 

X{l-D8/(«-n]log0o} f (12) 
where / 0 =1 min. For a<7"* Eq. (12) was not 
established experimentally and it cannot be 
extrapolated to this range without further con¬ 
siderations. At any rate theoretical arguments 
show that a logarithmical relationship of the 
type of Eq. (12) will not hold for very small 
times, i.e., for times much smaller than 1 min. 

In the first installment of this series 1 the time r 
needed for the stress to decay to zero, for a 
sample held at constant compression, was shown 
to be independent of the compression strain. To 
show the dependence of r upon the relaxation 
temperature T*, a plot of T* versus logr was 
used. The curve so obtained was a straight line. 

Instead of a T* vs. logr plot, a logr vs. 1/7'* 
plot may also be used. A straight line does not 
fit in the latter representation as well as the 
former one, but still gives a reasonable fit, if 
one considers the * unavoidable experimental 
errors. We then have the relation 

l/T*=a+b logr. 

Solving for r we obtain 

r-roexp(F//?r*), (13) 

i.e., an infinite decay time at absolute zero, which 
is reasonable. The constants in Eq. (13) have 
the values 

ro—1.6* 10"* min., 

F=9 kilocalories per mole. 

B. Stress-Temperature 

Concerning the stress-temperature relation¬ 
ship, we can proceed as follows: 

We start from the well-known energy equation 
of thermodynamics 



472 


Journal of Applied Physics 



Using the Maxwell relation 



we can write 



Applying this to our case of unilateral com¬ 
pression we must substitute 1 — e for V, and Z 
for P, since we plot actually the pressure or the 
negative of the tension stress. This gives 

- .(!£) --r(—) -z 

V d€ / T \ di / T 

or 

/au\ /dS\ 

Z=[ — ) -Tl —) =Zu+Z s , (17) 

V dt l t \ de / t 

where Zu is the contribution of the internal 
energy to the stress, Zs is the entropy contribu¬ 
tion, and Z is, of course, the total stress. (Actually 
the experiments are carried out at constant 
pressure and constant compression. Nevertheless, 
Eq. (17) is valid in sufficient approximation, 
when derivatives are taken at constant tempera¬ 
ture and constant pressure.) Equation (17) has 
the same form as our experimental Eq. (4). 
Thus, using the curves shown in Fig. I we can 
calculate Zu and Zs as a function of €. In doing 
this one must remember that the T in Eq. (17) 
is absolute temperature. The results of such a 
calculation are shown in Fig. 2. Here one can 
see that the entropy is responsible for most of 
the stress in the first two regions, i.e., for the 
stiffness of the sample at small compressions and 
during the breakdown of the structure. However, 
when the actual material of the cell walls begins 
to be compressed, at 60 percent or so, the internal 
energy contribution becomes appreciable. 

The negative internal energy contribution in 
the first range of (small) compressions is at least 
partly caused by the thermal expansion of the 
uncompressed cork. This is similar to the be¬ 
havior of rubber at small extensions. The internal 
energy contribution is partly caused by the 
thermal expansion of the unstretched rubber. 



entropy, respectively. 

The large contribution to tile stress due to 
entropy is presumably connected with the bend¬ 
ing of the cell walls. The material of the cell 
walls is likely to consist of long chain molecules 
with at least some degree of free rotation. On 
this basis a large entropy contribution can be 
understood. The increase of internal energy, on 
further compression, is presumably caused by 
intermolecular forces coming into prominence as 
compression increases. 
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Elastic Properties of Cork 

IQ. Hydrostatic and Ordinary Load-Compression Curves for Cork 

S. L. Dart,* Howard A. Robinson,** and Eugene Guth* 

(Received October 14, 1946) 

Load-compression curves were taken for natural cork. The S-shape of the curves is discussed 
and a theoretical fit i9 made for the high end of the curve, assuming an initial stillness and an 
incompressible part of the cork material. A comparison is made between repeated compressions, 
with and without a recovery period of time. 

Pressure-volume curves were also taken and their significance discussed in connection with 
the load-compression curves leading to an evaluation of Poisson's ratio. 


D etermination of the load-compression 

curves of cork under various experimental 
conditions is of great theoretical and practical 
interest. The load-compression curves for cork 



Fig. 1. Apparatus for hydrostatic compression of cork. 
T : high pressure tank; G\ gauge and reducing valve; 
S: scale; C: glass capillary tube; A : compression chamber. 


* Polymer Physics Laboratory, University of Notre 
Dame, Notre Dame, Indiana. 

** Research Laboratories, Armstrong Cork Company, 
Lancaster, Pennsylvania. 
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show a peculiar S-shape. The proper interpreta¬ 
tion of this S-shape should throw considerable 
light on the structure of cork. A knowledge of the 
structure of cork, in turn, will facilitate the design 
of corky materials for practical applications, and 
enable one to predict their behavior under a 
great variety of conditions. 

In this paper an attempt is made to interpret 
the S-shaped load-compression curve of cork as 
the result of the cellular structure and of the 
two-phase structure of cork, namely, the corky 
material and the air trapped in the cork cells. 
Load-compression curves were obtained in two 
ways: in the ordinary way, and second, by 
measuring the change in volume caused by 
hydrostatic pressure * 

These two methods lead actually to somewhat 
different load-compression curves; their mutual 
relation will be explained in this paper in the 
section on hydrostatic curves. 

DESCRIPTION OF THE EXPERIMENTAL METHOD 

A. Ordinary Load-Compression Curves 

These curves were obtained by means of the 
apparatus described in a previous paper 1 (cf. 
Fig. 1 there). The same sample was used to 
obtain the complete load-compression curves up 
to 70 percent compression by gradually increasing 
the load, and reading the corresponding com¬ 
pressions on the dial gauge. 

B. Hydrostatic Volume-Pressure Curves 

These curves were obtained on an experi¬ 
mental arrangement shown in Fig. 1. A cork 

1 Dart and Guth, J. App. Phys. 17, 314 (1946). 
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Fig, 2. Load compression and extension characteristics of 
cork and of GR-S tread. The crosses indicate the curve 
obtained by repeating the loading a second and a third 
time on the same sample. 

sample of about six cubic centimeters volume is 
placed in the compression chamber w hich is then 
bolted shut. Water is then forced into the 
stopcock at the bottom until it rises near the top 
of the glass tube and scale. The stopcock is then 
closed and any air bubbles are made to rise to the 
top of the tube by tapping. Care must be taken 
to get .11 air bubbles out as they would cause an 
error in the volume-pressure curve. A zero 
reading on the scale is taken of the water level, 
and the whole unit is connected through a 
reducing valve to a high pressure tank (of nitro¬ 
gen in our case). The pressure is then increased in 
units of 5 p.s.i. every 30 seconds, and the corre¬ 
sponding water-level readings on the scale are 
taken at the end of each 30-second period. This 
procedure was used in order to simulate as 
closely as possible the procedure used in taking an 
ordinary load-compression curve. The pressure 
was read from the reducing gauge and the volume 
change was calculated from the scale readings 
(knowing the diameter of the glass tube). It was 
interesting to note that there was a great deal of 
flow of the. cork during a run, as is the case during 
an ordinary load-compression run. This implies 


that the flow is caused, by the cork structure 
itself and not by the escape of air from the cells, 
which would be impossible in the hydrostatic 
case. 

ORDINARY LOAD-COMPRESSION CURVES 
FOR CORK 

Figure 2 represents load-compression curves 
obtained at the Armstrong Research Labora¬ 
tories. Up to the breaking point the extension 
branch of this curve is also given for cork. The 
crosses indicate the load-compression curve for 
cork obtained by repeating the loading a second 
and a third time on the same sample. Twenty-four 
hours elapsed between consecutive loadings. 

Figure 3 shows a somewhat more extensive 
study of the repeated load-compression curves 
carried out at Notre Dame. The consecutive 
curves were taken one after the other without 
giving time for the sample to recover. Complete 
hysteresis loops were obtained. 

Figures 2 and 3 reveal a series of interesting 
features important for the interpretation of the 
load-compression curves. 

The extension branch is monotonic. The tensile 
strength and breaking elongation are low. They 



Fig. 3. Load-compression curves for repeated compressions 
including hysteresis loops. 
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Fig. 4. Load-compression curve of cork. Crosses indicate 
theoretical Eq. (1) of text. 

are chiefly determined by the cuts or cracks 
invariably present in cork, and the propagation 
or growth of these cracks. The tensile strength 
may be compared with the tear resistance of a 
compact material like rubber, the tear being 
natural and unavoidable for cork. 

The compression branch shows a characteristic 
S-shape. On repeated compression the S-shape 
tends to be washed out and the curve approaches 
somewhat the monotonic behavior shown by 
GR-S tread.* This is shown with particular 
clarity in Fig. 3, but to a lesser degree in Fig. 2 
.because of the recovery of the sample between 
consecutive loadings. 

A simple explanation of the S-shape may be 
based on the known cellular and two-phase struc¬ 
ture of cork: the corky material (including various 
organic substances) constituting the cell walls 
and the air trapped in the cells. We notice that the 
knee of the compression curve occurs roughly at 
a compression corresponding (on inversion at the 
origin) to the breaking elongation, and for a load 
somewhat smaller than the negative of the tensile 
strength. On repeated stretching the knee occurs 

* Synthetic rubber compound containing carbon black as 
used for the tread surface of tires. 

W.* 


for a lower critical load. The equal order of 
absolute magnitude of the critical load and com¬ 
pression of the knee and of the tensile strength 
suggest that a certain breakdown of the cells 
may have taken place at the knee. The difference 
in the lowering of the knee as shown in Fig. 2 
with recovery period between repeated loadings, 
and in Fig. 3 without a recovery period, indicates 
that the breakdown of the cells is partially 
reversible. 

For the part above the knee of the compression 
curve we have tried a preliminary quantitative 
representation. That part of the compressive 
stress Z may be represented fairly accurately by 
the equation 

(Z-a)(L-/ 0 )=const; (1) 

L is the relative length, a and U are constants. 
The quantity a should be independent of the 
compression, and represents the critical stress 
necessary for the partial destruction of the cork 
structure {not the cells). 

The plateau after the knee is interpreted as 
largely caused by the failure of the resistance of 
the cork (through buckling of the cell walls for 
instance). The upward turn is interpreted as a 
compression of the almost incompressible part of 
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cork. Of course, the van der Waals b of the air 
comes in also. The constant on the right side of 
Eq. (1) should be of the order RT. According to 
this equation, Z should be a linear function of the 
temperature at constant compression (since the 
constant on the right side of Eq. (1) should be 
proportional to T) 

Z=M(L)+N(L)-T. (2) 

This conclusion was checked in the second paper 
of this series by our relaxation method. Equation 
(1) checks well with a load-compression curve, as 
shown in Fig. 4. However, the true significance of 
this apparent agreement has not been established. 
For some samples the plateau above the knee 
was practically straight. The possible significance 
of this finding, at some variance with Eq. (1), 
needs further study. 

It is interesting to note that balsa wood, when 
compressed perpendicular to the grain, also 
shows a pronounced S-shaped load-compression 
curve, with an almost horizontal plateau, as 
shown in Fig. 5. The large set (46 percent) after 
compression disappears.almost completely when 
the sample is soaked in water. 

LOAD COMPRESSION CURVE OF HIGHLY 
COMPRESSED CORK 

In connection with the interpretation of the 
S-shapcd load-compression curve it was inter¬ 
esting to see how a high hydrostatic pressure 
would change the shape of the load-compression 
curve. At our request Dr. P. W. Bridgman 3 was 
kind enough to apply to cork a pressure of 29,000 
kg/cm 2 in isopentane. The initial dimensions of 
the sample on April 11,1945, were 0.324" X0.319" 
X0.312". After exposure to high pressure the 
dimensions were 0.297"X0.301"X0.283". On 
February 6, 1946, the dimensions were 0.302" 
X0.306"X0.287". In view of the magnitude of 
the hydrostatic pressure employed in the test, it 
is remarkable that the permanent set of the 
linear dimensions was only about 8 percent on 
the average immediately after the exposure. 
After ten months* rest the permanent set was 
somewhat less.* 

In Fig. 6 the dotted line shows the load- 
compression curve taken in June, 1946, on the 

’Jefferson Physical Laboratory, Harvard University, 
Cambridge, Massachusetts. 



Fig. 6. Comparison of load-compression curves for cork; 
dashed line shows curve for sample hydrostatically com- 
ressed by P. W. Bridgman, applying a pressure of 29,000 
g/cm a . Full line shows behavior of a sample which was not 
previously compressed. 

same piece of cork which had been subjected to 
the high pressure by Dr. Bridgman on April 11, 
1945. The full line shows the load-compression 
curve of Fig. 2, which was obtained on a piece of 
cork not previously compressed. It is seen that 
the initial part of the two curves is almost the 
same. We interpret this initial part as resulting 
from the initial bending of the cell walls. The 
comparison of the two curves exhibits nicely the 
fact that the cells were not crushed by the high 
hydrostatic pressure. The plateau of the curve 
for the pre-compressed sample is, however, much 
less developed than in the case of the previously 
uncompressed sample. We attribute this plateau 
to the failure of the resistance of the cork cells. 
The comparison of the two curves shows that the 
hydrostatic compression must have driven a 
large amount of the air out of the cells. The steep 
part of the two curves has about the same slope, 
as one would expect. 

HYDROSTATIC CURVES 

It is clear from the description of this method 
in the first section that hydrostatic compression 
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Fig. 7. Comparison of hydrostatic (full line) and ordinary 
load-compression (dashed line) curves for cork. 

leads to a pressure-volume relationship, different 
from the ordinary load-compression relation. The 
connection between these two types of relations 
may be exhibited simply and quantitatively, 
referring to the elements of the theory of elast icity. 
The slope at the origin of a load-compression 
curve Z—Z(t) is Young’s modulus 

dZ/de — E. (3) 

Similarly, the slope at the origin of the pres¬ 
sure-volume relation, P = P(F), is the bulk 
modulus K 

VdP/dV=K, (4) 


Now according to the theory of elasticity, 
Young’s modulus, £, and the bulk modulus K are 
connected as follows: 

E=3K( 1—2m), (5) 

where p is Poisson’s ratio (ratio between lateral 
contraction and longitudinal extension). Knowing 
E and K Eq. (5) enables us to obtain 

M = *(1-12/3*). (6) 

Figure 7 shows a hydrostatic pressure-volume 
change curve with the corresponding load-com¬ 
pression curve for cork. When inserted into 
Eq. (6), comparison of the slopes of the two 
curves yields 

m = 0.04. (7) 

Another method of obtaining n is to measure 
the change of volume on ordinary compression. 
According to the theory of elasticity the following 
relation holds: 

AF/F=«(1-2 M ). (8) 

This relation permits one to compute /u if AF/F 
is measured for a given compression c. This 
method, however, was not used in the present 
work. 
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Contributed Original Research 


A Cold Cathode Rectifier 

Willard H. Bennett* 
(Received October 21, 1946) 


A cold cathode rectifier is described in which corona discharge is used at atmospheric and 
higher pressures in hydrogen and nitrogen free of electron-attaching impurities. This kind of 
tube has advantages where the current demands upon a rectifier are small. 


I N the course of some experimental studies of 
corona discharge, methods were found for 
producing and maintaining conditions for free 
electron discharge in gases at pressures of the 
order of magnitude of atmospheric and higher. 
The very large difference in mobility between free 
electrons and positive ions is illustrated in Fig. 1, 
in which are shown the negative and positive 
corona current-voltage characteristics for a 1-mil 
tungsten wire-end discharging in hydrogen at 
atmospheric pressure towards a plane electrode 
at a distance of 3 cm. Characteristics for wire 
sizes between 0.4 and 3 mil, and for distances to 
the plane electrode between 0.3 cm and 10 cm 
were measured and are summarized in an earlier 
report . l 



Fig. 1. Current-voltage characteristics for negative 
^ and positive corona. 


* Now at the National Bureau of Standards. 'Phis work 
was performed in 1939-1941 at the Electronic Research 
Corporation, Newark, Ohio. 

' Willard H. Bennett, Phvs. Rev. 58, 992^997 (1940), 
see Figs. 2 and 3, p. 994. The abscissae in those figures 


As will be seen from the figure, the very large 
difference between the mobilities of electrons and 
positive ions is quite unusual for corona dis¬ 
charges. These can only be attained by using 
means for eliminating electron-attaching com¬ 
ponents from the gas in the tube to a degree 
estimated as less than one part per hundred 
million and keeping the gas free of these com¬ 
ponents to this degree. 

Cold cathode rectifiers were developed taking 
advantage of this large difference in mobilities. It 
is believed that these rectifiers have peculiar 
advantages over conventional types of rectifiers 
in many applications, particularly where the 




Fig. 2. Representative types of tube. (The dimension 6J is 
in inches.) 


were incorrectly labelled and should have been “kilovolts 
difference” instead of “log voltage difference.” 
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Fig. 3. A representative type of rectifier using ten tubes 
of the type snown in Fig. 2b. The condensers are 0.5 
microfarad each and rated at 20 kilovolts d.c. each. The 
multiplier can be a spiral ink line resistor on a Bakelite or 
formica cylinder with 100 megohms per stage. 

current requirements are small, and ^hat a 
description of this kind of rectifiers would be of 
interest. 

GENERAL DESCRIPTION 

Some representative types of tube are illus¬ 
trated in Fig.. 2. In these tubes, the discharge 
electrodes are one- or two-mil tungsten wire- 
ends. The collecting electrode in each is an 
Aquadag coating on the glass wall shown as the 
shaded area in the broken sections. 

The tubes in Figs. 2a and 2b are filled with 
hydrogen at atmospheric pressure. The tube in 
Fig. 2c is filled at eight atmospheres with 30 
percent hydrogen and 70 percent nitrogen. 

Because there is no filament heating require¬ 
ment with a tube of this kind, rectifiers built 
using these tubes arc simpler, lighter, and more 
compact, than rectifiers using conventional types 
of tubes. As an illustration, Fig. 3 shows a 
rqptifier supplying 100 kilovolts using a 10 
kilovolt transformer in a Cockcroft-Walton cir¬ 
cuit. In this kind of circuit, if conventional types 
of tubes were used, the need for filament heating 
current at each stage would make necessary a 
filament transformer with high voltage insulation 
between primary and secondary for each stage. 

*4B0 


Such a requirement would make necessary a 
bulkier and more complicated equipment than 
that shown in Fig. 3. 

There is no requirement for filament heat-up 
time and no devices are needed for tube pro¬ 
tection on this account. 

Rectifiers can readily be designed with clips 
for holding the tubes so that simply reversing the 
tubes in the clips reverses the output polarity of 
the rectifier. 2 

F Although these tubes do not waste electric 
power in heating a filament, they "suffer from loss 
of efficiency from another cause. Under normal 
conditions of operation, there is a small positive- 
ion current on the reverse half-cycle. This effect 
together with the fact that even the high free 
electron mobilities are not sufficient to give as 
high current densities as are obtainable with 
electrons in vacuum, has served to hold these 
tubes to an efficiency of about 20 percent to 50 
percent which is lower than most conventional 
types of rectifier unless no greater output cur¬ 
rents are required than can be adequately sup¬ 
plied by these cold cathode tubes. 

In Figs. 4 and 5 are shown some efficiency data 
taken on a rectifier using the type of tube shown 
in Fig. 2c. In Fig. 4, the transformer supplies 10 
kilovolts a.c., and in Fig. 5, the supply is 20 
kilovolts a.c. Observations were obtained for 
hydrogen (shown with full lines) and a mixture of 
30 percent hydrogen and 70 percent nitrogen 
(shown with dashed lines). War work prevented 
completing these data, but from some observa¬ 
tions in a single wire experimental tube, a good 
estimate was obtained for 20 percent deuterium 
and 80 percent nitrogen (shown with the dotted 
lines). From mobility data 3 it is to be expected 
that the efficiency would be still higher for a 
mixture of 5 percent deuterium and 95 percent 
nitrogen. For comparison purposes, representa¬ 
tive. curves for a vacuum-tube rectifier are 
included. 

* PREPARATION OF A TUBE 

As discharge electrodes, wire-ends with any 
diameter between about 0.4 mil and 3 mils seem 

* Additional engineering data is given in Trans. A.I.E.E. 
64, 164-7 (1945); and Electronics Industries, p. 106 
(November, 1945). 

*W. H. Bennett and L. H. Thomas, Phys. Rev. 62, 
41-47 (1942). 
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to be about equally effective. The reason for this 
is that in the initial conditioning of the tube, 
there is an etching of the wire-ends to a sharp 
conical tip whose radius of curvature is of the 
order of magnitude of 0.2 mil. 4 In tubes con¬ 
taining six or more wire-ends, the maximum 
number that can usefully be grouped with bases 
adjoining is six, and even with six wires in a 
group, the maximum current per wire-end that 
can be drawn without arc-over is less than six 
times the current that could be drawn from a 
single wire, the other electrode spacings being the 
same but the other five wires removed. The dis¬ 
charge spreads laterally from a wire-tip and 
adjacent discharges interfere with each other to 
some extent/ * 

It is important that the electric field diverge 
all the way to the collecting electrode. Aquadag 
or metal collecting electrodes can be used. 

After filling the tube with gas and sealing the 
tube, a.c. voltage is applied directly. The result¬ 
ing discharge eliminates the electron-attaching 
impurities and sharpens the wire-ends, slowly at 
first. 'I’he current rises quite rapidly during the 
last stages of the conditioning, however, and 
unless a circuit breaker is used in the a.c. supply, 
the tube may be greatly over-heated. 

This does not complete the conditioning. If the 
tube is allowed to stand, it will probably decondi¬ 
tion to some extent after a day, that is, the 
electron mobilities will have decreased by a large 



Fig. 4. Efficiency with 10 kv a.c., applied. 


4 Willard H. Bennett, Phys. Rev. 61, 55 (1042). See also 
reference 1. 

4 Willard H. Bennett, Phys. Rev. 61, 53-56 (1942). 
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amount. This is probably .caused by the liberation 
into the gas of some electron-attaching impurities 
from the walls of the tube and from the electrodes. 
For this reason, immediately following the first 
run-up, the tube is put on a reduced a.c. voltage 
sufficient to maintain a current of about 100 
microamperes per wire. After about three hours, 
the tube is permanently conditioned. 

OPERATION 

One of the convenient features of this kind of 
tube is that the full rated voltage can be thrown 
on without any preliminaries. 

There is a definite output voltage at which a 
tube arcs over and the maximum d.c. output 
rating of the tube can be given as about 10 
jjcrcent under that value. The tube never “arcs- 
back” at unexpectedly low voltages as some of 
the conventional mercury vapor tubes do 
occasionally. 

There is no observable consumption of dis¬ 
charge electrodes or other materials in these 
tubes and there is no known reason for these 
tubes to have other than an indefinitely long life 
when ojierated within the ranges of rated current, 
and voltage. 

Surges in the high voltage a.c. supply, caused 
by opening or closing the primary circuit, cannot 
puncture the tube with cold emission because the 
tube is filled with gas. 

The small positive-ion current on the inverse 
half-cycle serves a useful purpose. When the 
output of the rectifier is being smoothed with a 
condenser, resetting the input a.c. voltage to a 



Fig. 5, Efficiency with 20 kv a.c., applied. 


481 




lower value results in the condenser voltage 
dropping correspondingly because of the positive- 
ion current in the tube. 

As long as the rated inverse voltage is not 
exceeded with these tubes, no damage results 
from drawing more than the rated current through 
the tubes momentarily. The only damage that 
eventually occurs is caused by over-heating the 
tube as a whole and this takes at least several 
minutes for all types of tubes. The largest tubes, 
containing part nitrogen, decondition at currents 
of about 0.2 milliampere per wire because of a 
slow formation of ammonia. Operation at 0.06 
milliampere per wire slowly disassociates the 
ammonia and reconditions the tube. 

At the higher values of current, ionization by 
collision occurs between the sheath and the col¬ 
lector in a tube and a high pressure glow dis¬ 
charge makes its appearance. This glow discharge 
has a positive resistance characteristic for cur¬ 
rents up to a higher order of magnitude than the 
limiting current for the corona discharge, and is 
not to be confused with normal high pressure 
arcs. This is not a disruptive kind of arc j^that is, 
it is not abruptly initiated with a streamer and a 
spark) because of the absence of electron- 
attaching gaseous components. 6 

In tubes containing part nitrogen, at currents 
of the order of J milliampere per wire-end, the 
wire-ends become heated, and at currents of be¬ 
tween 1 and 5 milliamperes per wire-end, the 

® Willard H. Bennett, J. App. Phys. 13, 199-200 (1942). 
William H. Otto and Willard H. Bennett, J. Chem. Phys. 
8, 899-903 (1940). 


wire-ends attain temperatures as high as 2000°C. 
The energy necessary to produce these tempera¬ 
tures cannot be accounted for by the impact 
energies of positive ions striking the wire-ends 
following their last free paths. Such heating does 
not occur in discharges in pure hydrogen at the 
same currents. 7 It appears that either an active 
state of nitrogen, or else an excessive concentra¬ 
tion of atomic hydrogen caused by the presence 
of nitrogen, is produced in the ionization sheath 
and is responsible for this excessive heating 
which occurs only in part nitrogen. 

When the wire-ends heat to more than about 
1000°C, a reduction in sheath drop in potential 1 
occurs both for positive and negative discharge 
because of the thermal reduction* in gas density 
immediately adjacent to the wire-end. There is a 
corresponding reduction in arc-over voltage for 
the tube on the inverse half-cycle. This effect is 
reduced by using the finest wires (0.4 mil) but is 
not entirely overcome by this means. 

CONCLUSION 

It is not believed that the full potentialities of 
this kind of discharge in a rectifier have been 
realized. Further studies of the diffuse kinds of 
arcs which occur in these gases should prove 
profitable. It is thought that a wider appreciation 
of the advantages of a cold cathode gas-filled 
rectifier may bring an increased interest in 
studies of the properties and methods for control 
of these arcs. 

~ WilTard H. Bennett, Phys. Rev. 62, 369-371 (1942). 


The Hydrodynamic Lubrication of Finite Sliders 

Charles P. Boegu 
Springfield , Ohio 
(Received December 17, 1946) 


Two approximations are made in the solution of Reynolds’ lubrication equation for the case 
of a finite slider. These approximations lead to a series of equations that arc easy and rapid to 
use for flat sliders, and which are also applicable to curved sliders. Examples of their use are 
presented, and a number of calculations are made to determine the range of slider proportions 
to which they may be applied with sufficient accuracy. The method is of special value for 
wide sliders which are difficult or impossible to analyze by other methods. 


INTRODUCTION 

HE solution of the basic Reynolds differ¬ 
ential lubrication equation for the case of 
a slider bearing of finite width has always been 
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beset with great difficulties. Reynolds 1 did not 
succeed in finding a general solution to the 

1 O. Reynolds, “On the theory of lubrication and its 
application to Mr. Beauchamp Tower’s experiments,” 
Phil. Trans. Roy. Soc. 177, part 1, 157-234 (1886). 
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equation, and it was not until nineteen years 
after his presentation that Michell 2 provided a 
satisfactory attack to the problem. 

Michell's method involves no assumptions 
that affect the accuracy of the solution for the 
specified conditions. It is, however, applicable 
only to sliders with flat surfaces, and even for 
such simple cases the solution is so tedious that 
only a very small amount of data has yet been 
computed. R. O. Boswall, working with an 
assumption credited to Stodola, succeeded in 
developing an approximate method 3 that gives 
results negligibly different from those of the exact 
method in cases where comparisons are possible. 
Here again the.analytical solution can only be 
made for flat sliders; for other shapes resort is 
had to a graphical method that actually consists 
in estimating by eye the shape of one of the 
pressure distribution curves. 

More recently, Muskat, Morgan, and Mercs 
published another solution to the original differ¬ 
ential equation. 4 They presented their solution 
as a series of graphs that serve better for the 
solution of problems of operation than problems 
of design. Again, only bearings with flat surfaces 
are considered. 

There is great need for a set of equations that 
will provide, with a minimum of effort, a good 
approximation to the actual behavior of a wider 
variety of sliders than can now be handled. The 
need for a very high degree of accuracy is, for 
several reasons, not great. One reason is that it is 
never possible to predict closely the behavior of 
the viscosity of the lubricant as it passes through 
the bearing; the assumption of constant viscosity 
is generally made, and the practical value of the 
solution is limited by this approximation. Also, 
it would be very difficult actually to construct 
a bearing in exact conformity with a specified 
design ; such a small difference, for example, as a 
slight rounding of the leading edge, would have 
considerable effect upon the performance. There¬ 
fore, a solution that predicts to a fair degree of 
accuracy the performance of a great many types 

* A. G. M. Michell, “The lubrication of plane surfaces,” 
Zeits. f. math. Physik 50, 1073-1099 (1904). 

8 R. O. Boswall, The Theory of Film Lubrication (Long¬ 
mans, Green, and Company, New York, 1928), pp. 141— 
158. 

4 Muskat, Morgan, and Meres, “Studies in lubrication. 
VII. The lubrication of plane sliders of finite width,” J. 
App. Phys. 11, 208-219 (March 1940). 
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of slider bearings would be at least as valuable 
as one that predicts very closely the performance 
of only a narrow range. 

Such a solution is provided through two simple 
assumptions. The first is that used by Boswall 
in his derivation of an approximate method; 
namely, that the pressure functions along the 
length and width of the slider are independent. 
The second is that the pressure function along 
the length of the slider (that is, the dimension 
in the direction of motion) is the same as that 
for an infinite slider . 

This paper presents analyses based upon these 
two assumptions; an analytical solution for the 
case of the flat slider and an arithmetical method 
for curved .sliders. Since with any approximate 
method some estimate of the accuracy and range 
of applicability is desirable, the report also 
presents a comparison of the results obtainable 
wilh the new method to any available data 
found in other manners. 


ANALYSIS 

The general differential equation of Reynolds 
serves as the starting point for this analysis of 
slider lubrication. 


► /I OP \ d/1 dP \ d 

-( -/r 3 J-]—(- h 3 1=6— 


In this equation g, h , U , and P are the oil vis¬ 
cosity, the oil-film thickness, the slider velocity, 
and the oil pressure at any point on the slider 
surface. If the substitutions are made: 


X^Xa+Lxu 
z~Bz], 
h = hoP, 
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where L and B are the length and width of the 
slider, ho represents the oil-film thickness at the 
outlet edge, and P is a function of X\ (see Fig. 1); 
and if viscosity is assumed constant, the equation 
becomes 


d r SPi 

—10*- 
dXiL dxi l 


dPl d 2 P dp 

- + - -A —. (2) 

dxi J dz i 2 dxi 


In Eq. (2), N is the ratio of slider length to slider 
width (. L/B ) arid A is the product 6ixUL/ho 2 
containing all the dimensional terms. The new 
variables Xi and z\ are the fractional distances 
along the length and width of the slider, and 
range in value from 0 to 1.0. 

It will now be assumed, following the method 
in reference 3, page 141, that the pressure at any 
point can be expressed as the product of two 
functions 

P = A-f{xi)-f{Zx). (3) 

This product is substituted for P in Kq. (2), 
yielding 


d r df(xi)' 

-- W(i,) 7 - 

dvViL dx I . 


I rf 2 /(*i) dQ 

|+Wljq)- 

dz r dx i 


- 1 

d*f Oi)] 

r i d$ i 

JO i) 

dx t 2 L m 

lj 3 3 /Oi) dxi x m 


d / dP\ dp 
— ( £ 3 — ) =A -—, 
dx i\ dx\/ dx i 


which, upon substitution of P=*A and per¬ 
formance of the indicated differentiation, gives 

df(x i) d*f(x i) dp 

3P 2 - +p* -= —. 

dx i dx i 2 d#i 


Where /(#i) is a maximum, this equation shows 
that 

ra _fi*i (« 

L dx i L/3 5 <fjc J 

and consequently Eq. (vS) is reduced to 
d'fizi) M M 

-+ —/(*i)- 

N 2 N 2 

where M is equal to the expression on either 
side of Eq. (6) divided by/(.v»). TJic solution is 


\e n — e n / 


(7) 


where 


Up to this point the treatment has been 
general, and applicable to both flat and curved 
sliders. In the case of fiat sliders, 

P—1 -\-bxi 


To find the-form of f(zi) Eq % (4) is solved along 
the line where f(xi) is a maximum ; that is, where 
df(x\)/dx\ is zero. This yields 




while f(x i) is simply 5 
fix i)- T 


bx i(.vi-l) 
(6+2)(^.vi + l)“ 


in which x m indicates the value of for which 
f(x 0 is a maximum. This equation can be 
simplified by considering that since f(x i) is the 
same as that for an infinite slider, this being the 
second basic assumption, this function was de¬ 
rived from the differential equation 


For curved sliders, an arithmetic or graphical 
evaluation of f{x i) is usually preferred to an 
analytical solution. Such methods result in a 
series of tabulated values of the function for 
various values of Xu and it is necessary to find 
x m and f(x m ) from this table. An excellent method 
of finding the required values is presented in 
Empirical Formulas , 6 To evaluate », the value of 
M must be known ; it can be calculated from the 
expression on the right side of Eq. (6)^ which is 
to be preferred to the quantity on the left, 
because the former does not require the finding 
of second derivatives from graphical data. 

The important equations and constants are 

5 Reference 3, page 44. 

• T. R. Running, Empirical Formulas (John Wiley and 
Sons, Inc., New York, 1917), pp. 100-113. 
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Fig. 2. 


sumniarizfd below: 

P-4 •/(*>) ■/(*.) 

e" —1 


(3) 


/(si)-l-f*-V (7) 

\e“— e~"/ 

bx i(.vi~ 1) 

— for Hat sliders oi 
)- 

( 8 ) 


f'x i) =-—-- for flat sliders only 

(/>+2)(/>.v,+ 1)- 


in which 


6 nUL 

A =- 

V 


n-- —- 


il/ 

JV" 
l <P/(*i) 


I* i rfyUi) | _r i 

L/(*i) dvi J U 9 /(*i) dx J x jn 

(b+ 2) 4 

= — 1 -for flat sliders only 


(6 + 1) 2 


N = L/B. 


3.46. The pressure Junctions are then 

1 .- 1 ) 

/(*i)=- 

(3.5)(1.5*,+1)* 
f(si) *1 - 


Graphs of these two functions can be drawn, and 
by finding curves of constant /(#i)*/(si) the 
isobars over the slider surface can be located. 
This has been done in Fig. 2. The numbers on 
the isobars are values-of f(xi)-f(z\). The actual 
pressure at each isobar is, of course, this value of 
f(x i) /(si) multiplied by the quantity A . 

For the case of wide sliders, where N becomes 
small, the analysis by means of the rigorous 
equations, or even by the approximate treat¬ 
ment in reference 3 becomes more difficult, but 
that with the new equations becomes simpler. 
For a slider where 7V = 0.01 and 6=1.5, M is 
still —12.0 but n is now 346. Then, 


It is observed that the value of this function, 
although zero at 2 i = 0 and 1.0, rises very 
rapidly to 1 between these endpoints; at Zi = 0.02 
or 0.98, for example, the value of f(z\) is 0.999. 
The function }(z\) may therefore be considered 
as a correction to be applied to the ends of a 
slider which would otherwise be considered in¬ 
finite. Under such conditions, the value of f{z\) 
should be directly dependent upon Z\/N, the 
actual width represented by sr, that this is 
actually the case is illustrated by finding the 
point at which /(si) =0.999 for a slider for which 
JV = 0.0001 and 6 = 1.5. This value turns out to 
be Zi = 0.0002, which is 0.01 times that, for a 
slider of N= 0.01. Since, however, this second 
slider is 100 times as wide, the actual distance 
from the ends of both sliders to the points at 
which /(si) =0.999 is the same. This type of 
relationship in fact exists up to the point where 
the quantity 

(e n — \)/(e n — e~ n ) 


EXAMPLES OF FLAT-SLIDER ANALYSIS 

To illustrate briefly the use of the equations, 
let it be desired to analyze the lubrication of a 
slider for which 7V=1.0 and 6=1.5. For this 
slider, M= —12.0 and n is thus found to be 


becomes significantly different from 1.0. 

EXAMPLE OF CURVED-SLIDER ANALYSIS 

For purposes of illustration, a slider will be 
analyzed for which j9=(2.50) xl and AT — 0.5. The 
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customary approximate method leads to a series 
of values for f(x i): 


*1 


/(*«) 

0.0 

1.000 

0.0000 

0.1 

1.096 

— 0.0273 

0.2 

1.201 

-0.0414 

0.3 

1.316 

-0.0466 

0.4 

1.443 

-0.0459 

0.5 

1.582 

-0.0414 

0.6 

1.733 

-0.0349 

0.7 

1.899 

-0.0273 

0.8 

2.081 

-0.0192 

0.9 

2.281 

-0.0112 

1.0 

2.500 

0.0000 


By the use of Lagrange’s interpolation formula, 
Table I. 




6-1.0 



6-2.0 


% 

W/W 00 

W/W w 

Error 

w/w* 

W/W* 

Error 

N 

(new) 

(actual) 

% 

(new) 

(actual) 

% 

0 

1.000 

1.000 

0 

1.000 

1.000 

0 

0.5 

0.687 

0.695 

-1.2 

0.735 

0.714 

2.9 

1.0 

0.421 

0.434 

-3.0 

0.493 

0.460 

7.2 

1.5 

0.259 

0.279 

-7.2 

0.322 

0.297 

8.4 

2.0 

0.168 

0.185 

-9.2 

0.219 

0.208 

5.3 
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x m is found to be 0.338 and f(x m )= —0.0470. At 
this point 0 = 1.363 and dfi/dx i = 1.249 

1.249 

-= -10.50. 

( — 0.0470) (1.363) 3 

The value of n is then 

n — (10.50) V0.5 = 6.482. 

All the necessary constants have now been calcu¬ 
lated. The shapes of the isobars over the surface 
are illustrated in Fig. 3. The value marked on 
each isobar gives, when multiplied by A> the 
magnitude of the pressure at that isobar. 

APPLICABILITY OF EQUATIONS 

Although the new equations are especially 
useful in analyzing cases that are difficult or 
impossible to solve by the more exact and in¬ 
volved methods, the only available accurate 
data are for flat sliders, and these must conse¬ 
quently serve as a basis for estimating the 
accuracy of the solutions obtained by the new 
method. The comparison thus made is presumed 
to hold also for curved sliders. 

W/W* Ratio 

By W/W* ratio is designated the ratio of the 
total load carried by the slider to that which 
would be carried by an equal length of an 
infinitely wide slider. Since f(x i) in the new 
equations is the same as that for an infinite 
slider, the W/W aD ratio is merely the integral 
of /(si) (Eq. (7)), which is 

W 2(1 -e~ n y 

— 1 —--( 12 ) 

W„ »( l-er**) 

Values computed from this equation are com¬ 
pared to those computed by Michell’s method 
for 6=1.0 and 2.0 in reference 3, page 137 
(Table I). 

Table II. 


6-2.0 

N 

D (new) 

D (actual) 

Error % 


0 

-0.0246 

-0.0246 

0 


0.5 

-0.0181 

-0.0175 

3.4 


1.0 

-0.0122 

-0.0113 

8.0 


1.5 

-0.0079 

-0.0073 

8.2 


2.0 

-0.0054 

-0.0051 

5.9 
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It will be shown later that the error in the 
W/W « ratio is of the same magnitude as that in 
many other derived characteristics of the slider 
bearing. Figure 4 compares values of W/W » 
obtained with the new equations to those found 
by several investigators with various methods, 
for iV = 0.5, 1.0, ajnd 2.0. The values due to 
Kingsbury are from “Optimum Conditions for 
Journal Bearings” 7 and those credited to Muskat, 
Morgan, and Meres were actually found by a 
series of graphical calculations with the charts 
in Lubrication , 8 pages 162-66. The latter cannot 
therefore be considered extremely accurate, but 
they extend over a greater range than the other 
published values. 

It can be seen that the ratio given by the new 
equations is in good agreement with those com¬ 
puted by ot her methods. 

Total Load 

The total load carried by the slider is given by 
the expression 

W=ALBD, 

following the notation of Boswall. The new 
method yields, for the value of D , 

D** f f(zi)dzi f f(xi)dxi , 

•'o •'o 

because the variables Xi and Z\ are independent. 
Comparison of the values of D from the new and 
from the Michell solution is sufficient because 
the factors A t L , and B arc the same for both 
methods. The accurate data are again obtained 
from reference 3, page 137 (Table II). It could 
have been expected that the error in total load 
be somewhat greater than that in W/W « ratio, 


Table III. 


6-2.L N 

(new) 

xi (actual) 

Error % 

0 

0.392 

0.392 

0 

0.5 

0.392 

0.386 

1.5 

1.0 

0.392 

0.374 

4.9 

1.5 

0.392 

0.359 

10.5 

2.0 

0.392 

0.341 

12.6 


7 Albert Kingsbury, “Optimum conditions for journal 
bearings," Trans. ASME RP-54-7, 54, 123M48 (1932). 

•A. E. Norton, Lubrication (McGraw-Hill Book Com¬ 
pany, Inc. New York and London, 1942), pp. 162-166. 



0 1.0 2.0 

b 

Fig. 4. 

because here the variation of f(x i) from the 
actual form is also taken into account. Never¬ 
theless, the accuracy is still surprisingly good. 

Center of Pressure ($i) 

The center of pressure is the value of Xi at 
which the integrated effect of the pressure is 
directed. It is thus the line along which the 
slider would be pivoted. This depends, in the 
new method, only upon f(x\) which keeps the 
same form regardless of N. The value of X\ is 
therefore a constant depending only upon b , and 
is equal to X\ for an infinite slider. It is, of course, 
known that the value of x\ is actually dependent 
upon N, but the error introduced by assuming it 
constant remains to be found. The actual values 
are obtained from the same source previously 
quoted ('Fable III). The error in Xi is still not 
excessively great, and the assumption of the 
constant value would lead to no serious difficulty 
in most cases. 

Table IV. 


b *2.0 N //(new) //(actual) Error % 

1.82 1.82 0 

2.00 2.02 - 1.0 

2.30 2.38 -3.4 

2.74 2.83 -3.2 

3.23 3.32 -2.7 


0 

0.5 

1.0 

1.5 

2.0 
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Table V. 


Table VI. 


6-2.0 N 

V# (new) 

Vo (actual) 

Error % 

0 

0.288 

0.288 

0 

0.5 

0.225 

0.227 

-0.9 

1.0 

0.169 

0.172 

-1.8 

1.5 

0.126 

0.130 

-3.1 

2.0 

0.100 

0.115 

-14.0 

6-2.0 JV 

Vi (new) 

\\ (actual) 

Error % 

0 

0.288 

0.288 

0 

0.5 

0.313 

0.313 

0 

1.0 

0.306 

0.299 

2.3 

1.5 

. 0.274 

0.262 

4.7 

2.0 

0.240 

0.245 

2.0 


Frictional Force 

i 

In reference 3, page 145, the frictional resist¬ 
ance is given by the equation 

/Mo U\ h 

R= Wl - ) H, 

\WiJ 

where H is an expression involving integrals of 
f(xy ) and f(zi). As in the case of total load, a 
comparison of values of II is sufficient, since the 
remaining terms are identical for both methods 
(Table JV). Here, the error is very small indeed. 


Quantity of Lubricant 

The following expressions are given for the 
quantity of lubricant in reference 3: 





€ J 0 


•] 


where 



where 


K,-}(6D)|l-G. f /(.,)*,j 

a-M . 

L dx i Jxi-o 


V\ and To are the inlet and outlet quantities, 
reflectively. Substitution of the proper values 
into these equations yields the results given in 


A' 


D 

*» 

11 

Vi 

Vo 

0 

0 

0 

0 

0 

0 

0 

0.5 

2.9 

3.4 

1.5 

-1.0 

0 

-0.9 

1.0 

7.2 

8.0 

4.9 

-3.4 

2.3 

-1.8 

1.5 

8.4 

8.2 

10.5 

-3.2 

4.7 

-3.1 

2.0 

5.3 

5.9 

12.6 

-2.7 

2.0 

-14.0 


Table V. The error in Vo is too large at iV = 2.0 
but is certainly sufficiently small at JV= 1.5. The 
error in V\ is small enough over the entire 
considered range of N. 

Estimation of Error 

It was noted previously that the value of 
W/ W x is very easily calculated by the new 
method, and it would be desirable to use the 
error in this quantity as a criterion of the 
accuracy of the method. For purposes of com¬ 
parison, then, the errors are tabulated in Table 
VI. It is considered that the W/W Q 0 ratio forms 
a fair, if not slightly pessimistic, criterion of the 
accuracy of D, II, and V\, while for X\ and Vo the 
error is likely to be greater in magnitude than 
that estimated from W/W* when N becomes 
large. For the great majority of sliders, for which 
1.0, the W/Wao criterion is satisfactory. 

Since Fig. 4 shows good agreement between 
actual and computed W/W « ratios even at 
N = 2.0, it can be concluded that the new equa¬ 
tions hold with good accuracy for all sliders for 
which N is 1.0 or less, and they provide an 
excellent basis for estimating the behavior of 
even narrower sliders. 
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Measurements of Base Pressure on a Missile in 
Free Flight* 

F. K. IIill and R. A. Ai.pher 
Applied Physics Laboratory , The Johns Hopkins University, 

Silver Spring, Maryland 
February 24, 1947 

I N a series of experiments now under way, missiles of 
simple geometry (see Fig. 1), differing only in length, 
are rocket-launched to supersonic velocities; telemetering 
installed in the missiles transmits to a ground receiver the 
aerodynamic data measured during flight. Among the 
significant data being obtained are base pressures; such 
data are important in the extrapolation of wind-tunnel 
studies on models to full-scale performance of missiles, 
where large Reynolds numbers are encountered under 
ordinary atmospheric conditions. 

The missiles have a 14-caliber ogival nose joining tan¬ 
gentially to r. cylindrical body of 4-inch diameter, the base 
of the cylinder being flat and closed. Four fins of bi-convex 
section are added to give flight stability. The yaw of the 
missile (in the plane including the missile axis and base 
pressure measurement port) with respect to the flight path 
is determined by differential pressure measurements near 
the nose .tip. These differential pressure measurements 
may be correlated n ith yaw by means of laboratory experi¬ 
ments in an open supersonic jet or in wind tunnels, as well 
as by calculations based on linearized supersonic flow 
theory. It is found in these experiments that the yaw 
angles encountered arc of the order of 1° or less and that 
no measurable effects caused by angle of attack are observed 
on base pressure data here reported. Missile velocities are 
obtained both by an optical tracking system and by 
stagnation pressure measurement on the missile with a 
Pitot tube. 

Base pressures were measured at a 0.040" port located $" 
from the center line of the missile. Observed base pressures 
were converted to pressure coefficients by dividing them 
by the dynamic head (namely, |XdensityXvelocity 2 ); 
corrections caused by change in altitude during flight were 
made. Coefficients thus computed are shown (Fig. 2) for 
missiles of the first two lengths of the series to be studied. 
It is to be noted that the coefficients show at most a small 
variation with Mach number in the supersonic range 
covered by the tests, where the value is about 0.3. This 
result is significantly different from previously used theo¬ 
retical values. 1 While present information indicates that 



Fig. 1. Scale effect test missile. Telemetering to record: (1) Pitot tube 
stagnation pressure, (2) differential pressure at nose ports, (3) base 
pressure at port from center. All pressure ports in the same plane 
through missile axis. 



Fig. 2. The probable errors indicated are based upon fairly well-known 
inaccuracies in the determination of the dynamic head and static pres¬ 
sure throughout flight, and an assumed inaccuracy in the telemetering 
records based on laboratory tests. All errors are believed to be random. 

pressure is essentially independent of position on the base 
of such missiles, an experimental check of this will be made 
in free flight. 

Similar missiles with lengths up to 120", as well as a 
series differing only in diameter, and a series of homologous 
models, are to be studied, with maximum velocities corre¬ 
sponding to Mach number 3. 

This study is part of a general investigation of scale 
effects which is to be reported in detail after completion of 
all the tests. It provides the first direct measure of base 
pressure on such high speed missiles. 

* Work being performed by a group under contract NOrd 7386 with 
the Bureau of Ordnance, U. S. Navy. 

1 0.2 given by von K&rm&n and Moore, Trans. ASMK 54. 303 (1932). 


Direction of Maximum Crystal Elongation 
during Metal Cutting 

G. H. Townknp 

MeiropoUlan-V tekers Elect) u al Company, Lid., Manchester, England 
March 17, 1947 

I N an interesting paper by Dr. M. E. Merchant on 
“Mechanics of the Metal Cutting Process," 1 an error 
was made in the expression connecting shear angle, rake 
angle, and direction of maximum crystal elongation (Eq. 
(1), page 269). I have written to Dr. Merchant and he 
confirms the new expression derived below. 

Let a-rake angle, 

<t >«the angle between the shear plane and the surface 
of the workpiece* 
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Consider a section of the workpiece A BCD such that 
Z.CBD** 90°. Then after shearing this section will become 
the parallelogram BFEC ’. The dimension perpendicular to 
the shear plane must be unchanged during shearing. 

/. BD-BH=a. 

Consider a line CG in the chip making an angle ^ with the 
plane of shear. Then the corresponding line in the work- 
piece is DJ. The condition that CG shall be the direction 
of maximum crystal elongation is that CG/DJ is a 
maximum. 

CG**a cosec^, 

la*+(0 coty —a coty+a tan<0 — a>*|*. 

The condition is that 

(sinty 4-(eot<£ sin^—cos^ -f tan(<£— a) sin^) 2 J 
is a maximum. That is, % 

sinty-f |sin^(cot0+tan(0—a> —cosiA] 2 
is a minimum. Let 

coty -f tan(tf>— a) = «, 

«* sin2^ — 2 1 cos2^ * 0. 

Ifc^O 

2 cot2^ * «, 

2 cot2^ = cot<£-|-tan(0-a). 

Alternatively it is easily shown that a circle on the 
workpiece becomes an ellipse on the chip and that the 
principal axes of the ellipse make an angle ^ with the shear 
plane, where 

2 cot2^ = cot^>-j-tan(</> — a). ** 

» J. App. Phys. 16. 267 (1945). 


Here and There 


Printing Electronic Circuits 

According to a recent release from the National Bureau 
of Standards prepared by Cledo Brunetti and Philip J. 
Franklin, new techniques, developed by the National 
Bureau of Standards in cooperation with electronic manu¬ 
facturers, for electronic devices promise to simplify pro¬ 
duction methods and to accelerate the manufacture of 
cheaper, more compact, and more uniform electronic equip¬ 
ment. These techniques, representing the perfection of a 
method of printing wiring and circuit components on an 
insulated surface, is one of the new processes and tech¬ 
niques evolved from research and development during 
the war. 

The methods are applicable in the design of numerous 
industrial and commercial devices where extreme rugged¬ 
ness and small size are imperative. By means of the printing 
process the electronic circuit of a conventional radio— 
now characterized by a maze of wires, resistors, inductors, 
and condensers—may be replaced by a compact circuit 
printed on a small flat plate, eliminating much of the third 
dimension and making it simple to check and repair. 
Other specific applications lie in the fields of pocket radios, 
personal radio telephones, miniature hearing aids, meteoro- 
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logical instruments, and various miniature electronic con¬ 
trol circuits. 

Present investigations at the National Bureau of Stand¬ 
ards of the various means available for reducing the size 
of electronic assemblies and for mechanization of chassis 
wiring reveal a number of feasible and practical electronic 
printing methods. Variations of the stenciled screen-print¬ 
ing process include hand printing or spraying of the com¬ 
ponents and leads on suitable surfaces. Another method 
involves the use of photography and an abrasive blast. A 
third is an adaptation of the chemical methods of silvering 
mirrors. Mechanical processes include metal spraying, 
metal sputtering or evaporation, the use of foils, and stamp¬ 
ing. As an example, loop antennas are now stamped out 
in a single operation by a variation of the printed wiring 
techniques and have shown improved performance' over 
wire-wound loops in addition to reduced cost of production. 
The principal effect of these methods is to reduce electronic 
circuit wiring to two dimensions. The effect is enhanced 
where it is possible to employ sub-miniature tubes and 
compact associated components. 

New Appointments 

Leonard I. Schiff, theoretical physicist who worked on 
'the Los Alamos atom bomb project, has joined the faculty 
of Stanford University as associate professor of physics. 

H. B. G. Casimir, co-director of the Philips Research 
Laboratories, Eindhoven, Holland, is delivering a series 
of invitation lectures at Johns Hopkins University on the 
properties of matter at low temperatures and on problems 
in quantum electrodynamics. 

Leo L. Beranek, formerly director of the electro-acoustic 
and systems research laboratories of Harvard University, 
has been appointed associate professor of communications 
engineering in the Department of Electrical Engineering 
of the Massachusetts Institute of Technology. 

Alfred J. Reis, Austrian-born scientist, was recently 
appointed a research specialist in the Engineering Experi¬ 
ment Station at Rutgers University. He will conduct a 
series of studies in the engineering properties of materials 
and in powder metallurgy. 

John A. Hippie has been named chief of the Atomic 
Physics Section at the National Bureau of Standards. 

John L. Abbott recently joined North American Philips 
Company, Inc., as application engineer in the industrial 
x-ray division. 

Awards 

James I. Hoffman of the National Bureau of Standards 
has been awarded the 1946 Hillebrand Prize for significant 
contributions to chemical science. 

The John Price Wetherill and the Howard N. Potts 
medals of The Franklin Institute of Philadelphia were 
awarded at ceremonies on April 16. Kenneth S. M. David¬ 
son of Stevens Institute of Technology received the 
Wetherill medal for his contributions to the improved 
design of ships through experiments on ship hull models. 
Vladimir K. Zworykin, director of electronic research of 
the Radio Corporation of America, and Robert H. Kent, 
associate director of the ballistics research laboratories, 
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Aberdeen Proving Ground, were each awarded a Potts 
medal. Zworykin received the medal for his inventions of 
the iconoscope and kinescope, which are essential to 
modern commercial television. Kent was honored for con¬ 
tributions to the science of ballistics and particularly for 
his effective operation of the Aberdeen Wind Tunnel, 
which is doing a large part of the supersonic testing for 
the armed forces. 

The seven winners of Frank B. Jewett fellowships for 
research in the physical sciences for 1947-1948, announced 
by the American Telephone ard Telegraph Company, arc 
as follows: M. G. Ettlinger of California Institute of 
Technology and Austin, Texas; Wallace D. Hayes of 
California Institute of Technology and Palo Alto, Cali¬ 
fornia; Paul Olum of Harvard University and Winchester, 
Massachusetts; Aadne Ore of Yale University and Oslo, 
Norway; Alfred Schild of the Carnegie Institute of Tech¬ 
nology and Pittsburgh, Pennsylvania; Robert L. Scott of 
the University of California and Santa Ana, California; 
and Edwin H'. Spanier of the University of Michigan and 
St. Paul, Minnesota. Two of the winners arc chemists, two 
physicists, two mathematicians, and the seventh is an aero¬ 
nautical engineer. 

General Electric-Yale University Joint Research 

At the Dunham Laboratory of Electrical Engineering 
at Yale University, research is being conducted on controls 
for a flight simulator or dummy rocket for duplicating 
flight characteristics of a rocket missile, as part of General 
Electric Company’s long-range rocket research program. 
The project at Yale is under the direction of John L. 
Bower, Assistant Professor of Electrical Engineering. 

Biological Photographic Exhibition 

An international exhibition of biological photography of 
interest to all photographers in the scientific field will be 
held September 10-27, 1947, under the sponsorship of the 
Biological Photographic Association at the Rochester 
Public Library, Rochester, New York. Three judges who 
are prominent in their fields will select all entries. Member¬ 
ship in the Association is not a requisite for participation 
in the exhibition. Entry blanks for contributors may be 
obtained from Mr. H. Lou Gibson, 343 State Street, 
Rochester 4, New York. The entry fee is $1, and the last 
day for receiving entries is August 1, 1947. 

Information concerning the convention program of the 
Biological Photographic Association to be held September 
10-13 may be obtained from Mr. John V. Butterfield, 
635 Si. Paul Street, Rochester 4, New York. 

General Electric Educational Fund Awards 

Research fellowships totaling $20,500 have been awarded 
to fourteen graduate students by the General Electric 
Educational Fund. Eight of the winners received Charles 
A. Coffin Fellowships awarded for research in the fields of 
electricity, physics, and physical chemistry. I he other six 
young men obtained Gerard Swope Fellowships for ad¬ 
vanced study in industrial management, engineering, the 
physical sciences, and other scientific and industrial fields. 


M.I.T. Summer Session in Applied Mathematics 

Massachusetts Institute of Technology has announced a 
special summer session in applied mathematics from 
August 4 to September 19, 1947. The following graduate 
courses will be offered: 

1. Theory of Plates and SheUs. By Professors F. B. Hildebrand 

AND E. REISSNKR. 

2. Theoretical Hydromechanics. By Professors E. Reissner and 

C. (\ Lin. 

3. Advanced Topics in Applied Mathematics. By Professors J. L. 

Synge, H. Rkissnbr, W. Prager, K. B. Hildebrand and P. D. 

Crout. 

4. Tensors in Mechanics. By Professor D. J. Strimk. 

Further information concerning the program may be 
obtained by working to Department of Mathematics, 
Massachusetts Institute of Technology, Cambridge 39, 
Massachusetts. 

Centenary of Association of Engineers 

The Association of Engineers, with headquarters at the 
University of Li^ge in Belgium, celebrates this year its 
100th anniversary. For the occasion it is sponsoring a 
congress and an exhibition to which engineers and industry 
representatives are cordially invited. The congress will 
take place in Li<?ge from August 30 to September 13, and 
is entitled “Past, Present and Future of Our Industry.” 
For further information address Association des Ingenieurs, 
12, Quai Paul Van Hoegacrden, Li£ge, Belgium. 

National Electronics Conference 

The National Electronics Conference, Inc., whose pur¬ 
pose is to serve as a national forum on electronic develop¬ 
ments and their application, is sponsored jointly by Illinois 
Institute of Technology, Northwe>tern University, Ameri¬ 
can Institute of Electrical Engineers, Institute of Radio 
Engineers, and the University of Illinois, with the Chicago 
Technical Societies Council a cooperating organization. 
Plans are now being formulated for the 1947 National 
Electronics Conference, which will be held on November 3, 
4, and 5 at the Edgewater Beach Hotel, Chicago. 

Course in Statistical Quality Control 

An advanced eight-day course in quality control by 
statistical methods is to be presented June 27 through 
July 5 at Purdue University, Lafayette, Indiana. It is 
intended for those who already have some acquaintance 
w r ith statistical quality control from such a course as the 
War Production Board organized during the war. Anyone 
desiring further information should write to Professor 
I. W. Burr at Purdue. 

Marconi Anniversary 

An International Congress will celebrate the fiftieth 
anniversary of the discovery of radio by Marconi, Sep¬ 
tember 28 to October 5, 1947, in Rome, Italy. The event 
is being organized by the Italian National Council of 
Research. It aims at providing a complete picture of the 
progress of radio in the world from the scientific, technical, 
and industrial point of view, and giving world radio experts 
the opportunity of meeting and studying plans for a future 
international collaboration. 
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The Bulletin of Mathematical Biophysics 

Following is the table of contents for The Bulletin of 
Mathematical Biophysics for June 1947: 

Mathematical Theory of Motivation Interactions of Two Individuals: 

II. Anatol RAi*opoRr 

A Theory of Membrane Permeability: III. The Effect of Hydrostatic 
Pressure. Ingram Bloch 

The Mechanism of the Middle Ear: II. The Drum. Martinos 11. M. 
Ksser 

A Mathematical Description of Metabolizing Systems: II. Herman 
Branson 

Outline of a Matrix Calculus for Neural Nets: II. 11. n. Landahl 

The University of Chicago Press, Chicago, Illinois, 
Volume 9, Number 2. 

Meeting of the Division of Solid State Physics 

% 

A Division of Solid State Physics in the American 
Physical Society, recently authorized by the Council, is in 
the process of formation and a corresponding announce¬ 
ment is being sent out to the members of the society. The 
organizing committee of the division is planning for a 
meeting of the division in conjunction with the Montreal 
meeting of the American Physical Society June 19 to 21, 
1947. In view of the fact that the American Society for 
X-Ray and Electron Diffraction is having a meeting near 
Montreal starting Monday, June 23, the meeting of the 
division will take place on Saturday, June 21, so as to 
make it convenient for those interested in solid state to 
attend both meetings. * 

The program will be composed of four invited papers: 
“Diffraction of Neutrons in Crystals," F. Seitz, 

"Theory of Crystal Rectifiers with Application to Copper Oxide," 
J. Bardeen, 

“The Relaxation Spectrum of Metals," C. Zener, 

“Nuclear Magnetic Resonance Absorption in Solids and Liquids," 
E. M. Purcell, 

and contributed papers in the field of solids. It is suggested 
that those who have papers in the field of the division 
would present them at the June meeting in Montreal. 

The Organizing Committee of the Division of Solid State: 

T. A. Read S. Siegel 

F. Seitz R. Smoluchowski 

W. Shockley C. Zener 


Calendar of Meetings 

May 

26-27 Institute of Aeronautical Sciences, Detroit, Michigan 
31 American Physical Society, New England Section, Amherst, 
Massachusetts 

Jtme 

^6 Sqci^ty of Automotive Engineers, French Lick, Indiana 

American Society of Refrigerating Engineers, Los Angeles, 
California 

9-13 America!* Institute of Electrical Engineers, Montreal, Quebec, 
Canada 

9-14 Symposium on Molecular Structure and Microscopy, Ohio 
State University, Columbus, Ohio 


I 2-14 Canadian Association of Professional Physicists, University of 

Western Ontario, London, Canada 
16-19 American Society of Mechanical Engineers, Chicago, Illinois 
16-20 American Society for Testing Materials, Atlantic City, New 
Jersey 

18-20 American Association of Physics Teachers, Regional Meeting, 
University of Minnesota, Minneapolis, Minnesota 
18-21 Society for the Promotion of Engineering Education, Minne¬ 
apolis, Minnesota 

23-25 American Society for X-Ray and Electron Diffraction, Mon¬ 
treal, Quebec, Canada 

July 

II -12 American Physical Society, Stanford University, California 
16-19 American Society of Civil Engineers, Duluth, Minnesota 

August 

21 23 Society ot Automotive Engineer*, Los Angeles, California 
(Transportation and Maintenance Meeting) 

26-29 American Institute of Electrical Engineers, San Diet^, Cali¬ 
fornia 


New Booklets 


Dow Corning Corporation, Midland, Michigan, has 
announced a new technical pamphlet, DC Antifoam A, 
which discusses a silicone compound recently developed 
for killing foam in aqueous systems. 4 pages. 

The December 1946 issue of The Frontier , published by 
ue Armour Research Foundation of Illinois Institute of 
Technology, Chicago 16, Illinois, includes the following 
articles: “A Unique Torquemeter,” “Classification of 
Analytical Methods,” “Processing and Use of Zircon for 
Refractory Electrical Insulating Compositions.” 20 pages. 

Nickel Steel Topics for February 1947, published by 
The International Nickel Company, Inc., 67 Wall Street, 
New York 5, New York, features an article on the 
“refrigerator car of the future,” built largely of stainless 
and low nickel alloy steels. 12 pages. 

Fish-Schurman Corporation, 230 East 45th Street, New 
York 17, New York, makers of raw optical, technical, and 
scientific glass and optical parts and specialties, recently 
issued bulletin Ml-318 on FS Multi-Layer Interference 
Films; Dichroic and Achromatic Beam Splitters. 2 pages. 

The Aerovox Research Worker, monthly house organ of 
the Aerovox Corporation, New Bedford, Massachusetts, 
in its December 1946 edition discusses “The Rectifier- 
Amplifier V. T. Voltmeter.” 4 pages. 

Pittsburgh Plate Glass Company, Columbia Chemical 
Division, Fifth Avenue at Bcllefield, Pittsburgh 13, Penn¬ 
sylvania, has published Form A-100, a new Columbia 
Caustic Soda Book, 72 pages, printed in three colors. 
Many photographs. Write for a copy on your company 
letterhead. 
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Crystal Pattern Synthesis by an Approximate Summation of Fourier Series 

Joseph S. Lukesh 

Crystallographic Laboratory , Department of Geology , Massachusetts Institute of Technology , Cambridge , Massachusetts 

(Received February 10, 1947) 

A faithful representation of the locations of the peaks of electron density maps can be 
obtained rapidly by determining for each point in the projected unit cell the algebraic sum of 
the amplitudes of those reflections which are contributing cither a maximum or a minimum 
at each point. Since maxima and minima do not, in general, fall at the specific points of the 
grid, an approximation must be introduced. Using the semi-polar form of Fourier series, the 
approximate summation can be accomplished with the use of one hundred and fifty strips. 

The method was tested by determining the peak locations in the structure of diopside projected 
on 001. Potential applications of the approximate summation include rapid checking of the 


validity of assumed crystal structures. 


INTRODUCTION 

RYSTAL patterns can be synthesized con¬ 
veniently by determining the projected 
electron density through the summation of a 
Fourier series of the following general type: 

p(* f y) = (l /A)YLh Lfc F ( /,ao) cos(2tt/ N)(hx+ky), 

(1) 

which gives the projection normal to the c axis. 
Other axes are treated by appropriate choice of 
the indices, h , k , or l. Equation (1) is valid only 
when the projection is centrosymmetrical. The 
non-centrosymmetrical case will not be con¬ 
sidered here; however, it can be treated in a 
similar manner by applying the same reasoning 
to the sine terms. The form of the contribution 
of a given reflection, hkO, to the total electron 
density is invariant, regardless of the actual 
crystal structure. It consists of a sinusoidal 
alternation of positive and negative density. 
Actually it is a cosine surface whose periodicity 
in each axial direction is given by the appropriate 
index. The different distributions of electron 
density in different crystals arise from varying 


amplitudes of the cosine surfaces and from 
different arrays of contributing reflections. Ob¬ 
viously, in order that an accumulation of electron 
density occur at any point in the projected unit 
cell, the sum of the positive solutions of the terms 
of Eq. (1) must be greater than the sum of the 
negative solutions. In order that a high peak 
occur, not only must a large number of reflections 
give positive solutions, but also they must be 
near their maxima. Similarly, in order that 
there be little or no accumulation of electron 
density, either most reflections are contributing 
very little, or those near their maxima are 
compensated for by others near their minima. 
This suggests that if one were to list for each 
point in the unit cell the amplitudes of all 
reflections that are contributing a maximum and 
all that are near a minimum, one might obtain a 
faithful representation of the electron density 
distribution merely by subtracting the negative 
terms from the positive. If this hypothesis is 
valid, the labor of computation is reduced to the 
listing and totalling of the appropriate ampli¬ 
tudes. Of course, detail will be lost in the regions 
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of low electron density, but these regions are 
unimportant in at least the early stages of 
crystal structure analysis. In many cases, loca¬ 
tion of the strongest peaks will be of material 
aid in the solution of a crystal structure. 

THEORY 

In an earlier paper the writer 1 developed a 
semi-polar form of the series of Kq. (1). This 
concept, while not essential to the approximate 
method to be discussed, offers a number of 
advantages in computational simplicity and will 
be followed in this report. If % the point, x , y, is 
specified by the coordinate, jc, and the slope, c, 
of the line from the origin to the point, Eq. (1) 
may be written: 

p(x , c) = (\/A)Y<h Z* F ( hk o) cos (2v/N)x{h+ck). 

( 2 ) 

The half-unit cell for which the summation is to 
be made is divided into four segments, and the 
form of the cosine term varies for each. For a 
given plane and a given radial line, Eq. (2) 
reduces to 

p(x , c) = (1 /A)Ylh L* fi\hku) cos(27r/ N)Cx, (3) 

where C is a constant and jc is an integer. In the 
article cited 1 it was pointed out that the con¬ 
ventional rectilinear grid is inconvenient, since 
the slopes of the lines from the origin to the 
various points are not suited for easy calculation. 
Furthermore, only a few points occur along any 
one line. For these reasons, a semi-polar grid 
was described in which the points at which Eq. 
(3) is to be evaluated are defined by the inter¬ 
sections of radial lines and either the jc or y 
coordinates. If the axes are divided into thirty 
points (a sufficient number since the projection 
is only an approximation), the number, N t in 
Eq. (3) is thirty. For this spacing of points, it is 
convenient to choose radii whose slopes are .1, .2, 
.3, etc., and the constant, C, can be determined 
from the indices of a plane merely by inspection. 
Thifc, for the reflection, 320, the constant along 
the radius whose slope is .4 is equal to 3 plus 
.4(2), or 3.8. 

If Eq. (3) is plotted as a function of x for a 
given amplitude, F t and a given constant, C, a 

1 Joseph S. Lukesh, J. App. Phys. 18, 321 (1947). 

494 


cosine curve results. This is the form of the 
density contribution of a reflection, hk 0, along a 
radial line of slope, c. The amplitude is deter¬ 
mined by F and the periodicity by C. It is 
obvious that maxima and minima occur at 
various points along the radius. Since the posi¬ 
tions of the maxima and minima depend only 
on the indices of the reflection and on the slope 
of the radius, they can be determined in advance 
and tabulated for use in all structure determina¬ 
tions. Because, as was pointed out in the article 
previously cited, 1 there are only one hundred and 
fifty independent values of C for the grid chosen, 
the table will not be extensive. 

In general, the maxima and minima will not 
occur at integral values of the coordinate, jc. 
This necessitates the introduction of an approxi¬ 
mation, since it is at the integral values of jc that 
the summation is being made. For the purposes 
‘ of this report, it has been assumed, quite arbi¬ 
trarily, that a plane contributes to the electron 
density only at those points where its amplitude 
times the appropriate value of the cosine is fifty 
or more percent of the maximum. Similarly, a 
plane subtracts from the density only when the 
product is fifty or more percent of the minimum. 
In other words, a reflection is assumed to be 
ineffectual when the product of its amplitude 
times the cosine is between zero and either plus 
or minus one-half of F. Furthermore, it is as¬ 
sumed that a plane contributes or subtracts the 
entire value of F when it is effective. This latter 
assumption eliminates all calculation, and the 
summation consists of tabulation of the ampli¬ 
tudes of the effective planes at each point and 
their summation. 

EXAMPLE OF THE APPROXIMATION 

In order to test the hypothesis developed 
above, computations have been made of the 
electron density of diopside projected on (001). 
Data for the amplitudes of the various reflections 
and a map of the conventional summation have 
been reported by Bragg. 2 Because of the high 
symmetry of diopside in this projection, only 
one-eighth of the cell need be considered. How¬ 
ever, in order to test the approximation, compu¬ 
tations were made for one-quarter of the cell. 

3 W. L. Bragg, Zeits. f. Krist. 70, 475 (1929). 
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Table I. Coordinates, x, for which the function: cos(t/1 5) Cx has maxima'and minima. 


c 

Maxima 

Minima 

C 

0.0 

0-15 

None 

30.0 

o.t 

0-15 

None 

29.9 

0.2 

0-15 

None 

29.8 

0 J 

0-15 

None 

29.7 

0.4 

0-12 

None 

29.6 

0.5 

0-10 

None 

29.5 

0.6 

0-8 

None 

29.4 

0.7 

0-7 

15 

29.3 

0.8 

0-6 

13-15 

29.2 

0.9 

0-5 

12-15 

29.1 

1.0 

0 5 

10-15 

29.0 

1.1 

0-4 

10-15 

28.9 

1.2 

0 4 

9-15 

28.8 

1.5 

0 3 

8-15 

28.7 

1.4 

0 3 

8-14 

28.6 

l.S 

0-3 

7-13 

28.5 

1.6 

0-3 

7-12 

28.4 

1.7 

0 - 2 , 15 

6-11 

28.3 

1.8 

0 - 2 , 14 . 15 

6 11 

28.2 

1.9 

0 - 2 , 14 , 15 

6-10 

28.1 

2.0 

0 - 2 , 13-15 

5-10 

28.0 

2.1 

0 - 2 , 12-15 

5-9 

27.9 

2.2 

0 - 2 . 12-15 

5 9 

27.8 

2.3 

0 - 2 , 11-15 

5-8 

27.7 

2.4 

0 - 2 , 11-14 

5 8 

27.6 

2.5 

0 - 2 , 10-14 

4 8 

27.5 

2.6 

0 , 1 . 10-13 

4 7 

27.4 

2.7 

0 , 1 . 10-12 

4 7 . 15 

27.3 

2.8 

0 , 1 , 9-12 

4 - 7 . 15 

27.2 

2.9 

0 , 1 . 9-12 

4 6 . 14 , 15 

27.1 

3.0 

0 , 1 , 9-11 

4 - 6 . 14 . 15 

27.0 

3.1 

0 , l . 9-11 

4 - 6 . 13-15 

26.9 

3.2 

0 , 1 . 8-10 

4-6, 13-15 

26.8 

3.3 

0 , 1 , 8-10 

4 - 6 , 13-15 

26.7 

3.4 

0 , 1 . 8-10 

3 - 5 , 12-14 

26.6 

3.5 

0 . 1 , 8 10 

3 - 5 , 12-14 

26.5 

3.6 

0 , 1 . 7-9 

3 5 . 12 . 13 

26.4 

3.7 

0 . 1 , 7 9 , 15 

3 - 5 , 11-13 

26.3 

3.8 

0 . 1 , 7 - 9 , 15 

3 5 . 11 - 13 

26.2 

3.9 

0 . 1 . 7 . 8 . 15 

3 5 , 11 . 12 

26.1 

4.0 

0 . 1 . 7 , 8 . 14 . 15 

3-5, 10-12 

26.0 

4.1 

0 . 1 . 7 , 8 , 14 . 15 

3 . 4 . 10-12 

25.9 

4.2 

0 , 1 . 6 - 8 , 14 . 15 

3 , 4 . 10 , 11 

25.8 

4.3 

0 . 1 , 6 - 8 . 13-15 

3 . 4 . 10 , 11 

25.7 

4.4 

0 , 1 . 6 , 7 . 13 , 14 

3 , 4 , 10 , 11 

25.6 

4.5 

0 , 1 , 6 . 7 , 13 , 14 

3 . 4 , 9-11 

25.5 

4.6 

0 , 1 . 6 , 7 . 12-14 

3 . 4 . 9 , 10 

25.4 

4,7 

0 . 1 . 6 , 7 , 12 , 13 

3 , 4 . 9 . 10 . 15 

25.3 

4.8 

0 , 1 , 6 , 7 , 12 . 13 

3 , 4 . 9 , 10 , 15 

25.2 

4.9 

0 , 1 , 6 , 7 , 12 , 13 

3 , 4 . 9 . 10 , 15 

25.1 

5.0 

0 , 1 . 5 - 7 , 11-13 

2 - 4 , 8 - 10 . 14 , 15 

25.0 

5.1 

0 . 5 , 6 , 11 , 12 

2 , 3 , 8 . 9 , 14 . 15 

25.9 

5.2 

0 , 5 . 6 . 11 , 12 

2 . 3 , 8 , 9 , 14 . 15 

24.8 

5.3 

0 , 5 , 6 , 11 , 12 

2 . ?, 8 , 9 , 14 , 15 

24.7 

5.4 

0 , 5 . 6 , 11 , 12 

2 . 3 , 8 , 9 , 13 , 14 

24.6 

5.5 

0 , 5 , 6 . 10 , 11 

2 . 3 , 8 . 9 . 13 , 14 

24.5 

5.6 

0 , 5 . 6 , 10 , It 

2 , 3 , 8 , 13 . 14 

24.4 

5.7 

0 . 5 , 6 , 10 . 11, 15 

2 , 3 . 8 , 13 , 14 

24.3 

5.8 

0 , 5 , 6 . 10 , 11 , 15 

2 , 3 , 7 , 8 , 13 

24.2 

5.9 

0 , 5 . 10 , 11 , 15 

2 . 3 , 7 , 8 , 12 . 13 

24.1 

6.0 

0 , 5 , 10 , 15 

2 , 3 , 7 , 8 , 12 , 13 

24.0 

6.1 

0 , 5 , 10 , 14 , 15 

2 . 3 , 7 . 8 , 12 , 13 

23.9 

6.2 

0 . 5 . 9 , 10 . 14 . 15 

2 . 3 , 7 , 8 , 12 

23.8 

6.3 

0 , 4 , 5 . 9 . 10 , 14 , 15 

2 . 3 . 7 . 12 

23.7 

6.4 

0 , 4 , 5 , 9 . 10 , 14 

2 . 3 , 7 , 11 , 12 

23.6 

6.5 

0 . 4, 5 , 9 , 10 . 14 

2 . 3 , 7 , 11 , 12 

23.5 

6.6 

0 , 4 , 5 , 9 , 13 , 14 

2 . 3 , 7 , 11 , 12 

23.4 

6.7 

0 . 4 , 5 , 9 , 13 . 14 

2 , 6 , 7 . 11 . 15 

23.3 

6.8 

0 , 4 , 5 , 9 , 13 

2 , 6 , 7 , 11 , 15 

23.2 

6.9 

0 , 4 , 5 , 8 . 9 . 13 

2 , 6 , 7 , It , 15 

23.1 

7.0 

0 , 4 , 5 . 8 , 9 , 13 

2 . 6 , 7 . 10 . 11 , 15 

23.0 

7.1 

0 , 4 . 8 , 9 , 12 , 13 

2 , 6 , 7 , 10 , 11 , 15 

22.9 

7.2 

0 , 4 . 8 , 9 . 12 . 13 

2 . 6 , 10 , 11 , 14 , 15 

22.8 

7.3 

0 . 4 , 8 , 12 , 13 

2 , 6 , 10 , 14 , 15 

22.7 

7.4 

0 . 4 . 8 , 12 

2 , 6 , 10 . 14 

22.6 


C 

Maxima 

Minima 

C 

7.5 

0 . 4 , 8 , 12 

2 . 6 . 10 . 14 

22.5 

7.6 

0 , 4 . 8 . 12 

2 . 6 . 10 . 14 

22.4 

7.7 

0 , 4 , 8 . 12 . 15 

2 . 6 , 10 , 13 . 14 

22.3 

7.8 

0 , 4 , 8 , 11 . 12 , 15 

2 . 6 , 9 , 10 . 13 , 14 

22.2 

7.9 

0 , 4 . 7 . 8 , 11 . 12 , 15 

2 , 6 , 9 . 10 , 13 

22.1 

8.0 

0 , 4 , 7 , 8 , 11 , 15 

2 , 5 , 6 , 9 , 10 , 13 

22.0 

8.1 

0 , 4 . 7 . 8 , 11 , 15 

2 . 5 , 6 . 9 , 13 

21.9 

8.2 

0 , 4 . 7 , 11 , 15 

2 , 5 . 6 . 9 , 13 

21.8 

8.3 

0 , 4 , 7 , 11 . 14 . 15 

2 , 5 . 6 , 9 , 13 

21.7 

8.4 

0 , 3 , 4 . 7 , 11 , 14 

2 , 5 . 9 , 12 , 13 

21.6 

8.5 

0 . 3 , 4 , 7 , 10 , 11 , 14 

2 . 5 . 9 . 12 

21.5 

8.6 

0 , 3 , 4 . 7 , 10 . 11 . 14 

. 2 , 5 , 9 , 12 

21.4 

8.7 

0 , 3 , 4 . 7 . 10 , 14 

2 . 5 , 9 . 12 . 15 

21.3 

8.8 

0 , 3 , 7 , 10 , 14 

2 . 5 . 8 . 9 , 12 . 15 

21.2 

8.9 

0 , 3 , 7 , 10 , 13 , 14 

2 , 5 . 8 , 12 , IS 

21.1 

9.0 

0 . 3 . 7 , 10 , 13 

2 . 5 , 8 , 12 . IS 

21.0 

9.1 

0 . 3 , 7 , 10 , 13 

2 , 5 , 8 , 11 . 12 , 15 

20.9 

9.2 

0 , 3 , 6 , 7 , 10 , 13 

2 . 5 . 8 . 11 . 15 

20.8 

9.3 

0 . 3 . 6 . 10 . 13 

2 . 5 , 8 . 11 . 14 . 15 

20.7 

9.4 

0 , 3 , 6 . 10 , 13 

2 . 5 , 8 . 11 , 14 

20.6 

9.5 

0 , 3 , 6 . 9 . 10 , 13 

2 , 5 , 8 . 11 , 14 

20.5 

9.6 

0 , 3 , 6 , 9 , 12 , 13 

2 . 5 , 8 , 11 , 14 

20.4 

9.7 

0 , 3 . 6 . 9 . 12 , 15 

2 , 5 , 8 , 11 , 14 

20.3 

9.8 

0 , 3 , 6 , 9 . 12 , 15 

2 , 5 , 8 . It . 14 

20.2 

9.9 

0 . 3 , 6 , 9 . 12 , 15 

2 , 5 , 8 , 11 . 14 

20.1 

10.0 

0 , 3 , 6 . 9 . 12 . 15 

1 . 2 . 4 , 5 , 7 , 8 . 10 . 11 , 13 . 14 

20.0 

10.1 

0 . 3 , 6 , 9 , 12 , 15 

1 . 4 . 7 , 10 . 13 

19.9 

10.2 

0 , 3 , 6 , 9 . 12 , 15 

1 . 4 , 7 , 10 . 13 

19.8 

10.3 

0 . 3 . 6 , 9 , 12 . 15 

1 . 4 , 7 . 10 . 13 

19.7 

10.4 

0 . 3 , 6 , 9 , 12 . 14 

1 , 4 , 7 . 10 . 13 

19.6 

10.5 

0 , 3 , 6 , 9 , ll . 14 

t . 4 . 7 , 10 , 13 

19.5 

10.6 

0 , 3 , 6 , 11 . 14 

1 , 4 , 7 . 10 , 13 

19.4 

10.7 

0 , 3 , 6 , 8 , 11 , 14 

1 , 4 , 7 . 10 , 13 . 15 

19.3 

10.8 

0 , 3 , 6 , 8 , 11 . 14 

1 , 4 , 7 . 10 . 15 

19.2 

10.9 

0 , 3 , 8 , 11 , 14 

1 , 4 . 7 . 10 . 12 . 15 

19.1 

11.0 

0 . 3 , 5 , 8 . 11 . 14 

1 , 4 , 7 , 10 , 12 . 15 

19.0 

11.1 

0 . 3 , 5 . 8 , 11 

1 , 4 , 7 , 12 , 15 

18.9 

11.2 

0 , 3 . 5 , 8 , 11 , 13 

1 , 4 , 7 . 9 , 12 , 15 

18.8 

11.3 

0 , 3 , 5 , 8 , 11 , 13 

1 . 4 , 7 . 9 . 12 . 15 

18.7 

11.4 

0 , 3 , 5 , 8 , 13 

1 . 4 , 7 , 9 , 12 

18.6 

11.5 

0 , 3 , 5 , 8 , 10 , 13 

1 , 4 . 9 , 12 . 14 

18.5 

11.6 

0 , 3 , 5 , 8 . 10 , 13 

1 . 4 , 9 . 12 , 14 

18.4 

11.7 

0 , 5 , 8 . 10 , 13 . 15 

1 , 4 . 6 , 9 , 14 

18.3 

11.8 

0 , 5 , 8 , 10 . 13 , 15 

1 , 4 , 6 , 9 , U 

18.2 

11.9 

0 , 5 . 10 . 13 . 15 

1 , 4 . 6 , 9 , 11 . 14 

18.1 

12.0 

0 , 5 , 10 , 15 

1 , 4 . 6 . 9 , 11 , 14 

18.0 

12.1 

0 , 5 , 10 . 12 , 15 

1 . 4 , 6 , 9 , 11 , 14 

17.9 

12.2 

0 , 5 , 7 . 10 . 12 , 15 

1 . 4 . 6 , 9 , 11 

17.8 

12.3 

0 , 5 , 7 . 10 . 12 , 15 

1 . 4 . 6 . 11 

17.7 

12.4 

0 , 5 , 7 , 10 , 12 

1 , 4 . 6 , 11 , 13 

17.6 

12.5 

0 , 2 , 5 , 7 , 10 , 12 , 14 

1 , 4 , 6 . 8 , 11 , 13 

17.5 

12.6 

0 . 2 , 5 , 7 , 12 , 14 

1 , 6 , 8 . It . 13 

17.4 

12.7 

0 . 2 . 5 , 7 . 12 . 14 

1 , 6 . 8 . 11 , 13 , 15 

17.3 

12.8 

0 . 2 , 5 , 7 , 9 , 12 , 14 

1 , 6 . 8 . 13 . 15 

17.2 

12.9 

0 . 2 . 5 , 7 , 9 , 12 . 14 

1 , 6 . 8 , 13 . 15 

17.1 

13.0 

0 , 2 , 5 , 7 . 9 . 14 

1 , 6 , 8 , 10 , 13 , 15 

17.0 

13.1 

0 , 2 , 7 . 9 , 14 

1 , 6 , 8 . 10 . 15 

16.9 

13.2 

0 . 2 , 7 , 9 , 11 , 14 

1 . 6 , 8 . 10 , 15 

16.8 

13.3 

0 , 2 , 7 . 9 . It 

1 , 6 , 8 . 10 , 15 

16.7 

13.4 

0 , 2 , 7 , 9 , 11 

1 , 3 , 8 . 10 , 12 

16.6 

13.5 

0 , 2 , 7 , 9 , 11 . 13 

1 . 3 , 8 , 10 , 12 

16.5 

13.6 

a , 2 , 9 . 11 , 13 

1 , 3 , 8 , 10 , 12 , 14 

16.4 

13.7 

0 , 2 , 9 , 11 , 13 . 15 

1 , 3 , 8 . 10 . 12 , 14 

16.3 

13.8 

0 , 2 , 4 , 9 , 11 , 13 , 15 

I , 3 , 10 , 12 . 14 

16.2 

13.9 

0 , 2 , 4 , 11 , 13 , 15 

1 , 3 , 10 , 12 , 14 

16.1 

14.0 

0 , 2 , 4 , 11 , 13 . 15 

1 . 3 , 5 , 10 , 12 , 14 

16.0 

14.1 

0 , 2 , 4 , 13 , 15 

1 , 3 , 5 , 12 , 14 

15.9 

14.2 

0 , 2 , 4 , 6 . 13 . 15 

1 , 3 , 5 , 14 

15.8 

14.3 

0 , 2 , 4 . 6 , 15 

1 . 3 , 5 . 7 

15.7 

14.4 

0 , 2 , 4 , 6 , 8 

1 . 3 , 5 , 7 

15.6 

14.5 

0 . 2 , 4 , 6 , 8 , 10 

1 , 3 , 5 . 7 , 9 

15.5 

14.6 

0 . 2 . 4 , 6 , 8 , 10 . 12 

1 , 3 . 5 . 7 . 9 . 11 

15.4 

14.7 

0 , 2 , 4 . 6 , 8 . 10 , 12 , 14 

1 , 3 , 5 , 7 , 9 , 11 , 13 , 15 

15.3 

14.8 

0 , 2 , 4 , 6 . 8 , 10 , 12 . 14 

1 . 3 . 5 , 7 , 9 , 11 , 13 , 15 

15.2 

14.9 

0 . 2 , 4 . 6 , 8 , 10 . 12 , 14 

1 . 3 . 5 . 7 , 9 . 11 . 13 . 15 

15.1 

15.0 

0 , 2 , 4 , 6 . 8 , 10 , 12 . 14 

1 . 3 , 5 . 7 , 9 , 11 , 13 . 15 

15.0 
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Fig. 1. Peak locations in the 001 projection of diopside 
determined by the approximate summation, Case I 
(equal amplitudes). 


Fig. 2. Peak locations in the 001 projection of diopside 
determined by the approximate summation, Case II 
(estimated amplitudes). 


Since the quarter-cell is in itself centrosym- 
metricai, the amount the major peaks depart 
from centrosymmetry will be a test of the value 
of the approximation. Three electron density 
maps have been competed. In the first, only the 
signs of the amplitudes have been used, all 
magnitudes being considered, equal. In the 
second, estimated magnitudes have been intro¬ 
duced; and in the third, the actual measured 
values were used. 

In Tabic I are listed the one hundred and 
fifty values of the constant, C, of Eq. (3) and the 
corresponding values of x for which maxima and 
minima, as defined previously, occur. To com¬ 
pute the summation it is only necessary to list 
for each radial line the amplitudes of the reflec¬ 
tions which are maximum and minimum at each 
point. As a typical example, the maxima and 
minima of the plane 570 along the radial line 
whose slope, c , is .4, will be determined. The 
constant, C, is equal to 5 plus .4(7), or 7.8. 
From Table I, opposite 7.8 it is found that 
maxima and minima occur at the following 
points: 

Maxima—0, 4, 8, 11, 12, 15 

Minima—2, 6, 9, 10, 13, 14 

If the amplitude of the reflection, 570, is plus 
forty, the number forty is recorded in the col¬ 
umns of the worksheet corresponding to the 


coordinates, x t for which the contribution is a 
maximum. Similarly, minus forty is recorded in 
the columns corresponding to the minima. When 
ihe amplitude is negative, one must, of course, 
make appropriate sign changes. 

Case I—Equal Amplitudes 

This example, which represents an exploration 
of the possibility of determining atomic locations 
from knowledge of the array of reciprocal lattice 
points, but not their relative weights, is of little 


Table II. F values of the reflections of the type hkO* 


hkO 

F 

hkO 

F 

200 

0 

040 

0 

400 

15 

240 

16 

600 

100 

440 

-50 

800 

76 

640 

29 

110 

0 

150 

-84 

310 

76 

350 

-55 

510 

-63 

550 

0 

710 

41 

750 

-96 

020 

19 

060 

-94 

220 

-51 

260 

31 

420 

-23 

460 

0 

620 

-19 

170 

0 

820 

-17 

370 

0 

130 

13 

570 

40 

330 

50 

080 

0 

530 

37 

280 

-32 


* After W. L. Bragg. Zeits. f. Krist. 70. 475 (1929). 

Note: Because of symmetry, reflections of the types hkO, hkO, and 
hk 0 have the same F values as those of the type hk 0. 
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practical importance, since one can always esti¬ 
mate the relative weights from a photographic 
film. It is included here because the results are 
rather striking. 

The data used in this and succeeding cases 
were taken from Bragg 2 and are listed in Table II. 
The peaks of the “electron density” map drawn 
from the computations are represented in Fig. 1 
by circles. (The actual map is, of course, dis¬ 
torted. In the interests of clarity, only the peak 
positions are shown.) Figure 1 should be com¬ 
pared with Fig. 4, which shows the peak locations 
taken from the conventional summation of 
Bragg. 2 It is important to note that the major 
peaks, representing heavy atoms or two or more 
atoms superimposed, are correctly positioned; 
small peaks are slightly displaced. 

Case II—Estimated Amplitudes 

In this example, the amplitudes listed in 
Table II have been assigned weights of from 
one to five. Those from one to twenty-five, for 
instance, have been given the weight of one; 
those from twenty-six to fifty, two, etc. This 
was done in an attempt to simulate amplitudes 
that might be calculated from intensities esti¬ 
mated from an x-ray film. Figure 2 shows the 
locations of the peaks in the summation. Im¬ 
provement is noted in the positions of the 
smaller peaks. 



Fig. 3. Peak locations in the 001 projection of diopside 
determined by the approximate summation, Case III 
(measured amplitudes). 


Case III—Measured Amplitudes 

In Fig. 3 are shown the peaks, with their 
relative heights indicated by contours, resulting 
from the approximate summation in which 
measured amplitudes were used. There is no 
appreciable change in the positions found in the 
previous case. 

DISCUSSION 

The parameters of the peaks shown in Figs. 1 
through 4 are listed in Table III. In all cases, 
the values obtained from the approximate sum¬ 
mations are within .02 of those from the con¬ 
ventional summation. (The values for the con¬ 
ventional summation may or may not be in 
agreement with the actual parameters of diop¬ 
side. Those listed were measured from the elec¬ 
tron density map in order to present a fair 
comparison with those derived in the same 
manner from the approximate summations.) On 
the basis of this one test, it would appear that 
the electron density peaks can, indeed, be located 
with reasonable accuracy by considering only 
the maximum and minimum contributions at 
each point in the cell. One would, however, 
hesitate to recommend the approximate method 
until independent checks have been made. The 
choice of diopside may have been a fortuitous 
one. 
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Table III. Parameters measured from Figs. 1 through 4. 


Case I 

Case II 

Case III 

Complete 

Peak 

(no 

(estimated 

(measured 

summation 

number 

amplitudes) 

amplitudes) 

amplitudes) 

(after Bragg) 

'l 

.12 

.13 

.13 

.13 

.07 

.09 

.09 

.09 

1 a 

.37 

.36 

.36 

.38 

2 b 

.41 

.40 

.40 

.41 

l a 

.15 

.14 

.14 

.14 

3 b 

.25 

.25 

.26 

.27 


.36 

.36 

.36 

.35 

4 b 

.25 

.24 

.23 

.23 

C a 

.22 

.21 

.21 

.21 

5 b 

.40 

.41 

.42 

.41 

(l a 

.28 

.29 

.28 

.29 

6 b 

.09 

.09 

.09 

.09 

7 a 

0 

0 

0 

0 

7 b 

.10 

.10 

.10 

.10 

X a 

* b 

.50 

.50 

.50 

.50 

.40 

.40 

.40 

.40 

o a 

0 

0 

0 

0 

9 b 

.30 

.30 

.30 

.30 

io a b 

.50 

.50 

.50 

.50 

.20 

.20 

.20 

.20 


.14 

.15 

.14 

'.15 

.50 

.50 

.50 

.50 

12" 

.35 

.35 

.35 

.35 

0 

0 

0 

0 


One of the potential uses of the approximate 
method is in the checking of an assumed struc¬ 
ture. If a logical structure can be deduced from 
crystal chemical knowledge, the phases of the 
strong reflections can be computed. An approxi¬ 
mate summation, using only those reflections, 
might suffice to demonstrate whether or not the 
assumed structure is consistent. 

COMPUTATION BY MEANS OF STRIPS 

Although the labor of computation is reduced 
in the approximate method to the addition of 
columns of numbers, it is still necessary lo look 
up data in a table and to record them. This 
effort can be eliminated by preparing a series of 
strips, one for each value of the constant, C. 
Each strip has a space for each value of the 
coordinate, x t and those spaces where the func¬ 
tion is a maximum are colored blue. Minima are 
indicated by red. The labor of summation in¬ 
volves only the selection of the strips, their 
arrangement on a suitable board, and the addi¬ 
tion of the coefficients. 

In checking an assumed structure, it is not 
necessary to perform the entire summation. Only 
those regions which should be high in density 
need be treated. Using the approximate method, 
the summation can be done in a very short time. 
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Single Crystal Electron Diffraction by Micro-Crystalline Materials’" 

Norman Davidson* ** and James Hillier 
RCA laboratories , Princeton , New Jersey 
(Received March 11, 1947) 

It is shown that the double lens probe-type electron diffraction camera described earlier is 
capable of producing useful electron diffraction patterns of single microscopic crystals in the 
size range 200-2000A; the formation of an opaque carbonaceous deposit, which occurs when 
an electron probe is focused on a specimen, is prevented in the diffraction camera by previously 
exposing the specimen chamber to an electron spray. A number of examples of two-dimensional 
grating patterns and Kikuchi-line patterns obtained from such crystals are shown. From 
either type of pattern it is possible to obtain accurate values for some of the lattice spacings, 
while from the Kikuchi-line patterns it is possible to deduce accurately the orientation of the 
crystals relative to the electron beam. The results are shown to agree reasonably well with the 
predictions of the dynamical theory as presented by MacGillavry. It is concluded that a 
two-dimensional grating pattern is to be expected from a crystal oriented with an important 
lattice vector approximately parallel to the electron beam independent of slight disorders or 
warping of the crystal. Kikuchi-line patterns are to be expected for most other crystals which 
are not excessively thick or disordered. The theory also shows that both types of patterns 
may be obtained simultaneously. 


I. INTRODUCTION 

HK study of the diffraction of fast electrons 
by single crystals has been pursued in 
several different ways up to date. Because of 
the limited penetration of the electron beam, 
work with macroscopic crystals which are readily 
manipulated and oriented is restricted either to 
reflection diffraction by a surface or, for trans¬ 
mission electron diffraction, to the relatively 
rare case of materials, such as mica, which can 
be obtained as thin sheets. 

There would be many useful applications of 
an effective technique for obtaining single crystal 
electron diffraction patterns and thus deter¬ 
mining the lattice constants of crystals of di¬ 
mensions less than a micron—that is, crystals of 
dimensions appropriate to electron diffraction 
and electron microscopy. Some of these applica¬ 
tions are: 

(a^ Identification of a material which has a complex 
powder pattern or which is present as a minor constituent 
of a mixture of crystals. 

(b) The determination of crystal structure when single 
crystals of sufficient size for x-ray diffraction are not 
available. 


* Presented before the American Society for X-Ray and 
Electron Diffraction, June 10, 1946, at Silver Bay, New 
York. 

** Present Address: Gates and Crellin Laboratories of 
Chemistry, California Institute of Technology, Pasadena, 
California. 


(c) Further study of the fundamental phenomena of 
electron diffraction by crystals. 

Various methods of observing the electron 
diffraction patterns from single micro-crystals 
have been reported in the literature. The ob¬ 
servations of crystalline reflections in electron 
micrographs 1,2 have been used to confirm the 
dynamical theory of electron diffraction, to study 
the warping of cry stals, and in general to provide 
information about strong reflections by properly 
oriented crystals. The method is limited to 
strong reflections. 

Boersch has obtained electron diffraction pat¬ 
terns in which the collimated electron beam was 
restricted by an aperture to have a cross section 
of 0.005 mm at the specimen. 8 The spot patterns 
obtained for the various films examined were 
such that only one or a few crystals were re¬ 
sponsible for the diffraction, but no correlation 
was possible between the morphology of the 
irradiated portion of the specimen and its 
diffraction pattern. 

The same author has suggested a scheme in 
which a fine aperture moves in the image plane 
of an electron microscope. 4 When the aperture 

1 R. D. Heidenreich and L. Sturkey, J. App. Phys. 16, 
97 (1945). 

2 J. Hillier and R. F. Baker, Phys. Rev. 61, 722 (1942). 
References l and 2 refer to other papers on this topic. 

3 H. Boersch, Zeits. f. Physik 116, 469 (1940). 

«H. Boersch, Ann. d. Physik 27, 78 (1936). 
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is placed on the image of a particular crystal, 
the angular distribution of the transmitted rays 
provides information about the diffraction pat¬ 
tern of the particular crystal. Boersch used this 
technique to obtain diffraction patterns of 0.08- 
mm portions of gold foil. This method would be 
difficult to develop into a practical method for 
true micro-crystals because of the effects of 
spherical aberration on the diffracted rays, and 
of the decrease, caused by magnification, in 
angular aperture of an imaging pencil. 

Ardenne has suggested several schemes for 
modifying the electron optical system of an 
electron microscope so as to obtain diffraction 
patterns from fields 1-10 microns in diameter. 6 - 6 

The purpose of the present article is to report 
the phenomena observed using a mode of opera¬ 
tion of the electron diffraction camera described 
by Hi I Her and Baker 7 wherein a beam of electrons 



microscopy and single crystal diffraction. 


1 M. von Ardenne, Zeits. f. Physik 117, 515 (1941). 

• M. von Ardenne, E. Schiebold and F. Gunther, Zeits. 
f. Physik 119, 352 (1942). 

7 J. Hillier and R. F. Baker, J. App. Phys. 17, 12 (1946). 


reduced to a probe of ca. 200A cross section, and 
of maximum angular aperture ca . 7.5 X10~ 3 
radian is diffracted by single micro-crystals. It 
is believed that this method offers a practical 
approach to the problem of obtaining electron 
diffraction patterns from single micro-crystals, 
and of correlating the morphology and orienta¬ 
tion of a particular crystal with its diffraction 
pattern. 

II. EXPERIMENTAL TECHNIQUES 

The double lens system of the electron diffrac¬ 
tion camera can be used in the two following 
ways (Fig. 1): 

(a) Using the first lens as a strong lens to 
form a reduced image, V , of the electron source, 
and the second lens to re-focus the image on the 
photographic plate or fluorescent screen, a 
focused electron diffraction pattern is obtained 
of an area of specimen determined by the size of 
the limiting aperture, A, of the second lens. 

(b) When the focal length of the second lens 
is reduced, the image V of the source is re-focused 
to an electron probe P, somewhere between A 
and the image screen. A bright field shadow 
image of the specimen is formed on the image 
screen within the central cone of illumination, C. 
The rays diffracted out of C by crystalline 
material in the irradiated field are the subject 
matter of this article. 

From the point of view of obtaining a con¬ 
ventional powder diffraction pattern, one is 
producing, in this mode of operation, a “de- 
focused” electron diffraction pattern. The degree 
of defocusing may be expressed by the numerical 
value of the angular aperture of the convergent 
beam of electrons passing through crystalline 
material in the field of irradiation. It will be 
seen, however, that under some circumstances 
it is possible to obtain precise values of inter- 
planar spacings and lattice constants from de- 
focused patterns. 

For the sake of clarity, some of the well-known 
facts about the operation of a shadow micro¬ 
scope 8 9 should be mentioned before describing 

8 These factors are discussed in some detail and other 
references given in reference 7. 

•V. K. Zworykin, G. A. Morton, E. G. Ramberg, J. 
Hillier, and A. W. Vance, Electron Optics and the Electron 
Microscope (John Wiley and Sons, New York, 1945), 
Chapters III and XIX. 
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Fir.. 2. Two-dimensional grating pattern from graphite, 
kho , reproduced from Hillier and Baker, reference 7, Fig. 
15 (c). The bright field shadow image of the crystal has 
been printed on from a negative given a shorter exposure. 
Note the variation of reflecting power of different areas 
of the crystal for different reflections. 

the diffraction results. The magnification and 
the resolving power of a shadow microscope are 
dependent on the probe position with respect to 
specimen and electron-recording screen and the 
probe size. To obtain a small probe, the focal 
length of the lens should be as short as possible. 
To obtain high magnification the probe should 
be reasonably close to the specimen. In practice 
a probe of minimum cross section of ca . 100- 
200A is obtainable with lenses of 2-3 mm focal 
length. While no precise tests of the resolving 
power of the present instrument have been 
made, resolutions less than 1000A and probably 
somewhat more than 200A have been obtained 
with magnifications of from 4X10 3 to 10*. With 
the pole piece configuration employed the focal 
point of the second lens for a probe of ca. 200A 
cross section was beyond the lens opening; it 
was, therefore, easy to mount the specimen close 
to the probe position. Under these conditions 
and with a 25 -m aperture for A f the maximum 
angular aperture of irradiation of the specimen 
was ca. 7.5 X10" 8 radian. The angular aperture 
decreases rapidly as the separation of the probe 


Fig. 3. Two-dimensional grating pattern, BeO (hexa¬ 
gonal), hoi , dioo= = 2.33A, dooi a *4»38±0.02A. (ASTM, 
2.34A, 4.38A, respectively.) The bright field shadow image 
of the crystal has been printed on from a negative given 
shorter exposure. The 104 reflection isrelatively much 
brighter than for the x-ray case; the 301 and 303 are 
evident, although the calculated structure factor for these 
reflections is zero. 



Fig. 4. BeO, hhl, </i, 0 = 1.33 6 d=0.01A, rf 003 «2.20 6 ±0.01A. 
(ASTM, 1.350A, 2.19A.) Note the intensity of the hH 
and hhA reflections. The central image of the crystal has 
been printed on from a shorter exposure. 


and specimen is increased, and was 10“ 8 for 
most of the work described below. 

When the probe is focused directly on the 
specimen, the magnification is infinite and no 
specimen image is observed, but rather a pro¬ 
jection of the limiting aperture, A , provided the 
specimen is partially transparent. Actually, be- 
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cause of asymmetries in the lens, 10 the image will 
first go to infinity in one direction, and then in 
another perpendicular to the first as the focal 
power is varied. Images observed at near infinite 
magnification were somewhat distorted because 
of this asymmetry. 

The correlation of diffraction pattern with 
morphology and orientation of the crystal can 
be made on the basis of the electron shadow 
micrograph. Alternately, the shadow micrograph 
may be used for control purposes. With a little 
practice, the same crystal can be located in the 
field of view of a conventional magnetic electron 
microscope, which provides a higher resolution 
image of the crystal. One difficulty with the 
electron shadow microscope as used here is that 

10 J. Hillier, J. App. Phys. 17, 307 (1946). 


Fig. 5. Tip of aAl 2 0 3 * H 2 0 crystal (bflhmite) (ortho¬ 
rhombic) 2/r02/, rf 10 o=*1.86±0.01A, doo*“ 1.42=b0.01A. 
(ASTM, t.86A, 1.43A.) (a) Short exposure_showing image 
of crystal and one strong diffracted image, 202. (b) Longer 
exposure showing full two-dimensional pattern and some 
'2&+1, ?, 2/-f 1 reflections, (c) Probe focused on specimen; 
each diffraction spot is an image of the defining aperture, 
some containing the striations discussed in the text. The 
Kikuchi-linc pattern shows that the strongly diffracting 
202 plane is oriented at its Bragg angle with respect to 
0>) the incident beam. 

the magnification, which varies with the exciting 
current of the magnetic electron lens, the position 
of the pole-piece material on its hysteresis loop, 
and the specimen-lens distance, was unknown 
for any particular photograph. It is estimated 
that most of the crystals shown here for which 
conventional micrographs are not shown were 
ca. 2000A-5000A in dimensions. The cxAUOsH^O 
crystals are usually 5-10 microns long. 

m. EXPERIMENTAL RESULTS 

The diffraction results are very similar to 
those observed by Kossel and Mollenstedt for 
the diffraction of a convergent beam of electrons 
by thin sheets of mica. 11 The present work is an 
extension of their results to single crystal 
analyses of arbitrary micro-crystals. 

Two principal types of diffraction patterns 
were observed under the experimental conditions 
described above: (a) two-dimensional grating 
patterns and (b) Kikuchi-line patterns. Figures 
2-7 are illustrations of two-dimensional grating 


11 W. Kossel and G. Mbllenstedt, Ann. d. Physik 36, 113 
(1939). 
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Fig. 6. Diffraction pattern from a pair of AI 2 O 3 H 2 O 
crystals. In the short exposure (a), there is one strong 
diffracted image (002) from one of the crystals. One 
portion of this crystal diffracts much more strongly than 
the other. It is evident from the position of the Kikuchi 
line in the longer exposure (b) that the strongly diffracting 
region of the crystal makes the Bragg angle with the 
incident beam. A two-dimensional grating pattern is 
developing in (b) and became much more evident in 
longer exposures not shown here. Because the two crystals 
are not exactly parallel, the diffracted images are separated. 
Note the variation in reflecting power of neighboring parts 
of the crystal for a particular reflection, especially in the 
002 and 202 reflections. This was noted in the other images 
on longer exposure. An electron micrograph of the same 
pair of crystals is shown, for comparison, in (c). Because 
of the large field of view required to include both crystals, 
the shadow micrograph in (a) was not obtained with the 
highest usable magnification and the smallest probe size, 
and is not intended to illustrate the ultimate in performance 
of the shadow microscope. 



(c) 


patterns. In these cases, the probe was focused 
between the specimen and the electron-recording 
screen, so that a bright field shadow image of the 
crystal is formed in the central cone of illumina¬ 
tion. 


VOLUME 18, JUNE, 1947 


503 







Fig. 7. ZnO (hexagonal), hh2 , dm — 1.62±0.01 A, 
<*oo2=* 2.61 db0.02A. (ASTM, 1.61A, 2.61A.) 


The field of view was adjusted so that only' 
one crystal was present. Through any one point 
of the crystal passes a pencil of rays of very 
small angular aperture (ca. 10~ 4 radian, depend¬ 
ing on the probe size and the specimen to^probe 
separation). If only the rays passing through one 
portion of the crystal were diffracted, there would 
be an uncertainty in the diffraction angle pro¬ 
portional to the dimensions of the shadow image. 
Actually it is frequently observed in the two- 
dimensional grating patterns that each diffracted 
spot is a dark field shadow image of the diffract¬ 
ing crystal. Furthermore, the distances between 
corresponding points of a diffracted image and 
the central image correspond precisely to the 
angles of scattering deduced from the inter- 
planar spacings of the crystal; the azimuthal 
directions of scattering are those of the normals 
to the corresponding planes of the crystal. The 
two-dimensional grating patterns may be con¬ 
sidered as being formed by linear combinations 
(with integer coefficients) of two vectors, bhki 
and of the reciprocal lattice of the crystal. 

The total deviation of any ray that is diffracted 
must be twice the Bragg angle for a particular 
reflection. 

When such two-dimensional grating (cross¬ 
grating) patterns are obtained, there is an 
apparent breakdown of the Bragg law for the 
diffraction of electrons by the crystal. Although 


the total deviation of a ray is invariably twice 
the Bragg angle for a particular reflection, the 
beam need not be incident on a crystal at pre¬ 
cisely the Bragg angle with respect to the re¬ 
flecting plane. It is sufficient that the ray be 
approximately parallel to the reflecting plane. 

It is evident that in order for a cross-grating 
pattern to be possible, two of the shorter vectors 
of the reciprocal lattice must be approximately 
perpendicular to the electron beam; an equiva¬ 
lent statement is that an important lattice vector 
must be approximately parallel to the electron 
beam. 

The method of specimen dispersion generally 
used 12 —spreading a drop of an amyl acetate 
solution of collodion containing a fraction of a 
milligram of the powdered specimen between 
two microscope slides by sliding them against 
each other—favors orientation of the crystals 
with well developed faces parallel to the collodion 
film. For the crystals used, this condition is 
equivalent to having an important lattice vector 
approximately parallel to the electron beam. 

It should be emphasized that the intensity 
diffracted onto most of the spots observed in the 
cross-grating patterns is quite low—from 0.1 
percent to 3 percent of the incident intensity r . 
Sometimes one or two of the reflections are 
very strong containing practically all of the 
scattered intensity. The crystal is presumably 
oriented so that the beam makes an angle close 
to the Bragg angle with the plane responsible 
for these reflections. Figures 5 and 6 provide 
examples of this phenomenon. 

As will be discussed in more detail later on, 
calculations based on the dynamical theory of 
electron diffraction indicate that diffracted in¬ 
tensities of the order of magnitude of from 0.1 
percent to 3 percent arc to be expected for each 
of a set of spots of a two-dimensional grating 
pattern when an electron beam is incident 
approximately parallel to an important lattice 
vector of a perfect crystal. In addition, any 
disorder or warping of the crystal will contribute 
to the development of a two-dimensional grating 


12 This technique was used in all the examples cited in 
this article except for the case of aAljOrHsO. An aqueous 
suspension of this material dries down on a collodion film 
with most of the crystals lying flat on the film. 
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pattern, a factor which is probably important 
for most of the patterns exhibited here. 

Qualitatively, it is observed that the relative 
intensities of the various diffraction spots of a 
two-dimensional grating pattern are not the same 
as the x-ray diffraction intensities for the given 
material. In particular, reflections which are very 
weak for the x-ray case may have a much greater 
relative intensity for electron diffraction. Of 
course, these anomalous intensities have been 
observed frequently before in electron diffraction 
patterns. 13 A reflection which would be weak or 
vanishing by the structure-factor criterion, but 
which can be formed by the vector sum of two 
strong reflections will have appreciable intensity 
because it will be formed by the process of 
multiple scattering. This is possible for electron 
diffraction because a beam need not be incident 
at the Bragg angle with a plane to be strongly 
diffracted by that plane. 

The most striking examples of this phenom¬ 
enon of anomalous intensities among the samples 
studied occurred for BeO. The &04 reflections of 
Figs. 3 and 4 are as strong as the other reflec¬ 
tions, although the hkk reflections of BeO are 
extremely weak in the case of x-ray diffraction. 14 
The 301 and 303 reflections are weak but evident 
(Fig. 3) although the structure factor for these 
reflections is zero. The 301 reflection, for example, 
may be considered as resulting from the combi¬ 
nation of 200 and 101, or 300 and 001, etc., all 
of which are allowed and strong. However, in 
Fig. 4 there are only hh 21 reflections, and no 
M2/+1. In this case there is no way of com¬ 
bining two allowed reflections to obtain a for¬ 
bidden reflection. 

It should be recalled at this point that Bcthe 
in his fundamental paper on the dynamical 
theory of electron diffraction 16 suggested the 
possibility of these “anomalous" reflections, re¬ 
sulting from the combination of two strong 
reflections. 16 

In the x-ray diffraction patterns from 
aAl 2 0 3 H 2 0, the symmetry of the orthorhombic 


»e.g., L. H. Gertoer, Phys. Rev. 61, 309 (1942). 

M W. H. Zachariasen, Zeits. f. Physik 40, 637 (1927), 
lists as the relative intensities of the 002 and 004 reflec¬ 
tions for BeO, 2.5 and 0-0.5, # 

14 H. Bethe, Ann. d. Physik 87, 55 (1928). 

16 Ibid ., pp. 97-99. 


crystal prohibits all but the 2 h 0 21 reflections of 
the hO l series. 17 However, in longer exposures 
images appear in the middle of the rectangles 
that form the orthorhombic pattern. The lattice 
constants of aAl 2 Os • H 2 0 are a = 3.72A, b = 12.SA, 
c = 2.83A. Because of the large value of 6, the 
h\l reflections occur through nearly the same 
angle, and at approximately the same angle of 
incidence as the hoi reflections. Therefore, the 
indices of the “anomalous" spots are probably 
2*+l, 1, 2/+1. 

The second general class of phenomena ob¬ 
served are the production of Kikuchi-line pat¬ 
terns. In general, three requirements must be 
fulfilled in order for the Kikuchi-line phenomena 
to occur: 

(a) The crystal must be sufficiently thick so that the 
primary process of incoherent scattering—-to produce a 
cone of rays of much larger angular aperture than the 
incident cone of illumination -take place with sufficient 
probability to produce a general blackening of the entire 
photographic plate. In order that all the background 
scattering should contribute to the patterns, the electron 
probe is focused on the crystal in these experiments. 

(b) The Bragg law must be satisfied for the diffraction 
of electrons by the crystal; that is, electrons incident upon 
a reflecting plane at the Bragg angle must be diffracted 
with much greater intensity than electrons incident at 
another angle. 

(c) Some planes must be oriented approximately parallel 
to the axis of the electron beam. This requirement will 
usually be fulfilled because of the great number of reflecting 
planes in a crystal. 

The distance from a “depleted" line to the 
corresponding “enhanced" line of a Kikuchi 
pattern corresponds to an angle of scattering of 
twice the Bragg angle. The positions of the 
various lines of a Kikuchi-diffraction pattern 
allow one to infer not only some of the inter- 
planar spacings of the crystal, but also the 
precise orientation of the crystal with respect to 
the electron beam. Where a “depleted" line runs 
through the central area of irradiation, some of 
the rays of the incident radiation must make an 
angle equal to the Bragg angle with this partic¬ 
ular plane, and the entire cone of illumination 
makes an angle quite close to the Bragg angle. 
There will then be a weak diffracted image of the 
defining aperture containing the strongly dif- 


17 S. Goldstaub, Bull. Soc. Franc. Mineral. 59,348 (1936). 
See also C. Gottfried, Strukturbericht, 4, 129 (1936). 
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B i00 = 3.89 x -2.67 y -1.00 t 

B 0 io =4.42 x +1 82 y +0 63 * 

Boo. = -0.90 y +2.4 1 i 

II 24mm = i A* 1 

R~ 277 (c) Be O 
(b> 

Flo. 8. (a) Kikuchi-line pattern from a BeO crystal, 
with diffracted images of aperture of illumination. Note 
that there is a 110-diffracted image and a broad 110- 

fracted beam caused by the rays that were 
incident at the Bragg angle. In the circular 
images, there may be a set of striations perpen- 

5<# 



(d) 

Kikuchi line that does not go through this image, (b) 
Deduced orientation of the reciprocal vectors of the BeO 
lattice with respect to axes in space. The electron beam 
is moving in the direction of the -fs-axis. (c) Calculated 
Kikuchi-line pattern from the transformation equation. 
All the calculated lines_ ajre_ present in the photograph 
except in cases (such as 3 1 1 or 0 4 1) where the *f and 
— lines are almost symmetrically disposed with respect to 
the central unscattered beam, (d) An electron micrograph 
of 4 the crystal responsible for this pattern. It seems likely 
that the crystal is oriented with the hexagonal axis perpen¬ 
dicular to the collodion film; because of proximity to the 
supporting mesh, the film is not perpendicular to the elec¬ 
tron beam direction. 

dicular to the direction from the central image 
to the diffracted image. (These parallel striations 
will* be bent and otherwise perturbed when 
another Kikuchi line runs through them.) This 
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Uooi =-0028 x + 0 252 y - 0 968 t 

R - 2 74 ( c ) Mg 0 

(c) 



(b) 


Fig. 9. (a) and (b) show the Kikuchi-line pattern from 
an McO micro-crystal. The deduced orientation is ex- 
M in (c) and (d) In tW**^!* 
perpendicular to the faces, rather than the JZTrhn 
vectors, are used in the transformation equations. The 
specimen was prepared by dispersing MgO smoke 


phenomenon was observed for mica by Kossel 
and MOllenstedt, and interpreted by MacGil- 
lavry 18 in terms of the dynamical theory of 
electron diffraction. The spacings of these stria- 

i«C. H. MacGillavry, Physica 7, 329 (1940). 


(d) 

illodion; this procedure promoted the isolation of single 

'^Jote^tdie'difference in the (420) striation patterns of 
i) and (b), two different exposures, indicating a very 
ieht change in orientation between exposures. The 
a leu la ted and observed Kikuchi.patterns are m agreement 
xcept that the reflections with odd indices are absent 
xcept for the case of (5 3 1), where the plane is at its 
Lra«r anele with respect to the incident beam. 


tions permit a determination of the thickness of 
the crystal (assuming that it is of uniform thick¬ 
ness in the direction of the electron beam), and 
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in favorable cases, of the structure factor for the*developed, and by the time the specimen was 


particular reflection. 

Figures 8, 9 and Sc are examples of the Kikuchi 
lines produced when the electron probe is concen¬ 
trated on a micro-crystal. Calculated patterns 
and the inferred orientation of the crystal are 
also illustrated for Figs. 8 and 9. The orientations 
were deduced by requiring that two of the planes 
whose negative Kikuchi lines run through the 
central cone of illumination make an angle equal 
to their respective Bragg angles with the s-axis 
(the direction of the electron beam in Figs. 8b 
and 9c). The predicted patterns are calculated" 
by finding by inspection all the linear combina¬ 
tions (with integer coefficient^) of the unit 
reciprocal vectors that have small negative com¬ 
ponents along the 2-axis. In all cases, the meas¬ 
ured spacings and angles between Kikuchi lines 
were correct within experimental errors (±0.2-5 
percent for the spacings, depending on the sharp¬ 
ness of line; ±ca. l°-2° for the angles, depending 
on the length and sharpness of the lines). 

In the early stages of the present work, when 
the electron probe was focused on a specimen or 
a membrane, a contamination “spot” formed 
rapidly on the irradiated area. Figure 6 (c) is 
a conventional electron micrograph of a pair of 
A1 2 0 3 *H 2 0 crystals that had been exposed to an 
electron beam of rather large area for several 
minutes in the diffraction unit; the contamina¬ 
tion spot, defining the area of irradiation, ap¬ 
proximately 2.5 microns in diameter, is clearly 
visible. In practice, the area irradiated with a 
concentrated probe would become completely 
opaque to electrons after 30-60 seconds of bom¬ 
bardment. It was not possible, therefore, to 
study systematically the production of Kikuchi 
lines by micro-crystals until a method of pre¬ 
venting contamination was developed. 

This difficulty in “probe” analysis was previ¬ 
ously encountered in the electron microanalyzer. 1 ® 
The carbonaceous nature of the deposit is 
demonstrated in this instrument; the inelastic 
scattering spectra of thin films of silver or silica 20 
showed no peak caused by the /C-level of carbon 
when first exposed to a probe of ca. 2000A 
diameter. In later exposures the carbon iC-line 


19 J. Hillier and R. F. Baker, J. App. Phys. 15, 671 (1944). 
* Silica experiment by R. F. Baker. 


r opaque only the carbon line was observed. 

) It has been discovered that, in the diffraction 
unit or in the electron microanalyzer, contami¬ 
nation can be avoided if the specimen chamber 
of the unit is exposed to an electron spray 
(60ma at 800v) for a few minutes before concen¬ 
trating the probe on the specimen. Contamina¬ 
tion will be entirely negligible for 10 minutes or 
so, and not serious for several days after this 
treatment. It should be mentioned that this 
technique is not effective in preventing contami¬ 
nation of electron microscope specimens. Here 
contamination appears to be a somewhat more 
complicated phenomenon. 

In early stages of the work, before the method 
of avoiding contamination was discovered, pat¬ 
terns of a few spots were frequently obtained 
when the probe was focused behind or in front 
of the specimen. If the diffracted spot docs not 
fdrm a complete image of the crystal, and if a 
complete two-dimensional array is not obtained, 
it is difficult to interpret the pattern. One reason 
for this is that the particular portion of the 
crystal that is diffracting the beam is unknown, 
so that a precise measurement of the angle of 
scattering is not feasible. It is believed, however, 
that most of such crystals would give useful 
Kikuchi patterns which provide precise informa¬ 
tion about the inter-planar spacings and angles. 

In concluding the description of the experi¬ 
mental work, it should be pointed out that the 
work to date has been confined to the study of 
the patterns produced by crystals of known 
structure. It is evident in the Kikuchi patterns 
of Figs. 8 and 9 that even a highly symmetrical 
and simple crystal can give rise to a quite 
complicated electron diffraction pattern. The 
application of the method to the identification 
of unknown crystals or the determination of 
their lattice constants, would be greatly facili¬ 
tated by the development of a stage which 
allows precise adjustment of the orientation of 
the crystal with respect to the electron beam 
without moving it from the field of view. 

IV. THEORETICAL INTERPRETATION 

The spacings of the striations in the 420 
reflection of MgO in Fig. 9(a) were compared 
with the predictions based on the dynamical 
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Table I. Observed and calculated displacements between 
maxima of striations of Fig. 9a. 


Maxima involved 

T-0 

0-1 

1-2 

2-3 

3-4 

4-5 

Observed displacement (X10 4 ) 
Calculated displacement 

13.0 

13.1 

13.4s 

13.1 

7.3 

7.9 

7.8 

7.4 

6.9 

7.0 

5.9 

7.0 


theory of electron diffraction. The formula given 
by MacGillavry 18 for the angular variation of 
diffracted intensity is: 


m 

~/o 



4 * 2 A 2 K 2 


1H--- 

dhki l Vhki 2 



4ir 2 A 2 iC 2 


1 +- 

dhki 2 Vhki 2 


( 1 ) 


where A = deviation of angle of incidence from 
Bragg angle, in radians 

K = 2jr/\ = wave vector of electron beam, 

D = thickness of crystal, 

dhki = inter-planar spacing, 

STr 2 me d 2 e 

Vhki = ~— -exp{2ir i(b hkr r,)\. 

h 2 w R 


In this last relation, R is the volume of the unit 
cell, and the electronic structure factor for 
the hkl reflection. The total deviation of the 
rays in this treatment is always 20*. 

The formula (1) is applicable to a crystal slab 
of uniform thickness in the direction of the 
electron beam. It is assumed that only one 
strong reflection occurs. There are clearly two 
strong reflections in Fig. 9. In Fig. 9(a), the 
striations are sensibly parallel and perpendicular 
to the direction of scattering so that this pattern 
was chosen for analysis. It is interesting that in 
the next exposure (a minute or so later) (Fig. 
9(b)) the 420 pattern was highly perturbed by 
interaction with the 262 reflection; evidently a 
very slight change in the orientation of the crystal 
took place. The next exposure showed parallel 
striations again. If in formula (1) we set A i — d/D, 

m 

h 

1 +- 

dkkMki 2 


/A 2 dhkfakk^y 1 
\A, 2 4 ir 2 Ai 2 K 2 ) I 


4* 2 A 2 K 2 


The quantity A* is evidently the limiting value 
of the angular displacement in radians between 
the intensity maxima of the striations as A 
increases. Table I lists the measured values of 
the displacements (in radians) between maxima. 
Taking Ai = 6.7±0.5Xl0 -4 , and A 0 —Ai = 13.2 
±0.2 X 10~ 4 , one calculates that Z> = 1400±100A 
and 1/420 = 7.7=fc2.0X10 15 cm -2 . The value calcu¬ 
lated from the definition of Vhki is 7.85 X10 15 cm -2 . 
Using this value and the value 1400A for the 
thickness of the crystal, the calculated displace¬ 
ments between maxima of Table I are obtained. 
Evidently the greatest distance is between the 
central maximum and the next one; all the other 
distances are rather close to the limiting value. 
For a strong reflection the method provides a 
reasonably accurate determination of the struc¬ 
ture factor for a reflection; for a weak reflection 
the percentage accuracy would be very low. 

In the particular example cited here, no elec¬ 
tron micrograph was obtained to substantiate 
the assumption of uniform thickness of the 
crystal. The agreement of the results with theory, 
however, supports this assumption. 

We may now consider why in some cases 
cross-grating patterns, in which the Bragg law 
of incidence is apparently not obeyed, were 
observed and in other cases, Kikuchi-line pat¬ 
terns, which depend on those electrons incident 
at or very close to the Bragg angle being much 
more strongly diffracted than those incident at 
other angles. We first note that there is .no 
logical contradiction between the occurrence of a 
strong reflection of rays incident at the Bragg 
angle, and weak reflections of rays incident at 
other angles for a particular crystal. Figure 5 is 
an example of a two-dimensional grating pattern 
and a Kikuchi-line pattern obtained from the 
same bohmite crystal; from the pattern of Fig. 8 
for BeO we see that there is a 110 reflection of 
the entire aperture of illumination and displaced 
from that a broad Kikuchi line because of 
electrons inelastically scattered onto a direction 
making the Bragg angle with the 110 plane. 

It is beyond the scope of the present paper to 
attempt to assess exactly the effect of disorder 
in a crystal on its diffraction pattern. In general 
the effect of such disorder will be to increase the 
intensity of diffraction of rays not incident at 
the Bragg angle. 
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Table II. “Rocking crystal” curve for MgO, 200 reflection. 

5 1.285 5 

0 10-» X10 > 10 * X10 * X10“* 

I/h 1/2 0.485 0.29 0.127 0.085 0.068 

D 0 (period of 

sin 2 term, A) 360 354 274 254 181 149 

The dynamic theory of electron diffraction, 
however, does indicate that even for perfect 
crystals the kinds of diffraction pattern reported 
in this paper are to be expected. MacGillavry’s 
formula (1) for the intensity of a reflection gives 
for the half-width of incidence of a reflection 
(neglecting the sin 2 term) , 

&\~~Vhkidhkit 

so that wide angle reflections give the best 
Kikuchi lines, whereas the inner reflections give 
broad Kikuchi lines and readily contribute to 
cross-grating patterns. This relation is evident 
in the 110 and 220 Kikuchi lines of BeO in Fig. 8. 

As an example of the intensity of diffraction 
for angles of incidence that are considerably 
different from the Bragg angle, it is of interest to 
apply MacGillavry’s formula to calculate a 
“rocking curve” for the 200 reflection of MgO, 
using X = 5.4X10~ 10 cm. In this calculation 
(Table II), the average value of the sin 2 term is 
taken as + 

Even at normal incidence (A = 0*) the dif¬ 
fracted intensity is great enough to give notice¬ 
able reflection. One similarly computes for the in¬ 
tensities of the 220 and 400 reflections at A = feo 
and A = 0 4 oo the values 0.011 and 0.0013, respec¬ 
tively. 

Miss MacGillavry’s formula (1) considers only 
the interaction between one diffracted ray and 
the incident ray, the treatment of the general 
case of the interaction of all the diffracted rays 
being very complicated. It is of interest, however, 
to present calculations for the symmetrical case 
of normal incidence on a cube face of MgO 
considering the interaction of all four of the 200 
reflections and all four of the 220 reflections. 
This is a simple computation and serves to 
indicate if formula (1) is seriously wrong or if it 
gives results of the same order of magnitude as 
those obtained by more elaborate calculations. 


Only an outline of the methods of calculation 
and the results need be presented. 21 

Bethe’s dynamical equations for this case are: 

{ K 2 — & 000 2 )^000 + 42J200^200 + 4fl220^220 = 0 , 




t , 200^0Q0+( K 2 — k GOO* 2 -h^400 + 2l>220 )^200 


+ (2^200+ 2l>42o)^220 ~ 0, 


*>220^000 + (2^200+ 2z>42o)^2 


+ ( K 2 — k ooo 2 -^+ 2^400 + ^440 j ^ 220 a ?= 0 . 

V ^220 2 ' 


In these relations, & 0 oo is the magnitude of the 
wave vector of the undiffracted wave in the 
crystal; its three possible values are determined 
by equating the determinant of the linear equa¬ 
tions to zero. The ^’s are the amplitudes of the 
various waves in the crystal. With numerical 
coefficients inserted, the cubic characteristic 
equation is solved, and the relative amplitudes 
of the internal waves determined for each solu¬ 
tion. The customary boundary conditions for 
the Laue case lead to the intensity formulae: 
(D in Angstrom units) 

7^=1-0.004 sin 2 (7r/)/146) — 0.032 sin 2 (tt/)/125) 

— 0.060 sin 2 (7rD/67.4), 

/ 200 = 0.192 sin 2 (7rD/146)+0.0088 sin 2 (7rD/125) 

-0.0083 sin 2 (7rZV67.4), 
7 220 = 0.O37 sin 2 (7r£>/146)-0.0077 sin 2 (7rZ)/125) 

+0.0098 sin 2 (7riD/67.4). 


The average value for the intensity of the 
diffracted waves is J 20 o=0.10, 7 22 o=0.02. 

The precise numerical values obtained are of 
no great significance because of the very special 
case treated; what is important is that these 
values are of the same order of magnitude as 
those obtained from formula (1) so that this 
formula may be used to indicate reliably the 
extent of a cross-grating pattern for a perfect 
crystal. 

An outstanding deficiency of the dynamic 
theory as presented is that it neglects the effect 
of incoherent scattering on the propagation of a 

tl See references 15 and 18 for a complete discussion. 
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wave system in a crystal. The energy of the 
electron beam in the crystal is pictured as oscil¬ 
lating back and forth between the incident and 
the diffracted beams without damping. The 
effect of incoherent scattering will be to increawse 
the general background, to tend to destroy the 
diffracted rays—particularly for rays not incident 
at the Bragg angle,—and to cause the develop¬ 
ment of Kikuchi lines. 

V. CONCLUSIONS 

One can conclude then that two-dimensional 
grating patterns are to be expected for crystals 
oriented with an important lattice vector approx¬ 
imately parallel to the electron beam, provided 


the crystals are not too thick and independent of 
whether or not the crystals are slightly disordered 
or warped. Kikuchi-line patterns are to be ex¬ 
pected for most other crystals that are not 
excessively thick or disordered; the wide angle 
reflections will give the sharpest and best Kikuchi 
lines. Because of the shape of the “rocking 
crystal” reflection curves, crystals which give 
rise to two-dimensional grating patterns may 
also give rise to Kikuchi-line patterns. 
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Microsecond Measurement of the Phosphorescence of X-Ray Fluorescent Screens* 

Fitz-Hugh Marshall 

Westinghouse Research Laboratory , East Pittsburgh, Pennsylvania 
(Received February 4, 1947) 

Microsecond square-wave x-ray pulses, repeated a thousand times a second, were obtained 
by operating an x-ray tube directly from a radar pulser. The phosphorescent build-up and 
decay of light emitted by fluorescent materials when irradiated by the x-ray pulses was observed 
with a multiplier phototube connected to an oscilloscope. Oscillograms of CaW 04 (radio- 
graphic intensifying screen) and BaSO* indicate simple exponential response, with decay to 
1/eih intensity in 6 and 0.8 microseconds, respectively. MgW0 4 and Patterson B (fluoroscopic) 
and D (photofluorographic) screens were found to complete their main response to microsecond 
excitation in 10 to 100 microseconds, but their decay is not exponential. 


A SUSTAINED interest in the subject of 
phosphorescence during the last decade 
has led to extensive experimental work, though 
rarely with x-ray excitation, and to various 
theoretical proposals to account for the many 
cases in which the observed decay does not 
follow a simple exponential law as would be 
expected for a simple monomolecular process. 1-4 
Attempts have been made to interpret these 
more complicated cases as composites of supe> 
imposed exponential curves, as hyperbolic decay 
associated with a bimolecular mechanism, or as 
due to emission delays by electron traps. The 
present experiment is not sufficiently compre¬ 
hensive to test the validity of these theories, for 
it had as its immediate purpose only the deter¬ 
mination of the speed of response of standard 
types of commercial fluorescent x-ray screens. 
But the experimental method employed has 
proved so simple and effective that others may 
wish to develop it for a more detailed treatment, 
either for the study of x-ray screens as such or 
for a more fundamental investigation of phos¬ 
phorescence. The microsecond timing technique 
used; instead of the more common millisecond 
timing, is clearly necessary to resolve rapid 
phosphorescence effects, which should not be 
disregarded in a general study. The use of 

* Reported at the Chicago meeting of the Am. Phys. 
Soc., June*22, 1946 (Phys. Rev. 70, 114 (1946)). 

1 J. T. Randall, M. H. F. Wilkens, and G. F. J. Garlick, 
Proc. Roy. Soc. A 184 , 347-433 (1945). 

a J. W. Strange and S. T. Henderson, Proc. l^hys. Soc. 
London 58, 369-401 (1946). 

* R. T. Ellickson and W. L. Parker, Phys. Rev. 70, 
290-299 (1946). 

4 W. B. Nottingham, R. B. Nelson, and R. P. Johnson, 
J. App. Phys. 10, 335-342 (1939). 
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x-rays, instead of the more usual ultraviolet or 
cathode-ray excitation, not only provides new 
test conditions but also simplifies absorption cor¬ 
rections when they are necessary, as in hyper¬ 
bolic decay: in general the x-ray correction is 
less, can be determined accurately and easily, 
and does not involve taking into account a large 
change of intensity within individual crystals. 

The equipment used in this study of the short 
persistence phosphorescence of x-ray fluorescent 
screens is illustrated in the block diagram of 
Fig. 1. An x-ray tube was operated directly from 
a radar pulser. The pulser provided microsecond 
square-wave potential pulses at 10 to 30 kv, 
repeated a thousand times a second. The x-ray 
tube current during the pulse was as high as 
500 ma, but the corresponding average current 
was well within the rating of the air-cooled 
fluoroscopic tube used. With a water- or oil- 



Fig. 1. Equipment for microsecond measurement of the 
phosphorescence of x-ray fluorescent screen materials. 
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cooled tube, much larger currents could have 
been obtained if needed, though probably with 
some reduction in the filament life because of 
operation at abnormally high temperatures. The 
x-rays irradiated the fluorescent sample, which 
for simplicity was taped directly against the 
R.C.A. multiplier phototube used to measure 
the light emitted, the phototube then being 
wrapped in black paper to exclude room light. 
The distance from the x-ray target to the fluo¬ 
rescent sample was about IS cm. Stray high- 
frequency pickup from the pulser was practically 
eliminated by (1) covering the phototube with a 
grounded hood of aluminum foil to complete the 
system of standard grounded circuit shields, (2) 
introducing a cathode-follower stage mounted in 
pre-amplifier position directly under the photo¬ 
tube, and (3) grounding various extra points of 
the equipment for optimum results as determined 
by trial and error. The phototube and cathode- 
follower stage were mounted on top of the pulser 
along with the x-ray tube and its filament isolation 
transformer. The multiplier phototube was oper- 




Fig. 2. Oscillogram of the growth and decay of the 
phosphorescent response of barium sulphate. The total 
time of the trace is 5 microseconds. 

ated at about 90 v per stage from a d.c. supply, 
which was well filtered and well regulated. 

The cathode-follower stage was connected 
directly to the amplifier input of a DuMont 248 
oscilloscope, no additional amplification being 
required. This oscilloscope, which has a number 
of special auxiliary circuit features, was used as 
a synchroscope to trigger the pulser a micro¬ 
second after the beginning of the rapid sweep of 
the cathode-ray beam. The sweep time could be 


varied and accurate time-marker intervals super¬ 
imposed on the trace. From the phototube 
through the oscilloscope the response of the 
circuit was checked to be nearly flat to about 
5 megacycles per second. The response of the 
phototube itself is good to about 100 megacycles 
per second. 

The phosphorescent response of the fluorescent 
sample during and after the microsecond of 
irradiation by x-rays thus registered on the 




Fig. 3. Response to direct x-rays. 

oscilloscope screen and was photographed. Addi¬ 
tional exi>osures on the same film were used to 
introduce reference traces. Figure 2 is an oscillo¬ 
gram obtained in this way for barium sulphate, 
the fastest fluorescent material studied. The 
time represented by the complete curve is 5 
microseconds. Trace a is the main response 
curve, trace b is a base line recorded with x-rays 
off and displaced downward to prevent confusion 
from overlapping of the small initial irregularities 
caused by stray pick-up, and traces c are similar 
lines above and below upon which microsecond 
time markers have been introduced for accurate 
time measurement. 

As will be shown, the response for barium 
sulphate is exponential. Following through the 
succession of events recorded in Fig. 2, we see 
that during the first microsecond there are no 
x-rays. Then the x-ray pulse starts, and the 
phosphorescent response begins to rise as the 
material is irradiated at constant intensity for a 
microsecond. During excitation active phospho¬ 
rescent centers arc created at a constant rate. 
But as the number of active Centers increases, 
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Fig. 4. Comparative oscillograms of the phosphorescent response of various fluorescent materials to a microsecond 

x-ray pulse. 

so does the rate at which they disappear with equilibrium level d at which the active centers 
the emission of light, this rate being always disappear as fast as they are created. But in 
proportional to the number ^remaining. If the this case the x-rays are turned off after a micro¬ 
excitation were to continue indefinitely, the second of irradiation, and the light intensity 
response would exponentially approach that decays exponentially toward zero as the active 
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centers disappear. For barium sulphate the 
phosphorescent period (time for decay to 1/eth 
intensity) is only 0.8 microsecond. 

A direct test of the resolution and general 
effectiveness of the equipment is provided by 
Fig. 3. It so happens that the phototube responds 
weakly to direct x-rays witfti no intervening 
fluorescent screen. The oscillogram of Fig. 3 is 
for direct x-rays of extremely high intensity. 
The curve differs from a square wave because of 
the presence within the phototube of a weakly 
fluorescent material which phosphoresces expo¬ 
nentially with a period of 1.2 microseconds. 
When this superimposed response, similar to the 
one in Fig. 2, is subtracted, a reasonably square 
wave remains, resolved to about 0.2 microsecond. 

The broadening of the main trace in all oscillo¬ 
grams recorded has been studied carefully and 
found to be due to noise of the statistical 
fluctuations in the number of x-ray quanta that 
are effective in producing phototube response. 5 
The noise is exceptionally high in Fig. 3 for the 
following reason: although very few x-ray quanta 
are absorbed at the photosurface, each quantum 
which is absorbed produces a shower of photo- 
-electrons. 

In Fig. 4 is presented a complete set of oscillo¬ 
grams for the various fluorescent materials 
studied. The first, at the upper left, is a repetition 
of the 5-microsecond curve for barium sulphate 
shown in Fig. 2. On the 31-microsecond oscillo¬ 
grams, 10-microsecond time markers have been 
introduced in addition to the 1-microsecond 
markers. On the 100-microsecond oscillograms 
only 10-microsecond markers are included. This 
set of oscillograms covers the fastest and slowest 
materials studied and the three most commonly 
used types of x-ray screens. The x-ray intensity 
has been adjusted to bring the maximum re¬ 
sponse to approximately the same value for all 
curves. 

The barium sulphate (which included 5 percent 
of lead sulphate) and the magnesium tungstate 
were selected from an assortment of available 
experimental powders which had been prepared 
for an unrelated purpose in another laboratory; 
the fluorescent intensity of each of these powders 

* Fitz-Hugh Marshall, J. W. Coltman, and L. P. Hunter, 
Rev. Sci. Inst, tentatively scheduled for publication in 
July, 1947 issue. 


was very low in comparison with that of com¬ 
mercial x-ray screens. The calcium tungstate, 
which fluoresces blue, was a standard commerci; 4 
radiographic intensifying screen; the shape of 
the response curve appeared to be the same for 
the several brands, grades, and thicknesses of 
screens tested, though this has not been checked 
by careful measurement. The Patterson B screen 
fluoresces with the familiar yellow-green of 
fluoroscopic screens, of which it is a standard 
example; it may be classed as a zinc-cadmium 
sulphide screen. The Patterson D screen, which 
fluoresces blue, is one which has been developed 
recently for photofluorography; it may be 
broadly classed as a zinc sulphide screen. 

The simplest kind of phosphorescent response 
is an exponential one, the equations for the 
intensity, I 0 during excitation or growth and Id 



Fig. 5. Response curves plotted from measurement of 
5-microsecond oscillogtams. 
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during decay, being of the form 
I g = A{ l-e-VT) and 

where / is time, T is the phosphorescent period, 
and A and B are constants. While there is no 
particular reason for expecting exponential re¬ 
sponse, it is a simple matter to check whether a 
response is exponential from either the growth 
or the decay portions of the curve. In this 
experiment the decay portion yielded much 
greater accuracy than the steep, poorly resolved 
growth portion. 

In Figs. 5 and 6 the decay curves for the 
various materials studied are plptted on semi- 
logarithmic paper, on which a simple exponential 
decay would appear as a straight line. The data 
are taken from careful measurement of the 
oscillograms. Intensities have been multiplied by 
arbitrary factors to separate the curves conveni¬ 
ently. An attempt has been made to adjust the 
time scale so that the decay is shown starting at 
zero time. In Fig. 5 portions of the earlier growth 
curves are included as dotted lines for reference; 
the initial drop-off of the curve for direct x-ra^ 
is also dotted, for it represents the poorly resolved 
response of the circuit to the cut-off of the square 
wave rather than a phosphorescent decay. The 
spread shown for lower points on some of the 
curves indicates error due to uncertainty in 
measurement of small ordinates on the oscillo¬ 
grams; the deviation shown is about a thirtieth 
of the width of the recorded trace. Somewhat 
larger errors may very well be present from 
non linearity in registration of the cathode ray 
tube. 

Within the limits of experimental error, the 
response appears to be exponential for calcium 
tungstate, barium sulphate, and the fluorescence 
of the phototube under direct x-rays, the phos¬ 
phorescent periods being 6, 0.8, and 1.2 micro¬ 
seconds, respectively. The several small but 
clearly discernible deviations from linearity in 
the curves for those materials can be explained 
qualitatively in the following way. A slight bend 
for baridtn sulphate during the first microsecond 
of decay is attributable to a small component of 
direct x-ray action on the phototube. A bend in 
the calcium tungstate curve at 5 microseconds 
must be ascribed to an overswing in the ampli¬ 
fying circuit, for at the corresponding time a dip 


through a minimum is clearly observed on the 
31- and 100-microsecond oscillograms for barium 
sulphate and also on the oscillograms in Fig. 7. 
As for the deviation of the points from a straight 
line at the lower end of the calcium tungstate 
curve, other experiments 1 ’ 4 indicate that calcium 
tungstate is so rapid in its decay that it would 
be uncalled for to suspect a progressive upswing 
in the curve on the basis of these few points of 
large experimental error; however, Strange has 
reported two approximately exponential cathodo- 
luminescent periods for calcium tungstate. 2 

A detailed analysis has not been attempted for 
the magnesium tungstate and sulphide screens. 
Their decays are obviously not exponential. The 
comparatively sharp bends near the start of 
these curves are evidently real, and they suggest 
the presence of superimposed decay curves. The 
later portions of these curves fit simple hyperbolic 
d^cay a little better than exponential decay, but 
the difference is not considered significant in the 
absence of additional supporting evidence and a 
more complete knowledge of the composition of 
the commercial screens involved. No change in 
the shape of the curves was noticed on the 
oscilloscope with variation of x-ray potential or 
intensity, as might be expected for hyperbolic 
decay, if a more detailed experiment is under¬ 
taken by others, this point should be checked 
more carefully, along with* temperature depend¬ 
ence. Other studies which might be of interest 
include the resj)onse as a function of wave-length 



Fig. 6. Response curves extended through 100-micro- 
seconds of decay. 
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of light emitted by the screen and the effect of 
infra-red stimulation of the screen. 3 

In interpreting the oscillograms and curves in 
this paper, it is important to note that the 
unusual technique of microsecond excitation has 
altered the shape of all curves which are not 
simple exponential responses in such a way as to 
accentuate rapid phosphorescence effects and to 
suppress slow persistence effects. Thus the results 
may not immediately appear to be consistent 
with observations made under more conventional 
conditions. 'I'his was forcibly brought out during 
the experiment by an attempt to observe the 
phosphorescence of willemite, a screen with a 
persistence comparable to the flicker time of the 
eye. Although the willemite could be seen to 
glow brightly when irradiated with x-rays, an 
oscillogram obtained according to the normal 
procedure of this experiment (i.e., one made with 
x-ray intensity adjusted to bring the peak re¬ 
sponse to the usual amplitude) revealed only the 
response of the phototube to direct x-rays and 
was indistinguishable from an oscillogram for 
direct x-rays without the intervening willemite. 
A difference was finally obtained, as illustrated 
in Fig. 7, by greatly increasing the x-ray intensity 
(and the amplification), past the point of over¬ 
loading the amplifier at the peak. In the second 
part of Fig. 7, the main evidence of the lumi¬ 
nescence of the willemite is the broadening of the 
curve by the high noise level of the light, which 
is intense but which does not decrease appreci¬ 
ably during the short interval between pulses. 

Let us assume for simplicity that the reci¬ 
procity law holds perfectly for each of the 
components involved in the oscillogram at the 
right in Fig. 7, that is, that the total area under 
the curve (extended to infinite time) associated 
with each component is independent of the time 
of x-ray excitation so long as the total quantity 
of x-rays remains unchanged. It is evident that 
if the same quantity of x-rays had been intro¬ 
duced during a pulse time of 10 microseconds, 
instead of one microsecond, the willemite portion 
of the response would not have been appreciably 
altered, but the direct x-ray portion of the 
response would have been spread over approxi¬ 
mately ten times as much time and would 
therefore have risen only a tenth as high above 
the willemite response. With a pulse time of a 



Fig. 7. Comparative 100-mierosccond oscillograms for 
direct x-rays and willemite. The amplifier gain and the 
x-ray intensity have been so greatly increased as to cause 
overloading at the peaks. 

thousandth of a second, such as might ordinarily 
be used for studying willemite, it is doubtful that 
any direct x-ray component could be detected, 
even with the x-ray intensity increased further 
to bring the peak response to the usual level. 

This dependence of the shape of the response 
curve upon the length of time of excitation 
might provide the basis of a method for isolating 
component decays in composite curves. A pulser 
with variable pulse time would permit observa¬ 
tion of the change of shape of the response curve 
with pulse time. A further useful innovation 
might be that of Strange of balancing out the 
main part of the response with counter expo¬ 
nential condenser discharge curves and meas¬ 
uring only the difference. 2 It should be noted 
that hyperbolic decay curves would behave 
differently from composite exponential curves, 
there being an actual energy shift from long- 
persistence effects to short-persistence effects as 
the pulse length is shortened. 

It should be mentioned that in the present 
experiment all persistence after a thousandth of 
a second is rendered completely indistinguishable 
by the beginning of the next sweep cycle and the 
advent of a new x-ray pulse; the zero ordinate 
point seen at the beginning of each oscillogram 
trace is merely the response level at the end of 
the previous millisecond cycle. 

Let us finally consider the practical importance 
of the results of this experiment with respect to 
the speed of response of commercial x-ray screens. 
It is necessary to introduce supplementary infor¬ 
mation from other sources, inasmuch as long- 
persistence effects of relatively high energy might 
be present without detection by the present 
experiment. 


Volume is, June, 1947 


517 



Under ordinary conditions calcium tungstate 
does not show any detectible persistence. When 
a calcium tungstate screen is whirled as a disk 
before a narrow beam of x-rays, there is no 
noticeable blurring of the edge of the primary 
spot on the screen covered by the x-ray beam. 
We may therefore conclude that the curves for 
calcium tungstate recorded in this experiment 
include all of the response which is of practical 
importance and that the response is almost 
complete in 10~ 6 second. 

In contrast, the sulphide screens, especially 
Patterson D, are commonly known to have long-" 
persistence effects which are visible for some 
seconds or minutes after exposure to intense 
x-rays. Since these are not detected in the 
present experiment, it is necessary to consider 
whether a large fraction of the total light emitted 
by the screen is associated with the long- 
persistence effects. The case for Patterson D is 
of greatest practical importance, for it is usually 
found to be the brightest screen as measured 
photographically or photoelectrjcally. A rotating- 
disk test shows the primary spot on the screen 
to be bright and sharply delineated from tfTe 
phosphorescent trail. On the basis of this and 
other tests, it appears safe to say that the main 
useful part of the response (perhaps three-fourths 
for Patterson D, more for Patterson B) is 
included in the oscillograms of this experiment 
and is complete in 20 microseconds or so. Thus 
the amount of long-persistence light is too small 


to be especially important from the standpoint 
of efficiency; on the other hand, it is large 
enough to be a disturbing factor in fast response 
applications for which it is essential that there 
be no detectible residual from earlier x-ray events. 

As a practical case in point, we may consider 
x-ray motion pictures. These are now generally 
obtained by photographing the fluorescent 
screen. When Patterson D is used with conven¬ 
tional x-ray and camera equipment, noticeable 
blurring or multiple-image effects occur, especi¬ 
ally at the leading edge of a dark area moving 
into a bright area. This blurring does not occur 
when calcium tungstate screen is used, but the 
effective intensity is less. 

These conclusions also apply to the photo¬ 
multiplier x-ray detector. 6 This detector consists 
of a fluorescent screen wrapped around a multi¬ 
plier phototube and is therefore equivalent to 
the x-ray detector used in this experiment. Speed 
of response is important in the analysis of fast 
x-ray phenomena. Here again the rapid response 
and high intensity of Patterson D make it very 
suitable for many applications. However, the 
long-persistence effects of this screen cannot 
always be disregarded. For example, when the 
detector is used as an integrating exposure meter 
to terminate a radiographic exposure after the 
incidence of a given quantity of x-rays, the 
long-persistence effects result in an objectionable 
dependency upon exposure time and upon recent 
exposure history. 
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X-Ray Diffraction Studies of Chrome-Steel Slags 1 

G. P. Chatterjee and S. S. Sidhu 
University of Pittsburgh , Pittsburgh , Pennsylvania 
(Received March 21, 1947) 


X-ray diffraction studies of the crystalline constituents in the acid open hearth chrome- 
steel samples showed that chromium exists in these samples as a chrome-iron spinel of the 
form, FeO*CraOs. Its density was 5.109 g/cc and its melting 2160°C. It crystallized in the 
face-centered cubic structure with do—.8-348A and Z = 8. 


I. INTRODUCTION 

HK essential major elements in most of the 
common alloy steels are chromium (Cr), 
nickel (Ni), and manganese (Mn). Nickel is not 
oxidized during steel making. Of the other two 
elements, Cr is more costly, and its loss in slag 
through oxidation or any other combination 
increases the cost of steel to a greater extent than 
an equivalent loss of Mn. The nature of control 
methods, which may lead to decreased losses of 



Fig. 1. The schemetic diagram of the small indirect arc 
furnace for preparing synthetic spinel. T*top electrode; 
C» rotating crucible; F* (psed charge; B * unfused charge; 
variable resistance; and A * ammeter. 


1 The paper was presented, in part, at the joint meeting 
of the American Society for X-Ray and Electron Diffraction 
and the Electron Microscope Society of America, Pitts¬ 
burgh, Pennsylvania (Dec. 1946). 


Cr, depends on the knowledge of the different 
phases in which Cr is present in the slag. The 
object of this investigation was to study by 
x-ray diffraction methods if Cr exists in the acid 
open hearth chrome-steel slag as (a) free Cr 2 03 
or CrO, (b) solute in FeO solvent, (c) silicates 
of chromium, and/or (d) spinels of the type 
Fe0*Cr 2 0 3 or Cr 0 Fe 2 03 . 

H. EXPERIMENTAL PROCEDURE 

Acid open hearth chrome-steel slag samples 
were obtained from regular heats of steel and 
poured into Fluidimeter. 2 The slag solidified and 
cooled rapidly inside the mould to preserve 
nearly the original conditions in which the 
different constituents existed in the molten slag. 
From the chemical analyses of these samples, 
samples of synthetic' slag were prepared. A 
mixture of pure FeO and Cr 2 0 3 (mole proportion 
by weight) was put in graphite crucible C of a 
small 250-volt d.c. arc furnace as shown in Fig. 1. 
A small amount of borax was added to facilitate 
rapid melting. The top electrode T was placed 
slightly eccentric with respect to the bore of the 
crucible. An indirect arc was struck on the side 
of the crucible while the crucible was rotated. 
In one complete rotation of the crucible, the 
entire mixture was melted beneath the arc. The 
time of rotation was 20 seconds and the current 
through the electrodes was 10 amperes. During 
the arcing the electrode T was kept negative and 
the crucible positive. It was found by optical 
pyrometer that the positive electrode was always 
at higher temperature than the negative elec¬ 
trode. 


2 Fluidimeter designed by the Acid Open Hearth Re¬ 
search Association under the direction of Dr. G. R. 
Fitterer, University of Pittsburgh, Pittsburgh, Pennsyl¬ 
vania. 
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To remove borates and other contaminants 
formed during melting, the synthetic samples 
were powdered and boiled in 1:2 HC1 solution 
for a few minutes in a test tube. The solution 
with the residue was filtered and washed several 
times with hot water until the filtrate was free 
from iron salts and chlorides. The residue was 
dried in a muffle furnace at 120°C for one hour. 

X-ray diffraction patterns of both the natural 
and synthetic slag samples were made by the 

Table I. Powder diffraction data. 
d » inter planar spacing in A units, 7//o “estimated relative intensity. 


V “Very; 

s- 

strong; M 

“medium; 

W »weak. 

Chrome steel slag 
///• d 

Synthetic slag 
///0 d 

Faylite 

UU d 

M 

4.82 

M 

4.83 

— 

— 

M 

3.70 

— 

— 

s 

3.71 

— 

— 

— 

— 

M 

3.53 

S (broad) 

2.93 

M 

2.95 

S 

2.85 

V.S. 

2.54 

V.S. 

2.51 

M 

2.55 

M 

— 

— 


M 

2.29 

M (broad) 

2.08 

M 

2.08 

W 

2.06 

S 

1.91 

S 

1.91 

V.W. 

1.91 

M 

1.72 

w 

1.71 

S 

1.76 

S 

1.61 

s 

1.61 

M 

1.61 

W 

1.54 

- — 

—■ 

M 

1.51 

s 

1.492 

s 

1.488 

— 


w 

1.442 

— 

— 

M 

1.42 

w 

1.352 

VAV. 

1.328 

W 

1.33 

M 

1.281 

M 

1.279 

V.W. 

1.277 

W 

1.216 

W 

1.210 

— 

— 

— 

— 

— 

f 

V.W. 

1.197 

w 

1.176 

v.w. 

1.170 

v.w. 

1.176 

M 

1.111 

v.w. 

1.115 

— 

— 

W 

1.079 

M 

1.083 

— 

— 

— 

— 

W 

1.045 

— 

— 

M 

0.968 

- M 

0.965 

— 

- - 

— 

— 

W 

0.933 

— 

- 

W 

0.878 

W 

0.878 

— 

— 

M 

0.858 

M 

0.854 

— 



usual powder method with filtered MoAa radia¬ 
tion and a cylindrical camera of 171.9 mm 
effective diameter. 

in. DISCUSSION OF RESULTS 

The x-ray diffraction data obtained from the 
powder patterns are given in Table I. It is 
apparent from the data that the chrome-steel 
slag contains the same compound or compounds 
that ar^ present in the synthetic slag and also 


small amounts of faylite, (FeO) 2 Si0 2 . The analy¬ 
sis of the diffraction data of the synthetic slag 
sample shows that it contains no free FeO, 
Cr 2 0 3 , nor a solid solution of FeO and Cr 2 0 3 , 
but a compound formed from the two oxides. 
That this compound is a spinel similar to 
chromite (Fe0-Cr 2 0 3 ), one of the natural spinels 
reported by Dana 3 may be shown from its 
crystal structure as determined below: 

For cubic crystal system 

dhki = ao/(A 2 +fc 2 +/ 2 ) 

or 

l 

(/i 2 +£ 2 +/ 2 )=a 0 2 X-, (1) 

where dhki = in ter planar spacing corresponding to 
plane hkl and a 0 = side of the unit cubic cell. 
For facc-centered cubic crystal, the Miller indices 
of the planes that given reflections and the sum 
of the squares of the Miller indices arc given in 
Tabic II. By plotting (h 2 +k 2 +P) as function of 
1/t/ 2 , one gets a straight line as shown in Fig. 2. 
The slope of this line as given in Kq. (1) is a 0 2 . 
An accurate value of a 0 thus determined is 
8.348A. 

The density of the synthetic slag sample 
determined by the usual picnometer method was 
5.109 g/cc. The molecular weight of the com- 


Table II. Interplanar spacings and the corresponding 
Miller indices of the first eight lines of the synthetic 
spinel. 


HU 

d in A 

1 /</* in A - * 

Miller indices 
hkl 


M 

4.83 

.043 

111 

3 

M 

2.95 

.115 

110(2) 

8 

V.S. 

2.51 

.158 

113 

11 

M 

2.08 

.231 

100(4) 

16 

S 

1.91 

.274 

133 

19 

W 

1.71 

.342 

112(2) 

24 

s 

1.61 

.386 

111(3), 115 

27 

S 

1.48 

.457 

110(4) 

32 


pound Fc0*Cr 2 0 3 is 223.87 g/mole. Therefore 
the number of molecules per unit cell of the 
compound is 


5.109 g/ccX (8.348) 3 X 10” 24 cc X 6.023 X 10 23 /niole 

Z =-= 8.00. 

223.87 g/molc 


*E. S. Dana, A TjRxt-Book of Mineralogy (John Wiley and Sons, New York), p. 418. 
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If, on the other hand, it is assumed that the weight is 227.71 g/inole the number of mole- 
compound formed is CrO-Fc^Os whose molecular cules per unit cell is 


5.109 g/cc X (8.348) 3 X 10~ 24 ccX6.025 X 10 2 Vmole 

Z ----= 7.86. 

227.71 g/mole 


Since for a compound the number of molecules 
per unit cell must necessarily be whole number, 
it is evident that the chemical formula of the 
compound formed is FeOCr 2 () 3 with Fe ++ as 
the divalent element and Cr +++ as the trivalent 
element. 

IV. CONCLUSIONS 

1. The crystalline constituents in the acid open 
hearth chrome-steel slag samples are (a) chrome- 
iron spinel of the type FeOCr 2 O a 4 and (b) small 
amounts of (Fe0) 2 Si0 2 . 

4 More exactly (FcO, MnO-Cr^Oa, since the acid open 
hearth slag sample contains some amount of MnO which 
is usually present as (Mn0) 2 Si0 2 dissolved in (Fe0) 2 Si0 2 . 
It is not unlikely, however, that some MnO may replace 
FeO in the spinel FeO’Cr 2 0*. The atomic weight of Mn 


2. The density of the spinel as determined by 
the picnometer method is 5.109 g/cc and its 
melting point about 2160°C. 

3. The spinel crystallizes in the face-centered 
cubic system with lattice constant a 0 as 8.348A 
and the number of molecules per unit cell is 8. 
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differs only by 0.92 from that of Fe and the atomic scat¬ 
tering factor of Mn does not differ much from that of Fe, 
the effects of replacing FeO to a small extent by MnO is 
therefore hardly detectable. 


Volume is, June, i<*7 


521 




Spherical Aberration of Compound Magnetic Lenses 

L. Marton* and K. Bol 
Stanford University , Stanford University , California 
(Received January 15, 1947) 


A reduction of the spherical aberration of strong electron lenses can be achieved by a strong 
lens as a virtual image former and by a transformation of the image in a real one by means 
of one or more weak lenses. Calculations are carried out for bell-shaped magnetic fields of the 
axial held distribution 


H(s)m 


Ho 

1 + (s/u) 2 ’ 


and numerical values of the achieved reduction of the aberration are given for different lens 
strength, magnification, and image distance of the compound system. 


E ARLY in the development of electron 
optics, it was recognized that spherical 
aberration is one of the most serious limiting 
factors in the performance of electron lenses. 
From the beginning, efforts have been directed 
toward a reduction of this defect. One of the 
earliest attempts was that of Scherzer 1 who 
demonstrated that for a thin and weak electro¬ 
static lens an axial field distribution of the form 
<t>(z)=<f >gives the minimum spherical ab<*r- 
ration. The first similar calculation for a mag¬ 
netic lens was carried out by Glaser. 2 Later 
Recknagel 3 and Plass 4 contributed to the same 
subject. All these calculations deal with very 
weak lenses; the only practical lenses with 
somewhat reduced aberration were designed by 
Gray® and Law.® 

Scherzer demonstrated in another paper 7 that 
the spherical aberration of electron lenses can 
never be reduced to zero. Rebsch and Schneider 8 
showed furthermore that no combination of 
electric and/or magnetic lenses can have less 
aberration than any of the components alone 
would have. Already at that time, however, 
Rebsch 9 demonstrated that, theoretically, the 


* Now at the National Bureau of Standards, Washington 
25, D. C. 

l O. Scherzer, Zeits. f. Phvsik 101, 23 (1936). 

*W. Glaser, Zeits. f. Physik 109, 700 (1938); 116, 19 
(1940). 

* A. Retknajel, Zeits. f. Physik 117, 67 (1940). 

4 G. N. Plass, J. App. Phys. 13, 49 (1942); 13, 542 (1942). 
1 F. Gray, Bell Sys. Tech. J. 18, 1 (1939). 

• R. R. Law, Proc. I.R.E. 25, 954 (1937). 

7 0. Scherzer, Zeits. f. Physik 101, 593 (1936). 

1 R. Rebsch, and W. Schneider, Zeits. f. Physik 107, 
138 (1937). 

• R. Rebsch, Ann. d. Physik 31, 551 (1938). 


aperture defect may be reduced below any pre¬ 
scribed limit if in a compound lens the physical 
size of the component lenses is reduced propor¬ 
tionately. For obvious reasons this method is not 
very practical. 

' A somewhat different approach to the problem 
of reduction of the spherical aberration of short 
focus, thick electron lenses was briefly reported 
eight years ago by one of us. 10 It consists of com¬ 
bining a strong lens, forming a virtual image, 
with one or more weak lenses which convert the 
virtual image into a real image. This procedure 
is universally adopted for the construction of 
light microscope objectives and other light 
optical systems, and a more thorough inves¬ 
tigation of its application to electron optical 
systems seems desirable. In what follows, a 
quantitative evaluation of the reduction of the 
spherical aberration of strong magnetic lenses is 
given. For this purpose the theory of strong 
magnetic lenses, developed by Glaser, 11 must be 
somewhat extended. Since this discussion is 
limited to the reduction of spherical aberration, 
the reduction of other aberrations by the use of 
compound lenses, which was recently reported, 12 
will be completely omitted. 

Glaser has shown 11 that for practical fields both 
the spherical and chromatic aberrations have 
minima when the object is near the center of the 
lens, for which position the image is virtual for 
practically all lenses. 


10 L. Marton, Phys. Rev. 55, 672 (1939). (Abstract: 
more detail is given in U. S. Patent No. 2,233,264.) 

11 W. Glaser, Zeits. f. Physik 117, 285 (1941). 

12 J. Hillier, J. App. Phys. 17, 411 (1946). 
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Fig. 1. Representation of 
symbols and coordinates used 
in Case I, a single objective 
lens. 


Our problem, then, is to determine how small 
is the additional aberration introduced by the 
weak lenses. If it is sufficiently less than the 
decrease achieved by the formation of a virtual 
image by the first lens, our purpose is accom¬ 
plished. 

BASIC THEORY FOR FIELDS OF FORM 

J/ 0 /[l+ (*/<*)»] 

It was first shown by Glaser 1 that the* spherical 
aberration produced by a magnetic lens with 
field distribution II along the z-axis is given by: 


then obtains 

sina>(v?— <po) 

y = aCi -, (5) 

sin<p 

one constant having been chosen so that 
y(zo)=0. For convenience we quote a few more 
formulas from Glaser: 

= a cot(«?r/ w )> — a cot(w7r/co), (6a) 

a —a 

/.!=-, 7>-.-, (fib) 

sin(«7r/w) sin(n7r/co) 


A r e r zi / 2e 

— = - I (-// 4 +5//' 2 *-////" 

M 96m \mV 

Here y\ represents the path equation of an elec¬ 
tron satisfying the initial condition: 

yi(zo)=0, yi'(zo) = l. (2) 

As for the other symbols: Ar is the divergence 
in the image plane, z t -, of a beam of aperture a 
at 3 0 , M is the magnification, V the electron 
energy in terms of the accelerating voltage, and 
e/m the ratio of charge to mass of the electron. 
If H is given by 

//=//o/[l + (2/a) 2 ], (3) 

then the path equation is 

y = a(l + (z/a) 2 )M£i sin[(l+fc 2 )* arccotz/a] 

+D 2 cos[(1+£ 2 )* arccotz/a]), (4) 


'jyi'dz. 

0) 


N<u<N+i, (6c) 


N being the number of focal positions. Here/is 
the focal length and zf is the location of the 
focal point. 

The aberration for a single lens of this type 
has been thoroughly studied, whence we give 
just a resum6 of some of Glaser’s work. 

Our problem, to be sure, is to study the aber¬ 
ration produced by a compound objective. This, 
however, we can immediately do by extending 
Kq. (1) over the whole system, as long as we 
obey the restriction that the radial distance of a 
paraxial ray be zero at the endpoints of the path 
of integration. 

Case I. Single lens . The equation for the 
spherical aberration is obtained by integrating 
Eq. (1). From it follows that: 


Ar 

M 


a\ki 2 1 

,»--- K 

6wi 4 sin 4 <po 


i» 


(7) 


D\ and D 2 being arbitrary, while k 2 = e//o 2 a 2 /'8m V. where K\ is given by 
a is the so-called half-width of the magnetic field. ^ 

** is a measure of the refracting power. The R =s f [ 2 ( 4 /^*-3) sinV+7] sin 4 wi( <p-<pt)d<p. 
equation is put in a more palatable form if one 

sets z/a—cot (see Fig. 1) and (!+#*)*=«. One (8. 
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12 3 4 

Fig. 2. Spherical aberration vs. lens strength for high magnification and optimum object position. 

(From Glaser.) 

Since we need other upper limits later on, we leave it variable and obtain for the complete 
expression: 

3(4&i 2 —3) 

JCi(*o, *p) 5= fwi 2 (^“~ ^o) — wi sin2wi(^~ <po) + sin4wi(^> — <po)-sin2^> 

16 

3 wi 4 4^i 2 — 3 # 4*! 2 —3 4 4&i 2 —3 

H-sin2<^oH-wi sin2coi(^— <^o) cos2<p —--cos2wi(v>~“ <po) sin2y? 

4 k{ 2 4ki 2 +3 4 kS 4 kj 

1 4fe! 2 —3 # 1 4&i 2 — 3 

-an sin2wi(v? —^o) cos2vH-— cos4an(y> —^>o) sin2^>. (9) 

8 4* x 2 +3 16 4&i 2 +3 

For high magnification, however, <p 0 =<pf while altered by picking the optimum position; for 
ipi~~0 , and from the lens equation (6) cuv?f = 7r, the lower k 2 that are actually used in practice 
so that the expression is much simplified. The (1<& 2 <2), however, improvement is possible, 
aberration for ip 0 = <pf as a function of k 2 is given There are two objections to having the object 

by Fig. 2. right at the optimum position: the magnification 

The aberration is, to be sure, not a minimum is almost unity for practical values of k , and the 
for <po — The presence of the factor sin~Vo image is virtual, 

suggests immediately that the object should be In order to accomplish anything we must 
close to the center, or ip^ir/2, as was mentioned therefore sacrifice some improvement in the 
in the introduction. Indeed, Glaser also plots the aberration to gain magnification, and we must 
aberration for the optimum object position, put in at least a second lens to attain a real 
which we give in Fig. 2. image. We must, therefore, invesigate next the 

For high k 2 the aberration is not appreciably aberration introduced by the second lens. 
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Fig 3. Representation of symbols and coordinates used in Case II, for a doubly compound objective lens. 


Case II. Two lenses. Wi* first define our axial 
field II as follows: 

f//i = i/ 01 /[l + (z/ai) 2 ] for — <s<s 3 , 

II =\ ( 10 ) 

1 7/2 = 7 / 02 /1 l + [(s — D)/ai] 2 } for z 3 <z<° 0 . 

D is the distance between lens centers. 

Quite arbitrarily we choose z 3 so that 

II 1 (23)““// 2(23). 

We also assume that the two fields do not interact 
to an appreciable extent. This is done so that 
we can use the path equations of the previous 
section for each field, the constants of the second 
being adjusted to match the first at z 3 . Only in 
the absence of such interaction are the calcula¬ 
tions strictly valid. 11 * 12 

Equation (1) then becomes 


and y 2 

a 1 sinwi(</?o~ <p) 

yi = -;-;-, 

wi sin^>o sinv? 

and # (12) 

sin <02 (<?' — <?/) 

— (I'lCvr 

sin^>' 

where <p/ is chosen in accordance with Newton’s 
image equations, which hold for this type lens, 
and where C* is to satisfy the matching con¬ 
dition. 

Slightly modifying Glaser’s results we then 
obtain 

Ar r aiki 2 1 a 2 k 2 2 1 

— = <*3 - : - K,+ - C 2 A K 2 \ 

M L6wi 4 sin 4 v?o 6 J 

= a 3 C 8P . (13) 

For K 1 and K 2 we write (see Eq. (8)) 


Ar e r r** 1 

— =<**-J I f(Hi)yi A dz+ f(II 2 )y 2 *dz . 

M 96mVl.J Z0 Jzz J 

(ii) 

The integrals can be transformed into that of 
Eq. (8) by adopting a new coordinate system for 
the second lens. We take z'=*z—D and z f /a 2 
=cot^' (Fig. 3). Applying furthermore the 
initial condition (2) to Eq. (5), we obtain for yi 


r** 

Ki— I f(k 1, <p , <po)d<p , 

J v>o 

X ifii' 

f(kt, <p\ 


(14) 


As we have already seen, (Eq. (9)), the exact 
expressions for Ki and Ki are exceedingly cum¬ 
bersome ; but fortunately they may be approxi- 
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mated—for the values we use—to within a few percent by the following equations: 

3»i*4ki*-3 . 

^o)H-sin 2 <po. 

4ki 2 4fei 2 +3 

r W-3 # 4*,*-3 

K 2 — — §o>2 2 (^3 / — ^t , )H-W2sin2w2(^3 / — (p/) cos2<pz -cos2a> 2 (^3 / — <P%) sin2y>a' 

L 4fc 2 2 4fe 2 2 

Now we but need an evaluation of C 2 to have an analytic expression for the aberration constant, C 8p . 
To do this it is convenient to write y 2 as 

sinw 2 (v?' — v?oO 

y 2 = a 2 C 2 - 7 -, (16) 

sin^' 

#> 0 ' being the position of the virtual image formed by the first lens as seen by the second, and again 
being determined by the Newtonian image relations. 

Although we must match both y\ and y 2 and their slopes, it is obvious, ^ having been determined, 
that if C 2 satisfies either condition it will automatically satisfy the other. We thus pick as most 
convenient the condition that the path distances (see Eq. (12)) be equal. We have then: 

sina> 2 (^3*— <Po') d\ sinwi(y?o — <pa) 

(I 2 C 2 - : -=- 7 - : -. (17) 

sinks' o)\ siu^o sin ^>3 

Fortunately, the arguments are such that we can approximate as follows: 

W2(<p3 / — ifo') di 71 COi(<^o ^3) 

(I 2 C 2 ---= 7^—7 -. (18) 

7T — 0) 1 9in ^ 0 




.15 .10 .05 


OnjECT POSITION In Terms of S-s a,^ 

Fig. 4. Spherical aberration vs. objective position in first lens, for a second lens of varying strength, 
but fixed half-width. An infinite image is formed when the first lens forms a virtual image on the 
focal position of the second lens. Above this boundary, the system forms a real final image, below, 
a virtual one. 
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DiAOS DISTANCE -ctn 


Fig. 5. Spherical aberration vs. the final image distance for a typical set of conditions. 


Now setting —5, and applying the fact that = (Eq. (6)), being the focal position, 

we obtain: 

(l\ 1 l + 6/^3 tt ipz 

c 2 = - ; -;-(19) 

a 2 sin^>o W2 — <Pq 

Thus we have obtained for the aberration constant of a two-component compound lens: 

r 

'-'«p 


a i 


1 r^i 2 /aA ! W /t-W \ 4 1 

= ;-1—ifi+l — 1 Ki~ -(l + 5/^ 3 ) 4 l - -l I. 

6 sin VoL^i 4 \a 2 / o> 2 4 \^o — v?a / J 


( 20 ) 


DISCUSSION 

We have already seen that y?o should be close 
to x/2. The question remains how the second 
term varies with ^o- As the beam leaving the 
first lens is converged less, or <po—>ic/ 2, one can 
expect it to increase rapidly, since the aberration 
increases with the cube of the aperture. The 
behavior with po for different k 2 is shown in 
Fig. 4. 

For the same reason the two lenses should be 
close together. It is unfortunate that we have not 
succeeded so far in treating the case of interacting 
fields, so that we could find the exact behavior 
when D becomes small. It is certain, however, 


that practical compound lenses will need to be 
close enough together to make field interaction 
inevitable. 

One reason for the need is the final image 
distance involved. Figure 5 gives an idea of the 
increase in image distance for only a 20 percent 
reduction in the aberration. Decreasing D is the 
only way of decreasing the aberration and 
keeping a reasonable image distance. 

Another way of decreasing C BP is by increasing 
the ratio of the half-width of the second lens to 
that of the first. (See Fig. 6.) But here again we 
increase the final image distance, as is also 
indicated on the graph, in a manner approxi¬ 
mately proportional to aj/ai. . 
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Fig. 6. Spherical aberration vs. object position, for a second lens of varying half-width. The 
total magnification along the curves is infinite, but to gain an idea as to how the image distance 
o' varied, we took the lens strength indicated by the aberration minimum and calculated q' 
for a magnification of 150. 


Thirdly, the contribution of the second lens is 
almost proportional to k 2 2 (k * 2 «l), shown in 
Fig. 4. There again, however, another considera¬ 
tion enters. The focal length of the second lens 
is inversely proportional to k 2 2 . The greater this 
focal length, the higher must be the magnification 
by the first lens in order to produce a virtual 
image outside the second focal point and thus 
secure a real final image. 

But for high magnification by the first lens one 
achieves almost no reduction in the aberration. 
The result is that there is an optimum value for 
k 2 > as is shown in Fig. 7 (which is merely Fig. 4 
plotted against total magnification). 

This optimum value, we note, is not neces¬ 
sarily the best from the point of view of image 
distance. Referring once more to Fig. 5, it is seen 
that especially for high magnification the aber- 

c. p f 


ration minimum is very flat. One can thus gain a 
considerably shortened image distance, without 
appreciably increasing the aberration, by taking 
a value of k 2 2 somewhat less than the optimum 
value. 

We saw from Fig. 4 that some decrease in the 
aberration is possible using only two lenses, but 
that even greater decreases come with the 
formation of a virtual image by a very weak 
second lens. The question then arises whether 
one cannot use three lenses to good advantage. 

Our next problem is to decide therefore 
whether the contribution of the third lens can be 
made sufficiently small to make its addition 
worth while. 

Case III. Three lenses . Again proceeding as in 
the previous section we easily obtain for the 
aberration: 


Vi+[ (-) Y i+-)* 2 — 

L \a 2 / V w 2 4 \^3 / — <Po' J 

r /a 2 \ 3 K t 
T + W k, 


at\ 3 Ks W sin 4 w 2 (^4' — <Po) sinV< 


a,/ Kt kt 4 sin 4 w 8 (^ 


^sinVqi 

« "-Vi") sinVJl 
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Fig. 7. Aberration vs. total magnification. This is a plot of graph H vs. magnification instead of 

object position. 


The symbolism is exactly analogous to that for 
Case JI except that the subscript 4 refers to the 
field-free plane between the second and third 
lenses. All double primes refer to the coordinate 
system of the third lens. 

Equation (21) leads us to the following quali¬ 
tative conclusions: 

(1) By making ai/a* small enough (say £) we 

Can obtain C»p 3 | enseg rea j i ma g«> C*y 2 |,. IlMMJ virtual Image* 

In other words, the last term in Eq. (21) must 
be «1. 

(2) The image distance, q , depends almost 
entirely on the spacing between the last two 
lenses. If we wish to satisfy the* condition of no 
interaction between the lenses, q will be greater 
than for the two lens combination. 

Both aberration and image distance, for the 
combination of two or three lenses, show a con¬ 
siderable improvement only for conditions ex¬ 
ceeding the limits imposed by our method of 
derivation. It is hd]ped that a more rigorous 
derivation and/or experiments will enable us in 
the near future to substantiate and to extend 
the results of this preliminary calculation. 


CONCLUSION 

By combining two lenses one can approach 
the lower limit to the aberration set by the first 
lens, used as a virtual image former. For such 
lens separation for which the interaction of the 
lens fields is negligible, the image distance is con¬ 
siderably greater than that of the first lens used 
as a real image former. 

How closely one can approach this lower limit 
cannot be answered without a study of the aber¬ 
ration for very close, interacting fields. 

Certainly it seems desirable to have the lenses 
close together. 

In addition it has been found that there is an 
optimum value for the strength of the second 
lens in a two-lens system, and that the half¬ 
width of the second field should be several times 
greater than that of the first. 

Three lenses may be used to improve the 
aberration, but only at a cost of a great image 
distance. 
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Physical Properties of Calcium Tungstate X-Ray Screens 

J. W. Coltman, E. G. Ebbighausen,* and W. Altar 
Westinghouse Research Laboratories , Pittsburgh , Pennsylvania 
(Received January 6, 1947) 

The absolute energy of the light from a fluorescent calcium tungstate x-ray screen, its 
spectral distribution, and the efficiency of conversion from x-rays to light have been determined. 
The absolute energy and its spectral distribution were obtained spectrographically by com¬ 
parison with a standard tungsten filament lamp. Equations are given for determining the 
distribution of light in the diffusing screen material, and calculation of the light losses are 
made for varying screen thickness and x-ray absorption. The data for energy distribution of 
the ingoing x-rays were taken from measurements obtained in this laboratory by a new method 
to be published elsewhere. Allowance for scattering and secondary x-radiation was made and 
a conversion efficiency of 5.0 percent was obtained for this calcium tungstate phosphor. 


INTRODUCTION 

HE primary purpose of this research was to 
obtain experimentally the absolute effi¬ 
ciency of the transformation of x-ray energy into 
light energy by calcium tungstate. Of the various 
fluorescent materials which might have been 
examined, calcium tungstate appeared to be the 
one whose investigation would be most fruitful, 
first, because of its wide utilization in radiog¬ 
raphy, and second, because the fluorescence of 
this phosphor is not due to the presence of a 
foreign material serving as an activator. Thus 
calcium tungstate phosphors produced by dif¬ 
ferent manufacturers should have the same 
spectral distribution, and probably will not vary 
greatly in their efficiency. As a basis for theo¬ 
retical studies of fluorescence, knowledge of the 
behavior of calcium tungstate is probably of 
more value than that for the sulphide phosphors 
which are very sensitive to minute quantities of 
impurities. 

The problem of determining the conversion 
efficiency divides itself into three main parts. 
First’, the absolute energy and spectral distribu¬ 
tion of the light emitted from the screen must 
be determined. Second, the light losses in the 
screen must be determined in order that the 
total light generated may be calculated. Third, 
the energy of x-rays absorbed in the screen must 
be measured. The resultant efficiency will be a 
characteristic of the calcium tungstate itself and 
of the wave-length of the exciting x-rays. With 
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this information and a knowledge of the func¬ 
tional dependence of the light losses on the 
structure of the screen as presented herein, the 
behavior of any calcium tungstate screen may 
be predicted. The method of analysis developed 
ter obtain the light losses are applicable to the 
transmission of light in diffuse media in general 
and, in particular, to phosphors other than cal¬ 
cium tungstate. 

Ia. LIGHT ENERGY AND ITS SPECTRAL 
DISTRIBUTION 

The spectrographic part of the problem con¬ 
sisted of the determination of the spectral energy 
distribution of the CaWC >4 screen when excited 
by 80 kv x-rays, filtered by one half millimeter 
of Cu and one millimeter of Al, and with a tube 
current of 20 milliamperes. The procedure in¬ 
volved a photographic comparison between the 
known spectral energy distribution of a tem¬ 
perature-calibrated tungsten ribbon filament 
lamp and that of the CaWC >4 screen. 

The Experimental Apparatus 

The standard source was a lamp with a tung¬ 
sten ribbon filament and quartz window loaned 
by the National Bureau of Standards. The ribbon 
filament is about 1J inches long and J inch wide 
and is supported in the bulb by heavy nickel 
leads. 

The temperature calibration of the lamp was 
made by Mr. M. S. Van Dusen, Acting Chief of 
the Pyrometry Section, who gave the value of 
the brightness temperature outside of the quartz 
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window as 2614°K at a current of 39.20 amperes 
and for a point about midway along the filament. 
The position is marked by a small nick on one 
edge of the filament itself. Values of the spectral 
transmission of the quartz window were also 
supplied by Mr. Van Dusen. 

In order to compute the spectral distribution 
of the radiation from the filament, it was neces¬ 
sary to obtain the true temperature of the fila¬ 
ment inside the bulb and to have a knowledge of 
the spectral emissivity of tungsten over the 
intended working range of wave-length (3000A- 
7000A). A compilation of spectral emissivities 
was furnished by Dr. W. W. Coblentz, retired 
head of the Radiation Laboratory of the National 
3ureau of Standards. The conversion from the 
brightness temperature to the true temperature 
is accomplished by the following formula, 
derived from Planck’s radiation formula: 


regions of the filament above and below the nick. 
This narrow band was not wide enough to 
measure in the microphotometcr, so it was 
necessary to use some other portion of the fila¬ 
ment where the temperature variation with 
length was small. Measurements of temperature 
with an optical pyrometer were made covering 
the range from a point | inch above the nick 
to within \ inch of the top of the filament. The 
true temperature fell only about seven degrees 
over this range, and at its center was 41° lower 
than that at the nick. The portion of this region 
used for projection onto the length of the slit 
(2 mm) of the spectrograph was about f inch. 
Hence the true temperature variation over this 
range was of the order of about 4°. From 
Planck’s radiation law one derives the percentage 
change in energy at a given wave-length for a 
change in true temperature to be 


Tt Tbo 

where 

7\ = true temperature of the filament 
Tbo — brightness temperature of the filament outside the 
window as determined by the N.B.S. optical 
pyrometer 

X — mean effective wave-length in cm of the filter used 
in the N.B.S. optical pyrometer 
C* 2 = the second constant in Planck’s radiation formula 
t\ =* transmission of the quartz window at the above- 
mentioned wave-length 
c\ = the spectral emissivity of tungsten at X. 


_ logio(/\- C\), (1.1) 

4343 C 2 


With 7*o = 2614°K, X = 6650X10 8 cm, C 2 = 
1.435, /x = 0.927, €\ — 0.426, the true temperature 
of the filament is 2947°K. 

The spectral energy distribution outside the 
lamp was obtained by substitution of the above 
value of the true temperature in Planck’s radia¬ 
tion formula, and correction of the result for the 
spectral emissivities of tungsten and for the 
spectral transmission of the quartz window. 

When the image of the central portion of the 
filament was focussed on the slit of the spec¬ 
trograph, the resulting spectrum was a con¬ 
tinuous band with a narrower and darker band 
running down its length. This latter band was 
caused by the region of the filament at the nick 
where the filament was narrower, and its re¬ 
sistance and hence its temperature higher, than 


(clEx/Ex) percent = 100(C 2 /xr 2 )</7\ (1.2) 

For a true temperature of 2906°K the percentage 
change of E\ per degree is about 0.57 percent at 
3000A and 0.28 percent at 6000A. One may take 
0.4 percent as a mean. Hence, a change of 4° 
(true) corresponds to less than a 2 percent change 
in E\. Furthermore, since the quartz lens used to 
focus the filament on the slit of the spectrograph 
does not give a perfectly sharp image, the effect 
is to smooth out variations in E\ and produce a 
spectrum of uniform density across its width. 
Instead of recomputing the energy distribution 
for the adopted temperature of 2906°K, the one 
for 2947°K was used with the correction factor 

C = exp(C 2 /X)(r 1 -r 2 /T 1 7’ 2 ) 

= exp(C 2 /X)(Ar/n, (1.3) 

where A7" = 41° and T is the mean of 2947°K 
and 2906°K. It appears that the combined error 
from all sources in the computed energy varies 
from about 6 percent at 3000A to about 3.0 
percent at 6500A with an average for the middle 
of the spectrum of about 4.5 percent. 

One of the most difficult problems was the 
reduction of the filament brightness to a value 
closely approximating that of the fluorescent 
screen. This was necessary because of reciprocity 
failure of the photographic emulsion which 
demands that the exposure times on the standard 
lamp and the fluorescent screen be of quite the 
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REDUCTION FACTOR • 22,500 AT 6500 A* 

15,000 AT 3000 A* 

Fig. 1 . Schematic arrangement of reflection-type 
attenuator. * 

same order of magnitude. A rough computation 
on the basis of available data indicated that the 
lamp might be brighter by a factor of the order 
of one million. Only by the combined use of three 
methods could the filament brightness be reduced 
to the point where the exposure times became 
nearly equal. Reduction by transmission filters 
had to be rejected as impractical, because trans¬ 
mission coefficients were not known with suf> 
ficient accuracy at the various wave-lengths. Of 
the following three methods used, one will be 
discussed in detail now and the second and third 
in later sections: 

1. The method of successive reflections. 

2. Rotating sectors. 

3. Stops in the collimator of the spectrograph. 

In the first method the brightness was reduced 
by successive reflections from four air-glass 
surfaces. The apparatus designed and con¬ 
structed for this purpose was called the “at¬ 
tenuator.” The attenuator consisted of four 
borosilicate crown glass prisms arranged as in 
Fig. 1 . The arrows indicate the path of the light 
through the system. The system was enclosed in 
a brass box, and the prisms were carefully 
aligned so that parallelism and perpendicularity 
of the faces was assured. The angle of incidence 
of the central ray of the beam closely approxi¬ 
mated 45*at all of the four surfaces of reflection. 
At each surface a small fraction of the light was 
reflected, and the remainder was transmitted 
into the prism. In order that as little as possible 
of this light should be returned to the beam by 
internal reflections, all prism surfaces except 


the ones used for reflection were coated with a 
solution of propyl methacrylate mixed with 
lampblack, and the prisms were baked in an 
oven at 120°F for two hours. The result was a 
non-reflecting and absorbing coating which 
served to remove to a very high degree all light 
transmitted into the prism. 

According to Fresnel’s formulas the amplitude 
ratios of the reflected light are: 

sin (I —/') tan (/ — /') 

- an( j - 

sin(/+/') tan (/+/') - 

for light polarized in, and, respectively, at right 
angles to, the plane of incidence. The intensity 
of the parallel component after four successive 
reflections becomes: 



l/sin(/-J ')\ 8 

= (-), (14) 

2 V sin (/+/')/ 

and similarly for the perpendicular component: 



Computation shows that for the range of spec¬ 
trum to be studied, I\ is about 9000 times fainter 
than In and hence the light may be said to be 
completely polarized. 

With I fixed at 45°, I' depends upon n (Snell’s 
Law) and since n varies with the wave-length, R 
itself is a function of the wave-length. 

In order to determine the variation of n with 
wave-length, one of the prisms was mounted on 
a spectrometer and n was determined for each of 
the three mercury lines of wave-length 5460.7A, 
4358.3A, and 4046.6A. The resulting indices 
were, respectively, 1.5260, 1.5349, and 1.5389. 
Each determination had a standard deviation of 
unity in the fourth place of w —1. With these 
three values of the wave-length and their re¬ 
spective indices, the constants of the Hartmann 
formula were obtained: 

83.416 

n »1.5041 +-. (1.6) 

X-1648.0 
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For several wave-lengths between 3000A and 
6500A, n was determined from (1.6), then /' 
from Snell’s Law and finally the reduction 
factors from (1.4). The curve of reduction factor 
vs. wave-length is given in Fig. 2. These factors 
were applied to the spectral energy distribution 
curve of the filament outside the lamp and 
result in the distribution curve of the light as it 
leaves the attenuator. 

Attention must be given to the fact that the 
light from the attenuator is practically com¬ 
pletely polarized, while the light from the 
fluorescent screen is unpolarized. Thus the: loss 
in the spectrograph may not be the same for both 
sources. In order to test this, two spectrograms 
of equal exposure times were taken of the lamp 
through the attenuator. For the first exposure, 
the plane of the normals to the reflecting surfaces 
was held perpendicular to the length of the slit 
and parallel for the second exposure. From the 
resulting densities of the spectra it appeared that 
the effective exposure was only about half as 
great in the first case as in the second. In order to 
avoid the difficulty the attenuator was mounted 
so that the plane of the normals made an angle 
of 45° with the slit and, therefore, as far as the 
spectrograph was concerned, it was receiving 
isotropic light. 

The errors in the computed reduction factors 
are evaluated as follows: 

1. As already stated n has been determined with a 
standard deviation of one part in the fourth place of w — 1. 
For the middle of the spectral range, this value results in 
an error of about 0.1 percent in the value of R — a negligible 
quantity. 

2. Since n was determined for only three wave-lengths, 
interpolation had to be used for shorter and longer wave¬ 
lengths using formula (1.6). The error in R to be expected, 
particularly in the short wave-length region where n is 
changing rapidly, is estimated to be of the order of 0.3 
percent in the neighborhood of 3200A and of 0.1 percent 
for wave-lengths longer than 4000A. 

3. The beam through the attenuator, as defined by the 
lens which focusses the filament on the slit and by the 
angular size of the collimator, has an angular diameter of 
about two degrees, of which only the central ray will 
strike the reflecting surfaces at an angle of incidence of 45°. 
The limiting values at the first surface will be 44° and 46°. 
However, it will be seen that (by design) if / is 46° at the 
first surface, it will have the same value at the second, 
44° at the third, and 44° at the last surface. Calculation 
shows that the error made in R by assuming / —45° for 
the whole beam is about 0.2 percent and thus is negligible. 



Fig. 2. Reduction factor of attenuator as a function 
of wave-length. 

4. Particular care was used in the alignment of the 
attenuator so that the resulting error in R is probably less 
than 0.4 percent. 

The total error is probably not in excess of 
1 percent. 

The spectrograph was an all quartz optics, low 
dispersion instrument. The arrangement, was 
such that the plate holder could be moved at 
right angles to the spectrum, and thus several 
spectra could be obtained on one plate. The 
length of spectrum from 3000A to 6500A was 
about f inch. The spectrograph was mounted on 
a turntable which permitted the slit to be turned 
to either the standard lamp, the mercury lamp 
(for a comparison spectrum), or the fluorescent 
screen. By means of lead sheets, the whole 
instrument was very well shielded from the 
direct or scattered radiation of the x-ray tube. 
On the turntable was mounted a motor to turn 
cardboard sectors, used to reduce the lamp 
brightness by a given amount, and also a mount 
for the quartz lens to focus the lamp filament on 
(he slit. Inside the prism case was an arrange¬ 
ment to hold stops for the further control of the 
lamp brightness. The length of the slit was 2 mm 
and the width 0.2 mm. 

The fluorescent material, a sample of Eastman 
Ultra Speed back screen, consisted of a layer of 
CaWCL covered by a film of lacquer and mounted 
on a sheet of white cardboard four inches square. 
It was centered over a two inch square hole in a 
sheet of J inch lead and the whole unit was 
mounted over the open end of the protective cone 
of the x-ray tube. 
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The Experimental Procedure 

Generally speaking, our procedure was a com¬ 
parison, at a number of wave-lengths, between 
the brightness of the screen and the standard 
lamp filament as seen through the attenuator. 
Given the magnitude of the latter and its spectral 
distribution, it was possible to compute the light 
output of the screen on an absolute scale. 

One of the most difficult problems, the reduc¬ 
tion of the brightness of the standard lamp to a 
level comparable to that of the fluorescent 
screen, was accomplished by the use of the 
attenuator (already described), rotating sectors, 
and collimator stops. This permitted the use of 
equal exposure times for the lamp and the 
fluorescent screen and thereby avoided the 
danger of reciprocity failure. In order to provide 
a calibration on each plate, five exposures were 
made using five cardboard sector disks, eight 
inches in diameter; the first, A, providing a 
reduction factor 12.5 and the others, B , C, D, 
and E approximately 25, 50, 100 , and 200 . When 
using these disks, one must avoid the inter- 
mittency effect because of which the photo- 
graphic density is a measure of the total light 
impinging only under certain conditions. A con¬ 
tinuous exposure and an intermittent one of the 
same total energy will produce the same density 
on the photographic plate, provided the total 
time of exposure is the same in both cases, and 
the frequency of interruption is above a certain 
critical rate. The Eastman Kodak Company’s 
publication, 44 Photographic Plates for use in 
Spectroscopy and Astronomy,” states that this 
critical rate varies from about 100 flashes per 
second for a one-second exposure to a few flashes 
per second for a one hour exposure. The motor 
used to drive the sectors operated at 2850 r.p.m. 
and since no exposure was less than twenty 
minutes, no error caused by the intermittency 
effect was incurred. 

I In Ini il u^0 " \W ul I imp brightness was 
obtained by placing one~oFseveral stops between 
the prism «uid the collimator lens at a position 
close to the latter. The first stop defined the 
beam leaving the collimator lens to the extent 
that all of the beam entered the prism and passed 
through the camera lens to the photographic 
plate. This stop was used when photographing 


the spectrum of the fluorescent screen, and its 
reduction factor was designated as unity. Six 
more stops were made with reduction factors 
varying from 2 to 37. With this last stop, the 
total reduction of the lamp brightness, including 
the average of that of the attenuator and that of 
sector A , reached a factor of nine million. This 
much was needed when working in the region 
around 6000A where the screen fluorescence is 
weak, and the lamp output high. 

All photographic plates used were coated with 
Eastman 103-F emulsion. On each plate eight 
exposures were made; one from the fluorescent 
screen, five from the standard lamp using sector 
disks A to /£, and two exposures from a mercury 
lamp to obtain wave-length scales at the top and 
bottom of a plate. 

The densities of the spectra were compared in 
an Arl Dietert microphotometer. At each position 
the density was determined for the fluorescent 
spectrum and for each of the five comparison 
spectra. 

Since different portions of the spectrum re¬ 
quired widely varying exposure times to give 
densities on the linear portion of the emulsions, 
it was necessary to use several plates to cover the 
complete spectrum. For each wave-length the 
transparencies of the five comparison spectra 
were plotted on semi-logarithmic paper against 
the reduction factors of the sectors, taking that 
for sector A as unity. From this curve was deter¬ 
mined the factor by which the fluorescent spec¬ 
trum was fainter than the spectrum belonging to 
sector A . 

This factor was combined with reduction 
factors for the collimator stop, the factor 12.5 
for the sector disk A and the factor for the 
attenuator, to give a total reduction ratio 
between intensities at corresponding wave¬ 
lengths from the standard lamp and from the 
CaWOi screen. A total of seven plates were 
measured. 


Experimental Results 

Near the end of the investigation it was found 
that the portion of the CaWC >4 screen which had 
been exposed to x-rays was somewhat fainter, 
showing that it had suffered a certain degree of 
“fatigue.” Measurements indicated that the 
exposed portion of the screen was about 8 percent 
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fainter than the outer portion that had been 
protected from x-radiation by the lead. 

In order to deduce from the measurements on 
a fatigued screen the spectrum of a fresh screen, 
measurements on each plate were corrected by 
an amount proportional to the total x-ray ex¬ 
posure time of the screen up to the time when 
the plate in question was taken. 

The total time of exposure of the screen to 
x-rays was about six and one-half hours. This 
includes exposure times for test plates and 
several others that for one reason or another 
were not used. The results from the individual 
plates are given collectively in Fig. 3. The 
ordinates are 10“ 5 crgs/cm 2 sec. A unit. The 
assumption is made that both the lamp filament 
and fluorescent screen radiate according to 
Lambert’s cosine law, and a correction for 
departures will be added later. 

The curve given in Fig. 3 is not final, but must 
be corrected for slit broadening. The effect is to 
pull in both ends of the curve to a certain extent 
without changing the total area. Integration of 
this curve yields the result that the total energy 
output of the screen was 2.54 ergs/cm*/sec. 

A correction factor of 0.92 must be applied to 
this value to correct for the departure from 
Lambert’s law in the angular distribution of the 
light from the screen. The experimental deter¬ 
mination of this factor is described in Section lb. 
The total energy thus reduces to 2.34 ergs/square 
centimeter per second, for a measured x-ray 
intensity of 0.149 r-units per second incident on 
the screen. The final corrected spectral curve, 
Fig. 4, is given in terms of light energy generated 
in the screen per r-unit absorbed. The method for 
measuring the light losses is given in Section 2. 
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Fig. 3. Spectrum of CaWO* as obtained from seven plates 
(uncorrected). 



Fig. 4 . Fluorescent spectrum of CaW0 4 excited by 
80 Kv constant potential x-rays. Filter used was J mm 
copper-fl nun aluminum. Screen contained .109 em/cm 2 
of CaWQ 4 . 


An estimate of the accuracy of this deter¬ 
mination involves a consideration of such sources 
of error as the temperature of the lamp, the 
spectral emissivities of tungsten, the brightness 
reduction factors, and errors of the photographic 
emulsion. It appears that the final total energy 
has been determined to within an accuracy of 
about 12 percent. 

Ib. ANGULAR DISTRIBUTION OF THE LIGHT 

In order to calculate the total light emitted 
from the screen from the measured brightness 
in a specific direction, it is necessary to know 
the angular distribution of the emission from the 
screen. In the case of the filament, this factor was 
taken care of by using the normal emissivity of 
tungsten for calculation. For the screen, measure¬ 
ment of the angular distribution was made by 
means of a photo-multiplier cell illuminated 
through a collimator consisting of a simple lens 
and a small diaphragm stop at its focal point. 
The whole assembly was capable of rotation 
about an axis lying in the plane of the fluorescent 
screen. 

If the emission of light followed a Lambertian 
(cosine) distribution, the light received by the 
photocell would be independent of angle. Ac¬ 
tually a falling-off at large angles was observed 
as shown in Fig. 5. Integration of this curve 
combined with suitable angular variables yields 
a constant which relates the total light emitted 
from the screen to that which would have been 
emitted from a Lambertian source with the same 
normal intensity. This factor varies slightly with 
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Fig. 5. Angular distribution of light from CaW0 4 screen 
relative to a Lambertian surface. 

i 

the wave-length of the exciting x-rays, since the 
latter affects the distribution of light-generating 
centers within the screen. Under the conditions 
of the spectroscopic experiment the CaW0 4 
screen had a factor of 0.920. 

n. TRANSMISSION OF LIGHT IN 
DIFFUSE SCREENS 

The light produced by the x-rays in the 
interior of the fluorescent layer is eventually 
transmitted out of the screen by means of a 
series of reflections and refractions from indi¬ 
vidual crystals. Part of the light is lost by ab¬ 
sorption in the crystals and in the binder, and 
part finds its way out of the back surface of the 
layer. Some of the latter may be recovered by 
means of a reflecting backing, a white mounting 
card being commonly used. 

Since the particles involved are small com¬ 
pared to the area of interest, and the lateral 
dimensions of the screen are large compared to 
the thickness, the problem can be treated as if 
the material were homogeneous and as if the 
light were traveling in one dimension only, i.e., 
perpendicular to the screen. 

In the following discussion the words ‘Might 
forward” and “light backward” refer to direc¬ 
tions in the same sense as that of the x-rays. 
Thus with the screen located between the x-ray 
tube and the observer, the light forward is that 
seen by fhe observer and comes from what will 
be termed the front of the screen; the light 
backward from the back of the screen is directed 
toward the x-ray tube. 

The first step in the analysis is to derive the 
reflection and transmission coefficients of a 


diffuse layer as a function of its thickness. A 
layer of thickness x (Fig. 6 ) has by definition a 
reflection coefficient R(x). If a layer of thickness 
dx is added to this, a new reflection coefficient 
will result. The reflection coefficient of the 
elementary layer itself will to the first order be 
proportional to its thickness. Let this reflection 
coefficient be kdx. Similarly, the amount not 
transmitted will be proportional to the thickness 
to the first order; let this coefficient be adx % It 
will be evident that a>k , being equal to k if 
there is no true absorption of light in the layer. 
(In Fig. 6 the layer dx is shown separated from 
the layer x for convenience in tracing the course 
of the light. It is to be understood that in this 
and later derivations the layers are actually con¬ 
tinuous.). Light is incident on the combination 
from the left. A fraction kdx will be reflected 
from the first layer, a portion 1 — otdx will be 
transmitted to the second layer. The amount 
reflected from the second layer is ( 1 — adx)R, of 
which a quantity (l— adx)*R is transmitted out 
to the right and adds to the initially reflected 
light. The portion kdx{\— adx)R which is 
returned undergoes an exactly similar set of 
steps. Summing up the infinite series of rapidly 
diminishing contributions: 

kdx+R( 1 -adxy(l+Rkdx+R 2 (kdx) 2 + • • •) 

R(\~adx )? 

= kdx-\ -= R(x+dx), (2.1) 

1 -Rkdx 

the new reflection coefficient R{x+dx) is ob¬ 
tained. Subtracting R from both sides, and 



Fig. 6. Schematic representation of livht flow for derivation 
of reflection coefficient formula. 
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neglecting differentials of higher order than one, 
we obtain 

R(x+dx)-R(x) = k(t-2(a/k)R+R*)dx 


or 


dR 

— «fc(l-2(a /k)R+R*). 
dx 


Thus: 
kx 


kx — 


dR 

[1-2 (a/k)R+R*l 

1 


-/rTT s 


LMky-iy 


R-a/k 

tanh -1 -h const., 


[(«/*)*-!]* 


( 2 . 2 ) 


#=- 


(£//>) sinh/># 


cosh/>#+(«//>) sinh/># 


(2.3) 



^ = —h[(«/&) 2 — 1] J tanh((c* 2 —& 2 )bc+const.). 
k 

The constant is determined by setting R = 0 
when # = 0, and by further reduction we obtain 


Fig. 7. Reflection and transmission coefficients as a 
function of thickness (jc) of diffusing material. 


tions is shown in Fig. 7 for values of k and a 
typical of CaWo* The values of k and p (or k 
and a) suffice to describe completely the light 
yield from the front and back of the screen, as 
well as the light absorbed, if the thickness and 
distribution of light sources within the screen 
are given. These coefficients may be experi¬ 
mentally determined by measuring R and T. 


where 

pr— (a 2 — k 2 )K 

By similar consideration of the multiple reflec¬ 
tions in the transmission case, and by use of 
formula 2.3, the expression for the transmission 
coefficient is found to be 

1 

-;- (2.4) 

cosh/># +(a/p) sinh/># 

where p has the same meaning as before. 

The constant p is an important characteristic 
of the material and represents the degree of ab¬ 
sorption. For very large #,2.4 reduces to 

T — constant e~ p£ 

the usual exponential function, and p plays the 
role of a linear absorption coefficient. At large #, 
R approaches a constant, and only after this 
condition is reached will T be exponential. The 
physical reason for this is clear; if a thin layer 
is placed behind another layer, the incident light 
on the new layer is enhanced by the multiple 
reflections between the two, and only if the 
original layer is so thick as to have attained the 
limiting reflection coefficient will the trans¬ 
mission be exponential. The form of these func- 


Determination of the Optical Constants 

Values for p , k and a could be obtained in prin¬ 
ciple by measuring T or R as a function of thick¬ 
ness, by virtue of Eqs. (2.3) and (2.4). In carrying 
out such an experiment one must make sure, 
however, that the amount of light from the 
source and the action of the detector for the 
light arc not affected by introduction of the 
sample. For example, a ground-glass diffuser is 
not a suitable source because it is itself reflecting; 
introduction of the sample will enhance the 
incident light intensity to a value higher than 
that measured without (he sample. For the 
same reason the detector must be non-reflecting; 
a photographic plate, for instance, is not suf¬ 
ficiently absorbing to avoid errors due to mul¬ 
tiple reflections. 

Since the procurement of such ideal light 
sources and detectors constitutes a serious ex¬ 
perimental difficulty, it seemed preferable to 
eliminate the error altogether by means of a 
method which does not require measurement of 
light intensity in the absence of the sample. A 
tungsten bulb, suitably housed, was used to 
illuminate one side of the layer; the brightnesses 
of the two sides were measured by means of a 
Macbeth Illuminometer and the ratio of the 
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brightnesses was taken to be R/T . This was 
repeated with samples of varying thickness. 

By definition, R and T are the results of a 
scattering process which does not alter the 
angular distribution of the light. Therefore, 
Eqs. (2.3) and (2.4) must not be applied 
indiscriminately to the present case where a 
nearly parallel light beam is incident on the 
front of the sample and, upon entering, is 
gradually scattered in all directions, approaching 
an equilibrium distribution in direction only as 
a limiting case. The angular distribution of the 
light thus varies with depth of penetration, 
whereas Eqs. (2.3) and (2.4) were derived 
from an assumed stationary equilibrium for the 
angular distribution; so the latter is presumed 
to remain unaffected by further scattering and 
not to vary with depth. 

While this poses a very serious difficulty, 
generally speaking, for the measurement of 
arbitrary samples, the calcium tungstate screen 
has the fortunate quality that its scattering 
power outweighs its absorbing power by an order 
of magnitude; consequently determination^is 
possible by examining sufficiently thick samples. 
If the conversion from parallel light to light 
with completely.random orientation takes place 
in a relatively thin front layer, further re-dis¬ 
tribution will proceed in accordance with the 
underlying assumptions of Eqs. (2.3) and 
(2.4). 

An empirical criterion of this condition is 
afforded by inspection of the spatial distribution 
of the light emerging from the front and back 
of the screen. For a very thin layer it is clear 
that while the reflected light has a nearly random 
distribution, the transmitted light will contain 
large portions of unscattered light; thus a dif¬ 
ference in the angular distribution of the light 
from the front and the back indicates that 
equilibrium has not yet been reached. In the 
thinnest sample used a rough check of the 
angular distributions showed they were alike and 
nearly Lambertian. Furthermore, the reflectivity 
of the thinnest sample was calculated to be 85 
percent. Thus addition of further layers can 
change the reflected light by 10 percent at most 
and the brightness of the front side is always a 
good measure of the incident light quantity. For 
this reason, even though the values of k and a 

i 


may be somewhat in error due to our use of a 
parallel beam, this does not apply to the value 
for p y which can be computed from the logarith¬ 
mic derivative d logT/dx for large thicknesses#. 

Samples were prepared by soaking an Eastman 
Ultra-Speed front screen in alcohol and thus 
removing its fluorescent layer. This layer con¬ 
tained 0.0445 gm/cm 2 of CaWC >4 per cm 2 . It is 
self-supporting because the internal binder is not 
soluble in alcohol, whereas the cement used to 
mount it on the card is soluble. One-inch squares 
were cut from the layer while still wet, and were 
superimposed to make up samples of 1, 2, and 
4 layers. These were cemented over holes in 
metal sheets and allowed to dry. 

It might be supposed that the protective 
coating on the layers (a film of cellulose plastic) 
would violate the assumption of homogeneity 
of the material. However, consideration of the 
Qiultiple reflections between the crystalline 
material boundary and film-air interface show 
that for the index of refraction of this film the 
effect is completely negligible for the thicknesses 
used. 

Four points on the R/T curve were deter¬ 
mined, at zero, 1,2, and 4 layers. Values of R/T 
are shown in Table I. From Eqs. (2.3) and (2.4) 
we see R/T should be of the form k/p sinh px. 
Values of k and p were chosen to fit the ex¬ 
perimental points, namely, k — 5.55/layer and 
/> = 0.30/layer. The third column gives the cal¬ 
culated points for comparison. Since a 2 — k 2 +p 2 y 
a is also 5.55/laycr within the experimental error, 
with the understanding of course that 

(a 2 — k *)* = 0.30/layer. 

From the fit obtained, the values of k y a, and p 
are estimated to have probable errors of less 
than 3 percent. In the following treatment these 
values have been used, and the thickness x is 
always measured in terms of one layer as the 
dimensional unit. 


Table I. 


x (layers) 

R/T (exp.) 

18.5 sinh.30* 

0 

0 

0 

1 

5.43 db.05 

5.63 

2 

11.8 ±.13 

11.8 

4 

27.6 ±.4 

27.9 
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After these measurements had been evaluated 
and the results had been used to compute the 
conversion efficiency and the curves of light 
yields, it was decided to repeat the measurements 
of the optical constants of the screen using a 
diffuse source for the incident light. The sample 
was mounted over an aperture in an Ulbricht 
photometric sphere arranged so that the bright¬ 
ness of both sides of the sample could be ob¬ 
served with a Macbeth Illuminometer. These 
measurements gave a good fit for the ratio 
R/T = k/p sinh£*, using & = 6.0 and £ = 0.33. 
Adoption of these new values would change the 
curves of light yields which are presented below. 
Since these are meant to be illustrative, and 
quantitative only pending measurement of the 
optical constants of an individual sample, it did 
not seem worth while to recompute them. How¬ 
ever, the new constants were used for com¬ 
putation of conversion efficiency. 


The Light Distribution in the Screen 


Having derived expressions for transmission 
and reflection of a diffuse layer, one is in a 
position to compute, for a given distribution of 
light generation throughout the screen, the frac¬ 
tional amounts emerging from the screen in both 
the forward and backward directions. 

Since the x-ray intensity decreases exponen¬ 
tially with depth of penetration, light production 
also follows an exponential law, being highest at 
the back where the x-rays are incident. Consider 
the element of thickness dx located at a distance 
x from the back of the screen whose thickness is e 
(Fig. 8). This element is between two layers, of 
finite thickness x (layer 1) and € — x (layer 2), 
respectively. Of the light dL generated in the 
element, $ starts out toward layer 2, while \ 
starts toward layer 1. These are subject to mul¬ 
tiple reflections as shown in Fig. 8, the lower half 
being concerned with the light starting toward 
2 and the upper with that starting toward 1. 
The fraction / out the front due to dL is given 
by the sum of the contributions as before, and 


ir 2 (i+j?i) 

2 1 — R 1 R 2 


(2.5) 


The coefficients R\ } R% and T 2 are, of course, 
functions of x and €—x as in formulas (2.3) and 



Fig. 8. Schematic representation of light flow from a 
luminous element within the screen. 


(2.4). It is now necessary to multiply / by the 
light produced in the element dx and integrate 
over x from 0 to € to obtain the total light out. 

If the absorption coefficient of the x-rays is p, 
we have by definition that the x-rays absorbed 
in a layer dx — lpdx where / is the intensity of 
x-rays at the point jc. Let p = conversion efficiency 
of x-rays into light; the light produced in dx is 
then plpdx. But / = where 7 0 is the 

incident x-ray intensity, and dL — pphe~* T dx (2.6) 

The forward light yield is then: 


pm/ 0 r (M) (i+ j? w ) 

L — -I e-** - dx. 

2 •'o (1 ~R(x) R(t-x >) 


(2.7) 


Before performing this integration we shall find 
it very convenient to derive a relation between 
the transmission coefficient of the screen as a 
whole (7\) and the coefficients of its parts. In 
Fig. 9 is shown the schematic diagram from 
which we find: 


T t = T l T 2 (l+RiR2+(RiR2) 2 + 

T t =T l T 2 /(i-R l R 2 ). 


•), 


( 2 . 8 ) 


Substituting in formula (2.5) we get 


/ 


^(i + *Y 

2 \7’i 7V 


(2.9) 
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T t is a constant independent of x , and from 2.3 the front of the screen. The total light produced 
and 2.4 we have l/Ti=*coshpx+(a/p) sinh/w, is: 

Ri/Ti = (k/p) sinh/>*. Formula 2.7 then becomes: p/ 0 (l __ e ~^ 

PnIoT t /•* an( l 

2 J n = --- 


/ « + & § \ 

X ^coshp.vH-sinh pxjdx. (2.1 


(1 — e~ lit )[c.oshpe+(a/p) sinhpc] 


S'.H 


a+k 

cosh/>xH-sinh/?. 

P 


'x^dx. 


In preference to an expression for light out itself, 

we shall divide L by the total light generated to Carrying out the integration we obtain the final 
obtain the fraction F? which is transmitted out expression: 

p{{p+a+k)'—e- i “[_(p+a + k) cosh pt+{[p(ct+k) / p^ + p) sinh/)*]} 

F f = -;-. (2.12) 

2(1 — e~ tit )(p 2 — p 2 )(co$hpe +(<*//)) sinh/)*) 

In an exactly similar manner the formula for the fraction out the back of the screen is found; 

P | (m - a - k) (cosh pe - e~* f ) + (ln(a+k)/p']-p) sinh/)* I 

F B = -;--. (2.13) 

2(1 — e~^)(p 2 — p 2 )(coshpc+(a/p) sinh/)*) 


Graphs of these functions are given in Figs. 
10 and 11 for various values of p and c, using 
k = 5.55/layer and /> = 0.30/layer. Values of die 
thickness * arc in terms of one-layer units, and 
M, the x-ray absorption coefficient is per layer. It 
is apparent that for zero thickness of screen half 
of the light is transmitted in each direction 
regardless of p. At the limit p-+0 light is produced 
uniformly throughout the screen, and for thicker 
screens equal amounts of somewhat less than 
50 percent arc emitted in each direction, the 
remainder being absorbed in the screen. For 
thick screens and- high p, the fraction emitted 
toward the back is much more than 50 percent, 
while the light forward is much less. For m= °°» 



Fig. 9. Light flow diagram for derivation of formula 
relating partial and total transmission coefficients. 


all of the light is produced in a layer of zero 
thickness at the bac k. Half of the light is im¬ 
mediately emitted backwards and a fraction 
R(e) of the remaining half is reflected in addition. 
The fraction out the front is the transmission 
coefficient times the half originally directed 
toward the screen. Thus all the curves of Figs. 10 
and 11 approach different limits as /i— >0 °* 

While these curves show wide variations in 
yields, actually the ranges of p and € usually 
encountered in practice are such that the frac¬ 
tions forward and back are fairly close to 50 
percent. At 80 kv constant potential, p is ap¬ 
proximately 0.25 per layer; for a screen of e = l 
(Eastman Ultra-Speed front) the fraction for¬ 
ward is 47.6 percent, the fraction back 51.2 per¬ 
cent. At higher voltages little error is introduced 
by assuming 50 percent each way unless the 
screen is abnormally thick. At the lower voltages, 
p rises rapidly, attaining a value of 2.2 at 20 kv 
and 3 at 17.4 kv. Here the fractions out the front 
and back are markedly affected by the operating 
voltage. 

Effect of Mounting Card 

In practice a screen is never used without a 
backing of some sort. Usually this is made white, 
with the intent of recovering the light emitted 
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Fig. 10. Fraction of light generated which escapes from 
the front of the screen as a function of screen thickness («) 
and x-ray absorption coefficient ( n). 


in the backward direction. The efficacy of this 
procedure will now be examined. Figure 12 
shows schematically a layer of fluorescent ma¬ 
terial backed by a card of reflection coefficient R 0 . 

The ratio of the light returned to the light 
emitted backward from the screen is defined as £. 

E=R 0 T{\ + RRo+ (RR 0 ) 2 + • • •, 

(2.14) 

RoT 

£ =- . 

\-RRo 

By way of example, if a screen of thickness 6=1, 
£ = 0.844 and £=0.15, is backed by a card of 
reflection coefficient £o = 0.80, one finds £ = 0.37, 
so of all light which was previously lost out the 
back of the screen, only 37 percent is recovered 
by using a backing card of 80 percent reflec¬ 
tivity. This is the result of the “whiteness” of the 
calcium tungstate; if the card is not of superior 
reflecting power, it is of small value. Some of this 
loss is in the layer itself, but the major portion 
goes into the card. The card upon which the 
Eastman screen was mounted had a diffuse 
reflection coefficient of 0.84. Table II illustrates 
the role played by this mounting card in the 
light losses. These data were computed for 80 kv, 
using the constants & = 6.0 and p — 0.33. At 
higher voltages very little change takes place in 
the light distribution, and the tabulated values 
will remain essentially constant. At lower 
voltages the losses will increase considerably, 
reaching a limit at /i = 0 of 52 percent for the thin 
screen and 74 percent for the thick screen. 


X 

i 


Fig. 11. Fraction of light generated which escapes from 
the back of the screen as a function of screen thickness («) 
and x-ray absorption coefficient (m). 

The increase in light to be expected from the 
use of a card has been plotted in Fig. 13. At 
first glance these numbers may seem quite high; 
however, it must be remembered that in the vast 
majority of cases n is 0.5 or smaller, so that the 
increase will seldom exceed 40 percent. 

Two experimental checks of the above for¬ 
mulas were made. In the first the light from a 
fluorescent screen was measured with and 
without a backing card. In the second, two 
screens of different thickness were measured and 
the expected relative light output calculated on 
the basis of the above formulas. Both tests 
checked calculated values within 3 percent. 

So far we have not discussed the variation 
with thickness of the amount of x-rays absorbed. 
This, of course, is the most important factor in 
determining light output for thin screens. With 
increasing screen thickness the x-rays are more 
and more nearly completely absorbed; in addi- 
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Fig. 13. Increase in light to be gained by using a backing 
card with 80 percent reflectance, as a function of screen 
thickness («) and x-ray absorption coefficient (/*). 

tion, the effectiveness of the card backing 
decreases and losses in the phosphor and binder 
begin to gain importance. Thus the light outpflut 
reaches a maximum at a thickness which will 
depend upon the absorption coefficient (or 
voltage) of the’x-rays. In Figs.* 14 and 15 is 
shown the utilization factor £/, defined as the 
ratio of the light obtained from the front of the 
screen to the total, light which would have been 
generated had all the x-rays been absorbed. The 
curves of Fig. 14 were calculated for a screen 
without mounting card, those of Fig. 15 with a 
mounting card having 100 percent reflection. It 
will be seen that in practical cases the utilization 
is seldom over 30 percent. 

In the case of a “back” screen one is interested 
in the light out the back, i.e., toward the x-ray 
tube. This quantity increases with the screen 
thickness, but the gain is very slight beyond a 


Table II. Light losses in two typical x-ray 
intensifying screens. 


• 

Thin screen 

Thick screen 


(1 layer) 

2.45 layer 


.045 gm/cm* 
CaW0 4 

.109 gm/cm* 
CaW04 

Light lost in phosphor and binder 

2.2% 

9.6% 

Light lost in mounting card 

28.7% 

36.0% 

Light yield (total) 

69.1% 

54.4% 


certain point. A thick layer of CaW 04 is much 
whiter than any available cardboard; for a 
simple example we can just set the thickness of 
the back screen at infinity and inquire how the 
utilization factor varies with /a. If c is infinite, 
Fn in formula 2.13 is the utilization factor, since 
all the x-rays are absorbed. The formula reduces 
to: 

Ub = Kp+ot+fy/Hp+a^in/n+p). (2.14) 

The factor is plotted in Fig. 16 using values of 
p and a for CaW0 4 as before. It is seen that even 
with an infinitely thick screen the utilization is 
not very high for p less than 0.3, i.e., for x-ray 
voltages above 80 kv. 

In the design of screens for radiographic pur¬ 
poses an all-important consideration is the re¬ 
solving power of the screen-film combination. In 
general, the thickness of the screen is largely 
determined by the stringency of this require¬ 
ment. No treatment of resolving power is 
attempted here, because the primary purpose of 
the investigation is to measure the true efficiency 
of the CaW0 4 screen. The curves in the preceding 
portion show accurately the light produced as 
the screen thickness and x-ray absorption coef¬ 
ficient vary, but they form a basis for selection 
of screen thickness only on the assumption that 
resolving power is to be ignored. For this reason 
it is of little value to extend the treatment to 



Fig. 14. X-ray utilization factors for a screen with a 
non-reflecting backing. 
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other cases, such as a front and back screen 
combination. The information presented here is 
sufficient to calculate the light yield of any such 
combination, given the absorption coefficient, 
thicknesses, and mounting card reflectances of 
the screens used. 

It should be pointed out here that if the film 
used with a screen is itself reflecting, all of the 
light will not be absorbed in the film. Measured 
white-light reflectances of x-ray screen film are 
high enough to cause errors of 8 percent with an 
Ultra-Speed front screen; however, it is quite 
possible that the reflectance is different for the 
blue and ultraviolet light of the screens. 

m. EFFICIENCY OF FLUORESCENCE 

To obtain the x-ray energy absorbed in the 
screen, it is necessary to have a knowledge of the 
energy spectrum of the incident radiation and of 
the absorption of energy from this spectrum by 
the screen. 

Information as to the exact continuous spec¬ 
trum of x-ray radiation from a thick target is not 
available in the literature. Curves originally 
published by Ulrey 1 have been reprinted in all 
the texts for 25 years in spite of the fact that 



Fig. 15. X-ray utilization factors for a screen with a 
perfectly reflecting back. 


1 C. T. Ulrey, Phys. Rev. II, 401 (1918). 
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Fici. 16. X-ray utilization factor for a very thick screen 
used as a back screen, plotted against n. 

they were known to be in serious error at the 
time of publication. Our use of these curves in 
combination with the known absorption coef¬ 
ficients of CaWO* led to obvious and large dis¬ 
crepancies with the measured absorption of the 
screen, and an independent determination of the 
x-ray spectrum seemed desirable. Figure 17 
shows the energy distribution from the x-ray 
tube used by us, as determined by Mr. R. L. 
Longini with a method to be published by him 
at a later date. This spectrum applies to the tube 
run at 80 kvc with $ mm copper and 1 mm 
aluminum filter. On the same figure is given the 
curve of energy absorbed by the screen, calcu¬ 
lated from the known total absorption coef¬ 
ficients. The integrated areas under these curves, 
when converted to ionizing power, agreed with 
our measured absorption value. 

All x-radiation which leaves the screen is con¬ 
sidered not to be part of the input for the purpose 
of our computation of conversion efficiency. Our 
measurement: of the undeflected x-ray beam 
leaving the screen fails to include the scattered 
and fluorescent x-radiation which leaves under 
large angles. The former can be shown to be 
negligible at the voltages used; the latter is 
important only for energies above the 2C-absorp- 
tion edge of tungsten. Of the 299 ergs absorbed 
in the region to the left of the K-e dge in Fig. 17, 
absorption by iC-electron ejection includes 190 
ergs which will be re-emitted as /^-radiation. 
Of this, about 5 percent is converted into Auger 
electrons and 26.5 percent of the remainder is 
reabsorbed in our particular thickness of screen, 
so that 133 ergs escaped as x-rays. Thus the 
total x-ray input ftiust be reduced from 714 ergs 
to 581 ergs. 


543 






Fig. 17. Spectral energy distributions of x-rays incident 
on the screen and x-rays absorbed by the screen. 

We are now in a position to calculate the 
efficiency of calcium tungstate. From Part I we 
have the light out of one side as 2.34 ergs/cm 2 / 
sec with an incident radiation of 8.92 r/min. 


At 581 ergs/cm 2 r we have then 86.2 ergs/cm 2 /sec 
absorbed in the screen. Thus the 1 ‘gross ' 9 effi¬ 
ciency is 2.72 percent. From Part II, however, 
we find that the screen emits only 54.5 percent 
of the light generated, and the intrinsic efficiency 
of the calcium tungstate is finally found to be 
5.0 percent. 

This efficiency may be expected to vary only 
slightly with the wave-length of the x-radiatioii 
involved, since one electron ejected by an 
x-photon excites many fluorescent centers and 
dissipates its energy gradually. 

It is of interest to compute the number of 
fluorescent centers activated by a single ab¬ 
sorbed x-photon. 'Faking the average wave¬ 
length of the absorbed x-rays as 0.22 angstroms, 
and the average wave-length of the light pro¬ 
duced as 4400 angstroms, we see that energeti¬ 
cally it would be possible to get 20,000 light 
quanta from one x-photon. Since the material is 
only 5 percent efficient, however, on the average 
each x-photon absorbed produces 1000 light 
quanta. 
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Pressure and Oil Flow in Oil-filled Cables at Load Variations 

Hans Lottrup Knudsen 
Holstebro, Denmark 
(Received September 23, 1946) 

This paper presents a method for calculating pressure and oil flow in a section of an oil-filled 
cable at load variations with due regard to both the hydraulic resistance of the oil canals and 
the elasticity of the sheath and the pressure armor, if any, and the compressibility of the oil. 
The present article restricts itself to cable sections terminated with oil reservoirs in which the 
pressure is constant; in a forthcoming paper this restriction will be dropped. Formulas are 
given for pressure, oil current, and amount of oil which flows through a cross section of the 
cable for an arbitrarily prescribed oil expansion per unit length. These formulas are applied 
to the following oil expansion functions: So-l, d/dt(No- 1), and which repre¬ 

sent the oil expansion or terms occurring in the series giving the oil expansion in some important 
cases. Generalized functions are plotted for the pressure at the midpoint, the oil current at 
the endpoints, and the amount, of oil which passes the endpoints for the above mentioned oil 
expansion functions. Using these generalized functions, the calculation of pressure and oil 
flow, with the simplifying assumptions made here, is reduced to elementary operations. Nu¬ 
merical examples illustrate the use of the given formulas and curves. 


LIST OF SYMBOLS 


a 

cm 2 

Area of oil canal. 

A 

cm 2 

Oil volume per unit length. 

c 

kg -1 cm 4 

Capacitance per unit length. 

Ci 

kg~ l cm 4 

Capacitance per unit length 
corresponding to the elasticity 
of sheath and pressure armor. 


kg -1 cm 4 

Capacitance per unit length 
corresponding to the com¬ 
pressibility of oil. 

C 

kg -1 cm 5 

Capacitance of the entire 
cable. 

d 

cm 

Diameter of oil canal in 
single-core cable. 

D 

cm 

Diameter of cable under 
sheath. 

E 

kg cm' 2 

Modulus of elasticity for the 
sheath material. 

f 

cm 

Perimeter of the conductors 
in which short-circuit current 
flows. 

F(x) 

1 

Function defined in (54). 

/(*, 0 

cm 3 see. -1 

Current of oil. 

k 

kg -1 cm 2 

Specific compressibility of oil. 

K 0 

cm 2 sec. - * 

Constant factor in an expres¬ 
sion for the oil expansion. 

l 

cm 

Arbitrarily defined length in 
cable cross section. 

L 

cm 

Length of cable. 

M(x, t) 

cm* 

Amount of oil which flows 
• through a cross section of the 
cable. 

No 

cm 2 

Instantaneous oil expansion 
per unit length. 

P 

°C cm W~ l 

Specific thermal resistance for 


insulation. 



cm -1 W 

Effect transferred from con¬ 
ductors to insulation per unit 
length. 

<1 

°C -1 cm -3 W sec. 

Specific heat of insulation. 

r 

kg cm 8 sec. 

Hydraulic resistance in cable 
per unit length. 

R 

kg cm 8 sec. 

Hydraulic resistance of entire 
cable. 

S(t) 

cm 2 sec. -1 

Oil expansion per unit time 
per unit length. 

So 

cm 2 sec. -1 

Constant factor in expression 
for oil expansion. 

t 

sec. 

Time. 

T 

sec. 

Time constant occurring in 
the expression for oil expan¬ 
sion. 

V(x, t) 

kg cm' 2 

Pressure. 

0 

°C 1 

Volumetric expansion coeffi¬ 
cient of oil. 

P 

°C~ l 

Volumetric expansion coeffi¬ 
cient of insulation. 

y 

g cm -3 

Density of oil. 

8 

cm 

Sheath thickness. 

d(x, t) 

°C 

Temperature in insulation. 

do 

°C 

Temperature of conductors 
after short circuit. 

V 

centistokes 

Viscosity of oil. 


PRESSURE AND FLOW QUALITATIVELY 
REGARDED 

I N the calculation of oil-filled cable systems it 
is important to have a method for computing 
the variations of the pressure for a certain system 
under the most severe load variations to which 
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it can be subjected in service. These commonly 
consist of (1) switching off the load and (2) short 
circuiting. In the first case the oil in the cable is 
cooled and consequently the pressure decreases 
below the normal value until an amount of oil 
equaling the contraction of the oil has flowed 
into the cable. In consequence of the diminished 
pressure the electrical strength of the cable may 
decrease so much that breakdown occurs. On the 
other hand, in the case of a short circuit the oil 
expands rapidly because of the rise in tempera¬ 
ture, and the pressure in the cable will for some 
time increase and later decrease as the surplus 
of the oil flows towards the oil reservoirs of the 
system. In the case of a short circuit the pressure 
in the cable may increase so much that there is 
a risk of the sheath and the pressure armor being 
destroyed. 

All calculations of the pressure must be based 
upon the variations of the temperature in the 
cable with the given load variations. Several 
methods of computing the variations of the tem¬ 
perature and the oil expansion at load variations 
in cables placed under different circumstances 
have been described in the literature. Some'*of 
these methods will be mentioned later. 

When the oil expansion has been calculated, 
the variations of the pressure arid the oil flow 
will be investigated. The dependence of the tem¬ 
perature on load variations has been treated 
thoroughly in the literature. That is not the case 
with the pressure and the oil flow. 

In many cases the increase or decrease in 
pressure for the greatest expansion of oil per unit 
time at load variations has been calculated under 
the assumption of stationary oil flow in the cable. 
For oil cable systems with different types of oil 
reservoirs, Emanueli 1 has developed a theory for 
the calculation of pressure and oil flow, in which 
the pressure drop along the cable is calculated 
as if the oil flow were stationary. Shanklin and 
Buller 2 make the same assumption in their cal¬ 
culations of the pressure drop. 

H. Spanne, chief engineer at Sicverts Kabcl- 
verk, ^Mndbyberg, Sweden, however, demon¬ 
strated about ten years ago in a factory bulletin, 
that the elasticity of the sheath and of the 

1 L. Emanueli, Trans. A.l.E.E. 47, 186 (1928). 

* G. B. Shanklin and F. H. Buller, Trans. A.l.E.E. 50, 
1411 (1931). 
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pressure armor, if any, and the compressibility 
of the oil in an oil-filled cable greatly limit the 
pressure variations occurring at load changes. 
Spanne has also made an estimate of the pressure 
variations. 

In the present article a method has been 
developed for calculating the variations of 
pressure and the oil flow in an oil-filled cable with 
reservoirs at both ends, for an oil expansion given 
as a function of the time, with due regard to the 
flow resistance in the cable as well as to the 
elasticity of the sheath and the pressure armor, 
if any, and to the compressibility of the oil. Only 
those cases in which the expansion of oil per unit 
time and per unit length is the same at every 
point of the cable have been treated here. 

SIMPLIFYING ASSUMPTIONS 

The following assumptions are the most im¬ 
portant of those made in this paper: 

1. All deformations in the cable are purely elastic. 

2. No force is needed to accelerate the oil in the canals. 

3. The viscosity of the oil in the oil canals is constant. 

4. The pressure in the oil reservoirs is constant. 

Assumptions 1 and 2 are approximately satis¬ 
fied in most practical oil-filled cables. As the 
viscosity of the oil varies much with the tem¬ 
perature, 3, however, is not well satisfied. The 
difficulties involved in solving the problem are, 
however, greatly increased if assumption 3 is not 
made. Assumption 4 is well satisfied for cable 
systems with oil reservoirs consisting of oil tanks 
with atmospheric pressure at the surface of the 
oil. However, assumption 4 is often rather well 
satisfied in other types of oil reservoirs, too, as 
the oil expansion in the cable for a load variation 
often is small compared with the oil expansion 
corresponding to the total temperature vari¬ 
ation for which the system has been constructed. 
(The total temperature includes, for instance,- the 
seasonal change of temperature.) This statement 
applies especially in the case of a short circuit in 
which the temperature of the conductors may 
certainly be rather high, but in which the total 
developed heat energy, and consequently also 
the oil expansion, often are small. 

An article is being prepared, in which assump¬ 
tion 4 is not made, due regard on the contrary 
being given to the characteristics of different oil 
reservoirs. 
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Fig. 1 . Single core oil-filled cable, 77/V3&F, 1 X95 nun.* 


MATHEMATICAL FORMULATION 

The mathematical expressions for the flow in 
an oil-filled cable depend on how the flowing 
medium is defined. This, for example, can be 
defined as the mass of the oil, or as the volume of 
the oil. Here we shall base the calculations on a 
third and more convenient definition, defining 
the flowing medium as the volume of the oil 
reduced to constant pressure. 

The amount of medium per unit length at a 
certain point of the cable will then increase pro¬ 
portionally to the pressure because of the elas¬ 
ticity of the sheath and of the' pressure armor, if 
any, as well as of the compressibility of the oil. 
We define the capacitance per unit length, r, as 
the ratio of the increase in amount of medium 
per unit length to the increase of pressure. The 
capacitance c is then compost'd of two parts, one 
part Ci, arising from the elasticity of the sheath 
and the pressure armor, and another part C 2 , 
arising from the compressibility of the oil. 

When no pressure armor is present, the 
capacitance c t for a cable with a sheath of thick¬ 
ness 8, diameter D y and modulus of elasticity E is 


7rP 3 
4 8E 


(1) 


It is a trivial matter to develop the corre¬ 
sponding formula for cables with a pressure 
armor. 


Ci is calculated from the compressibility of the 
oil, k , and the amount of oil per unit length, A. 

c 2 -kA. ( 2 ) 

c is thus 

r = ri+C 2 . (3) 

The current of the medium is defined as the 
amount of oil which passes a section of the cable 
per unit time. The resistance per unit length is 
defined as the ratio of the pressure drop per unit 
length to the current. 

The flow at the moderate currents in question 
will be laminar, and r can consequently be 
expressed as follows , 3 


r = B- (4) 

/ 4 

where 7 is the density, v the kinematic viscosity 
of the oil, l a length which increases proportional 
to the linear dimensions of the section of the oil 
canal, and B a constant which merely depends 
on the shape of the oil canal and the way in 
which l has been defined. If l stands for the inner 
diameter of oil canals with a circular section one 
gets 

128 

B = -10 ~ 7 = 4.15 • 10~ 7 . 

9.81 -7T 

For a cable with a length L the total capaci¬ 
tance is C = Lc and the total resistance R = Lr. 
The time constant RC for the oil flow in the cable 
is a measure of the rate at which disturbances in 
the state of equilibrium of the cable are smoothed. 
In order to give an idea of the order of magnitude 
of the time constant it has been computed below 
in a practical case for two different tempera¬ 
tures. 


Example 1 

The time constant at the temperatures 20°C 
and 40°C shall be calculated for an oil-filled 
cable 77v3jfeT, 1X95 mm 2 , without pressure 
armor and with the principal dimensions as 
shown in Fig. 1. 

D = 3.3 cm, 

d — 0.6 cm, 

3 Ilandbuch der Physik (1927), Vol. 7, p. 103. 
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5 = 0.2 cm, 

A =3.3 cm 2 , 

L= 10 6 cm, 

£=1.7- 10 * kg cm“ 2 , 

fe = 8 * 10' 6 kg cm 2 , 

1 44.8 centipoise for 20 °C 
yv = | 

116.4 centipoise for 40°C, 
t-3 3 3 

Ci =- : -= 8.3-10 ~ 4 kg " 1 cm 4 , 

40.2 1.7 • 10 * 

. C2 = 8 • 10~ 5 • 3.3 = 2.6• 10 - 4 kg - 1 cm 4 , 
c= 1.09* 10 ~ 3 kg ” 1 cm 4 , 

128 yv 

r = - 10 — 7 -= 3.210^7*' 

9.81 0.6 4 

1.43* 10“ 4 kg cnr 6 sec. for 20°C 

5.3*10 ~ 6 kg cnr 6 sec. for 40°C, 

"(1.43* 10~ 4 ) • (1.09* 10~ 8 ) • 10 10 

= 1560 sec. for 20 °C, 

RC = rcU = { . + 

(5.3 • 10~ 8 ) • (1.09-10“ 3 ) • 10 10 

, =580 sec. for 40°C. 

This example shows that the time constant for 
the oil flow is not negligible compared to the 
intervals of time commonly necessary for 
smoothing the temperature in a cable under load 
variations. This means that the elasticity of the 
sheath and the compressibility of the oil will 
limit the pressure variations in the cable with 
changes in load. 

The differential equations and the boundary 
conditions for the oil flow will now be given. 
Because we have assumed that the cable has 
constant parameters, without making the treat¬ 
ment of the problem less general we can suppose 
that the static pressure in the cable and conse¬ 
quently also the pressure at the endpoints of the 
cable are zero at any moment. Over the dynamic 
pressure distribution, calculated according to 
this as^imption, we can thus superimpose the 
static pressure distribution in the cable. In this 
paper only the dynamic pressure distribution is 
considered. For a given oil expansion per unit 
length of the cable per unit time, S(t), we shall 



Fig. 2. Coordinate system along a cable section terminated 
with oil reservoirs. 

calculate as functions of time and position the 
pressure V, the current /, and the amount of oil 
which flows through a cross section of the cable, 
M. 

A coordinate axis is placed along the cable 
with the origin at the midpoint (see Fig. 2 ). V and 
/ then satisfy the following partial differential 
equations. 


dV ld 2 V 

c —=~ -f-S, (5) 

dt ' r dx 2 

1 dV 

I =-, ( 6 ) 

r dx 

I -L/2 

F =0 for x=\ 0 </<oo, (7) 

I L/2 

F=0 for l<0, -L/2<x<L/2. ( 8 ) 


Equations formally identical with the equa¬ 
tions given above are obtained for several 
problems within other domains of physics. 
.Suppose we have a metallic wire, isolated against 
heat, the length being L, with the heat conduc¬ 
tion resistance per unit length r, the heat capaci¬ 
tance per unit length c, and with the endpoints 
at the temperature zero. If an electrical current 
producing the effect per unit length S(t) is 
flowing in the wire, the temperature V and the 
heat current I satisfy Eqs. (5)-(8). 

There also exists an electrical analogy to the 
problem in question. If current sources of the 
strength per unit length S(t) are supposed 
homogeneously distributed along a telegraph 
cable of length L, without inductance and leakage 
but with resistance per unit length r, capacitance 
per unit length c (Thomson cable), and with the 
ends short-circuited, the potential V and the 
current I will satisfy Eqs. (5)-(8). 

In the oil-flow problem the mass of the oil 
corresponds to the inductance of the cable in 
the electrical analogy. The mass of the oil has 
no corresponding meaning in the problem of heat 
conduction. 
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It is convenient to solve first the problem given 
by Eqs. (5>-(8) for 5(/)=5 0 * 1, where 5 0 is a 
constant. 

PRESSURE AND FLOW WITH CONSTANT OIL 
EXPANSION So l 

The thermal analogy to tfiis problem has been 
treated by Straneo, 4 Schaufelberger, 6 and Wein- 
reich 6 for use in measuring the electrical and 
thermal constants of metallic wires. The authors 
mentioned above solve the problem by use of 
eigenfunctions following classical methods. 

The problem, however, is very conveniently 
solved by Heaviside’s operational calculus. The 
appropriate method has been described e.g., by 
Dahr 7 in his treatment of the telegraphist’s 
equation for transmission lines in which electro¬ 
motive forces are induced. (See also Jeffrey’s 
treatment of related problems. 8 ) For convenient 
reference the application of the method on the 
present problem is briefly outlined below. 

Introducing the operators 

£,V{x,l)=v(x, p), (9) 

£ I(x,t)=i(x,p), (10) 


Eqs. (5)-(8) are transformed into the following 
equations: 


1 dh 


Cpv =-KSo, 

(id 

r dx 2 

1 dv 



(12) 


r dx 


—L/2 


n = 0 for x~ 

(13) 

L/2. 



First the more simple problem of a point 
source 1 acting at the point x = £ is solved. For 
the pressure and the current in this problem the 
differential equations that are obtained from 
(11) and (12) by setting So — Q are valid, while 
to the boundary condition (13) are added the 
conditions 

K£-o)=K£+o), (14) 

i({-0) + l«i({+0). (15) 

As the solution of this problem one gets the 
following expression for the pressure, which in 
this special case will be called w(x, £), 


einh ( - ^+j) (*>KC)» sinh ipRQ • 


w(x t £) = ' 


(pRC)* sinh(/>j?C)* 

sinh^-+-~*^ ( pRC )* sinh ^ (p/?C)* 


- = w i(x, £) for- <x<( 

2 


(pRC)* sinh^KC)* 


-~Wz(x, £) for £<*<“-. 

2 


The expression for v, in the case of a constant, homogenously distributed source, is now obtained 
by integration of Sow over the entire length of the cable 

v(x, p)=S 0 f iv(x, £)d{ = S<I f w*(x, £)<*£+ f Wi(x, ?)(/$] 

•'—L/2 L*' —L/2 •'* J 


pRC sinh (/>2?C)* 


. (17) 


4 P. Straneo, Roma. Rend. Acc. del Lincei (Ser. 5) 7, 206 (1898). 

1 W. Schaufelberger, Ann. d. Physik 7, 589 (1902). 

• W. Weinreich, Zs. Math. (Leipzig) 63, 1 (1914). 

7 K. Dahr A Course of Integrational and Operational Calculus (V. Pettersons Bokindustriaktiebolag, Stockholm, 
1935), p. 44. 

8 H. Jeffreys “Operational Methods in Mathematical Physics,” Cambridge Tracts in Math. .and Math. Ph. 23, 
49 (1931). 
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Fig. 3. Generalized functions used in the calculation of the pressure at the midpoint of a cable section with a time constant 

for the oil flow RC, 


Vi'(t/RC) applies in the rase of an oil expansion .9(0 *»1 •!. 

Vt'(t/RC) applies in the case of an oil expansion .9(0 -(d/dt)( 1 ■!). 
V»'(t/RC) applies in the case of an oil expansion .9(0 ^ e ~ at, ' tc -1. 
Vi'U/RC ) applies in the case of an oil expansion .9(0 ”1/(0* *1. 


The time function for operators of this type 
can be $>tained either by expanding the operator 
in an infinite series of terms containing exponen¬ 
tial functions and transforming this series, term 
by term, or by applying Heaviside’s expansion 
theorem. The first method corresponds to 
expressing the solution in reflected waves as 


demonstrated e.g., by Wagner, 9 whereas by the 
last method the solution is expressed in eigen¬ 
functions. Here we shall use the last method. 

According to Heaviside’s expansion theorem 
the time function Hit) that corresponds to an 

• K. W. Wagner, Operatorenrechnung (Johann Am¬ 
broses Barth Verlag, Leipzig, 1940), p. 196. 
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operator f(p)/g(p), where f(p) and g{p) are 
functions of p, which satisfy certain conditions, 
and where g(p) =0 has the simple roots p n , 
n- 1, 2, 3, • • •, is 

TT ., f(P) /(0) np n )e<'"‘ 

II(t) = £-' -=-+ E- . (18) 

g(P) g(0) Png'(pn) 

If we write the operator v (17) as follows 
f(P) 


v=- 


where 

f{p)=S*rU 


g(P) 


—-—fsinh (pRC)i 
(pRC)i 

-sinh^+^(/>/?C)‘ 


g(p) = (pRC)'smh(pRC)\ 


g(p) = (pRC)*sinh(pRC)*=0, 
different from zero arc 

(p n RC)*= dzjnw, n = 1,2,3, 
or 

n £ T £ 

pn= -, w=l, 2, 3, • • •. 

RC 

The time function V= £~*v is then 

r£)‘ 

4 * ( — 1)" x 

-E-cos—(2«+1 )t 

IT 3 n-0 (2»+l) 3 L 


(24) 


Xexpl 


r (2»+!)vni 

L RC 1 


expressed in the following way 

4 «> (—1)" x 

V(x,t)=S<jrL i — E-cos—(2»+l)ir 

t 3 »-o (2«+l) s L 

(2«+l) 3 ir 2 n 


X 




( 26 ) 


(19) 


For x = 0 this leads to 

4 * (— l) n 

F( 0 , 0=5or/. 2 -E- 


+sinh(—V~^ (/>/?£)'I, ( 20 ) 


tt 3 »-o (2m+1) 3 

I r (2»+l)Vni 

x{l-«p[-5c—Jl- < 27 > 

[F(0, — Vi has been plotted as a 

function of t/RC in Fig. 3. 

1 is calculated from (6) and (26) 

4 * ( — l) n x 

I(x, t) — S 0 L — £ -sin - -(2n+l)*r 


( 21 ) 


v ss f(p)/g(p) satisfies the conditions for the use 
of the formula (18). The roots of the equation 


7 r‘ ? «=*> (2n + l) 2 L 

(2*+l)V/]| 
RC JI 


-expj^-- 


• (28) 


(22) For ,r= ±L/2 this leads to 

(23) 


(L \ 4 oo 1 

±—, t ) = ±sj.— E- 

• 2 / IT 2 n-n (2» + 

x |,_ cxp [_L__jj. <»> 


(2»+l) 2 

( 2 »+i)vni 


(25) 


[/(±(L/2), /)/±.S'uL] = 11 has been plotted as 
a function of t/RC in Fig. 4. 

The amount of oil which flows through a cross 
section of the cable, M, is calculated by inte¬ 
grating the expression for I, given above. 

M(x, <)= f /(.v, X)d\ = 5 0 rc/v 3 | — ~ 

1 L RC 

4 * (~1)» x 

-E— — s *n—(2»+l)ir 

ir 4 »-o (2«+1) 4 L 


h'or /=0 the term containing the sign of sum¬ 
mation expresses the Fourier series of & — h(x/L) 2 
in the interval -L/2<x<L/2. V can thus be 


X 


r r (2»+i)V 2 rm 

v^'{ —^-]JI <30) 
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Fig. 4. Generalized functions used in the calculation of the oil current at the endpoints of a cable section with a time 

constant for the oil flow RC . 

Ji'(t/RC) applies in the case of an oil expansion S(/) »1 *1. 

It'it/RC) applies in the case of an oil expansion S(i) — (d/dt)tt *1). 

1%’(1/RC) applies in the case of an oil expansion S(Z) *1. 

U'(t/RC) applies in the case of an oil expansion S(/) »* 1 /«)* *1. 
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Fig. 5. Generalized functions used in the calculation of the amount of oil which passes the endpoints of a cable section 

with a time constant for the oil flow RC . 

Mi'it/RC) applies in the case of an oil expansion 5(/) »1 *1. 

Mi it/RC) applies in the case of an oil expansion 5(0 » (d/dtHl -l). 

Mi (t/RC) applies in the case of an oil expansion 5(0 *=<r *1. 

Mi'il/RC) applies in the case of an oil expansion 5(0 « 1/(0* *1. 


For x—doL/2 this leads to 


< 40 - 


±S<rcV 


t 4 » 1 

- £- 

IRC (2ra+l) 4 

■ (2»+l)Vnu 


[Jlf(dh(L/2), t)/±S<?cD~\ = Mi has been plotted 
as a function of t/RC in Fig. 5. 


In consequence of the linearity of the partial 
differential equations for the flow, the pressure, 
current and amount of oil which flows through 
a cross section of the cable for an arbitrary oil 
expansion S(t) • 1 can he calculated from the cor¬ 
responding solutions, given above, valid for an 
oil expansion of the form So-1. The linearity 
of the differential equations . also causes the 
action (the pressure, the current, or the amount 
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of oil) of an oil expansion given as a sum of time 
functions, to be obtained as the sum of the 
actions of the individual terms of which the oil 
expansion consists. 

First it is necessary to mention some methods 
described in the literature for calculating the oil 
expansion in oil-filled cables for different types 
of load variations. Then the pressure, current, 
and amount of oil which flows through a cross 
section of the cable will be calculated for some 
important time functions of the oil expansion. 

OIL EXPANSION FOR DIFFERENT TYPES OF * 
LOAD VARIATIONS 

t 

During the last fifty years a great many papers 
dealing with temperature variations in cables 
subjected to load variations have been published. 
For the purpose of calculating the oil expansion 
in cables subjected to ordinary load varia¬ 
tions the methods suggested by Shanklin and 
Buller 10 and Miller and Wollaston 11 seem to 
be very useful. Using either of these methods 
the oil expansion is obtained as a sum of ex¬ 
ponential terms Soe~ tlT l. From what Ijas 
previously been mentioned, pressure, current, 
and amount of oil which flows through a cross 
section of the cable are calculate^ by summing 
the quantities corresponding to the individual 
exponential terms. In a later part of this paper, 
therefore, the pressure, current, and amount of 
oil for an oil expansion Soe~ tlT -l will be cal¬ 
culated. 

The above mentioned methods for calculating 
the variations of temperature and oil expansion 
in oil-filled cables at load variations are rather 
inconvenient when the load variation in question 
is a short circuit. The temperature function in 
the case of short circuit is better computed on 
the basis of other simplifying assumptions, as the 
interesting part of the temperature variation in 
the case of a short circuit occurs in a relatively 
thin layer of the insulation near the conductor, 
in which the short-circuit current is flowing. 
Herlitz 12 has worked out a theory for temperature 
during 4nd after a short circuit in conductors in 

10 G. B. Shanklin and F. H. Buller, Gen. Elec. Rev. 34, 
523 (1931). 

11 K. W. Miller and F. O. Wollaston, Trans. A.I.E.E. 
52 98 (1933). 

1. Herlitz, Teknisk Tidskrift, Elektroteknik 71, 204 
(1941). 


contact with paper-oil insulation, whereby con¬ 
sideration has been given to the heat capacitance 
of the conductors and to the temperature coef¬ 
ficient of the conductor resistance. The oil- 
expansion computed on the basis of this theory 
is expressed by a function involving exponential 
functions and error integrals. 

For use in the present paper we shall develop 
a very approximate and very simple expression 
for the oil expansion in an oil-filled cable in the 
case of short circuit in conductors in contact 
with paper-oil insulation. We hereby make the 
simplifying assumptions (1) that the conductors, 
in which the short-circuit current flows, have a 
plane surface, (2) that the insulation can be 
regarded as semi-infinite, (3) that the short 
circuit is instantaneous, and (4) that the tem¬ 
perature in the conductors remains constant 
after the short circuit has occurred. The surface 
pf the conductors per unit length of the cable is 
called /, the specific heat-conduction resistance 
of the insulation, p , the specific heat of the 
insulation with respect to a unit volume, q , and 
the temperature, which the conductors attain at 
the short circuit, t? 0 . If x denotes the distance 
from the surface of a conductor to a point of 
the insulation, the temperature field # in the 
insulation is expressed by 

1|-1. (32) 


The heat effect per unit length of the cable, JP, 
transferred from the conductors to the insulation 
is then 





(33) 


If we denote the effective volumetric expansion 
coefficient of the insulation by 0', the oil ex¬ 
pansion per unit time per unit length of the 
cable, S, is 


where 


5(0 = 


K o 


mo 

q ( 0 * 

1 pf# 0 


(34) 

(35) 


13 H. S. Carslaw, Introduction to the Mathematical Theory 
of the Conduction of Heat in Solids (Dover Publications, 
New York, 1945), second ed., p. 35. 
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Pressure, current, and amount of oil which 
flows through a cross section of the cable for an 
oil expansion according to the very approximate 
method of computation set forth here will be 
calculated in a following paragraph. The pressure 
so obtained will be larger than the actual pres¬ 
sure, especially in cables with small conductor 
areas, since the temperature of the conductor 
actually decreases after the short circuit instead 
of being constant as here supposed. 

In a future paper, the pressure, current and 
amount of oil for the case of a short-circuit 
current flowing in conductors in contact with 
paper-oil insulation will be worked out for an 
oil expansion calculated by a more exact method 
of computation resembling that given by Herlitz. 

The expansion of oil in canals, if any, in the 
conductors is difficult to calculate, since the 
heat transfer from the conductors to the oil in 
the canals takes place both by conduction and 
by convection. One is safe in assuming that the 
oil in a canal of any conductor has at any 
moment the same temperature as the con¬ 
ductor. In the case of an instantaneous short 


circuit the oil in a conductor canal will then be 
subjected to a sudden temperature rise resulting 
in a sudden expansion of the oil. If, as above, tfo 
denotes the temperature rise of the conductors 
because of an instantaneous short circuit, and if 
a denotes the volume of the conductor canal per 
unit length, and /3 the volumetric expansion coef¬ 
ficient of the oil, the oil expansion per unit length 
per unit time, 5, for the oil in the conductor canal 
in question is, using the terminology of the 
operational calculus, expressed as follows 


S(t) =—(iW I), 
(it 

where 

Nq = afl oft* 


(36) 

(37) 


Pressure, current, and amount of oil will be 
computed for an expansion of oil of this kind in 
the following paragraph. The quantities so ob¬ 
tained turn out to be more convenient for cal¬ 
culating pressure, current, and amount of oil for 
an arbitrary expansion of oil than the expressions 
obtained above for an oil expansion So* 1. 


PRESSURE AND FLOW FOR AN INSTANTANEOUS OIL EXPANSION (d/dt )K N 0 -1) 

Pressure, current, and amount of oil are calculated by the expressions earlier obtained for an oil 
expansion Sq-1 by differentiating these with respect to time, and writing No instead of So. In this 
way one obtains 


N 0 4 « (-1)” x 

V(x, t) =-L-cos -(2n+l) 

c tt »»•*<) 2^+1 L 


ir exp — 


(2fl+i)V 2 r| 
RC I 


For # = 0 this leads to 


jVo 4 * (-1)" 

no ,<)= -E-—- 

c ir *-« 2 n+ 


i» f (2n+l)Vr 

1 L RC J 


No « x 

I(x, /)=—4£ (-1)“ sin—(2 w+1)7 
rcL »~o L 


[cF(0, /)/iVo]= Vi has been plotted as a function of t/RC in Fig. 3. 

)ir exp£ 

For x = ztL/2 this leads to 

/ L \ No * r (2»+l)V/| 
V 2 / rcL »“0 L RC J 


(2»+l)VZ] 

RC J’ 


RC 


(38) 


(39) 


(40) 


(41) 
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[rcLI(±(L/ 2), O/iJVo]®/*' has been plotted as a function of t/RC in Fig. 4. 
ix 4 « (-1)" * r (2n+l)Vni 


ix 4 • (-1)" * r (2n+l) 2 » 

M(x, t)=NoL\ -£-sin—(2»+l)xexp- 

I L x 2 »-o(2»+l) 2 L L RC 

4 « (-1)" * | r 

— NoL — £-sin—(2« + l)r| 1—exp ■ 

x 2 »-o (2« + l) 2 L I L 


X 2 »-o (2 m+1) 2 L 
,For x — dtL/2 this leads to 


(2»+l) 2 x 2 r 

RC . 


m(±-, t) = ±NoL-T. -11 — expl --——-I}. (43) 

V 2 / x 2 -o(2m+1) 2 I L RC Jl 

[)lf(±(L/2), O/dtNoL^ — Mt has been plotted as a function of t/RC in Fig. 5. 

PRESSURE AND* FLOW FOR AN ARBITRARY OIL EXPANSION S(t) ■ 1 

If any action (pressure, current, or amount of oil) of an oil expansion (d/d/)(l ■ 1) is A it), then 
because of the linearity of the partial differential equations, valid for the oil flow, the action G{t) 
of an oil expansion S(t) is expressed by Duhamel’s integral 


1-11 —expT—^-—-— 

+ 1) 2 I L RC Jl 


G(t)= f S(\)A(l—\)d\. 

J n 


Using this equation in connection with the above obtained expressions for pressure, current, and 
amount of oil for an oil expansion (d/dt)(N- 1), (38), (40), and (42), one obtains 

14* (—l) n * r (2n+l) 2 x 2 /l r‘ r(2M+l)VVl 

F(x, t)= —£- cos —(2«+l)x expl-1 I S(\) expl-dX, (45) 

c t »-o 2»+l L L RC J^o L RC J 

1 * X f (2w + l) 2 x 2 n r‘ r(2« + l) 2 x 2 A"l 

I(x,t)= -4 £ (— l) n sin—(2» + l)xexp- If S{\) expl-dX, (46) 

rcL »■*<• jL L RC jJ o L RC J 

4 * ( —1) M x 

M(x, t) —L — J]-sin—(2w+l)x 

X 2 n-o(2»+l) 2 L 


x|J* 5(X)dX —expj^-r 


(2»+l) 2 * 2 r 

RC . 


■S(A) exp 


(2»+l)V 2 X- 
RC . 


dX . (47) 


PRESSURE AND FLOW FOR AN EXPONENTIALLY DECREASING OIL EXPANSION S a e- , ' T l 

Pressure, current, and amount of oil for the oil expansion Sae~ ,IT -l is calculated by substituting 
S(/)*=Soe-" T in Eqs. (45), (46), and (47). 


4 » ( — 1)" x 

V{x, t) = SarL 2 — £-cos-(2« + l)x 

x «H> (2n+l)((2n+l) 2 ir 2 — (RC/T)) L 




(2m+1) 2 x 2 /1 


For x=0 this leads to 


4 * (—l) n 

F(0, t) = S 0 rL 2 - £- 

x»-« (2»+l)((2»+l) 2 x 2 -(tfC/r)) 


K-rs-M- 


(2»+i) 2 x*r 

RC . 
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[7(0, 0/*SorL J ]= 7,' has been plotted in Fig. 3 as a function of t/RC for a = RC/T**0.02, 0.05, 
0.1. 0.2, 0.5, 1, 2, 5, 10, 20, 50, and 100. 


00 (— l) rt 

I(x, t) =5 0 L4 L-1- sin - 

n-o (2»+l) W-(RC/T) , 

For x = ±L/2 this leads to 

/ L \ « 1 


< 40 - 


±S<£4 Z —- 

»-o (2«+l) V-(RC/T) 


/ 

RC 

1 \ 

I 

j ex p( 

T 

RC) 

-exp 

1 / 

• RC 

t \ 

f 

expf 

. T 

RC/ 

l-expl 


(2n+l)W 

i?C 

(2»+l)W 
RC . 


[/(±(L/2), OAtSoL] — It has been plotted in Fig. 4 as a function of t/RC for the same values 
of a — RC/T as given above. 

M(x, t) = StrcL* (- T -\ 1 - cxp( - — --Y1 - - £__ 

\LR(X \ T RC/ J jr 2 n-o (2»+l)»((2«+l)V-(KC/r)) 


Xsin—(2»+ l)ir|Yxp^ —— —~ exp [ ~ 


(2«+l) J ir 2 <l 


For x= ±L/2 this leads to 

/ l \ ( r r 


A/( d=“, A = ±5 0 rcL , j- 7 —f 1 — exp/ — £ -- 

' 2 / i2/?Cl \ 2' 2?C/J jr 2 *-o (2»+l) 2 ((2w+l 


-o (2»+l) 2 ((2w+l) 2 T 2 -(«C/r)) 




(2nd 1 )Vtf 


/)/dz^orcL 3 ] — Ala has been plotted in hig. 5 as a function of t/RC for the same values 
of a = RC/T as given earlier. 

A practical example will demonstrate the use of the curves. 


Example 2 

For a certain cable the oil expansion per unit 
length per unit time for a sudden switching on 
the load is 

5(/) = s 5 1 [e-(^ 40 oo) — 0.6e -(</400) — 0.2e _a/100) ] 

where Si is a constant. It is desired to calculate 
the variation of pressure at the midpoint of the 
cable, partly for switching on the load at the time 
/ = 0, after which the load remains switched on 
an infinite time, partly for switching on the load 
at the time / = 0 and switching off the load at the 
time / = 200 sec. The computation of the pressure 
will be carried out for a time constant of the 
cable RC~ 0, 1000, and 4000 sec. 

For jRC-0 the pressure V in switching on the 


load is 

(F(/))«c-o = J5irL 2 [6-('/ 4 ^» 

— 0.6c"" ( ‘ /400) — 0.2c"* ( * /l00) J. 
C(F(0)«c-.o/j5irL 2 ] has been plotted in Fig. 6. 

For the case where the load is switched off 
after 200 sec., the pressure W is 

(F(/))£c- o for /< 200 sec. 

(JF(0)*c-o = 4 ( V{t)) RC - o - ( F(/- 200))* C -o 

for/>200 sec. 

C(TF(/))^c-o/J5irL 2 ] has been plotted in Fig. 7. 
For 2?C=1000 sec. one obtains for the ex- 
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ponential terms in the expression for 5 


For RC =4000 sec. one obtains in a similar way 


RC 1000 

—=-=0.25, 

r, 4000 

RC 1000 

--=2.5, 

Ti 400 

RC 1000 

-=-= 10 . 

T 3 100 


( F4000 HIT. = S]rL 2 


\H—)) 

LV \4000// o _ 1 

-°- 2 ( ,v (ss))J- 


The pressure V in switching on the load is, 
accordingly, 

i 

(F(0)*c-iooo .oc = Strd ( vA -) ) 

LV Viooo// a „o.25 

-“His;)L. 

“ 02 ( lv (i)).J 


The functions PV are taken from Fig. ^3. 
[(T(O)ftc-iooo B ec./J^irL 2 ] has been plotted in 
Fig. 6. 

The pressure W for the load remaining 
switched on 200 see. is calculated in the same 
way as in the case RC = 0 treated above. 

■*1000 Mftc. /J5irZ. 2 ] has been plotted in 

Fig. 7. 



Fig. 6. Relative pressure at the midpoint of a cable in 
switching on a load giving an oil expansion S(t) *=5i(Y“* /4000 
—0.fc“ , '*°°—0.2«~ </,w ] for different time constants of the 
oil flow. 


[O 7 ’(0)*c«4ooo has been plotted in 

Fig. 6 and l(W(t)) JiC =>4000 six*.. /* SirL*l in Fig. 7. 

Figure 6 shows that in the present case the 
variation in the computed pressure, resulting 
from taking into account the elasticity and the 
compressibility of the cable, is but little even 
with a time constant for the oil How so large as 
4000 sec. If all the terms in the expression for S 
had the same sign, the variation in the calculated 
maximum pressure, however, would have been 
considerable, with the time constants for the oil 
flow occurring in the present case. Mostly, 
however, 5 is composed of exponential terms with 
different signs in such a way that S at the time 
/ = 0 assumes a small value, thereafter increases 
to a maximum, and then decreases to zero in 
resemblance to the case occurring in the exam¬ 
ple. With the values of the time constant for the 
oil flow, and the time constant in the first ex¬ 
ponential term in the expression for the oil 
expansion occurring in practical cases, the 
maximum pressure in switching on a constant 
load calculated for RC — 0 seldom diverges any 



Fig. 7. Relative pressure at the midpoint of a cable in 
switching on for 200 sec. the same load as occurring in 
Fig. 6 for different time constants of the oil flow. 
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Kl<;. 8. F(x) *#* together with the approximations F(x) and F(x) = \/2x valid for small, respectively 

for large values of x. 


considerable amount from the pressure calcu¬ 
lated for the actual value of RC. 

This is not the case in the calculation of the 
maximum increase of pressure and the following 
maximum decrease of pressure occurring in 
switching on a constant load for a time interval 
that is small relative to the time constant for 
the oil flow in the cable. Figure 7 shows thus 
that the maximum pressure; for the load in 
question with RC— 1000 sec. conies to 76 percent, 
and with /?C=4000 sec. only 34 jiercent of the 
maximum pressure with RC — 0. 

The following decrease of pressure is reduced 
too by the elasticity and the compressibility of 
the cable. 

PRESSURE AND FLOW FOR THE OIL 
EXPANSION KolW-1 

Pressure, current, and amount of oil for the 
oil expansion is calculated by sub¬ 

stituting S{t)—Ko/{t)^ in Eqs. (45), (46), and 

(47). 

The results in the present paragraph arc most 
simply expressed by the function F(x)> defined 


in the following way: 

F(x)=e~*' f et'da. (54) 

*M) 

This function has been tabulated by Miller 
and Gordon. 14 F(x) has been plotted in Fig. 8 
for 0<x<5 together with the functions y = 2x 
and y — l/2x, which approximate the function 
F(x) for small respectively large values of the 
argument x. The advantage in using the func¬ 
tion F(x) instead of the function 



as used e.g., by Dawson, 15 is that F(x) is limited 
and more convenient for interpolation than f(x). H 
Pressure, current, and amount of oil can now 


14 W. L. Miller and A. R. Gordon, J. Phys. Chem. 35, 
2785 (1931). 

16 H. G. Dawson; Proc. bond. Math. Soc. 29, 519 
(1897-98). 
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be expressed in the following way: 

7(*,o»x»Q' 


rr\* 8 » (-1) 

L-Z 


TC 2 (2w-(~ l) 2 

(< 


Xcoe^-(2»+l)»*f (2»+l)T0y^. (55) 


For x = 0 this leads to 


IKML/ 2), D/iOCo/trc) 1 )]-// has been 
plotted as a function of t/RC in Fig. 4. 

/ \* 8 « (-1)» 


r x / / v 8 * 
M(*. t) = Jf 0 (rc)*L J 2—( — ) Z 
L L \RC / jt 9 »-o 


o(2»+l) 9 
t \‘> 


Xsin-^(2»+l)T^(2»+l)ir0^ ) . (59) 


0 1 8 «° 

L-X 


1 


*- 2 n-0 (2«+l) 2 


x < (2 " +1) ’(«c)') (56) ' 

[F(0, /)/iCo(r/c) i L]= F 4 ' has been plotted as 
a function of t/RC in Fig. 3. 

Ko 8 * ( 1) w 

/(*,/)»-L- 

(rc)* ir n-o 2«+l 

Xsin^(2»+l)x^(2»+l)r^yy (57) 


Ag/cm* 



Fir;. 10. Pressure F at the midpoint of the same cable 
and for the same short circuit current in this cable as in 
Fig. 9 for 40°C temperature of the oil in the oil canal. 
F= V«+ F 4 , where F 2 corresponds to the expansion of the 
oil in the canal, V\ to the expansion of the oil in the 
insulation. 


ApAcm* 



Fig. 9. Pressure F at the midpoint of a cable, occurring 
at a ahort circuit in the cable as specified in the text, for 
20°C temperature of the oil in the oil canal. F=*Fs4“F4, 
where Fj corresponds to the expansion of the oil in the 
canal, V 4 to the expansion of the oil in the insulation. 

For = dbL/2 this leads to 

/ L m\ K o 8 » 1 

It —t / ) = ±-J]- 

\ 2 / (re)* T n-0 2«+l 

xr((2„ + l).(^)‘). (58) 


For x = ±L/2 this leads to 

--Z-— -f((2»+1)t(—V) l. (60) 

7T 3 n^(2n+l) 8 V \RC) /] 

[Af(zt(L/2), 0/d=iCo(re)*L] = M* has been 
plotted as a function of t/RC in Fig. 5. 

The use of the formulas worked out in this 
paragraph is explained by the following example. 

Example 3 

It is desired to calculate the maximal pressure 
rise in the single-core cable described in Ex. 1 for 
a cable length of 1 km in the case of a short 
circuit of 1 sec. duration, during which the con¬ 
ductor and the oil in the conductor canal are 
heated 10°C. It is supposed that the heat effect 
of the secondary current in the sheath is neg¬ 
ligible. The pressure will be calculated for the 
temperature of the oil in the canal 20°C and 
40°C. 

Besides the data for the cable given in Ex. 1 
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the following data are needed: 

/> = 550°C cm W~ l , q — 2°C~' cm -3 W sec., 
0=O.OOO7°C~ 1 , /S'=0.0004°C-'. 

From the data given in Ex. 1 are further cal¬ 
culated 


/= jt- 1.3 =4.1 cm, 
a = (»/4)'0.6 2 —0.28 cm*. 


The increase in pressure at the midpoint of the 
cable Fj(0, t) caused by the expansion of the oil 
in the canal is according to (37) and (39) 

F 2 (0, t) = adofr-vA 

c \RC/ 

= 0.28 10- 0.0007--- vA— ) 

1.09 -10 3 \RC / 


where V% (t/RC) is taken from Fig. 3. 

The increase in pressure at the midpoint of the 
cable F 4 (0, /) caused by the heat transferred 
from the conductor to the insulation is according 
to (35) and (56) 


F 4 (0, 0 - 


(rpqc)' 



0.0004-4.1 • 10-10 (t/RC) 
(t-550-2-1.09-10- 3 )* 


|(1.43-10-")‘ 

1(5.3-10 -4 )* 


= 10.1 vA —at 20 °C 
\RC / 

= 6.2K 4 '(-^) at 40°C 

where Vi (t/RC) is taken from Fig. 3. 

Vi, V A , and F= Vt+ V t for 20°C temperature 
of the oil in the oil canal have been plotted in 
Fig. 9, and Vt, F«, and F= V t + V 4 for 40°C oil 
temperature in Fig. 10. 


From Fig. 9 and Fig. 10 is read the maximum 
pressure 

y _ 15.4 kg cm -2 for / = 95 sec. with 20°C 
}3.8 kg cm" 2 for / = 30 sec. with 40°C, 

In working out the theory for the oil expansion 
after a short circuit we made the simplifying 
assumption that the temperature of the con¬ 
ductors remained constant after the short circuit. 
It is interesting to make an estimate in the 
present case of how much the conductor tem¬ 
perature has decreased from the moment of 
short circuit to the moment of occurrence of 
maximum pressure. 

With the idealizing assumption mentioned 
above, namely, that the conductor temperature 
remains constant, the effect per unit length of 
the cable, P, transferred to the insulation was 
given in (33). The amount of heat per unit 
length, Q, transferred to the insulation from the 
moment of short circuit to the time t is then 

Q(t) = fp(x)dx=T-/d„(-) , (0 i - 
J Q (*•)* \p/ 

Hereby we calculate the amount of heat per 
unit length in the present case transferred to the 
insulation from the moment of short circuit to 
the moment t u when the maximum pressure 
occurs 

2 / 2 V 

Q(ti) =-—-4.1 ■ 10 . (-) 

(w)t \550/ 

j (95) * = 26 W sec. cnv 1 for 20°C. 

1 (30)*= 15 W sec. cnr 1 for 40°C. 

These transferred amounts of heat have to be 
compared with the amount of heat per unit 
length, Q lt accumulated in the conductor and in 
the oil canal. The specific heat for copper in 
respect to a unit volume is 3.4°C~ l cm"* 8 W sec. 
Neglecting the amount of heat accumulated in 
the oil canal we get 

Q x - 0.95 • 3.4 • 10 = 32 W sec. cm- 1 . 

The amount of heat transferred from the con¬ 
ductor to the insulation from the moment of 
short circuit to the moment, when the maximal 
pressure, calculated according to the simplifying 
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assumption mentioned above, occurs, is con¬ 
sequently not negligible compared with the 
total amount of heat accumulated in the con¬ 
ductor. The preparation of a more exact theory, 
as mentioned above, seems to be justified. 


The work here presented has been carried out 
at Sieverts Kabelverk, Sundbyberg, Sweden. 
I thank Sieverts Kabelverk and especially Mr. 
H. Spanne, chief engineer at Sieverts Kabelverk, 
for permission to publish this paper. 
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In this paper the field of a point charge inside a hollow, 
infinitely long circular cylinder is studied. The case of an 
axial point charge is treated in detail. Three different 
methods are developed. The first method shows how to 
calculate the induced charges at the surface of the cylinder 
without explicit knowledge of the potential itself. The 
surface charge-density function is obtained as the solution 
of a Fourier-type integral equation. Then the potential 
caused by these charges is calculated. The second method 
works in the opposite direction. Here the potential is 
obtained as solution of a boundary value problem, followed 
by the calculation of the corresponding charges at the 
surface of the cylinder. 

The integral, obtained for the surface charge density, is 
transformed by contour integration. Although the resulting 
series is very useful for numerical purposes, a stronger 
method is necessary, in order to calculate the charge 
density just opposite the point source. Figure 1 shows the 
calculated values of the induced surface charge density. 
Several approximations for the charge-density function are 

1. INTRODUCTION 

REVIOUS works of Schelkunoff, 1 Weyrich, 2 * 
Buchholz, 8 and Oberhettinger, 4 * * among 
others, already contain complete information 
with regard to fields in circular pipes, as produced 
by Hertzian dipoles. Therefore, the generation 

1 S. A. Schelkunoff, “Modified Sommerfeld’s integral 
and its applications,“ Proc. I.R.E. 24, 1388 (1936); and 
“Transmission theory of plane electromagnetic waves," 
ibid, 25, 1457 (1937); with bibliography. 

* R. W^rich, “Ueber einige Randwertprobleme, insbe- 
sondere der Elektrodynamik, J. reine angew. Math. 172, 
133 (1934). 

S H. Buchholz, “Gekoppelte Strahlungsfelder im kreis- 
zylindrischen Hohlleiter, Ann. d. Physik 39, 81 (1941). 

4 F. Oberhettinger, “Ueber ein Randwertproblem der 

Wellengleichung in Zylinderkoordinaten,” Ann. d. Physik 

43, 136 (1943). 


considered, in connection with recent work of Weber (cf. 
Table I).. 

The same is done for the field inside the cylinder. 
Various formulas are given which allow of numerical 
calculations. In Table II some calculated values of the 
potential are shown. 

The third method is based on the theory of Fouricr- 
Bessel-Dini series. The potential is developed in terms of 
discrete normal solutions of the potential equation in 
cylindrical coordinates. The coefficients in this develop¬ 
ment can be derived from the behavior of the potential in 
the immediate neighborhood of the primary source. 

Furthermore, it is emphasized that the study of the 
above potential problem can serve as a guide in questions 
of wave propagation in hollow circular cylinders. In this 
connection the third method is shown to be extremely 
useful, as it enables us to calculate directly the fields in the 
far zone from that in the immediate neighborhood of the 
exciting source. This new method is demonstrated in case 
of acoustic waves inside a cylinder, caused by a harmoni¬ 
cally vibrating point source. 

of special types of wave patterns, caused by 
given current and charge distributions on the 
exiting antennas, can be dealt with quantita¬ 
tively. The calculations in this domain of electro¬ 
magnetics, however, are far from elementary, 
such that a non-mathematically minded engineer 
might hardly recognize the usefulness of those 
theoretical treatments. Hence, every attempt to 
diminish the necessary amount of mathematics, 
may be worth while to consider. Until now a 
considerable amount of complex function theory 
is required. We believe, however, that this can 
be greatly avoided if one bases oneself on the 
theory of Fourier-Bessel-Dini series. This method 
is undoubtedly within reach of every engineer, 
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because the analogous conventional theory of 
the ordinary Fourier series is common knowledge 
nowadays. 

In this paper we will not consider the vector 
wave propagation as occurring in electromagnetic 
theory. Those topics will be treated elsewhere. 
The new method will be demonstrated in the 
case of scalar wave propagation only. 

The major part of the present article, however, 
will be devoted to the study of the electrostatic 
field of a point charge inside the cylinder. Conse¬ 
quently, only a minor part of the mathematics 
developed here is claimed to be useful in wave 
guide theory. 

Beginning with the simplest problem, we con¬ 
fine ourselves to the case of a point charge 
situated on the axis of the cylinder. Later on 
we will briefly indicate how to extend the theory 
to excentric point charges. 

2. STATEMENT OF THE SIMPLEST PROBLEM. 

CALCULATION OF THE CHARGES INDUCED 
ON THE SURFACE OF THE CYLINDER 

Let a be the radius of the cylinder, and let the 
point charge have a value -f 1. Furthermore, 
let 2 , p, <p denote the right-handed cylindrical 
coordinates of a field point P. Henceforth the 
origin may coincide with the given point charge, 
and the 2 -axis be taken along the axis of the 
cylinder. 

The electric force E can be derived from a 
potential V according to E= — grad7. It is 
evident that the 2 -axis is an axis of symmetry, 
so that V depends only on z and p. In addition, 
V is even in z. 

To calculate E and V, we first fofiow a rather 
unconventional method, by calculation of the 
charges , induced on the wall of the cylinder, 
without explicit knowledge of the potential itself. 
Afterwards the field is readily found from the 
original point charge and these induced charges. 
The surface density of the induced charges will 
be denoted by * 7 ( 2 ). 

We may remark that V is the so-called Green 
function of the first kind. It is a regular solution 
of the potential equation, except for a singularity 
in the origin, so that the function V(P)-\/r 
remains finite for r—> 0 ; furthermore, F =0 on 
the boundary, and both V and grad V tend to 
zero, if P tends to infinity inside the cylinder. 


As is well known, there is one, and only one, 
function V(z , p) fulfilling all these conditions 
simultaneously. Once this function is obtained, 
the charges on the boundary of the cylinder can 
be computed from 


1 dV 

77 ( 2 ) =-, (p = <z). (1) 

4tt dp 

Let us now show how 77 ( 2 ) can be found without 
explicit knowledge of the potential V. Be g(z f p) 
a given regular solution of the potential equation 
inside the cylinder, and suppose g and dg/dz to 
be bounded in that domain. By Green’s theorem, 
we at once express the value of g in the origin 
as a surface integral over its boundary values, 
namely 


1 r dV n 

g( 0. 0)= -I g — d< 7= - I g(z y a)ri(z)d<T. (2) 

4t rJ dp J 


In this d<r means the surface element of the 
boundary of the cylinder; the integration in ( 2 ) 
extends over this boundary. 

Omitting the left-hand integral in (2), the 
remaining equality can be interpreted as an 
integral equation for 77 ( 2 ), which may be readily 
solved, if a convenient choice is made for the 
rather arbitrary function g. We take 

g(z y p) =e~* x */ 0 (Xp) (3) 


where 7 0 is the Bessel function of purely imagi¬ 
nary argument and zeroth order. The function 
(3) is a regular potential, with g and dg/dz 
bounded inside the cylinder, if the constant X is 
restricted to real values. 

Substitution of (3) in (2) leads to 


1 = - 



‘ x */ 0 (Xa) 77 ( 2 ^ 2 , 


whence it follows 



1 


27ra/o(Xa) 


, (— 00 <X< 00 ). (4) 


Thus the integral equation (2) is reduced to one 
of the common Fourier type (4). Its solution can 
be written down immediately. By inversion of 
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(4), one obtains for the required charge density 


tion: 


*?(s) = 


4x 2 a •'_» 


dX 

i\l _ 

7o(Xa) 


1 /•* cos(z/a)/ 

- I -<//. 

2tV J 0 /«(/) 


(5) 


Starting from this integral expression, we can 
develop solutions more useful for numerical 
purposes. For non-vanishing z we may transform 
the above integral into a series by means of the; 
conventional contour integration. In the cut 
plane 2 = 0, however, stronger methods must be 
used, as will be seen below. 

Consider the following integral in the complex 
/-plane: 

1 r e utla 

—- I - dt, 

2iri "wI o(/) 



00 


= -£ 


»«=! 


g-knifa 

knMkn) 


(O o). 


The latter series does converge at 2 = 0. The total 
amount of induced charge on the upper half of 
the cylinder should be — $; we have thus an 
opportunity to verify a well-known formula in 
Bessel-function theory, originally credited to 
Nielsen: 

*> 1 

E- 

nmm l k n J 1 (k n ) 


For small values of z the convergence of the 
series (6) is too slow for practical evaluation. 
Hence we have to develop other expressions for 
rj(z ), which do allow of numerical computation 
near the “cut plane” 2 = 0. This can be accom¬ 
plished by Watson’s method for an analogous 
problem. 6 

' Therefore we consider the following integral 


the path of integration W leading from —I? to 
R along the real axis, and back from R to — R 
along a semi-circle of radius R and center ^). 
Avoiding values of R for which the semi-circle 
passes through a zero of / 0 (/), we can prove that 
for positive values of z, the contribution of the 
semi-circle tends to zero, when R tends to 
infinity. Let k\ % £ 2 , • • • denote, in ascending 
order, the positive zeros of the Bessel function 
Jo(k). Then ik n are the simple poles of the 
integrand in the upper half of the /-plane. The 
residue theorem now gives 

1 /*°° 00 e~ knl,a 

— I — dt=z—. 

2in /o(/) w “ | Io'(ikn) 



cos \w 

- 

(w-t)Io(w) cos (irw/p) 


wherein X, 0, / are real parameters; /3>0, 
cos( tt//#) 5^0. The path of integration is a circle 
of radius R>t, and center 0, not passing through 
any zero of the denominator of the integrand. 
When one adds the condition 0|X| <tt, the inte¬ 
gral tends to zero, if R increases to infinite values. 
Thus the sum of the residues of the integrand 
is zero also. The poles of the integrand are ail 
simple; they lie at 

w=l, (a) 

w=±ik n , (» = 1,2, - • •), (b) 

tt>=±(!» + i)0i (j» = 0, 1, 2, • • •)• (c) 


We have Io'(ik„) =iJi(k n ), and so for the charge 
density 


v(z) - 


1 


«, e ~kn*lo 

-£ -, 

2 wa 2 n-1 Ji(k n ) 


(O o). 


( 6 ) 


Only for z = 0 does this series not converge in 
the ordinary sense. Unless 2 is very small, it is 
very useful for numerical computation. A small 
number of terms are already sufficient in the 
range z^a. 

The total charge, induced on the cylinder 
between z^O and <*>, can be found by integra- 


The corresponding residues are easily found to 
be 


cos X/ 

/<>(/) cos(t///3) 
coshx&n 

Jl(k n ) COSh(tffen//3)[fcn=ti/] 

0 (— 1) p cos(X0i'+X0/2) 

V. Ttfp+fi/2)l{v+M*Q ’ 


(a') 

(b') 

(c') 


6 G. N. Watson, “The use of series of Bessel functions 
in problems connected with cylindrical wind-tunnels,” 
Proc. Roy. Soc. 130, 29 (1930/31). 
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Fig. 1. Curve showing the surface charge density |»j| on 
the wall of the grounded cylinder, induced by a unit-point 
charge situated in the axis at z = 0; z denotes the distance 
along the cylinder, measured from the source containing 
plane; a is the radius of the cylinder. 


The sum of all residues together being zero, one 
has 


cos X/ 


-=£ 


2k „ coshX#* 


1 


7o(/) COs( 7T///3) w-l Jl(k n ) COsh(7T k n /fi) &ti 2 + J 2 

0 . ( — l)' cos(X0i'+X0/2) (2i/+l)0 

H— 2-• (7) 

7T -0 7 O (0?+0/2) (Pv+ft/2) 2 — t 2 


Evidently, the right-hand side of (7) is nothing 
else but the expansion in rational fractions of 
the left-hand side. 

We now multiply both sides of (7) by cos(7r//0), 
thus neutralizing the poles in (c), and integrating 
from /= — oo to t=o o. Using the following 
formulas 6 




cos(tJ/0) 

- dt — 

K 2 + t 2 


cos(t t/$) 


(Pp+P/2 ) 2 -/ 2 


-dt — 


7T 

_ q~ rknlft 

k n 

(~l) y 2ir 

(2k + 1)P 


( 8 ) 


we easily obtain 


Hence, for the induced charge density 

0 oo cos(0i/+0/2 )z/a 

—a 2 rj(z) =— 2- 

2 t 2 *' t “0 7 o (0*'+0/2) 

1 « cosh knz/a 

_|— 23 -. (10) 

irn-1 /i(^n)[l+e 2 ^^] 

It may be emphasized that our proof of (10) 
holds for 0>O and — fra/0 <z<*ra/0. The first 
series on the right of (10) is convergent for all 
real values of z. It may be considered as an 
approximation of the integral in (5), obtained 
when the integration interval is divided into 
equal parts of length 0, and the integrand in 
each separate interval is replaced by its central 
value. The second series should then be inter¬ 
preted as a correction term. The latter, however, 
only converges for — 2ira/0<z<27ra/0. By ana¬ 
lytic continuation, it can be shown that (10) 
holds for this extended range, twice as large as 
might be expected from the proof of (10), as 
given above. Moreover, for the special value 
0 = air/|z|, the first series vanishes identically, 
whilst the “correction term” reduces to the 
series (6). Consequently, Eq. (10) is more basic 
than (6). 

Equation (10) is very suitable for numerical 
calculations. The constant 0 is still arbitrary, 
except for — 2Ta/0<z<2ira/0. Let us consider 
the extreme case z = 0 in detail. We already saw 
that in this case (6) cannot be used on behalf of 
its divergence. Equation (10) can be used with 
any positive 0. We calculated — 2 tV? 7 ( 0 ) in 
seven decimals with 0=1, 0 = 3, respectively. In 
the first case we had to take eighteen terms of 
the first series and only one of the second. The 
result was found to be 

2.0832296+0.0000033 = 2.0832329. 

With 0 = 3 we had to consider six terms of the 
first, and three terms of the second series, 
obtaining in this case 

2.0053020+0.0779307 = 2.0832327, 


cosX/ ^ ^ gosX0(i'+£) 

o(0v+0/2) 


r COSA* « 

I —- dt =02“ 
Jo 7 o (/) 7 ( 


+2* 2 


coshX&* 


n-l/l(fen)[l+e 2 ^^] 


in close agreement with the earlier value. Thus 
we can state 

dt 0.10554 

(9) I -= 2.083232* • •, *(0)--. (11) 

Jo, MO . , a 2 
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Numerical computation of the surface charge 
density is now easily established. When 2 ^ a, 
already the first four terms of (6) are sufficient 
to guarantee the correctness of the fourth 
decimal. Inserting known data from existing 
Bessel-function tables, (6) becomes 

— a?i) ( 2 ) =0.30657 exp( — 2.402/a) 

— 0.46774 exp( —5.522/a) 

+0.58636 exp(—8.652/a) 

- 0.68466 exp (-11.79 z/a ). (12) 

In the remaining range 0^2^ a, Eq. (10) may 
be used with 0 = 2. Then one obtains 

-a 2 ij( 2 ) =0.08003 cos(2/a)+0.02p76 cos(32/a) 
+0.00372 cos(52/a) +0.00060 cos (72/a) 
-hu.uuuuy cos^/aj-tu.uuuuiH costii2/a; 

+0.00032 cosh (2.42/a). (13) 

The data of Fig. 1 were computed by means of 
Eqs. (12) and (13). The curve shows a rapid 
decrement of the surface charges with increasing 
distance from the cut plane. 

By expanding both sides of (9) into a power 
series of X, and identifying the corresponding 
coefficients, we obviously obtain 

/* x t 2r • (0J/+0/2) 2r 

I - dt — ^ - 

•'o /o(0 *-o 7 o ( 0 1/+0/2) 

• k r * r 

+ (—l) r 27T £ -. 

-l/|(*»)[l+«* rf ^] 


origin, and the surface clement, respectively. 
Again, V 0 (P) depends only upon z and p. 

At first we restrict ourselves to points on the 
axis of the cylinder. Then we have 



rj(x+u) 

- du. 

(w 2 +a 2 )* 


Using (5), we obtain 

2 /•* cos \z /•" cosXw 

Vo (*, 0) = — I - d\ I- du. 

w J 0 7 0 (Xa) •'o (w 2 +a 2 )* 

On account of a well-known integral for the 
/^-function, namely 



cosXw 

-dw, 

(a 2 +a 2 )* 


(14) 


we obtain for the potential of the induced 
charges, at points on the axis of the cylinder 

2 n»K 0 (\a) 

Vo ( 2 , 0) = — I -cosXsk/X. (15) 

tJ 0 /o(Xa) 


In the rolationally symmetrical problem under 
consideration, the potential outside the axis is 
easily obtained, once the potential on the axis of 
symmetry has been found. We simply have to 
take the mean value of F 0 ( 2 +ip cos^>, 0) over a 
full period of the angle ip. Thus 


The numerical values of these integrals can be 
found in the same way as shown above for r = 0. 
Then for rj(z) a power series in z 2 /a 2 can be de¬ 
rived, convergent for \z \ <a. The expression (13), 
however, is much more useful for numerical pur¬ 
poses in the corresponding range of 2 -values. 

3 . FORMULAS FOR THE POTENTIAL AND THE 
ELECTRIC FIELD 

The potential V{P) can be considered as the 
sum of the potential 1 /r, due to the unit charge 
in the origin, and the potential F 0 (P), due to the 
induced charges on the surface of the cylinder: 

1 1 r 

V(P) =—f- Vo(P) ——b I - da. 

r 

In this r, r u denote the distances from P to the 


1 r 2w 

Vo ( 2 , p) =— I Fo( 2 +tp cos^, 0)dip. (16) 

2tt J 0 

The integration over an be performed, leading 
to 

2 /•* Ko(\a) 

Vo ( 2 , p) = — I -Zo(Xp) cos \zd\, (17) 

it Jo /o(Xa) 

and for the total potential we get 

1 2 Ko{t) 

V(z, p) =---I - 

(2 2 + p 2 ) J ira Jq 7o(/) 

Xlo(tp/a ) cos (iz/a)dt. (18) 

The corresponding axial and radial components 
of the electric force are readily derived from 
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(18) by differentiation 


unknown charges be expressible as follows 


z 2 
E, = - 

(s 2 +p 2 )* 7ra 2 



/(X)/ 0 (Xp) cos \zd\, 




(s 2 + p 2 )* ira 2 


Xtl 0 (tp/a) sin (lz/a)dt, 

(19) 

' Ko(t) 

- tl\{tp;a) cos (tz/a)dt. 

•w 


r^Koi 

Jo U 


It docs not seem possible to transform these 
integrals explicitly into known functions. 

Having thus found expressions for the electric 
field inside the cylinder, we can easily verify 
them afterwards. For any real value of X, the 
function 


cos(Xs) */o(Xp) 

is a regular solution of the potential equation 
inside the cylinder. Furthermore, the right-hand 
side of (17), being an absolutely convergent 
linear combination of those functions, is here a 
regular potential as well. Therefore, the function 

V of (18) is also a regular potential, with excep¬ 
tion of the origin, where it has just the required 
singularity. It only remains to be checked that 

V vanishes on the boundary at p = a. This, 
however, is evident from the Fourier inversion 
of (14): 


2 r* 1 

- I K 0 (\a) cos\zd\ = -. 

tJ 0 (z 2 +a 2 )* 

4 . A SECOND METHOD TO SOLVE THE 
POTENTIAL PROBLEM 8 

The first method to obtain expressions for the 
field inside the cylinder, as given above, started 
from a certain pre-calculatcd surface charge 
distribution on the boundary. This method is a 
little unconventional. Usually one works in the 
opposite direction: first the potential is obtained 
as the solution of a boundary value problem, and 
then the surface charges are calculated. The 
results above immediately indicate how this 
second method runs. One should try to find a 
function /(X) such that the potential of the yet 

•E. Weber, “The electrostatic field produced by a 
point charge in the axis of a cylinder,” J. App. Phys. 10, 
663 ( 1939 ). 


this being a continuous sum of elementary 
potential functions. Fortunately, the primary 
potential of the unit point charge can already 
be expressed in that way: 

1 2 

- = — I ATo(Xp) cos \zd\. (20) 

r 7T J 0 


and, hence, for the total potential 



/(X) I o (Xp) H—ACo(Xp) 

7 T 


cosXzdX. 


A sufficient condition that V(z, p ) be zero on 
the boundary of the cylinder is that the integrand 
vanish there; consequently the function /(X) can 
be determined from 


2 

/(X)/o(Xa)H—iCo(Xrt) =0, 

7 T 


and then one obtains (17). 

Moreover, in combining Eqs. (17) and (20), 
we can derive the following expression 



Io(\a)K^(\p) —fCo(Xa)/o(Xp) 
/o(Xa) 


XcosXsdX, (21) 


which more directly shows the vanishing at p=a. 
Equation (21) enables us to come to the integral 
expression (5) for the charge density. Thereto¬ 
fore, we use (1) and the YVronskian of 7 0 , Ko: 

1 

h(t)Ko'(t)-Io'(t)K 0 (t) = —, (22) 

t 


and so we are back at our former starting point. 


5 . APPROXIMATE EXPRESSIONS FOR THE 
SURFACE CHARGES 

Weber, 6 in his theory of a point charge inside 
a cylinder, follows the second method apart from 
slight modifications of minor importance. His 
Eqs. (13), (17), hnd (18) are equivalent to ours 
as shown in Eqs. (18) and (19). Equation (5) for 
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the surface charge density, however, was not 
given by Weber. 

As for numerical calculations, Weber writes 
“the actual evaluation of the field distribution 
is rather difficult on account of the Fourier 
integrals which necessitate a point for point 
numerical integration in infinite limits,” and 
further “the numerical evaluation of the integrals 
is very laborious.” Weber, therefore, does not 
integrate point for point, but approximates the 
integrands by more tractable elementary func¬ 
tions, such that the remaining integrals can be 
cpmputed explicitly. 

As a fair approximation, suggested by existing 
tables of Bessel functions, Weber uses, for in¬ 
stance 

Ko(t) t 

-i/,(0 (/>0). (23) 

io(/) 2 


Table I. Values of surface charge density |i*| in units 
1/a*. First column: rigorous values; second: Weber’s 
approximation (23'). Third and fourth columns: approxi¬ 
mations (25'), (24'), respectively. 


*/o 





0 

0.1055 

0.1049 

0.1040 

0.1285 

0.2 

0.0980 

0.0975 

0.0969 

0.1144 

0.4 

0.0795 

0.0795 

0.0792 

0.0827 

0.6 

0.0581 

0.0589 

0.0586 

0.0510 

0.8 

0.0396 

0.0413 

0.0406 

0.0280 

1.0 

0.0259 

0.0281 

0.0269 

0.0147 

1.2 

0.0165 

0.0190 

0.0174 

0.0076 

1.4 

0.0104 

0.0129 

0.0111 

0.0041 

1.6 

0.0065 

0.0087 

0.0069 

0.0025 

1.8 

0.0040 

0.0060 

0.0042 - 

0.0018 

2.0 

0.0025 

0.0041 

0.0025 

0.0016 


and then, from (18) 

1 l/8\* 2 +i{ 

7(2, p )«-( ) Re - 

(s 2 + p 2 )* a\w/ [(2 +if) 2 -p 2 /a 2 ]i 


From the lower integral in (19), E p can then be 
evaluated at the surface of the cylinder. Weber’s 
result for the corresponding density of charge, 
according to rj(z) = — £ p /4tt, may be written 

i i i-r 2 

— a 2 rj(z) «—|-1-r, 

4ir I (1 + f 2 ) 1 7T (1 + f 2 ) 2 ! 

(r-*/«o. (230 

Furthermore, Weber derives expressions for 
the field in the cut plane as well for points at the 
surface of the cylinder, by another approxima¬ 
tion, different from (23). His approximation (21) 
reads 


Ko(t) 

-«(2*)*/<r 2 ‘, (/>0). (24) 

/o(0 


We need not, however, confine ourselves to 
the special values 2 = 0 or p=a, as did Weber. 
When (24) is applied, we obtain 


1 /•" JCo(0 

— I — —h(tp/a) cos {tz/a)dt 

Jq Iq 


(2t)* 


.«) 


'.Re f e-‘ (2+<t> Jo(itp/a)tdt 

2+*f 




[(2 +*f) s -pVa’]‘ 


Especially on the cut plane, when differentiated 
to ( — p), this formula yields 



6 p 3 A* 3 

[4 —p 2 /a 2 ] 5/2 ) 


(z = 0). 


This result is apparently in disagreement with 
that of Weber. His relation reads 



p 3 /a 3 

[ 4 -pWr 


(2 = 0). 


The reason for this discrepancy is that Weber 
dropped one factor y in the integrand of his 
integral (22), so that actually he has used the 
following approximation 

Ko(t) 

-«(2ir)hr 2 ‘ (25) 

m 


instead of (24). 

In the latter case we find for general values of 
2 and p 


7(2, p)«--( ~)Re{ (2+ir) 2 -P 2 /a 2 } 

(2 2 + p 2 )* a\ 7T/ 

leading exactly to Weber’s formula for JS P . 

In either of the cases Eqs. (24) and (25), the 
corresponding surface charges, can be calcu- 
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lated. We obtained, respectively, 


1 ( 1 

-o s n(2)«- 

4«-l(l+f 2 )> 


+ 


OS 


3 ( 2 +*r) 


(i+*'f) i/2 (3+tf) W2 


, (24') 


— n 2 


a 2 ti(z) ■■ 


4irl (1 + f 2 )* 

' 8 \‘ 


+ 


0 


Re- 


(1 +*f) ! (3+*f)* 


• (25') 


Table I shows the three different approxima¬ 
tions (230, (240, (250, in presence of the correct 
values, as computed from (12), (13). The ap¬ 
proximation (240 is obviously very poor, leading 
to values which are too large at z«0 and too 
small at z~2a. Either of the approximations 
(230 and (250 is excellent. That of Weber (230 
is a better approximation at small values of z 
than is (250- On the other hand, for values of z 
exceeding a, the latter is much better than the 
former. Moreover, Weber’s formula yields nega¬ 
tive values for — a 2 r/(z), when f>3.6. This is 
physically impossible, however. The surface 
charge density must always have the same sign. 
The right-hand side of (250, on the contrary, is 
positive for large values of f. Therefore, as a 
whole, the approximation (25) may be considered 
as the most useful one, at least as far as we 
confine ourselves to the surface charges. 

The radial field at the surface of the cylinder, 
just opposite the point charge, is 1.3262 times 
as large as it would be under influence of the 
free-point charge, when the cylinder was re¬ 
moved. The corresponding factors in the three 
approximations (23), (25), and (24), are 1.3071, 
1.3183, and 1.6142, respectively. 


6 . FORMULAS WHICH ADMIT OF NUMERICAL 
CALCULATIONS INSIDE THE CYLINDER 

For exact numerical calculations the integral 
representation (18) is almost without any value. 
In Section 2 we derived expressions for the charge 
density which served its useful purpose. The 
field can be dealt with in a similar manner. 
The integral (15), however, is no suitable starting 
point, because its integrand shows a logarithmic 


singularity in the lower limit. The difficulties 
owing to the many-valuedness of the /^-function 
may be conveniently avoided in the following 
way. By partially integrating (IS) and using 
(22), one readily obtains 


2 

Fo(*, 0) -- 


7TZ 



sin (tz/a) 

- dt. 

th\t) 


(26) 


We now proceed in the same manner as we 
did before with (5). In this case the path of 
integration in the complex plane has to avoid 
the origin by a small indentation in the upper- 
half plane. We then obtain for z>0 



sin (tz/a) *> e itt,a 

-1—1 dt = \ + Y, resid ue - 

//o* 2 (0 n-l U-ikn) // 0 2(/) 


We calculate the residue in t = ik n by putting 
t = x+ik n , developing the function into ascending 
powers of x, and taking the coefficient of l/x in 
that expansion. The function is of the type 
f(x)/g 2 (x), where g(x) has a simple zero in x = 0, 
and /(0)^0. The coefficient of l/x turns out to 
be 

/ if' £" S e -knz!a 

g' 2 \ f g' aknJi^kn) 


Consequently, for z>0 


1 2 * e - *mla 

Vo (*, o) = —+-L-. 

Z a k n Ji 2 (k n ) 


To obtain the total potential on the axis of 
the cylinder wc must add the potential of the 
unit charge in the origin. For positive values of 
z the latter is 1/z. Hence 


2 00 e ~fc n z/a 

F(z, 0)=- L-. 

a n~l knJl 2 (k n ) 


Applying (16), we finally obtain for z>0 


2 00 Jo{knp/(f) 

v(Z, p)=- £ ———€T^. (27) 

a n~lk n J 1 2 (kn) 


The series (27) converges also for * = 0 with 
the only exception of the origin, where it diverges 
to infinity. In actual numerical work (27) appears 
to be useful for z/a^ 0.2; in the remaining range 
0^z/a^0.2 other methods should be applied. 
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One naturally asks whether or not it is possible 
to establish developments for the potential, 
analogous to that of formula (10) for the surface 
charge density. Actually, the required transfor¬ 
mation is readily performed for points in the 
axis of the cylinder. We only write down the 
final result: 

2 « sin(0v+0/2 )z/a 

Vo (*, 0) =-L- 

tcz>-o (*'+£)/o 2 (0*'+0/2) 

\l+e- 2wknl *\ cosh(k n z/a) 

1 « — (2ira/f}z) smh(k n z/a) 

H— H -• (28X 

. a n-i k n Ji 2 (k n ) cosh 2 0r kn/fi) 

The first series converges for all real 2 , the second 
for \z\ ^2 va/P; 0 is an arbitrary positive num¬ 
ber. If especially /3 == 2 tt a/ 2 , the first series van¬ 
ishes identically, whereas the second one reduces 
to (27) for p = 0. 

For actual numerical evaluation we have 
chosen 0 = 2. Then the series (28) becomes 

-aV 0 (z, 0) =-{0.79432 sin(s/a) 

2 

+0.01782 sin(3z/a) +0.00034 sin(5z/a) ^ 


Table II. Values of the potential (measured in units 
1 /a) inside a grounded cylinder under induction of an 
axial positive unit-point charge; a = radius of the cylinder, 
z and p the usual cylindrical coordinates. Point charge 
in the origin. 


' XpA * 

*/X 






0 

0.2 

0.4 

0.6 

0.8 

0 

oo 

4.125 

1.612 

0.756 

0.303 

0.1 

9.131 

3.600 

1.539 

0.736 

0.297 

0.2 

4.137 

2.670 

1.357 

0.681 

0.280 

0.3 

2.480 

1.919 

1.131 

0.603 

0.253 

0.4 

1.661 

1.395 

0.916 

0.518 

0.224 

0.5 

1.178 

1.033 

0.729 

0.432 

0.192 

0.6 

0.864 

0.776 

0.575 

0.355 

0.161 

0.7 

0.648 

0.591 

0.410 

0.287 

0.133 

0.8 

0.493 

0.454 

0.355 

0.231 

0.109 

0.9 

0.379 

0.353 

0.281 

0.189 

0.091 

1.0 

0.292 

0.272 

0.219 

0.147 

0.071 

1.2 

0.176 

0.164 

0.135 

0.092 

0.045 

1.4 

0.107 

0.101 

0.083 

0.057 

0.028 

1.6 

0.066 

0.062 

0.051 

0.036 

0.017 

1.8 

0.041 

0.039 

0.032 

0.022 

0.011 

2.0 

0.025 

0.024 

0.019 

0.014 

0.007 


Kxcept Xo, these numerical values were given by 
Watson. 5 

We can now apply (16) with greater success 
than before. In performing the transformation 
(16) upon (30) we obtain 


+0.00000 6 sin(7z/a) +0.01014 sinh(2.4 z/a )} 

. -0.00323 cosh (2.42/a). (29) 

Although convergent for z/a<Tr, (29) may be 
useful for z/a ^ 1. 

Unfortunately, there do not seem to exist 
simple developments for general non-zero values 
of p, because (16) yields for the continuation of 
(sinz/ a) /(z /a) outside the axis 

a r ?la 

- I cos (tz/p)I 0 (t)dt y 

P •'o 


which integral cannot be solved explicitly. 

For small values of z we can expand the initial 
integral (26) into powers of z/a . We then obtain 


where 


Vo ( 2 , 0) = — £ 


(-i y\to/z\ 2p 

»! W ’ 




1 /•" t 2 > 

\ 2> = ■ I ~~dt , 

(2v+1)t*'o /o 2 (0 

X 0 = 0.4353382, 

X2 = 0.2059112, 

X 4 = 0.6588568. 


(30) 

(31) 


2 


Vo (z, P ) = — L 
a y- o 


(-1)"X 2 k /z p\ 
(2v)\ \a a) 


where 


(32) 


1 r 2 * 

F v {u , *;) =— I ( u+iv cos <p) 2v d<p 

2t J o 


•‘{u 2 +v 2 yP 2 A 


u 

(« 2 +v 2 )* 


(33) 


and P 2 p is the usual symbol for the Legendre 
polynomial. For instance 


F 0 = l, 

Fi = u 2 — $v 2 , 

F 2 = w 4 -3wV+fi; 4 . 

It may be remarked that (32) converges for 
2 2 +p 2 <4a 2 . 

The development (32) becomes much more 
familiar when spherical coordinates r, are 
introduced, connected to the cylindrical ones by 
means of 


r 2 = 2 2 +p 2 ; tan t ? = p/z. 
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Then (32) is transformed into 


7. A THIRD METHOD OF SOLUTION 


2 * (-l)'X 2 „/r\ 2 ' 

Vo (z, p) = — L ———■ ( ~ cos#). (34) 

a k-o ( 2u)l \a/ 

This series is convergent for r/a< 2; it is nothing 
else but the development of V Q (P) into spherical 
potential functions. 

Especially in the cut plane 2 = 0we found 

-aV 0 ( 0 , p)= 0.8707+0.1030(p/a) 2 

+0.0206(p/a) 4 +0.005 7 (p/a ) 6 . 


The first three coefficients are calculated from 
the values Xo, X 2 , and X 4 , as specified above; the 
last coefficient is taken so that the total is 
1 . 0000 , on account of F 0 ( 0 , a) being — 1 /a, thus 
neglecting terms of higher order than (p/a) 6 . 

Numerical evaluation of the potential inside 
the cylinder may be readily accomplished now. 
The different expressions (27), (28), and (34) 
have reasonable overlapping regions of useful 
convergence. Numerical data for the total po¬ 
tential are to be found in Table II. 

The electric field itself can also be calculated 
numerically. From (27) we deduce for z >0 


2 * Mknp/a) 

pj — -V —- e -k n 2la* 

a 2 n ~ 1 Ji 2 (k n ) 

2 * Ji(knp/a) 

E p - £--- 6 ~knila t 

a 2 »-1 Jl 2 (k n ) 


(35) 


It may be noted that in Watson’s paper 5 two 
series Si, S 2 occur which are related to the scries 
(35) by 

2 2 as 2 

E t — S 1 j E p — . 

a 2 a dz 


Therefore, Watson’s series can be obtained from 
that shown in (27). Whereas Watson has given 
explicitly only the first four terms of the develop¬ 
ment corresponding to (32), we found the general 
term here expressible in spherical potential func¬ 
tions; cf. (34). With exclusion of the immediate 
neighborhood of the cut plane s = 0 , Eqs. (35) 
are very useful for numerical purposes. Around 
the cut plane we better use (34) and compute 
E rt E* instead of the cylindrical components; 
further details may be omitted, however. 


Either of the two distinct methods developed 
previously yields complete information con¬ 
cerning the field of the axial point charge in the 
cylinder. The mathematics there involved are 
quite instructive, and can serve successfully as a 
guide in problems of wave propagation inside 
the same cylinder. 

The reader is aware that even in the simplest 
potential problem, as was treated above, a con¬ 
siderable amount of analysis was used. In this 
respect wave guide theory is still less tractable. 
The question whether this is really necessary, 
from an engineer’s point of view, will be answered 
in due course. 

In practical wave guide applications, one is 
mainly interested in the fields far from the 
exciting antenna, where many of the higher 
modes have already been damped out. With 
this restriction in mind, and thus ignoring the 
field in the nearby zone, we have investigated 
whether it is possible to calculate the field in the 
far zone more directly, without the usual ex¬ 
tensive amount of complex function theory. This 
new method was found by inspection and general¬ 
ization of the expansion (27), obtained for the 
potential in the preceding section. Each separate 
term of that series, for non-vanishing z , is a 
solution of the potential equation, fulfilling the 
required boundary condition at the surface of 
the cylinder, and showing the suitable behavior 
at infinity. So we might have expected in 
advance the possibility of solving our potential 
problem by means of such a development, in 
terms of discrete normal solutions of the po¬ 
tential equation: 


F(z, p) = E c n Jo(knp/a)e ^f\ (36) 

»«-l 

When the proposed method actually works, 
it must be possible, somehow, to calculate the 
unknown coefficients c n in this development from 
the behavior of V(z , p) in the immediate neigh¬ 
borhood of the prescribed singularity at the 
origin, although just in the point charge, (36) is 
known to diverge. In the following we will show 
how this problem can be solved. We consider a 
more general problem, however, so that the new 
method is equally well applicable to solutions of 


Volume is, June, 1947 


571 



the wave equation. Moreover, we need not 
restrict ourselves to rotationally symmetrical 
fields. In many cases the prescribed singularity 
is of the type 


outside or on the cut plane 2 —0. Thus we have 

s ^ 

—(F—G)-Y, b n (z)J m (k n ,mp/a). ' 

d'i »-l 


1 

— = {z 2 + p 2 — 2pp 0 COSV? + p 0 2 )“‘ i , 

R 

where R denotes the distance between the field 
point ( 2 , p, <p) and the source at (0, p 0 , 0). Singu¬ 
larities of this character are commonly used, 
both in electrostatics and in wave guide theory. 
We may, however, admit still more general typ$s 
of sources. 

Suppose G(z , p) is a given function with one or 
more singularities for 2 = 0, O^p^a. Let G be 
even in 2 , and let it have continuous derivatives 
of the second order, outside the singularities. In 
the previous case of an axial point charge, 
C=(2 2 +p 2 )” J . 

Furthermore, we suppose that f n (z ) is a 
given system (w = l, 2, •••) of continuously 
differentiable functions with the property /„'(0) 
?*0. For instance, / n (z) —exp( — k n z/a). 

The problem under consideration can now^be 
vStated in the following general form: How to 
find the coefficients c n in (37), when the following 
properties of the function F(z, p) f are known : 

(i) F is an even function of z. 

(ii) F—G has continuous derivatives of the second order, 
both outside and inside the singularities of G. 

(iii) For 0, Fean'be expanded into a uniformly (in p) 
convergent series of the form 


F ( Z , p)=l C n J m (k n , mp/a)fn( Ul ), ( 37 ) 

n—1 


The coefficients b n (z) can be determined in the 
conventional manner, using the orthogonality of 
the set of functions p* • J m (k n , m p/a ) upon 0 ^ p ^ a. 
One finds 7 


Mz) = 


a*J m + 


/ 

i J Q 


p —( F — G) J m (k n t mp/(l)dp . 
dz 


As either of the two functions F , G is even in 2 , 
with continuous derivatives, we have 6 n (0)=0. 
For points above the cut plane (z>0) the integral 
may be broken up into two other integrals, 
namely 


Mz ) = 


a 2 Jm+ l 2 (&n t m) Sz 
2 


aVm+S(k 


I pF(z , p)J m (kn,mp/a)dp 

Jo 

dG 

P - Jm(k n ,mp/a)dp. 

0 dz 


From (37), which, for fixed z^O is nothing else 
but the Fourier-Bessel series of the function 
F(z, p), we obtain 


f pF(z f 
Jo 


p)Jm(kn.mp/a)dp 


= C n f n (\z\)-JmH 2 (kn.m) 
2 


Therefore, if z>0 

Mz )= C n / n '( 2 ) 


where k n ,m denotes the «th positive zero of the Bessel 
function J m (k), and m is a given integer. 

The answer to this question is readily given if 
appropriate use is made of the well-known 
Fourier-Bessel-Dini series theory, for details of 
which the reader may be referred to Watson’s 
standard work on Bessel functions. 7 

On account of the conditions stated under (ii) 
we infer that (d/dz)(F—G) can be developed 
into a Courier-Bessel series. This series is uni¬ 
formly convergent in any closed interval, con¬ 
tained in 0<p<a, for any value of z, whether 

7 G. N. Watson, A Treatise on the Theory of Bessel 
Functions (Cambridge, 1944), Chapter XVIII. 


a 2 J t 


m+l 


2 (kn,* 


f 

•'o 


dG 

P — J m (k n ,„p/a)dp. 
dz 


Now let 2 tend to zero through positive values; 
then &„(z)—>0, and /„'(z)—>/„'(0)^0. Conse¬ 
quently, the above integral must tend to a limit 
value also, and the coefficient c„ is equal to 


2 r a dG 

c„ =-lim I p— 

o 1 /« , (0)/» + i , (fe..m).-o^o dz 

XJm(k n , m p/a)dp. (38) 


The actual evaluation of the limit in (38) 
usually does not lead to difficulties. Let us take 
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as an example the potential problem in its 
simplest form, whereby the point charge is 
situated on the axis. Then (38) may be applied 
for w = 0, G = (z 2 +p 2 )-*. In the limit, the main 
contribution to the integral (38) is attributed to 
the values of the integrand in the neighborhood 
of p = 0. Therefore we may substitute unit value 
for the Bessel function J Q . Consequently for the 
limit value 

J r a d d r a pdp 

p~~(z 2 +p2)-y p = lim— I- 

0 dz d2 *M) ( 2 2 -f-p 2 )* 

a 

= lim— {(s 2 +a 2 )* - 2 J = —l. 

dz 

Furthermore, /«'(0) = — k n .o/a = — k n /a ; thus, 

2 

a 2 k n J\ 2 (k n ) 

in agreement with (27). 

Until now we were only interested in bound¬ 
ary-value problems of the first kind, with vanish¬ 
ing V at the surface of the cylinder. In boundary- 
value problems of the second kind, the normal 
component of grad V vanishes there; this means 
dV/dp = 0 in case of the cylinder. In this second 
problem the potential can also be developed in 
terms of Bessel functions. The difference is that 
the argument k n> mp/a is changed into K n , m p/a , 
where #c n ,m means the nth positive zero of JJ{k). 
Completely analogous to (37), (38), under similar 
conditions, we now have the following device: 
Given 

*(*, p)=L ynMKn, m p/a)fn(\z\), (37') 

“behaves like” G(z, p) for z—*0, then the coeffi¬ 
cients 7 » can be determined from 

Y a J /»'(0) {1—W S /<t».m J )/m 2 (Kn.m) 

J f* a dG 

P - Jm(xn,mp/a)dp. (38') 

o dz 

We would like to emphasize that in practical 
applications we may forget all the precise 
mathematical conditions and restrictions. Then 


there only remains the very simple procedure to 
obtain the coefficients in the postulated expan¬ 
sions (37) and (37') from the Eqs. (38) and (38'), 
respectively. In this connection the actual evalu¬ 
ation of those limits is of secondary importance. 

This third powerful method is incomplete, in 
so far that it does not very well provide numer¬ 
ical calculations in the nearby zone, because the 
convergence of the series (37) and (37') is usually 
too slow there. This, however, might always be 
overcome by suitable extrapolation of the data 
outside the cut plane. On the other hand, it has 
many advantages. For instance, unlike the other 
two methods, it is equally well applicable to 
either the potential or the wave equation; the 
only difference occurs in the system of functions 
f n (z). Nor does it matter whether or not there is 
symmetry around the axis of the cylinder. 

8 . FIELD OF AN ECCENTRIC POINT CHARGE 

In case of an eccentric point charge, situated 
at (0, pu, 0), the potential V(z f p, <p) will be ex¬ 
pressible as a Fourier series with respect to y?, 
containing only cosine terms. Thus* 

CO 00 

V(z, p, v)=Y. «m cos niip £ c n , m 

»»"~0 74=1 

XJm(kn.mp/a)tr^~w. (39) 

The coefficients c„, m have to be determined from 
the knowledge that V behaves like (z 2 +p 2 
— 2ppo cos^+Pu 2 ) -1 in the neighborhood of the 
source at (0, po, 0). Obviously the method of 
Section 7 is applicable, if the functions G, F, are 
defined as follows: 

1 r T cos m<pdip 

G(z,p)m-- I-, (40) 

2ir (z 2 +p 2 — 2pp 0 cos^+po 2 )* 

1 r r 

F{z, p)ss— I V(z, P, <f>) cosm-pdyj 

2 IT J-r 

= £ c n . m Mk n ,n,p/a)e~^ l* 1 '-. (40') 

71—1 

It remains to show how the limit in (38) can 
be actually evaluated in case of the special 
G-function (40). This can be accomplished by 

* € 0 - 1 ; if w> 0 . 
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means of a useful symbolic formula, namely 

lim(dG/ds)= — (l/p 0 )5(p —po), (41) 

where & denotes a delta-function, “vanishing 
everywhere, except for p = p 0 , such that its 
integral over p from — » to + «> has unit value.” 
As G is even in z, one has, outside the singularity, 
dG/dz-M) if z—>0; for p = po, this derivative tends 
to infinity. Therefore, the existence of something 
like (41) seems reasonable. Our final result is 
completely rigorous, although (41) has only a 
symbolic meaning. For further details the reader 
may be referred to the appendix. 

When (41) is applied to (38), we easily obtain 

2 Jn n, mPo/&) 

On, m “ *■“ , 

O' k n> n> n») 

and thus for the potential of the eccentric charge 
2 * 

V(z, p f ^)=“ E tmeos nup 

(l m«-0 

* Jm(kn,mPo/0')Jm(k nt mp/Q') 

xE- : -(45) 

11=3:1 ^n, m Ym f l 2 (^n,m) 


As it should be, this Green function of the first 
kind for the potential equation inside the cylin¬ 
der, is symmetrical in p and po. For po = 0, (42) 
obviously reduces to (27). 

The method of the discrete normal solutions 
has thus proved its value. We could write the 
proper solution almost at once. Of course, this is 
not the only way; it is certainly possible to 
generalize the first or second method, treated in 
the preceding sections. For instance, one will 
find for the analog of (5) 


»l(s. V>) 


1 « 
-E 

2r 2 d 2 m-o 


Cm cosm<p 



e I m (tpo/a) 

TJt) 


cos {lz/a)dt> 


and by ^ontour integration, analogous to (6), 

1 * 

i?(z, -- E cos nap 

2ra 2 o 

*Jm(k n ,mPo/a) 

XE - e -kn,m\?\/o m 

n-1 J m+ x(k n , m ) 


The same expression for the surface charge 
density is obtained from (42) if (1) is applied to it. 

Similarly, other formulas for the axial point 
charge can be generalized to an eccentric charge. 
Further details may be omitted. We better 
demonstrate the usefulness of the third method 
by a problem of wave propagation. 

9 . THE GREEN FUNCTIONS FOR THE WAVE 
EQUATION INSIDE THE CYLINDER. 

RADIATION OF ENERGY BY 
ACOUSTIC POINT 
SOURCES 

Wc restrict ourselves to harmonic vibrations 
of frequency w/2ir, and time dependence 
exp( — iut). The velocity potential of a frcc-point 
source is 

U» = e ik «/R ; R 2 = z 2 +p 2 — 2 PPo cos*>+p 0 2 . (43) 

Outside the point source, the velocity potential 
/V is a solution of the wave equation 

AU+k 2 l/= 0. (44) 

There are two different types of wave func¬ 
tions, according to whether U or dU/dp vanishes 
at the wall of the cylinder. The Green function 
of the first kind U is that solution of (44) which 
vanishes at the surface of the cylinder, which 
has at infinity the character of plane waves, 
coming from the direction of the origin of 
coordinates, and finally such that U—U o remains 
finite for R—+ 0. The Green function of the second 
kind f/ 2 has a vanishing d/dp at p = a, the other 
requirements being the same as those for Ui. 
Instead of the singularity (43) we may take 
merely 1 /R. 

Discrete normal solutions of the wave equation 
(44) are 

cos rn<p'J m (kn t mp/a) 

X exp[ — (z/ a) (k n , m 2 — k 2 a 2 ) *], (45) 

costn<p-J m (K nfm p/a) 

Xexp[ — (z/ a) (#c n , w 2 — fe 2 a 2 ) *]. (45') 

The functions (45) vanish at p = a, those of (45') 
have a vanishing derivative with respect to p. 
On account of symmetry around the plane ^> = 0, 
the potentials do not contain terms with sin(m#>). 
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Therefore we may expect for z ?*0 
00 00 

U\ = Y. «m cosntip Y C„. m J m (k n , n p/a) 

» M ~=0 W*-l 

Xexp[ - (1 2 1 /a)(k n . J - kV) *], (46) 

CO QO 

ll >2 2^ COS7W(p ^ 7n. mJm(K nt mp/a) 

m**- 0 w-*l 

Xexp[ - (IXI /a) (k n , m 2 - £ 2 a 2 ) *]. (46') 

In these cases the functions f n (z) are, respec¬ 
tively, 

exp[ - (z/d) (k n> m 2 - k 2 a 2 ) »], 

exp[ - (z/a) (k„, m 2 - k' l a *) 1]. 

It is seen that the only difference between (39) 
and (46) is in the occurrence of different func¬ 
tions f tl (z). Consequently we can at once write 
down the result 

2 Jvi(kn,mpO,'a) 

C n, m = . (4 7) 

(1 (k n .J-k 2 a 2 yj m +\ l {kn,m) 

Obviously the Green function b\ for the wave 
equation reduces to that of the potential equation 
(cf. (42)) when k tends to zero. Concerning the 
square root, we must define for ka>k n , m 

(k w , w 2 - V)»= - i{k*a* k n< J )» 

because of the time factor exp( — io)t). 

For the second Green function we obtain by 
application of (38') 


compute the amount of energy, radiated by the 
point source into the cylinder. At large distances 
from the cut plane 2 = 0, the potential is deter¬ 
mined by the undamped waves only. So we have 

U \~ EE C m C n ,mCOSm<pJ m (kn,tnp/a) 

0 <kn,tn <ka 

Xexp[ - i(at - (1 2 1 /a) (k 2 a 2 - k m 2 ) *)]. 


Because of the fact that the system of functions 

COS nupjm(kn,mp/d) 

is orthogonal over the cross section of the 
cylinder, one evidently has 


1 

2w 



E I mi 2 I Jm 2 {kn,mp/(d) pdpi 

•'O 


where the surface integral is extended over the 
cross section of the cylinder, and the summation 
extends over w, m such that k„, m <ka . The inte¬ 
gration over p can be performed, and after 
inserting the values of c n>m from (47), one obtains 

in 1 "' 1 ™ 


Jm"{k n.mPo/d) 

= 2 L - —- : -. (48) 

0 <h n ,m <ka(k~d~ k n , m-f-l“(^ n, m) 


Similarly, for the other problem 



U 2 \ 2 dS=2 £ 

0 <Ckn,m K.ka 


mPQ / d) 

a (1 — m 2 /K n , w 2 ) (*„, vS — llWyjJiKn, m) 


(47') 


J m 2 (^n, mPo/ d) 

X-. (48') 

(kW~K n ,J)t 1 - 


It is to be noticed that in cast? of resonance the 
method fails, because then some coefficient c or 
7 becomes infinitely large. This resonance phe¬ 
nomenon occurs for special values of the applied 
frequency, namely ka = k n , m or ka — K n<m , respec¬ 
tively, for some values of n , w. They correspond 
to the cut-off frequencies of the circular wave 
guide. In practice actual infinities do not occur, 
because of certain corrections which have been 
neglected in our treatment, and which only play 
an important part near the cut-off frequencies. 

Once the amplitudes of the different modes of 
propagation arc known, it is not difficult to 


The physical meaning of the right-hand side 
of (48') is that it provides us with the numeric 
by which the output energy of a freely radiating 
source should be multiplied in order to obtain 
the energy output, when the same source is 
placed inside the cylinder, at a distance pu from 
the axis. 

By the method of images we can also treat 
the case of a point source inside a cylinder with 
one end closed. Let d denote the distance from 
the source to the closed end. Then, by intro¬ 
ducing an unclosed cylinder with two sources, 
a distance 2d apart, and vibrating out or in 
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phase, we obtain for the potentials 

«i* Ui(z+d> p, ip) — Ui(z—d } p, ^>), 

^ 2 = Uifa+d, p, v ? ) + Ui(z—d t p, <e). 

The far field is a result of two interfering systems 
of plane waves. It is not difficult to obtain the 
correspondingly changed energy factors. Before 
in (48) and (48') the summation is performed, 
each separate term must be multiplied by 
suitable interference factors; these factors are 

2 sin 2 £-(& 2 a 2 — & m 2 ) *j, (49) 

2cob^(AV-«*.*)»1, (49') 

respectively. The resulting expressions, which 
we need not write down in detail, will then 
provide us with the numerical factors, by which 
the output of the free source should be multiplied 
to obtain its output, when placed at distances d 
and po from the closed end and the axis, respec¬ 
tively, inside a one-sided cylinder. 

Questions of wave propagation in electro¬ 
magnetic theory can be dealt with in quite the 
same way, further details of which will not be 
given at present. 


APPENDIX 

The validity of the symbolic formula (41) remains to be 
proved. That means, in rigorous mathematical terms, we 
have to prove 

\imj*pf(p) d ~dp = -/(po), (A) 

where G m is defined by 

r r _ cos nupdip _ (n) 

m = +P 2 - 2pp« cos*>-j-p 0 2 )* ’ w 

Equation (A) holds true for 0<po<a, if /(p) is continuous 
upon the closed interval (0, o), but otherwise arbitrary. 

For a complete proof of (A) it is sufficient to know that 
(A) is valid in the following two special cases: 

(1) f(p) 3 p m . where m is the same as in G M ; 

(2^ /(p) vanishes at p~po. 

The most general case is obviously a linear combination of 
these special cases, because one can always write 

Po 

where g(p) vanishes at p«*po. 


Case 1 

For s> 0, from well-known formulas in Bessel-function 
theory, we have 

(s 2 -f p 2 - 2ppo co$4p+ po 2 ) - * 

/too 

=* / e~ f< /oD(p 2 ~2ppo cos^+po 8 ) J ]d/ 
*/o 

00 /too 

■= cosixp I e~ Mt J v (pdl)J v (pt)dt. 

0 «/0 

Upon multiplication by cos(m<p), and integration over a 
full period of <p, we obtain 

G„= (pd) Jm (pt)dt. (C) 

Consequently 

f p’p m {0G m /dz)dp 

%/Q 

- f Q P m+ 'dpj o — te" ,t J m (pot)Jm(pt)dt 

= — J o /-^ v zt J m {poL)dtJ* k mU J„,(x)dx 

- -a"+» f*e' * t Jm(p^)Jm\.\{Q’t)dt. 

Jq 

Let z tend to zero; then the integral above tends to 
Jm(pot)Jm+\(at)dl = (po m /a m+1 ) (0 <p 0 <a). 

Hence 

lim f p'p m (dG, n /dz)dp- —p 0 m (D) 


which is (A) for the special function f(p)=p n . 


Case 2 


It is easy to demonstrate that the contribution of the 
intervals outside the immediate vicinity of p 0 is zero; that 
means 

pf{p)0 ^ dp+ f^, pf(p) ^z d(, }~°’ (E) 

where « is any positive constant, such that 0^p 0 — t<po 
For the proof of (E) we introduce M, the upper 
bound of |/(p) | upon (0, a). Then 


,, sdG, n . . , r |d(7, , . 

pM -^-dp $A/J o dg \ dp. 


Furthermore, 

dG m 

dz 

thus 
dGt 


z r* 

= * 2ir*s —w 


cos m<pd<p 


(z 2 4-p 2 ~ 2pp o cos^+po 8 )* ’ 
dip 


d&n > _Z_ r T _ difi _<_ 

dz v 2tJ-»(s 2 -|-p 2 — 2ppo cos^-fpo*)* v [V-Kp—po) 2 ]* 

Therefore, 


dGm 

dz 


Consequently 


: (S 8 + € 8 )* 

^dGm_ 


if |p-p 0 |£«. 


I jT-wS* 
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A similar bound is found for the contribution of the interval 
(po+e, a). Upon combining them we obtain 


lx 




_ Mza 1 _ 

iw+W 


Let now z tend to zero, e being kept constant. Then (E) 
follows at once. (It should be noted that (E) holds for 
general functions/(p), not necessarily vanishing at p 0 .) 

For the special function /(p), with /(p 0 )=*0, the contri¬ 
bution of the remaining interval Po —«^p$po-b€ is very 
small, because /(p) is very small there. Let us introduce 
the upper bound of |/(p) | in this interval, thus 
M{t)= Max |/(p)|, 

then obviously M{*)-*■ 0 if e-*0. Furthermore, 

dG, _£T +,r _ dip _ dGo 

dz | ^ (s^T-p’ 2 — 2ppo cosv>-fpo 2 )* dz 

therefore, 


lx 


Po+< ft \^Gtn , ^ w/ v r po+t <^*0 » 

pf(p)-^„ dp ^ —M(t) I P — -rfp 

po~« dz p Q ~( ctz 




Let now z tend to zero; then the right-hand integral tends 
to —1, as follows from (D) when the latter formula is 
applied with m = 0. 


Thus we have 

r»P#+« 

Is-tO+^po- 


lim r V(p) “^pU^W; 

2_*QWp0-« I 

that means, on account of (E) 


A/(«K lim f a pf(p)~%p*ZM( 0. 

Z-*0+d 0 <72 


This i9 true for any e>0; as A/(«)-*0 for conse¬ 

quently 

Km rV(p)^p = °=-/(po) 


and this is the required expression in case 2. So we have 
rigorously proved the validity of the symbolic formula 
(41). It may be noticed here that according to Watson* 
8 G. N. Watson, reference 7, page 389, Eq. (2). 
we can deduce from (C) the following interesting formula 


On 


_I n (?±£±fi** 

ir(pp 0 )*^"‘ *\ 2pp 0 


)• 


(F) 


where Q denotes the Legendre function of the second kind. 
The (Munotion has a singularity at the point where the 
argument is equal to 1; this corresponds with 2 ® 0 , p»po. 

Eindhoven, March, 1946. 
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The Elastic Constants of Materials Loaded with Non-Rigid Fillers 

Jane M. Dewey 

General Laboratories , United States Rubber Company , Passaic , New Jersey * 
(Received November 14, 1946) 


General expressions are given for the modulus of rigidity, X s , and compressibility, 1c, of a 
medium of Lame's constants, Xi and X 2 , loaded with a volume fraction, 4> t of a filler of constants 
X/ and X 2 '. To terms in the first power of 4> 


X 2 : B X 2 ^ 
k = k + 


j , _ 15(X2' —X2XX14 -2X2)_ 

2X2 , (3Xi-f 8X2)-+-X2(9Xi-f- 14X2) 
34-4X 2 ^ /l/ 

3+455' {k ~ k) *- 


4 


If the “filler” is a gas at a pressure, p, in a dearly incompressible medium, these give 


Young’s modulus 
Modulus of rigidity 
Compressibility 

Poisson’s ratio 


k = r( i —-—</>Y 

V 9p+4E / 
X 2 «X 2 (1-!<*>). 


1c = k-\- 


3 

-0. 

3^4~4Xo 


<T 



SE \ 
'ip+iE*)’ 


where 4> is the volume loading, p is the pressure within the spherical cavities in the deformed 
state. Barred symbols refer to the properties of the loaded material; unbarred, to the medium 
alone. Expressions for the displacements and stresses within the medium and the particles, 
neglecting interactions between particles, are also given. 

* 


N a letter to the Editor of this Journal, 1 the 
writer gave a solution of the linear equations 
describing small elastic deformations of a medium 
containing a single spherical inclusion of any 
elastic constants. This problem had previously 
been solved for simple tension by J. N. Goodier. 2 
The solution can be extended to the determina¬ 
tion of the elastic constants of a medium loaded 
with small spheres by the method applied by 
A. Einstein 8 to the calculation of the viscosity 
of a suspension and by H. M. Smallwood 4 to 
the problem of rigid fillers. This method gives 
the, terms in the first power of the volume 
loading only, and is valid, with neglect of surface 
effects, for very dilute suspensions .*' 6 


1 Jane M. Dewey, J. App. Phys. 16, 55 (1945); Erratum, 
18, 132 (1947). 

* J. N. Goodier, J. App. Mech. 1, 39 (1933). 

•A. Einstein, Ann. d. Physik 19, 289 (1906) and 34, 591 
(1911). * 

4 H. M. Smallwood, J. App. Phys. 15, 758 (1944). 

* The numerical value of the coefficient of the terms in 
the second power of the volume loading is given by Guth 
and Gold (reference 5), but no details of their calculation 
are available. 

1 E. Guth and O. Gold, Phys. Rev. 53, 322 (1938) 
(abstract). See also E. Guth, J. App. Phys. 16, 20 (1945). 


Consider a single sphere of radius R at the 
origin of coordinates in an isotropic medium in 
which the displacement, s, at a large distance 
from the sphere is given by 

s— >Axi-{-Byj+Czk. (1) 

r-¥ 00 

Lame’s constants of the sphere will be denoted 
by X/ and X 2 ', of the medium by Xi and X 2 . 
X 2 is the modulus of rigidity, Xi may be defined 
by Xi + iX 2 = fe“ 1 , where k is the compressibility. 

The dilatation, strain, and radial components 
of the stress tensor, T, in the medium are 

Vs^A+B+C 

— 6X 2 (3Xi+5X 2 )“ 1 £_ 2 r "Wi(0, (2) 

s r = i (r-{-b- 2 r~ 2 ) (A +5 + O 

+ (r+c- 2 r-*+C- A r-*)M l (0,4>) i (3) 

Se = [r+2X 2 (3Xi+5X 2 )~ 1 e_ 2 r~ 2 

~?^ 4 ]M 2 (^,«), (4) 

s* = 50M 2 “’ 1 (0, <t>)M 2 (6y <p), (5) 
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Trr - (X t +f Xi - ix 2 6_ 2 r -*)(A+B+C) 
+2X 2 [1-(9Xi + 10X 2 )(3X 1 +5X 2 )- 1 

X«-ir- , -4f_ < r-»]Af 1 («,^) (6) 

jT,« = 2X 2 [1 + (3Xi+2X 2 ) 

X(3Xi+5X 2 ) _, c_ 2 r 3 

+|c_40), (7) 
T r * = T«Mi-'{ 9 , <t>)Ah(e, 0), (8) 

A/i(0, 0) = /I sin*0 cos 2 0-f B sin-0 sin-0 

+ Cca&B-\(A+B + C), (9) 

dMi 

A/ 2 (0, 0) = §-= sin0 cos0 

00 

X (4 cosV+5 sin 2 0 — C ), (10) 

1 dMi 

Mz(d, 0) =- 

2 sin0 00 

= — G4 — B) sin0 sin0 cos0, (11) 
&_ 2 = (3 Xi+2X 2 —3X/ —2X 2 ') 

X(4X,+3Xi'+2X,')"'£*. (12) 

f_ 2 = —5(X 2 ' —X 2 )(3 Xi + 5X 2 ) 

X C2X 2 '(3Xi+8X 2 ) 

+X 2 (9X 1 +14X 2 )]-‘B 3 , (13) 

c~ 4 = 9(X 2 ' — X 2 ) (Xi +X 2 ) 

X C2X 2 '(3Xi+8X 2 ) 

+X 2 (9X,-H4X 2 )]- 1 /? 6 . (14) 

The energy of deformation is given by 

1 W= f Tn-sda, (IS) 

•'a 

where T„ is the normal component of the stress 
tensor and the integration is over the outer 
surface of the medium. To calculate the energy 
of deformation of an infinite medium containing 
a single imbedded sphere, it is convenient to 
take a spherical surface with the particle at the 
center. Then, 


W=% f ( T rr s r 4 -TrtSe+TrfS^da, 
•'8 


= |F[X 1 (^+B+C) 2 


2 7T 


+2X,(i4*+J3*+C* ) ]+- ( Xi-jX s) 

3 


XlCfc-i-lX^Xi+SX,)-^,] 

X(A+B+Q*- 2Xo c„*(3Xi + 5X2)" 1 

X(i4 2 +5 2 +C 2 )}, (16) 

for an infinite volume, where V is the total 
volume of the loaded medium. 

Assuming that to the first power of the volume 
loading the added energy due to N spheres is N 
times the added energy due to a single sphere 

H7r=iiXi+(Xi-lx 2 ) 

X [J) .2 — f\ 2 (3X 1 + 5X2)- 1 c_ 2 ]/?- 3 0} 

X (A +B + C) 2 +X 2 [1 - (X! - 1X 2 ) 

X (3Xi-f5X 2 )“ 1 c _ 2 1? ,3 0] 

X(i4*+B 2 +C*) f (17) 


where </> = >} wNR*/ V, the partial volume of the 
filler particles. 

The strain constants, A , B, and C of this 
expression arc those for the medium, as appears 
from the derivation. The observed mean strain 
constants, A 0 , B 0 , and Co, can be calculated to 
the first approximation by the method outlined 
by Einstein. The displacement in the x direction 
can be written 


s x = Ax+^2i As xi =AoX, (18) 

where A s X i is the added displacement due to the 
ith particle. 

If X* is the x coordinate of the center of the 
it h particle and %i is the x coordinate measured 
from Xi 

x = Xi+Xi. (19) 

Differentiating (18) 

d d 

A 0 =A -\—£,• As*i=,4-f £,—(20) 
dx dxt 

Assume that the added displacement is given 
by Eqs. (3) to (5) less the displacement in the 
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medium at a distance from a particle 

A5** == Sxi “ A X = Sgi ~~~ A x i ~~ A JC *. (21) 

Two assumptions are made here: the first, 
that at any point the added displacement due to 
each particle is the same as if the other particles 
were not present, and second, that the displace¬ 
ment at a distance from a particle is described 
by the boundary condition of Eq. (1). The first 
assumption should be correct to the first approxi¬ 
mation in the volume loading. The second is 
approximately correct if each particle is sur% 
rounded by a region free of particles of dimen¬ 
sions much greater than the particle radius. 
This is true of most of the particles if they are 
randomly distributed and the volume loading is 
much less than one. 

For randomly distributed particles £AXt = 0 
and 

L A$** = £ s xi -Ax t . (22) 


We replace the summation by N times the 
mean value of As** 



where the first integral is over the volume and 
the second over the surface. To terms in Rh~ 2 
the integral is independent of r% and since the 
limits of angle are independent of i, 

Ao = A +N/V f As* sin0 costfx/a, (24) 

where As* may be taken for a particle at the 
origin. Bo and Co are obtained by interchanging 
variables. 

Carrying out the integration 

i4 o =(l+f(3Xi+8X 2 )(3Xi+5X 2 )*- 1 ^ 3 0M 
+|[ b- 2 R-'-U3\ x +S\ 2 ) 
XiSXi+SXj-'c-tR-'KA+B+C)*, (25) 

whence, by combining with corresponding ex¬ 
pressions for Bo and Co» 

Ao+Bo+Co— (l+b-v4>)(A+B+C), (26) 


^o 2 +5o 2 +Co 2 = [1 + !(3X 1 +8X 2 ) 

X (3Xi+5X 2 )“ , c_ 2 /J“ 3 ^J 

X(4 2 +£ 2 +C 2 ) 

+§( 6 _ 2 — lc„ 2 )R~ z 

X(A+B + Cy<t>. (27) 

The constants Xi and X 2 of the suspension arc 
obtained by equating the expression for the work 
per unit volume 

W/V^^iAo+Bo+Co ) 2 

+X 2 (^4o 2 +^o 2 +C 0 2 ) (28) 

to the expression (17). 

Substituting (26) and (27) in (17) and equating 
coefficients of (.4o+#o+Co) 2 

Xi = X 1 -(X 1 + 2X 2 ) 

X (&*- 2 — 2X 2 (3Xi+5X 2 )“ l c~ 2 ) /?~ 3 0. (29) 

Equating coefficients of G4 0 2 -t-£o 2 + Co 2 ), 

X 2 == X 2 [l — 3(Xi+2X 2 ) (3Xi-b5X 2 )~ l c_ 2 /?~ 

= X 2 {1 + 15(X 2 '~X 2 )(X 1 + 2X 2 ) 

X[2X 2 '(3Xi+8X 2 ) 

+X 2 (9X 1 + 14X 2 )]- 1 0}. (30) 

Whence 

1 . _ 1 

7 = Xi+§X 2 = -[1 — (Xi+2X 2 )6- 2 jR _3 <^[], (31) 

k k 

or 

k = k + (3 +4X 2 £) (3 +4X 2 fe ')W - k)<t>. (32) 

Two special cases are of importance: 

(a) The case of a rigid filler, 

X 2 '»X 2 , and k'«k. 

Then, 

k = kl l-(l+$X 2 fc)<*>]. (J2a) 

X 2 = X 2 [l + i (Xi+2X 2 ) (Xi+fX^-^.l* (30a) 

(b) The case of included air or other gas 

X 2 ' = 0, X/^, 

where p is the pressure of the included gas 
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(after the deformation)* 

k = k + (3+4\ 2 k)(3p+4\ 2 )~ l (l-kp)<t>. (32b) 

The application of this formula to data on 
elastomers containing small amounts of gas is 
difficult as p is not known and X 2 and p are of 
the same order of magnitude. If aged samples of 
reasonably permeable elastomers are studied, 
p can probably be taken as 1 atmosphere. In 
GR-I or other nearly impermeable materials, p , 
for very long times after molding, is probably 
approximately equal to the gas pressure at the 
time of molding. It may, therefore, differ con¬ 
siderably from 1 atmosphere. For any reasonably 
low gas pressure kp<£ l and 

^~^ + (3+4X2^)(3/)+4X 2 ) _, </>, (32b') 

X 2 —X 2 [[l — ^(Xi+2X2)(Xi+-yA2) l 0]. (30b) 

The approximate formulae for Young’s modu¬ 
lus, £, and Poisson’s ratio, <r, valid for a medium 
of Xi»X 2 , containing gas at a low pressure are 

£cv£[l - E(9/,+4£)-i*] f (33) 

-3£(9/>+4£) ^]. (34) 

The percentage changes in the modulus of 
rigidity and Young’s modulus are of the same 
order of magnitude as the volume percent of gas 
in the material. The change in compressibility of 
a gum rubber stock caused by 0.01 percent of gas 
at atmospheric pressure is of the order of the 
compressibility, however. At pressures above an 
atmosphere, the compressibility varies rapidly 
with the pressure of the included gas. 

Within an embedded sphere and at its surface, 


* The equations and boundary conditions used in de¬ 
termining the displacements and stresses of Eqs. (2)-(8) 
are the conditions of equilibrium for a media obeying 
Hooke’s law and a linear relation l>etween volume and 
pressure. When differential values of the constants are 
used, these conditions are valid for media of any type, since 
a linear relation may always be assumed tor an infinitesimal 
deformation. For an ideal fluid \2**0and dp=* — \\(dV/V), 
which reduces approximately to Xi *=p for a gas. 


V-s = 3a,, (35) 

s r = <p) +ai)r, (36) 

Se = c<rM 2 (e, 0 ), ( 37 ) 

s<p = CirMz(6 } <p), (38) 

r rr = 2X 2 V 1 M 1 (fl, *) + (3Xi / + 2X,')a lf (39) 

7 = 2X 2 'ciA/ 2 (0, <£), (40) 

T r<#) = 2\ 2 f C\M 2 (6 t <£), (41) 

ai = (Xi + 2X 2 )(4X 2 +3X 1 ' + 2X 2 ')- 1 


X(A+B + C) } (42) 
ci = 15X 2 (Xi + 2X 2 )[2X 2 , (3X 1 +8X 2 ) 

+X 2 (9X 1 + 14X 2 ) ]~ l . (43) 


As would be expected, the radial components 
of stress on the surface of a particle have their 
maximum value when the filler is rigid, the case 
treated by Smallwood. 4 

Comparison of Kq. (30) for the modulus of 
rigidity with the calculation made by Taylor 6 of 
the viscosity of a suspension of fluid spheres of 
viscosity in a fluid of viscosity 





5/x' + 2/z l 
- <t> , 

2(m'+m) J 


shows that the two relations are of the same form 
only for Xi, X/, a i\ and X 2 ' infinite. The difference 
between the two cases lies in the importance of 
surface tension in the suspension of fluid drop¬ 
lets. Suspension of droplets of any fluid in another 
increases the viscosity, while blowing, for in¬ 
stance, reduces the rigidity of a solid. Added 
work on the fluid suspension is done against 
surface tension, deforming the droplets. Mathe¬ 
matically, the difference appears in the omission 
of the condition that the normal component of 
stress on the droplet be single valued. This 
difference in stress on the two sides of the surface 
is balanced by surface tension. 

•G. I. Taylor, Proc. Roy. Soc. A 138 , 41 (1932). 
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Heat Transfer between a Fluid and a Porous Solid Generating Heat 1 


Stuart R. Brinkley, Jr. 2 

Central Experiment Station, U. S. Bureau of Mines, Pittsburgh, Pennsylvania 
(Received September 16, 1946) 

The theory, due to Anzelius, of the transfer of heat between a fluid flowing with constant 
velocity through a porous solid is extended to include the case where the solid generates heat. 
Expressions are obtained for the temperatures of solid and fluid as functions of position and 
time, it being assumed that the heat source function is a linear function of the temperature 
of the solid with coefficients independent of position and time. The application of the theory 
to a description of the temperature in catalytic reactions is indicated. 


INTRODUCTION 

THEORY of the transfer of heat between 
a porous body and a warm fluid has been 
developed by Anzelius 3 and Schumann. 4 A fluid 
carrying heat is supposed to flow with constant 
velocity through a porous substance such as a 
solid body in a finely divided state which is 
initially at a different temperature than that of 
the fluid. The temperatures of solid and fluid are 
determined for different positions at later times, 
it being assumed that the volume specific heats 
of solid and fluid are constant, and that there^Ts 
no conduction of heat in either the solid or the 
fluid. The problem is, of course, idealized by 
these simplifying assumptions. However, in his 
extensive series of measurements of heat transfer 
from a gas stream to a bed of broken solids, 
Furnas 6 obtained excellent experimental con¬ 
firmation of the simple theory. 

In the present communication, this theory is 
extended to the case where the solid is generating 
heat. In addition to the assumptions above, it is 
further assumed that the heat source function is 
a linear function of the temperature of the 
porous solid, the parameters of the linear func¬ 
tion being independent of position or time. 

The theory should be applicable to a cal¬ 
culation of solid and gas temperatures in cata¬ 
lytic reactions if the reaction vessel is so designed 
that all but a negligible amount of the heat of 

1 Published by permission of the Director, Bureau of 
Mines, U. S. Department of the Interior. 

2 Physical chemist, Research and Development Division, 
Bureau of Mines, Pittsburgh, Pennsylvania. 

1 A. Anzelius, Zeits. f. ang. Math. u. Mech. 6, 291 (1926). 

* T. E. W. Schumann, J. Frank. Inst. 208, 405 (1929). 

> 1 C. C. Furnas, U. S. Bureau of Mines Bulletin 361 

(1932). 


reaction is transported by the sensible heat of the 
gas and if either (a) the reaction is of the zeroth 
other without volume change, or (b) the flux of 
the gas through the reaction vessel is so large 
that reaction is limited to a few percent. 

THE BASIC EQUATIONS 

Consider a semi-infinite porous solid 

through which a fluid is flowing in the positive 
.v-direction with volume current g . Let the tem¬ 
peratures of solid and fluid at a distance x from 
the origin and at time t be U{x , t) and V(x, /), 
respectively. It is assumed that the solid in a 
particular element of volume loses heat by 
transfer to the fluid and gains heat by generation 
at a rate F per unit volume of porous solid, 
where in general, 

F— F(x, t \ U), (1) 

and that the fluid in the element of volume gains 
heat by transfer from the solid and by the flux 
of heat into the volume which accompanies the 
flow of the fluid. By considering the rate of 
increase of heat in the solid and fluid contained 
between the transverse planes x and x+dx , and 
assuming that the rate of heat transfer is 
governed by Newton’s law of cooling, it is easy 
to show that the transfer of heat from solid to 
fluid is governed by the relations, 

dU 

c 8 p'—-+h(U - V)-F(x,t; t/)= 0, 
dt 

( 2 ) 

dV dV 

c/pj -h h(V— U)+C/p/g — = 0, 

dt dx 

* where c 9 and C/ are the heat capacities per unit 
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mass of solid and fluid, respectively, p, and p/ are 
masses of solid and gas contained in unit volume 
of porous solid, respectively, h is the coefficient 
of heat transfer between solid and gas per unit 
volume of porous solid, and where it has been 
assumed that the quantities c 8 p 9 , c f p f , and g are 
constants. 

In the present communication, the solution of 
Kqs. (2) is obtained for the cast* where the heat 
source function is a linear function of the tem¬ 
perature of the solid, 

F(*,/; U)=h(a+l3U), (3) 


d 

— U( 0, t) + (1 —f$) t/(0, r)=a, £/(0,0)=tfo, 

dr 

d (8) 

— V(t 0)+F(£, 0) = Uo, F(0,0) = 0. 

The subsidiary boundary conditions are obtained 
by solution of Eq. (8). 

U(0 }T )=Uoe^ —^^-^- 1 ], 

1-0 

(9) 

V(i, 0) == I7 0 (l 


with a and 0 constant. If the heat is generated by 
chemical reaction, one will usually have 

F^e-'iRT^e-t/Rn 1+ —(7'-rn)H-1 

L RT 0 2 J 

from which the accuracy of the linear approxima¬ 
tion, Eq. (3), may be estimated. Here, e is the 
activation energy of the reaction, R is the gas 
constant, and T is the* absolute temperature. 

For convenience, the temperature of the inlet 
fluid is taken to be zero, and the temperature of 
the porous solid at the initial instant of time on 
the same temperature scale is denoted by U Q . 
The boundary conditions for Eqs. (2) are there¬ 
fore 

U=Uo, x^gt, (4) 

7=0, x = Q. 

The first condition is a statement of the fact 
that the porous solid is at its initial temperature 
at points which have not yet been reached by the 
fluid. 

With the notation a = h/c/p/g , b = h/c 8 p 8 g % and 
the change of independent variable 

£=ax, T — b(gt—x), 

Eqs. (2) and (3) become 

dU/dr=V+(0-l)U+a , 
dV/dl-=U- V, 

with the boundary conditions, f/=t/(£, r), 

V- V(l r), 

U((, 0) == Uo, F(0 ,t)=0 . (7) 

Equations (6) and (7) lead immediately to a 
pair of ordinary differential equations for 
t/(0, r) and V((, 0). 


(5) 

( 6 ) 


Equation (6) may be simplified in a manner 
analogous to that employed by Schumann 4 by 
introducing new independent variables, T and A, 
where 


r = ([/+F)e^ ( H )T , 
A= (£/— 7)e ff (1 "0 )t . 


( 10 ) 


One obtains 

d V/i) r + dA/dr— F —A + 2 aeM < ^ > \ 

( 11 ) 

av/dt-d A/d^=r+A, 

and by further differentiation 

d 2 A/d£dr = A. (12) 

The boundary conditions for V and A are 
evidently 

I\£, 0)=£/o(2**-l), A({, 0) = J7 0 > 

(U) 

r(0, r)= A(£, 0) = t/o+—C^ (1 ^ )r -lJ. 

1-0 

The characteristics of Eq. (12) are the straight 
lines parallel to the axes through the point of 
interest (£, r), and the boundary values of A are 
specified along a pair of characteristics (the 
axes). The solution of Eqs. (12) and (13) is thus 
a characteristic initial value problem and is 
straightforward by the method of Riemann. 6 
The Reimann function is /o[2(({ — — 

in which £' and r' are the variables of integration 
around the boundary of the region determined by 
the characteristics and the axes, and /o is the 
zeroth-order Bessel function of the first kind for 


6 R. Courant and D. Hilbert, Methoden der Mathema - 
tischen Physik (Juliufe Springer, Berlin 1924), Vol. II, pp. 
311-317. 
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imaginary argument. The solution for A is 
A=tf 0 /o[2Ur)*] 


Tables of a related function, 


a- uqi ol z vs t / J *(*, /), (18) 

e(l ~ 0)T ^°l-2(*( r “~ 7 ’0)*]dr'. (14) have been constructed® and are to be published. 

0 By means of Eqs. (17), Eq. (15) is readily shown 

This result may be rewritten in the convenient to satisfy Eqs. (12) and (13), and this solution 
form, is unique. 6 

vi-, a r x An expression for the quantity l 1 can be 

A=iU>[2($r) ]+—*0(1-£),*/(1-/3)], (15) obtained by the i ntegrat i OIl D f either of Eqs. 

(11), employing Eqs. (15) and (17). Expressions 
in which the function <p(x, y), defined by for t ) le temperatures of solid and fluid can then 

/• x .be obtained by the combination of this result 

<p( x , y) = eJr J e x h[2{x yY~\dx , (16) w ith the solution for the variable A, Eq. (15). 

0 * However, the temperature of the fluid is obtained 

has been introduced. This function, originated by m orc directly from the relation, 

Laplace, 7 has been discussed by Thomas, 8 who 

has obtained the following useful properties: d 7/d£ = Ae“*~ a " /3)r , (19) 

*(^:y)+W:y,*)=«' + *-/o[2(ry)‘], , ... ,_ 4 . . f 


(d/dx)<t>(x, y ) = v(x, y) + /o[2(ry)‘], 
(d/dy)if>(x, y) = <p(x, y) - (d/dy)It>[2(xy)*], 
*(0, y) = 0, <fi(x, 0) — e I —l. 


which results from the substitution of the 
definition of A in the second of Eqs. (6). The 
(1^) temperature of the solid is then obtained at once 
by the combination of this result with the 
expression for A. 


THE TEMPERATURES OF SOLID AND FLUID 

If the solution for A be combined with Eq. (19), there is obtained 


— - tfo/o[2(«r)*]+-*[r(l-j8), 1/(1-0)] (20) 

d£ I 1-0 I 

Integrating this expression between limits as an ordinary differential equation, and recalling that 
F(0, r)=0, one obtains 

F= Uo<p((, T )e-i-^ r +—e<*-'>r f * *>0(1-0), *7(1-0) ]<*£'. (21) 

1-0 J n 

The integral of Eq. (21) can be evaluated by the method of integration by parts, employing the 
properties of *(jc, y) which arc summarized by Eqs. (17). The result of this process is 

fV*V[r(l-|8),f7(l-«W = — !*(!, r)-*[|/(l-/3), (22) 

Jo 0 

if 0^0, and 

Cr(l-/3), r/(l-«J<r- I Mr .& + MI r)-(tr)»/,[2(«T)*])«-*. (23) 

7 H. Bateman, Partial Differential Equations of Mathematical Physics (The Cambridge University Press, New York 
1932), p. 128. 

• H> C. Thomas, J. Am. Chem. Soc. 66, 1664 (1944). 

•S. R. Brinkley, Jr. and R. F. Brinkley, unpublished tables. 
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if f} — 0 .1 1 is the first-order Bessel function of the first kind for purely imaginary argument. Therefore, 
the temperature of the fluid is given by 

F(£, t) = ( Uq +-)*(£, ra-fl)]*-*-"-^-!), ( 2 4) 

\ 0 / 0 

if 07 * 0 , and by 

F(f, T ) = {(Z7o+ar)^(£, r)+a^(r, £)-a(£r)»7 1 [2(£r)»]|e- | - r , (25) 

if 0 = 0. The temperature of the solid is immediately obtained by combination of these results with 
the expression for A. Then, 


U(l r) = ( t/«+-W-*(r, £)<r« -- 

V 0 ' 0 


l 

-*[r(l-0), £/(l 

1-0 


(26) 


if 0 i*O, and 


U(l t) — Uq= I [«(£+1) — Uo}<p(t, £) + 2r*(£, r)-«(£r)‘/,[2(£r)‘]|e-«- (27) 

if 0 = 0 . The rate of heat transfer from soliil to fluid per unit volume of porous solid is equal to 
/jA(£, T)e-f- ( '-0>'. 

The application of those results to particular systems will be the subject of subsequent reports 
from this laboratory. 


THE STEADY STATE 

The steady state values of the temperatures of fluid and solid are obtained from Eqs. (24) to (27) 
by proceeding to the limit of infinite r. The function *(£, 00 ) is finite for finite £, and the function 
<f>(r, £) tends to e {+r as r tends to infinity. Then, one obtains 


if 09 * 0 , and 


a 1 

F(£, *) = (a/^)| e «/o **>-1), I/(f, «>) = ~{— —1 

0 < 1 ~0 

F(£, «) = «£, £/(£, *) = <*(£+!), 


(28) 

(29) 


if 0 = 0 . These steady state solutions have been previously obtained and employed for the calculation 
of catalyst and gas temperatures in a typical operation of the Michael process for the synthesis of 
hydrocarbons from carbon monoxide and hydrogen. 10 


10 S. R. Brinkley, Jr., 110th Meeting, American Chemical Society, Chicago, Illinois, Sept. 1946. 
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Letters to the Editor 


Concerning Estimates of the Minimum Sparking 
Potential Based upon the Cathode 
Work Function 

Donald H. IIale and W. S. Hijxford 
Department of Physics, Northwestern University, Evanston, Illinois 
April 4, 1947 

J ACOBS and LaRocque 1 have recently suggested a 
method for estimating the minimum sparking potential 
for cold cathode tubes. They measured the minimum 
sparking potentials for several cathodes in argon and, 
calculated the corresponding value for y m . These values for 
y n were then plotted against the corresponding values of 
the work functions and the minimum sparking potentials. 
By use of these two curves an attempt is made to estimate 
y m and the minimum sparking potential in argon for any 
cathode, provided only the work function for the cathode 
material is known. Applying this method the authors 
obtain an approximate and reasonable value for the 
minimum sparking potential of a sodium cathode in argon. 

This method of determining y m from sparking data is 
not reliable. It has been pointed out that this procedure 
cannot be expected to yield good values for y in all cases . 2 
This is shown by the results obtained by these authors 
since their values of y vary widely from those found by 
other workers. Schofer 8 and Engstroin 4 found that tlie 
values of y for a barium cathode in argon increased with 
increasing values of E/p starting with an E/p of about 40. 
The authors found just the opposite. Their values of y 
decrease with increasing values of E/p. Further, their 
value of 7 at an E/p of about 40 is three times greater 
than that measured by Schofer. Since they worked at 
higher gas pressures than did earlier workers it may be 
that in their work the mechanism of electron emission by 
photons at the cathode was enhanced. However it is 
difficult to see how this could account entirely for their 
high values of 7 . 

The agreement between the calculated and experimental 
values of the minimum sparking potential for a sodium 
cathode in argon may be fortuitous. Bowls 5 measured 7 
for a sodium cathode in nitrogen and Ehrenkrantz® meas¬ 
ured the sparking potentials. Bowls found that the sodium 
cathode gave distinctly lower values of 7 , for a wide range 
of values of E/p , than did a platinum cathode. Yet, 
Ehrenkrantz found that the sodium cathode showed a 
lower minimum sparking potential than did the platinum. 
Hale 7 and Ehrenkrantz found a similar situation with 
regard to sodium cathodes in hydrogen. The authors 
explain the lower 7 for sodium on the grounds that hydro¬ 
gen or nitrogen combines with sodium to give a surface of 
high work function. Such an assumption would explain 
the low values for 7 but it cannot explain, on the basis of 
the author's argument, the observed low value of the 
minimum sparking potential. Actually it has been pointed 
out that sodium surfaces in hydrogen or nitrogen show 
low photoelectric thresholds . 8 Here then is a case of a 


cathode material which has a low work function, which 
shows low values of 7 , in at least two gases, and yet has a 
low minimum sparking potential. 

There are other interesting examples. The work functions 
for nickel and platinum are 5.01 and 6.30 volts, respec¬ 
tively . 9 Yet the minimum sparking potential for argon 
with cathodes of these materials is 195 volts in each case . 10 
The work function for iron is 4.72 volts . 9 However, the 
minimum sparking potential for argon with an iron cathode 
is 265 volts. This is distinctly higher than the minimum 
sparking potential for platinum in argon. Yet platinum has 
the higher work function. 

It is probably correct to say that, in a very general way, 
materials with low work functions will show..high values 
of 7 . However, exceptions are known and any prediction 
of the minimum sparking potential which is based upon 
the work function of the cathode may be badly in error. 
Much work remains to be done before this point is clear. 

We wish to call attention to what appears to be a mis¬ 
statement. The authors state that Bowls found a lower 7 
for platinum in a large region of E/p than he did for 
sodium. It appears that they intended to refer to a lower 7 
for sodium which was what Bowls ob.served. 

1 H. Jacobs and A. P. LaRocque, J. App. Phys. 18, 199 (1947). 

^ L. 11. Loeb, Fundamental Processes of Electrica l Discharge in Gases, 
pp. 348 and 416. 

! R. Schofer, Zeits. f. Physik 110, 21 (1938). 

« R. W. Fngstroin, Phys. Rev. 55, 239 (1939). 

* W. l£. Bowls, Phys. Rev. 55. 293 (1938). 

*F. lihrenkrantz, Phys. Rev. 55, 219 (1939). 

> D. H. Hale, Phys. Rev. 55. 815 (1939). 

8 L, B. I^oob. reference 2, p. 395. 

9 A. L. Hughes and L. A. DuBridge, Photoelectric Phenomena, p. 75. 

10 M. J. Druvesteyn and F. M. Penning, Rev. Mod. Phys. 12, 114 
(1940). 


Measurement of the Dynamic Stretch-Modulus 
and Hysteresis of Tire Cords 

W. James Lyons and Irven B. Prettyman 
The Firestone Tire and Rubber Company, Akron 17, Ohio 
April 17, 1947 

T HE modulus of elasticity (Young’s) of synthetic fila¬ 
ments and films has been measured by Meyer and 
Lotmar 1 and Ballou and Silverman , 2 who employed sound- 
velocity methods which gave the dynamic value of the 
modulus at acoustical frequencies. These methods, how¬ 
ever, are not applicable to the measurement of concomitant 
hysteretic losses. Wakeham and Honold 8 studied the 
elastic modulus and hysteresis effects in cotton, rayon, 
and Nylon tire cords under dynamic conditions, but at a 
relatively low frequency: 1 cycle/sec. 

The exploratory studies reported herein were undertaken 
to develop a method for measuring not only the dynamic 





Fig. 1. Schematic diagram of cord stretch-vibrometer. 
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Table I. Representative measurements of dynamic properties of conventional tire cords, obtained on cord vibromete 

at constant impressed force-amplitude. 


Static properties 
(conditioned at 65% 
R.H., 70°F) 

, , Breaking Ultimate 

Cord sample load elongation 

Fiber Construction (Kg) (Percent) 


Dynamic properties 
(at approximately 14% R.H., 78°K) 
Resonant Dynamic Internal Hysteresis 

frequency, /<> modulus, E friction, n index, 2rfy 

(cycles/sec.) (1U 10 dynes/cm*) (10* poises) (10R> dynes/cin*) 


Cotton 11/4/2 

Viscose rayon 1100/2 

Nylon 210/3/3 


8.5 

6.8 

14.6 


14.3 

169 

7.7 

4.0 

0.42 

15.9 

148 

11.2 

5.3 

0.49 

19.5 

116 

6.1 

2.4 

0.17 


modulus of filaments, yarns, and cords in the sonic or ncar- 
sonic range, but also their internal frictional (hvsteretic) 
properties. Measurements of the modulus and friction 
have been successfully made on cotton, rayon, and Nylon 
cords forcibly vibrated longitudinally at frequencies above 
100 cycles/sec., by electromagnetic means. 

i'he apparatus is shown schematically in Fig. 1 . A small 
light-weight coil is placed coaxial with the core of a strong 
Mrrtromagnet ic field coil, so that the former is in a powerful 
magnetic field when a direct current passes through the 
field coil. The small coil is rigidly mounted on a plastic 
rod which passes through a hole at the axis of the core. 
The rod is supported by pieces of the test cord attached co¬ 
axially at each end. Static loads at the outer ends of the 
two pieces of cord balance each other and allow the cords 
to be placed under tension without displacing the rod and 
small coil. When an oscillating current is sent through this 
coil, the nxl vibrates longitudinally, causing small periodic 
extensions and contractions in the pieces of test cord. In 
the initial trials, a small mirror was rotatably connected to 
the rod at the end opposite the vibrating coil, so that by 
means of an optical-lever system, amplitude of vibration 
could be detected and measured on a ground-glass scale. 
It was subsequently found that a micrometer microscope 
could be advantageously substituted for the optical-lever 
system, with improved accuracy; and this method was 
used to obtain the results reported herein. In the present 
experiments the vibrating coil was energized by a 50-watt 
power amplifier which was controlled by a regular com- 
merical calibrated audiofrequency oscillator unit. 

The principle underlying the present methcxl is ex¬ 
pressed by the equation of motion of the vibrating element 
under impressed force: 

m(ffis/dP) + (i/q)(ds/dt) + (E/q)s=F ant'd, (1) 
where w = vibrating mass, 5 = displacement from the 
equilibrium position; 77 = coefficient of internal friction 
(hysteresis); E — dynamic stretch modulus; (/ — shape factor 
of cord; and amplitude of applied force having fre¬ 
quency w/2Equation (1) has been applied to forced 
compressive vibrations in flat cylinders of rubber by 
Gehman, Woodford, and Stambaugh , 4 and to shear vibra¬ 
tions in similar specimens by Dillon, Pretty man, and 
Hall . 6 The design of the driving mechanisms used by these 
groups provided the prototype for the corresponding 
elements of the present equipment. 

It can be shown readily that at resonance, to good 
approximation: 

mqu>o 2ss tn(L/2A)(2Tfo) i , (2) 


where A -cross-sectional area of cord or yarn (exclusive 
of interstices between fibers); L = frcc length of each 
matched piece of cord, and /o= resonant frequency. 

Equation ( 2 ) has been applied to observations of reso¬ 
nant frequencies made with the cord stretch-vibrometer 
on three kinds of tire cord, with the results summarized 
in Table I. To identify the cords the conventional static 
properties have been included in the table. All cord samples 
were vibrated under a tensional load of 1.2 kg, with 
£ = 25.4 cm (10 in.). The effective mass of the vibrating 
system, m, was found to be 17.0 g. 'I'he cross-sectional area 
of each sample was determined from the weight of a 200 -cm 
specimen of the cord and the bulk density of the component 
liber. 

Internal friction, rj, may be readily derived from obser¬ 
vations on the stretch-vibrometer by means of the equa¬ 
tion: 

y = Fq/s m u 0 , (3) 

s m being the maximum (resonance) strain-amplitude. 
Values of this quantity, as well as of an index of hysteresis 
losses 27r/r7, are entered in Table l. The latter quantity 
has been shown, in the case of rubber , 6 to be substantially 
independent of frequency. 

1 K. H. Meyer and W. Lotinar, Hclv. Chun. Acta 19, 68 (1936). 

2 J. W. Ballou and S. Silverman, Textile Research 14, 282 (1944), 
J. Acoust. Soc. Ain. 16, 113 (1944). 

8 H. Wakeham and E. Honold, J. App. Phya, 17, 698 (1946). 

* S. D. Gehman, D. E. Woodford, and R. B. StambauKh, Ind. Eng. 
Ghent. 33, 1032 (1941). 

& .j. II. Dillon, I. B. Prcttyman, and G. D. Hall, J. App. Phys. 15, 
309 (1944). 


On the Analysis of Internal Flow Machinery 

Sabinus II. Christensen 
Carrier Corporation, Syracuse, New York 
April 11. 1947 

T HIS is a brief report of a new method of applied re¬ 
search which has opened an area of analysis hitherto 
inaccessible to internal flow machinery having moving 
passages (centrifugal and axial-flow compressors, and 
turbines). 

The new technique is based on the rejection of the 
idealization in the gas-dynamic analysis of internal flow 
machinery that the fluid may be considered to be a com¬ 
pressible ideal gas, i.e. frictionless. It has been found by 
exhaustive analytic study of test data that the use of the 
frictionless gas concept fails to explain performance within 
very wide limits. 

It is well known that the inefficiency of internal flow 
machinery is caused by the dissipation of available energy 
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which is reflected in increase of entropy through the 
machine. The basic domain for research on internal flow 
machinery is then recognized to be that of making a de¬ 
tailed explanation of entropy increase caused by friction, 
separation, and turbulence. Taking the detailed change of 
entropy into full account now explains such hitherto 
inaccessible phenomena as quantitative values of shock 
loss at the entrance to rotating grids, and the theory of 
the maximum flow in a centrifugal compressor (as have 
been done by the writer in unpublished company reports). 

The new method is directed towards the local evaluation 
of entropy in rapidly moving or rotating passages. The 
method utilizes the device of speeding up the moving 
passage (or the equally effective method of using a very 
heavy gas with slower passage speeds) until somewhere, 
within the passage the relative velocity is locally sonic. 
The exact equations of state, energy, ^and continuity are 
then satisfied by a definite entropy value at the blocking 
point. If a study is made of the energy vs. area gradient 
along the passage it will be seen that the blocking point 
is fixed by the passage design, thus providing the fourth 
simultaneous equation which solves the problem of deter¬ 
mining the exact thermodynamic state inside a rapidly 
moving passage. It is believed that this technique is far 
superior to the less reliable method of trying to measure 
the state of the fluid by instruments which are forced 
to transmit their data through commutator rings and 
packings. 

Instead of working with entropy change, re-arrangement 
of the gas-dynamic equations shows that the isentropic 
relations apply if the passage area is modified by the factor 
exp(— JAS/R), J being Joule’s mechanical equivalent of 
heat, AS the increase in entropy, and R the gas constant. 


Objective Aperture System for the 
Electron Microscope 

Cecil E. Hall 

Massachusetts Institute of Technology, Cambridge, Massachusetts 
April 17, 1947 

T HE conventional objective aperture used in magnetic 
electron microscopes consists of a circular diaphragm 
about 25 microns in diameter, fixed with respect to the 
lens and coaxial with it. It prevents electrons scattered 
through angles larger than about 10 -a radian from reaching 
the image plane, thereby reducing background intensity 
and enhancing contrast in the image. An objective aperture 
is necessary for the examination of thick objects producing 
a high scattered intensity, such as replicas, sections, and 
the like, but it is of lesser value in the examination of 
specimens of suitable thinness and contrast. Electron 
microscopists are familiar with the many practical diffi¬ 
culties associated with the use of apertures. They are 
difficult to make, install, and align, and must be replaced 
frequently, because they accumulate films of non-conduct¬ 
ing material which become charged and produce distortions 
in the image. It is therefore desirable to have an objective 
aperture system that can be installed quickly and renewed 
as occasion demands. 



Fig. 1 . Objective aper¬ 
ture system. 


An objective aperture system having the advantage 
that it is attached to the s|>ecimen cartridge rather than to 
the lens, is shown in Fig. 1. It has l>een used successfully 
in this laboratory with an RCA type B electron microscope. 
The device consists essentially of a second screen mounted 
and aligned so that each opening of the specimen screen 
has below it a corresponding opening serving as an aperture 
stop. Aperture screens may be detached readily, if they are 
not required for the specimen under examination, and may 
be renewed frequently from standard material. A is the 
lower part of the specimen cartridge to which is fitted the 
cap, B , containing the specimen. The tip, C, containing the 
aperture screen is mounted in a friction cup so that it may 
be turned al>out the axis and rocked slightly to give small 
lateral displacements. Aperture screens, which must be 
non-magnetic since they are in the lens field, are punched 
from 200-per-inch copper Lektromesh. 1 

The procedure in using the device is as follows: Clip the 
cartridge to the stage of a 100-power optical microscope 
with cross-hairs in the eyepiece. Focus on the object screen 
and rotate the eyepiece until the cross-hairs are aligned 
with the screen wires. Focus on the aperture screen and 
rotate the tip C until the screen wires are square with the 
cross-hairs. Refocus on the object and center an open 
square on the cross-hairs with the mechanical stage. Focus 
on the aperture mesh and rock the tip, C, until an open 
square is centered on the cross-hair intersection. This 
procedure usually takes one or two minutes. Possibly a 
smaller object-to-aperture distance than the three milli- 


■ Fig. 2. Collodion-silicon replica 

of glass grating, shadowed with 
chromium; (a) without an aperture, 
(b) with mesh aperture. X3600. 
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Fig. 3. Dvk-field electron micrograph of carbon particles 
'shadowed with uranium. XI 1,666. 


meters shown in the diagram would provide adequate 
contrast in the image and at the same time simplify the 
alignment of the two meshes. 

Two micrographs of a collodion-silicon replica of a glass 
grating are shown in Fig. 2, to demonstrate the difference 
in contrast with and without the aperture screen; (a) was 
taken without an aperture, while (b) was taken with one. 
The replica was shadowed with chromium. Contacts were 
made from the original micrographs on the .same Eastman 
Medium lantern slide plate and a contact print made from 
this on F-3 Kodabromide. Contrast, of course, depends on 
the photographic processing, but an effort was made to 
have the prints represent a reasonable comparison of the 
original plates. Although improved contrast in the image 
is most pronounced with thick specimens, improvement has 
also been noted in thin specimens containing small par¬ 
ticles of low scattering power. Open areas in standard 
Lcktromesh screens are square, but no distortions have 
been noted in the image which could be attributed to this 
unusual shape. Also, it is possible that electrons may be 
so widely scattered that they will reach the image plane 
through an opening other than the one directly below the 
point under observation. In the mesh normally employed 
the solid parts are three times as wide as the open squares, 
and since scattered intensity falls of! rapidly with angle, 
the proportion of such widely scattered electrons appears 
to be inappreciable. 

The multiple aperture was originally devised to enhance 
contrast in images of thick specimens, but it has proved 
to be very useful also for dark-field electron microscopy. 
If alignment of the two meshes is not. perfect, and it very 
rarely is, a part of each object opening will be seen in 
dark field. An example of a dark-field micrograph made in 
this manner is reproduced in Fig. 3. The specimen consisted 
of carbon particles 2 on a collodion film, shadowed with 


uranium to a calculated thickness of about 13A. Shadow 
areas are dark because they contain no uranium, hence 
scatter least. The uranium film appears as a background of 
discrete spots ranging in diameter from 50 to 200A. The 
spots are quite well resolved for dark field, indicating that 
they are produced by electrons that have been scattered 
coherently and are therefore confined to a narrow angular 
aperture and velocity range. The dark-field micrograph 
thus reveals the presence of small ordered regions in the 
film that are not perceptible as such in bright field. Similar 
structure has also been observed with thin films of several 
other metals and compounds. 

Images of the carbon particles shown in Fig. 3 are charac¬ 
terized by bright contours and dark centers, resulting from 
the fact that at small angles there is a relatively high in¬ 
tensity from electrons scattered close to the surface. Elec¬ 
trons scattered within the particles arc spread over a 
much larger solid angle so that a smaller proportion enter 
the limiting aperture. An interesting feature, not visible 
in bright field, is the occurrence of numerous bright spots 
at the edges of the particles. This appearance is not associ¬ 
ated with the uranium since the spots also appear in un¬ 
shadowed specimens. In the micrograph shown, all such 
spots appear on edges away from the aperture, hence 
represent pencils that have been deflected under the 
particles. However, the occurrence on one edge only, is 
dependent on alignment of the electron microscope and on 
the objective current. They have been observed on edges 
toward or away from the aperture and on all sides simul¬ 
taneously. The reason for enhanced scattered intensities 
is not evident at present. Possibly they are in the nature of 
crystalline reflections owing to regularities near the surface, 
although the images are considerably more diffuse than 
those produced by diffractions from common crystalline 
substances. Whether the enhanced scattering is to be 
accounted for on the basis of crystallinity or not, it must 
be noted that near the edges, electrons are incident and 
emergent at such small angles that refraction effects may 
be expected to be of significant magnitude. The observed 
deflection of electrons under the particles could be ac¬ 
counted for on the basis of refraction resulting from an 
inner potential of the order of 10 volts. 

These observations demonstrate the utility of the mul¬ 
tiple aperture which is, to be sure, a compromise for con¬ 
venience rather than the equivalent of a clean, well- 
centered aperture of the conventional type. Probably a 
completely satisfactory solution of the aperture problem 
will require the redesign of present objectives to allow for 
insertion and alignment of apertures fixed to the lens, 
without the difficulties and hazards that presently attend 
this operation. As an alternative, the multiple aperture 
has some advantages, and furthermore, the ease with which 
it may be used for dark-field observations may stimulate 
this interesting and somewhat neglected aspect of electron 
microscopy. 

1 C. O. Jelliff Manufacturing Corporation, Southport, Connecticut. 

a P33, Thermatomic Carbon Company, Inc. 
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New Books 


A Shorter History of Science 

By Sir William Cecil Dampier. The Macmillan 

Company, New York, 1944. 

When Sir William Cecil Dampier’s larger book, A History 
of Science and Its Relations with Philosophy and Religion , 
came from the press, we recognized that a great service had 
been rendered: science had been given its “setting in other 
modes of thought.” Could Dampier streamline the larger 
book and produce A Shorter History of Science without 
devitalizing the story of the growth of science which made 
the larger book famous? In the condensation, the story 
has been more simply told, but even so its vitality has been 
preserved. The connections of science with other human 
activities have been reduced to the more direct impacts, 
but these fewer situations have been used expertly to show 
the relations of science to philosophy and religion. Un¬ 
doubtedly the shorter history, like its monumental pro¬ 
totype, will become known, not simply for the facts and 
dates which it contains, but especially for the story it 
tells of the expanding mind and spirit of man. 

“Science has two streams,” we read in the first chapter, 
“corresponding to two sources, the first a gradual invention 
of tools and implements whereby men earn their living 
more safely and easily, and second the beliefs they form to 
explain the wonderful universe around them. The first may 
perhaps better be called technology, for its problems ■‘are 
too difficult for early theory, and only in later stages does 
it become applied science; the second, which in historic 
times grew into a pure search for knowledge, is the main 
subject of this book.” 

As one reads the book’s eleven chapters—with titles 
such as: the origins, Greece and Rome, Galileo and 
Newton, the eighteenth century, recent biology, the new 
physics and chemistry, and the stellar universe -one turns 
back to the Preface for this summary: “The Greek 
Atomists, besides speculating on the structure of matter, 
developed therefrom a mechanical theory of life. Con¬ 
versely, the philosophy of Plato, as modified by Aristotle, 
laid too much stress on innate ideas and logical deduction 
to make a favorable background for the beginnings of 
inductive experimental science. To Newton and his im¬ 
mediate followers the Heavens declared the Glory of God, 
but Newton’s work produced a very different effect on the 
minds of Voltaire and other eighteenth-century sceptics. 
Darwin’s revival of the old theory of evolution on the new 
basis of natural selection not only suggested an alternative 
origin for mankind, but spread evolutionary doctrine far 
beyond the limits of biology. The recent revolution in 
physics has shaken the evidence for philosophic deter¬ 
minism t^iich the older synthesis seemed to require. Such 
broad effects must be noticed, but the more technical 
aspects of philosophy may be passed by.” 

Exponents of general education, who insist that all 
courses should be integrated into the whole life pattern 
of the learner, will like the spirit of A Shorter History of 
Science . Its author thinks that “early specialization is 


dangerous,” and writes, “Those older schoolboys whose 
chief subjects are scientific should look at them also from 
a humanist standpoint, and realize their setting in other 
modes of thought, while those studying literature need 
some knowledge of science before they can be said to be 
well educated. For both groups, I believe that the history 
of science, the story of man’s attempts to understand the 
mysterious world in which he finds himself, makes the best 
way of approach to common ground.” 

Carl F. Eyrinu 

Brigham Young University, Provo, Utah 

Applied Atomic Power 

By E. Smith. A. Fox, R. Sawyer, and H. Austin. 

Pp. 227, 6^X9} in. Prentice-Hall, New York, 1946. 

Price $4.00. 

This book with a rather ambitious title is easy and 
interesting reading uncomplicated by mathematics. Under¬ 
graduates will find everything simple except perhaps the 
descriptions of nuclear physics work at Los Alamos in 
Appendix I, which had best be read after reading Part III. 

Part I contains a description of 32 uranium-bearing 
minerals and a history of radioactivity. Part II is intro¬ 
ductory physics, mostly off-the-slidc-rule stuff. Part III 
is an abstract of the Smyth Report with two noteworthy 
portraits of Fermi and Dunning, and a description of 
the three production piles at Hanford. The description of 
the Clinton Engineer Works is more sketchy because of 
security reasons. 

Part IV, comprising the meat of the book, describes in 
considerable detail possible methods of using atomic power. 
The author, .Sawyer, projects a 35,000 hp AK gas turbine 
using a closed cycle with a helium-carbon dioxide mixture. 
The inert helium makes possible a simple uranium heater. 
Many arrangements are discussed using fission heat in 
place of one fuel or another. It is emphasized that atomic 
energy will never replace other fuels but will supplement 
them. For some uses it is suggested that water be used as 
a moderator-coolant which is vaporized and then used to 
run a turbine. Atomic energy locomotives, ships, and 
rockets are considered. 

Industrial benefits from gaseous-diffusion research are 
the subject of Part V. 

Appendix III lists nuclear and atomic masses of isotopes 
from hydrogen to gold-197. A seven-page index is provided. 

Duane Studley 
Colorado Springs , Colorado 

Analytical Experimental Physics (Revised Edi¬ 
tion) 

By Harvey B. Lemon and Michael Ference, Jr^ 
University of Chicago. Pp. 588-f-XVI, Figs. 584, 
Plates 66, 24X30 cm. University of Chicago Press, 
1946. Price $8.00. 

This college textbook first published in 1942 was hailed 
as the “Colossus of General Physics, one of the seven 
wonders of the textbook world.” Now it has been revised, 
corrections have been made, rough spots have been 
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smoothed out, figures, plates, and pages have been added. 
It is indeed a colossus in quantity and quality. 

Little revision has been made in the chapters on me¬ 
chanics, while in the section on heat qualitative discussions 
of the quantum theory of specific heats and of the proper¬ 
ties of dilute solutions have been added. The chapter on 
alternating currents now includes a section on parallel 
circuits containing resistance, inductance, and capacitance. 
Much has been added to the chapter on conduction through 
gases so that it now includes a discussion of the motion of 
charged particles in electric and magnetic fields, of rela¬ 
tivistic variation of mass with velocity, of the cyclotron, 
and of the betatron. As is to be expected the sections on 
nucleonics and electronics have been greatly expanded. 
A discussion is given of some nuclear reactions of tracers, 
nuclear fission, transuranic elements, nuclear chain re¬ 
actions, and the atomic bomb. The electronic chapter now 
includes an analysis of the equivalent circuit of a triode, 
a discussion of gas-filled tubes, pentodes, photoelectric 
cells, electronic oscillators, radio transmitting and receiving 
apparatus, microelectric waves with radar transmitting 
and receiving systems, television, and the electron micro¬ 
scope. An interesting plate is added on radar, showing 
typical sending and receiving apparatus, a “P.P.I. scope” 
presentation of a convoy leaving New York harbor, and 
the trace in an oscilloscope of the reflection of radar waves 
from the moon. Some additions have been made to the 
chapter on wave motion and only minor changes in 
the chapters on sound and light. A useful set of trigo¬ 
nometric and logarithmic tables, together with a table of 
important physical constants, has been appended. 

The book is what its title implies, both analytical and 
experimental in its approach to physics. Physical concepts 
are carefully interwoven with experimental data. 1 he 
mathematics employed in the analysis is largely algebra 
and trigonometry with calculus used sparingly. The 
presentation is excellent and of the kind to appeal to the 
abler students. Though the book is more inclusive and 
more difficult than almost any other college one-year 
general text in physics, the authors have starred about one 
hundred sections which may be omitted so as to bring it 
within the .scope of most college courses. I here is, however, 
a section on the equivalent circuit of a triode which would 
appear to be beyond even the abler students with their 
present knowledge of physics. I he topics arc discussed in 
such a manner as to leave the student with a clear idea 
of the fundamental concepts and how these were de¬ 
veloped. 

Since the book is so large and heavy it might have been 
more practical to publish it in tw T o smaller volumes. 
Whether this be good or bad advice the authors are to be 
congratulated on the challenge which they have given to 
students. Any student who masters this material can be 
sure of having a solid foundation iti physics. 

R. J. Stephenson 
. The College of Wooster 


New Booklets 


Allied Radio Corporation, 833 West Jackson Boulevard, 
Chicago 7, Illinois, has announced the publication of a new 
164-page catalog for 1947, covering radio and electronic 
products. Special emphasis is placed on equipment for 
industrial maintenance, research, and production require¬ 
ments as well as for the needs of government agencies. 
10,000 items. Free on request. 

The Superpressure Division of the American Instrument 
Company, Silver Spring, Maryland, has issued its new 
88-page catalog No. 406, entitled Super pressure Catalytic 
Hydrogenation Apparatus. Inquire on company letterhead. 

United States Testing Company, Inc., 1415 Park Ave¬ 
nue, Hoboken, New Jersey, has revised its booklet Testing 
Terms for Better Understanding. The book describes some 
of the important tests of merchandise—tells how tests 
are made, what the results mean, w’hat are standard and 
minimum specificat ions. 

'The Scientific Personnel Branch of the Navy Depart¬ 
ment, Washington 25, D. C., issues bi-monthly a Scientific 
Personnel Bulletin , listing employment opportunities in the 
Navy Department for scientists atfd technicians. 76 pages 
in the January-February, 1947, issue, 

Kberbach and Son Company, Ann Arbor, Michigan, 
featured in its March issue of The Announcer of Scientific 
Equipment an article on the background and development 
of the modern analytical balance. 16 pages. Available on 
request. 

Fisrhcr and Porter Company, Hatboro, Pennsylvania, 
has released a new r bulletin including dimensional and 
operational details of an improved continuous liquid 
specific gravity indicator. Address Department 6F-B of 
the company. 

National Carbon Company, Inc., 30 East 42 Street, 
New York 17, New York, has published a new bulletin, 
Catalogue Section M XX08, describing standard, seven-tube 
heat exchangers of “Karbate” impervious graphite for 
use under highly corrosive conditions. 

The Winter 1946-47 number of Interchemical Review , 
published at 432 West 45th Street, New York 19, New 
York, has the following table of contents: 

Maleic and Fumaric Resins... .Charles S. Rowland. 

Market Research in Industrial Fields.. . .John P. Duane. 

Oilcloth Pioneers in Maine-Charles R. Brandon. 

The Gaertner Scientific Corporation, 1201 Wrightwood 
Avenue, Chicago 14, Illinois, has recently published a 
new bulletin, 156-74, describing^its optical benches and 
accessories. 26'pages. 
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Here and There 


New Appointments 

Eugene W. Boehne and Lan Jen Chu were recently 
appointed associate professors in the Department of 
Electrical Engineering at the Massachusetts Institute of 
Technology. 

Two new appointments to the staff of the National 
Bureau of Standards were recently announced. Albert S. 
Cahn, Jr., will assist in the research involved in the design 
of two high speed electronic computing machines to be 
built for the Bureau of the Census and the Navy. P. J. 
Selgin will work on the development of electronic ordnance 
for the military services in the Ordnance Development 
Division. * 

The l). S. Weather Bureau has announced the appoint¬ 
ment of Ross Gunn as the director of a newly organized 
Division of Physical Research, which will undertake studies 
of the atmosphere and basic physical processes that arc 
related to the weather and the earth. 

F. C. Henriques, Jr., lias joined the staff of Tracerlab, 
Inc., at Boston, Massachusetts, as director of the Radio¬ 
chemical Division 

Awards 

yr 

Latest Franklin Institute awards for 1947 are as follows: 

The Franklin Medal, highest honor of the Institute, to 
Enrico Fermi, physicist at the Nuclear Research Institute 
in Chicago, and to Sir Robert Robinson, professor of 
chemistry at Oxford University, England. 

The Newcomen Medal to Everett G. Ackart, recently 
retired chief engineer of the E. I. du Pont de Nemours 
and Company. 

The Clark Medal to Edward G. Boyer, manager of the 
Philadelphia Electric Company’s gas department. 

The Ballantine Medal to George C. Southworth of the 
Bell Telephone Laboratories. 

New Chairman for A. I. P. 

George R. Harrison, dean of the School of Science, 
Massachusetts Institute of Technology, has been elected 
chairman of the American Institute of Physics, succeeding 
Paul E. Klopsteg, director of research, Northwestern 
University Technological Institute, who has served as 
chairman since 1940. 

Western Branch for Airborne Instruments Laboratory 

A branch of the Airborne Instruments Laboratory, Inc., 
Mineol*, New York, was recently established at Burbank, 
California. This will make possible a closer liaison between 
the main laboratory and west coast aircraft manufac¬ 
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turers in need of a consultation and development service. 
Airborne Instruments Laboratory is the peacetime out¬ 
growth of the NDRC laboratory of the same name which 
operated under the direction of Columbia University during 
the war. Hector R. Skiftcr is president of the Laboratory 
and Robert D. Martin is supervising the west coast unit. 

Electrochemical Symposium at Pittsburgh 

The annual spring symposium of the Pittsburgh section 
of the Electrochemical Society was held May 23 and 24 
at the Mellon Institute. The subject was “High Tempera¬ 
ture and Hctrogencous Reactions.” 

Electrochemical Congress at Louisyille 

A congress sponsored by the Electrochemical Society 
met in Louisville, Kentucky, April 9 to 12. A day’s session 
was devoted to electronics, one to the corrosion of metals 
at elevated temperatures, and a third to the production 
of the best steels in the electric furnace. The Young 
Authors’. Prizes were awarded to N. A. Neilsen of Du Pont 
and to Burke Cartwright of the IJ. S. Bureau of Mines. 

Engineering Foundation Issues Report 

The Engineering Foundation, 29 West 39th Street, New 
York 18, New York, made public in March its 32nd annual 
report to the board of trustees. The report stated, “It is 
clear that industry has, in general, become more research 
minded and large expansions of industrial research are to 
be expected. In some cases this will be by individual com¬ 
panies, in others, by associations of various types.” Six¬ 
teen projects were sponsored by the Engineering Founda¬ 
tion during the past year, six of which were carried over 
from the preceding year. Among the projects were soil 
mechanics, fluid mechanics, materials of engineering com¬ 
prising metal researches, weldjng, lubrication, and rolling 
friction. In addition to sponsoring engineering research, 
the Foundation also supports agencies or activities having 
as their objectives the advancement of the engineering 
profession. 

Changes in Electrical and Photometric Units 

In pursuance of decisions of the International Com¬ 
mittee on Weights and Measures, the National Bureau of 
Standards will introduce as of January 1, 1948, revised 
values of the units of electricity and of light. While the 
definitions of the units and the methods of fixing their 
magnitudes will be different from the present practical 
systems, the changes in magnitude will be so small as to 
affect appreciably only measurements of high precision. 
In certificates for standards and instruments issued Jby the 
Bureau during 1947, values will be given in both the old 
and the new units. 

A complete description of the new units has appeared in 
the Review of Scientific Instruments for May, 1947. 
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The Nucleation of Ice Formation by Silver Iodide 

B. VONNEGUT 

General Electric Research Laboratory , Schenectady , New York 
(Received March 17, 1947) 

Silver iodide particles have been found to serve as nuclei for the formation of ice crystals 
in super-cooled water and in water vapor super-saturated with respect to ice. It is believed 
that silver iodide serves as a very effective nucleus because it very closely resembles ice in 
crystal structure. Both dimensions of the unit cell of ice and silver iodide are the same to 
within approximately one percent. The maximum temperature at which the silver iodide par¬ 
ticles serve as nuclei is approximately —4°C for particles one micron in diameter, and — 8°C 
for particles 100 Angstrom units in diameter. A silver iodide smoke generator has been con¬ 
structed which consumes 1 mg of silver iodide per second and produces 10 u effective nuclei 
per second. 


V J. SCHAEFER of this laboratory has 
• recently reported that super-cooled liquid 
water clouds spontaneously transform from 
water to ice when the temperature is — 35°C or 
lower. He observed that at temperatures as low 
as — 20°C, the addition of fine particles of a wide 
variety of substances was without effect on the 
super-cooled cloud. 1 

B. M. Cwilong, 2 using a Wilson cloud chamber, 
found that moisture in clean air is precipitated 
as a cloud of ice crystals if the temperature 
during the expansion drops to — 35.0°C or lower 
and the air is super-saturated with respect to 
ice at this temperature. He observed that the 
ice crystals were formed even though the expan¬ 
sion ratio was far less than that necessary to 
produce the formation of liquid water drops. 
Cwilong observed that if *'‘ordinary atmospheric 
air” is used, ic£ crystals form at — 27°C, and 

l V. J. Schaefer, “The production of ice crystals in a 
cloud of supercooled water droplets,” Science 104, 457-459 
(1946). 

1 B. M. Cwilong, Nature 155,' 361-362 (1945). 


that if the air is “artificially contaminated with 
tobacco smoke,” the limiting temperature is 
— 23°C. He found “crystalline dust” to be no 
more active than “amorphous dust” in producing 
ice crystals. 

Following Schaefer’s work, experiments were 
made using Schaefer’s apparatus and technique 
to see whether particles of substances very 
similar to ice in crystal structure might not 
serve as nuclei for ice formation at temperatures 
closer to the freezing point. 

A search was made through x-ray crystallo¬ 
graphic data for substances resembling ice as 
closely as possible in crystal system, space group, 

Table 1. 

Substance System Space group lattice constant 

~~ke hex. D«‘ 4.535 7.41* 

Agl hex. ZnO C, r 4 4.585, 7.490** 

Pbl, hex. Dm 3 4.54 8.86 


* William H. Barnes, Proc. Roy. Soc. London A12S, 670-693 (1979). 
** N. H. Kolkmeijer, W. J. D. von Dobbenburgh, and H. A. 
Boekchoogen, Proc.'Amsterdam 31, 1014-1027 (1928). 
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and dimensions* of unit cell. Two substances 
were chosen which are listed in Table I along 
with ice for comparison. 

These crystalline substances were tested to see 
if they would act as nuclei for the formation of 
ice when dusted as a powder into a super-cooled 
water cloud in Schaefer’s apparatus at a temper¬ 
ature of — 20°C. 

Silver iodide was without apparent effect; 
however, the introduction of lead iodide powder 
caused the formation of a number of ice crystals 
in the super-cooled cloud. It appeared that far 
fewer ice crystals formed than would have been 
expected from the number of particles of lead 
iodide introduced. % 

The supposition that the lead iodide particles 
acted as nuclei because one of the dimensions of 
its unit cell was almost the same as that for ice 
was discarded when V. J. Schaefer discovered 
that iodiform crystals and iodine vapor behave 
in a similar way. The orthorhombic structure of 
iodine bears little relation to the structure of ice. 

Later, investigations were made on the nucle¬ 
ating effect of smokes produced by electric 
sparks between electrodes of various metalsr It 
was discovered that a single spark between silver 
electrodes in the presence of iodine vapor pro¬ 
duced many thousands of times as many ice 
nuclei as lead iodide particles or iodine vapor 
alone. It was then found that silver iodide 
smoke, produced, by heating silver iodide on a 
hot filament or by dispersing it in a flame, 
produced enormous numbers of nuclei. The 
failure of the initial experiment using silver 
iodide powder is attributed to the fact that the 
sample used was badly contaminated with 
soluble salts, a fact not known at the time. 
Powdered silver iodide without this impurity 
has since been found to serve as nuclei for ice 
formation. 

It is believed that silver iodide acts as a very 
effective nucleus for the formation of ice crystals 
because it very closely resembles ice in crystal 
structure. It can be seen that both dimensions 
of th<^ unit cell of ice and silver iodide are the 
same to within about one percent. 

According to Dr. D. Harker of this laboratory, 
the arrangements of the atoms in the unit cells 
of ice and of silver iodide are almost identical 
despite their different space groups. The struc¬ 


ture of ice is the same as that of silver iodide 
with the oxygen atoms occupying positions 
corresponding to the silver and iodine atoms. In 
silver iodide, each silver atom is bonded tetra- 
hedrally to four iodine atoms. In ice each oxygen 
atom is bonded tetrahedrally, through hydrogen 
bridges, to four oxygen atoms. 

Iodine vapor alone, or fine silver particles 
alone arc without appreciable effect in forming 
ice crystals at a temperature of — 20°C. If the 
experiment is carried out using iodine vapor 
alone in a system closed to the atmosphere of 
the laboratory, iodine vapor soon loses its 
property of nucleating a super-cooled cloud. It 
is believed that iodine compounds and iodine 
vapor act to produce nuclei by reacting to form 
silver iodide with minute traces of silver in the 
laboratory atmosphere. Such traces of silver 
might be caused by sparks from electrical equip¬ 
ment using contacts made of silver or copper 
' that contains silver. Exceedingly small amounts 
of silver introduced into a super-cooled cloud in 
the presence of iodine vapor cause the formation 
of very large numbers of nuclei. One breath of air 
blown over a silver wire heated red will produce 
many millions of ice nuclei if it is introduced into a 
super-cooled cloud containing a small amount 
of iodine vapor. 

Experiments are being made on methods for 
the production of silver iodide smokes consisting 
of very large numbers of very small particles. 
The most effective method found thus far for 
the production of such smokes is the following. 
A cotton string coated with silver iodide is fed 
at a fixed rate into an oxyhydrogen flame which 
vaporizes the silver iodide. A few inches away 
from the point at which the silver iodide is 
introduced, the flame is rapidly quenched by 
blowing a strong jet of compressed air through 
it. The blast of air quickly cools and dilutes the 
vaporized silver iodide in the flame so rapidly 
that it condenses to form an invisible smoke of 
very small silver iodide particles. Measurements 
have been made which show that a generator of 
this "sort produces ice nuclei at the rate of 
approximately 10 ia per second with the consump¬ 
tion of one milligram of silver iodide per second. 
Mr. E. F. Fullam has examined particles of this 
smoke with the electron microscope and found 
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that they are of the order of 100 Angstrom units 
in diameter. One milligram, it can be computed, 
should yield about 3X10 14 particles. The dis¬ 
crepancy between the two values may be caused 
by the fact that a portion of the silver iodide 
introduced into the flame may form a few very 
large particles or may form particles which for 
some reason are not effective nuclei. 

It has been found that the effectiveness of the 
silver iodide particles as ice nuclei depends to a 
certain extent on the size of the particles. The 
smoke made by the oxyhydrogen flame technique 
has a particle size of the order of 100A diameter. 
This smoke does not cause large numbers of 
crystals to form until the temperature is -8°C 


or lower. Smokes made by vaporizing silver 
iodide from a hot wire have a particle size of the 
order of one micron and are effective at —4°C 
or below. A piece of silver iodide several milli¬ 
meters in diameter placed in water in a test 
tube makes it difficult to super-cool the water 
to temperatures below about —3.5°(\ 

Recently the effect of silver iodide smoke was 
tried near Schenectady on a thin layer of super¬ 
cooled fog at a temperature of — 4°C. The smoke 
was produced by evaporating silver iodide on 
the surface of an electrically heated wire coib 
The liquid water fog was transformed into small 
ice crystals for a distance of at least 150 feet 
from the point where the smoke was generated. 


Waves in Elastic Tubes: Velocity of the Pulse Wave in Large Arteries 

Allen L. King 

Dartmouth College , Hanover , New Hampshire 
(Received February 28, 1947) 

An equation for waves in elastic tubes is developed and applied to cylindrical tubes with 
Hookian and with elastomeric w ills. The former application yields the Moens-Korteweg formula,. 
which has been found inadequate. The latter application leads to a rather complicated equation 
for the pulse-wave velocity. 

Values of pulse-wave velocities are computed for the thoracic aorta by means of the foregoing 
equation, and the results are compared with measured mean velocities for the entire aorta. 
Graphs and tables are given, so that a graphical analysis of this velocity equation can be applied 
to any large artery; and the method is illustrated by computing the pulse-wave velocity in 
the left common carotid. The relation l-rjl l ds/v t for the mean velocity over a tube of length /, 
is shown to be valid for the aorta and large arteries. 


I N a series of papers Hamilton, Remington, and 
Dow have published an extensive and critical 
survey of previous work and of their own im¬ 
portant contributions to the study of propagation 
velocities for the arterial pulse wave 1 and its 
relation to stroke volume 2 and the cardiac 
ejection curve. 8 They found their results to be 
in accord with those of previous investigators. 
At best, only qualitative agreement was found 
between measured velocities and those computed 
• 

1 W. F. Hamilton, J. W. Remington, and P. Dow, Am. J. 
Physiol. 144,521 (1945). , . _ 

* J. W. Remin g ton , W. F. Hamilton, and P. Dow, Am. J. 
Physiol. 144 ,536 (1945). A , , 

* J. W. Remington, and W. F. Hamilton, Am. J. Physiol. 
144 , 546 (1945). 


from the Moens-Korteweg formula 4 

v = F(Ee<>/2pr')K (1) 

In this relation E is Young’s modulus of the wall 
material, e 0 is the thickness of the undistended 
wall, r' is the internal equilibrium radius of the 
tube, and p is the density of the fluid within the 
tube. Moens’ factor F is an empirical dimension- 


4 Moens, A. 1. Die pulsekurve (E. J. Brill, Leiden, 1878) 
p. 90; D. S. Korteweg Ann. d. Physik u. Chem. 241 , 525 
(1878). Dr. H. J. Ralston of the College of Physicians and 
Surgeons of San Francisco has called my attention to a 
paper by Thomas Young [Trans. Roy. Soc. London 98, 164 
(1808)], wherein under the title, “Of the propagation of an 
impulse through an elastic tube,” a formula for pulse-wave 
velocity is given* which can be transformed into that 
commonly ascribed to Korteweg. 
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less constant to which Moens assigned a value 
of 0.9, as a result of experiments with standing 
waves in elastic tubes. Hamilton and co-workers 
found the same value of Moens* factor for Gooch 
tubing; but for aortas they obtained better 
agreement with a value of 0.6-0.7 for the dog and 
0.8 for the human, at diastolic pressure levels 
above 70 mm Hg. At lower pressure levels 
Moens’ factor is not constant, and there is not 
even qualitative agreement. 

In this paper a general wave equation is 
derived for the case of a homogeneous, non- 
. viscous, and incompressible fluid in a thin-walled 
elastic tube. The Moens-Kortqweg formula, with 
F equal to unity, is readily obtained by intro¬ 
ducing a simple version of the pressure-radius 
relation for a Hookian elastic tube with walls of 
negligible thickness. Aortas, however, have elas¬ 
tic properties similar to those of rubber tubes 
and, therefore, the pressure-radius relation for 
tubes with elastomeric walls should be used. 5 



Fig. 1. Diagram of a portion of an elastic tube over which 
a wave is traveling. 

Pulse-wave velocities computed from the new 
equation are in good agreement with measured 
valu^. Even so, it should be realized that 
arterial pulsations are larger and vessel walls are 
thicker than assumed here. And, furthermore, 
blood is neither homogeneous nor non-viscous. 


THE WAVE EQUATION 

A homogeneous non-viscous incompressible 
fluid flows through a cylindrical tube with an 
elastic wall. The wall is sufficiently thin so that 
its inertia can be neglected in comparison with 
that of the fluid. The speed of a transverse wave 
down the tube is desired. 

Let a thin element of fluid A BCD of length dx 
and radius r be displaced a distance £ from its 
undisturbed position A'B'C'D' when a wave 
passes along the tube (Fig. 1). With no wave in 
the tube the radius is r', and the internal pressure 
is p\ At all times the external pressure is po . 

The pressure on the fluid arises from the dis¬ 
tension of the tube wall and is a function of the 
radius. Let the instantaneous excess pressure P 
at AB equal (/>—/>')» where p is the instantaneous 
absolute pressure at AB. Then the excess force 
on surface AB is rr 2 P } and the excess force on 
surface CD is 7rr 2 P+(d/dx)(Tr 2 P)-dx. The force 
accelerating the element ABCD in the positive 
x-direction, therefore, is —(d/dx)(wr 2 P)dx. But, 
the mass of this fluid element is irr 2 pdx\ so that 
the equation of motion can be written 

d d 2 £ 

-(r 2 P) = pr 2 —. , (2) 

dx at 2 


The thickness of the element at A'B'CD' is 
( 1 — a£/ax)dx and, since the fluid is incom¬ 
pressible, 

r*«r*(l-d{/te). (3) 

Equation (2) can now be written 


d 2 £ 

at 1 


If d 2 f 

-\P{ \+dS/dx)— 
p l dx 2 


dP 

dx 


(4) 


This is the equation for the pulse-wave. 


TUBES WITH HOOKIAN WALLS 

For tubes with walls having a constant value 
of elastic modulus and following Hooke’s law, 
Korteweg used the simple relation in which the 
wall thickness is assumed not to change. For this 
case the instantaneous excess pressure 

P=£*>(l/r'-l/r) 

= -(Eeo/2r’)(di/dx). (5) 


• A. L. King, J. App. Phys. 17, 501 (1946). 


On inserting this value of P in the general equa- 
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Fig. 2. Schematic drawing showing the approximate positions of the aorta and 
some of its branches. 


tion for the pulse-wave and on neglecting terms 
involving the square of df/tte, the wave equation, 

— =(^o/2pr')—, (6) 

dt 2 dx* 

is obtained. The velocity of the wave is 

v=(Ee 0 /2pr')\ (7) 

namely, the Moens-Korteweg formula with F 
equal to unity. 

In general, the thickness of the tube wall does 
not remain constant. If this effect is taken into 
account, the instantaneous excess pressure is 
given by 

P = 2e 0 E(r-r')/(2-aW 

= - [Eeor'/V-aWKdt/dx), ( 8 ) 

where a is Poisson's ratio of the wall material. 
When this value of P is used in Eq. (4) and terms 
involving the square of d£/dx are neglected, the 
wave velocity comes out to be 

v = l Ee 0 r f /pr o 2 (2 - <r)) K (9) 

This relation for pulse-wave velocity yields a 

Table I. Values of A and 0 for several age groups. 


ftsstiSr 9 ' 

0 


20-24 29-31 36-42 

88 74 70 

0.302 0.415 0.462 


47-52 71-78 

65 44.5 

0.5 lO 0.640 


somewhat higher value than that obtained from 
Eq. (7), since r' is greater than r 0 and <r ordinarily 
is positive. 

TUBES WITH ELASTOMERIC WALLS 

Elastomers arc rubber-like substances con¬ 
taining long chains of molecules. They are highly 
resilient and have the unusual thermoelastic 
property of contracting on heating, when they 
are under tension. Living tissues have these 
characteristics and, in particular, the walls of 
blood vessels may be considered elastomeric. 

For a thin-walled elastomeric tube the instan¬ 
taneous excess pressure is 

P = ^[(ro/r)*U' , (^/ro)/£- 1 (^)} 
-(ro/rOM^OSrVro)/^-^)} 

+ (roA0Mro/r)»], (10) 

where A represents e 0 />o/2ro, and 0 is equal to the 
ratio of the circumference of the tube to the 
maximum length of a molecular chain. 6 For 
arteries £ is an age-dependent parameter. The 
functions £r l (fir/ro) 9 and £ _1 (/fr'Ao) are 

inverse Langevin functions. 

For small variations in the radius, as the wave 
progresses along the tube, &~ l (&r/ro) may be 
expanded about r', and only the first two terms 
need be retained. The result is 

£~ l (0r/ro) = u' {1 — \{Br'/ r 0 ) (d£/dx )!, (11) 
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where 


B~pu' sinhV/(sinhV — u' 2 ) (12) 

and 

h'-JP-W/t*). (13) 

Kq. (10) now reduces to 

P=\A(r*fr')i\( 1 -2Br'/ro)(u'/uo) 

-3(r./r') I (*«/«*). (14) 



Fig. 3. Computet! values of pulse-wave velocity for the 
human thoracic aorta, showing the dependence on age and 
mean blood pressure. 

in which w 0 = The ratio u'/uq may bo 

eliminated by use of the relation (Eq. (10) in 
reference 5). 

P' —po=A\ (ro/r f )Ku f /uo) - (r*/r')«}. (15) 

Insert the resultant expression for P in Eq. 
(4), neglect terms involving the square of 
and solve for the velocity of propagation of a 
pulse-wave in the elastomeric tube. The velocity 
is given by the equation 

X i(p'~Po)/A + (ro/r')i\ +3(r 0 /r')*]. (16) 

PULSE-WAVE VELOCITIES IN THE HUMAN AORTA 

Equation (16) for pulse-wave velocity may be 
applied to blood vessels. Note that the velocity 


increases with a rise in mean pressure within the 
tube. Also it increases with age, for the param¬ 
eter p in the expression for B is age-dependent. 
Furthermore, it is higher when the ratio of wall 
thickness to internal diameter is larger, pri¬ 
marily through the factor A . All these con¬ 
clusions are in qualitative agreement with ob¬ 
servations on arteries of dog and man. 

For a quantitative study, pulse-wave velocities 
are computed for that part of a human thoracic 
aorta just beyond the arch (Fig. 2). Values of 
A and fi for several age groups-were evalu¬ 
ated elsewhere 6 and are given in Table I. The 
specific gravity of blood is assumed to equal 
1.057 for all ages.® The resulting computed 
velocities at pressures of 7.5, 50, 100,150 and 200 
mm Hg are gathered in Table 11 and are plotted 
in Fig. 3. Near zero pressure, the velocity is seen 
to decrease as the aorta ages. At the normal 
ranges of aortic pressures, however, there is a 
general increase of velocity with age. This 
increase becomes much pronounced in the hyper¬ 
tensive range. As noted in Fig. 3, the pulse-wave 
velocity is very nearly a linear function of 
pressure above 120 mm Hg. 

Ordinarily, experimental determinations of 
pulse-wave velocities are made over long arterial 
paths. For instance, Hallock 7 made an extensive 
statistical study of aortic velocities in nearly 500 
humans ranging in age. from 5 to 85 years. His 
values of mean velocities are based on measure¬ 
ments of differences in distances and propagation 
times for pulse-waves traveling over the arch, 
thoracic and abdominal aortas, and the left iliac 
artery to the inguinal ligament and over the left 
common carotid artery (Fig. 2). To compute such 
mean velocities it would be necessary to know 
the velocity over every element of length along 


Table II. Pulse-wave velocities for the thoracic aorta in 
meters per second. 


Age 

(years) 

7.5 

Pressure '(mm Hg) 

50 100 150 

200 

20-24 

3.47 

3.29 

3.57 

4.50 

5.74 

29-31 

3.31 

3.36 

4.38 

6.11 

7.88 

36-42 

3.28 

3.49 

4.91 

6.70 

8.94 

47-52 

3.26 

3.71 

5.32 

7.53 

10.16 

71-78 

3.02 

4.65 

7.57 

11.12 

14.73 


1 W. F. Hamilton, Glasser’s Medical Physics (Year Book 
Publishers, Chicago, 1944) p. 115. 

7 P. Hallock, Arch. Internal Medicine 54, 770 (1934). 
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the path. In such cases, the mean velocity D is 
given by the relation 
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where / is the path length. If aging is uniform 
over the entire aorta, the ratio of mean velocity 
to the velocity in the thoracic aorta alone should 
be independent of age. Furthermore, the ratio 
should be greater than unity, since the pulse- 
wave velocity increases as the vessels become 
smaller in diameter and their walls thicken. On 
comparing the theoretical values of velocities for 
the thoracic aorta at a mean blood pressure of 
100 mm Hg with Hallock’s measured mean 
velocities, a constant empirical factor of 1.37 
can be found. The approximate agreement 
between the adjusted theoretical values and 
Hallock’s data is shown in Fig. 4. 


PULSE-WAVE VELOCITIES IN OTHER 
LARGE ARTERIES 

Bazett, Cotton, Laplace, and Scott 8 published 
measured values of average pulse-wave velocities 
for paths from the heart, through the ascending 
aorta, arch, and innominate artery, to the sub¬ 
clavian artery, and also from the subclavian, 
through the axillary, to the branchial artery 
(Fig, 2). For the three men in the age-range of 
20-24 years, whom they investigated, the mean 



Fig. 4. The curve shows Hallock’s values of mean pulse- 
wave velocities for the entire aorta as a function of age. The 
points were obtained by multiplying the theoretical values 
of velocity for the thoracic aorta alone, at a mean blood 
pressure of 100 mm Hg, by the empiric factor 1.37. 


7 

5 

4' 


9 

*o oj 04 5* 55 io it i4 " TT" " r. 

(r - i )/A 

Fig. 5. Graph of 4 v*p/A as a function of (£— po)/A for 
several values of 0 and r/r 0 . Values of 0 range from 0.05 to 
0.35 in steps of 0.05, and values of r/r 0 range from 1.0 to 2.0 
in steps of 0.2. 

values of these velocities were 3.6 and 5.4 
metcrs/sec., respectively, with less than 10 per¬ 
cent deviation. To obtain the mean velocity 
between heart and brachial artery from these 
data, Eq. (17) may be modified. Since the dis¬ 
tances from heart to subclavian artery and from 
subclavian to brachial artery, as described by 
Bazett and co-workers, arc approximately equal, 
the reciprocal of the mean velocity between 
heart and brachial artery will be equal to half 
the sum of the reciprocals of the two measured 
velocities. This computation yields the value 4.3 
meters/sec. 

The foregoing result may be compared with 
the observations of Bazett and Dreyer. 9 These 
investigators measured the pulse-wave velocity 
between heart and brachial artery of eight 
medical students with ages in the range 20-24 
years. The mean velocity was equal to 4.1 
meters/sec. at a mean blood pressure of 88 mm 
Hg with an average deviation of db0.4 meter/sec. 

Since the average dimensions of the arteries 
from aorta to brachial artery are equivalent to 
those of the common carotid, it may well be 
expected that the pulse-wave in the carotid 
should have a velocity of approximately 4 
meters/scc. An extension of the analysis in the 
early part of this paper can be used to compute 
the velocity in any large artery. It will be applied 
to the common carotid artery. 



8 H. C. Bazett F. S. Cotton, L. B. Laplace, and J. C. 9 H. C. Bazett find N. B. Dreyer, Am. J. Physiol. 63, 94 
Scott, Am. J. Physiol. 113, 312 (1935). (1922). 
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GRAPHICAL ANALYSIS OF THE 
VELOCITY EQUATION 

In Eqs. (15) and (16) r'/ro and p may be con¬ 
sidered parameters for the quantities (p'—po)/A 
and 4 pv*/A. There is shown in Fig. 5 a family 
of curves for which p varies between 0.05 and 
0.35 in steps of 0.05, and r'/Vo varies between 1.0 
and 2.0 in steps of 0.2. Other curves may be 
drawn for values of p and r'/Vo outside these 
ranges, but for the following computations the 
curves of Fig. 5 suffice. 

In order to use these curves, first A is evalu¬ 
ated from known values of external pressure And 
ratio of effective wall thickness to internal 
diameter of the undistended artery. Then from 
the mean blood pressure within the artery 
{p' — pd/A is computed. A value for p next is 
found by making the reasonable assumption 
that, for the walls of the large arteries within a 
given body, the molecular chains all have the 
same length. For all such arterial walls, there-' 
fore, P is directly proportional to the internal 
diameter of the undistended vessel. Since values 
of p already are known for the upper part of the 
thoracic aorta (Table I), p for any other'targe 
artery may be found by the relation 

P (artery) =p (thoracic aorta) , 

rfu(artery) 

---. (18) 

d 0 (thoracic aorta) 

From these values of P and (p'—p 0 )/A a value 
of 4 pv 2 /A may be read off the curves of Fig. 5 by 
interpolation and the pulse-wave velocity v can 
then be found. 

To illustrate the procedure, a value for the 
pulse-wave velocity in the common carotid 


artery of a 20-24 year old person will be com¬ 
puted. From Kani’s data 10 the mean ratio of wall 
thickness to internal diameter is estimated to 
equal 0.22 for twenty-year olds. For an external 
pressure po of 770 mm Hg, A nearly equals 170 
mm Hg. The average pressure within an artery 
near heart level is assumed to be the mean of the 
systolic and diastolic pressures. A fifteen percent 
error in this mean introduces less than two per¬ 
cent error in the computed velocity of the pulse- 
wave for the carotid artery. As noted earlier, 
the mean blood pressure for a- 20-year old 
person nearly equals 90 mm Hg. The function 
(p'—po)/A 1 therefore, is equal to 90/170 or 0.53. 

The ratio d 0 (carotid)/<2 0 (thoracic aorta) for 
20-year olds approximately equals one-third, so 
that for the carotid P equals 0.10. From Fig. 5, 
the quantity 4 po 1 !A is found to have the value 
3.15 at values of P and (/>'— pv)/A equal to 0.10 
and 0.53, respectively. But for whole blood the 
density p equals 1.057 g/cc, and here A equals 
170 mm Hg, or 226,000 dynes/cm 2 . From these 
data v is computed to be 4.1 meters/sec. 

The foregoing method may be modified so as 
to obtain values of p from measurements of 
pulse-wave velocity and mean blood pressure. 

No doubt other factors than those considered 
in this development may influence pulse-wave 
velocities in living systems. The experiments re¬ 
ported by Hamilton and co-workers 1 in their 
study of this problem, however, suggest that the 
propagation of a pulse wave along the aorta and 
large arteries depends almost completely on the 
mechanical properties of the intact living artery. 

10 1. Kani, Virchow’s Arch. 201, 45 (1910); see also A. L. 
King, Science 105, 127 (1947) for comments on Kani’s 
data. 
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An'Electronic Computer for X-Ray Crystal Structure Analyses* 

R. Pepinsky 

Department of Physics, Alabama Polytechnic Institute, Auburn , Alabama 
(Received January 29, 1947) 

An electronic synthesizer is described for determination of atomic positions in crystals. 
1 he synthesizer sums the two-dimensional Courier series representing planar, centro-symmetric 
projections of electron densities in a crystal unit cell; and the projection is presented by a 
television scan on ihe screen of a cathode ray oscilloscope. The specific advantage of the device 
is the immediate observability of effects on the projection of alterations in signs of one or any 
number of Fourier coefficients. 


A METHOD has been developed for rapid 
visual presentation of the positions of 
atoms in a crystal structure by supplying x-ray 
diffraction cUtta to an electronic computer cou¬ 
pled to a cathode ray oscillograph. The computer 
sums the two-dimensional Fourier series repre¬ 
senting the projection on a lattice plane of the 
electron densities in a crystal unit cell; and the 
projection is presented by means of a television 
type of scan on the screen of the cathode ray 
tube. The method is based upon Huggin’s modi¬ 
fication 1 of Bragg’s earlier photographic summa¬ 
tion of simulated interference fringes 2 ; in this 
respect it is related to the sand-deposition 
method of fringe summation reported by Mc- 
Lachlan and Chainpaync* in the December, 1946 
issue of this journal. In contrast to these modifi¬ 
cations of the Bragg method, however, accurate 
projections with various axial ratios and angles 
are readily permitted in the present computer. 

Artificial interference fringes for an (hk 0) 
projection are produced on the oscilloscope screen 
by applying to the CR tube grid intensity- 
modulating sinusoidal voltage signals of ampli¬ 
tude proportional to Fhko and frequency fhko, 
the latter being given by the relation: 


f 0 -fhko = h-fv+k-fiu (1) 


where fv and /// are the vertical and horizontal 
sweep frequencies respectively. By way of illus¬ 
tration: fv may be a slow sweep, at 1 c.p.s., and 
fn a fast sweep at 1000 c.p.s., and the duty 


* Presented in part before the American Society for 

X-Ray and Electron Diffraction, Lake George, New 
York, June 11, 1946. „ _ ^ 

1 M. L. Huggins, Jr., J. Am. Chem. Soc. 63, 66 (1941). 

* W. L. Bragg, Zeits. f. Krist. 70, 475 (1929). 

1 D. McLachlan, Jr., and E. P. Champaygne, Jr., J. 
App. Phys. 17, 1006 (1946). 


cycle of both sweeps practically 100 percent. 
One 1000-line scanning frame then appears on 
the screen each second. The signals for various 
(hk 0) fringes are mixed before application to the 
grid, so that a two-dimensional pattern occurs 
for each frame. The fluorescent screen is a long- 
pcrsistence type (3- to 5-second decay period) to 
permit visualization, and the pattern may be 
photographed for permanent recording. 

Only patterns with centers of symmetry are 
attempted. The signs of the structure factors 
Fhk o, which in general are not directly deter¬ 
minable from the x-ray data, are introduced by 
having each signal available in 0 or 180° phase, 
and selecting one or the other of these by means 
of a double-throw switch for each term. Ampli¬ 
tudes are adjusted by means of individual 
potentiometers for each factor. 

It will be seen from Eq. (1) that when 
h- 0, so that f u is some integral multiple of the 
fast sweep, vertical fringes result on the screen. 
Increasing f 0 slightly, with the sweep frequencies 
unchanged, causes the fringes to tilt (but remain 
parallel to one another) in one direction, because 
the intensity-modulating signal advances in phase 
with respect to the fast sweep. Decreasing the 
modulating frequency produces parallel fringes 
oppositely tilted to the first case. Certain refine¬ 
ments of this simple procedure, involving the 
use of lower duty-cycle sweeps but of the same 
sweep speed as indicated above, arc required to 
maintain accurate placement of the fringes. 
These and other details of the technique will be 
described and published elsewhere. 

A fast sweep of 1000 c.p.s. in the horizontal 
direction and a slow of 1 c.p.s. vertically have 
been utilized, and precise synchronization of 
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these with the grid signals, according to equation 
(1), is essential. All frequencies are derived from 
a 1000 c.p.s. base oscillator, which should be 
fairly frequency stable but need not be strictly 
so. The fast sweep is synchronized to this; the 
slow is obtainable through the use of a 1000 cycle 
motor with a 1 r.p.s. shaft, the motor being 
driven from a power amplifier.** A series of 
generators of frequencies 1000-k c.p.s. are syn¬ 
chronized by a heterodyning system to the base 
oscillator. Phase and amplitude-adjustment con¬ 
trols are available for each of these. 

The key to the entire computer is the method 
for production of the frequencies 1000 k=th 
c.p.s. These must be accurately related to the 
base oscillator and to the fast and slow sweep 
speeds; no drifting whatever from the precise 
relation can be tolerated. The exactly-related 
frequencies are obtained as follows. Each 1000 k 

** It will be demonstrated in a later paragraph that some 
of the synchronization here is redundant. Specifically, 
the motor need not be synchronized to the fast sweep 
signals and the 1000 *k oscillators. 


c.p.s. signal is fed to an integrating feed-back 
amplifier which produces a 90° phase-shifted 
signal of the original frequency. Application of 
these two signals—of equal amplitude and fre¬ 
quency but 90° phase-separation—to the stator 
windings of a two-phase selsyn produces a 
rotating electric field in the selsyn of rotational 
frequency 1000 k c.p.s. If the selsyn rotor re¬ 
mains stationary, a signal of frequency 1000 -k 
c.p.s. appears on its leads. But if the rotor is 
rotated at h r.p.s. in a direction counter to the 
field, a signal of frequency 1000 -k+h c.p.s. 
appears on the rotor leads. Rotation of the rotor 
at h r.p.s. in the same direction as the field 
rotation results in a signal of frequency 1000-k 
— h c.p.s. The rotor speeds arc obtained by 
gearing in ratios 1:1, 1:2, • • • 1 :h to the 1 c.p.s. 
shaft driven by the 1000-cycle motor. 

All signals with the same h-value can be 
mixed and fed to a single selsyn, the rotor speed 
of which is h r.p.s. The number of selsyns 
required for the device is thus considerably less 
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than the number of F hk 0 terms. The 90° phasing 
amplifiers are made rather frequency-insensitive, 
so that only one such amplifier is required for 
each selsyn; this again reduces the number of 
components. Because the output signal from 
the phasing amplifiers will vary with large varia¬ 
tions in signal frequency, normalizing potenti¬ 
ometers are supplied for each of the 1000 k c.p.s. 
oscillators. 

A 1000-k+h c.p.s. signal is produced, as 
described, by rotation of the selsyn rotor in a 
direction counter to the rotating field direction. 
It is possible to obtain both a 1000 k+h c.p.s. 
and a 1000 -k —h c.p.s. signal from a single selsyn 
by producing rotating fields in opposite directions 
in the same selsyn stator. To accomplish this it 
is necessary only to alter the phase of one 90° 
component of one or the other of the 1000 k 
c.p.s. signals by 180°. (In general, the amplitude 
of the 1000 k c.p.s. signal which will become a 
1000-k+h c.p.s. frequency is different from the 
1000 -k c.p.s. signal which will become the 
1000 k —h c.p.s. frequency, the amplitudes being 
controlled by the (h, k , 0) and (/z, k , 0) potenti¬ 
ometers, respectively.) Thus, for a matrix of 
(20, =t20) terms, only twenty selsvns are re¬ 
quired. 

A partial block diagram for a system of F h ka 
terms up to (8, 8, 0) is shown in Fig. 1. The use 
of lower than 100 percent duty-cycle sweeps has 
not been indicated in this diagram, but such 
modifications do not alter the general operation 
of the system. The illustrated system achieves 
completely locked-in synchronization of all sig¬ 
nals. Once the 1000 k c.p.s. signals have been 
phased so that their maxima occur at the start 
of the fast sweep, no drifting of fringes is possible. 

A sample fringe, corresponding to Fno, is 
illustrated in Fig. 2. The fast sweep, at 1000 
c.p.s., is from left to right in the figure; and the 
slow sweep, at 1 c.p.s., is from top to bottom. 
The grid signal here has the frequency 6999 
c.p.s., as required by the formula: 

/no = 1 • h +1000 • k = 1 • -1 +1000 • 7 = 6999 c.p.s. 

The resulting pattern ordinarily will not show 
any discrete horizontal lines, because the distance 
between adjacent fast sweep traces is less than 
the breadth of the electron beam at its finest 
focus. In order to indicate the direction of the 


fast sweep here, an additional 60 c.p.s. modula¬ 
tion has been applied to the CR tube grid. 

It can be shown, as suggested in the footnote 
on page 3, that there is a redundancy in the 
synchronization employed here. It is true that 
all the 1000 *k oscillators and the fast sweep 
must be synchronized—and this is readily 
achieved. It is also necessary that the slow sweep 
and the selsyn rotations be synchronized, and 
this is achieved through the use of the potenti¬ 
ometer driven from the (approximately) 1 c.p.s. 
shaft and with the selsyns driven from the shafts 
geared to this. But it is not necessary that the 
shaft speeds, at multiples of about l r.p.s., be 
synchronized with the 1000 c.p.s. oscillator, if 
the shaft speed slows down, more horizontal 
sweeps occur per frame, and the phase-shift of 
each fringe signal is reduced; but these two 
effects exactly compensate one another, and the 
tilt of each fringe remains unaltered. This 
simplifies the circuitry, and permits the use of a 
standard (60-cycle) motor. 

The fast and slow sweep directions are ordi¬ 
narily at right angles. By adding to the fast 
sweep signal a component of the slow sweep 
signal, the angle between the effective slow 
sweep direction and the fast sweep can be varied 
over a wide range. The slow sweep component 
is obtained from another linear potentiometer on 
the same 1 c.p.s. shaft as the main slow sweep 
potentiometer. The amplitude of the slow com- 



Fig. 2. F \70 fringe, with added 60 c.p.s. modulation to 
snow fast sweep direction. 
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poncnt is varied by means of the voltage applied 
across its potentiometer. Variation of the voltage 
across the main slow sweep potentiometer alters 
the axial ratio of the projection. Thus cell 
projections of any desired axial angle and ratio 
are attainable. 

The computer can be built up in stages from 
one accommodating only a few Fkko terms to one 
including as large a range of terms as appears 
necessary. It is intended that terms to (20, ±20, 
0) be incorporated into the final synthesizer. 

The basic difficulty in general crystal struc¬ 
tural analyses arises from the absence of infor¬ 
mation concerning the phases of the structure 
factors. Whenever a center of symmetry occurs 
in a structure or in some projection of the 
structure (e.g., a projection perpendicular to a 
two-fold symmetry axis is centro-symmetric), 
the factors involved in an electron density map 
for the projection are known except for their 
algebraic sign. Some partial information as to 
these signs may be available from auxiliary 
information (atomic radii and bond angles as 
determined from related structures, Patterson 
projections showing interatomic vectors, ofTticai 
data indicating group or molecular orientations, 
etc.); and in special cases the signs may be 
directly determinable. 4 In general, however, trial 
and error procedures are required. Since the 
order of from one hundred to several hundred 
factors are involved in a projection, the number 
of permutations of signs is overwhelming; and 
when tedious computations must be carried 
through each time a change is made, without a 
great deal of guidance in assignment of the signs 
structure determinations become unfeasible. 

In order to reduce the work involved in the 
calculations, a good number of computational 
aids have been developed for structural analyses. 
These will not be reviewed here. It suffices to 
say that none of them meet in a satisfactory 
manner the peculiar requirements of this science, 
that alterations of signs of the factors be enter- 
able in a simple way into the computer, and the 
effect of the alterations be very rapidly ob¬ 
servable. 

It is precisely this requirement of structural 
analyses which the present synthesizer is de- 

4 J. M. Robertson, Reports on Progress in Physics 4, 
332 (1937). 


signed to satisfy. The signs of individual factors 
can be introduced and altered at will by simply 
throwing a switch for each factor; and the 
“summation” of a two-dimensional series is 
accomplished within a few seconds after the 
data is fed into the machine. The pattern corre¬ 
sponding to a specific choice of signs remains on 
the oscilloscope screen as long as is desired. The 
effects of changes in signs of one or any number 
of factors appear almost instantly, and the new 
pattern remains on the screen until another 
change is introduced. (The amplitudes of indi¬ 
vidual factors are equally adjustable, with the 
effects of such changes just as rapidly ob¬ 
servable.) Thus for the first time systematic 
variations of structure factor signs , in trial and 
error procedures , become feasible in a general 
structure analysis . 

Another advantage of the oscillographic pre¬ 
sentation is the ease with which the contrast and 
background level of the pattern is alterable. The 
former is controllable through amplitude control 
of the final grid-modulating signal; and the 
background level is controlled through variation 
of the CR tube grid bias. Since the grid-modu¬ 
lating signals are mixed before their application 
to the cathode-ray tube, a non-linear relation 
between the beam current and the light-output 
of the fluorescent screen docs not lead to errors 
in positions of peaks in the electron-density map. 
The size of a projection is also controllable, and 
any section of a projection can be selected and 
enlarged at will. 

The computer should not now be considered 
as a replacement for accurately calculated con¬ 
tour maps of electron densities in the final stages 
of a successful structural determinafion. It is 
intended to facilitate the deduction of general 
features of a structure and to avoid the tedious¬ 
ness of trial and error stages of the analysis. It 
is conceivable that with proper care a device of 
this sort will be capable of quantitative results, 
but such is not its prime purpose. 

An earlier form of this instrument was de¬ 
scribed by the writer at the Lake George, New 
York, meeting of the American Society for 
X-Ray and Electron Diffraction, June 11, 1946, 
and oscilloscope fringe patterns were shown 
there. An extended discussion of the system will 
be published elsewhere. 
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Resonant Cavities for Dielectric Measurements* 

C. N. Works 
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(Received March 3, 1947) 

Fixed and variable length re-entrant resonant cavities designed for the measurement of 
dielectric constant and dissipation factor are described. These cavities operate in the frequency 
decade of 10* to 10® cycles per second, a region avoided by many experimenters because the 
frequency is too h»gh for the application of circuit techniques and not high enough for the con¬ 
venient use of coaxial lines or wave guides. The theoretical considerations in the design of these 
cavities are presented. Ihe well-known susceptance variation method, widely used in the 
frequency range of 10 4 to 10 8 cycles per second, was extended to apply to these cavities; it 
yields a rapid measuring technique and very simple expressions for calculating the values of 
the dielectric properties. The performance of this apparatus is discussed and the results of the 
measurements of a few typical dielectrics are given. 


I. INTRODUCTION 

D I ELEC TRIG constants and losses of ma¬ 
terials had been measured even at ultra- 
high frequencies as early as 1895. 1 The early 
techniques were relatively crude compared with 
those developed within the last few years. 
Coaxial transmission line and wave guide meth¬ 
ods, discussed by von Ilippcl, 2 Lamont, 3 Eng- 
lund, 4 and Benoit, 6 in which a section of (usually 
resonent) coaxial line or wave guide is filled with 
dielectric, are used at present, especially at fre¬ 
quencies greater than 1000 megacycles per second. 

The frequency band of 100-1000 megacycles 
has been avoided by most experimenters in 
dielectric measurements because the frequency 
is too high for the application of the usual 
circuit techniques and not high enough for the 
convenient use of the coaxial line or wave guide. 
The search for a simple and rapid method of 
making measurements in this frequency range 
has resulted in the development of two types of 
re-entrant cylindrical cavities in which small 


* The variable length cavity described in this paper was 
the subject of a thesis submitted to the Graduate School of 
the University of Pittsburgh, in partial fulfillment of the 
requirements of the M. S. degree. 

1 Drude, Wied Ann. 55, 633 (1895); Zeits. f. physik. 
Chemie 23, 267 (1897). 

1 S. Roberts and A. von Hippel, “New Method for 
Measuring Dielectric Constant and Loss in the Range of 
Centimeter Waves,” J. App. Phys. 17, 610-616 (1946). 

1 H. R. L. Lamont, “Theory of Resonance in Microwave 
Transmission Lines with Discontinuous Dielectric,” Phil 
Mag. 29, 521 (1940). , ^ 

4 C. R. Englund, “Dielectric Constants and Power 
ractors at Centimeter Wave Lengths," Bell Sys. Tech. J. 
23, 114-129 (1944). 

s J. Benoit, J. de phys. et rad. 5,173-184, 203-216 (1944). 


disk-shaped samples are used. This paper will be 
concerned with the description of these cavities 
as well as with their theory and performance. 

II. DESCRIPTION OF THE APPARATUS 

1. The Fixed Cavity 

This instrument, which is shown in Fig. 1, 
operates in the frequency range of 400-600 
megacycles per second. It is similar to an early 
model developed for the frequency range of 
100-300 megacycles, 8 except that as a result of 



Fig. 1 . The fixed cavity. 

fl C. N. Works, T. W. Dakin, and F. W. Boggs, “A 
Resonant Cavity Method for Measuring Dielectric Prop¬ 
erties at Ultra High Frequencies,” Proc. I.R.E. 245-254 
(April 1945), or Trans. A.I.E.E. 63, 1092-1098 (1944). 
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experience with this earlier instrument, a number* 
of mechanical improvements have been made. I 
The sample required is a disk one inch in^ 
diameter and from 0.050 to 0.250 inch thick. It 
is inserted through the port near the bottom and 
placed between the re-entrant posts or electrodes 
for the measurement of its dielectric constant 
and dissipation factor. 7 This port is located in a 
portion of the cavity where the current is small. 
It is closed by a tapered plug. It has been found 
that the resonant frequency of the cavity is not 
altered by removal and replacement of the plug. 
The upper electrode is movable and is connected 
with the coaxial portion of the cavity by a 
sylphon bellows which clinfinates all sliding 
contacts. The separation between these elec¬ 
trodes is controlled by a precision micrometer 
(Van Keuren Company) with a six-inch dial. 
The constructional details of this cavity are 
shown in Fig. 2. 



7 Dissipation factor (tan£) is the tangent of the loss 
angle. This angle is the complement of the phase angle 
whose cosine is the power factor. Therefore, for the small 
loss angles usually found in good dielectrics, the dissipation 
factor is equal to the power factor for all practical purposes. 



Assembled Cavity Outer Cylinder-of Cavity Removed 

Showing Internal Details 

Pic. 3. 300-1000-Mc variable length re-entrant resonant 

cavity for measuring dielectric properties of materials. 

Energy is coupled into the cavity by a loop as 
shown. By varying the size and position of this 
loop, the measured Q 8 of the cavity may be 
varied from less than 50 to about 2000. The 
detector consists of two type 1N21 crystals 
(Sylvania) side by side with ends of opposite 
polarity connected to the probe. 

The fixed cavity has the limitation that the 
frequency at which the measurement of a given 
sample is made depends on the dielectric constant 
and dimensions of the sample. By a reasonable 
variation in the thickness of a sample, however, 
measurements may be made over the frequency 
band previously designated for this cavity. 

2. The Variable Cavity 

Because there may be cases where it is de¬ 
sirable to select the exact frequency at which a 
measurement is to be made, and also to obtain 
a single instrument useful over a wide band of 
frequencies, a variable length re-entrant cavity 
was designed for a frequency range of 300-1000 
megacycles per second. Photographs of this in¬ 
strument are shown in Fig. 3. Details of the 
cavity proper, which are not evident from these 
illustrations, appear in Fig. 4. 

The length of the cavity is controlled by the 
position of a shorting plug. It might be empha¬ 
sized that in this method variation in contact 
does not introduce an error in the measurements. 
The plug is driven by a threaded tube which is 
restrained from turning by a key on the extension 

8 Q is usually defined as the ratio of the amount of energy 
stored per cycle to the amount of energy dissipated per 
cycle. Q is thus the reciprocal of the dissipation factor. 
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of the center post. This tube is propelled by a 
nut to which the dial (see Fig. 3) for indicating 
the length of the cavity is attached. A vernier 
drive is also provided. 

The separation of the electrodes is controlled 
in the same manner as in the fixed cavity. In 
fact, all other details of the cavity are similar 
to the fixed cavity except that the former is 
smaller in diameter and has smaller electrodes, 
as indicated in Fig. 4. This smaller diameter 
results in a lower Q . By adjusting the coupling, 
the measured Q may be caused to vary from 
less than 50 to about 1000. This maximum 
value of Q still gives good sensitivity in measuring 
the dissipation factor of low loss materials. The 
sample required is a small disk 0.480" or less in 
diameter, and from 0.040" to 0.125" thick. The 
auxiliary equipment used with these* cavities is 
described in reference 6. 

III. THEORY 

1. General Considerations in the Design of 

the Cavities 

The well-known susceptance variation meth¬ 
od 9 - 10 for the measurement of the dielectric 
constant and dissipation factor in the frequency 
range 10 4 to 10 8 cycles per second has a number of 
advantages. It combines a simple and rapid 
measuring technique with simple relations for 
rapid computation of results with an accuracy 
greater than that obtainable by most other 
methods. It has been found possible to apply 
this technique to measurements at higher fre¬ 
quencies. Expressions were derived for the di¬ 
electric constant and loss of samples, measured 
by placing them in the re-entrant end of a 
cavity and using a measuring procedure similar 
to that of the conventional susceptance variation 
technique. These arc identical, except for an 
additional correction term, with those used in 
the usual application of this technique at radio 
frequencies, provided the dimensions of the 

•L. Hartshorn and W. H. Ward, “The measurement of 
the permittivity and power factor of dielectrics at fre¬ 
quencies from 10 4 to 10 8 cycles per second, J. Inst. Elec. 
Eng. 79, 597-609 (1936). „ „ . 

“A.S.T.M. Committee D-9 “Tests for power factor 
and dielectric constant, susceptance variation method, 
A.S.T.M. Standards on Electrical Insulating Materials 
(The American Society for Testing Materials, Philadelphia, 
Pennsylvania, 1944), p. 34t. 


sample arc so restricted that it can be considered 
as a lumped capacitance. 

If the sensitivity to low loss samples is to be 
satisfactory, the Q of the cavity must be high. 
The expression for the theoretical Q of such 
cavities is 11 

lo g e b/a 

Q = 4t(G/ 10) -(/)«X10"\ (1) 

b/a +1 

where G is the conductivity of metal covering 
inside of cavity in mhos per centimeter (5.8 X10 5 
for copper), b is the inside radius of the outer 
conductor of the cavity in centimeters, a is the 
outside radius of inner conductor of cavity in 
centimeters, and / is the frequency in cycles per 
second. The optimum Q is obtained with a ratio 
of b/a of about 3.6. Examination of the curve 12 
of Q versus the ratio b/a shows that this curve is 
fairly flat for values of b/a between 3 and 4, and 
falls off rapidly on either side of these values. 
In the frequency band being considered, a theo- 



Fig. 4. Variable length re-entrant cavity. 


11 Slater, Microwave Transmission (McGraw-Hill Book 
Company, Inc., New York). 

ls R. C. Miedke,’“() for unloaded concentric transmission 
lines,” Electronics 139-140 (September 1943). 
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Fici. 5. Curve for the determination of 
(Cuo“f* Cr->) — Ct'i). 

refical Q of about 4000 may be obtained for 
values of b as small as 2 cm. Because of energy 
absorbed by the probe and the effect of^the 
coupling loop, the theoretical Q is never obtained. 
Measured Q of one-quarter to one-half of the 
theoretical Q may be obtained, under practical 
operating conditions. 

Having established the restrictions imposed to 
obtain satisfactory Q values, the next step is to 
determine the dimension of cavities, which 
resonate in the desired frequency band. The 
resonant frequency of the singly re-entrant 
cavity for the general case is treated by Hansen. 13 
This case is so complex that it is at once apparent 
that it would be desirable to impose restrictions 
on the shape of the cavity which would result in 
simpler relations. E. U. Condon 14 gives an ap¬ 
proximate treatment, which assumes that b is 
small compared with a quarter wave-length. He 
also shows that this treatment corresponds to 
applying the standard engineering form of trans¬ 
mission line theory. Therefore, this restriction 
will be applied to these cavities, and transmission 
line formulae used to calculate the resonant 
frequency or resonant length. The resonant fre- 

“ W. W. Hansen, “On the resonant frequency of closed 
concentric lines," J. App. Phys. 10, 38-45 (1939). 

14 E. U. Condon, “Principles of Microwave Radio," Rev. 
Mod. P,hys. 14, 341-389 (1942). 

608 


quency of a short circuited loss-free transmission 
line with a capacitor at one end is given by the 
equation 11 

2rfS 1 

Z o tan-=-, (2) 

c 2ir/C 

where Z 0 is the characteristic impedance of co¬ 
axial part of cavity, 5 is the length of internal 
conductor, c is the velocity of light, and C is 
capacitance between the ends of the re-entrant 
post$ in the cavity at resonance. The resonant 
length of the cavities, as calculated from this 
relation, checked the resonant length as deter¬ 
mined experimentally within two percent. 

Experiments with a singly re-entrant cavity 
indicated that the fringing of the field is exces¬ 
sive, especially for very short gaps. Therefore, 
the doubly re-entrant cavities of Figs. 2 and 4 
were selected in which one of the re-entrant 
posts is much shorter than the other. On first 
consideration, it would seem that the re-entrant 
posts should be the same length, giving a sym¬ 
metrical cavity which might be easier to analyze. 
However, the requirement of variable gap length 
would disturb this symmetry. It was observed 
that for small gap spacings (less than 0.025) and 
for the short post less than 0.255, the resonant 
frequency of the doubly re-entrant cavity varied 



Fig. 6. Curves showing relation between geometric 
capacitance, C, between electrodes versus length of posts at 
constant resonant frequency. 
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very slightly from that of a singly re-entrant 
cavity of the same total length and same gap 
spacing. This observation confirms the experi¬ 
mental results obtained by Barrow and Mieher. 16 

The lowest mode of oscillation of this cavity 
corresponds to that of a conventional coaxial line 
short circuited at one end and capacitatively 
loaded at the other. It is usually designated 
TM 0tO ,p where p is less than unity. Since the 
diameter of our cavities has been restricted so 
that the resonant frequency could be calculated 
by transmission line methods, it is'unlikely that 
higher modes could exist. Calculation of the 
cut-off frequency for the next higher mode 
verified this. 

2. Expressions for the Dielectric Constant 

By definition, the dielectric constant, e\ of 
any dielectric sample is given by 

e' = C x /C a , (3) 

where C x is the capacitance of the sample, and 
C a is its equivalent air capacitance. The capaci¬ 
tance of the sample, C x , is given by the equation 6 

dC 

Cx — (Ca2 + Ca) ~ (Cal + Cl) + Cal-A»$\ (4) 

dS 

Except for the last term, this is the same expres¬ 
sion used in the conventional susceptanee varia¬ 
tion method. 10 

In applying this equation to the cavities, the 
more complicated case of the variable length 
cavity will be considered first. The capacitance* 
of the electrode arrangement of two parallel 
cylinder faces is determined at lower frequencies 
by calibration against a standard capacitor in the 
case of the conventional susceptanee variation 
circuit. In the frequency band being considered 
here, neither a standard capacitor nor the tech¬ 
nique of comparing it to an unknown is available. 
Therefore, the calibration was determined experi¬ 
mentally, using two materials having consider¬ 
ably different values of dielectric constant, poly¬ 
styrene and Insanol (mica-filled lead borate). 
The dielectric properties of samples of these 
materials were known from measurements made 

. 11 W. L. Barrow and W. W. Mieher, “Natural Oscilla¬ 
tions of Electrical Cavity Resonators,” Proc. I.R.E. 28, 
184-191 (April 1940). 
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at higher and lower frequencies by other inde¬ 
pendent methods. 

From the measurement of these materials of 
known properties, the calibration curve of Fig. 5 
was obtained. This corresponds to the correction 
for fringing usually applied in the case of the 
conventional susceptanee variation circuit. By 
obtaining the relation of the capacitance between 
electrodes to the length of the posts at constant 
resonant frequency, the curves of Fig. 6 were 



Fig. 7. Curve for the determination of dC/dS for any 
electrode separation. 

obtained. The curve of Fig. 7 was then obtained 
by plotting the slope of these curves versus 
electrode separation. Multiplying the ordinate 
of this curve by AS, the change in the gap spacing 
to retune the cavity to resonance upon removal 
of the sample, gives the last term of Eq. (4). This 
term is the correction for the small change in 
length of the coaxial part of the cavity which 
necessarily' takes place when one of the posts is 
extended inward to diminish the gap. 16 

Now Eqs. (3) and (4) may be solved as follows 
to obtain the value of the dielectric constant of 
any material. The quantities (C „2 + Ce 2 ) — (Cat 
+ Cri), and — dC/dS are read from the curves in 
Figs. 5 and 7, respectively. The value of C« 2 +C c 2 

16 The reader who may wish to perform the experiments 
described should refer to the thesis “A Variable Length 
Re-entrant Resonant Cavity for the Continuous Measure¬ 
ment of Dielectric Properties from 300-1000 Me,” Uni¬ 
versity of Pittsburgh, 1946, for a detailed discussion of the 
method used to obtain Figs. 5, 6, 7. , 
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is read from the ordinate of Fig. 5, corresponding 
to the value of electrode separation with the 
sample removed. Similarly, the value of C a i+C e i 
is found from the separation with the sample in 
place. 

In the case of the fixed cavity, samples of 
various thicknesses, whose dielectric constants 
were accurately known, were measured over the 
frequency range of 400-600 megacycles per 
second. Using the computed theoretical values 



for the correction term, (dC/dS)AS, the meas¬ 
urements all checked the known values within 
one percent. This indicated that fringing could 
be neglected in the range of frequency in which 
this equipment operates, and that the term 
( dC/dS)AS gives the total required correction. 
Then Eq. (4) may be written 

dC 

C x =C a 2 -A S. (5) 

dS 

Replacing the term — ( dC/dS)AS by its value, 
AC, as obtained from the curves of Fig. 8 and 
writing for C a 2 its value for the case of electrodes 
1" in diameter, the following expression is 
obtained 

0.1764 

C,=-;-|-AC u.u.f. (6) 

Gap spacing (inches) at 
resonance with sample 

removed 


The simplicity of Eqs. (3) and (6) permits very 
rapid calculation of the dielectric constant. 

3. Expressions for the Dissipation Factor 

An expression for the dissipation factor of a 
sample placed between the ends of the posts of 
a re-entrant cavity was derived in an earlier 
paper. 6 It is identical with the equation used for 
the 4 'Change of Voltage Procedure" in the well- 
known susceptance variation method used at 
radiofrequencies. 10 The final result is given by 
the following expression: 

Tan 3, = (ACV2 Cx)(E-2 — li\)/E\, (7) 

where E\ is the voltage at resonance with the 
sample in place, and £ 2 is the voltage at reso¬ 
nance with the sample removed. The term 
AC 2 /2C X should be recognized as the dissipation 
factor of the empty cavity. AC 2 is the change in 
capacitance necessary to tune from one half 
power level of resonance to the other. 

IV. PERFORMANCE 

The dielectric constant and dissipation factor 
of a number of materials over a frequency range 
of 60 cycles per second to 10,000 megacycles per 
second are shown in Figs. 9 to 11. These curves 
are given to show the agreement in the results 
obtained using the instruments and techniques 
described with values obtained by independent 
methods. Symbols as listed on each curve are 
used to identify the method used to obtain a 
particular value. 

Figure 9 shows the dielectric properties of 
polystyrene. The properties of this material are 
known to be practically constant over the fre¬ 
quency range shown on this curve. Therefore, 
the measurement of this material provides a 



Fig. 9. Dielectric properties of polystyrene. 
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convenient check as to whether the measure¬ 
ments made by the method desc ribed agree with 
measurements made by independent means at 
higher and lower frequencies. Inspection of the 
curve for the dielectric constant shows that the 
values for the frequency decade 10 8 to 10 9 cycles 
per second lie along a curve already well defined 
by values determined by independent methods. 
Likewise, Kig. 10 shows that the values for the 
dielectric constant of insanol, which has a value 
of about 8, in the frequency decade in which we 
are interested do not depart from the curve. 
This shows that the accuracy does not vary 
with change in the value of the dielectric con¬ 
stant. The accuracy of the value of dielectric 
constant, as indicated by these curves, and other 
unreported measurements, is about ±1 percent. 

The value of the dielectric constant of most 
solid materials is usually between two and ten. 
In the case of those' unusual materials whose 
dielectric constant is considerably greater than 
ten, the samples should be much smaller than 
the electrodes. 17 A sample with a dielectric con¬ 
stant much greater than ten, which occupies the 
entire space between the electrodes, shortens 


ye 

« 

S3 


- • 

'] 



□ 

" 

—r 

_L 







i 1 

1— I 1 

i " 

7>- 





1 

L 

-4- 

j 

_ i _ 

r 

i 

_L- 


fl 

L 

— \ 

1 

1 


[ 

Hj 


BRIDGE II I ! 
5USCEPTANCE VARIATION 
FIXED CAVITIES -I 
VARIABLE CAVITY 



LOG FREQUENCY IN CYCLES PER SECOND 


Fig. 10. Dielectric properties of insanol 
(mica-filled lead borate). 


the effective length of the cavity to such an 
extent that even when the physical length of the 
cavity has been made a minimum, it is not 
possible to resonate the cavity at frequencies in 


17 When the sample is smaller than the electrodes, 
Eq. (4) is applied to determine the over-all dielectric 
properties of tne space between the electrodes (with the 
sample in place between the electrodes), and then standard 
equations for dielectrics in parallel (sample and air) are 
applied to determine the properties of the sample. 


the upper portion of the band for which the 
instrument was designed. 

The error in the dielectric constant caused by 
variation in voltage across the face of the elec¬ 
trodes was investigated and the proper correction 



Fig. 11. Dielectric properties of kraft board dried at 105°C 
for 16 hours. 


made in all cases where the error was not 
negligible. When materials having dielectric 
constants greater than five are measured at 
frequencies over 500 megacycles in the cavities 
described, a correction should be*made for the 
variation in voltage across the electrode faces. 18 

The curve for the dissipation factor, Fig. 9, 
shows that, these values are in line with the 
values at higher frequencies obtained by wave 
guide measurements. At lower frequencies, the 
precision of the apparatus is ±0.0002 so that 
all that may be stated with certainty is that the 
dissipation factor is less than 0.0004. Further 
examination of the curves of dissipation factor, 
Figs. 9 and 10, shows that the accuracy of these 
values, as obtained by both the fixed and variable 
cavities, is ±0.00005 for small values of tan5. 

In spite of the fact that certain approximations 
and empirical calibrations have been made to 
keep the measuring procedure and calculations 
nearly as simple as those of the conventional 


18 The capacitance and, therefore, e f of a sample placed 
between electrodes varies as: e/ * ^(-Emax /JEav) where e/ is 
the corrected dielectric constant and e m ' is the dielectric 
constant as calculated by Eq. (3). The average voltage is 
given by the expression — (*Vr*/V2c*)] where 

r is the radius of the sample, and the remaining symbols 
have been defined previously. This last equation may be 
derived by using Eqs. (7'12), (7'6), and (7'2) of reference 
12, expanding Jo in an infinite series, and taking the 
average. Because only the first two terms of the expression 
are given, r must be less than X/8, where X is the wave¬ 
length in air. 
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susceptance variation method, the accuracy of 
the values of the dielectric constant is very 
nearly the same as that obtained through the 
use of this technique at lower frequencies. The 
accuracy of the values of low dissipation factors 
is much greater than that obtained by any of 
the methods used at lower frequencies. This is 
due to the fact that very high values of Q are 
obtained with the resonant cavity. This property 
of the resonant cavity may be taken advantage 
of through suitable techniques to obtain the 
dissipation factor of low loss dielectrics to. ygry 
great precision. 19 

The curves of Fig. 11 are included because 
they illustrate the usefulness of apparatus oper¬ 
ating in this frequency range, and point out some 
interesting properties of dielectrics. These ma¬ 
terials have a dispersion region. The dielectric 
constant decreases as the dissipation factor goes 
through a maximum between 10 7 and 10* cycles, 
per second. The apparatus described made pos¬ 
sible an accurate determination of these curves 
throughout the dispersion region. Few labora¬ 
tories have an apparatus for the measurement of 
solids operating in the frequency band of 10 8 to 
10 9 cycles per second. These materials have 
another interesting property, that should be 
mentioned in passing. The direction of the elec¬ 
tric field in the sample makes a considerable 
difference in the values of the dielectric prop¬ 
erties. When this material is placed in a wave 
guide with the same face against the end of the 
guide which was in contact with the electrode, 
the direction of the field in the sample is changed 
by 90°. Therefore, when changing from an 
instrument with electrodes to a wave guide, 


19 William R. MacLean, “A microwave dielectric loss 
measuring technique,” J. App. Phys. 17, 558-566 (1946). 


consideration should be given to the direction of 
the field in the sample in the case of materials 
which may be non-isotropic. 

V. CONCLUSION 

Although the calibration of the apparatus 
described in this paper was accomplished by 
empirical methods, it has many advantages to 
recommend its use over methods which are 
mathematically more rigorous. 

The sensitivity of these re-entrant cavities is 
so great that very small disk-shaped samples can 
be used. This makes it possible to sample directly 
the material to be measured. Thus, a piece of 
dielectric material may be removed from a cable 
or other apparatus and tested. When large 
samples of intricate shapes are required, as in 
the case of coaxial transmission line methods, 
especially at frequencies near the lower end of 
the frequency band (100-1000 Me) considered 
in this paper, samples molded or cast in the 
laboratory may not be representative of a com¬ 
mercial grade of the same material. The simple 
disk shape of the samples required for this 
method makes their preparation easy. 

Measurements may be made rapidly, and the 
calculation of results is extremely simple. The 
accuracy obtained from this method is usually 
better than that of other methods operating in 
this frequency range. 
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A variable capacitor is described for measuring (1) small 
displacements, (2) small volume changes, and (3) pressure 
differences. The capacitor consists of a deflectable dia¬ 
phragm and a fixed electnxlc. The diaphragm is metallic, 
plane-parallel, clamped at the edges, and at ground poten¬ 
tial; the electrode, at an a.c. potential, has a plane surface 
parallel to the undeflected plate across an air gap. For use 
in displacement measurements, the diaphragm’s center is 
deflected by a point contact from a mechanical link to the 
observed system, or by a uniform pressure load from a 
fluid link to the system. The fluid link is used also when 
measuring volume changes and pressure differences. The 
plate deflection results in a change in the air gap, and thus 
generates a capacitance signal. This signal is measured by 
electrical methods. 

A theoretical analysis of this variable capacitor is 


INTRODUCTION 

T O anyone who has attempted the design or 
the construction of a diaphragm capaci¬ 
tance gauge for precise pressure or volume- 
change measurements, the lack of an adequate 
theory to handle the many variables encountered 
is rather discouraging. The important variables 
are the diaphragm diameter, thickness, and 
material; the air gap, the electrode diameter, the 
applied pressure, and the capacitance signal. The 
magnitude of the pressure signal and the desired 
capacitance signal are known. Hut what about 
the values to be assigned the first five variables 
in order to achieve the desired pressure-capaci¬ 
tance relation? It was an attempt to answer this 
question that led to this analysis. 

Though the theory presented here was evolved 
in response to a need in the biological field, the 
treatment and the results are sufficiently general 
to be of interest to the physicist, the chemist, or 
the engineer who may want a gauge for other 
applications. For the benefit of those who may 
apply the gauge to biological systems, and for 
the benefit of those interested in why biological 

* The work described in this paper was done under a 
contract recommended by the Committee on Medical 
Research, between the Office of Scientific Research and 
Development and the University of Pennsylvania. 
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presented; sensitivity and alinearity factors for the three 
uses of the device are derived. The experimental per¬ 
formance shows reasonably satisfactory agreement with the 
derived theory. The displacement of the plate’s center was 
measured with an interferometric method, using a yellow 
He line as a standard of reference; the applied pressure, 
with a liquid manometer; and the capacitance signal, with 
a standard capacitor substitution procedure. The gauge can 
be used so as to give quantitative electrical indications of 
displacement, volume change, or pressure difference; or can 
be used as a null indicator device in which an unknown 
pressure is balanced against a known one on opposite sides 
of the diaphragm. In order to achieve large volume an 
displacement sensitivities, small air gaps (5.10 -4 cm) are 
employed. Details of a construction method to assure small 
values are presented. 


applications are as strict in their requirements 
as the physical ones, the peculiarities of the 
living systems are presented and discussed in 
relation to the capacitor gauge design. For those 
interested only in gauge design, this discussion on 
biological problems may be neglected, and a start 
made on the later, theoretical derivation section. 

THE GAUGE DESIGN PROBLEM IN 
BIOLOGICAL APPLICATIONS 

The pressure gauge design problems en¬ 
countered in the biological field are different 
from those in other fields of research. Certain 
limitations are placed on the pick-up unit design 
by the social properties of animals. In general, 
the pressure systems in animals arc buried within 
the body, loosely supported, of variable dis- 
tensibility, in constant motion, and are fragile 
in construction. These structures react locally 
to probing, puncturing, and tearing by bleeding 
and by constricting. Blood in the vessels may 
clot on inserted objects, and thus plug pressure 
taps. The whole animal also reacts by moving 
and by markedly changing the blood pressure, 
the heart rate, and other variables one may be 
measuring. Anesthetics can be used to abolish 
many of these undesired effects; but these drugs 
can exert other acjtions which are also unwanted. 
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CAPACITOR VARIABLES 



Fig. 1. Diagram of, a diaphragm capacitor. The variables 
used in developing the capacitor theory are illustrated 
here; capital letters refer to fixed geometrical properties, 
small letters to variables generated by a displaced ♦dia¬ 
phragm. Tables I and II give the definitions and the units 
of all variables. The diaphragm is^ shown in an approach 
deflection; in a recession deflection the diaphragm would 
bulge downward. Both the air gap and the center deflection 
are greatly magnified in relation to the diameters of the 
diaphragm and of the electrode. The form of the deflected 
diaphragm is that of a stiff, edge-clamped plate; Figs. 2 and 
3 give quantitative details of the two extreme idealized 
diaphragm forms assumed in the theory. 


'The pressure phenomena occurring in animals 
have both a static level and superimposed rapid 
pulsations. It is important to record these 
phenomena faithfully. * 

Because of these special properties of the 
animal, some form of transmission of the 
pressure signal from the interior to the exterior 
is necessary. At the present time, tubing con¬ 
taining liquid usually conducts the signal; 
ultimately, electrical transmission may be sub¬ 
stituted. To avoid undesired local stimuli, the 
tubing is small. 

From these considerations, some requirements 
for a pressure gauge pick-up can be deduced. 
(1) The pick-up must reproduce static level 
signals. (2) For the faithful reproduction of 
rapidly changing pressures transmitted through 
small bore tubing, and to minimize the length 
of the tube bore exposed to coagulablc blood, 
the volume change of the unit with respect to 
an applied pressure must be minimal. (3) The 
pick-up size and the weight should be as small 
as possible. (4) The connection between the 
picl^up unit and the recorder must be long and 
very flexible. (5) The pick-up and its leads should 
be insensitive to vibration and to changes in 
position. 

Many types of diaphragm pressure gauges 
have been used in recording static and kinetic 


pressures in animals. 1-8 The ones with the 
greatest promise of meeting the above require¬ 
ments are the photoelectric 6,7 and the electrical 
capacitor 8 types. The latter type is the one 
analyzed here. 

With the above conditions in mind, it was con¬ 
sidered important to examine the theoretical 
basis of the pick-up unit of a diaphragm-type 
capacitor pressure gauge previously applied to 
the recording of pressure in the vascular system. 8 
The examination, presented below, was under¬ 
taken in order (l) to find out what factors were 
of importance in an optimal design for a pick-up 
unit for a minimal volume change and maximal 
capacitance signal in response to a given applied 
pressure; (2) to facilitate making design com¬ 
promises in the presence of construction dif¬ 
ficulties in special units; (3) to find and to 
evaluate those factors in the design which deter¬ 
mine the alinearity and the sensitivity of the 
gauge; and (4) to explain and thus make 
allowances for the observed differences in gauge 


Table I. Measured and calculated variables for a 
given gauge. 


I. Measured variables Units Method 


1. Electrode radius firm 

2. Diaphragm radius .4 cm 

3. Diaphragm thickness T cm 

4. Applied pressure p dynes/cm* 

•5. Central point deflection, at p yn cm 

0. Displaced volume, at pu l cm* 

7. Gauge capacitance, at po«0 Co cm 

8. Capacitance signal, at yo c cm 


By micrometer 

By liquid manometer 
By interferometer 
By calibrated capillary 
By substitution for stand¬ 
ard condenser in an elec¬ 
trical circuit 


11. Calculated variables, as derived from measured ones 


9. Air gap, at j/n—O 

10. Displaced volume, at j/o 

11. Relative deflection 
1?. Radius ratio, squared 

13. Relative capacitance signal 

14. Deflection constant, stiff 


15. Deflection constant, flexible 

16. Volume constant, stiff 

17. Volume constant, flexible 

18. 

19. 


U cm 
v cm* 

«>( 0 ) 

N( 0) 

8 ( 0 ) 

K cmVdyne 


1 /0 cm/dyne 
4(0) 
k (0) 

H{ 0) 
u(0) 


0«fl*/4r# 

r*(po)(x/4).42 

Nm(B/A)* 
a-r/A*/4D»(e/(\)N 
K-1»/p)(T*/A*) 


A’«A(1 -«/r 

(/■•Poisson’s ratio; 
r« Young’s modulus) 

l/0-(*/p)M» 

4*1A)(xA*)A»3 

4-po(x.4*)/t“2 

ff-q-AQ 


111. Calculated variabios, as related in theory: see equations in Tablo 111 


1 0. Franck, Zeits. f. Biol. 82, 49 (1925). 

2 C. J. Wiggers, J. Lab. and Clin. Med. 10, 54 (1924). 

* W. F. Hamilton, Am. J. Physiol. 107, 427 (1934). 

4 A. Hampel, Pflunger’s Arch. Ges. Physiol. 244 (2), 171 
(1940). 

6 W. G. Kubicek, Rev. Sci. Inst. 12, 101 (1941). 

6 H. Rein, Arch. f. d. Ges. Phvsiol. 243, 329 (1940). 

7 VV. E. Gilson, Science 95, 514 (1942). 

* J. C. Lilly, Rev. Sci. Inst. 13, 34 (1942). 

** F. Buchthal and E. Warburg, Acta Physiol. Scandi- 
navica 55, 55-70 (1943). 
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Table 


I. Sensitivity factors 


20. Relative displacement 

21. Displacement 

22. Volume 

23. Pressure 
23a. Pressure 


Sensitivity and alinearity factors for a constant B/A and a given w. 


Secant form 


nt * s/w 

c/yo**(m/4)(A /Dy 
c/v^km/heD* 
c/p=* mKA */4 T^D 2 
</P=(c/yo)(yo/P) 


'tangent form 


Initial value, yo-»0 


n=* (ds/dw) 
t>c/dy 0 =(»/4)(yl//))» 
dc/dv = kn/ArD' 
dc/Op =*nKA */4r*Z> a 
ih'/np - {f>r/i)y a )(dyo/i>p) 


at— a -m/k 

S v -(M/i)(A/D )* 
S.t'kM/irD* 

-Sp »» MKA */4 T'D* 

S„ = (!\T/4)(A/ny(y 0 /p) 


II. Alinearity factors 


24. Relative displacement 

25. Displacement 

26. Volume 

27. Pressure 


a — m/M 
^ = (c/y 0 ) /S y = « 
a v = (c/v)/S v =a 
a v = U'/p)/S p = a 


b — n/M 

b,i — (ric/dyo) /S, = ft 
ftv~ (dc/dv)/S v ~h 
b p = {<k/dv)/S p -b 


a — b~ 1.00 
— b,i = 1.00 
a t =* ft* — 1.00 
1.00 


1ABLL III. I heoretical equations relating s, w f and B/A* 


Stiff plate (Fig. 2) 


Flexible membrane (Fig. 3) 


(2.0) s=(\/u) tanh~ 1 [«A7(l — w//)]— X 

(3.0) .v = [(1)(1 -// 3 )w+(D0 - // 6 )w* f • • • ] 
(4.0) m - (J) Ql /(1 - w) -//»/(1 - w//*) - ///] 


Approach case 

(2.1) i = (l/w) ln[(l-»//)/(!—ttO]-A' 

(5.1) * — C( J>(1— //*)*»+( J)(l — - ] 

(4.1) w = I / (I — «>) — //*/( 1 — «’//) — in 


(5.0) ,t = (1/w) tan >(>Ay(l+«,//■)]-.V - 
(6.0) s = [-(J)(l-//Ytt'+(i)(l-« 6 )^-- 
(7.0) n = (i)[l/(l +w)-H>/{\+wH*) -»/] 


Recession case 

(5.1) .v — (1 /w) ln[(l+ur)/(l+«,//)]-.V 

] (6.1) j = [-(i)(1-//*)iti + (J)(l-//»)jt' 3 - 

(7.1) n = \/(l+w)-W/(,l+wH)-m 


] 


♦Note that (Table I): N — (B/A ) 2 ; //=( 1 -.V). 

The variables are defined in Figs. 1. 2. and 3. and in Table t. (H Fundamental integral: v - |(4P/A 2 ) f n {nlr)/2(D iy)j -.V. Solutions: Ifrom (l) 
and equations ot Figs. 2 and 3]. 


performance in tilt? case in which the diaphragm 
is deflected away from the electrode in contrast 
to the case of diaphragm-elect rode approach. 

In addition to the measurement of pressure, a 
diaphragm-tvpe capacitor has desirable charac¬ 
teristics for use as an ultramicrometer (displace¬ 
ment) and as a dilatometer (volume change). In 
the theory below, the condenser characteristics 
for these three uses are most easily discussed in 
the order: displacement, volume, and lastly, 
pressure. (In the theory, displacements are con¬ 
sidered only as measured by means of a fluid 
link; in practice, point contact mechanical links 
can be used, but this theory does not apply in 
this case, even with a stiff plate.) 

The following sections give a summary of a 
derivation of a diaphragm capacitor theory, and 
some applications of the theory in the design and 
in the testing of diaphragm capacitors. Later 
sections deal with the results of an experimental 
check of the theory, a consideration of electrical 
circuits for recording with the gauge, and a 
method used in the construction of some pick-up 
units. 


DERIVATION OF A THEORY OF A DIAPHRAGM- 
TYPE CONDENSER 

A. Configuration of the Capacitor 

In deriving a theory of a diaphragm-type 
c apacitor an expression is first developed which 
relates the displacement of the diaphragm to the 
resultant capacitance signal, for the geometrical 
arrangement shown in Kig. 1. In the following 
discussion, variables generated by a diaphragm 
deflection are represented by small letters, and 
the constants of a given gauge, by capital letters 
(see also Tables l and II). 

The diaphragm is a circular plane-parallel 
metal plate or membrane clamped near the 
periphery and is assumed to be deflected by a 
uniform pressure load on one side or the other. 
The effective radius of this diaphragm, A, is 
that of the j)criphery at the inside edge of the 
damp. 

The electrode is a circular metal structure 
with a plane surface placed parallel to the unde¬ 
flected plate, across an interposed air gap of a 
thickness D. The effective electrode radius, J3, 
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DEFLECTED DIAPHRAGM A 
erost Mctiofl of • stiff,o4—- d a m po < 
elreuloi; flot plot*; uniform proMuro lootf 


DEFLECTED DIAPHRAOM S 
erost soetloo of ofleftlMo,o4«o-elainped v 
eircutor,ftot mo w browo; uniform protturo lootf 



0 02 0* OUB 08 1.0 0 Q2 04 06 Q8 1.0 

DISTANCE FROM CENTER DISTANCE FROM CENTER 

fraction of ratflut, r/A fraction of radiuo, r/A 


Fig. 2. The form taken by a stiff plate deflected by a 
uniform pressure. A radial section is cut through the 
diaphragm, from the axis of rotation at the left, to the 
damped edge at the right. This method of showing the form 
greatly magnifies the amount of the deflection in relation 
to the radius by a factor of about one to ten thousand. The 
equation of this curve is derived on the assumptions that 
the absolute deflection is less than about 1/50 the thickness 
of the diaphragm, that the thickness is less than about 1/50 
of the radius, and that the edge is uniformly ancj*rigidly 
clamped, without exerting a radial tension in the unde¬ 
flected position of the diaphragm (no initial stretching). 
All strains are assumed to be within the proportional 
elastic limit. It is further assumed that, in the undeflected 
state, the diaphragm is a plane, parallel, homogeneous, and 
isotropic structure. The equation of this curve is given in 
the figure; the variables are defined by Fig. 1. The volume 
swept out by the diaphragm as it is deflected, v, was found 
by integration of the equation for the curve; the resulting 
expression gives the dimensions of a cone of equivalent 
volume. 

is that of the plane surface presented to the air 

gap* 

The diaphragm and the electrode have a 
common axis passing through their centers, 
normal to their facing surfaces (Fig. 1). 

Since the ratio of the electrode periphery to 
the air-gap thickness, 2irB/D , is usually of the 
order of magnitude of 750-7500; edge effects are 
considered to be negligible and arc omitted in 
the following analysis. 

B. Derivation Summary 

An equation defining the relation of the rela¬ 
tive change in capacitance of this capacitor to 
the deflection of the diaphragm (Fig. 1) can be 
derived in the following manner: 

1. Consider an elemental capacitor consisting 


Fig. 3. The form taken by a flexible membrane deflected 
by a uniform pressure. The general statements made under 
Fig. 2 apply to this figure. The same limiting assumptions 
apply to this equation as to the stiff-plate one, except that 
it is assumed that the membrane is subjected to a uniform 
tension of G/\ cm/dyne (item 15, 'Fable II) in all directions 
in its own plane in the undeflected state. In this diaphragm 
the inherent stiffness is assumed to be negligible, and hence 
the clamped periphery bends with a practically infinitesimal 
radius of curvature. The volume swept out bv the dia- 
hragm as it is deflected, v , equals that of a cylinder of a 
eight equal to one-half the central deflection and a base of 
an area equal to that of the undeflected diaphragm. 

of an annulus of infinitesimal width, lying in the 
surface of the electrode and concentric with the 
central axis, and of a similar strip directly across 
the air gap, lying in the surface of the dia¬ 
phragm. Let both strips have a radius of r, 
defined as the distance along a normal from the 
annulus to the axis. Assume that, as the plate is 
moved by a pressure load, the capacitance of this 
elemental capacitor, dc } (in centimeter units) 
varies inversely with the distance between the 
strips, and varies directly with the area of one 
strip (lirrdr) (Eq. (1), Table III, note). 

In the usual case, the deflection of the dia¬ 
phragm center is only about 1/500 to 1/5000 of 
the diaphragm radius; therefore it can be shown 
that the above assumption is justified. 

2. Consider the annular element in the surface 
of the diaphragm in the deflected position. The 
displacement of this element from the unde¬ 
flected position is taken as y, and that of the 
diaphragm center as yo. The relation between the 
radius of the annulus, r, and y, should be con- 
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sidered for at least two extreme cases, the thin, 
stiff plate and the thin, flexible membrane. 9 

The equation relating y, y 0 , r, and A for the 
stiff plate is given in Fig. 2; and that for the 
flexible membrane in Fig. 3. (These equations 
are taken from Love’s The Mathematical Theory 
of Elasticity , and reference 9.) The equations are 
exact only for values of yo/A which arc very 
small compared with unity. Other assumptions 
and limits for these equations are given in the 
Figs. 2 ^jid 3 captions. 

3. By setting up the differential equation 
implied in assumption 1 above, substituting the 
expression for assumption 2, for the two dia¬ 
phragm types and integrating the result, the 
equations of 7 able 111 can be derived. These equa¬ 
tions, in Tatde III, state the relation between 
the relative capacitance signal, s, and the relative 
change in the air gap, w (equals y q/D). In these 


RELATIVE VARIABLES Z 
SIGNAL AND DEFLECTION RELATIONS 

Stiff fLATC, »/«. I 



Fig. 4. Relation between the relative displacement and 
the relative capacitance change for a stiff plate. I his curve 
is for an electrode and a stiff plate diaphragm (Fig. 2) .of 
equal radii. For any condenser with a given radius ratio, 
B/A (Fig. 1), the fractional, or relative, capacitance change, 
.v, is defined as the capacitance change, c, divided by the 
undeflected state capacitance, Co, of a condenser with a 
B/A of unity and the same initial air gap, D (Fig. 1 and 
item 13, Table I). The fractional air-gap change or the 
relative displacement, w, is defined as the central c la- 
phragm deflation, y 0 , divided by the air gap, D, , m the 
undeflected state (Fig. 1). This figure serves to define the 
relative displacement sensitivities, M } m t and n in terms ot 
the slopes of the 5 and w curve. I he secant m, and the 
tangent n, are both defined at any point on the curve, s\ 
and wt; the initial slope, M, is that at the origin, 5 = ^0. 
The sole dependence of the initial slope, 3/, on the 
ratio, B/A, is shown in the next figures. Hoth m and w 
approach M as the deflection, w, becomes infinitesimal. 
For the assumptions and the theory of this curve see text 
It is to be noted that the variables used in this and m most 
of the rest of the figures have zero dimensions. 

• I. B. Crandall, Theory of Vibrating Systems and Sound 
(D. Van Nostrand Company, New York, 1927). 
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F'ig. 5. Relation between the relative displacement and 
the relative capacitance change for a flexible membrane. 
The figure is the same as Fig. 4 with the exception that the 
diaphragm here is a flexible membrane (Fig. 3) instead of a 
stiff plate. The definitions of the variables are given under 
Fig. 4; the theory is developed in the text. 

expressions the parameter is the electrode- 
diaphragm radius ratio, B/A . All of the deflec¬ 
tions of the diaphragm toward the electrode are 
treated as the “approach case,” and deflections 
away from the electrode as the “recession case. 10 
The equations of these two cases differ fun¬ 
damentally only in the algebraic sign of the 
central diaphragm displacement term, y 0 , which 
is positive in recession and negative in approach. 

For calculation purposes, the arc tangent, the 
arc hyperbolic tangent, and the logarithmic forms 
of the solution were used for numerical values of 
y 0 /D greater than 0.10, and the series forms for 
the lesser values (0.00 to 0.10). 

USE OF THE THEORY IN THE DESIGN 
OF PICK-UP UNITS 

A. Factors Influencing the Sensitivity 

In general the final objective in a problem of 
the design of a pick-up unit is reached when the 
unit produces a capacitance signal of the mag- 

10 Roes* gives a stiff plate approach case equation which 
is equivalent to the inverse hyperbolic tangent function in 
Table III. [L. C. Roess, Rev. Sci. Inst. 11, 183 (1940).] 
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Fig. 6. The dependence of the initial relative displace¬ 
ment sensitivity on the radius ratio for a stiff plate. As is 
shown in the theory in the text, the initial relative dis¬ 
placement sensitivity, M (Fig. 4), is a function solely of the 
radius ratio, B/A (Fig. 1). The right-hand scale shows the 
sensitivity at a given B/A as a fraction of that at the 
maximum value, at. B/A of unity. The initial absolute 
sensitivity, defined as the absolute capacitance change, c t 
divided by the absolute central deflection, y 0 (Fig. 1), can 
be calculated from these values of M , the electrode radiufe 
B % the diaphragm radius A, and the initial air gap, D (sec 
text). The ratios of the secant, w, and the tangent, n, 
relative sensitivities (Fig. 4) to M for a number of radius 
ratios is shown in later figures. 

nitude required by a chosen electrical circuit in 
response to an applied displacement, volume, or 
pressure change of a size determined by the 
system in which measurements are to be made. 
In other words, the designer’s problem is to 
achieve a definite gauge sensitivity, in most 
biological applications to pressure recording, as 
was shown above, an additional part of the final 
objective is to have the volume of the gauge 
change a minimal amount. In some applications, 
a minimal alinearity of the calibration curve is 
also desirable. 

Two useful types of sensitivity factors can be 
defined for diaphragm gauges; the absolute and 
the relative types. The absolute factors arc 
defined in terms of the variables measured while 
the gauge is in use, which are the displacement, 
the volume, or the applied pressure, and the 
resulting capacitance signal. The relative sen¬ 
sitivity factors are expressed in terms of dimen- 
siooless quantities, such as those used in the 
theoretical equations developed above. After the 
gauge constants are known, the absolute sen¬ 
sitivity factors can be calculated from the rela¬ 
tive sensitivity ones. This calculation will be 
dealt with in a later section. 


B. Relative Sensitivity 

Figures 4 and 5 show the graphs of the function 
relating the relative capacitance signal, s, to the 
relative displacement factor, yo/D , for a radius 
ratio, B/A, of 1.00 (Tables 1 and III). As the 
plate or membrane deflects an infinitesimal 
amount in either direction (yo/D approaching 
zero), the slope of this curve has a definite value. 
From inspection of the series forms of the equa¬ 
tions in Table III, it can be seen that this slope 
at the origin is a function only of the radius ratio, 
B/A ; this slope is called the “initial relative dis¬ 
placement sensitivity,” M , for a given value of 
the radius ratio, B/A. Figures 6 and 7 show the 
relation between M and B/A for the two extreme 
diaphragm types. 

As the relative displacement, w (equal to yo/D f 
Table l), increases beyond an infinitesimal value, 
the relative sensitivity changes from the initial 
value, M. Two useful types of relative sensitivity 
factor can be defined for the rest of the curve; 
these two types are illustrated in Fig. 4. 'File 
slope of a straight line from any point on the 

•HTML NCLATIVC MPLAOCMCNT SKN9ITIVITY 


riiWU MKMtRANC 



RACK* RATIO, 


Fig. 7. The initial relative displacement sensitivity and 
the radius ratio for a flexible membrane. The statements 
under Fig. 6 apply also to this figure. It is to be noted that 
the maximum value of M at a B/A of unity for the flexible 
membrane is one-half, and that for the stiff # plate (Fig. 6) is 
one-third. From the expression for the initial absolute 
volume sensitivity, S V} (item 22, Table II), and these 
values of M ancf the volume constant, k (16 and 17, 
Table I), it can be shown that the initial absolute volume 
sensitivity for the stiff plate is equal to that of the flexible 
membrane considering all other geometrical values as 
identical, and B/A as unity. 
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SECANT ALINEARITY RELATIONSHIPS FOR LARGE RELATIVE DISPLACEMENTS 


STIFF PLATE 



Fig. 8. The secant alincarity coefficient and the relative capacitance signal relations for a stiff plat e for'large relative 
deflections. Some of the variables used in this graph are defined under Fig. 4, all variables are delincd in Fables 1 1^and II. 
The secant alinearity coefficient, a, is the ratio of the secant relative displacement sensitivity, m, to the initidldisplarement 
sensitivity M This figure shows the dependence of a on B/A , s, aiul w for a stiff plate. A point to be noted is h a g 
deviations* from lineafhy in the approach condition as contrasted with the smaller dotations m recess,on. for corre- 
sponding values of w. 


curve to the origin is called the “secant relative 
sensitivity,” m , which is equal to s/w, l able I. 

The slope of the curve itself at the same point 
is the “tangent relative sensitivity, ft, which is 
equal to ds/dw . Both m and n approach the 
initial relative sensitivity value, M, as the rela¬ 
tive displacement approaches zero, this property 
of these functions provides a convenient de¬ 
finition for two useful alinearity coefficients. 

C. Gauge Alinearity 

Two alinearity coefficients, a and 6, can be 
derived from the two displacement sensitivity 
factors, m and n. .The “secant alinearity coef¬ 
ficient,” a, is defined as the ratio of the secant 
sensitivity to the initial sensitivity, m/M , anc 
the “tangent alinearity coefficient,” b } as n/M. 
Both of these coefficients are defined for a con¬ 


stant value of the radius ratio, B/A , and are a 
function of w. 

These two coefficients have the value of 1.00 
as the relative displacement of the diaphragm 
approaches zero, i.c., a capacitor gauge is most 
linear for those diaphragm deflection values 
which are a very small fraction of the air gap 
value. This relation is true for the opposite cases 
of recession and approach, for both types of 
diaphragm; in recession, the coefficient values 
are less than 1.00; in approach, greater than 1.00. 
Figures 8 through 13 show these relations 
between ci , 6, s, and B/A for the two dia¬ 
phragms. 

If the displacement of the center of the dia¬ 
phragm, y 0 » is a linear function of the volume 
change, v, or of the applied pressure, p , both coef¬ 
ficients give the alinearity values for actual 
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SECANT ALINEARITY RELATIONSHIPS FOR SMALL RELATIVE DISPLACEMENTS 


STIFF PLATE 



O-l 


Fig. 9. The secant alinearitv ccjefficient relationsfrfps for a stiff plate for small values of the relative displacement. This 
figure is an amplification of the part of Fig. 8 near zero capacitance change. In those uses of the gauge requiring a high 
degree of linearity, the variables are restricted to the range on this plot or to an even smaller range. The considerations 
mentioned under Fig. 8 apply also to this figure. 


volume and pressure gauges. In other words, 
for a constructed gauge the ratio of the slope of 
the volume change-capacitance curve, or of the 
pressure-capacitance curve at a given pressure or 
volume, to the initial slope is given directly by 
the value of the alinearity coefficients at a given 
s, the relative capacity signal for a given radius 
ratio, B/A. A mechanical design which has a 
fairly linear pressure-deflection relation is dis¬ 
cussed in the section on experimental per¬ 
formance. 

D. Absolute Types of Sensitivity 

The absolute sensitivity factors are divided 
into the two general types, secant and tangent, 
defined above for the relative displacement 
factors. 

It is convenient to define each of the secant 
factors as the ratio of the capacitance signal, c t 
to the displacement, yo, to the volume, v % or to 
the pressure, p. The tangent sensitivities are 
defined as the rate of change of the capacitance 


with respect to each of the three variables. All 
of these absolute factors are calculable from the 
gauge constants, A, B, D (or Co) and the cor¬ 
responding relative displacement sensitivities, 
m and n ; however, it may be easier to use these 
constants, the initial relative displacement sensi¬ 
tivity, M, and the two alinearity coefficients, a 
and b. The equations for these calculations are 
given in Table II. 

The absolute displacement sensitivity, (c/yo), 
for a given value of B/A } can be shown to be 
equal to one-fourth the product of the square of 
the ratio of the diaphragm radius to the air gap, 
C A/D ) 2 , and the relative sensitivity, M (Table 
II); c/yo has an initial value of (c/yo)o when m 
equals M. The corresponding tangent factor, 
dc/dyoj is similarly calculable by substitution of 
n for m (Table II). The values of a for these and 
later calculations for various values of B/A and 
w are given in Figs. 8, 9, and 10; the b values, in 
Figs. 11, 12, and 13. 

In other words, the absolute displacement 
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Fig. 10. The secant alinearity 
relationships for a flexible mem¬ 
brane. This plot for a flexible 
membrane is of the same type as 
the one for the stiff plate shown 
in Fig. 8. Comparing this figure 
with number 8 it can oe seen that 
tho flexible membrane has greater 
deviations from ideal linearity {a 
equal to 1.0) than does the stiff 
plate for the same value of the 
relative displacement, w. 


SECANT ALINEARITY RELATIONSHIPS FOR LAROE RELATIVE DISPLACEMENTS 


FLEXIBLE MEMBRANE 



sensitivities, secant and tangent, are independent 
of the absolute values of the diaphragm radius, 
thickness, and material; of the electrode radius; 
and of the air gap. However, these factors are 
dependent on the ratio of the diaphragm radius 
to the air gap, and on the relative displacement 
sensitivity. 

The absolute volume sensitivity factors, for a 
given value of B/A are calculable by the equa¬ 
tions given in item 22, Table 11; or as in the case 
of c/y 0} by the substitution of M and a or b , for 
w or n in the equations. By these equations it 
can be shown that the two absolute volume sen¬ 
sitivities for both diaphragm types are inde¬ 
pendent of the absolute value of the diaphragm 
radius, thickness, and material; and of the elec¬ 
trode radius. However, the volume sensitivity 
varies inversely with the absolute value of the 
initial air gap. This result suggests that the air 
gap be designed and constructed with as small a 
value as is practicable in those gauge applications 
in which the volume change is desired minimal. 


There arc two alternative ways of calculating 
the absolute pressure sensitivities; the equations 
are given as items 23 and 23a in Table II. The 
first method (item 23) in the stiff-plate case 
involves knowing at least two of the elastic 
constants of the material of the diaphragm 
('fable 1, item 14; Young’s modulus and Poisson’s 
ratio) with sufficient accuracy for the design 
problem, and using these to calculate the 
deflection constant. 11 In the case of the flexible 
membrane, it involves knowing the value of the 
initial stretch tension (G/4, item 15, Table I) in 
the membrane to calculate the deflection con¬ 
stant. 9 It was quickly found that the literature 
lacks the data necessary for a highly accurate 
calculation of the deflection constant for a stiff 
plate; and that the methods of measuring or cal¬ 
culating the initial stretch were unsatisfactory 
in the case of the flexible membrane. However, 


11 R. J. Roark, Formulas for Stress and Strain (McGraw- 
Hill Book Company, Inc., New York, 1938), p. 171, Case6. 
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RELATIVE CAPACITANCE CHANGE, t 


Flu. 11. The tangent alinearity 
coefficient for a stiff plate for 
large relative displacements. The 
tangent alinearity coefficient, b , 
(Table II), is defined as the ratio 
of the tangent relative displace¬ 
ment. sensitivity, n, to the initial 
sensitivity M. A comparison of 
this plot with Fig. 8 shows the 
large deviations of the varia¬ 
tional sensitivity (w) from line¬ 
arity compared with the socani 
sensitivity, m. 


for a first approximation in a design problem, 
this first method is useful. 

The second method (item 23a, Table II) of 
calculating the pressure sensitivity envoives an 
independent measurement of yo/p with a dia¬ 
phragm of the desired material, thickness, and 
radius. Figure 14 shows such a measurement on 
a stainless steel diaphragm by an interferometer 
method. With the determined value of yo/p, the 
deflection constant can be calculated (Table I) 
and used in further design modifications to obtain 
any desired cjp in an actual gauge. The data of 
Fig. ft were used to calculate theoretical values of 
c/p in the evaluation of this design theory (Fig. 15). 

EVALUATION OF THE DESIGN THEORY 

Using a stiff-plate gauge shown in Figs. 16 
through 19, data were taken on the pressure- 


capacitance performance (c/p ratios) in the 
approach and recession conditions (Fig. 15). To 
check these data against the theory, theoretical 
c/p values were calculated from the equation in 
item 23a (Table II) using the measured values of 
the electrode radius, B t the diaphragm radius, A, 
the initial capacitance, C 0 , the displacement- 
pressure ratio, yo/p , the value of M from Fig. 6, 
and the values of a from Figs. 8 and 9. The values 
of the yo/p ratio were determined by an inter¬ 
ferometric method (Fig. 14), rather than by the 
less accurate method of calculation from the 
elastic constants. The results of these calcula¬ 
tions arc plotted on the graph of Fig. 15 with the 
experimental data. Figure 15 shows that the 
stiff-plate theory can be used with a fair degree 
of accuracy for design purposes, even in the 
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Fig. 12. The tangent alinearity 
coefficient for a stiff plate for 
sivall relative displacements. 
This plot is an enlarged view of 
Fig. 11 near the relative dis¬ 
placement of zero magnitude. 
This is a companion figure to 
number 9 for designs involving a 
high degree of linearity. 


TANGENT ALINEARITY RELATIONSHIPS FOR SMALL RELATIVE DISPLACEMENTS 



extreme cases involving large relative displace¬ 
ments (w=±0.49) in approach and in recession. 
The flexible membrane theory still awaits con¬ 
firmation; it is hoped that this can be done and 
reported in the near future; there are a few un¬ 
published data which show that reasonably 
accurate predictions of performance can be 
expected from the flexible membrane theory. 

SPEED OF RESPONSE OF A CONSTRUCTED GAUGE 

Figure 20 shows the response of a gauge with 
an attached needle to a sudden drop in pressure 
level. Details of the technique of obtaining the 
records is given under the figure; the gauge itself 
is pictured in Figs. 17, 18, and 19. These records 
show the importance of having a homogeneous 
conducting medium between the source and the 
gauge diaphragm. They also show that fairly 


high speed pressure recording can be accom¬ 
plished through small conduction tubing with a 
relatively incompressible fluid, if the volume 
change of the gauge is small and if the tubing 
wall is relatively still. The volume change 
(Table 1) for the full pressure range in Fig. 20 is 
approximately 2X10~ R cc. The contained liquid 
volume is 0.4 cc; therefore an additional 20 
percent must be added to the gauge volume 
change to allow for the compression of the con¬ 
tained water at a pressure of 150-mm Hg above 
1 atmosphere. 

For the speed of response of the gauge without 
an attached fluid system it was found that it was 
difficult to obtain a step change in pressure level 
sufficiently fast to approach the lowest natural 
mode of vibration of the stiff-plate diaphragms 
used (10 to 60 kilocycles). However, the applica- 
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Fig. 13. The tangent alinearity 
coefficient for a flexible mem¬ 
brane. This figure is to be com¬ 
pared to Fig. 11 for a stiff plate. 
The tangent alinearity coeffi¬ 
cients of the two cases do not 
differ to a great degree, in con¬ 
trast to the secant alinearity 
coefficients (Figs. 8 and 10). 


tions of the gauge to date have not made full use 
of the available speed of response?. 

CONSTRUCTION DETAILS TO OBTAIN 
SMALL AIR GAPS 

Standard machining is performed on all com¬ 
ponents (Fig. 16) except those having critical 
surfaces which require special techniques as 
follows: 

In the electrode barrel assembly, the electrode 
(2, Fig. 16) and its lava insulators (6) are 
assembled to the barrel (4) with bakelite laqucr, 
riveted (12, Fig. 17) and baked. This assembly 
is faced in the lathe and hand-lapped on a plate- 
glass top, until the face of both the electrode and 
its barrel are in the same flat plane. The electrode 
spacing is generated by hand-lapping the elec¬ 
trode face with a brass lap. The amount of 
spacing thus generated is gauged by placing the 
assembly against a flat metal gauge block and 


measuring the electrical capacitance between the 
electrode and the gauge block. If the desired 
spacing is exceeded, correction may be made by 
lapping the face of the barrel on the plate glass. 

For a given diameter, diaphragms are handled 
differently as they vary in thickness. A dia¬ 
phragm of outside diameter could be clas¬ 
sified thick if it were 0.008" and over, medium 
0.004" to 0.008", thin 0.004" and under. 

Thick diaphragms are machined from bar 
stock and hand-lapped to size on plate glass. 
Frequent turning of the diaphragm, exposing 
first one face then the other to the lap, will 
minimize warping from strain release. The 
thickness of the diaphragm is gauged with a 
micrometer. The flatness is checked by optical 
means or by substituting the diaphragm for the 
gauge block in the capacitance test described 
above. 
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Medium diaphragms are disks cut from 
polished, hard rolled strip metal of the required 
thickness. The disks are generally curved in a 
cylindrical plane but approach a flat surface 
when clamped in position. 

Thin diaphragms are disks cut from polished, 
half-hard rolled metal of the desired thickness. 
They require stretching while clamping to 
present flat surfaces. The stretching mechanism 
(not shown) consists of a recess in the electrode 
barrel face into which the diaphragm is pressed 
by a ring member. The ring member is designed 

INTERFEROMETRIC MEASUREMENT OF DISPLACEMENT, y. 

STIFF PLATE 


A* 0.639 cm. T. 0.022 cm. 



Fig. 14. Kxperimental determination of the pressure- 
displacernent* relation for a stiff plate. The plate is edge- 
clamped, and corresponds to the diaphragm of the type 
shown in Fig. 2. The capacitance-pressure relations for this 
unit are presented in Fig. 15, and the unit itself in Figs. 17, 
18, 19, ami 20. The absolute central diaphragm displace¬ 
ment, y a (Table I) was measured with a vertical incidence 
Newton’s fringe type of interferometer, using a yellow line 
(5875.6 Angstroms) of a helium discharge tube. The fully 
aluminized plate (1X3X3 mm) of the interferometer was 
moved toward the 60 percent aluminized fixed plate bv 
displacement of the diaphragm’s center by an applied 
pressure. The pressure was measured with a compensated 
mercury manometer with an accuracy of ±0.1 mm Hg. 
The fringes were counted by means of a microscope and an 
eyepiece scale. Kach fringe counted represents a movement 
of the diaphragm center of one-half of a wave-length of the 
He line, given on the left of the figure- 1 he pressure range 
usually used with this gauge unit is that represented by the 
first two fringes, or 30 mm Hg. The diaphragm displace¬ 
ment is away from the electrode, i.e., in the recession 
condition. . 

The strict proportionality between the displacement anu 
the applied pressure up to at least 300 mm Hg (ten times 
the range actually used) shows that this diaphragm is 
operated well inside of the proportional elastic limit. 


EXFCRMENTAL EVALUATION OF THEORY 
irirr pl at i 



Fig. 15. An experimental evaluation of the design theory 
for a stiff plate. The capacitance change, c, and the initial 
capacitance, Co, were measured with a “0” meter at a 
frequency of 3.0 megacycles and by substitution of a 
precision condenser (General Radio Company). The pres¬ 
sure was measured with the Hg manometer mentioned 
under Fig. 14. The absolute pressure secant sensitivity 
factor, c/p, was calculated from the measured values of c 
and p ; the solid dots and the drawn curve represent these 
experimental data. The dotted circles are theoretical points 
calculated from the value of the recession state yo/p given 
in Fig. 14, the B/A value of 0.7 (measured B and A), the 
Co value of 99 mmf, the M value of Fig. 6, and the secant 
alinearity coefficient values of Fig. 8, by means of the 
equation given as item 23a in Table II. It can be seen that 
in recession these points lit the experimental curve fairly 
well, but deviate from the curve in the high pressure region 
in the approach state. It was then found, by the inter¬ 
ferometric. method of Fig. 14, that the value of y 0 //> in the 
approach direction was smaller than in recession (value 
given in this figure). The points calculated with this value 
of y Q /p are the triangles. Presumably the difference of y»/p 
in the two directions is due to unsymmetrical clamping 
supj>orts on the two sides of the plate. 

with clearance to insure positive seating of the 
diaphragm. 

The main body (3, Fig. 16) has an interior seat 
against which the diaphragm is damped. This 
seat is hand-lapped to a flat surface with a 
formed brass lap. The exterior faces of the main 
body are hand-lapped on plate glass to present 
flat seats to the mating attachments (13 and 15, 
Fig. 17), which are similarly finished. 

All lapping operations referred to above were 
performed with a fine grain abrasive and light 
oil. Silicon carbide No. 400B was used for coarse 
grinding and No. 600B for finish. 

ELECTRICAL CIRCUITS FOR USE 
WITH THE GAUGE 

The circuit actually used with these gauges 
will be published later. The choice of a given 
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Fig. 16. Sectional drawing of a variable capacitor. The 
active diaphragm (1) diameter is 0.50 inches. The radius 
ratio B/A is 0.70. The electrode-diaphragm air gap is 
5.10 4 cm. (0.0002 inch). The pertinent parts are labeled in 
the figure. The lead-in (7) carries the r.f. voltage to the' 
electrode; the rest of this unit is grounded. It is to be noted 
that the electrode side of the diaphragm is kept as open as 
possible to allow quick venting of the gas in this space in 
applications in which large ambient pressure changes 
occur, such as in the explosive decompression of pressurized 
aircraft cabins in altitude chambers. The lava instflators 
(6) are supported by three equally spaced legs protruding 
inward radially from the electrode barrel (5); only one of 
these legs shows in this section. This construction allows the 
quick venting mentioned above. The construction details to 
assure small air gaps are given in the text. 




Fig. 18. Internal body pressure condenser gauge. A 
cross section drawing of this unit and its details is shown in 
Fig. 17. A photograph of this unit and its attachments is 
given in Fig. 19. The needle guard is below the needle. This 
unit is used for blood pressure and other internal body 
pressure recording (Figs. 23 and 24). 



Fig. 19. Pressure gauge with attachments. This is the 
gauge of Fig. 18 with the tubing connector (left), the liquid 
system, the needle and its guard (right), removed. The 
one-half-inch diameter active diaphragm surface is seen as 
a central ring on the face of the pickup unit. All parts and 
the gauge itself are made of stainless steel. 


Fig. 17. Sectional drawing of a capacitor with an 
attached liquid system. Through number 8, the parts are 
the corresponding ones of Fig. 17. Photographs of this unit 
are shown in Figs. 18 and 19. A tubing attachment (13) for 
pressure calibration purposes is shown fastened to the 
electrode side of the unit by the retaining ring (14). A liquid 
system (15) with an attached hypodermic needle (16 and 
19) is fastened to the diaphragm side of the unit. For the 
sake oT clear reproduction the needle is greatly enlarged; 
the true relative size is shown in Fig. 18; a side tube (21) 
and a needle valve (20) are used for filling the liquid 
system. A needle guard (17) and its terminal plug (18) keep 
the needle wet and sterile until ready for use. This type of 
unit has been used for blood pressure, intrathoracic pressure 
and intraspinal pressure recording (Figs. 21 through 24); its 
response is shown in Fig. 20. 


circuit depends on the application; several satis¬ 
factory ones have been published. 8 * 9 * 12 ’ 18 One 
requirement for biological work is that the electri¬ 
cal system record sustained capacitance changes, 
i.e., record the direct current component as well 
as the alternating current ones. Cathode-ray 
oscillographs and oscillograph galvanometers 
have both been used with success for recorders. 

« D. W. Dana, Rev. Sci. Inst. 5, 38 (1934). 

13 C. H. Brookes-Smith, J. Sci. Inst. 16, 361 (1939). 
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APPLICATIONS OF THE GAUGE TO MECHANICAL 

MEASUREMENTS IN BIOLOGICAL SYSTEMS 

Various applications of the gauge to pressure 
recording during the war are presented in Figs. 
21 through 25. Since the applications arc de¬ 
scribed under the figures, no further comments 
will be made here. Other uses of the gauge as an 
ullramicrometer or a dilatometer in biological 
systems might be mentioned. The gauge may 
be used to measure the movements of the body re¬ 
sulting from recoil caused by heart and blood mo¬ 
tions in an electrical ballistocardiograph. An obvi¬ 
ous use is as a high speed, isometric “lever” for 
recording the tension developed by muscles during 
fast or sustained contractions; it may be possible 
to use it for single muscle fibers. Asa dilatometer, 
(he gauge can be used in plesthysmography, ther¬ 
mometry, and respirometry. The volume changes 



RESPONSE OF * CONDENSER GAGE 
TO A TRANSIENT CHANGE 
FILLKO WITH LNHHO OF PRESSURE 


»■ l»n« 150 
A • 0.596 m. 
T- 0,065cm. 




Fig. 20. Response of a capacitor gauge with attached 
needle to a sudden fall in pressure level. The gauge itself is 
of the type shown in Figs. 18 and 19. The attached hypo¬ 
dermic needle was a number 23, one-inch long. The volume 
of the liquid system is 0.4 cc. The needle was immersed in 
liquid or ill air in a short i-inch diameter well in the face of 
a 6-inch diameter, horizontal plate, over which was 
stretched a thin paper diaphragm. The pressure in the air 
space between the plate and the paper diaphragm was 
raised with an air supply, and the paper diaphragm was 
“exploded” away with a mouse trap lever traveling at high 
speed. The paper broke completely away over the whole 
plate surface, causing a rapid fall in pressure over the well 
containing the needle. The conditions causing the various 
rates of fall of the gauge response are given in the figure. The 
top record shows a response time of about one-thousandth 
of a second, which is an upper limit, presumably set by a 
time constant in the electrical circuit used for recording, 
rather than by the response time of the mechanical system. 
(To fill the system with liquid without bubbles, the con¬ 
tained air was flushed out with pure carbon dioxide gas 
before filling; any bubbles formed of CO 2 quickly dissolve in 
the liquid, leaving the system completely liquid filled.) 


in muscle during fast contractions may possibly 
be recorded, it may be used in the measurement 
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Fig. 21. Explosive decompression of a short cavity. 'File 
condenser pressure gauge (of the type shown in Fig. 17) 
was placed in the bottom of a well 3 inches long and f-inch 
in diameter and containing air. By the technique described 
under Fig. 20, the pressure al the mouth of this well w r as 
suddenly dropped to the ambient pressure from twice the 
ambient value. This retouched record of the pressure was 
photographed on a cathode-ray oscilloscope. The time 
between dots is one ten-thousandth of a second. Note the 
relatively small after-vibrations in contrast with those of 
Fig. 22. This gauge was subsequently used in recording the 
pressure fall in explosively decompressed pressurized cabins 
in an altitude chamber; the minimum time of pressure fall 
recorded in these cabins was about four times the value 
shown here. 




Fig. 22. Explosive decompression of a long air cavity. 
The technique and the pressure range are the same as those 
of Fig. 21. The f inch diameter cavity in this case, however, 
is 3 feet long. The time between dots is two ten-thousandths 
of a second. The amplitude.of the first after-vibration is 2.0 
pounds per square inch, after an initial fall of 15 pounds per 
square inch. This record shows some of the artifacts created 
by trying to measure relatively large rapid changes in 
pressure through a long pressure lead, filled with air. 
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Fig. 23. A bhxxl pressure record in the carotid artery of a 
dog. The pressure base line is at the bottom of the figure. 
The peak pressure is approximately 150 mm Hg. The 
record was taken with a pressure gauge of the type shown 
in Figs. 18 and 19. This record is shown through the 
kindness of H. C. Bazett. 



Fig. 24. Record of the intrathoracic and the intraspinal 
pressure in an explosively decompressed dog. A is the 
intrathoracicpressure record, and B the intraspinal pres¬ 
sure record. The breaks in the falling phase of record A are 
at 1/120 second intervals. The condenser gauge used was of 
the type shown in Figs. 18 and 19. The dog was in a small 
chamber at an equivalent pressure of 8000 feet; a thin film 
diaphragm separated this chamber from a larger one at a 
lower pressure. When the diaphragm was ruptured, the air 
pressure around the dog fell in 0.03 seconds to that eauiva- 
lent to 50,000 feet. The two gauge pick-up units were liquid 
filled, with an electrotie side open to ambient pressure and 
its changes (Fig. 16). The needles were in their respective 
body spaces. The pressure rise with respect to ambient 
(about 30 mm Hg in A) is apparently due to the relative 
delay of the air flowing from the lungs. This figure is 
reproduced through the courtesy of Fred A. Hitchcock, 
Ohio ^tate University. 

of the stimulus of nerve or muscle when pressure 
or mechanical stresses are applied in a slow or 



Fig. 25. Pressure-flow curves for air through the nasal 
passageway. Two, flexible membrane-type pressure gauges 
with a pressure range of 100 mm of water and 10 mm of 
water for a capacitance change of 5 mmf were used for 
recording air pressure and air flow, respectively. The record 
is a photograph of a cathode-ray tube screen, with flow 
appearing on the horizontal axis and pressure on the vertical 
axis. Zero flow and zero pressure are at the center of the 
record where the two lines cross. Expired gas flow and 
pressure are in the right upper quadrant, inspired values in 
the lower left one. The flow values cover about dr50 
liters/minute; the pressure about ±80 mm of water. The 
flow is recorded by measuring the pressure drop across a 
laminar-flow type glass wool resistor, placed in the tube 
exit from an oxygen mask covering the subject’s nose and 
mouth. The pressure was measured differentially between 
the inside of the mask and in A -A , the subject’s oropharynx, 
and in B-B, his nasopharynx. In both cases, one nostril is 
plugged; in A -A the pressure tap tube goes into the mouth; 
in B-B the tube goes through the plugged nostril. Record 
courtesy of Forman and Benevides. 


in a fagt manner. It is hoped that the design 
theory presented above will be an aid in ex¬ 
tending the applications of this type of gauge in 
biological research and in the engineering and 
physical fields. 
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Conductivity of Metallic Surfaces at Microwave Frequencies* 
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effective conductivities at microwave frequencies are described, 
ese consist o either measuring the transmission loss in a long waveguide, or in measuring 
the 0 s of resonant cavities. Both methods have been applied to measurements at 1.25 cm. 
Results for a number of metals are presented. Deviations from d.c. conductivity are thought 
to be due to surface roughness. 


1 . INTRODUCTION 

I N the course of development of microwave 
components it was early observed that the 
high frequency conductivity of many metallic 
surfaces was frequently lower than the d.c. con¬ 
ductivity. This phenomenon was especially 
noticeable in the 1.25-cm region. The work 
described here was done for the purpose of col¬ 
lecting data on the conductivities of repre¬ 
sentative surfaces in the region of 1.25 cm. 

The r-f conductivity is important in at least 
two applications. These are: 

(1) Long transmission systems where the total attenu¬ 
ation is governed by the conductivity. 

(2) Cavity resonators, in which the maximum attainable 
Q is limited by the effective conductivity. 

The effective conductivity of metals at micro- 
wave frequencies is governed by a sui>erficially 
thin surface layer. The current density inside the 
metal decreases exponentially with depth accord¬ 
ing to J=Jo exp — [(waut/ 2)]*#, where /(^cur¬ 
rent density at the surface, w = angular fre¬ 
quency, /i = permeability, <r = conductivity, and 
x = distance into conductor measured along the 
normal. 

When x = (2/u)n<r)* t J = Jo/e. This value of .r 
is defined as the skin depth 8. It is easy to show 
that the total loss, obtained by integrating J 2 /2a 
with respect to x , (between 0 and <*>), is equal 
to J 0 2 /2(t8. For purposes of calculating losses one 
may consider the current confined to a skin of 
thickness 8 within which the current density is 

* The research reperted in this paper was made possible 
in part through support extended the Massachusetts 
Institute of Technology, Research Laboratory of Elec¬ 
tronics, jointly by the Army Signal Corps, the Navy De¬ 
partment (Office of Naval Research), and the Army Air 
Forces (Air Materiel Command), under the Signal Corps 
Contract No. W-36-039 sc-32037. 


uniform and equal to Jo. Actually of course 37 
percent of the total current flows at depths 
below 5. 

'This formulation is rigorously correct only for 
an infinite plane surface. However, it remains an 
excellent approximation for curved surfaces 
whose radii of curvature are large compared to 8. 
In computing losses one evaluates the integral 




s 


taken over the surface of the waveguide or 
cavity. lit is the tangential component of mag¬ 
netic field. (The factor 2 comes in since we are 
interested in average power dissipation, and Jo. 
and Hi are both maximum values of sinusoidal 
time functions.) If the metal surface is not smooth 
but has surface irregularities and scratches whose 
dimensions are comparable with 5, the foregoing 
treatment is evidently an over-simplification. 
The presence of scratches may alter the current 
distribution especially if the scratches are in a 
direction orthogonal to the lines of current flow. 
The scratches could conceivably act like con¬ 
strictions in the effective cross section, thereby 
increasing the resistance. 


2 . MEASURING TECHNIQUES 

Two general methods of measurement have 
been employed. In the first method the sample 
to be measured is in the form of a long piece of 
waveguide or equivalent transmission system. 
If one end of the waveguide is shorted, the 
standing-wave ratio seen looking into the other 
end is a known function of the guide attenuation, 
which in turn depends on the conductivity. Thus, 
from a single measurement of standing-wave 
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Fig. 1. Attenuation measurement by long guide technique. 
Rectangular guide. 


ratio, the effective conductivity may Ik* com¬ 
puted. 

In the second method, the sample forms the 
walls of a resonant cavity. The Q of the cavity 
is a known function of the conductivity, and 
hence the conductivity may be calculated from 
the measured Q. A variation of this method was 
found quite useful. The input conductance at 
resonance is directly proportional to the losses in 
the cavity, or more precisely, to the square root 
of the wall resistivity. The constant of pro¬ 
portionality depends on the coupling and, if 
known, a single measurement of the input 
standing-wave ratio at resonance permits one to 
calculate the resistivity. 


2.1 DETAILS OF FIRST METHOD 

The measurement set-up for rectangular wave 
guide is illustrated in Fig. 1. If r is the measured 
voltage standing-wave ratio, and l is the length 
of the wave guide, the attenuation is given as 
follows: 

Attenuation per unit length =a 



1 t r - X \ 

= -logel-) nepers. 

21 \ r-f~ 1 / 


The attenuation and conductivity are related 
by the following expression: 


where a = attenuation in nepers per meter, 
cr*conductivity in mhos per meter, a*wave 
guide width in meters, 6* waveguide height in 
meters, Xo“free space wave-length in meters, 
X c * 2a=guide cut-off wave-length in meters, 
!Mi * permeability of free space (M.K.S.)=4ir 
X10~ 7 , and £*velocity of light*3Xl0 8 meters 
per second. This expression is for the TEio mode 
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only. For 0.170" X0.420" wave guide at 1.25 
cm, the formula reduces to: 

a = 299/(o’)* nepers per meter. 

The length of waveguide is conveniently chosen 
so as to have a voltage standing-wave ratio of 
about 5 or 6. At 1.25 cm with common materials, 
this usually means a waveguide length of the 
order of six feet. The correction for losses in the 
slotted section is then negligible. 

The far end of the waveguide should be shorted 
by riieans of a soldered plate. A choke plunger 
is unsatisfactory for this purpose, since some 
power may leak past. If the waveguide is sus¬ 
pected of inhomogeneities or bad spots, a quarter 
wave-length should be removed from the shorted 
end and the test repeated. This will shift the 
standing-wave pattern by a quarter wave-length, 
and if bad spots are present, the measured loss 
will probably be different in the two cases. The 
loss in the short circuiting plate is of course 
negligible in comparison to that in the wave 
guide itself. 

The foregoing procedure is straightforward 
enough when dealing with rectangular wave 
guide. Frequently, however, one wishes to use 
circular waveguide. This can be done by using a 
round-to-rectangular transition piece, or trans¬ 
former, between the round pipe and the slotted 
section, but a special technique must be employed 
to avoid errors due to elliptical polarization in 
the pipe. 

It is inevitable that any long piece of round 
pipe will have both ellipticity and skewness 
which will cause the incident wave to split up 
into a pair of cross-polarized waves. Each of 
these cross-polarized waves will be reflected at 
the short and come back down the pipe, but only 
the vertical component of each will couple into 
the rectangular waveguide. This will cause the 
observed standing-wave ratio in the rectangular 
slotted section to be less than the true standing- 
wave ratio at the sending end of the round pipe. 

This difficulty may be eliminated as follows. 
It may be shown theoretically that given any 
skewed elliptical pipe, it is possible to choose a 
direction of polarization for the incident wave, 
such that the reflected wave arrives with that 
same polarization. The reflected wave then 
couples completely into the rectangular wave 
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guide, and the standing-wave ratio observed in 
the slotted section is the true standing-wave 
ratio. 

If the pipe is a perfect elliptic cylinder, it is 
clear that either of the principal axes of the* 
ellipse may be taken as the preferred direction. 
An actual pipe is more apt to resemble a twisted 
cylinder in which both the orientation of the axes 
and the ellipticity are functions of position along 
the axis of propagation. Thus there may be cross¬ 
coupling between the modes, and the reflected 
wave will not generally have the same orientation 
as the incident wave. 

In practice the round wave guide is arranged 
so that it may be rotated with respect to the 
transformer (see Fig. 2 ). The wave guide is 
rotated until the position of the maximum 
standing-wave ratio is found. This is the con¬ 
dition for which the reflected wave returns with 
the same polarization as the incident wave. A 
convenient type of round-to-rectangular trans¬ 
former is a quarter wave-length of oval cross 
section intermediate in shape between the round 
and rectangular sections. The loss in such a 
transformer is quite negligible. 

This technique was applied in measuring the 
effective conductivity of mercury. A circular 
waveguide was constructed by immersing a 
polystyrene rod in mercury. The details of this 
experiment are described in the Appendix. 


2.2 DETAILS OF SECOND METHOD 

In any resonant cavity, the unloaded Q is 
given by 

X 

Qo = const. X-, 

8 

where X is the resonant wave-length, and 8 is the 
skin depth. The constant of proportionality is a 
function of the resonator geometry and is known 
for many of the simpler cases. Thus if one 
measures Qo t it is simple to compute the effective 
conductivity from 8 (if the resonator geometry 
is one for which the theoretical problem has been 

ft 

solved). 

In practice, one couples a waveguide into the 
cavity by means of a coupling window of some 
sort and measures the variation of input stand¬ 
ing-wave ratio with frequency. The half width 



Fig. 2. Attenuation measurement by long guide technique. 
Round guide. 


of the* resulting resonance curve determines Ql , 
the loaded Q. Thus, 

1 on—o>o 

- (1) 

IQh Wo 

where w 0 is the resonant frequency and co* the 
frequency corresponding to the half-power point. 
(The half-power point is the frequency at which 
the power absorbed by the cavity is half the 
power absorbed at resonance.) The ordinates of 
the half-power points are given by 

ft>+l + (0o 2 +l)* 

0> =-, (2) 

0o+l — (0o 2 +l)* 


where 00 = the voltage standing wave ratio at 
resonance, and 0 * = the voltage standing wave 
ratio at the half-power point. 

The loaded and unloaded Q'& are related by 


Ql 



(3) 


where F 0 = the line admittance, and G = the input 
conductance of the cavity. If the cavity is under¬ 
coupled, 

F 0 /C 7 = l/0o (4a) 

and if overcoupled 

Yo/G — 0o. (4b) 

The existence of undercoupling or overcoupling 
is determined experimentally by the presence of 
a minimum or a maximum, respectively, at the 
input window. 

A calculating technique which makes some¬ 
what better use of the data is as follows: The 
equation of the resonance curve is: 

/2AQoG\ 2 Yo Y 0 G 1+0 2 

(-) —+—+—*-, (5) 

\ Y* / G G Yo 0 
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Fig. 3a. Two part resonator. 




Fig. 3c. Calibration plot. 


s' 

where A = (a> — a>o/wo), and 0 = voltage standing 
wave ratio at frequency w. If one plots (1+jSV/S) 
vs. A 2 , a straight line is obtained. By fitting the 
best straight line to the experimental data, one 
may evaluate Q 0 , Ql, and Y 0 /G . This procedure 
makes use of the entire resonance curve and not 
merely three points. 


It is thus clear that one may determine Qo 
from bandwidth measurements and, having 
found it, calculate the corresponding effective 
conductivity of the wall material. In principle 
then, one may construct a series of cavities from 
the various materials to be tested and evaluate 
the effective conductivities by the methods 
described above. 

Although this technique is straightforward, 
there were a number of practical reasons which 
militated against its use in this investigation. 
First of all, the active surfaces, being the interior 
walls of the cavity, would not always be readily 
accessible for polishing, plating, or other surface 
treatment. Secondly, the bandwidth measure¬ 
ments were tedious and difficult with the tech¬ 
niques then available, and since many measure¬ 
ments were to be made, they would have proved 
very time consuming. The bandwidth measure¬ 
ments require stable oscillators and means for 
measuring accurately small frequency intervals. 
Although such equipment is available today, it 
was not at the time this work was begun. There¬ 
fore, a modified technique was developed in 
which a minimum of bandwidth measurements 
was required. 

Suppose we consider a cavity which is feeding 
power back to the line, instead of absorbing 
power from the line. This would be the case 
when the oscillator is shut off, and the field in 
the cavity starts to decay. Then, 


Qq = 2t 


Ql — 2ir 


Qw = 2ir 


Energy stored in the cavity 

. t 

Energy dissipated in cavity walls per cycle 

Energy stored in the cavity 

Energy dissipated in cavity walls-fenergy radiated back to line per cycle 
Energy stored in the cavity 
Energy radiated back to line per cycle 


(6a) 

(6b) 

(6c) 


Qw is % the window Q , or external Q. It depends 
only on the shape of the cavity and the geometry 
ofthe "coupling window and not upon the con¬ 
ductivity of the walls. 

Evidently, 

VQl-(1/Q.) + {1/Qw). (7) 

632 ,* T 


Also since 

Qo/Ql = l + ( Yo/G) , Yo/G = Q,/Q w . (8) 

Equation (8) means that the standing-wave 
ratio at resonance, or its reciprocal, is propor¬ 
tional to the unloaded Q, 
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Thus in principle, if we have a series of cavities 
which are identical in all dimensions, including 
those of the coupling window, the input standing- 
wave ratio of each cavity will be proportional to 
its Q t and the constant of proportionality is the 
same for all cavities. A bandwidth measurement 
on just one of the cavities will suffice to deter¬ 
mine the window Q , and thus the constant of 
proportionality. The fact is, however, that the 
window Q varies very rapidly with the coupling 
window dimensions, so that it is impracticable 
to maintain the necessary tolerances. 

A more practical approach is to build a cavity- 
in two or more demountable sections, such that 
the test piece may' form one of these sections. 
Examples of this type of construction are 
indicated in Figs. 3-6. 

The first one tried was the TEo n resonator of 
Fig. 5a. The removable sample is the end plate. 
The lines of current flow are coaxial circles and 
nowhere cross the contact surface, so that the 
losses in the oscillating mode are not affected by 
the contact resistance. There is considerable ad¬ 
vantage in having the sample in the form of a 
flat plate, since this is the most convenient form 
for cleaning, polishing, plating, etc. This reso¬ 
nator had two serious disadvantages, however. 
First of all, the TE 0 n mode is intrinsically de¬ 
generate with the TMui odd and even modes, so 
that extreme care must lx* taken to avoid 
exciting these modes (if it can be avoided at all). 



ptcrowAi. view 



CXPLODCD mw 

Fig. 4. Rectangular resonator details. 



Fig. 5a. TEoh mode resonator. 
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Fig. 5b. Coaxial resonator -TEM mode. 
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Fig. 6. Rectangular resonator. 

Secondly, there are a number of non-resonant 
modes present in the cavity T which influence the 
window Q in an undesirable fashion. This trouble 
seems to arise whenever we use a resonator whose 
dimensions are such that more than one mode can 
propagate in the cavity, even though the un¬ 
wanted modes are non-resonant. For the cavity 
shown in Fig. 5a, the TEn, TMui , and TEu 
modes, which are lower than the TE n \ y will cer¬ 
tainly propagate along the axis of the cylinder, 
and in addition many higher ones will also 
propagate because of the relatively large diam¬ 
eter. (A squat cavity was chosen in order to 
make the ratio of sample loss to total loss as 
large as possible.) These extraneous modes are 
excited because the presence of the coupling 
hole, or slit, imposes boundary conditions which 
cannot be satisfied by the resonant mode alone. 
'Fhe currents which flow, as a result of these 
modes, do cross the contact surfaces and are 
therefore controlled by the contact resistance. 
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The energy stored in these modes determines the 
equivalent susceptance of the coupling iris and 
hence the window Q . In other words, the window 
Q depends upon the contact resistance which is 
not a reproducible quantity. Therefore, the 
window Q varies from measurement to measure¬ 
ment and must be redetermined each time. Since 
it was desired to eliminate bandwidth measure¬ 
ments, this type of resonator was discarded. 

There is, however, c onsiderable merit in using 
flat plate samples. .With the stabilized oscillators 
now available, 1 bandwidth measurements in the 
region of 24,000 Me are no longer difficult so that 
the method of the preceding paragraph is 
entirely practicable today. The 77£ou cavity is 
not the best choice, however, owing to the 
degeneracy with the TMm modes. A suggested 
cavity, using a removable flat plate sample, is 
illustrated in Fig. 6. This would operate in the 
TKjon mode. By choosing the dimensions such 
that b<\o/2 f and if a and b arc incommensurable, 
one may avoid accidental degeneracies. The 
resonant wave-length X 0 is determined from the 
relation (2/X 0 ) 2 = (l/a) 2 +(n/c)- in which l and 
n are equal to the number of half-period vitia¬ 
tions along the x and z axes, respectively. The 
contact surfaces are at current nodes. A cylin¬ 
drical cavity in the TMo m0 mode could be used 
as well, in which case the sample plate would be 
circular. 

Figure Sb illustrates another type of de¬ 
mountable cavity in which the sample is the 
removable center conductor. This resonator 
operates in the principal mode. The breaks in the 
inner and outer conductors occur at points of 
zero current. One version of this was tried in 
which the diameter was large enough so that the 
TEu mode could propagate. Here again it was 
found that the window Q was not reproducible. 

The cavity finally chosen for making most of 
the measurements was the demountable rec¬ 
tangular type illustrated in Figs. 3 and 4. This 
was taken as the best compromise between the 
conflicting requirements of convenient sample 
shape ^nd simplicity of measuring technique. 
The cavity operates in the lowest mode, the 


1 R. V. Pound, Radiation Laboratory Report 662; R. V. 
Pound, Radiation Laboratory Report 837; and R. V. 
Pound, “Electronic Frequency Stabilization of Micrpwave 
Oscillators/' Rev. Sci. Inst. 17, 490 (1946). 


TEio n . The cross-sectional dimensions arc stand¬ 
ard waveguide dimensions for 1.25 cm, and 
therefore modes higher than the 77t 10 cannot 
propagate. The higher modes generated in the 
vicinity of the coupling window are damped out 
very rapidly. The breaks in the walls occur 
across lines of no current flow and are sufficiently 
removed from the neighborhood of the coupling 
window so that the higher mode amplitude is 
practically nil. 

Both two- and three-section cavities were used, 
although the three-section tyi>e -is preferred 
because it is easier to get at the active surfaces. 
An exploded view of the three-part resonator is 
shown in Fig. 4. 

The normalized input conductance at reso¬ 
nance is: 

G/ 1 o ” Qk '/ Qo ■ (8a J 

For the simple rectangular resonators used this 
may be written in the form 


G mrB 2 /\ Q \ 2 / B \ 2 

— «-(-) =( ) («/+R), (9) 

Y 0 2(X> \Xo/ \YJ 


where w = the axial length in numbers of half 
wave-lengths, \ a = the guide wave-length, X 0 = the 
free space wave-length, 23 = the susceptance of 
the coupling window, a = the attenuation in the 
sample portion in nepers/meter, / = the length of 
the sample portion, and 7£ = a resistance which 
represents the dissipation in the front and back 
quarter-wave sections. 

In the above formula (a/) is the total attenu¬ 
ation in the sample. The relation between (al) 
and G/ Y 0 is linear. A convenient way to calibrate 
a pair of front and back quarter-wave sections is 
as follows. The attenuation in a long piece of 
waveguide is measured by the short-circuited 
guide technique described earlier in this paper. 
Samples with different values of (od) are obtained 
by cutting this piece up into short sections, each 
one of which is a different multiple of a half 
wave-length. From the data taken with these 
samples a calibration plot of total attenuation in 
the sample vs. input conductance is obtained as 
in Fig. 3c. 

This calibration plot is then used to determine 
the attenuation in unknown samples. The sample 
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I AHLh I. Conductor losses in standard K-band waveguide . 1 


Material 


Measured Calculated* 
atten. in atten. in 

db/meter db/meter 


Meaa. atten. Eff. cond. 

- --—,. a t K-band 

Calc, atten. in 10 7 mho/m 


Aluminum 7 

Pure, commercial (machined surface) 0.58 

\7S Alloy 7 (machined surface) O .75 

245 Alloy (machined surface) 0.66 

Brass 

Yellow (80-20) drawn wave guide 0.68 

Red (85-15) drawn wave guide 0.55 

Yellow round drawn tubing 3 0.90 

Yellow (80-20) (machined surface) 0.76 

Free machining brass (mach. surface) 0.75 

Cadmium plate 0.79 0.87 

Chromium plate, dull 4 0.67~o!82 

Copper 

Drawn O.K.C. wave guide 0.41 

Drawn round tubing 0.52 

Machined surface 7 0.88 

Copper plate 0.54-0.61 

Electroformed wave guide 7 0.46 

Gold plate 0.60 

Iron, electroformed 7 1.01 

Mercury 4 2.50 

Monel (machined '<urface ) 4 - 7 2.08 

Nickel 7 

Electroformed wave guide 0.82 

Nickel plate 1.11 

Silver 

Coin silver drawn wave guide 0.45 

, Coin silver lined wave guide 0.60 

Coin silver (machined surface ) 7 0.31 

Fine silver (machined surface ) 7 0.48 

Silver plate 0.41 0.57 

Solder, soft 7 1.05 

Steel, cold rolled (mach. surface) 2.85 


0.455 

0.586 

0.635 


0.653 


0.844 

0.653 

0.673 

0.711 

0.418 


0.350 

0.496 

0.349 

0.337 

0.337 

0.404 

2.54 

2.07 


0.375 

0.375 

0.375 


0.978 


1.27 

1.97 

1.28 

1.19 

1.04 

1.54 

1.04 

1.45 


2.22 

1.07 

1.36 

1.15 

1.17 

1.12 

1.11 

1.13-1.22 

1.04-0.89 

1.60-1.96 

1.49-0.99 

1.17 

4.00 

1.05 

4.10 

1.09 

4.65 

1.60-1.81 

2.28-1.81 

1.37 

3.15 

1.48 

1.87 

0.98 

0.104 

1.01 

0.155 


1.20 

3.33 

1.60 

1.871 

1.34 

2 . 66 / 

1.45 

2.92 

.24-1.73 

3.98-2.05 

1.08 

.600 


d.-c. Cond. 
in 10 7 mho/m 


3.25 (measured) 

1.95 (measured) 

1.66 (measured) 

1.57 (measured) 

1.56 (measured) 

1.57 (measured) 

1.48 (measured) 

1.33 Hdbk. of Phys. and Chem. 
3.84 Hdbk. of Phys. and Chem. 

5.48 (measured) 

4.50 (measured) 

5.50 (measured) 

^Hdbk. of Phys. and Chem. 
4.10 Hdbk. of Phys. and Chem. 

0.t04 Hdbk. of Phys. and Chem. 
0.156 (measured) 


4.79 (measured) 

4.79 (assumed) 

6.14 Hdbk. of Phys. and Chem. 
0.70 (measured) 


1 Unless otherwise noted, figures are for TK 10 mode, X =1.25 cm in rectangular guide of dimensions ot 0.170" X0.420". 

* Theoretical attenuation for TE\o mode in 0.170" X0.420" rectangular waveguide at 1.25 cm.is 2590a ** db/tn where a is given in mho/mCters. For 
the TEn mode in round pipe at 1.25 cm, the attenuation is 3330a db/m. 

3 0.345" I.D., TEn mode. 

4 No nickel undercoat. 

6 Phis surface was .somewhat rougher than most machined surfaces. 

4 For method of measurement refer to the Appendix. Figures arc expressed for a guide of 0.170" X0.420" cross section. 

7 Only one sample of these was tested. 


may be any multiple of a half wave-length. 
However, for any given window susceptanre 
there is a range of sample attenuations which 
produce conveniently measurable standing-wave 
ratios. It is a good idea to plate the front and 
back sections with some corrosion-resistant 
material to insure permanence of calibration. 

3. EXPERIMENTAL RESULTS 

The more important, available data on con¬ 
ductor losses at 1.25 cm are summarized in 
Table I. These are expressed in terms of attenu¬ 
ation of the TE}o mode in standard 0.170" 
X0.420" waveguide at 1.25 cm, or in some cases 
for the TE n mode in round pipe of 0.345" 
diameter. The first column records the value of 
the experimentally measured attenuation, the 
second that of the theoretically computed at¬ 
tenuation, and the third column gives the ratio 
of the two; the fourth and fifth columns list the 
effective conductivity at 1.25 cm and the d.c. 
conductivity, respectively. 


The theoretical attenuations arc computed by 
means of the formulas given in the footnotes of 
Table I. The conductivities used in these for¬ 
mulas are the d.c. conductivities listed in the 
fifth column. The d.c. conductivity of the samples 
was measured wherever possible but in some 
cases it was not convenient or possible to do so. 
In these other cases, the sources from which the 
d.c. conductivity data were taken, are indicated. 
In comparing theoretical and experimental per¬ 
formance it is important to have accurate data 
on the d.c. conductivities if the comparison is to 
have much significance. In the case of fairly pure 
materials, such as mercury or electrodeposited 
metals, the conductivity figures given in hand¬ 
books for pure metals are probably good enough, 
but for commercial metals and alloys there may 
be discrepancies between tabulated and actual 
values. 

Although the listing is far from complete, 
many of the common conductor materials are 
present. There is usually some variation in con- 
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ductivit} among different specimens of the same 
material, particularly in machined and electro¬ 
plated surfaces. Where the variation among 
specimens was more than a few percent, the 
outside limits of attenuation are stated in the 
table. Some of the figures are based on a single 
specimen and are so indicated. In the other cases 
anywhere from two tft about six samples were 
tested. The probable error to be associated with 
the attenuation figures is estimated as less than 
two percent. In the case of the soft solder the 
error may be of the order of 10 percent since the 
measurement quoted here is of an earlier vintage 
than the others and the technique employed was 
less accurate. 

The surfaces examined fall into three cate¬ 
gories: drawn, machined, and electrodeposited. 
The drawn surfaces are as a rule quite good and 
although their losses are greater than theory 
predicts, the discrepancy is not large. In the case 
of brass it may amount to only 5 percent. 
Machined surfaces are frequently poorer, while 
plated surfaces seem to vary a good deal. 

It seems reasonable to assume that the in¬ 
crease in r-f conductivity over the d.c. value is 
due primarily to surface roughness. It is difficult, 
however, to establish such a correlation on the 
basis of the observed data since no reliable index 
of surface roughness is available for the samples 
tested. 

The measurement of the r-f conductivity of 
mercury, which was briefly mentioned earlier, is 
of interest in this connection. In this experiment 
the attenuation was measured in a waveguide 
made by immersing a smooth polystyrene rod in 
mercury. Because of the surface tension of the 
mercury, the resulting surface was considered to 
be free from the usual multitude of scratches and 
crevices present on solid metallic surfaces. 

Table II. Conductor losses in K-band waveguide with 
protective coatings. 


Measured 
attenuation In 


Material db/meter 

-»----- 

Palladium flash (10“* in.) on coin silver 0.6 

Rhodium flash (10~ 6 in.) on coin silver 1.0 

Sperry 1710 lacquer on copper plate 1.2 

Same surface without laenuer 0.6 

Zinc chromate olive drab primer on 1.0 

17S aluminum alloy 


Furthermore, since the skin depth is about eight 
times as big in mercury as in copper or silver, 
such irregularities as remain are relatively less 
important. The measured attenuation agreed 
with the calculated value within 2 percent which 
was about as accurately as the standing-wave 
ratio could be measured. Actually, however, the 
experimental figure may be in doubt by 4 or 5 
percent as a result of a possible uncertainty in 
the assumed value of the conductivity of coin 
silver which enters into the experiment. The fact 
that agreement was attained here between theory 
and experiment again implies that the lack of 
agreement observed in other cases is due to 
surface irregularity. This matter is discussed in 
the Appendix where the experiment is described 
in detail. 

It should be noted that for the monel sample 
also, there is substantial agreement between ob¬ 
served and calculated attenuations. The skin 
depth in monel is approximately the same as in 
mercury. Thus one may infer that because of the 
greater skin depth the scratches are less im¬ 
portant. 

Many attempts were made to improve the con¬ 
ductivity of samples by polishing the active 
surfaces by both mechanical and electrolytic 
methods, but none of these were successful. Prob¬ 
ably something of the order of a metallographic 
or optical polish is necessary, but it was not 
possible to approach this degree of excellency 
on account of the awkward shape of the surfaces 
to be polished. In this connection, flat samples 
would be decidedly advantageous. 

The reverse process was possible. 'The con¬ 
ductivity was definitely lowered in many cases 
by abrading the surface. For example, when some 
yellow brass waveguide tubing was broached out, 
the attenuation was increased from 0.68 db/m to 
0.74 db/m. 

Thin oxide films are not harmful as long as the 
oxide resistivity is high. It may be shown that 
the effect of oxide films is small as long as the 
skin depth in the oxide material is large com¬ 
pared to the oxide layer thickness. 

The effect of a few protective coatings in 
increasing attenuation is shown in Table II. 

Of all the solid metals listed mild steel has the 
greatest loss. This behavior has been explained 
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by Kittel on the basis of the magnetic proper¬ 
ties.* 
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APPENDIX 

The Mercury Waveguide Experiment 

The experimental setup is indicated in Figs. 
7a and 7b. The wave guide consisted of a round 
polystyrene rod immersed in mercury. This was 
tapered into a round air-filled guide as shown 
in Fig. 7b. A round-to-rectangular transition 
coupled the round guide to a standard rectan¬ 
gular slotted section. The rod was then treated 
as a shorted round waveguide and the attenu¬ 
ation measured by the techniques described 
under method I for round guide. 

The dielectric losses were separated from the 
conductor losses in the following manner. Before 
setting up the mercury guide a tightly fitting 
drawn coin silver tube was slipped over the 
polystyrene rod, as in Fig. 7a. The input 
standing-wave ratio was measured, and from 
this the total attenuation in the polystyrene- 
silver guide was calculated. The silver tube was 
then removed and the polystyrene rod immersed 
in mercury as in F'ig. 7b. The standing-wave 
ratio was again measured and the attenuation 
in the polystyrene system calculated. The dif¬ 
ference between these two figures is the con¬ 
ductor attenuation in the mercury minus the 
conductor attenuation in the coin silver. The 
attenuation in the coin silver was calculated by 
using the effective conductivity established from 
previous measurements on drawn rectangular 
coin silver wave guide, and the attenuation due 
to the mercury was determined. The attenuation 
thus found agreed with theory within 2 jKTcent. 

An estimate of the limit of error was made on 
the following basis. The attenuation in the 
polystyrene-silver system was 1.46 db; in the 
polystyrene-mercilry system it was 3.29 db, 
mercury attenuation less silver attenuation 

*C. Kittel, “ theory of the dispersion of magnetic 
permeability in ferromagnetic materials at microwave 
frequencies/’ Phys. Rev. 70, 281 (1946). 


cm 




(a) 


(b) 


Figs. 7a and 7b. Mercury wave guide. 


= 1.83 db. The effective conductivity of coin 
silver wave guide is 3.3 X10 7 mhos per meter. 
The conductor attenuation for the TEu mode 
in the silver tube was 0.40 db for a 28 cm length 
(see F'ig. 7b). The net loss due to the mercury 
alone was therefore 2.23 db or 8.0 db per meter. 
The value calculated by using the tabulated 
figure of 0.1044X 10 7 mhos per meter for mercury 
at 20°C, was 8.10 db per meter. The error depends 
largely on the accuracy of the assumed attenua¬ 
tion for the coin silver. By assuming a 20 jiercent 
error in estimating the attenuation in silver, 
which should certainly be an outside figure, the 
uncertainty in the mercury attenuation would be 
less than 4 percent. 

It should also be pointed out that residual 
mismatch in the taper or transition causes very 
little error because of the fact that the mismatch 
appears in both measurements and almost com¬ 
pletely cancels out in the final result. As a pre¬ 
liminary part of the experiment, taper and 
transition mismatch was investigated by slipping 
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sonic dose lilting poly-iron sleeves over the 
polystyrene rod, in place of the silver tube, so as 
to obtain a matched absorbing load. The voltage 
standing-wave ratio looking in was 1.08. It may 
be verified by calculation that in the worst cast* 
this would make an error of less than £ percent. 

Formula Used in Computing Attenuation : 3 

3 See J. A. Stratton, Electromagnetic Theory (McGraw- 
Hill Book Company, Inc., 1941), p. 544. 




*1 

l\ v / l-l/// n ' 2 J 


a = radius of polystyrene rod, e = 2.52€n for 
polystyrene, U\\ — 1.84, vn — [u\ \ /27ra(€/i) s ], and 
v = frequency. M.K.S. units used. 


Note on Circular Loop Antennas with Non-Uniform Current Distribution 

i 

Ct. Gunski 

Northern Electric Company , Montreal , Quebec , Canada 
(Received February 6, 1947) 


In this paper are presented the approximate formulas 
for the components of radiation vectors of a short-circuited 
circular loop with non-uniform cuirent distribution. The' 
formulas are valid for the ratio of loop perimeter to wave¬ 
length of the order of 0.5 or less, and assume the current 
distribution of the hyperbolic cosine form. These formulas 
lead to the radiation intensity formula from which the 
expressions for the horizontal and vertical field patterns 
are derived. The latter formulas arc further simplified 
assuming that the attenuation constant is much smaller 
than the phase constant. From the expression for horizontal 
field pattern, it follows that the pattern is symmetrical 
about the loop axis of symmetry. Moreover, this horizontal 
pattern exhibits a directional effect with maximum field 
in the direction of the feeder end of the loop. This direc¬ 
tional effect is a function of loop dimensions. The theo- 

T HE purpose of this note is to present 
formulas for radiation pattern and gain of 
circular loop antennas with non-uniform current 
distribution. Although the problem is of con¬ 
siderable practical importance for the designer 
of some f-m broadcast antennas 1- * 4 whose ele¬ 
ments are often circular loops or may be con¬ 
sidered as such to the first approximation, there 
appears to be very little in the literature on the 
subject. 8 * 6 

The general problem of current distribution 

‘ N. W. Scheldorf, Gen. Elec. Rev. 46, 163 (1943). 

1 C. R. Jones, Communications 26, 36 (1946). 

* Bell Lab. Record 24, 163 (1946). 

4 R. F. Holz, F.M. and Television 6, 45 (1946). 

• E. M. Williams, Proc. I.R.E. 28, 480 (1940). 

• J. B. Sherman, Proc. I.R.E. 32, 534 (1944). 


rctical horizontal pattern agrees very closely with the 
experimental one. From the expression for vertical field 
pattern, it follows that the non-uniform current distribu¬ 
tion produces a pattern intermediate betw r een that for 
horizontal dipole and horizontal small loop with uniform 
current distribution. The field intensity in the zenithal 
direction is again a function of loop dimensions. Using 
the expression for radiation intensity, formulas for a 
radius of equivalent circular horizontal field pattern, 
power gain, average power gain, and radiation resistance 
are derived. It is shown that the average pow r er gain is 
essentially a function of loop radius and decreases with 
the increase of the latter. Finally, the approximate expres¬ 
sion for the attenuation constant of the transmission line 
equivalent to the loop is derived. 


on a circular radiating loop has been treated 
previously. 7,8 

In the following, the actual current distribu¬ 
tion will be approximated by that on the equiva¬ 
lent uniform transmission line. 9 The effect of 
radiation will be included in the attenuation of 
this line. 10 

GENERAL FORMULA FOR RADIATION VECTOR OF 
CIRCULAR LOOP 

Consider the circular loop in == 7r/2)-plane 
of the spherical coordinate system r, <p , 9 of 

7 E. Hallen, Nova Acta Regia Soc. Sci. Upsalicnsis, 
Series IV, 11, 33 (1938). 

8 F. B. Pidduck, Currents in Aerials and High-Frequency 
Networks (Clarenclen Press, Oxford, 1946), p. 62. 

9 L. L. Libby, Proc. LR.E. 34, 641 (1946). 

,0 S. A. Scnelkunoff, Electromagnetic Waves (D. Van 
Nostrand Company, Inc., New York, 1943), p. 200. 
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Fig. 1 . The center of the loop is at the origin 
of the coordinate system. 

Consider two diametrically opposite loop ele¬ 
ments A and B with the coordinates f, tt/ 2, 
and f, <p+ir, ir/ 2 , and currents of complex 
amplitudes I A and /*, respectively. 

Following Schelkunoff 11 the components of 
elementary, radiation vectors are 

ANa , x = — I A f sin fpd<pe ]i , 

(IN y — I A f cos ipdipe’ 1 , 

dNn t x = Inf si tMpdipe** 1 , * ' 

dNfi,y= —Inf cosipdipe il , 

where / = 0 r sin 0 cos(^> — £). 

The components of equivalent elementary 
radiation vector arc therefore 

(IN X ~ —/if si nipdip, 

ClNy = I if cosipdip, ' 

where /i = /.ie ?v — I B e 

It is convenient to introduce the symmetrical 
and anti-svmmetrical components of currents 
defined by 

Ci==(/*+/tt)/2, r.v 

/n =(/.-/.)/ 2. W 


In terms of /, and /«, formulas ( 2 ? can be 
written as: 

<7ZV* == ~ I\f sin fpdip, ^ 

dIV y = hr cosipdip, 

where /i=j/ a sin/ + / a cos/. 

In the case of f-m broadcast antennas, 0 f is of 
the order of 0.5. It is quite accurate therefore 
to replace the trigonometric functions in formula 
(4) by first terms of their Bessel expansion 12 
(Appendix 1 ). To the first approximation there¬ 
fore 

dN x ~ — hr si Mpdip, 

(lN y ~ /of cos ipd ip , 

where h = Jo{$r/2)[jM Jx(fif ’2) sin0 cos(^-^) 
+iMf/m 

The components of total radiation vector are 
found by summing up the contributions of all 
elementary components of radiation vectors: 



Fk;. 1 . Coordinate system used. 


RADIATION VECTOR OF SHORT-CIRCUITED 
CIRCULAR LOOP 

Consider the important practical case of the 
loop fed at £ = and short-circuited at <p — tt. 
The current distribution on the. equivalent 
transmission line is 


// = 7cosli7/; (7) 

when* / = current at the short-circuit; 7 = propa¬ 
gation constant = a+ 70 ; distance from the 
short-circuit. T\ and In of formulas (3) are: 


IA =/C 0 sh 7 f( 7 T— ip), 
In —I COSI17 rip. 

Therefore, 


( 8 ) 


/ s = /[(coslvyfir+l) cosh7/"£ 

— sinh7fir sinl^fp], , . 
I a = /[(cosh7f7r — 1) coshyfip 

— sinh 7 /* 7 r sinlryr#]. 

The elementary integration and reduction 
(Appendix 2) of formulas ( 6 ), using the values 
of /, and I n from formula (9), gives 


r 16 sin; 7 ?"ir 1 

N x = If Jo —jJ 1 sin0- : -sinv? , 

jyfiA+y 1 ? 1 ) J 


( 10 ) 


N v — If J n jJ 1 sin 0 


j-t 


8(2+7 2 f 2 ) sinjyfr 

jyf(\ + y 2 f 2 ) 


cos <p 


2jyf sinjyfirl 

-Jo - : -, (11) 

1 +7 V j 


N x = f dN x , Ny= f dNy. (6) 

•/(, ■'0 

U S. A. Schelkunoff, reference 10, p. 336. 
u S. A. Schelkunoff, reference 10, p. 55. 


where J^Jo{0f/2), Ji^JJfif/2). 

The spherical components of total radiation 
vector are, therefore , 13 

13 S. A. Schelkunoff, reference 10, p. 234. 
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0 Z .4* 6 .6 1.0 1.2. 

Fig. 2. Ratio of electrical field intensities in (y? = *-)- 
and (y>*0)-direct ions in the plane of the loop versus 
attenuation constant e*r for /$/*=»0.5. 


0 Z .4 6 £ 1.0 IZ 

Fig. 3. Ratio of electrical field intensities in (^>«t/ 2)- 
(or 3 t/ 2) and (*> = 0)-directions in the plane of the loop 
versus attenuation constant t*/ 1 lor =0.5. 


^0= ( N z cos <p+N y sin^>) cos0 


-H 


J i sin20 sin2y? cos0 sin^> 


Jo 4+7°f- 


1 +7°f’ 2 


: 112). 


where i4 ~2lPJo 2 jyr sinjyrw, 

= —N x sin^+iVy cos y? 

[ /i 4(2+7 2 r 2 cos'V) sin0 cos<^> 
/o . y 2 r 2 (4 + y 2 f ? ) , 1 +7^ 


cos<p “I 

-■ (is; 

1 +7*r 2 J 


Using the approximations of Appendix 3, the 
formulas (12) and (13) reduce to: 


\5w\A | 2 r/ /i \- 

; -1/—sin20 sin2^+n cos0 silly? I 

x- L \ / 


+ e — sin20sin2^+/n 


*os0 sin<^ 


/ J 1 Ji \ 2 

I 8 d — sin0+4/— sin0 cosV+tf cos^> 1 
V Jo Jo J 

l J\ J 1 \ 2 1 

+ 1 8 c — sin 0+4$— sm0 cos r<p — b cosip 1 . 
\ J 0 Jo / J 


N^AK-fiJi/Jo) sin20 sin2 ip—a cos0 siny?) 
+j(—e(J 1 Vo) sin20 sin2y> 

+6 cos0 siny?)], (14) 

iV„ = /![( — M{J\f Jo) sin0 

~4/(7,/Jn) sin0 cosV—a cosy>) 
+j(-8r(Ji V«) sin0 
— 4e(7i/Vo) sin0cosV+& cos^)]. (15) 

FIELD PATTERN OF SHORT-CIRCUITED 
CIRCULAR LOOP 

The radiation intensity 14 is 

15* 

4>- (NeNe*+N,NS), (16) 

• X 2 

where asterisk denotes conjugate quantity. 
Therefore, using formulas (14) and (15) 


In practical antennas d^>f and c5>e \ therefore, 
neglecting the terms of the order of / and e in 
the last two round brackets: 

15*1 A\H/J X % y 

c I> = -- - 1 / sin20 sin2<p+t/cos0 sin^> 1 

x- LV Jo J 

/ J x \ 2 

+1 e — sin20 sin2y>+& cos0 siny> 1 
V Jo J 


+ 8 d — sin0+a cosy? 


+ ( Sc —sin0 —6 cosy? ) I. (18) 


The field intensity 15 is \E\ = (2407r4>)V r - Using 


M S. A. Schelkunoff, reference 10, p. 235. 


w S. A. Schelkunoff, reference 10, p. 333. 
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formula (18), the horizontal field pattern is: 


I -E* I -S^8dj+fl cos ip ^ ^8c—— b cos <p 

where B— 60jt j A \ /r\. 

From the definition of the coefficients a, b, e, 
and d, it follows that: a>0, b> 0, c<0, d> 0. 
Therefore, the maximum field intensity in the 
horizontal plane is for <p= 0 



IE* , max | — i( 8 d— —f- a U 8 cj-b )7 • (20) 


The field intensity in the horizontal plane for 
^ = ir is 


\E k . w \-BZ(fid(J l /J 0 )-a)' 

+(Sc(j l /j Q )+byy. (2i) 

The ratio of field intensities in ip — tt and v = Q 
directions is, therefore, 

| Eh, r | / | Efi, max | 

r (Sd(J 1 / Jo) — a) 2 + (Sc(Ji/ Jo)+&) 2 1* 

= - . ( 22 ) 

L(8d(/ l //o)+a) 2 +(8r(/ l /yo) -by] 




From the last formula and the definition of 
coefficients a, 6, c, d , it follows that the ratio of 
field intensities in <p = ir and ^> = 0 directions is a 
function of ar and fir. Figure 2 shows this ratio 
versus ar for the important practical case of 
0f = 0.5. 

The field intensity in the horizontal plane for 
<P = t/2 (or 3t/2) is 


The ratio of field intensities in y? = ir/2 and 
^ = 0 directions is 


\E h , rri \/\E h , m > x \ 

r (8J(/ A // 0 )) 2 +(8 cW Jq)) 2 i* 
L(8d(/i/ Jo)+a) 2 +{&c(Ji/Jo)—b) 2 \ ' 


(24) 


This ratio is again a function of at and fir. 
Figure 3 shows this ratio versus ar for fir — 0.5. 
Figure 4 is the plot of horizontal field pattern 
according to formula (18) for at — 0.04, and 
/3f = 0.5. The encircled points represent the ex¬ 
perimental pattern plotted to the same scale, and 
having the same value of | E h , *|/1 Eh, max| as the 
theoretical one. 

It can be concluded that the horizontal field 
pattern of the circular short-circuited loop has 
the following characteristics: 

1. The pattern is symmetrical about the (0, in¬ 
direction. 

2. There is the maximum field intensity in 
(^> = 0)-direction (feeder end). • 
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The vertical field pattern is 

|£„| —B[(f(Ji/J 0 ) sin20sin2^>+a cos0 sin^>) 2 
+ (e(Ji/J 0 ) sin20 sin2^>+5 cos0 sin^) 2 
+ (Sd(Ji/Jo) sin0H- a cos <p) 2 

+ (8c(Ji/J 0 ) sin0 — &Vos^>) 2 ]*. (25) 

In any ^-direction, the field intensity has a 
maximum value for 0 = jt/ 2, that is in the hori¬ 
zontal plane. 

The zenithal value of the field intensity 
(0 = 0) is 

\E v , t \^B(a 2 +b 2 )\ (26) 

and is independent of <p . 

Figure 5 is the plot of vertical field pattern 


according to formula (24) for aP = 0.04 and 
/ft 1 = 0.5, for <p = 0 and p = r/2. 

RADIUS OP EQUIVALENT CIRCULAR HORIZONTAL 
FIELD PATTERN 

The field intensity of the equivalent circular 
horizontal field pattern can be found from the 
formula 



Using formula (19) and after the etementary 
integration (Appendix 4) 

|£Y*| =^[64(/ 1 /y 0 )V 2 +c 2 )+0.5(a 2 +6 2 )]^(28) 


POWER GAIN OF SHORT-CIRCUITED CIRCULAR LOOP 

The radiation intensity from formula (18), when reduced to the unity maximum, is 
4> 1 

<U =---v-[(/j sin 2 20 si»*2p 

^x/ 2 , v-o 64(/i/ J 0 ) 2 (rf 2 +r 2 ) +16( J, /Jo) (ad - be) + (d*+b 2 ) 

+ 2(J\/J(/){af+be) sin20cos0 sin2<p sin^ + (a 2 +6 2 ) cos 2 0 si n V+64 (J\/Jo)-(d‘ 2 + r) sin ? 0 

^ +\6(Ji/Ju)(ad — bc) cos*? sin0+(/i 2 +ft 2 ) cos VI* (29) 

The radiated power 16 is 

I 4> l sin ddOd<p. (30) 

0-0 J ^ 0 

Therefore (Appendix 5): 

(8ir/3) {(/i//o) 2 [0.4(e 2 +/ 2 ) +M(d 2 +c 2 )~\+(a 2 +b z ) 1 

P= -—. (31) 

64(/!// 0 ) 2 (ci 2 +c 2 ) + 16(Ji/Jo) (ad - be) + (a 2 +b 2 ) 

If short dipole is used as a reference, 17 the power gain is * 

(8t/3) 64 (/i/ Jo) 2 (d 2 +c 2 ) + 16(/i// 0 ) (ad-be) + (a 2 +b 2 ) 

(PG) =-=-. (32) 

P (Ji/J o) 2 [0.4(e 2 +/ 2 ) + 64(rf‘ 2 +c 2 )]+ (a 2 +6 2 ) 


AVERAGE POWER GAIN 

’ In f-m broadcasting, it is customary to base 
the gain on the equivalent circular horizontal 
field pattern. Since the average radiation in¬ 
tensity in the horizontal plane is 

** = r 2 |£**| 2 /240* 

• = (r 2 5 2 /240ir)[64(/ 1 //o) 2 (d 2 +c 2 ) 

+0.5(a 2 +6 2 )], (33) 

and the maximum radiation intensity in the 


horizontal plane is 

^irinx — <p*m 0 




therefore, the average power gain is 


(PG) *-- (PG) 

^max 

64(/i/ J o) 2 (d 2 +c 2 ) -\*Q.5(a 2 +b 2 ) 


(34) 


16 S. A. Schelkunoff, reference 10, p. 333. 

17 S. A. Schelkunoff, reference 10, p. 337. 


(Jt / J »)*C0.4(e s +/*) +64 (d s +c*)]+(a 2 +i 2 )' 

(35) 
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lhc graph of (PG)* versus pr for a/' = 0.04 is shown in Fig. 6. (Since c»d and «»& in the 

practical range of at, the gain computed for at = 0 may lie applied also to the general case 
when ctf?* 0.) 


TRANSMISSION LINE EQUIVALENT TO THE CIRCULAR LOOP WITH NON-UNIFORM 

CURRENT DISTRIBUTION 

I he radiated power P is given by formula (31). If the maximum current (at is the radia¬ 

tion resistance R r is 


R _ 2P _ 16t (/ i//g) 2 [0.4(e 2 +/ 2 )+64(d 2 +c- > )]+(a 2 4-^) 

P 3P 64(/,/7 0 )*(d»+c*) +16(/,//„) (ad-be) + (a 2 +6 2 )' 


(36) 


Since P in formula (31) was calculated for maximum radiation intensity equal to unity, therefore, 
from formula (18): 


(37) 


80t -dil (J i\- 

*——I (j;) 

+ 64 (d- + c 2 ) ] -f (a 2 + b' 2 ) 


(M) 


power : 


2 R r 


7r pr = - 


1 + (sin20f7r/2/3nr) 
On tlie other hand 18 


(40) 


To calculate the attenuation constant a of 
the equivalent transmission line, let its resistance 
per unit length be p, and the current 

/^**/cosj9f(ir— $). 

The power dissipated in the entire line is 

i = J \l$-pfd<p 


wpr R r 

af'ir — -=-, (41) 

2Zo Z 0 [l + (sin2j8Pir/2j8/ l ir)] 

where Z 0 is the characteristic impedance of 
equivalent transmission line. According to Libby 1 * 

Z 0 «2761og 10 (f/d), (42) 

where f is the mean loop radius, and d the loop 
conductor diameter. 


= \Ppr* [1 + (sin2^/2j9fr)]. (39) 
Front the equality of radiated and dissipated 

iz - 

I I I I I I I I I 

10 

I I I I Tv till 

.a 

.4 

.4 

Z 

f 

* .1 Z A .4 3 4 7 A ’ 

Fig. 6. Average power gain versus pr for 
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APPENDIX I 


Bessel Expansion of sinf and cost 


Since sin# cos(y> — <p) = $(sm6-f-sin*), where 6*= — 

t — Therefore, 


sin/** sin 


iin£y sinfij cosjy sinej+cos£y sinsinj^y sinej. 


Using first terms of Bessel expansion** for sin and 
cos, sin/^ 4 / 0/1 sin0cos(*>-£), where J 0 mJ 0 (pt/2) t J\ 
mJ x (fir/2). Similarly, 

cos/*cos[(0f/2) sind] cos[(0r/2) 8 in«] 

—sin[(0f/2) sin6]sin[(/3f/2) sin*]. 

___ » 

18 S. A. SchelkunofT, reference 10, p. 196. 


Volume w, July, 1947 


643 




Using again first terms of Bessel expansion for sin and cos, 
cobt~~J o* t since 

APPENDIX n 

Definite Integrals Appearing in Formulas (6) 

Using Dwight's "Tables of Integrals” and elementary 
trigonometric identities: 

coshyf “ sin£ cos(<p~~ <p)dip 
o 

“T+W[ (1 -cos - /7 '“ ,r) COsin*], (A2-1) 
J' smhytf sin# cos(*> —#)d# 

“4-+-y^[ sin ^V»- C08»+- Cy ^ f - — ”»»*]. (A2-2) 
X" cosA ^ f ^ sin^f^= 

f' sinhytlp sin*i*,= 

Therefore, after reduction, formula (6) yields 

«.-»}{-&**£$[*$5 .in,] 

Similarly 
i* r 

I coshyftp co*$ cos(*> — $)d<p 
Jo 


(A2-3) 

(A2-4) 

(A2-5) 


_ 1 r(24-7*^) zinjyt* 

"4+7^1 Jrf 


cos 


-f (1 —cosjyfw) sinyyj, (A2-6) 


sin/cyf # cos# cos(^> — #)d# 


_ j 

1 (2 +7 *f*) (cosjytT - 1 ) 

4 + 7 * 

L jy* 


cosy? 


-fsin/yfir sin^J, (A2-7) 
X coshytif cospdf (A2-8) 

J/ sin Ihyt* cos tft-jMlg&y*!). (A2-9) 

Therefore, after reduction, the second formula (6) yields 


N v =ItJ Q 


E* 


. <1 8(2+7 , t a ) sin/V* 

Sing ■ TTl 7 .... COSyJ 


jV(4+yV«) 


(AMO) 


APPENDIX m 

Approximations to Formula (11) 

Write 

-vM! -j(o/f»)J 

Since a«0 
Therefore, 

1^1 . 2ar/3f 

T+t*/*- 1 -G»)» ; l- 2 ( 0 r)’““ 7 ' 
1^1 . 2am _ .( 

i+y'p—A-m)' / 77 ' 

i ^ i ,2»m _ 

V/*(4fyV)- ‘(^)*[16-8(/3f) 2 ] J 4m* e 7 


APPENDIX IV 

Integral in Formula for Radius of Equivalent 
Circular Horizontal Pattern 

From formula (19) 

|£a|*~£*[ 64 (/, //o)*^ +r*) +16(/,// 0 ) M - be) cos #> 

-f (a 5 +/; 2 ) cosV]- 

Therefore, after the elementary integration 

X' I fi* I - *fl’[128(/,//„) 5 (</ 2 +c ! ) + («*+**)]. 

APPENDIX V 

Integration of Formtila (30) 

Using Dwight’s “Tables of Integrals,” the integrals 
appearing in formula (30) are: 

J * sin*20 sinOdoJ^* sin^^d?* ||t, 

J sin20 sin0 cos Odd f sin2 <p sin<pd<p=*0, 
o Jo 

J ^ sinfleos 2 Mdj* o sin*#>d^ = ^ir, 

f sin*0dd f* d<p=*~r, 

Jo Jo o 

J sin*0d0 f cos<pd<p=*0, 
o Jo 

J si n$d0 f* cos*^d^«2ir. 
o Jo 
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High Speed Compression Tests on Copper 

M. Greenfield, North American Aviation, Los Angeles , California 

AND 

E. T. Habib, David Taylor Model Basin, Carderock , Maryland 
(Received December 19, 1946) 

Dynamic shortening of one-half inch long copper cylinders is achieved by striking them 
with a hardened steel projectile at high velocities. The average strain rate was about 1200 per 
second. Energy per unit volume absorbed by the copper is plotted against strain. A true stress- 
logarithmic strain curve is computed, this curve is compared with a similar curve derived 
from high speed tests on copper in tension. 


INTRODUCTION 

HIS work was undertaken originally to 
provide a dynamic calibration for copper 
cylinders. These cylinders are used in mechanical 
gauges which are designed to measure the 
pressure in the water originating from an under¬ 
water explosion. The copper is deformed dy¬ 
namically in compression in such gauges. The 
experimental arrangement described below was 
designed so that the copper cylinders were sub¬ 
jected to the same kind of forces as they were 
when used in the gauges. However, it was diought 
that additional information could be obtained 
from the data which would be of wider interest. 

These data have been put in the form of stress 
versus strain curves. Usually stress is defined as 
the force acting on the specimen divided by the 
original cross-sectional area of the test portion, 
i.e., 

<Tc — F/ A 0 

where Aq is the original cross-sectional area. This 
stress, <r c , is also called the engineering stress. The 
strain is frequently defined as the change in 
length per unit original length, i.e., 

€c == Al/lo 

where / 0 is the original length. 

While some work has been done by Nadai and 
Manjoine on high speed tension tests of metals, 1 
very little has been reported on high speed com¬ 
pression tests such as those described below. It 
was thought useful to compare the properties of 
copper in tension with those in compression when 

1 M. Manjoine and A. Nadai, Proc. A.S.T.M. 40, 822 
(1940). 


the forces are applied rapidly. The parameter 
chosen to describe the rapidity of the test is the 
time rate of strain k—(h c /dt. 

For purposes of comparison of the properties 
of a metal in compression with those in tension, 
the choice of variables as defined above is poor. 
In tension tests the cross-sectional area of a 
specimen is diminished, making the true stress 
based on actual area greater than the engineering 
stress. Jn compression tests this area is increased, 
making the true stress less than the conventional 
stress. There is a similar difficulty in the com¬ 
parison of strains for tension and compression 
tests. For these reasons it was decided to use the 
so-called true stress and logarithmic strain. For 
compression tests these quantities may be 
defined as follows: 

a = F/A 

where <r is the true stress, F is the applied force, 
and A is the instantaneous cross-sectional area 
of the specimen. 

e = \nA 0 /A 9 

where e is the logarithmic strain, and Aq is the 
original cross-sectional area of the specimen. The 
logarithm is in terms of the base e. 

These quantities a and € are simply related to 
the conventional ones <r„ and c c , as follows: 

<r = <r 0 (l-€ c ), (1) 

€ = lnl/(l—«,). (2) 

These relations are derived 2 by making the 
usual assumption for the plastic flow of metals 


a A. Nadai, App. Phys. 8, 205 (1937)'. 
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that the volume of any element of metal remains 
unchanged. 

APPARATUS ^ 

The test equipment consists of an air gun for 
blowing a hardened steel piston against the soft 
copper specimen and auxiliary equipment for 
measuring the energy of the piston (see Figs. 1 
and 2). The gun barrel is a cylindrical tube of 
steel 55" long with an outside diameter of inch 
and an inner diameter of i inch. At the muzzle 
end of the barrel, spaced | inch apart, one 
hundred eighty \ N holes are drilled in the barrel. 

The gun barrel is laid in a V-shaped groove cut 
into a set of steel supports. Similarly grooved 
hold-down plates, bolted to the supports, keep 
the barrel in position. These supports are in turn 
bolted to a 6-inch I-beam, about 63 inches long. 
At the muzzle end of the barrel a steel anvil, with 
a hardened steel face plate, is bolted to the 
I-beam. The test specimen is placed against this 
steel plate. The face of the hardened steel plate 
is very nearly perpendicular to the line of travel 
of Ae piston. This insures that the faces of the 
copper specimen are almost parallel after 
deformation. The variation in readings at dif¬ 
ferent points on the faces of the specimen is thus 
kept small. 

The propulsive force for the piston is supplied 


by a compressed air system. Air from a tank at 
high pressure is led into a smaller tank through a 
regulating valve. This regulator enables the 
small tank to be filled to any pressure up to 400 
lb. per square inch, although 100 lb./in. 2 was the 
maximum used. A 3-way quick-acting solenoid 
valve controls the flow of air from the small 
reservoir to the gun barrel. The time of opening 
and closing of the valve is determined by a time- 
delay relay. The sequence of events is the fol¬ 
lowing. A double-pole, double-throw switch is 
thrown. One side of the switch closes a circuit 
allowing 220-volt a.c. to flow through the 
solenoid; thus energized, the solenoid opens the* 
intake valve and allows air to blow against the 
piston. The piston then moves down the barrel, 
strikes the specimen and rebounds. Simul¬ 
taneously with the closure of the first side of the 
switch the second side closes a circuit in the time- 
delay unit. After a predetermined time delay a 
relay is thrown which opens the solenoid circuit. 
This closes the intake valve and, at the same 
time, opens the exhaust valve, allowing the 
rebounding piston to compress and force air out 
through the exhaust; in so doing, the piston 
brings itself .to a halt. 

By actual test, the shortest time for which the 
time-delay unit could be set to operate properly 
was about 0.01 second. This setting was used at 
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the fastest velocities and worked very well. In 
the other direction, the time-delay unit may l>e 
set to operate for as much as several seconds. The 
purpose in keeping the valve open for only a 
short time is to keep the excess of air flowing 
through the barrel to a minimum. 

The test specimens are made from oxygen-free 
high conductivity copper rcxl. Each sjjecimen is 
made so that the final length is 0.5000 inch 
±0.0005 inch and the diameter is 0.3255 inch 
±0.0005 inch. They are then annealed in an 
electrically heated furnace in an atmosphere* of 
hydrogen at a temperature of 950° Fahrenheit. 
The temperature is maintained for 2\ to 3 hours 
and the pellets allowed to cool in the furnace. 
The flow of hydrogen is maintained until the 
temperature is below 250° Fahrenheit. 

The velocity of the piston is measured by 
noting the time interval between the breaking 
and making of a narrow beam of light which is 
incident upon a photo-cell (see Fig. 2). As the 
piston breaks the first light beam, a voltage 
change is induced in the photo-cell. This 
voltage is then amplified and used to trip a 



~ A A A A A r 

„J v v/ V V V v 


Tie. d. A typical record obtained by the interruption of 
lhe light beam by the moving piston. At (A), the piston tirst 
enters the light beam; at (&), it is leaving the light beam. 
(C) and (D) represent a similar situation after the piston 
has rebounded. The lower oscillogram is the timing 
calibration for AB and CD. 


sweep generator. The sweep generator controls 
the horizontal movement of an electron beam 
across the face of a cathode-ray oscillograph. 
When the electron spot has completed about a 
third of its journey, the piston interrupts the 
second beam of light, pnxlucing a voltage impulse 
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which is led into the vertical amplifier of the 
oscillograph. The spot then jumps up. When the 
piston has passed the light beam, the spot jumps 
back (see Fig. 3). After the piston strikes the 
copper, it rebounds; this velocity is recorded on 
the return trace of the electron beam. The 
distance between jumps is related to time by 
comparing it with a sine wave of known fre¬ 
quency. This sine wave is taken from an audio¬ 
frequency oscillator. To insure accurate time 



Fig. 4. Energy per unit volume-strain curve and stress- 
strain curve for copper cylinders in’compressioii. Curve (a) 
shows dependence of energy absorbed per unit volume on 
the strain in compression m copper cylinders. Curve (b) is 
a stress-strain curve for copper derived from curve (a) by 
numerical differentiation. The rate of strain is approxi¬ 
mately 1200 per second. 

measurements, the output of the oscillator is 
beat against that of a 1000-cycle tuning-fork 
oscillator before the timing oscillogram is made. 
Knowing the piston length and its time to pass 
by the light beam, the velocity of the piston may 
be calculated. The energy of deformation is then 
computed from the relation K.E. = v* 2 ) 

where m is the mass of the piston, Vi is its 
velocity before striking the specimen, and v 2 is 
its velocity of rebound. The oscilloscope tracings 
were photographed on 35-mm Super XX film in 
a camera equipped with an /: 1.9 lens. 

PRECISION OF MEASUREMENTS 

Before being subjected to impact, each cylinder 
was measured with a micrometer. One reading 
was made at the center, four at intervals around 
the circumference. The average of these was 
taken as the length of the pellet before deforma¬ 
tion. The averages of two sets of reading made 

X 


in this way repeated to within 0.0001". After 
impact, the pellet was again measured at several 
points around the circumference and an average 
computed. (The center reading was discarded 
because it was consistently higher than the 
average.) The averages of two sets of readings in 
this case always agreed to within 0.0002". The 
maximum error possible from this measurement 
is then 0.0003". When the deformation is greater 
than 0.03", this error is less than 1 percent. 

Measurements on the film are made with a 
traveling microscope. Measurements with this 
instrument can be made to a precision of 0.001 
millimeter. The line thickness on the film was 
about 0.1 millimeter. The distance between 
jumps on the film was of the order of 5 milli¬ 
meters. Measurements were made to the center 
of each line. Three or more readings were taken 
at each point and averaged. The averages could 
be repeated to within 0.01 millimeter. The 
maximum error possible in this measurement 
then is about 0.2 percent. 

Measurements on the sine wave were made at 
the same portion of the film as the velocity record 
occurred. This was essential because the sweep 
was not exactly linear, especially at the edges of 
the scope face. However in the middle half of the 
oscillogram, the linearity was within 1 percent. 
The oscillator frequency was always made high 
enough so that about five cycles covered the 
same distance as the velocity record (see Fig. 3). 
Errors due to non-linearity of the sweep were 
thus reduced. A timing oscillogram was made 
before and after every few records. Velocities 
were computed using both timing records and an 
average taken. Velocities based on different 
timing oscillograms varied from the average by 
less than 0.5 percent. 

The total maximum random error is thus about 
2 percent. 

STRAIN RATE (£) 

Strain rate is defined as the time rate of change 
of the strain. Since the difference between the 
conventional strain and the logarithmic strain is 
small here, of order 10 percent, and since the 
dependence of stress on strain rate turns out to 
be a very slowly changing function (roughly 
multiplying the strain rate by ten means an 
increase of 4 or 5 percent in stress), it is suf- 
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ficiently accurate to use the time rate of change 
of the conventional strain for the strain rate. For 
the i-inch long coppers used here, assuming the 
average velocity of the striking piston is one- 
half of the initial velocity with which it strikes 
the specimen, i.e., uniform deceleration, the aver¬ 
age strain rate is numerically equal to the initial 
velocity expressed in inches/sec. 

Al 1 Al 1 

Average €=--- 

lo T T h 

Va Vo in. /sec. 

/o 2/ 0 in. 

where Al = final deformation, / 0 88 original length 
*£ inch, total time of deformation-seconds, 
Voinitial velocity-inches/second, and v„ = aver¬ 
age velocity-inches/second. 

The average strain rate is computed by as¬ 
suming that the velocity with which the si>ecimen 
contracts, i.e., the velocity of the striking piston, 
is a decreasing linear function of time. This 
assumption was checked by making two high 
speed photographs of the deformation of the 
copper cylinder. These showed that while the 
velocity of the striking piston is not linear, the 
true average velocity exceeded the assumed one 
by only about 15 percent. Because of the nature 
of the dependence of the stress on the strain rate, 
this method of computing the average strain rate 
is considered adequate. 

DATA 

Figure 4, curve (4a), is a plot of energy/unit 
volume in lb./in. 2 against conventional strain in 
inches/inch. It represents the basic data of the 
dynamic testing in compression. A smooth curve 
was drawn through the points in such a manner 
that as many points lay above the curve as 
below it. One copper specimen was used for each 
point and 118 points were obtained. Two hard¬ 
ened steel pistons were employed; one weighed 
0.05473 lb., the other 0.1633 lb. Through their 
use, the average strain rate at the upper and 
lower ends of the curve was kept within about 
50 percent of 1200 1/sec. 

Curve (4b) which shows conventional stress 
versus conventional strain was derived from 
curve (4a) by numerical differentiation. In order 
to compare these compression data with data in 
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tension, curve (4b) was revised by applying 
formulas (1) and (2). 

Figure 5 shows the revised stress-strain curves. 
In all cases the ordinate is true stress and the 
abscissa is logarithmic strain. Curves (a) and (b) 
in this figure show the relation between stress 
and strain for copper in compression. All the 
specimens used in obtaining curves (a) and (b) 
came from the same lot. The strain rates that 
apply to these curves are approximately 1200 
1/sec. for curve (a) and l.SXlO -3 1/sec. for 
curve (b). The latter curve was obtained by 
means of an ordinary static compression test. 
Curve (a) was based on data from the dynamic 
test and was obtained by the procedure de¬ 
scribed above. The stress required to produce a 
given compressional strain dynamically was 
always greater than that required to produce the 
same strain statically. This difference in stress 
increases as the strain increases. Comparison of 
curves (a) and (b) shows that the percentage 
difference Varies from 17 percent to 29 percent 
for the interval of strain from 0.10 to 0.30. 

It was thought useful to compare these results 
with those obtained in high speed tension tests of 



Fig. 5. Stress-strain curves for copper. The ordinate is true 
stress and the abscissa is logarithmic strain. 


copper at room temperatures. Some work of this 
kind has been done by Manjoine and Nadai. 1 
Curves (c) and (d) in Fig. 5 show the stress- 
strain curves obtained by them for copper. Their 
specimens were made of commercially pure 
copper and were 0.200" in diameter and 1" in 
length. After being machined the specimens were 
annealed by heating them in dry regenerated gas 
to 500°C. After that they were cooled to room 
temperature in 12 hours. 

Curve (c) in Fig. 5 was obtained in a test of a 
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single specimen subjected to a rate of strain of 
900 per second. Curve (d) in Fig. 5 was obtained 
by means of a static tension test. The difference 
between the two static curves (b) and (d) is 
probably due to the fact that the copper used by 
the writers was not quite the same as that used 
by Nadai and Manjoine. Comparison of curves 
(c) and (d) shows that the stress required to 
produce a given strain in tension dynamically 
generally exceeds that required to produce the 
same strain statically. Some of the oscillations in 
curve (c) are probably not real but may be due 
to the method of loading the specimen and 


measuring that load. A more valid curve may 
possibly be obtained by drawing a smooth aver¬ 
age line through the oscillations. If one does this, 
then the percentage difference between curves 
(c) and (d) varies from approximately 19 percent 
to 25 percent for the interval of strain from 0.10 
to 0.30. It is interesting to note that the per¬ 
centage increase in stress required to produce a 
given strain in copper dynamically rather than 
statically is much the same for both compression 
and tension. This comparison should be made 
when the rates of strain are approximately the 
same. 


TAfcu Mode in Circular Wave Guides with Two Coaxial Dielectrics 

Sidney Frankei, 

Federal Telecommunication Laboratories, Inc , Nnv York, New York 
(Received February 3, 1947) 

Field components for a transverse magnetic wave in a wave guide with two coaxial dielot tries 
are computed. A typical example is given to show the calculation of guide dimensions to reduce 
phase velocity to a preassigned value. 


A UNIFORM circular wave guide may be 
conceived as a device that provides an 
interaction space between electrons and an elec¬ 
tromagnetic field to transfer energy from one to 
the other. If electrons are injected axially in the 
guide and the field has an axial electric compo¬ 
nent, the important interaction is between the 
electrons and this axial component. 

For unimpeded motion, the electrons must 
travel essentially in a vacuum and with a 
velocity necessarily less than that of light. On 
the other hand, the phase velocity of the electro¬ 
magnetic field in an evacuated circular guide is 
always greater than the velocity of light. For 
effective interaction, this field must be slowed 
down, perhaps to the order of one-tenth or less 
of the velocity of light. This may be accomplished 
by surrounding the evacuated axial region of the 
guiefc with material of high dielectric constant. 
For simplicity, circular s\ nimetry may l>e 
maintained. 

An investigation of the propagation of an 
electromagnetic field with axial electric compo¬ 
nent in such a “loaded” guide has been made. 


Appropriate field equations, which take the 
necessary boundary conditions into account, are 
set up and solved. A relationship between the 
maximum value of axial electric component and 
transmitted power is given. 

1. SOLUTION OF FIELD EQUATIONS 
1.1 Differential Equations 

Figure 1 shows a cross section of a wave guide. 
The section of the axial region is a circle of 
radius the constants of the medium being /u 
and € 2 , the permeability and dielectric constants, 
respectively. The boundary of the guide is a 
perfect conductor of radius b. In the annular 
region between these two radii is a material of 
constants m and et. It is assumed that «i >«2 
always. 

Cylindrical coordinates r, <>, and x will lx* 
used with the x axis coinciding with the axis of 
the guide and being positive in the direction 
toward a sink of power. For a transverse mag¬ 
netic mode, take H x = 0 t and, in accordance with 
the conventional TMq, i mode for uniform dielec¬ 
trics, specify additionally that Et—Hr** 0. If a 
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lidd satisfying these requirements exists in the 
guide under consideration, then the appropriate 
field equations in m.k.s. units for either dielectric 
are of the following type. 

— BH+/Bx — jutE r , 

(1 /r)(B/Br)(rIl*)=j ut E„ 

(\/r)(BE J = 0 , . ,i) 

(BEr/Bx) — (BE r /Br) = - jutil^, 
(l/r)(BE r /B<f>) =0. 

The Subscript has been omitted from e to 
avoid restricting it to either medium. 

According to ( 1 ), E r and E x , therefore also //*, 
are independent of </>. The useful equations from 
( 1 ) are 

BIIjBx = -jutE r , ] 

(t /r)(B/Br)(rU<,)= jutE„ \ (2) 

(BEr/Bx) — (BEx/Br) = -junll„.) 

Elimination of E, and E x among these equa¬ 
tions leads to the following equation in II,,,: 


BUI* B[1 B l 

+-- {rtU) =- 

" L r Br J 


Bx 2 Brlr Br 


u*ntlh= - lk, (3) 


where c is the velocity of propagation in a 
medium of unbounded'extent with constants ju 
and «. 

Assume 

Ih = R(r)e-y ', (4) 

where 7 is the propagation constant in the * 
direction and R is a function of r to be deter¬ 
mined. Substitution of (4) in (3) yields 

(ir\ d 1 

~--(rS) +<*** = <>, (5) 

drlr dr J 

where 

a s = 7 2 +« 4 A 2 . ( 6 ) 

Solutions of (5) are of the type 

R = J 1 (ar), Yi(ar), (7) 

where J\ and Yi are Bessel functions of the first 
and second kinds, respectively, and of the first 
order. If Zi(ar) represents any linear combina¬ 
tion of these functions, then 

Hl~Zi(ar)r”. ( 8 ) 

For unattenuated transmission, 7 is a pure 
imaginary; let 7 —jfi, with f) real. Then 

H^Zi(<xr)e-»*, «-[ («/c) 2 -0 s ]*. (9) 



I* Ki. 1. Cross section of wave guide having two 
coaxial dielectrics. 


From ( 2 ), we get immediately 
K r =(P/ut)Zi(atr)e 
E £ = (a/ja)e)Zu(ar)e~ jtix t 


( 10 ) 


when* Z (, is a linear combination of Bessel func¬ 
tions of the first and second kind, zeroth order, 
and we have made use of the relation 1 


d 

—[rZ 1 (ar) ] = arZ o (ar). (11) 

dr 


Jo and J i are finite and continuous everywhere 
in the complex plane, but F 0 and Y\ have infinite 
discontinuities at r = 0. These latter functions 
arc therefore inadmissablc in the axial region of 
Fig. 1. The solutions therefore run as follows. 

In medium 1 , 


H+i = lA\J i(onr) +B , K^r) >-*>', 

Pi 

En = —[A iJi(air) +Bi Yi(a } r) 

COf l 

E x i = -—[A \Jo(air)-\-BiYo(air)~}e^ jfiir . 

jwti 


In medium 2, 


a~r~b. ( 12 a) 


H+2=AiJi(a 2 r)e 

Er2 = (fill w«2 )A 2 Jl(ot2r)e^^ u y 


fOSrSa. ( 12 b) 


Ex2— (ot 2 /j<*)€2)A2Jo(ot2r)e ^ a *, J 


1 Jahnke and Emde, Tables of Functions (B. G. Teubner, 
Leipzig, 1938), third edition, p. 145.- 
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Au and A 2 arc constants to be determined 
from the boundary and power conditions, <*1 
and a 2 are the propagation constants, and 0i 
and 02 are the phase constants, in media 1 and 2, 
respectively. 

1.2 Boundary Conditions 

Matching of tangential components of the 
electric field at the dielectric interface requires 
that 

E X \ — E X 2 at r = a 
for all values of x\ i.e., 

-—[<4 i7 0 («ifl) +B ! Yo(a l a)y~*v 

jcoei 

= - —A‘2Jo(a2&)e~ J 0 2r . (13) 

ju)€2 

This can be satisfied for all values of x if, and 
only if, 0i = 02 = 0. The phase constant (hence- 
the velocity of propagation) is the same in both 
media, as might have been expected. 

ai 2 — o) 2 /cr = — 0 2 = a 2 2 — w 2 /c' 2 2 . (14) 

Assume the phase velocity V p to be Inter¬ 
mediate between C\ and c 2 

C\ < T p <r 2 , T P = v/0- (15) 

This leads to the inequality 

a 2 2 <0 <afi 2 , (16) 

whence a 1 is real while a 2 is a pure imaginary. 
The field in medium 2 therefore behaves ac¬ 
cording to Bessel functions of the first kind with 
pure imaginary argument. Curves for Jo(jz) and 
—jJ\(jz) t frequently designated as Io(z) and 
7i(s), respectively, have been published. 2 The 
function Io(z) is particularly interesting since 
it shows the radial variation of the axial electric 
field. This field is fairly uniform for sufficiently 
small 2 . For z <0.6, the variation is less than 10 
percent; for z <2, the variation is less than 
about 2:1. 

Next, for the tangential component of electric 
field to vanish at the conductor surface, it is 
required that £, 1*0 at r = £>, i.e., 

A iJo(aib) +Bi Yo(aib) * 0. (17) 

Matching the normal components of dielectric 

2 Page 224 of reference 1. 


flux at the dielectric interface requires that 

€iE r i = € 2 Er 2 at f=a; i.e., 

A\J\(a\a) +BiY\(ct\a) = A2J i(af 2 u). (18) 

Matching the tangential magnetic field at the 
dielectric interface yields no further information. 
Collecting and rearranging (13), (17), and (18), 
we have the set of linear homogeneous equations 
in Ai 9 Bit and A 2 : 

«1 0!i 

—J o(aia)i 4 iH— Yo(aia)Bi 
ci ' €1 

Ct2 

- Jo(ot2fi)A 2 = 0, •‘(19) 

C 2 

Jo(aib)A\-\- Fo(ofi^)J3i = 0, 

J\(aia)A\-\- Yi{otia)Bi — Ji(ot2(i)A2 sr 0 .„ 

A necessary and sufficient condition that these 
equations be consistent is that the determinant 
of the coefficients vanish: 

ai ct\ ot 2 

- Jto((X\a) - Yq(cL\(L) - Jo(ct2(l) 

Cl Cl €2 

= 0 . ( 20 ) 

Ma x b) Yo(aib) 0 

Ji(otia) Yi(aia) —Jiiottfi) 

If 0 is specified in advance, then «i and a 2 are 
known from (14), and (20) specifies a necessary 
and sufficient relationship between a and b . The 
manner of using this information will be illus¬ 
trated by a later example. 

With (20) satisfied, any two of the three 
relations given in (19) may be used to solve for 
the ratios of the constants i4i, B 1 , and A 2- By 
using the first and the third, 

A 1 =K A A 2 t B 1 = K b A2, ( 21 ) 

where 

a 2 ai 

Treia — J 0(0^2#), — Yo(aid) 

Ka =-c 2 €1 

2 

JiiptTfl), Fi(atia) 

oti OLl 

Treia —/ 0 (oia), —/o(«2^) 

Kb =-ci e 2 

2 

and we have made use of the standard identity 
Yo(s)Ji(s) — Yi(s)Jo(s)~ 2 /ts. 
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The field components are then given as follows: 
Medium 1: a^r^b. 


Medium 2: b~r^a. 


Oil 

Qxi =-4 2 - C-Kx/oCaiO+iCaFo^ir)!^^*, 

7wc i 

P 

E rl =A 2 — [K A Ji(uir) +K h Y^ocxr) V*', 

W€i 

H$\ — AJ^KaJ i(air) A~Kg Y i(air)]e~'0 x , 


“ 2 

E*t =A 2 - — Jo(a 2 r)e~M*, 
jutt 
0 

E r t = /1 2 — Ji(a 2 r)e~ :lix , 
utt 

Il+t = A 2 /i (a 2 r)c~ )9 -'. 

In (23), the constant /t 2 remains to be determined. 


(23a) 


(23b) 


1.3 Axial Field as a Function of Transmitted Power 

The constant A 2 may be evaluated in terms of the peak transmitted power P M or twice the average 
power P. For this purpose, the complex Poynting vector is integrated over a convenient cross 
section of the guide. This reduces to 


P\t= f f E r H*-rd$dr , 
•'o •'» 


where H+* is the complex conjugate of //*. By (22), K A and K B both contain the factor a 2 and are 
therefore pure imaginaries. If E r and II* are specified to have zero phase angle at x = 0, then A 2 is 
also a pure imaginary, and j appears only in the exponential factor. The integration then runs 


where 


Pm = 2*v1 2 2 — F(a,b-, «i,« 2 ), 
utt 


F-— f rJi i (a i r)dr-\- f r[K A Ji(a,r) +A’i f Fi(air)] 2 <ir 
tt Jo J a 


or 


il.-((Px/ 2 f)(sn/W)‘. 

At the center of the tube, the maximum value of the axial field E xt is 

at 1 at /Pm 

E*o— \ At — = —(-) I. 


utt 


w« 2 \ 2 t 0F/ 


1.4 Further Discussion of the Solution 


(24) 

(25) 


(26) 


The determinant (20) may be considered to yield a solution for b when aj and o 2 are known. 
After defining a set of functions 


OiW- 


Ms) 

Yo(s) 


Qi(s) = -j 


,Mjs) 

Jo(js)' 


Ms) „ /x Vi(s) 
Q*( s ) = T7T> Q*(s)=~ 


Ms) 


Ms). 


(27) 
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we can reduce (20) to the form 


(M«|6) = 


ai €2 

1 - Q2(<X2&)Qa(cti(l) 

«2 *1 

at i e 2 (Jn{at\il) 

(M<*i'/) —./ 0>(at>d) 

at* ci 


All of these () functions, with the exception of Q*(s) have been plotted. 3 Q«(.s) is plotted in Fig. 2 
of this paper. The use of these curves simplifies the calculation of b . 

The chief remaining problem is an evaluation of the function F(a , b \ ct, e 2 ) in (24). 'The fraction 
is integrable in known Bessel functions. By reference to a standard treatise on Bessel functions, 4 
it can be shown that 

t 

1 K a * 2 K a Kb Kb 2 

F-—F l {a*)+ ~lF l (a l b)-F l (a l an+ -[F,(a,&)-f , 3 (aia)]+- LF 2 (a l b) -^(a.a)], (29) 

« 2 * a i 2 ar cm 2 

where 

.t 2 

(s) = ! [/i (*)]*- Jo(s)J 9 (s) j, 

2 


F,(s) - F 2 (u) =- {[ F, (j)] 2 - Ko W F*(5)) - - {[ Ki (u)J - F 0 («) F*(«) J, 

2 2 

= J U 2 [ Vi(s)Ji(s) f Y s (s)J t (s)J -*[Fi(5)7*(5) + Fi(j)J,(j)] 1. 
Future work may indicate whether or not these* results can be simplified. 


2. TYPICAL EXAMPLE 

Suppose a TM 0 ,i wave is to be set up at 
w = 3 10 10 per second traveling at one-tenth the 
velocity of light in vacuum, so that F p = 3-10 7 
meters per second, whence /8 = (10) 3 per meter. 
Assume the dielectric material is such that 

/i = 4 t 10“ 7 henry per meter, 

€i = (10“ 7 /18 t) farad per meter 

(relative dielectric constant = 200), 
€2 = (10~V36t) farad per meter. 

Then a\ = 10 3 , a 2 =jl 0 * by (14). Next, let us 
try using a radius a = 2 millimeters = 2 • 10~ 3 
meter. Then 

aia = 2, 

a2 a=j2, 

% ai/ci-5.55-10“ 

a«/c s — Jl-11 -10 14 . 

* Pages 200-203 of reference 1. 

4 G. N. Watson, A Treatise on the Theory of Bessel 
Functions (Macmillan Company, New York, 1944), second 
edition. 


From Fig. 2, Q 2 (j2) =0.70, and from reference 1 
and (27) 

Qi(2) =0.45, 

Qs{2) =0.39, 

0 4 (2) = -0.19. 

Then by (28), Qi(aib) = —5.2 whence 
= 0.73, 3.78, 6.89, ••• 

and 

b — 0.7, 3.8, 6.9, • • *, millimeters. 

We take 6 = 3.8 millimeters as the smallest 
available value of 6>a. A more careful calcula¬ 
tion using tables rather than curves shows that 
6 = 3.6 millimeters. 

Next, compute Ka and Kb using (22). 

Ka =7*153.3, 

Kv=jS 12.5. 

The expressions for the field components (23) 
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then become 

Et i *• A t2842 [[ J o(ai r) +5.30 Ko(air) 

En m jA j2892[7 i(our) +5.30 Y i{a\r)~\e~>^ r t 
II* i”. ^{153.3[/i(air)+5.30 
£„ = J,3703/o(a*r)e-^, 

Zi r2 = / s 3774/i(a,r)e-^ f 
7/^2 ■ 1 2-7i(o({r)e 

These quantities are plotted as functions of r 
in Figs. 3 and 4. Here it is plain that the electric 
vectors have the same orders of magnitude in 
both dielectrics, while the magnetic vector is 
practically negligible in the central dielectric. 
This fact, con: billed with the small cross-sectional 
area of the inner dielectric, results in most of 
the transmitted power being propagated in the 
outer dielectric. 

The factor F in (24) may be evaluated by 
numerical integration, whence it turns out that 
F= —0.00037—0.3475= —0.3479, the smaller 
term being the contribution of the inner di- 



Fig. 2. A useful ratio of certain Bessel functions of imagi¬ 
nary argument. Q 2 - — j{.J\(j s )/J o 0* v )]• 



Fig. 3. Distribution of field components in a 
typical example. 



Fig.' 4/ Distribution of magnetic intensity in a 
typical example. 


electric. Since by (26) the transmitted power is 
related linearly to F y it can be seen that only 
about 0.1 percent of the power is propagated in 
the central region. 

By substitution in (26) we now have immedi¬ 
ately £,o = 5.77(PAf) J , volts per centimeter, at 
the axis of the guide. 
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Graphical Methods for Evaluating Fourier Integrals 

W. J. Cunningham 
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The Fourier transform method of determining the 
response of a linear system to an arbitrary input signal 
often has its practical usefulness impaired because of dif¬ 
ficulties in evaluating the necessary integrals. One pos¬ 
sibility of overcoming these difficulties lies in the applica¬ 
tion of graphical methods to the transformations. Three 
such graphical procedures are described, all based upon 
fundamental properties of the transforms. Each method 
involves an analysis of the curves of the function to*be 
transformed as a sum of curves of simpler functions whose 


transforms are known. The methods are useful in cases 
where the problem is too complicated for a simple analytic 
solution, or where part of the necessary data is available 
only in the form of a curve obtained, say, from experi¬ 
mental measurements of transmission characteristics or 
wave shapes. The accuracy of the methods is restricted 
only by that of the graphical plotting and curve fitting. If 
only approximate results are required, they may be ob¬ 
tained relatively quickly by these methods. 


I. INTRODUCTION 

NE of the standard mathematical methods 
for determining the response of a linear 
transmission system to an input disturbance of 
arbitrary shape is based upon the Fourier inte¬ 
gral. 1 * 2 In the application of this method it is 
necessary first to express the input function of 
time as a corresponding function of frequency by 
means of the appropriate Fourier integral. The 
resulting frequency function, or transform, is 
multiplied by the steady-state transmission char¬ 
acteristics of the system to give the frequency 
function at the output of the system. The time 
function, or inverse transform, at the output is 
obtained from the output frequency function by 
means of the inverse form of the Fourier integral. 
The integrals needed in these transformations 


may be written in a number of ways, a conveni¬ 
ent form being as follows: 

il 

's 

e(t) exp (—ju>t)dt, 

—00 

(1) 


f «(/) exp (+jut)df, 

—00 

(2) 

w = 2 t/, j- + ( — !)*. 



where g(J) and e(t) are corresponding transforms 
-•— 

* Now at Department of Electrical Engineering, Yale 
University, New Haven, Connecticut. 

1 E. A. Guillemin, Communication Networks (John Wiley 
and Sons, 1935), Vol. II, Chap. XI. 

*W. L. Sullivan, “Analysis of systems with known 
transmission frequency characteristics by Fourier inte¬ 
grals/* Elec. Eng. 61, 248 (1942). 


of frequency and of time. In Fourier integrals of 
this form, the entire frequency and time scales, 
both positive and negative values, must be 
considered. 

Several difficulties may arise when an effort 
is made to apply this method to the solution of 
practical problems. Often the input signal is 
known in the form of a curve, but a mathematical 
expression for it is not available. The same 
thing may be true (perhaps more often so) for 
the transmission characteristics of the system. 
Even if these mathematical expressions were 
known, it might not be possible to carry out the 
integrations needed in # the evaluation of the 
Fourier transforms. A number of standard forms 
of these integrals are available, 3 but if the un¬ 
known system does not fit one of these trans¬ 
forms, solution may be very difficult. 

II. GRAPHICAL METHODS 

A possible way of obviating these difficulties 
is to resort to a graphical analysis which will 
replace the integrations normally required. 
Furthermore, such graphical methods allow the 
use of data known only as a curve found from 
experimental measurements. If extremely accu¬ 
rate results are not required, approximations 
may be introduced in such a way that the 
graphical method may yield a useful result more 
quickly than other rigorous methods. The graph¬ 
ical method is particularly useful when such 

3 G. A. Campbell and R. M. Foster, “Fourier integrals 
for practical applications/* Bell Telephone Monograph, 
B-584, (1931). 
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approximations are being made, since it is 
relatively easy to visualize their effect upon the 
final results. When the system is complicated, 
the graphical solution likewise becomes compli¬ 
cated, as does any other means of transient 
analysis. At least two graphical methods for 
determining the response of a system to an 
arbitrary input signal have already been de¬ 
scribed. 4 * 8 However, the procedures of the present 
discussion differ from these two and may have 
certain advantages in their application. 

These methods are based upon fundamental 
properties of the Fourier integrals. 3 Perhaps the 
most important property is the superposition 
principle for linear systems. This principle states 
that if a function is made up of any linear 
combination of other functions, the Fourier 
transform of the first function is equal to the 
same linear combination of the Fourier trans¬ 
forms of the other functions. Therefore, it is 
possible to collect as geometric curves a number 
of mathematically simple functions and their 
transforms. A function in the form of a compli¬ 
cated curve may be broken into some linear 
combination of these simple curves. The trans¬ 
form of the complicated curve is then the same 
linear combination of the transforms of the 
simple curves. The whole process may be carried 
out by graphical methods. 

In physical problems the input function of 
time and the output function of time are gener¬ 
ally both real. Their corresponding transforms 
are usually complex functions, each having both 
a real and an imaginary part. The real parts of 
these complex functions have even symmetry; 
their inverse transforms are also real and have 
even symmetry. The imaginary parts of the 
complex functions have odd symmetry; their 
inverse transforms are real and have odd sym¬ 
metry. Thus, the inverse transform of a complex 
function is real, and consists of the sum of an 
even function and an odd function. 

An important type of problem is that in which 
the input to the system is zero until zero time, 
when the input function begins to have a finite 


4 A. V. Bedford and G. L. Fredendall, ‘Transient re- 
ponse of multistage video frequency amplifiers, rroc. 
I.R.E. 27,277 (1939). . .. . , 

8 H. A. Wheeler, “The interpretation of amplitude and 
phase distortion in terms of paired echoes, rroc. i.K.k. 
27, 384 (1939). 
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value. If the physically realizable system is 
passive, its output must also be zero for times 
less than zero. This fact, plus the discussion of 
the preceding paragraph, leads to an important 
conclusion. The real time function at the output 
of the system must be zero for negative times 
and will generally have a non-zero value for 
positive times. Therefore, the even and odd real 
functions which compose it must have identical 
geometric shape at positive times and be mirror 
images of one another at negative time§, 6 Jf this 
property is utilized, it is often necessary to 
consider only one of these component functions, 
and not both simultaneously. 

The solution of a typical problem might 
proceed as shown in Fig. 1, where both positive 
and negative scales of time and frequency are 
shown. The input function of time, Fig. 1(a), is 
applied at zero time and is assumed to be 
sufficiently simple mathematically so that its 
transform, Fig. 1(b), may be found as a complex 
function of frequency from Eq. (1). if this is 
not true, the problem is more involved, but 
still may be solved by the methods to be de¬ 
scribed. It will also be assumed that the steady- 
state transmission characteristics of the system, 
Fig. 1(c), are known as a complex function of 
frequency. These characteristics may be found 
by the usual steady-state analysis methods, or 
in the case of actual systems, may be determined 
experimentally. It is necessary now to find the 
product, Fig. 1(d), at each frequency, of the 
complex functions of frequency representing the 





Fig. 1. Outline of solution of typical problem by Fourier 
integral method. Necessary mathematical operations are 
shown, with the arrow indicating a (direct or inverse) 
Fourier transformation, (a) Input signal to system (real), 
(b) Fourier transform of (a) (complex), (c) Steady-state 
transmission characteristics of system (complex), (d) Prod¬ 
uct of (b) and (c) (complex), (e) Real part of (d) (even 
symmetry), (f) Imaginary part of (d) (odd symmetry), 
(g) Inverse transform of (e) (real and even), (h) Inverse 
transform of (f) (real and odd), (i) Output signal from 
system (real). 


6 E. C. Cherry, “Pulse response, a new approach to a.c. 
electric network theory and measurement/' J, Inst. Elec. 
Eng. 92, III, 183 (1945). 
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Fig. 2. Real even functions of time; only positive haTf of 
each is shown. The maximum value of the function is £ 0 ; 
its total duration is approximately %t n . Circles indicate the 
nominal duration, t n . Corresponding transforms are shown 
in Fig. 3. A. Rectangle. B. Trapezoid. C. Half cosine. 
D. Triangle. E. Cosine squared. F. Gaussian. G. Ex¬ 
ponential. 

input signal and the transmission characteristics 
of the system. If these two functions are available 
in algebraic form (magnitude and angle are most 
convenient), they may be multiplied directly. 
If one or both of them is available only as a 
curve, the multiplication of ordinates must be 
done on a point by point basis. The pr6duct 
obtained in this way will generally be a complex 
function of frequency and should be expressed 
as a real part, Fig. 1(e), and ari imaginary part, 
Fig. 1(f). The inverse transform of each part, 
Fig. 1(g) and (h), is the contribution of that part 
to the real function of time at the output of the 
system. As previously pointed out, each contri¬ 
bution must be the same for positive values of 
time. Because of their even and odd symmetry, 
their sum at negative times is zero. In order to 
obtain the output signal, Fig. 1 (i), the two contri¬ 
butions may be added, or more simply, only one 
contribution (either (g) or (h)) need be considered 
at positive times only, and its value doubled. 

The last step of transforming the function of 
frequency at the output of the system into the 
corresponding function of time is usually the 
step producing the greatest mathematical diffi¬ 
culty. It is for this purpose that the methods 
described here will be found useful. 

HI. CORRESPONDING FUNCTIONS 

A number of corresponding simple functions 
of time and of frequency are given in Fig. 2 and 
Fig. 3. A collection of curves of this sort is useful, 


either in the direct graphical solution of more 
complicated wave shapes, or in providing the 
investigator with a qualitative picture of the 
relation between t \ pical functions. All of these 
functions of time and frequency are real and, 
therefore, must have even symmetry. Only one 
half of each curve is plotted, for the sake of 
convenience, but it must be remembered that 
each of these curves is symmetrical about the 
vertical axis and has the same values for negative 
as for positive abscissas. The curves are obtained 
by assuming relatively simple mathematical 
functions of time and finding the corresponding 
functions of frequency with the aid of Eq. (1). 
For convenience, the curves are plotted with 
dimensionless ratios as coordinates, and the time 
functions (Fig. 2) are adjusted so that the* 
approximate total duration of each is the time / 0 . 
Also indicated on the curves, with small circles, 
are the points corresponding to the nominal 
duration, /„, and the nominal cut-off frequency, 
f n , for each curve. 5 The nominal duration and 
nominal cut-off may be defined for real even 
functions in the following way, 


o 

/n=l/j?(0)J g(f)df, 



o .5 1.0 1.5 10 15 30 


Fig. 3. Real even functions of frequency; only positive 
half of each curve is shown. Circles indicate the nominal 
cut-off frequency, /*. The corresponding time functions 
have a maximum value, Eq, a nominal duration, /», and an 
approximate total duration, to, and are shown in Fig. 2. i he 
frequency functions correspond to time functions of shape; 
A. Rectangle. B. Trapezoid. C. Half cosine. D. Triangle. 
E. Cosine squared. F. Gaussian. G. Exponential. 
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where e(0) is e(t) evaluated at zero time, and 
«(°) ‘s g(f) evaluated at zero frequency, and 
both c(0) and g(0) arc finite. In geometrical 
terms, the nominal duration, l n , is the base of a 
rectangle which has an altitude, e(0), and an 
area equal to the total area under the curve of 
e((), taken for positive times only. A similar 
relation applies to /„. For zero values of the 
arguments, tin- quantities are 

«(»)= f g(/)df= 2/ bJ? («), 

—-qo 

,?(0) = f e(t)dt=2t n e({)), 
and their product gives the fundamental relation, 

4/«/n= 1. 

If this relation is observed and the parameters, 
Ao, /o, and are chosen properly, the scales of 
Figs. 2 and 3 may be made to fit any desired 
conditions or systems of units. The maximum 
value of the time function, occurring here at 
zero time, is £ 0 - 

One further important property of die trans¬ 
forms may be found from inspection of the 
Fourier integrals. If the arguments of the time 
function and the frequency function are inter¬ 
changed, the functions will still correspond pro¬ 
vided the sign of one argument is changed. With 
real even functions, such as Fig. 1(e) and (g), 
this sign change produces no visible change in 
the functions. Therefore, the real even functions 
of Fig. 2 may be taken as functions of frequency, 
if desired, whereupon the real even functions of 
Fig. 3 become functions of time. It is sufficient 
merely to interchange the / and / symbols of 
these curves. 

Another group of corresponding functions 
which is of interest is shown in Fig. 4. Here, the 
functions of time, Fig. 4(a) and (c), are cosine 
functions in which an integral number, n, of 
quarter cycles occurs within the arbitrary time, 
ta. Since the cosines are even functions the total 
duration of the functions of time is 2/ fl . Again, 
the frequency functions, Fig. 4(b) and (d), 
corresponding to the assumed time functions, 
may be found with the help of Kq. (1). The form 
of the result is slightly different depending upon 


whether n is chosen odd or even. Two families 
of curves are plotted in Fig. 4 for this reason. 
These frequency functions are the frequency 
spectra of a.c. pulses containing a total of n half¬ 
cycles, and occurring within the time 2As the 



Km. 4. Corresponding real even functions of time and 
frequency; only positive half of each curve is shown. Time 
functions have n quarter cycles in the interval, The 
parameter, n, is even at (a) and odd at (c). Corresponding 
frequency functions are shown at (t>) and (d), respectively. 
Circles indicate points where only a single curve is not zero. 

value of n is made larger, the apparent frequency 
of the time function is increased, and the main 
hump of the corresponding frequency spectrum 
is moved to a point higher on the frequency scale. 
All of these functions are real and even, although 
only the positive half of each curve is shown, 
and once more it is possible to interchange time 
and frequency if desired. 

An important feature of these frequency func¬ 
tions, which is used to simplify later analyses, 
becomes apparent after a study of Fig. 4. If n is 
chosen either odd or even, there is a certain 
frequency at which the frequency function for a 
single value of n is not zero, while the functions 
for all other values of n are zero. The function 
which is not zero at this particular frequency 
has a value which is a constant, regardless of n. 
In mathematical terms, if n is an integer, either 
odd or even as the case may be, and m is an. 
integer odd or even to match n, then 

at /=w/(4/ a ), g(/)= 0, if w + n 1 
at /=n/(4/ 0 ), g(f)=Eota> if rt + 0^ (4) 
at /= 0, 2(/) = 2£<>/a, if « = 0 . J 

The points where m — n are shown by circles on 
Fig. 4(b) and (d). In one of the uses of these 
functions it is necessary to $um a number of 
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Fig. 5. (a) Low-pass amplifier circuit for use in examples. 
E\ and £* are r.m.9. voltages of a single frequency. A is the 
zero-frequency voltage amplification. f\ is a reference 
frequency, (b) Steady-state transmission characteristics of 
(a), amplitude and phase, (c) Steady-state transmission 
characteristics of (a), real and imaginary parts. 

curves having different values of n. These points, 
where m = n, are uniquely determined by a single 
curve and, therefore, may be easily located. 

IV. EXAMPLE FOR TYPICAL SOLUTIONS 

As an example to illustrate the application of 
the graphical methods, the circuit of Fig. 5(a) 
will be used. This circuit consists of two identical 
sections of a low-pass network, coupled by 
pentode vacuum tubes. The r.m.s. voltage of a 
given frequency applied at the input of the 
system is /?i, and the resulting r.m.s. voltage at 
the output is Ei. For a particular choice of the 
component element values, the steady-state 
transmission characteristics of the system are 
shown in Pig. 5(b) and (c). Figure 5(b) gives these 
characteristics in terms of amplitude and phase, 
while F'ig. 5(c) represents the same character¬ 
istics expressed as a real and an imaginary part. 
These parts are the products of the amplitude 
by the cosine and sine, respectively, of the 
phase angle. At a given frequency, the real part 
of the transmission characteristics is the ratio 
between the r.m.s. value of that component of 
the output voltage, which is in phase with the 
input voltage, and the r.m.s. value of the input 
voltage. Similarly, the imaginary part of the 
transmission characteristics is the corresponding 
ratio involving that component of the output 
voltage which leads the input voltage by ninety 
degrees. In the figure only positive frequencies 
are shown, although the shapes of the curves for 
negative frequencies must be understood. The 


amplitude curve and the real curve have even 
symmetry; the angle curve and the imaginary 
curve have odd symmetry. The scales of these 
curves are given as dimensionless ratios. The 
factor, A, is the voltage amplification of the 
system at zero frequency, and the reference 
frequency, f u is the frequency at which the 
inductor and capacitor of the circuits are in 
series resonance. 

A non-sinusoidal input voltage, which has an 
instantaneous value, e\(t)> is now applied to the 
system. In order not to complicate the example 
tbo much, this voltage is assumed to be an 
impulse function, having an infinite amplitude, 
zero duration, but a finite area equal to £oZo- 
The transform, of such an impulse is easily 
shown to be a constant, Erf , 0 , at all frequencies. 
This fact might be obtained from the curves of 
Fig. 2 and Fig. 3 for the rectangular wave shape, 
by allowing the duration, Z 0 , to approach zero as 
the amplitude, E 0 , becomes infinite, like Eo/t 0 . 
The product of this constant value multiplied 
by the steady-state transmission characteristics 
of the system therefore has the shape of these 
characteristics, with the ordinates merely 
changed by the constant factor, Eot 0 . This 
product is the frequency function, g 2 (/), at the 
output of the system. Its real part appears in 
Figs. 6(a), 7(a), and 8(a). 

V. DIRECT CURVE-FITTING METHOD 

Perhaps the most direct graphical method of 
obtaining the output signal, e 2 (Z), is to make use 
of the curves of Figs. 2 and 3, combining them 
graphically so as to fit the frequency function in 



Fig. 6. Solution by direct curve fitting, (a) Real part of 
frequency function at output of system, as sum of simple 
curves. Circles indicate sum of dotted curves, (b) Output 
signal from system, as sum of inverse transforms of simple 
curves. 
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question. This procedure is illustrated in Fig. 6. 
The solid curve in Fig. 6(a) is the real part of 
the frequency function at the output of the 
system of Fig. 5(a), when an impulse of area 
Erfo is applied at the input. Again, dimensionless 
ratios are used on the coordinate axes, and only 
the positive half of each curve is shown. This 
curve may be approximated by the sum of the 
cosine-squared curve and the (negative) Gaussian 
curve of Fig. 2, with their scales suitably ad¬ 
justed. Although the curves of Fig. 2 are given 
as functions of time, it has already been pointed 
out that their arguments may be changed to 
frequency if desired. It is convenient to make 
the change for the present purpose. This curve¬ 
fitting is a trial and error process, but is not too 
difficult. The sum of the two curves is indicated 
by the circles in Fig. 6(a) and is seen to fit the 
given curve fairly well. 

In Fig. 6(b) the transforms of the two standard 
frequency functions are plotted, having been 
obtained with the help of Fig. 3, and with careful 
observance of the coordinates. Again, only the 
positive half of each curve is shown. The solid 
curve of Fig. 6(b) is the sum of the two standard 
transforms. It has the proper shape for the 
output signal from the system, but the ordinates 
have just half the correct value. If the ordinates 
arc doubled, this curve represents the desired 
output signal. 

Where the shape of the frequency function is 
not too complicated, as is true here, it may be 
fitted reasonably well by a simple combination 
of two or three of the standard curves. After 
some practice this may be done with a minimum 
of trial and error. Obviously, the more closely 
the sum of the standard curves approximates the 
unknown curve, the more accurate will be the 
final results. 



Fig. 7. Solution by cosine analysis of frequency function, 
(a) Real part of frequency function at output of system, as 
sum of cosines, (b) Output signal from system, as sum of 
transforms of cosines. 



Fig. 8. Solution by cosine synthesis of time function, 
(a) Real part of frequency function at output of system, 
with selected points indicated, (b) Output signal from sys¬ 
tem, as sum of cosines. 

VI. COSINE ANALYSIS OF THE 
FREQUENCY FUNCTION 

In order to eliminate the trial and error of the 
type of curve-fitting just described, the cosine 
functions of Fig. 4 and their transforms may be 
used. It is necessary to interchange time and 
frequency in these curves, but since they are 
real even functions, the interchange may be 
made with no other modifications. The frequency 
function at the output of the system may be 
analyzed as a sum of cosine functions by any of 
a number of standard graphical methods. For 
example, the Fischer-Hinnen method 7 is well 
suited for this purpose. The transforms of the 
cosine functions may then be found from Fig. 4 
and summed. 

This process is illustrated in Fig. 7. The solid 
curve in Fig. 7(a) represents the real part of the 
frequency function at the output of the system, 
just as before, and is plotted in the same way. 
This curve is analyzed as the sum of cosines 
having odd numbers of quarter cycles in the 
frequency interval, / 0 = 2/i. This choice of this 
interval must be such that the given curve has 
essentially zero value for frequencies outside of 
the interval. The cosine functions thus obtained 
are plotted in Fig. 7(a) with the parameter, n , 
indicating the number of quarter cycles executed 
in the interval. Only values of n up to seven are 
plotted, although higher values are actually 
required to represent the curve well. 

The transforms of each of these cosine func¬ 
tions may be found with the help of Fig. 4. The 
transforms are plotted in Fig. 7(b), showing only 
values of n up to nine, and are summed. Once 


7 F. A. Laws, Electrical Measurements (McGraw-Hill 
Book Company, Inc'., New York, 1938), second edition, pp. 
687-695. 
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again, if the ordinates of this sum are doubled, 
the output signal from the system is obtained. 
The larger the number of rosines list'd in the 
original analysis, the more accurately they will 
approximate the frequency function, and the 
more accurate* will be the final result. 

'This analysis of Fig. 7 was carried out with ;/ 
chosen odd, and the curves of Fig. 4(c) and (d) 
were ust'd. Kxactly the same results will be 
obtained if n is chosen even, although the analysis 
is different and the curves of Fig. 4(a) and (b) 
would be employed. There is usually little basis 
for choosing between these two analyses since 
either will produce the same result ,with about 
the same amount of effort. 

The shape of the transforms in Fig. 4(b) and 
(d) is relatively complicated, and their plotting 
and summing as in Fig. 7(b) is tedious. However, 
if it is sufficient to obtain only a few discrete 
points on the curve of the output signal, the 
properties of these functions are such that their 
plotting may be eliminated. It was pointed out 
earlier, in connection with Fq. (4), that there are 
certain times at u r hich only (he curve for a single 
value of n contributes to the final sum. These 
points are shown by circles in Fig. 7(b). The 
times at which these points occur art* n/(4/ 0 ), 
and the values at these times are a n f n , where a n 
is the amplitude of the nth cosine function of the 
analysis, and n is not zero. If n is zero, the value 
at / = 0 is 2 a 0 f a . These points are located by data 
from the cosine analysis, and plotting of the 
transforms is not required. Evidently, if it is 
desired to obtain a large number of points closely 
spaced along the curve of the output function, 
the frequency interval, /„, must be chosen rela¬ 
tively large and the cosine analysis carried to 
large values of n. 

VII. COSINE SYNTHESIS OF TIME FUNCTION 

A further simplification in the analysis results 
if the foregoing procedure is applied in reverse 
order. The unknown frequency function is ana¬ 
lyzed as the*sum of functions having the shape 
of those of Fig. 4(b) and (d), and their transforms 
then found as cosine functions. In this case, 
the frequency and time scales are left as in Fig. 4. 
This type of analysis is simpler than the analysis 
into cosines, since it involves only a direct reading 
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of the value of the curve at certain points. It is 
not necessary to plot the curves into which the 
frcqucnc} function is analyzed. 

This process is illustrated in Fig. 8, where 
once more Fig. 8(a) represents the real part of 
the frequency function at the output of the 
system. The abscissa of this curve is divided 
into frequency intervals, //,, chosen in this case 
as /i/8. These intervals are numbered consecu¬ 
tively as shown, with n equal to zero at zero 
frequency. The value of the curve at points 
corresponding to the various values of n may 
then be read directly. The transform of the 
curve is the sum of the ordinates of a number of 
cosine curves which execute » quarter cycles in 
the time interval, t b = 1/(4/*,) = 2//i, where n is 
chosen either odd or even. The amplitude of the 
nth cosine is p n /h where p n is the value of the 
frequency function at nfi „ and n is not zero. 
If n is zero, the amplitude of the zeroth cosine 
(i.e., constant term) is />o/(2/&). Cosine time 
functions, with n odd and values only up to 
seven, are plotted in Fig. 8(b) and summed. 
Their sum, with its ordinates doubled, is the 
output signal from the system. The same result 
would have been obtained had n been chosen 
even instead of odd, and once more there is little 
basis for choice in the matter. If the final time 
function is to be relatively accurate, the fre¬ 
quency interval,//,, must be chpsen small enough 
so that information is obtained from each 
important part of the frequency function. 

VIII. INPUT SIGNAL IN THE FORM OF A 
STEP FUNCTION 

In the preceding examples, the input signal 
to the system has been chosen as an impulse 
function, since this function has the simplest 
possible transform. For many applications, in 
the analysis of the behavior of servomechanisms 8 
for instance, the step function is often used for 
test purposes. The step function, is defined 
as 

<?,(/) =0 for /<0 
e<(t)~E 0 for />0. 

The step function may also be written e„(t) 

8 H. Lauer, R. Lesnick, L. E. Matson, Servomechanism 
Fundamentals (McGraw-Hill Book Company, Inc., New 
York, 1947), Chap. IV. 
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= Eo/2 +e"(t) where e”(t) is defined as 

fe/'(0 =—Eo/2 for /<0 

(*"(/) »+/j 0 /2 for />0 

and is a real odd function of time. The usual 
step function, e a (t) } is thus replaced by a con¬ 
stant, E 0 /2, and the symmetrical step, e"(t). 
The transform of «,"(/) may be found from 
Eq. (1) as g."(/) = —jEo/a), and is an imaginary 
odd function of frequency. This result is obtained 
by multiplying the time function by factors of 
the form exp(dfcctf), where c is a real constant, 
the sign of which is chosen so as to make the 
product vanish at plus and minus infinity. After 
completing the integration of Eq. (1), c is allowed 
to become zero, whereupon the transform given 
above is found. 

The response of a system to the symmetrical 
step function, «„"(/), may be determined by any 
of the methods already described in connection 
with the impulse function. The response to the 
constant, Eo/2, is simply the product of A (the 
amplification of the system at zero frequency) 
and E 0 /2. Finally, the sum of the responses to 
the symmetrical step, and to the constant, 

E 0 /2, is the response of the system to the step 
function, e,(t). If only the real part of the fre¬ 
quency function at the output is used in the 
solution, the ordinates of the result must be 
doubled. For a passive system, at rest at / = 0, 
the response must also be zero at / = 0. After a 
long time the response must be AEq. 

IX. FINAL REMARKS 

In each of the three graphical methods de¬ 
scribed here only the real part of the frequency 
function at the output of the system was utilized. 
It would be possible, of course, to make the 
analysis in terms of the imaginary part alone. 
There are occasions when both the real and the 
imaginary parts of the function must be con¬ 
sidered. This is true, for example, if a real time 
function having no symmetry is to be trans¬ 
formed into its corresponding frequency function. 
In such a case, the frequency function will be 
complex, and both rehl and imaginary parts must 
be found. The necessary transformations may 
follow any of the procedures already described, 
since the same methods allow transformation 
from frequency to time, or vice versa . 


The imaginary part may be handled most 
easily by a procedure analogous to the third 
method described, in which the real part was 
treated in terms of a sum of cosine functions. 
Inasmuch as the imaginary part must have odd 
symmetry, it must be treated in terms of a sum 
of sine functions. It is not. difficult to set up 
families of sine functions and their transforms 
analogous to the cosine functions of Fig. 4. A 
negative sine curve has as a transform a curve 
similar in shape to those of Fig. 4(b) and (d), 
with the main hump positive. The curves neces¬ 
sarily have odd symmetry, and one function is 
imaginary while the other is real. The most 
important fact so far as an analysis in sine 
functions is concerned, is that the relations 
expressed in Eq. (4) for the transforms of cosine 
functions are also valid for the transforms of 
sine functions. Therefore, the analysis in terms 
of sines proceeds in the same way as has been 
discussed here in terms of cosines. The only 
differences are the opposite type of symmetry 
and the negative algebraic sign which must 
appear in such a ratio as — p n /h , giving the 
amplitude of the nth sine for synthesis by the 
third method. 

Only the very simple cases of an impulse 
function and a step function at the input of the 
system were considered here. If the input signal 
is more complicated so that its transform is not 
readily calculable, a graphical analysis of the 
type already described may be used to find this 
transform. If the input signal is real, but has no 
symmetry, steps (d) through (i) of Fig. 1 must 
be carried out, in reverse order, of course, to 
yield the frequency function, gi(/), corresponding 
to the input signal. With this function known, 
the remainder of the analysis proceeds as already 
described. 

Of the three graphical methods discussed here, 
the third one in which the output signal is 
synthesized as a sum of cosine (or sine) functions 
is probably the most useful. However, if the 
curves are relatively simple, the first method, 
involving an experimental fitting of the curves, 
may lead more quickly to a result. As in all 
graphical methods, the accuracy of the results 
obtained from any of the procedures depends 
largely upon the skill with which the plotting is 
carried out. If only the approximate shape of the 


Volume is, July, 1947 


663 



output signal is required, the graphical curve¬ 
fitting may be simplified so that it may be done 
in a short time, if accurate results are needed 
then more careful analysis is required. 

Finally, it should be pointed out that the 
third method is in many problems essentially the 
same as that used by Bedford and Fredendall. 4 
However, the bases for the two methods are 
somewhat different, and only in certain cases do 
the two become identical. In the present method, 
the frequency function at the output of the 
system is considered in terms of its real or 
imaginary parts, leading to the synthesis of the 
output signal as a sum of cosines or ^ines, all of 
which have zero relative phase displacement. In 


the method used by Bedford and Fredendall, 
the output signal is synthesized as a sum of 
cosines which have phase displacements deter¬ 
mined by the problem. For a given number of 
components, a better representation may be 
obtained by the latter method, since an addi¬ 
tional variable is allowed. On the other hand, 
the manipulation required to obtain the result 
may be simpler in the method described here. 
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Two Calculating Machines for X-Ray Crystal Structure Analysis 

A. D. Booth 

Institute for Advanced Study, Princeton, New Jersey, and Birkbeck College, England 
(Received July 2, 1916) 

The calculation of structure factors in x-ray structure analysis is one of the most laborious 
operations. Two mechanisms are described which have proved of great service in several 
analyses. The simpler of the devices is of general application and can be constructed with 
comparatively limited workshop facilities. 


INTRODUCTION 

PART from large and expensive machines 
for performing automatically the whole 
range of crystallographic calculation, there re¬ 
mains a need for simple ad hoc devices to deal 
with particular aspects of the problem. If the 
current schemes for centralizing the latter stages 
of Fourier refinement come to fruition, this 
demand for the “home made” and simple type 
of calculator is likely to be increased. 

It is the purpose of this paper to describe two 
such arrangements which the author designed 
and found useful in practical structure analysis. 
The first is especially valuable in the case of 
tetragonal space groups and found extensive 
application fluring the determination of the 
structure of pentaerythritol tetranitrate. 1 The 
second is considerably simpler in principle and 
in design and has been in constant and satis- 

1 Booth and Llewellyn, Proc. Roy. Soc. (to be published). 
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factory use in structure analysis 2 * 8 for the past 
four years. 

THE TETRAGONAL CALCULATOR 

In tetragonal space groups it is necessary to 
obtain the value of expressions of the type: 

[ hx r ky r 

cos2ir— • cos2t— 
a b 

kXf hy r l lz r 

— cos2ir-cos2ir— I cos2ir— (l) 

a b J c 

for a range of values of (A, A, l). The information 
given being the values of ( hx r /a , ky r /b, lz r /c) 
and / r . 

This calculation is performed by the mecha¬ 
nism shown in Fig. 1. 

LiNi and L 2 N 2 are two bars of $" diam. steel 

* G. A. Jeffrey, Proc. Roy. Soc. A183, 388 (1945). 

* G. A. Jeffrey, Proc. Roy. Soc. A188, 222 (1947). 
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rod which arc capable of rotation in a horizontal 
plane about vertical axes through their centers, 
0 1 and O 2 , respectively. Sliding along these bars 
arc riders Pi and P 2 , so arranged as to be 
capable of fixation at any given radii 0P\ and 
OP 2 (positive or negative). Attached to the 
riders is a link mechanism VP\RP 2 \ this has the 
bars PiRP 2f VR rigidly fixed at right angles, 
and the links VP 1 , VP 2 of equal length. The bar 
P 1 RP 2 can slide freely through the rider points 
P 1 P 2 , whilst the links Pi V, P 2 V can rotate about 
Pi, P 2 , and V with the latter freely sliding on 
RV. 

The effect of this mechanism is seen to be the 
maintenance of R at the mid point of Pi and Pa. 

If now the bars LiiVi, L 2 N 2 are rotated through 
angles 0i and S 2 from the horizontal line 0iO 2 , 
as shown, the displacement of P, parallel to 
0i0 2 , is simply: 

h(0 2 P 2 cos 02 —OiPi cos0i). (2) 

This component of the motion of R is sepa¬ 
rated by means of the framework A BCD which 
can move, on rollers, in a horizontal line parallel 
to 0i02, P moving in a groove in AB. 

The motion of CD is communicated, via a 
silk string 5, to a disk E which rotates about a 
vertical axis through its center M. The top 
surface of E is covered with fine calico and has 
applied to it a planimeter assembly P. If the 
axis of the planimeter makes an angle 0 3 with 
the radius Mp through its point of contact />, 
the resultant rotation is 

0-ilf/>- cos 03 , (3) 

where 0 is the angle of rotation of E. 



Fig. 1. 


Thus, if scale factors are properly adjusted, 
the motion recorded on the planimeter is: 

Mp(02P 2 COS02 — OlPl COS0i) COS03. (4) 

The planimeter assembly is provided with a 
dutch so that it can be removed from contact 
with E. 



It follows, that by making: 

Mp=f r 

kx T 

0 2 P 2 = COS27T—, 
a 

ky r 

02 = cos2t—, 
b 

O 1 P 1 = cos2x— 
a 

hy r 

0i = cos27r—, 
b 

lZ r 

03 = 27r—, 
c 

and resetting between operations, the summation 
(1) can be computed. The bars L\Nu L 2 N 2 bear 
upon their upper surfaces scales directly cali¬ 
brated in cos27r (hx/a). 

The machine proved most effective when two 
operators were available, one for each turntable, 
L\N\, L 2 N 2t and reduced the time of computing 
the complicated expression (1) by a factor of 
approximately 4. 

Unfortunately no photographs of the machine 
were taken and it has now, with the ending of 
the war, been dismantled. 
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Fio. .i. 


THE COSINE ADDING MACHINE 


This is considerably simpler in principle than 
the machine just described and has the ad¬ 
vantage of not requiring any delicate mechanism 
of the planimctcr type. 

Although not always the most mathematically 
elegant method, it is easily shown that an> 
structure factor formula can be reduced to a set 
of summations of the type: 



ky r h r \ 

T ‘li¬ 


ra 


A table of the functions hx r /azkky r /b+lz r /c 
is readily computed using a ‘Tacit" or other 
multiply ing machine so that it is desirable to 
have a simple and rapid means of effecting the 
summation: 



sin 

cos 


2 irX r . 


( 6 ) 


This is found in the mechanism shown in Fig. 2. 
A planimeter wheel P is mounted on a bar OQ 
pivoted at 0: if the bar is turned through an 
angle CQ~K cos2irJ\f r , where K is constant, the 
motion recorded by P is simply: 

K f 0Pvos2rX r . 

The constjftits are so arranged that OP cc f r so 


that: 

f r cos2 tXt 

is recorded. 

By removing P from contact with the plane 
OABC during the return of Q to its zero, C, and 
resetting OP, the complete summation (6) can 
be rapidly effected. 

'File machine is particularly advantageous in 
organic structure analysis where f r is constant 
for a large number of atoms. 

Practical details are shown in Fig. 3. The 
planimeter wheel has a vulcanized rubber tire, 
the outside diameter being 1.625". The counter 
mechanism was extracted from an old electricity 
meter with a step up ratio between wheel and 
counter of 1:7. The angle scale of cos27rX f is in 
the form of a circular segment and is attached 
to the planimeter on rail assemblies as shown. 
A simple spring push type clutch is provided so 
that the planimeter is normally out of contact 
with the friction plate, the latter being of sand 
blasted brass. An audible “click" is given on the 
return of the setting to zero. 

^ This machine proves not much inferior in 
speed to a normal key driven adding machine. 

DISCUSSION 

The second, and simpler of these machines, 
has been and is of constant utility and is suffi¬ 
ciently versatile to be worth making a permanent 
fixture in a crystallographic laboratory. The 
first is of more ephemeral application, but is 
worthy of description as containing a number of 
mechanical elements which can be incorporated 
in other special purpose machines, and which 
may consequently be of service to other workers 
in the field. 

The author wishes to record his thanks to 
Mr. H. W. Giles for his care and numerous 
helpful suggestions while constructing the second 
machine, and to the Board of the British Rubber 
Producers’ Research Association under whose 
auspices the machine was constructed. For the 
first machine valuable mechanical help was 
given by Mr. W. H. Small, B.Sc. 
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The Field of a Microwave Dipole Antenna in the Vicinity of the Horizon* 

C. L. Pekeris** 

Columbia University Mathematical Physics Group , New York , Neio York 
(Received April 8, 1947) 


In this paper a method is developed for determining 
the electromagnetic field produced by a microwave antenna 
at points on the horizon, and on either side of it, where 
neither the ray theory nor the normal mode theory can be 
used conveniently. The theory is developed for a condition 
of standard atmospheric refraction, by use of a space in 
which the earth is flattened and the rays are curved. This 
allows us to make a simple derivation of the ray theory, 
valid in the optica) region, and of the normal mode theory, 
suited for the shadow zone. For the intermediate region 
centered around the horizon we use the original integral 
for the potential to obtain expressions for the field under 
the restriction of maximum absorption, which for typical 
ground conditions applies to wave-lengths less than about 
a meter. Three cases are Lreated in which the transmitter, 
or receiver, are either situated on the ground or are elevated 
several natural units of height. For an elevated transmitter 
and receiver the Hertzian potential W due to a point source 
at the origin is in the vicinity of the horizon given by 

|¥| *= [l/2(rf)*3| (2/Tcl)e iri * J q expC~i(2r^-M 2 )]^ 

-C(2/3)*«/»*>- j "“^)|, (A) 

with 

P = W 2)*(*-*), tt*-(sr*+5 S -»), 

t = (x-XY/W, *«S|»+Zi*, 

where x denotes the horizontal distance r expressed in 
natural units, ci and the heights of transmitter and 
receiver in natural units, t the distance of receiver from 
transmitter when the former is on the horizon. F(p) (see 
Eq. (68) below) has been evaluated, and is given in Table 
IV, while the integral in (A) can be expressed in terms of 
the tabulated Fresnel integrals. In the limit of very short 
wave-lengths the field on the horizon approaches the value 
1/(2r) which would result from the diffraction of the 
direct ray only by a straight edge placed at the point of 


tangency of the horizon with the earth. A comparison of 
the field obtained from (A) with exact values computed 
by van d. Pol and Bremmcr, using the ray theory and the 
normal mode theory, is shown in Figs. 6 and 7. 

When the transmitter is at zero elevation and the 
receiver is elevated several units of height, the potential 
in the vicinity of the horizon is given by 


« 


i+*i = 


(3/2 ira f y\i 

G(Ph t 

r(rt)i 

(«.-!)» 

(3/2ir 

G(p) 

ir(rf)l 

(«-!)* 


(B) 

(C) 


for vertical polarization and horizontal polarization, re¬ 
spectively. Here «i denotes the complex dielectric constant, 
a c the effective radius of the earth, and X the wave-length. 
G(p) is given in Eq. (78) and is shown in Fig. 4. A com¬ 
parison of (B) with exact values obtained by van d. Pol 
and Bremmer is shown in Fig. 8. 

When both the transmitter and receiver are at zero 
elevation, it is found that the potential can be expressed 
as the sum of the surface wave appropriate for a flat 
ground and an integral depending on the radius of the 
earth. At great distances, the two terms tend to cancel 
out. Under conditions of maximum absorption this leads to 


I*. | 


2 

«iW) 

. ! a,, 1 _ 

£(P') 

~ r‘ka 

(€1-1)1 

' ’ ' r*k o 

(«-l> 


(l->) 


P' = (3/2)3*, g(p') = i - (2e‘*W )(p')iH(p'). 


H(p') is given in (84) and g(p') is shown in Fig. 5, where 
it is compared with results obtained previously by van 
d. Pol and Bremmer using the normal mode theory. 

For points on the horizon Eq. (A) reduces to 

| * | «(1 /2f)11 - (0.684-0.18 M)il |, (E) 

while in (B) and (C) we put j<7(0)| =2.Id. 


1. INTRODUCTION 

N the treatment of the problem of diffraction 
of radio waves around the earth 1 there are 


* This paper is based on work done for the Naval Re¬ 
search Laboratory under contract with the Navy’s Office of 
Research and Inventions. Publication assisted by the 
Ernest Kempton Adams Fund for Physical Research of 
Columbia University. „ 

** On leave of absence from Massachusetts Institute of 
Technology. 

1 G. N. Watson, Proc. Roy. Sue. A95, 83 (1918). B. van 
d. Pol and H. Bremmer, Phil. Mag. 24, 141, 825 (1937); 25, 
817 (1938); 27, 261 (1939). B. Wwedensky, Tech. Phys. 
U.S.S.R. 2, 624 (1935); 3, 915 (1936); 4, 579 (1937). T. L. 
Eckersley and G. Millington, Phil. Trans. Roy. Soc. 237, 


available at present the ray method, which is 
valid only in the lit region, anti the method of 
normal modes, which is suited for the shadow 
region beyond the horizon. On the horizon and 
beyond the ray method breaks down com¬ 
pletely, while the method of normal modes 
requires an increasing number of modes to be 
used as one recedes from the horizon into the lit 

273 (1938). P. S. Epstein, Proc. Nat. Acad. Sci. 21, 62 
(1935). G. Millington, Phil. Mag. 27, 517 (1939). C. R. 
Burrows and M. C. Gray, Proc. I.R.E. 29, 16, 1941. K. A. 
Norton, F. C. C. -Report 39920 (1940); F. C. C. Report 
47475 (1941). 
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Fig. 1. Black circle points were calculated by the ray 
theory. The numbers placed near the open circles represent 
the number of modes that had to be included in order to 
obtain an accuracy of one percent. The horizon is at the 
dashed line (van d. Pol and Bremmer, Phil. Mag. 27, 270 
(1939)). 

region. This is illustrated in Fig. 1 which is taken 
from the work of van d. Pol and Bremmer. 2 The 
purpose of this investigation is to develop a 
theory of diffraction of microwaves which is 
intrinsically most accurate in the vicinity of the 
horizon, and which becomes less accurate as one 
recedes from the horizon either far into the lit 
zone or far into the shadow zone, thus bridging 
the gap between the ray theory and the normal 
mode theory. The horizon is the locus of coales¬ 
cence of the direct ray with the reflected ray, and 
for this reason our work displays some points of 
similarity with Airy’s theory of diffraction near 
a caustic. Expression (A) for the Hertzian poten¬ 
tial given above reduces to an interference 
pattern between the direct and reflected rays for 
points inside the lit zone (Figs. 6 and 7), while 
inside the shadow zone it is a monotone decreas¬ 
ing function caused by cancellation of the two 
terms. 

The propagation of microwaves around the 
earth presents a peculiar diffraction problem, in 
that the distance of the source from the sphere, 
as well as the wave-length, is small in comparison 
with the radius of the sphere. Furthermore, we 
are interested in the diffracted field at points 
which are within a range of only a fraction of 
the radius from the sphere. The question has 
often been raised to what extent an object of 
finite curvature diffracts like a straight edge 
placed at the point of tangency of the horizon 
line. In this connection our analysis shows that, 
within ranges of the order of a fraction of the 
radius from the sphere, the field on the horizon 
approaches the value for a straight edge in the 

* B. van d. Pol and H. Bremmer, Phil. Mag. 27, 270, 
(1939). 
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limit of short wave-lengths, provided we neglect 
the contribution from the reflected ray. The 
latter is justified because of the divergence of the 
reflected ray near the horizon. 

Our treatment differs from Watson’s, and its 
later extensions by van d. Pol and Bremmer, 1 in 
that the problem of diffraction around the 
spherical earth is transformed into one of dif¬ 
fraction over a flat earth through an atmosphere 
with a suitably variable index of refraction. This 
device was first introduced by Schelleng, Burrows 
and Ferrell, 8 and it is known to be valid 4 out to 
ranges of the order of the radius of the earth and 
for wave-lengths greater than a centimeter up to 
heights of the order of a thousand feet. By this 
method one obviates the synthesis of an original 
solution expressed as a series of spherical har¬ 
monics, and, furthermore, arrives directly at an 
integral for the potential containing Bessel func¬ 
tions of the order which are intrinsic to the 
problem. 

The effect of the curvature of the earth is 
introduced by replacing the actual index of re¬ 
fraction n by a modified index N defined by 

N(r)=rn(r)/aii(a) y (1) 

a denoting the radius of the earth and r the 
distance from the center of the earth. In a free 
atmosphere N(r) increases with height h above 
the surface at the rate of h/a t while under con¬ 
ditions of standard atmospheric refraction this 
rate is changed to h/a ef with 3 a^4a/3. Our 
problem reduces therefore to finding a solution 
for the Hertzian potential 'P satisfying the wave 
equation: 

= fe 0 = 27r/X, (2) 

H 2 ~{\+qh) t q = 2/a f , in air, (3) 

M 2 =(l +qh)e lt €i = e—*V/co, in the ground, (4) 

where e denotes the dielectric constant and <r the 
conductivity of the ground, and a time factor 
e“* 1 has been assumed. It will be noted that it is 
necessary to distort the space inside the earth 
as well. The fact that the expression for pi 2 in (4) 
becomes formally negative inside the earth 
(where h is negative) at a depth of about half a< 

9 J. C. Schelleng, C. R. Burrows, and E. B. Ferrell, Proc. 
I.R.E. 21, 427 (1933); J. E. Freehafer, Radiation Labora¬ 
tory Report 447 (1943). 

4 C. L. Pekeris, Phys. Rev. 70, 518 (1946). 
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need not concern us, since the earth-flattening 
approximation is to be applied only under condi¬ 
tions where the energy inside the earth is confined 
to a thin surface layer. 

It should be noted that-the problem treated 
here finds an application in underwater acoustics, 6 
where the index of refraction /a for sound propaga¬ 
tion sometimes varies with depth h according to 
Eq. (3). In that problem of a real flat boundary 


and a variable the parameter q in (3), which 
is a measure of the curvature of the rays, need 
not be small. On the other hand, in the applica¬ 
tion to propagation of microwaves around the 
earth, the earth-flattening approximation is 
valid only insofar as powers of qh higher than the 
first can be neglected, so that in the sequel, the 
expression for the field should be relied on only 
as far as the first power in qh. 


2. FORMAL SOLUTION 

The solution of (2) must reduce to the form e~ ikR /R at small distances R from the source, it must 
represent an outgoing wave at great distances from the source, and the tangential components of 
the electric and magnetic fields must be continuous at the surface of the earth. The formal solution 
of (2), satisfying the above mentioned boundary conditions, can be obtained by a method given by 


H. Lamb. 6 - 6 The solution is built up from elementary solutions of the form 

+ = e**Mkr)F(h)G(k), (5) 

r now denoting horizontal distance, and k a variable over which one eventually integrates in the 
complex A-plane. F(h) satisfies the equations 

(d 2 F/dh 2 ) + [k<?(\+qh) — & 2 ]F=0, in the air (A>0), (6) 

(d 2 F/dh 2 ) + [_ki 2 (\+qh) — £ 2 ]F = 0; &i 2 = & 0 2 €i, in the ground (h< 0). (7) 

The fundamental solutions of (6) are 

M(u) - N(u) « um m ™(2u\/3) y u - (k*/q)itl+qh-(k*/k 9 *fl, (8) 

while the solution of (7), which does not become infinite at great depth, is 

P(v) =v i C7i/3(2v l /^)+^-i/3(2i/V3)]= s [(3v)V2][//i/8 (1) (2v f /3)« ,>/6 +«'~‘ T/6 ^i/3 (2) (2vV^)]» 

v-ih/gKl+qh-ik'/kSn (9) 


Here the phase of u is zero when positive, and — iir when negative, and similarly for v. Let the trans¬ 


mitter’s height above the ground be denoted by hu then we have 

F\(h) = C(k)N(u), h>h u 

Ft(h) =A(k)M(u)+B(k)N(u), 0 <h<h u 

F$(h) —E(k)P(v), h< 0, (10) 

where the functions of A, A, B, C, and E are determined by the boundary conditions. These are, for 
a point source at hu 

Fi = Fo } (dF 2 /dh)-(dFi/dh) = 2k } at h = h u (11) 

dFn/dh^dFz/dh, Ao 2 E 2 = Ai 2 / r 3 at 0, for vertical polarization, (12) 

dFt/dh-0F 3 /dh } F 2 = F z at h = 0, for horizontal polarization. (13) 

Using the relations 

dM/du = «J/_ 2 /s (1) (2# */3), dN/du = uH-w (2) (2w V 3), (14) 

_ #,<»(*)(*) -(*)- (IS) 

6 C. L. Pekeris, J. Acous. Soc. Am. 18, 295 (1946). 


• H. Lamb, Phil. Trans. Roy. Soc. A203, 1 (1904); W. H. Furry, Radiation Laboratory Report 680 (1945). See also 
Arnold Sommerfeld’s article in Frank-Mises, Differential-gleichungeti der Physik (Rosenberg, New York, 1943) Vol. II, 
p. 918. 
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in solving for A, B, C, and E from (11) and (12), or from (11) and (13), we obtain 
+,« -[»«-‘/3(?*.*)»] f J»{kr)kdk(uiu) ! //|/j (!!, (2M i /3)(]//i / a <,, (2M, i /3) + 

•'ll 

+ (B/A)II,„<»(2u,i/ 3)], h>h t , (16) 
-CtVc'“</3(^,i a ) 1 ] f Jn(kr)kdk{ii\u) } //, / 3 <S) (2«iV3)[//i/j <,) (2m ! /3) 

"n 

+ (5/yl)// rj «>(2«V3)], 0</t<Ai, (17) 

-[tT^y^, 2 ) 1 ] f yo(^)^[/ , (y)// 5 (t>„)]// 1 ,y 2i (2«y3)[//, /3 (i) (2«o ! /3)+ 

•'ll 

+ (B/iD// w ‘«(2*«»/3)], A<0, (18) 

«o=(*o/#[i-(*V*o 2 )], »i-(ft./4)*[i+«*.-(*VW)3. p.-(*i/?) , Ci-*(* , /*»*)], (19) 

JJ/A = -C ( S«oW 1 /s< 1 >(2M 0 y3) -Mj/- 2 - 5 <1> (2«oV3)K/3«o‘//n3 (i!> (2«oy3) -«o//- 2 /» (2) (2m„V3)], (20) 

/3 = (l/«i i )[2 i (t'o)/P(t , «)]—( m’d { /«i*)> y=1/*i, for vertical polarization, (21) 

(i = ti i [I i (Vo)/P(i'o)3~tv» i -ei i : y — 1, for horizontal polarization. (22) 

The only assumption made in deriving this solution,'aside from the one involved in the earth¬ 
flattening approximation, was in writing ivg* for E(vo)/P(v„). This approximation holds with in¬ 
creasing accuracy the more absorptive the ground is; even for dry soil the error introduced by this 
approximation is less than one part in 10 7 . 

We shall now show that in the limit of an infinite radius of the sphere (q—* 0) our solution reduces 
to Sommerfeld’s solution* for the potential of a dipole over a flat earth. As q— >0, n 0 defined in (10) 
becomes very large, and 

«i*—♦«o , +(3Ai/2)(Ao*—A*)H-; m^m 0 ! + (3A/2)(A 0 2 -A 2 )» + ‘ ‘ ’• ( 23 ) 

We can therefore replace the Hankcl functions in (16) and (17) by their asymptotic expansions: 

//i/» (,, (*)-*(2/«)» exp[*(s-5r/12)], i/i„ <2) (2)-*(2/Vz)f exp[*(-*+5ir/12)], (24) 

B/A —>exp[ — t‘5ir/6+4ittoV 3 J/? (A) , k<k 0 , (25) 

rAiW-A^-AsW-A*)*] 


m 


[-A, 2 (A 0 2 - A 2 )*- Ao 2 (A, 2 - A 2 ) >1 
~ U 2 (A „ 2 - A 2 )»-h*o 2 (^i 2 - A 2 ) U ’ 
r(Ao 2 -A 2 )i-(A 1 2 -A 2 )h 
**)»+(*!* — 


for vertical polarization, 


-(A„ 2 -A 2 )»+(A 

(«,«)»//, /3 < 2 >(2«!/3)C// 1/ ,“>(2«.V3) + (BM)7/ 1/ 3< 2 >(2«iy3)] 
3( 2 A„ 2 )* 


for horizontal polarization, 


( 26 ) 


. cxp[ i(h - hi) (A 0 2 - A 2 ) »]+(A) exp[ -*(Ai+A) (A„ 2 —A 2 ) >2 1, (27) 

t(A o s -A 2 ) 1 
c* J 0 (kr)kdk 

Vi-^-it - {expC—— Ai)(* 0 * — * a )expC~+*)(*o 2 —* 2 )*]}, h>hi. (28) 

# •'o (A 0 *-A 2 )* 


This agrees with Sommerfcld’s solution for a flat earth in which hi— >0, since (Ao 2 —A 2 )*—► —t(A 2 —Ao 2 ) 4 
for A>A 0 . 

7 Reference 5, p. 296. 
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relation 



b- h < h, 


f Sa(kr)f(k)kdk=i f JIo (2) (kr)\fi(k)kdk. (29) 

J o 

In the limit of large r (in comparison with X) we 
have 

//o (i) (*r)-^(2/»*r)* exp[7ir/4 — ikr~] t (30) 
and (29) reduces to 


Fk;. 2. //j = height of transmitter, height of receiver. 

3. RAY THEORY 

In this section we shall show briefly how one 
can derive from our solution given in (16) and 
(17) the geometric-optical approximation, which 
is valid for short wave-lengths inside the lit 
region. No detailed discussion of this subject 
will be attempted here, since this has been done 
adequately originally by van d. Pol and Bremmer 
and later by Burrows and Norton, 1 and since, 
furthermore, our main interest in this investiga¬ 
tion lies in determining the field in the vicinity 
of the horizon. Now, according to Fermat’s 
principle, a ray is a curve connecting the trans¬ 
mitter and receiver such that along it the travel¬ 
time is stationary. Such a curve is characterized 
by a definite angle 0 which it makes with the 
vertical at the transmitter, and this value of 0 is 
associated with a particular value of k (<k 0 ) in 
the integrals (16) and (17), through the relation 7 
k = kQn(h\) sin0. Hence our task is to find the 
values of k in the path of integration for which 
the travel-time is stationary. This travel-time 
is equal to the limit approached by the phase of 
the wave as the frequency (or ko) is increased 
indefinitely, because the beginning of a pulse 
starting from quiescence is controlled by the high 
frequency components. It follows that our pro¬ 
cedure is first to obtain asymptotic expressions 
for the integrands valid for large wave numbers 
&o, then find the values of k for which the phase 
is stationary (if such points exist), and finally to 
evaluate the integrals around the points of 
stationary phase. 

To begin with, the integrals in (16) and (17) 
can, under certain conditions 8 which are met in 
our case, be transformed by the use of the 


Ju(kr)\l/(k)kdk 

V(2 t r)»] f e~i**4,(k)k*dk. 


(31) 


1 aking now the integral in (16) we write it in 
the form 


7 r exp[iw/ —tV/4] 

. . . . . 

3(<z*„-)l(27rr)i 


xj «-•*'[! \k) + W{k)-\k'‘dk, h>li u (32) 


IW - («!«)*//) .,*(2«V3)//i/j (1) (2«i'/3), 

(33) 

W{k) = {u x u)KB/A)II h 3<*>(2k*/3)//u3 <2> (2k. ! /3). > 

For large wave numbers k 0 , and as long as k is 
less than & 0 (1 +qh\Y (and therefore also less than 
&o(l+£/*)*)> both Mi and u are large, so that we 
obtain from (24) 

e-^V(k)-*(S/ir)(uu x )- 1 exp [-t/>i(*)], 

P\(k) =*kr+(2u*/3) - (2mi*/3). (34) 

The point k of stationary phase is determined 
from 


d/> i (k)/dk = r — (2 x/q) [ (1 -f qh — .v 2 )* 

— (1 — 0, (35) 

x^(k/ko) = (l+qhi)* sin0. 

As .v varies from zero* to its maximum possible 
value of (1 +qhi)\r changes from zero to foi where 

qfo = 2[1 +ghi^ • [g(fc- /b)]* (36) 

defines the ray which starts out horizontally at 
the source. In real space the rays defined by (35) 
are the direct rays emitted above the trans¬ 
mitter’s horizon. 9 


8 Reference 5, pp. 305 to 307. 

Volume is, July, 1947 


9 Above line AB in Fig, 2. 
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If the receiver is located above h\ but below 
the transmitter’s horizon (r>fo)» the phase of 
the term e~ xkT V(k) in (32) does not have a 
stationary point, so that this term’s contribution 
becomes small relative to the second term’s, on 
account of its highly oscillatory nature. The 


direct ray reaching the receiver in this case arises 
from a stationary point k of e~ xKr W{k) } where 
ko<k<ko(l+qhi)*. This term has also another 
stationary point at k<kv, which gives the re¬ 
flected ray for any position of the receiver in the 
lit zone. When ko<k <kv(\ +qh\)* we put 


w - (2/3)(k 0 /q)l(k 2 /k 0 2 ) -1]», (2«.V3) ~e~ x "‘ 2 w, 

and obtain from (20) 

B 10[/-i/a(w) +e~‘ r/8 /i /3 (^)] + (3w/2) l [/2/3(w) 4-e“ lW3 /-2/s(w)] J 
A 1 /3[/^i/3(w)+e tr/8 /i/3(w)] + (3^/2) J [/ 2 /3(w)+e IT/s /_2/3(w)^ 1 

For large w 

I,(w)^[e w /(2rw)^[_\ — { (4v 2 — l)/&w] 4-], B/A-^e~ xvls t 

and 

e-'*'W(k)-*(3/T){uMi)-t exp[(iir/2) — ip 2 (k )], p 2 {k) -*r+(2«»/3) + (2«iV3), (40) 

dp 2 (k)/dk = r — (2 x/q) [ ( 1 +qh 1 - x 2 ) *+ ( 1 +qh - x 2 ) *] = 0. (41) 

As x varies from its minimum value of 1 to its maximum value of (l+qhi)*, r, as given by (41), 
changes from f to f 0 , where t denotes the horizontal distance from transmitter when the receiver is 
on the horizon, and is given by 

qT = 2(qh l )*+2(qh)*. (42) 

These are the direct rays emitted below the transmitter’s horizon, thus complementing the direct 
rays not included in pi(k). 

For k<ko we have, on using (25), 

e~ xk 'W(k)->R(k)(3/ic)(uui)-l exp[-!>,(*)], pz{k) =kr- (4« 0 f /3) + (2w»/3) + (2*^/3), (43) 


(37) 

(38) 

(39) 


^)/^ = r-(2x/ g )C(l+^ 1 -x 2 )i+(l+^-x 2 )*~2(l-x 2 )i]==0. (44) 

Here, as x varies from 0 to 1, r changes from zero to f. These are the rays reflected at the surface of 
the earth, R(k) representing the reflection coefficient for a plane earth, with the divergence factor 
arising from the integration around the stationary point, as is shown in the Appendix. 

When the elevation pf the receiver is less than that of the transmitter ( h<h\) we have to use 4^2 
given in (17). Here the second term is identical with W{k) in (32), and therefore leads to the phases 
p 2 (k) and p*(k), which are symmetrical in hi and h . In the case of p 2 {k) 

k*<k<h(\ +qh) *, qf > qr > qr Q = 2 [1 +qhy • lq(hi - h) ]*, (45) 

where fe denotes the horizontal distance when the transmitter is on the horizon of the receiver (see 


Table I. Location of the points x( = k*/kt) of stationary phase, and the rays associated with them. 



Phase 

Eq. 

Limits of x 

xi xt 

Limits of r 

r(x 1 ) r(xt) 

Nature of 
ray 

Sign of 

dk* 

h>hi 

* pm 

35 

0 

( 14 * 2 ^ 1 )* 

0 

u 

Direct 

_ 


pm 

41 

1 

(l-i -qhi)l 

t 

to 

Direct 

4- 


PM 

44 

0 

1 

0 

t 

Reflected 

— 

h<h\ 

PM 

47 

0 

(l+8*)» 

0 

ro 

Direct 

— 


PM 

41 

1 

(1+8*)* 

f 

ro 

Direct 

4- 


PM 

44 

0 

l 

0 

t 

Reflected 



*672 


JOURNAL OF APPLIED PHYSICS 







Fig. 2). When the receiver is closer to the transmitter (r <r 0 ), the direct ray arises from a stationary 
point of the first term in the integrand of (17): 

^' l ‘ A?r (ttiw)*//i / 8 (2) (2tti i /3)//i / 3 (I) (2ttV^)~ > (3A)(wwi) _l exp[—i/>4(fc)]. (46) 

pA(k)mkr+(2ui*/3)-(2ui/3), dp<(k)/dk = r-i2x/q)l(l+qhi-x 2 )*-(l+qh-x 2 )*] = 0. (47) 


As x varies from zero to (1 +qh)* y r changes from zero to r 0 , thus complementing the rays arising from 
the stationary point in the second term. The reflected ray in the case h<h\ arises from the second 
term, and is given by (43) and (44). The location of the points of stationary phase is summarized in 
Table I. Figure 2 illustrates the geometry of the problem. 

We shall now indicate how one obtains the amplitudes of the rays by integrating around the 
points of stationary phase. It will suffice to illustrate the procedure in the case of the first term of 
^2 in (17), which yields the direct ray given in (47). We have first, on using (31) and then (46), 




iir exp[io>/] p* 
3(<zfeo 2 )* 


f /o(*r)WiK^ 

J n 

w exp[io)t — ii r/4] p°° 


3(}*o # )K2«r) 


C 

- I e-^(tt 1 w)l// J/3 (2 H2wiV3)//j/3 (l K2wV3)(ife)Wife 

7Tr)» •/-,« o 

exp[iu>£—iir/4] 


(qkoWrr) 


- I (uu\)' 1 exp[ — ipi(k)~\k*dk. 

irrY J-i* 


(48) 


Let the point k at which p\(k) is stationary be denoted by k* ; then we have in the neighborhood of k* 

p A (k) = p*(k*) + \ Z&p 4 (k*)/dk*y + • • •, t = k-k*. (49) 

Using this expansion in (48) we obtain 

j * (uui)~l exp[~ip 4 (^)]^^^exp[—i/> 4 (fc*)][(ttWi) _i i J ]A-«./i*- J* exp [ — (id 2 p i /2dk ,i )t 2 ']dt 

2tc 11 

= (k*)i(q/ko)Kl+vh 1 -x*)-Kl +qh-x*) -» expO/4-r> 4 (**)]|.. .... (50) 

where we have written x for k*/ko- Hence, the direct ray is given by 


Wpt/d k'‘ 


exp[*w<-t/> 4 (fe*)>* 

-. (51) 

\_k<>r | d 2 p i /dk i | ] l (l +qhi — .v 2 ) } (l +qh—x' i ) 1 


This can now be expressed explicitly in terms of r, hi, and h by using (47). It follows from the latter 
that 

.T 2 = [r 2 /4i! 2 ]-[>+6+(4a6-gV 2 )‘], flsl+ 9 A lt 6 = 1 + 2 *, 2! = [r 2 +(*-* ,)*]», (52) 

d 2 pi/dk 2 = — [r(4o6— g 2 r 2 ) } /2*o*(a — * 2 ) } (5 — x 2 )*], 

cxp[t«f— ipt(k*) ]x2* exp[iw<— ip i (k*)']\_a + b +(4o6—g 2 r 2 ) *]* 

---. (53) 

r(4o6—gV 2 ) 1 2*2!(4a6-gV 2 )* 

Pi(k*) = [*,/(3 • 2*2!)] • [(<z+6+gi?)l+(a+6-g2?)i] • [gV+2a 2 +26 2 - (a+b)(4ab -g 2 r 2 )»]. (54) 

The amplitude of the direct ray reduces to ii -1 if powers of g higher than the first are neglected. 

As to the normal mode theory, which is useful in the shadow zone, we shall merely mention here 
that it can be obtained by evaluating the integral in (32) at the residues of (B/A) defined in (20). 
For details of this calculation in the case of strong absorption ((3^1) the reader is referred to reference 
5, pages 307 and 308. 
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Tabu' II. 



k <ko 

k>k 9 

Uo 

(3i>/2)* 


u 

sj+(3»/2) 1 

Si-(3w/2)» 


c, + (3r/2)» 

5,-(.H*/2)« 

*o(19) 


[L»(.i - (?«■/*, 2)1 

(*/M 


i+ S’ (,2a ' ), -£ (i2 “' )4,+ --- 

PM 

pi(k u )-pvi + 0/4(?,2 2 )*](3t>/2) 4/ H - 

^f4.)+pa' i + CJ/4(r 1 :i)t](3t- / 2)*'>+ 


4. THE FIELD IN THE VICINITY OF TJHE HORIZON 
IN CASE THE TRANSMITTER AND RECEIVER 
ARE ELEVATED SEVERAL NATURAL UNITS OF 
HEIGHT ABOVE THE GROUND 

We now turn to our principal task, which is 
the determination of the field in the vicinity of 
the horizon. It will be noted from Table I that 
as r—*t (the horizon) the stationary point of 
p 2 (k) approaches fco from above, while the sta¬ 
tionary point of pi(k) approaches the same 
limit from below. This corresponds to the 
coalescence of the direct ray with the reflected** 
ray on the horizon. Since both of these stationary 
points arise from the second terms (containing 
the B/A factor) in the integrands of (16) and 
(17), and since the principal contribution to the 
integrals occurs near the stationary points, it 
follows that, except for the case when the trans¬ 
mitter or receiver are on the ground, the field in 
the neighborhood of the horizon can be deter¬ 
mined approximately by integrating the second 
terms in the integrands of (16) and (17) over a 


small range of k on either side of & 0 . When the 
transmitter or receiver, or both, are on the 
ground, both terms in the integrands of (16) or 
(17) need to be considered. 

In the sequel it will be convenient to define a 
natural unit of height, II, and a natural unit of 
horizontal distance, L, through 

II = (k^q) 1 , L = 2(kq 2 )~K n-hi/II, 

z 2 = h/H, x = r/L , p « (3/2) * (x - x) . (55) 

If X is expressed in centimeters then, for a mean 
radius of the earth of 6371 km and a,= (4/3)a, 
we have 

II(m) = 2.208X*, L(km) = 6.124X*. (56) 

Further, we write 

(*VW)-l»(3flw/2* 0 )«, k>k Q \ fto, (57) 
1 — {k 2 /ko 2 ) = (3vq/2ko ) J , k< 

and tabulate the expansions of some relevant 
quantities in Table II. (B/A) is given in terms 
of w for k>ko in (38), while for k<k Q we have 


B 1 / BtJ-Uv) -e - T ^Vv3W3 + (3r/2)i[/ 2/3 W+e~ tr/a /-2/ 3 W ] 
1 PZJ- m (v) W] + (3v/2)»[/2/3(v)+e-/^2/8(v)] 


We shall limit the discussion to the case of strong absorption when 0 is large, so that 
B r//,/, <1) (2»oV3)l [7-y,(p) -e- ,T/8 /i /8 (i>)3 [/_ i/»(w)+e- r/il /i/»(M>)] 

7""* 1 jiW S) (2«oV3) J ” _ [/.ww+e-'^w] ‘ 3 ' 

Now 

where the subscripts v and h signify vertical and horizontal polarization, respectively. Table III 
shows in four typical cases of ground constants that for wave-lengths less than a meter I j8„| ^1, and 
that this is true at all frequencies for 10* |. Relation (59) is strictly true when the ground is a perfect 
reflector,® i.e., when the boundary condition at the ground is 
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It follows from the preceding discussion that in the vicinity of the horizon 


\j/<" 


tir cxp[t«/] 


3(gM‘ 

r exp[i<>)t— tx/43 
it 1 expQtW—t»/4] 


f Ja(kr)kdk (uiu) *// 1/3 (2) (2« 5 /3) Hi /» <2) (2»i */3) 

•'o 


/fi/s <2) (2«oV3) 


/ ” 3) 

e~ a ' r (uiu) i II 1 ,/ t) (2u i /3)Hi; 3 (1> (2u^/3) - 

IL»™(2uJ/3) 


3(12 )»(rL) 


hj. 


e-‘* r (MiM) i // 1/ 8 (2) (2« J /3)//i/s <4) (2«xV3) 


IIi/z (i) (2iiv i /3) 

I-vz(w)+e~ i * l3 I w {w)'\dw 


( 61 ) 


[7 


- 


l/3(w)+« iT/3 /l/3(w) Jod 

7-i /3 (r) -e~ t>/3 /i /3 (tOTfo 


e~ ikr (UiU) ^Hnz w (2u^/S)H\n w (2u\^/S)\ - 

o L /-i/ 3 («0 —e tr 


*(v)-e irl V m (v) Jid 


- . («) 


where u , Wi, and £ take on their respective expressions in terms of w and v , as shown in Table II. 
The only approximation made in going from (61) to (62) was in writing k o* for k* t which is justified 
because H 2 /L 2 (=* 1.3XlO“ 7 X* cm ) is extremely small in the microwave region. 

We shall evaluate the integral in (62) for the case when Z\ and z are several units. We can then write 


e- i ^(tt 1 w)*// 1/3 ( 2 >(2wV3)//i/3^ 2 H2w 1 V3)^(3A)(w« 1 )-iexp[t5T/6-i> 2 (ife)] f 


(63) 




exp[i7 *712 +iwt — ip 2 (k 0 ) ] 


(12)*(*rL)l(*ft) 


2(^o)J[ r / e iir/3 [/,i /3 (7e)-7 1/3 (w)]\rfw; 

--1J exp[ — %pw 2n — w«/ ,/3 ]^e ---———- | 


+ J exp [ipv 2/ * — i$v* f *2 ^ 


[/.i/a(w)+« ,>/8 / 1 /j(w)]/ w 1 

j-\m(v) -e~ t>/3 7i/ 3 (r)\^l 

/id)' 


/- 1 / 3 W —e trf *Ji/a(v) 
f c\p[ —ipw‘ 2/:i —tsw 4/3 J(dw/w 3 ) = [(12) V^] f exp[—i(2r*/+/ 2 )]d/, 

•'ll •'0 

U*«[(l/*i*) + (t/*‘)]. T = (x-xy-/il\ 5 = (3/2) 4/3 x/4(zi2 2 ) 1 = (3/2) ,/3 $2V4 ; 

z* 00 r/.. 1 /jW-r i,/, J 1 , 3 (ti)]* 

I cxp[i/>p J ] - — 

•'ll L /_„,(») - s'" 1 /,/.(*) -M 

I-Ui(x) ~ Il 'i(x) 


(64) 

(65) 


= e ,W3 f 
•'O 


uxp {[(- 31/2) + (»/2)]/>. 


He 




3 l 


* = 


cxp[tw< — J j 2e ir 


2 (rf) 4 


r/4 ( 2 / 3 ) i Uer ir ' 1 * 

-<- I cxp[-*'(2T*/+/*)]d/---^(p)}, 

I IT* Jr ** 


( 66 ) 

(67) 




Table Ill. 

Values of |0 V | 

and |/3*l for four typical ground constant 

s. 

X 

1 cm 

10 cm 

100 cm 

10 m 

600 m 


10-1 

601 

279 

129 

49.8 

1.87 


10 *! 

2400 

1120 

523 

359 

672 

««4, <r*10 w e.m.u. 

•10.1 

• 436 

202 

93.9 

43.3 

3.40 

Dry soil 

!0*l 

3920 

1820 

* 

845 

397 

368 

€® 9 , <r»3XlO~ l4 e.m.u. 

I 0 -I 

346 

161 

74.5 

34.3 

2.64 

Average soil * 

|0*l 

5190 

2410 

1120 

525 

476 

e«15, <r*5X 10~ 14 e.m.u. 

I 0 .I 

154 

69.3 

17.0 

2.53 

0.084 . 

Sea water 

I0*i 

12300 

5920 

5260 

7590 

15020 

«»80, d-««5X 10~' u e.m.u. 
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Table IV. Values* of F(p) and G(p ) defined in (68) and (78), respectively; K and 7 denote real and 

imaginary parts. 


p 

-4.0 

-3.5 

-3.0 

-2.5 

-2.0 

-1.5 

-1.0 

-0.5 

0 

0.5 

1.0 

1.5 

2.0 

2.5 

3.0 

3.5 

4.0 

mp) 

— 2.85 

.18 

1.70 

2.21 

2.21 

2.04 

1.84 

1.64 

1.44 

1.23 

1.03 

.84 

.68 

.55 

.45 

.38 

.33 

IF(p) 

-2.79 

-3.15 

-2.18 

-1.10 

-.36 

.02 

.14 

.10 

0 

-.11 

-.20 

-.26 

-.27 

-.26 

-.24 

-.21 

-.19 





RG(p) 

8.38 

5.96 

3.62 

2.49 

1.84 

1.24 

.67 

.27 

.07 









IG(p) 

-1.63 

2.89 

3.24 

2.22 

1.06 

.21 

-.16 

-.23 

-.16 






f dxr L 1 / 3 W-/ 1 / 3 W ] 

HP)- exp l-ipx^—\ --—- —— 

Jo x *L 7~i/a(x) +c tT/3 /i /8 (A:) J 



exp {[(— 3 J /2) + (i/2)]pjc* 



7_t/*(x)-7i/a(x) 
7_i /a (a*) +e-^ /3 7i /8 (^) 


( 68 ) 


In deriving (67) we have neglected the contribution from the u 4/s and w* fz terms in the exponents 
of the second and third terms in the integrand of (64). This is justified if the principal contribution 
to F(p) arises from a small range in # near the origin, or if s<& 1 . In any case, the error involved can 
be estimated by using instead of F(p) in (67) the quantity [_F(p)+is(d 2 F/dp 2 )~]. If s(d?F/dp 2 ) is 
small, it can be added to F(p) to improve the accuracy; if it is not small, (67) cannot be relied upofi. 

Values of F(p) at intervals of 0.5 obtained from ( 68 ) are shown 10 in Table IV. From the second 
differences, approximate values of (FF/dp 2 were obtained, and are plotted in Fig. 3. 

The integral in (67) can be expressed in terrmfof the tabulated Fresnel 11 integrals, as follows: 

(2/»*)(e"' 4 ) f exp[~tX2r*/+/ 2 )]rf/ = ^Ml~(l+i)[C(r)-i5(r)]), r*>0, 

J 0 

-e' T {l + (l +<)[C(r)-f5(r)]|, r*<0, . (69) 


where r*[ = (x — x)/ 12 ] is positive for r>f, and negative for r<f. For large positive p (in the shadow 
zone) 

F(p)->(3/2p)e-'*'\ f exp[-i(2r*/+/*)]*->-i/2r», (70) 

Jo 

and these leading terms just cancel each other in (67). 


5. THE FIELD IN THE VICINITY OF THE HORIZON WHEN THE TRANSMITTER IS ON THE GROUND 
AND THE RECEIVER IS ELEVATED SEVERAL NATURAL UNITS OF HEIGHT ABOVE THE GROUND 

When Ai = 0 , but A> 0 , we have Wi = tt 0 , and Fqs. (16), (15), and (20) yield 




» 2 )‘] r 

•Jo 


Jn{kr)kdku\H\i* m (2u*/X)/Q{k), 


'(71) 


Q(k) m [/3uoi// 1/3 (a »(2M„l/3) - uJI.-m w {2uJ/3)-}. (72) 

Proceeding now as in the previous section we obtain, in the case of strong absorption and a value of 
Zt of seyeral units, 

2* exp[tw<+tr/4] r x 

-—-- I e~ ,kr k*dku ‘//i/s m (2u i /3)/Q(k), (73) 

(qko^irr)^ *7_,® 

“ We are indebted to the Mathematical Tables Project for the use of their manuscript of Bessel functions of order J. 
" Jahnke-Emde, Tables of Functions (Dover Publications, New York, 1933), p. 35. 
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Q~0u^H m ^(2ui/3) = [(2/3i). (3»/2)*] • [iJ- m (v) +«- >/6 .7 1/3 (*)]0, k <k a , 

= [(2/3*) • (3w/2)*] • [t/_ 1/s («0 /s («/) ]0, *>*o, 

c- <t 'M»/fi / ,<»(2M»/3)-^(3/ 1 r*)M-» exp[t5ir/12-i>5(*)], ft(jfe) =fcr+(2w*/3), 
/>»(£)= M^o) — pv i +s'v* n -\ -=/> 5 (fco)+/w 1 +s , w 4/, H-, s' = (3/2) 4/1, /4z2*, 


exp ji[w/ — (jt/3) —k n r — (2 s2 */3)]( (3X/2*-a e )* 
--£(£), 


C-{P) = f 

•'ll 


exp[ — ijnv^}dw 


w*[/_i/»(w) +e i, ' , /i /a (w)] 


•/ 

" o 


7 r(rf)* 7 («i — 1 )* 

cxp[t/>D*](fti 


*[/.,/,(»)-e-'V^*)] 


/' 

n 


exp[—tpx*]dx 


.r*[/_i/»(x) +e itl3 I us (x)'] 


n exp 

»'"* I- 

Jo X 


* exp{[(-3*/2) + (i/2)]/>.v*)</j: 


*[/_ 1/ 3W+c--'»/ 1 / 3 (^)] 


(74) 

(75) 

(76) 

(77) 


(78) 


As before, the contribution from the 5 ' terms in the exponents can be estimated by using instead of 
G(p), lG(p)+is'(<PG/dp*n 

Values of G{p) are given in Table IV, and G{p) | is plotted in Fig. 4. Figure 3 gives approximate 

values of d?G/dp i , which may lx? used for the purpose of estimating the correction due to the s' term. 
* 

6 . THE FIELD WHEN BOTH TRANSMITTER AND RECEIVER ARE ON THE GROUND (SURFACE WAVE) 


The expression for the potential is obtained in this case by putting u — uo in (72): 

* = [2e'“‘/(«*.*)»] f Jo{kr)kdku n 'II m ^{2u'/3)/Q(k). 

"0 

Making use of the identity 
Mo*//i/.i <2) (2«o 5 /3) (qk o 2 )* 


(79) 


Q [(Ao 2 -)fe 2 )*+y(/fei 2 -^ 2 )*] 

we can write 

'F = <£T^'i <j>— —2ie tul 


f 

•'ll 


i+lu 0 H t /3 (2 )(2m*/ 3)-iw„/7_V 2 >(2woV3)]/<?), (80) 
Jo(kr)kdk 


/ = 2e'"' f 


0 [(Ao 2 -* 2 )‘+7(*i 2 -* 2 )*] 
/„(ftr)^[«J/i/s <2> (2M«l/3)-tM 0 //- 2 /» (2> (2«o»/3).l 
[(*.*-**)*+7(*i*-**)‘]e(*) 


(81) 

(82) 


Here <f> is Sonrmerfeld’s potential of the surface wave for a flat earth, as can be seen by putting 
A t = A = 0 in (28). 4 1 is an additive potential which represents the effect of the curvature of the earth; 
it vanishes in the limit of an infinite radius. 

Using the same methods as in the preceding two sections we obtain, for the case of strong absorp¬ 
tion, 


* 


exp[i(3ir/4) —irkii^q 


(2ar£ 0 )K e i — 1)7 2 


■H(P'), 


p' = (3/2)Hr/L), 


(83) 


H{p') = f exp[— ip'x*~\ • [E(x) — iF(x) Iflx + f 

Jq Jo 


exp!/»'[(—3*/2)+«/2)>M .lE(x)+iF(x)-]dx, (84) 


E(x)—iF(x) 


e-‘T/ 4 [/_ 2/ ,(x) -/i /3 (x)]+t[/-i/,(x) -/ OT (x)] 

[/_,/.(*)+« < "*/t/>(*)] 


(85) 
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Ill the microwave region we may use for <t> the leading term in the asymptotic expansion 


*— 


2 i exp[-t^ 0 r]r 

7 2 («i-l)*or 2 L 


t(3«i+2) 

1 +-- 

ko r 


f • 



(86) 


which follows by partial integration of van d. Pol's integral for Combining (83) with (86) we 
obtain for the surface wave in a spherical earth 


cxp[-j(*72)+i&„r] 

vJ/'V/- 

7 2 («i-l)*or 2 


g(P')< 


2e trli 

£(/>') = 1- -(PVH(p’). 


(87) 


The function II(p f ) has been computed from (84), and | g(p') | is shown by the dashed curve in Fig. S, 
where it is compared with a corresponding function G(rj) (^ = 0.521/>') computed by van d. Pol and 
Bremmer, 1 ® who used the normal Ynode theory. 


7. DISCUSSION OF RESULTS 

In this section we shall apply our theory to 
several cases which have been computed exactly 
by van d. Pol and Bremmer, 1 using the normal 
mode theory. The theory developed here is best 
suited for computing the field on the horizon and 
its immediate proximity, it becomes increasingly 
inaccurate as one recedes either far into the lit 
zone or far into the shadow zone. In addition, 
we also restricted ourselves to the case of strong 
absorption through the assumption that the 
quantity 0 given in (21), (22), and’(60) is large 
compared with unity. In the case of an elevated 
transmitter or receiver we have also assumed 
that the elevation is several units of natural 





Fig, 3. Approximate values of ld t F(p)/df?'] and 
[jPG(p)/dfP“\. The numbers on the curves denote values 
of P» 


“ B. van d. Pol, Zeits. f. Hochfreqenztech. 37, 152 (1931). 
U B. van d. Pol and H. Bremmer, Phil. Mag. 24, 173 
(1937). 


height (zi or and that the quantities s, or 

s' defined in (66) and (76) are small. All these 
assumptions become valid as the wave-length is 
decreased. 

Figures 6 and 7 show a comparison of our 
results with exact values obtained by van d. Pol 
and Bremmer for an elevated transmitter and 
receiver. The case of a grounded transmitter is 



Fig. 4. The modulus of G(p) defined in Eq. (78) and 
tabulated in Table IV. 
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shown in Fig. 8. Some relevant quantities are 
tabulated in Table V, where the actual radius of 
the earth was used so as to conform to the cal¬ 
culations of van d. Pol and Bremmcr. It is seen 
that in the cases treated the agreement near the 
horizon is sufficient for practical purposes for 
microwaves. Good agreement is also shown by 
Fig. 5 for the surface wave. Here our results do 
not go beyond those obtained by van d. Pol and 
Bremmer. 

In a subsequent communication it will be* 
shown that when the transmitter’s height Zi is 
small, equations (B) and (C) are to be multi¬ 
plied by a factor |(l+£tei|. When both z\ and 
%2 are small the potential |\P| in (D) is to be 
multiplied by | (l+jSziHl+fe) I. Burrows and 
Gray 1 have computed a function F{L) = (3*/2ir) 
X |G[(8/9) 1, using the normal mode theory. 
These authors also give F(L) for the case of a 
perfectly conducting earth. 

APPENDIX 

The Amplitude of the Reflected Wave 

If we integrate the second term in (32) around the 
stationary point k* of ps(k) defined in (44) we obtain, in a 
manner Similar to the derivation of (51), for the amplitude 
of the reflected wave 

P -2(1 +gh l - [2*7(1 +qhi -*’)•] 

+2 (1 +qht -* s )‘ - [2*7(1 +?A 5 

-4(1 -x J )*+ C4**/(l-*»)*]; x = k*/K (b) 

Here R(k), the reflection coefficient for a plane earth, is 
given in (26). In deriving it we used the asymptotic ex¬ 
pression (25), which is valid only if tio is large. This is 



Fig. 5. Comparison of our results for the surface wave 
with those of van d. Pol and Bremmer (Phil. Mag. 24, 173, 

1937). - 1 g(p') |, Eq. (87);-the corresponding 

function from normal mode theory using various modes. 



Fig. 6. Comparison of our results with those of van d. Pol 
and Bremmer. 2 Transmitter and receiver at a height of 
100 m. e = 4, <r = 10 -13 e.m.u. 



Fig. 7. Comparison of our results with those of van d. Pol 
and Bremmer. 2 Transmitter and receiver, at a height of 
100 m. €*4, <r» 10~ 18 e.m.u. 
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not true near grazing incidence, where uo becomes small. 
For microwaves, however, the spherical reflection coef¬ 
ficient is still well represented by R(k) even at grazing 
incidence, except in the limiting case of a perfectly con¬ 
ducting ground. 11 



Table V. Some quantities pertaining to the cases treated 
by van d. Pol and Bremmer, 1 « = 4, <r*= 10~ 18 e.m.u. 


X 

si or si 

T 


1*1 

0.7 cm 

63 

.11 

.054 

614 

7 cm 

14 

.23 

.12 

285 

70 cm 

2.9 

.50 

.25 

132 

700 cm 

.63 

1.08 

.54 

56 

14 Reference 2, p. 268. 






Fi<». 9. 'I he ray i effected from the surface of the earth 


We shall now compare (a) with the expression for the 
reflected wave derived by van d. Pol and Bremmer, 16 and 
which includes the so-called divergence factor: 

f e\p [iu>t— i p 4 (k*)'}R(k*)a(sinT2 co sts )* 

[ 6 r'sin 0 (/£if' cosxa+T^ cosxi)]* 

where the quantities are defined in Fig. 9. We have, to 
within terms of the order q*h 2 , 

1 +g/ti = 6 2 /a 2 ; \-\-qhi = r 2 /a 2 t <? = 2 /a, 

(\-{-qhi —x 2 )* = ( 6 /a) cosxi, (l +<762 — v*)* = (r'/a) cosx<, 
tf = &inx 2 , Ri — b cosxi—a cosx2, Ri=*r' costa— a cosx2, (d) 

P = l(R\ cosx 4 cos^i + 7?2 cosxi cos^i)/ 

(a cosx 1 cosxi 003x4). (e) 

Substituting in (a) we get 

exp[ia>/—f ft»(ft*)]fl(si n x2 cosxg)* _ ^ 

** [6rV(72i cosx4 cos/i+7?2 cosxi cos/4)]* 

Since sinflO'r/a, and cos/i and cos /4 are close to unity, 
expressions (c) and (f) agree within the region of validit) 
of the earth-flattening approximation. 

16 Reference 13, p. 844, and reference 2, p. 266. 
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Letters to the Editor 


Linearized Supersonic Flow through Ducts 

XI. F. Ludloff and F. Reiche 

College of Engineering, New York University, New York, New York 
April 22. 1947 


I N various aerodynamical problems, it is desirable to be 
able to compute the supersonic field of flow through 
ducted bodies by an analytic, approximate method, which 
yields quick insight into essential flow features as related 
to the shape of the nozzle wall. The linearized theory of 
supersonic flow suggests solutions that can be produced by 
spreading “supersonic sources" of various intensities over 
the surface of a hollow skeleton cylinder. If the source 
density is assumed constant over this surface, the wall 
contour of a converging diverging nozzle results. With 
a source intensity which increases linearly along the 
generatrices of the cylinder, one obtains ducts of gradually 
decreasing cross section. In the first case, one obtains a duct 
with a dull rim, and at the entrance a compression shock 
which has the shape of a double Mach cone, subtended over 
the rim as the base. This shock is weak near the rim, but 
becomes stronger toward the vertex and remains particu¬ 
larly strong over the whole surface of the second Mach 
cone. The linear source distribution produces a knife-sharp 
rim, as a consequence of which the shocks can be shown to 
disappear. A certain combination of these two source 
distributions hinders the formation of shocks, and produces 
a converging diverging nozzle, whose inside diameter in¬ 
creases at the exit section to the same magnitude as it had 
at the entrance section. In this way no wave drag results. 

Derivation of these results is based on computing the 
velocity potential from which the velocity and stream 
function can l>e derived: 


du fi 


m _ 

f '[(i-f) 2 -0 2 K 2 3‘' 


Here /(£) is intensity of source layer at point with coordi¬ 
nates £ (along generatrix) and a> (azimuth) on surface of 
cylinder; x—£ and R , axial and radial components of 
pseudo-distance between source point and point under 
consideration. /? 2 =<f 2 -f-r 2 —2</*r*cosa>; d radius of cylinder, 
r radial distance between axis and point under consideration. 

a,* - cos-l rf8+r * ; — —; 

Id'T 


(I). For constant .source density (/(£) «* A), we get: 

v --2d-A J 9 du-log i-ft-fljR/*)*}- (1) 

Differentiating and introducing R 2 = p instead u as inte¬ 
gration variable: 

_d<p xd-A pc dp (p— (a*fr) *)_ m 

Vr dr " Pr Jb p [(c-p)(a-p)(p—6)]*’ 
where * 

a«(</+r) 2 , b = (d~r)\ c=x*/P 2 - 

The expression for tv can be discussed. 

(a) at x/P~d—r, i.e. at front cone, by expansion: 

—* <*•> 


which shows discontinuity, — t-A •(d/r)* t of tv at front 
cone. 

(b) at i.e. at second Mach cone, by forming: 


limiv^ 


.. xd-A 

c+a pr 


r 


dp 

b p 




which shows coalescence of singularities and logarithmic 
infinity of tv, at second Mach cone. 

(c) in the far rear region, by expanding after pR/x: 


tv= 1 +'l %(r'+2V) ■ ■ • j, (2c) 


which shows that disturbance velocity vanishes asymp¬ 
totically. 

The stream function can be obtained by means of Stokes 
three-dimensional representation: 


tfi^—pof* r-~£-dx f 

U(d~r)>p dr 


(3) 


Upon inserting (2) into (.1), we can discuss upon 
integrating (2a), (2b), and (2c) with respect to x. In this 
way one can see that \f/ 

(a) has no discontinuity at front cone, since itr is pro¬ 
portional to [x/p — (d — r)], 

(b) is regular and finite at second Mach cone, since it is 
an integral over a logarithmic infinity, 

(c) vanishes asymptotically as 1 /jc. 

The streamtubes are computed from the relation 
f/-po-(r 2 /2)+*(*, r)* 1 U-po-(d 2 /2); they show a constric¬ 
tion between first and second Mach cone near the entrance, 
and at infinity an inside diameter of the same magnitude as 
at the entrance. 

(II). For linearly increasing source distribution (/(£) 
— A • £), we get: 

¥> = 2 Ad ,+ (1) 

and 

a? r°dp (c -p)*(p-(a-ft)*) m 

dr r r Jb p Qo —p)(p—fr)3* 

Therefore, (a) at x/p—d—r, i.e. at front cone: 


*/0-(rf-r) A 

*-(d^jr~~°* 


(2a) 


which means that there is no discontinuity of v, at entrance, 
i.e. knife-edged rim. 

(b) at x/p**d+r, i.e. at second Mach cone: tv remains 
finite; in (II), (2) (c—p)* appears now in numerator; there¬ 
fore for c-+a (c—p)* and (a —p)* cancel, rather than forming 
a cumulative singularity. 

(c) at far rear, expansion after pR/x yields: 

Pr »_;k^i < ri + |g( r i + 2 ( i«) + ...|. (2c) 

As before, the stream function is obtained by integration 
with regard to x t so that at far rear: 

t * poArP*r*- d - [log*H- j. (3c) 
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Asymptotically, \p becomes logarithmic infinite; the cross 
section of the duct decreases as (r/dy~ 1/(1 -fc*log#). For 
practical purposes, the flow remains parallel within a wide 
range of x, but a considerable wave drag results. 

The advantages of both source distributions (absence of 
shocks; wide exit section) can be combined, by assuming 
linearly increasing source intensity A •£ from the rim to a 
distance £ » B, front where a constant source intensity A >B 
continues. Such a source combination can be resolved into a 
linear source distribution, starting at the rim, and a linear 
sink distribution, starting a distance B behind. It is easy to 
see that the source layer produces a conical compression 
shock, while the sink layer starts a subsequent expansion 
wave of equal strength, so that no strong shock will develop 
anywhere and no wave drag result. 


i 


Rigorous Solution of Linearized Supersonic 
Flow Through Ducts 

C. E. Mack, Jr., Grumman Aircraft Engineering Cor/xtralion 
AND 

H. 1'. Ludloff and K. Reiche, College of Engineering, 

New York University, New York 
April 22, 1947 

I N the case of constant source strength along a skeleton 
cylinder, a rigorous solution of the linearized problem 
of flow through ducted bodies may be obtained in closed 
form. The method of approach is such that complete 
elliptic integrals of the first, second, and third kind arise; 
however, complete integrals of the third kind may be ex¬ 
pressed in terms of elliptic integrals of the first and second 
kinds so that existing tables suffice for numerical com¬ 
putation. 

As in the case of the series expansions, the solution 
assumes different forms depending upon the location of the 
test point P(x, r). If P is so located that its fore cone cuts 
some but not all of the generatrices of the skeleton cylinder, 
then P is said to lie in the front district. If the fore cone of P 
cuts all the generatrices of the skeleton cylinder, then P lies 
in the rear district. Each region will be considered separately. 


FRONT DISTRICT 0(d-r) <x<0(d+r) 

If the value of v r as given by Eq. (I, 2) above is substi¬ 
tuted into Eq. (I, 3) for the disturbed stream function, the 
latter is given by 


P<4 'Ap C c '~ c r p ~ e 'dp (p — (aft)* )_ 

2 J c Jp- 6 P C(c'-p)(fl-p)(p-&)]* 


( 1 ) 


where the symbols have the same meaning as previously. 
This integral may best be handled by reversing the order of 
integration, viz; 


pvf Ap r p ~ e dp(p-(ab )*) r e ‘~ e dc m 

2 Jp^> p{(a—p)\p—b))\ J c .p W — p)*’ 


Carrying out the integration with respect to dc\ 




(c-p)idp 
«a-p)(p-b))i 


(o6), *C pZ(a-p)l-b)li- (3) 


If now the substitution p*&4-(c — b) sin*0 is made, then 
after a short reduction the value of ^ is easily seen to be 

-*)£,(*) - (a-c-(ab)i)F,(k) 

-c(a/b)m,(n, *)], (4) 

where Pi, E\, and ITi are complete elliptic integrals of the 
first, second, and third kinds, the parameters k and n being 
given by 

k*=(c-b)/(a-b), 0<k<\; n = (c-b)/b f 0 <«<«. 


It has been shown by Cayley that the complete elliptic 
integral of the third kind may be written, in our notation, 
as 




J 


*)= 


■t 


n+k » T 

(n-H)J 


Fi(k) 


+ F|(»W, 9) - F\{k)E{k\ B)-Ex(k)F(k\ 9 ), (5) 


where F(k f , 9), E(k', 9) are incomplete elliptic integrals the 
parameters of which are 

*'*=1-**, cot 2 0 = w. 


When the value of IIj from Eq. (5) is substituted into 
Eq< (4) and the dimensionless ratio (r/cf) (0 < K < 1) 

introduced, it follows at once that 

-pd'-Afi[M[.E x (k)-k'*Fx{k)'] 

-[<1- y)*+4**FMT+2{Fi(«-l2.(«| F(k\ 9) 

-2F,(A)E(A\0)]). (6) 

The stream lines may be obtained from this by evaluating 
the right-hand side for a suitable range of parameters, 
combining the results with the stream function for the 
undisturbed stream and interpolating to find the curves 
along which the total ^ is constant. 

In a similar way to that used above and by the same 
substitution p = b-\-(c — b) sin*0 it is easy to find the velocity 
components v x ^d<p/dx and v r -d<p/dr. The results are 

— ?'■<*>• «> 

< 8 ’ 

The elliptic integral of the third kind may be removed as 
before. 


REAR DISTRICT 0(rf+r) <*< - 

The determination of the disturbed stream function for 
the rear region is very similar to that of the front region, so 
only the final result need be stated. The value of ^ is given 
by 

-[(1- F)*+^]*[r+2|f.(*)-£.(*)l F(k\ 9) 

-2F,(*)£(*', «)]-4K»+2(l+ Y) tan-*^^}, (9) 

where now the parameters k, k\ 9 are different than for the 
front region. We have here 

**-(a-6)/(e-6), 0£*<1; cot‘*-(a-6)/6 
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and of course fc 1 . The velocity components are 

essentially the same as before and need not be reproduced. 

Although the solution above is for the case of constant 
source strength, it may be shown that for polynomial 
source distributions, the stream lines may be obtained by 
repeated integration of the stream lines for the constant 
source. For example, the stream lines for a linear source 
distribution may be obtained by a single graphical or 
numerical integration from the constant source stream 
lines. 


The Mechanism of Cutting Fluid Action 

Milton C. Shaw 

Mechanical Engineering Department, Massachusetts Institute of 
Technology , Cambridge, Massachusetts 
April 23. 1947 

I N a recent letter to the editor, 1 Mr. G. P. Brewington 
questioned the observation of Einst and Merchant 2 
concerning the lack of correlation between the efficiency 
of a metal cutting fluid and its physical properties. In 
support of his contention that some relationship does exist 
between the cutting ratio and the physical properties of 
the fluid, Mr. Brewington cites the fact that materials 
having certain end groups present in their chemical 
structure (such as —SH or —Cl) give a high cutting ratio. 
It is not clear how this observation substantiates Mr. 
Brcwington’s point of view. While it is true that the 
nature of the end group present on a molecule has an 
influence on its tendency to become adsorbed on a metal 
surface, the possibility of the cutting fluid reacting chemi¬ 
cally with the metal cut should not be overlooked. 

Considerable experimental data have been collected in 
recent years which indicate that certain effective metal 
cutting fluids do act by reacting chemically with the metal 
during the cutting operation. These observations support 
a rather simple theory of cutting fluid action in which the 
fluid reacts chemically in the neighborhood of the tool 
point to form a low shear strength solid lubricant which, 
in turn, prevents metal-to-metal contact between chip and 
tool. This mechanism of cutting fluid operation has been 
described 3 as being a chemico-physical action inasmuch as 
the fluid first reacts to form chemical products which, in 
turn, prevent metal-to-metal contact by a physical sepa¬ 
ration of the surfaces. 

The afore-mentioned correlation between chemical struc¬ 
ture and cutting performance is, from the writer’s point of 
view, evidence of the correctness of the chemico-physical 
mechanism of cutting fluid action. Direct chemical analysis 
has established the presence of solid chemical products of 
low shear strength on the surface of metal cut in the 
presence of effective cutting fluids. The fact that certain 
good cutting fluids are also effective when applied to the 
tool in their vapor form, the tool and work piece being 
maintained at a temperature in excess of the boiling point 
of the fluid, is further evidence of the importance of the 
chemical rather than physical nature of the fluid. Other 
observations such as the dependence of the effectiveness 
of a cutting fluid upon the nature of the metal cut and the 


fact that benzene is a poorer cutting fluid than air can be 
explained in terms of the chemical aspects of the problem. 

Probably the strongest argument in favor of the chemico- 
physical theory of cutting fluid action is offered by the 
discovery that metal cutting processes may be used in the 
manufacture of chemical products. In this case the product 
is a chemical rather than a finished machine part. Certain 
conditions which are found to exist at the point of a cutting 
tool appear to have an important bearing upon the initia¬ 
tion of a chemical reaction. Three such conditions are: 

1. high local pressure—a pressure which will approach the hardness 
of the metal cut; 

2. high local temperature—a temperature which will locally approach 
the melting point of the metal cut; 

3. a nascent highly reactive and highly stressed clean metal surface. 

These three conditions may be used to advantage in many 
organo-metallic reactions particularly those reactions which 
are difficult to start. In such a case the work piece becomes 
the metal reactant while the cutting fluid takes the form 
of the liquid reactant. This method of carrying out a 
chemical reaction has been termed “mechanical activa¬ 
tion.” 4 While mechanical activation represents an example 
of cutting fluid action in which the chemical products 
formed at the interface between the chip and the tool are 
present on a macroscopic .scale, and, indeed, in some 
instances represent the entire quantity of metal cut, it 
should be evident that this technique is in reality a limiting 
case of cutting fluid action. 

The writer concurs in Mr. Brewington’s belief that the 
normal primary monohydric alcohols derive their limited 
effectiveness as cutting fluids for aluminum from chemical 
action, and has previously published 6 some substantiating 
data. 

The physical properties of a cutting fluid which control 
the rate and quantity of fluid which can find its way to the 
cutting point might well influence the over-all performance 
of a metal cutting fluid. There thus appear to be two dis¬ 
tinct phases of the general problem. First, the physical 
properties of a useful fluid must be such as to insure 
sufficient mobility that a satisfactory quantity of fluid 
reach the cutting point. Second, after the fluid has reached 
the tool point it is necessary that its chemical nature be 
such as to enable it to react chemically with the metal cut 
to form a low shear strength solid lubricant. The required 
mobility of a cutting fluid will depend largely upon the 
cutting speed, becoming of negligible significance at very 
low speed. The afore-mentioned tests of Ernst and Merchant 
were carried out at a very low cutting speed (5.5 inches per 
minute) and hence no correlation between cutting, effi¬ 
ciency and the physical properties of the cutting fluid 
should be expected. However, if high speed cutting data 
were to be examined with regard to the physical properties 
influencing the mobility of the fluid (viscosity and surface 
tension), some correlation might be found. 

i G. P. Brewington, “On the Action of Cutting Oils,” J. App. Phya. 
18, 260 (1947). 

s H. Ernst, and M. E. Merchant, “Chip Formation, Friction and High 
Quality Machined Surfaces,’’ paper in “Symposium on Surface Treat¬ 
ment of Metals," Am. $oc. Metals, Cleveland (1940), pp. 299-335. 

* M. C. Shaw, “The Chemico-Physical Role of the Cutting Fluid,” 
Met. Prog. 42 , 85 (1942). 

* M. C. Shaw, “Mechanical Activation,” USP 2,416,717 (1947). 

* M. C. Shaw, “Action of ^-Primary Alcohols as Metal Cutting 
Fluids—Alternating Properties with Chain Length,” J. Am. Chem. Soc. 
66, 2057 (1944). 
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New Books 


A Chronological History of Electrical Develop¬ 
ment 

National Electrical Manufacturers Association, 

155 East 44 Street, New York, 1946. 106 pp. Price $2. 

This is an historical record of electricity and the devices 
and equipment created by the electrical manufacturing 
industry to utilize it; of a long line of men of science, their 
initiative, theories, research, experiments, and discoveries, 
and their contributions to the present age of electricity, 
electronics, and atomic energy. The book is designed as a 
reference work for editors, writers, commentators, libraries, 
and schools, as well as for industry. 

While the book touches on such modern electrical 
applications as television, fluorescent and ultraviolet 
light, the giant turbo-generator, and the electron micro¬ 
analyzer for atomic research, its accent is on the early-day 
men of science and industry and the steps they took to 
make electrical living possible. Other contributing factors 
are recorded, among them electrical expositions and con¬ 
gresses, the birth of electrical publications, engineering 
and trade associations, societies, foundations, and in¬ 
stitutes. 

Methods of Mathematical Physics 

By Harold Jeffreys and Beriha Swirlks Jeffrey#! 

Pp. 679+VII. Cambridge, at the University Press; The 

Macmillan Company, New York, 1947. Price $15.00. 

As the authors state in their preface, this book is intended 
to provide an account of those parts of pure mathematics 
that are most frequently needed in physics. The manner in 
which they propose to carry out their treatment is revealed 
by a statement in the preface that careful analysis is more 
important in science than in pure mathematics, not less, 
and that the easiest way to make a statement reasonably 
plausible is to give a rigorous proof. It is this reviewer’s 
feeling that that intention has been carried out in ample 
measure and in most adequate style. 

Chapter 1 treats the real variable and includes such 
topics as the Bolzano-Weierstrass (without so naming it) 
and Heine-Borel theorems, Riemann and Stieltjes integrals, 
uniform continuity and uniform convergence, and infinite 
integrals. Chapters 2 and 3 deal with vectors and tensors, 
respectively, the treatment throughout bearing in mind the 
student of physics and emphasizing such topics as the strain 
and stress tensors, Euler’s dynamical equations, parallax, 
and the motion of a top. Chapter 4 is on matrices and 
contains a treatment of quadratic and Hermitian forms, 
the Pauli spin matrices, the Eddington and Dirac 4X4 
matrices, dtystal structure, and electromagnetic theory. In 
Chapter 5, we find multiple integrals, including line and 
surface integrals, Green's and Stokes’ theorems, flux and 
circulation. A careful analysis is made of the notions of area 
and of length. Potential theory is the content of Chapter 6. 
Poisson’s and Laplace’s equations, minimal theorems, the 
Rayleigh-Ritz method of numerical solution arc treated in 


detail. Operational methods and physical applications of 
the operational method occupy Chapters 7 and 8, respec¬ 
tively. The applications deal with charging of a condenser, 
the seismograph, resonance, dissipative and gyroscopic 
systems, and radioactive disintegration. Chapter 9 (num¬ 
erical methods) includes such topics as Lagrange’s inter¬ 
polation formula, divided differences, the central difference 
formula, formulas for the value of a definite integral, 
numerical solution of algebraic and differential equation*. 
A note on graphical methods recommends that they be 
honored in the breach rather than in observance. They arc 
best avoided entirely, the authors advise us. Chapter 10 
treats the calculus of variations and leads up to the Hamil¬ 
ton equations, principle of least action, and Routh’s 
modified Lagrangian function. Chapters 11, 12, and 13 
deal with functions of a complex variable and their applica¬ 
tion to contour integration and conformal representation. 
The Joukowsky transformations are treated in detail. 
Fourier series are the subject matter of Chapter 14. 
Approximation by polynomials, as well as by trigonometric 
series, is discussed, also the Laplace transform. Chapter 15 
is given over to the factorial and related functions. Oui 
authors frown on the gamma-function as a matter of 
notation and prefer to label it the factorial function. 
Wallis's formula for the value of x and Stirling’s formula 
for the value of logZl are derived. Chapter 16 is devoted to 
second-order linear differential equations. These are studied 
as regards ordinary and singular points and are solved in 
series and by complex integrals. Infinite determinants are 
touched on in this connection. Asymptotic expansions 
occupy Chapter 17, with application to such matters as 
wave velocity, dispersion of water waves, and refraction 
of a pulse. Potential waves and heat conduction, waves in 
one dimension and spherical symmetry, conduction of heat 
in one and three dimensions, and allied physical ideas are 
treated in Chapters 18, 19, and 20. The many important 
systems of coordinates are treateef in detail. Bessel functions 
in Chapter 21 and applications of Bessel functions in 
Chapter 22 arc a logical continuation of the subject matter 
in the three preceding chapters. In Chapter 23 are found 
the confluent hypergeometric function, its representation 
in series and by complex integrals, Whittaker’s trans¬ 
formation, Hermite and Laguerre polynomials, and 
Schrtidinger’s equation for the hydrogen-like atom. Chapter 
24 is given over to Legendre and associated functions and 
their application to potential theory. Chapter 25, on 
elliptic functions, closes the text. 

Thirteen pages of notes follow, numbered according to 
the sections of the text to which they refer and designed to 
clarify or amplify such sections. For example, the Heine- 
Borel theorem, alluded to in Section 1.072 of the text, is 
proved in the corresponding section of the notes. 

The appendix on notation, which completes the book, 
embodies recommendations on standardizing certain bits 
of notation—particularly those with regards to v and <p — 
which, as is well known, have not been used with uniformity 
of meaning in the literature. 

The legends posted below the chapter headings are often 
delightful and illuminating. To quote a few: “one by one, 
or all at once” (multiple integrals), “but all that moveth 
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doth mutation love” (potential theory), “even Cambridge 
mathematicians deserve justice” (operational methods), 
“I^have no satisfaction in formulas unless I feel their 
numerical magnitude” (numerical methods). 

Each chapter is followed by a list of problems, in all -if 
the reviewer’s count is correct—230, and culled, in a large 
measure, from the British collections such as the Mathe¬ 
matical Tripos. 

A high degree of thoroughness, such as will satisfy the 
pure mathematician, with the entire work set in a frame 
of physical applications, which enliven and give meaning 
to the mathematics treated, make this book a welcome 
addition to the literature of mathematical physics. 

Max Morris 

Case School of Applied Science 

Photography by Infrared. Its Principles and 
Applications 

By Walter Clark. Second Edition. Pp. 472+xvii, 

Figs. 93, 21JX14 cm. John Wiley and Sons, Inc., New 

York, 1946. 

The London air raids destroyed the printing plates for 
the first edition of this book, which was published in 
England in 1939. The author has taken full advantage of 
this opportunity to revise thoroughly and modernize the 
presentation. Included are not only many wartime develop¬ 
ments both here and abroad, but also more fundamental 
advances such as the improvement of infra-red sensitizing 
dyes. 

The result is a comprehensive anti authoritative account 
of the subject, and one that will appeal particularly to the 
amateur photographer, to the scientific research worker, 
and to the technician interested in possible application of 
infra-red. The author states that some acquaintance with 
photographic practice is assumed, although a fair amount 
of space is devoted to ordinary photographic procedures, 
with only occasional reference to the modifications required 
for work in the infra-red. 

This material, including a chapter on darkroom practice, 
one on the characteristics of films, and an appendix on 
developers, etc., was presumably included to enhance the 
value of the book as a laboratory guide. However, it also 
furnishes a good background for discussion of the problems 
peculiar to the infra-red, and the general reader with little 
experience in photography will appreciate the complete 
and logical way in which the subject as a whole is presented. 

The introductory chapter is mostly historical, and the 
inclusion of direct quotations and illustrations from the 
early publications, both here and elsewhere in the book, is 
an attractive feature. Incidentally, it is unfortunate that 
the very first figure, depicting Newton’s experiment on the 
dispersion of white light, is incorrectly drawn. The reviewer 
was pleasantly surprised to find due credit given to the 
physicists and astronomers who did the pioneer work in 
infra-red photography, because all too often this work has 
been overlooked. The second chapter contains a useful 
summary of the general practice of infra-red photography, 
with references to later chapters where the various matters 
are treated in more detail. This ingenious arrangement, 


while very suitable for the purpose in hand, leads to a 
considerable amount of repetition. 

In keeping with the objective of discussing principles as 
well as applications, further chapters deal with the sensi- 
tometric characteristics of photographic materials, sensiti¬ 
zation for the infra-red, indirect methods on infra-red 
photography, and sources of infra-red. These subjects are 
well presented, and embody a wealth of valuable in¬ 
formation. The only criticism that might be made is the 
failure to distinguish clearly at the outset between the 
effects of the intensity of the light and of the exposure time. 

1 hus “exposure” is used as abscissas for the characteristic 
curves without stating that it is the product of intensity 
and time, and the situation is not improved by giving the 
wrong units in the first place in which they appear. A very 
good discussion of the failure of the reciprocity law is given 
later, but the author has followed the almost universal 
tendency of writers in this field first to give the impression 
that the two variables are equivalent, and afterwards to 
correct this impression. 

The remainder of the book is devoted to the various 
applications of infra-red photography, chief among which 
are differentiation of materials (textiles, printer’s inks, 
paintings, documents), medicine, botany and paleontology, 
photo-micrography, landscape photography, forest and 
other surveys, special effects photography, photography in 
the dark, spectrographic and astronomical photography, 
and camouflage detection. Penetration of haze and fog is 
covered both from the theoretical and observational stand¬ 
points, and here the author rightly emphasizes that, 
contrary to the popular impression, infra-red has little 
advantage where the large particles of natural fogs are 
concerned. A final chapter deals with the optical properties 
of materials in the infra-red. It includes data on the trans¬ 
mission and reflection of common materials, on infra-red 
filters, and an especially valuable discussion of the infra-red 
focus of lenses. 

Rarely docs one find a book as well documented as this 
one. The bibliographies following each chapter frequently 
contain over one hundred titles, in many languages. 
Although a few of the latest developments, such as the 
concentrated arc and the interference filter, are not 
included, the coverage of the subject is remarkably 
complete. This, together with the abundance of valuable 
data and the many fine illustrations, should justify the 
prediction that the book will be the standard reference 
work in infra-red photography for some time to come. 

J. A. Jenkins 
University of California 

Introduction to Electron Optics. The Production, 
Propagation and Focusing of Electron 
Beams 

By V. E. Cosslett. Pp. 272, Figs. 155,161x25 cm. The 

Clarendon Press, Oxford, England. 1946. 

Introduction to Electron Optics is primarily a textbook 
based on a series of lectures delivered by the author, at 
Oxford, as part of a course in electron optics. The book 
maintains a reasonably good balance between mathematical 
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manipulation, physical ideas, and experimental results. 
The treatments of the various topics are not so long or 
detailed as to result in a ponderous book but still include 
sufficient material to serve as a good introduction to the 
general subject. 

The subject matter is presented in the following order, 
with the first five topics taking up about two-thirds of the 
total space: 

1. Electrostatic fields 

2. Electrostatic focusing 

3. Magnetic focusing 

4. Aberrations 

5. Production of electron beams 

b. Cathode-ray tubes 

7. Electron diffraction and electron microscopes 

8. Miscellaneous application. 

The mathematical treatments of lenses can l>e readily 
followed by students with training in mathematics through 
differential equations and vector analysis. The presentation 
is clear and no difficulty with the meanings or symbols 
should be encountered. (A list of mathematical symbols is 
appended.) The discussions are well illustrated by line 
drawings and graphs, as well as numerical data. 

The book is intended for students of electron optics, 
although those doing research in this field will likely find it 
useful. Each chapter contains a list of references for further 
reading along the lines of the material of the particular 
chapter. The use of a general bibliography of a few carefully 
chosen references for each phase of the subject is to be^ 
commended. 

The section dealing with electron diffraction is very 
brief as is that concerned with electron microscopy. In 
these two instances the reference might have been some¬ 
what more extensive, but it is very likely that those who 
are interested in applied electron optics will have access to 
other sources. The emphasis is on fundamentals rather 
than design and use. 

In the opinion of the reviewer, this book should serve 
exceedingly well as a basis for courses in electron Optics in 
American universities. 

R. D. Heidenreich 

Bell Telephone Laboratories, Murray Hill , New Jersey 

Relaxation Methods in Theoretical Physics 

By R. V. Southwell. Pp. 248. Figs. 117, 16X241 cm. 

Oxford, at the Clarendon Press, Oxford, England, 1946. 

The technique of solving numerically the Laplace equa¬ 
tion in one dimension, by reduction to a difference equation 
and subsequent application of “relaxation” networks, has 
become a well-known procedure in advanced problems in 
engineering. Professor R. V. Southwell and his colleagues 
have contributed notably to this advance in applied 
mathematics. Their work has been summarized in exceed¬ 
ingly useful form in Professor Southwell’s book, Relaxation 
Methods in Engineering Science , published in 1940, It is 
highly gratifying, therefore, to have at hand a companion 
volume which treats in a similar way the two-dimensional 
problems of mathematical physics. 


The book under review, Relaxation Methods in Theoretical 
Physics, is devoted to the solution of the partial differential 
d r d\f/ 1 d r ty] 

equation -—I H—lx “-|+£»0, where x and Z may 

cijcL dxJ f)yL OyJ 

l>e functions of x and y, and ^(x, y) is the function sought, 
subject to prescribed boundary conditions. The arrange¬ 
ment of the book is excellent, and presents enough detail 
so that the interested reader may understand the back¬ 
ground theory and carry through the computational 
techniques to a useful end. 

Two chapters are devoted to the development of the 
approximating difference equations for the case x = con¬ 
stant in a form for numerical solutiQn and to the relaxation 
techniques for square, triangular, and hexagonal.networks. 
* Practical hints for the beginner are included. As pointed 
out by the author, one can gain a clear insight into the 
method only by doing the examples in detail. 

Irregular networks applied to various boundary condi* 
tions are considered in Chapter III. Three types of bound* 
ary conditions are treated, viz., (1) p has a given value on 
the boundary, (2) d\p/dv, the normal derivative of has 
specified values on the boundary, and (3), a combination of 
these two conditions. In many cases boundaries of complex 
shape may be reduced to circular or square boundaries by 
conformal transformation so that computation by simple 
nets is more readily effected. 

Problems of more complexity, in which xisa function of 
x and y , are discussed in detail in Chapter V. While 
problems of this type are more difficult to solve by orthodox 
methods than those of the plane harmonic type (x“con¬ 
stant), they may be solved numerically with only slight 
modification in the relaxation technique. 

The power of the relaxation method becomes fully 
apparent in its application to problems in which different 
equations govern the wanted function or in which some 
part of the boundary conditions.must be determined by 
computation. Such problems are next to insoluble by 
orthodox methods. The last chapter of the book treats in 
detail physical problems of the above type. 

An appendix contains formulae for numerical integration 
and differentiation, a bibliography of papers relating to 
relaxation methods, a list of the problems solved as 
examples in the text, and large charts illustrating the 
solutions. These include torsion problems, conformal 
transformations, oil pressure distributions in bearings, 
temperature distribution in a piston, percolation of liquids 
through walls or strata of various types, etc. 

In conclusion one may mention that the basic aim of the 
numerical approach to physical problems, so admirably 
treated in this book, is to provide a flexible solution com¬ 
mensurate with the accuracy of the experimental data 
involved. The wide utility of the relaxation method should 
be made known to all serious students of physics and 
engineering who are concerned with more than a “hand¬ 
book” solution to physical problems. In providing these two 
basic books, Professor Southwell has performed a major 
service for the advancement of mathematics in engineering. 

S. W. McCuskey 
Case Institute of Technology 
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The Mathematical Tables Project 

Sponsored by the National Bureau of Standards. 

Columbia University Press, New York. 

In a recently published book, An Index of Mathematical 
Tables , three British authors have erected a monument to 
those scientists, who from f596 on, have published the 
tables reviewed in the index, an estimated one thousand 
tables. While it is not possible to contemplate this vast 
array of published tables without experiencing a feeling of 
gratitude to the many computers whose work is repre¬ 
sented, at the same time it is to be observed that the tables 
reviewed are published in a bewildering assortment of ways. 
Some are actually unavailable, and many are practically 
so. Some are to be found buried in periodical literature, and 
others constitute a few pages in scattered books. Some of 
the tables appear as isolated volumes, and still others 
appear in series of volumes. 

The fact that the publications of the New York Project 
appear as a sequence of tables of similar size and binding, 
and are sold at nominal prices, makes the series of incalcul¬ 
able value to the modern scientist. As the volumes appear, 
the set becomes more and more the fir^t source to be 
consulted when a mathematical table is wanted. The writer 
of this review kx)ks forward to the day when any table of 
general usefulness will be found among these volumes. 

The care that is exercised in the preparation of these 
tables, in order to prevent the printing of wrong values, can 
neither be briefly descritjed nor readily appreciated by any 
but the professional computer. 

The writer of this review regrets that the bound volumes 
of this table have not been imprinted with distinguishing 
numbers. In the back of each volume is placed a complete 
list of all of the volumes prepared prior to the date on 
which that volume was published. In this list each title 
bears a reference number. These numbers make better 
references to a particular volume than do the rather long 
and similar titles. It seems unfortunate that this number 
does not appear on the outside cover nor even on the title 
page. A complete list of titles follows in which those titles 
which have l>cen recently received are starred. 

(1) Table of the First 'Pen Powers of the Integeis from l to 1000. 
80 pp. (1939). Out of print. 

(2) Tables of the Kxponential Function**. XV 1-535 pp. (1939). 

(3) Tables of Sines and Cosines for Radian Arguments. XIX+275 
pp. (1940). 

(4) Tables of Circular and Hyperbolic Sines and Cosines for Radian 
Arguments. XVII +405 pp. (1939). 

(5) Tables of Sine, Cosine, and Kxponential Integrals, Vol. I. 
XXVI1+444 pp. (1940). 

(6) Tables of Sine, Cosine, and FIxponential Integrals, Vol. II. 
XXXVII+225 pp. (1940). 

(7) Table of Sine and Cosine Integrals for Arguments from 10 to 100. 
XXXII+185 pp. 0942). 

(8) Tables of Probability Functions. 

Vol. I. XXVIII+306 pp. (1941) Vol. II. XXI+348 pp. (1941). 

(9) Table of Natural Logarithms. 

Vol. I. XVIII+505 pp. (1941) Vol. II. XVIII+505 pp. (1941). 
Vol. III. XVII! +505 pp. (1941) Vol. IV. XVIII +510 pp. (1941). 

(10) Miscellaneous Physical fables. VII+61 pp. (1941). 

(11) Tables of the Moment of Inertia and Section Modulus of 
Ordinary Angles. Channels, and Bulb Angles, with Certain 
Plate Combinations. XIII +201 pp. (1941). 


(12) Table of Arc tan*. XXV+173 pp. (1942). 

* (13) Table of Circular and Hyperbolic Tangents and Cotangents for 

Radian Arguments. XXXVIII +412 pp. (1943). 

*(14) Table of the Bessel Functions Jo(%) and J i(s) for Complex 
Arguments. XLIV+406 pp. (1943). 

* (15) Table of Reciprocals of the Integers from 100,000 through 

200,009. VIII+204 pp. (1943). 

*(16) Tables of Lagrangian Interpolation Coefficients. XXXVI+394 
pp. (1944). 

* (17) Table of Arc sin*. XIX + 124 pp. (1945). 

* (18) Tables of Associated legend re Functions. XLVI +306 pp. (1945). 

* (19) Tables of Fractional Powers. XXX+490 pp. (1946). 

* (20) Tables of Spherical Besacll Functions. Vol. I. XXVIII+378 pp. 

(1947). 

Orley E. Brown 

Case Institute of Technology 

Wave Propagation in Periodic Structures. Elec¬ 
tric Filters and Crystal Lattices 

By Leon Brillouin. Pp. 247, 5X8} in. McGraw-Hill 
Book Company, Inc., New York, 1946. Price $4.00. 

The rapidly increasing rate at which scientific knowledge 
is accumulating at the present time would appear to fore¬ 
cast an age of greater and greater specialization in the 
sciences. Such a state of affairs must undoubtedly be 
viewed with apprehension by many workers in these 
domains who have derived a great part of the pleasure in 
their work from the broadness of understanding with 
which scientific pursuits have supplied them in the past, 
and who believe that the interplay of ideas from various 
specialized fields of a subject such as physics is a healthy 
and stimulating influence on the development of the 
subject as a whole. That these fears are as yet ungrounded 
is demonstrated with force and clarity by Professor 
Brillouin in this small volume of less than 250 pages, 
wherein a surprisingly small body of mathematical 
discipline and associated physical ideas are shown to be 
quite adequate for the description of a wide range of seem¬ 
ingly diverse physical phenomena, running the gamut from 
mile long electrical transmission lines to the passage of 
electrons through crystal lattices. 

As its title indicates, the book deals with the general 
aspects of wave propagation through periodic structures, 
and examples and applications are drawn from many fields 
in which such phenomena occur: electric and mechanical 
filters, vibrations of crystal lattices, x-ray diffraction in 
crystals, and the quantum theory of metals, to quote some 
leading examples. The characteristic appearance of trans¬ 
mission and attenuation bands for waves propagating in 
such periodic structures is demonstrated to have its 
important physical consequences in each of the above 
phenomena in such a way that one realizes that a com¬ 
prehension of the phenomena in any one case almost 
automatically leads to the understanding of the principles 
involved in the others. The mathematical apparatus re¬ 
quired to discuss adequately almost all of the problems 
which arise is of such simplicity as to require only the barest 
acquaintance with the calculus as background for under¬ 
standing the development of the ideas presented. 

This volume, unlike many books, is not intended as a 
reference work but as a key to understanding. No attempt 
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is made to treat in detail the various phenomena selected as 
examples for the general ideas presented. These may be 
found in many other books. But there are few, if any, 
other books which demonstrate so directly the broader 
comprehension which can be obtained of these same 
physical phenomena when one steps back and examines 
them as a group linked by a common mathematical and 
physical background. It is in this respect that the true 
value of the book becomes immediately apparent. 

Professor Brillouin is well known through his other books 
for the clarity of his exposition, and it is indeed fortunate 
that he has chosen to make available to others his thought¬ 
ful understanding of a subject to which he has been an 
outstanding contributor. 

Leslie L. Foldy 
University of California 


New Booklets 


North American Philips Company, Inc., 100 East 42 
Street, New York 17, New York, has published a 6-page 
folder (R1063) entitled Industrial Control with X-Ray 
Diffraction. The text describes the principles of x-ray 
diffraction and how it is performing difficult jobs in modern 
industrial applications. Typical x-ray diffraction film is 
shown and explained. Geiger-counter x-ray spectrometer 
discussed in connection with qualitative and quantitative 
analysis work. 

North American Philips also announces a new 4-page 
folder describing the new Norelco air trimmer, which 
consists of a stator having three concentric cylinders that 
slide in the spaces between the four concentric rings of the 
rotor. Free on request. 

New Enterprises, Inc., 84 State Street, Boston 9, 
Massachusetts, has issued a brochure setting forth its 
objectives and methods of operation. It was incorporated 
in February, 1946, “for the purpose of making venture 
capital more readily available for the development of un¬ 
tried business enterprises of a scientific nature. . . . To 
qualify for consideration, a new venture must be one of 
pronounced technical characteristics- a new process, a new 
or improved technique which shows promise of significant 
future possibilities/' 

Leeds and Northrup Company, 4902 Stenton Avenue, 
Philadelphia 44, Pennsylvania, issues quarterly a 10JX 15J- 
inch bulletin containing numerous photographs and 
articles describing the use of Leeds and Northrup controls 
in industry. 8 pages. 

Fischer and Porter Company, Department 6F-C, Hat- 
boro, Pennsylvania, has published a new bulletin describing 
its “Flowrator” instruments for measuring flow rate of 
liquids and gases. 24 pages. Available on request. 


Bakelite Review for April 1947 contains 28 pages of 
attractive pictures and articles about consumer goods 
molded of plastic material. Published quarterly by Bakelite 
Corporation, 30 East42d Street, New York 17, New York. 

The Tube Department of Radio Corporation of America, 
Harrison, New Jersey, has resumed issuance of Application 
Notes, which were popular before the war. The first post¬ 
war Note is called Input Admittance of Receiving Tubes. 
20 pages. 

Another new publiaftion of the Tube Department is 
Form No. CRPS-102 entitled RCA Phototubes , Cathode- 
Ray l ubes , and Special Tubes. 16 pages, 10 cents per copy. 

Public Affairs Committee, Inc., 22 East 38th Street, 
New York 16, New York, has published a 32-page pamphlet 
entitled The Struggle for Atomic Control. It was written by 
William T. R. Fox, Associate Professor of Political Science 
at Yale University. 20 cents per copy. 

Corrosion Publishing Company, 1131 Wolfendale 
Street, Pittsburgh 12, Pennsylvania, is announcing a 
booklet of 94 pages entitled Stress Corrosion Cracking of 
Mild Steel by James T. Waber and Hugh J. McDonald. 
A monograph, it is in large part a reprint of a series of 
articles which appeared in Corrosion and Material Pro¬ 
tection. It presents a general theory of stress corrosion and 
the importance of nitrogen was deduced from it. $2 per 
copy. 

Farrand Optical Company, Inc., Bronx Boulevard and 
East 238th Street, New York 66, New York, has published 
Bulletin 801 entitled UUra-Violet Monochromators . Six 
instruments are pictured and described. 12 pages. 

Burrell Technical Supply Company, 1942 Fifth Avenue, 
Pittsburgh 19, Pennsylvania, offers a 4-page leaflet de¬ 
scribing its precision Mixblend laboratory mixer, Baker’s 
A nalyzed C. P. Potassium Iodide, Taylor slide com¬ 
parators. 

General Aniline and Film Corporation, 270 Park Ave¬ 
nue, New York 17, New York, has issued a new Carbonyl 
Iron Powder booklet. 34 pages. Available on request. 

International Resistance Company, 401 North Broad 
Street, Philadelphia 8, Pennsylvania, announces its Bulletin 
C-2 , which gives complete specifications, characteristics, 
and dimensions for IRC fixed and adjustable power wire 
wound resistors, ferrule, and bracket types. 6 pages. 
Available on request. 

The General Radio Experimenter for March, 1947, pub¬ 
lished by General Radio Company, Cambridge, Massa¬ 
chusetts, features an article on search receivers for radar 
counter-measures. 8 pages. Available on request to engi¬ 
neers, scientists, and technicians writing on company or 
professional letterhead. 
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Here and There 


Personnel 

Charles C. Bidwell, head of the department of physics at 
Lehigh University, retired July 1 with the rank of Professor 
Emeritus. 

Five new members have been \ppointcd to the technical 
staff of the Midwest Research Institute, as follows: in 
inorganic chemistry, Solon D. Fisher; in organic chemistry, 
Kenneth FI. Hoffman; in engineering mechanics, Eugene 
F. Hamilton, Richard H. Scheil, and Tage Mortensen. 

J. Robert Oppenheimer of the University of California 
has been appointed to succeed Frank Aydclotte in October, 
1947, as Director of the Institute for Advanced Study. Dr. 
Oppenheimer is a graduate of Harvard and received ad¬ 
vanced training in Cambridge University and Gottingen, 
where he took his Ph.D. He has for the last decade been 
professor of theoretical physics both in the University of 
California and in the California Institute of Technology, 
lie was director of the laboratory at Los Alamos which 
perfected the atomic bomb and is a member of various 
Government committees for the control of atomic energy. 

The Institute for Advanced Study has three Schools: 
Mathematics, which includes mathematical physics; 
Economics, which includes history and political science; 
and Humanistic Studies, which consists at the moment 
largely of Greek archaeology and the history of art. The 
Institute provides facilities for postdoctorate re search. The 
Doctor’s degree is required for admission, and no degrees 
are given by the Institute itself. 

The appointment of Professor Oppenheimer does not 
indicate any change in the policy of the Institute as regards 
the subjects which will be pursued. As it happens, Professor 
Oppenheimer is a scientist who had as an undergraduate 
a broad humanistic training. 

Dr. Aydelotte emphasized very strongly his approval of 
this appointment. It would have been difficult to find in the 
United States a man more ideally qualified for the direc¬ 
torship. 

The Institute has a strict rule of retirement at sixty-five. 
Dr. Aydelotte was kept on until sixty-seven by the trustees 
at the urgent request of the faculty. He will continue to 
occupy offices at the Institute for his work in connection 
with the Rhodes Scholarships, the Guggenheim Fellow¬ 
ships, and the American Friends Service Committee. 

U. S. Atomic Energy Commission Announces 
Distribution of “Heavy Water" 

Heavy water and deuterium gas are now being made 
available by the United States Atomic Energy Committee 
for research purposes within the United States. The 
abundance of the heavy hydrogen isotope in the material 
is approximately 99.9 percent. Quantities will be limited 
to normal research requirements. 

The Stuart Oxygen Company of San Francisco, Cali¬ 
fornia, will act as contracting agent for distribution. This 


company began small-scale production and distribution 
soon after the discovery of deuterium. In the postwar 
period, because of the increased need for deuterium^in 
research the Stuart Company's production has been far 
below the demand. The quantities being made available are 
from stock produced by other operators during the war for 
the Manhattan District. 

The material will be distributed with charges based on 
the cost of handling and distribution. The cost of produc¬ 
tion of the material itself will not be included. Distribution 
in this manner is being effected under authority of the 
Atomic Energy Act of 1946 which provides for the fostering 
and assistance of research by the Commission. 

Allocation will be handled in a manner similar to that 
for radio-isotopes. For complete information write to U. S. 
Atomic Energy Commission, Research Division, Field 
Operations, Oak Ridge, Tennessee, attention Isotopes 
Branch. 

Special Expedition Studied Eclipse 

A B-29 was used by the National Geographic Society- 
Army Air Forces cooperative expedition on May 20 in 
connection with the total eclipse of the sun in Brazil. The 
plane carried a heavy load of scientific instruments for 
making studies of cosmic rays in the vicinity of the equator. 

Other tests performed by the cooperative expedition 
dealt with Einstein’s theory of relativity, under the direc¬ 
tion of Professor G. Van Biesbroeck, astronomer of the 
Yerkes Observatory of the University of Chicago. The 
principal objective was an effort to determine whether light 
rays from certain stars are bent as the rays pass near the 
sun on their way to the earth, as predicted by Einstein 
in his theory of relativity. 

As a result of the influence of the gravitational field of 
the sun, light is bent, and star images registered on the 
photographic plates appear to be shifted away from the sun 
slightly beyond their actual positions. If this shift amounts 
to 1.75 seconds of arc, it will be additional evidence that 
Einstein’s theory is correct. 

As a check on how much the star images are moved on 
his photographic plates, Professor Van Biesbroeck will 
photograph the same stars at night six months later from 
the same spot. At that time the sun will not be present to 
bend their rays. Measuring the difference, if any, between 
the positions of the star images on the two photographs 
taken six months apart will show how much the light rays 
were bent during the eclipse. 

New Observatory at Colorado 

The University of Colorado is collaborating with Har¬ 
vard University on the creation of a new solar observatory 
devoted to the study of the region of space which lies 
between the sun and earth. The new station will be an 
expansion of the present High Altitude Observatory, 
where Dr. Walter O. Roberts carries on a study of the sun’s 
outer regions with a coronagraph. 

According to present plans, the heart of the new set-up 
will be a large tube, about six feet in diameter and twenty 
feet long, set in a dome. In the tube will be placed at least 
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five observing instruments: a large coronagraph, a small 1947, under the sponsorship of the American Mathematical 

coronagraph to provide automatic “tracking” on the sun, Society and the cosponsorship of the American Institute 

another large telescope devoted to observation of short- of Physics. The subject of the Symposium will be “Non¬ 
wave radiation, and two smaller ones to keep continuous linear Problems in the Mechanics of Continua." All per- 

moving picture records of routine sun conditions. In addi- sons interested in receiving further information concerning 

tion, other instruments will aid in the study of cosmic the Symposium should write to Professor W. Prager, Brown 

rays and paths of meteorites as a means of providing University, Providence 12, Rhode Island. Copies of the 

information about the outer reaches of the atmosphere. program and reservation cards will be sent to them three 

weeks before the Symposium. 

Polymer Research Clinics at Brooklyn 


Two summer laboratory clinics remain in the series 
sponsored by the Institute of Polymer Research of the 
Polytechnic Institute of Brooklyn. From July 21 to 26 a 
clinic will be held on “Advanced X-Ray Diffraction". 
Attendance will lx* limited to about ten, and the fee is $100. * 
Professor I. Fankuchen is in charge. The September 8—12 
clinic is on the subject of “Polymerization Techniques". 
Attendance will be limited to twelve; fee is $150. Professor 
Herman Mark is in charge. 

Microwave Fellowships at Stanford 

The Microwave Laboratory, Division of the Physics 
Department of Stanford University, has announced a 
number of fellowships, research assistantships, research 
associateships, and postdoctoratc research fellowships for 
the academic year 1947-1948. Students who are working in 
the Microwave Laboratory may receive their degrees in 
cither the Physics or Electrical Engineering Departments. 
Stipends for the four classes of awards range from $1000<*o 
$4000. For further information and application address 
Professor William W. Hansen, Director, Microwave 
Laboratory, Stanford University, California. 

Matthew Luckiesh Awarded I.E.S. Medal 

Matthew Luckiesh, director of the Lighting Research 
Laboratory, General Electric Company, has been awarded 
the I.E.S. Gold Medal, given annually by the Illuminating 
Engineering Society “for meritorious achievement which 
has conspicuously furthered the profession, art, and 
knowledge of illuminating engineering." The medal will be 
presented to Dr. Luckiesh at the Illuminating Engineering 
Society National Technical Conference to be held Sep¬ 
tember 15—19 in New Orleans. 

Symposium on Applied Mathematics 

A 'Symposium on Applied Mathematics will l>e held at 
Brown University, Providence, Rhode Island, August 2-4, 


Calendar of Meetings 

July 

11-12 American Physical Society, Stanford University, - Calitouiia 

16- 19 American Society ol Civil Engineers, Duluth, Minnesota 

August 

2-4 American Mathematical Society (Symposium on Applied 
Mathematics), Brown University, Providence, Rhode Island 
21-23 Society of Automotive Engineers, I^os Angeles, California 
(Transportation and Maintenance Meeting) 

26-29 American Institute of Electrical Engineers, San Diego, Cali¬ 
fornia 

September 

1- 2 Mathematical Association of America, New Haven, Cornice - 

* ticut 

1 -4 American Society ot Mechanical Engineers, Salt Lake City, 
Utah 

8 12 Instrument Society ot Amenca, Chicago, Illinois 
15-19 American Chemical Society, New York, New York 
15 *19 Illuminating Engineering Society, New Orleans-, Louisiana 

17— 18. Society of Automotive Engineers, Milwaukee, Wisconsin 
24-27 Conference on Electrical Insulation, Cambridge, Massachusetts 

October 

2- 4 Society of Automotive Engineers, Los Angeles, California 

15-18 American Society of Civil Engineers, New Orleans, Louisiana 

20- 24 American Society for Metals, Chicago, Illinois 

21- 25 American Chemical Society, California Section, San Francisco, 

California 

23-2.5 Optical Society of America, Cincinnati, Ohio 

November 

3- 7 American Institute of Electrical Engineers, Chicago, Illinois 
6-7 Society of Automotive Engineers, Tulsa, Oklahoma (Fuels and 

Lubricants Meeting) 

28-29 American Physical Society, Houston, Texas 

December 

1-3 Society of Automotive Engineets, Kansas City, Missouri (Air 
Transport Engineering Meeting) 

1-5 American Society of Mechanical Engineers, New York, New 
York 

26-31 American Association for the Advancement of Science, Chicago, 
Illinois 

29 31 American Physical Society, Chicago, Illinois 
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Infinite-Rejection Filters 

Albert M. Stone and James L. Lawson 
Radiation Laboratory * Massachusetts Institute of Technology , Cambridge , Massachusetts 

(Received May 20, 1946) 

The characteristics of certain bridged -T filter structures have been investigated theoretically 
and an experimental confirmation of this theory at u.h.f. has been obtained. In theory it is 
possible to obtain infinite attenuation at a designated frequency, while retaining essentially 
the same band width as that for the uncompensated filter. A model has been constructed which 
has a band width of i Mc/sec. at 3000 Mc/sec. with an attenuation at center frequency of over 
70 db. This is to be compared with the attenuation from a similar uncompensated filter of 20 
db. Certain other known filter expressions have also been reduced to forms readily utilizable 
at these frequencies. Their utility for u.h.f. applications is discussed. The distortion produced 
in otherwise rectangular pulses of short duration has been investigated both theoretically and 
experimentally. Curves are presented which show the resultant wave form as a function of the 
tuning of the filter. 


-I. INTRODUCTION 

T has been known for some time that a 
parallel-resonant filter of the bridged-7" struc¬ 
ture may be designed for complete (i.e., infinite) 
rejection of the frequency to which it is tuned. 
This infinite rejection is obtained regardless of 
the finite Q of the coils and condensers of the 
filter and is limited solely by one’s skill in ad¬ 
justing a single resistive element. 1 At the same 
time as long as the ratio of unloaded 2 Q to loaded 
Q {viz., line loading plus external resistance 
loading) is large compared with unity, the band 

* This paper is based on work done for the Office of 
Scientific Research and Development under Contract 
OEMsr-262 with the Massachusetts Institute of Tech¬ 
nology. 

1 W. N. Tuttle, Proc. I.R.E. 28 , 23, 1940; H. W. Bode, 
U. S. Patent No. 2,002,216 (1933). 

* The Q of a bandpass circuit will be defined as the ratio 
of the center frequency to the band width. For a simple 
circuit such as the single-tuned type, Q**Lwo/r, where r is 
the series resistance, L the inductance, and wo the resonant 
radian frequency. 


width, measured between the points where the 
power transmitted is 3 db below the off-resonance 
value, is virtually indistinguishable from that of 
the normal (i.e., finite rejection) filter consisting 
of the tuned circuit alone. The principal object 
of this article is to present these results in 
readily usable form for u.h.f. work and to point 
out some salient features hitherto unstressed. 

The applications of infinite-rejection filters 
are as varied as ingenuity affords. The particular 
problem which prompted the present analysis 
was that of eliminating an interfering c-w (or 
low-frequency modulated) carrier without, at the 
same time, destroying the usefulness of a pulsed 
10-cm radar system. The analysis, therefore, is 
divided into two parts: (1) an investigation of 
the criteria for infinite rejection at microwave 
frequencies, and (2) an investigation of the 
distortion produced in rectangular pulses by 
such filters. 
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Fig. 1. Schematic diagram of an infinite-rejection filler 
with tap between condensers. 


The essential modification of the ordinary 
filter consists of a tap from the center of the 
coil or condenser arm to ground (see Fig. 1) 
through a resistance R. (There may be reactance 
in this arm as well; it has been disregarded, 
however, as it merely complicates matters and 
leads to nothing fundamentally new.) Jt will be 
shown in Section 11 that a proper choice of R 
(see Fig. 1) can be made so that no power is 
passed from the generator to the load at the 
resonant frequency. In fact the resistance re¬ 
quired is /?= (r(?o 2 )/4, where Q 0 is the unloaded 
Q of the circuit, defined as La> 0 /r, o> 0 is the 
resonant radian frequency, and the other sym¬ 
bols have conventional meanings. It is imma¬ 
terial whether the coil or the condenser is center- 
tapped. However, if the circuit is considered to 
be an L, R ", C all in parallel, a center tap on 
the resistance R' r brought to ground through R 
will not achieve the desired result. Physically 
this must be so, for at resonance the parallel L, 
R" t C circuit is merely R". A circuit of this 
type obviously cannot attenuate completely (see 
Fig. 2) ’ 

In the third section an alternative method of 
accomplishing this same result will be presented 
which, however, can be shown to be precisely 



Fig. 2, Modification of Fig. 1 not leading to 
infinite rejection. 


equivalent to the methods mentioned above. 
The application of these results to i-f and video 
frequencies will appear obvious. Several possible 
methods for obtaining infinite-rejection u.h.f. 
filters will be discussed in this section and some 
experimentally obtained results will be presented. 

Finally, in Section IV the results of an analysis 
of the pulse distortion produced by such a filter 
will be presented. 

II. CIRCUIT ANALYSIS 

The circuit of Fig. 1 is in the form of a bridged- 
T section with the capacitance tapped and hence 
can be developed by the usual methods of circuit 
analysis 5 into the symmetrical-lattice form, Fig. 
3. This lattice is precisely equivalent to the 
bridged-7", having the same poles and zeros and 
the same frequency behavior. For simplicity the 
generator and its internal impedance (or the line 
'impedance if we consider the generator matched 
to the line) and the load have been split off. 
The dotted lines signify repetition of the corre- 
sj>onding elements. It is not difficult to see that 
the symmetrical lattice is nothing more nor less 
than the usual four-arm bridge, as shown in 
Fig. 4, where Z a is the series element and Z b is 
the shunt element of the lattice. Now from this 
it is easy to picture physically why the circuit of 
Fig. 1 gives infinite rejection. To balance the 
bridge one tunes the‘resonant circuit as is 
customary, and then, by adjusting R , a condition 
of zero load current is obtained. In such a state 
the power that would normally pass on to the 
load is absorbed in the added resistance. This 
condition of balance is, obviously, the one that 
makes Z& = Z 0 . It is unnecessary to carry this 
calculation out in detail. The result may be 



Fig. 3. Lattice development of infinite-rejection filter. 


8 E. A. Guillemin, Communication Networks (John Wiley 
and Sons, New York, 1935), Vol. 2, Chap. IV. 
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( 1 ) 


stated; the bridge is balanced when 
wo 2 = 2 /LC, 
and, simultaneously, 

R~(rQo*)/ 4 . ( 2 ) 

Equation (1) states that the tuning of the circuit 
is independent of the added shunt element (but 
this is only true if it is non-reactive). Equation 
(2) gives the added condition that increases the 
maximum attenuation in the resonance curve 
indefinitely. It is clear that, for the ordinary 
values of (?o met in high frequency and u.h.f. 
work, R is easily realizable physically. If the 
two capacitances in Fig. 1 arc unequal, the same 
conditions (1) and (2) hold, but C/2 is now the 
series sum of the two. 

The case of the tapped coil leads to results 
which are expressed precisely by Eq. (1) and 
Eq. (2). (Compare Fig. 5 and Fig. 1.) The 
symmetrical-lattice development of the tapped- 
coil circuit is shown in Fig. 6. If the two half-coils 
are identical, the value of L to be used in Eq. 
(1) is 

L — 2L\+2kL\i (3) 

where L\ is the self-inductance of the half-coil, 
and k is the coefficient of coupling. (This choice 
of identical coils is not an essential restriction 
but leads to facility in computation.) 

It is desirable for ease of discussion, once the 
criterion for infinite rejection has been estab¬ 
lished, to compute the actual output power 



Fig. 4. Circuit equivalent to Fig. 


passed by the filter as a function of frequency; 
or, rather, to compute the dimensionless fraction, 
the output power divided by the output power 
in the absence of the filter. The latter output 
power is simply e 2 /4Z, if it is assumed that load 
and line are matched and that e represents the 
generator voltage. Jt is sufficient to consider 
only the circuit of Fig. t. Let ij. be the output 
current. We form the dimensionless quantity F 
by 

4|n| 2 Z 2 

-. (4) 

e 2 

We are not interested in any phase factor since 
the output of the filter usually is applied to the 
grid of a tube. The following definition is 
introduced: 

w(Z,C)> 
w/wo ss m =-. 

2 

Then, with the previous definition of @ 0 and the 
balance condition, Eq. (2), one arrives at 


4Z 2 ie 2 [w 2 (3o 2 (w 2 - l) 2 +(l -m 2 ) 2 ] 

r 4 mRf r 4 R 2 

(2 R+Zy\ mZQo{m 2 — 1)-+ 2RZ+ -w 2 (Z 2 +67?Z+4tf 2 ) 

L Qo J l Qo 2 


( 5 ) 


Jn simplifying this expression it is convenient to 
introduce the further definition 

R=PZ/ 4. (6) 


C/2 



Fig. 5. Infinite-rejection filter with tapped coil. 


Thus (3 is the standing-wave ratio at resonance 
looking toward the unbalanced filter terminating 



Fig. 6. Lattice development of Fig. 5. 
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the line . 4 (In this connection use is made of the 
fact that, for a reasonably high-() filter, Lwo/r 
~R'/Luq, where R* is the equivalent shunt 
resistance.) If terms in 1 /Q* and higher powers 
in the denominator of Eq. (5) are neglected, 
that equation can be written 


m 1 

m 2 (l —m 2 ) 2 

L+2J 

/ft+2\ 2 
m 2 (l-w 2 ) 2 +(-) 

V 2Qo / _ 


For most practical purposes m = 1 
closely. Hence Kq. (7) becomes 




[11 

1* (i-»J 2 ) 4 

b+2. 

1 

(l-w 2 ) 2 + 

'iS+2 | 2 

.2£>„ J 


-VW 

r 


( 7 ) 


very 


( 8 ) 


(o) Zero froqutncyj 
topptd condtntor 




(b) Infinite frtqutncy, 
topptd oondtnttr 



topptd 



frtqutncy, 

coil 



- (d) Ztro frtqutncy, 

topptd coil 

Fig. 7. Limiting cases of Figs. 1 and 5. 


4 The standing-wave ratio is the ratio of the sum of the 
incident and reflected wave peak amplitudes to their 
difference. 


In the region far from resonance, the limiting 
value of F y from Eq. (5), is 



for high frequencies; and 

Fq= 1 (10) 

at low frequencies. The curve is symmetrical if 
/3»2 and r«Z, a condition which is usually 
realized in practice. (The value of ft is often of 
the order of 10, Qo is often several hundred, and 
Z/r is often 2000 or more.) These limiting cases 
can be seen from simple reasoning. At zero 
frequency, the circuit of Fig. 1 becomes that of 
Fig. 7a. Here it is clear that 

1 

- 9 = 1 . 



For very high frequencies, the circuit of Fig. 1 is 
similar to that of Fig. 7b, and it is again obvious 
that 



as found above. 

If, as in Fig. 5, the inductance is center-tapped 
to ground, the behavior is slightly different 
except near resonance. For very high frequencies, 
the circuit equivalent to Fig. 5 is that of Fig. 7c 
and 



For low frequencies, the circuit is that of Fig. 7d 
and likewise 



Thus there is a slight difference in the low and 
high frequency behavior of the two cases, i.e., 
tapped coil or condenser, which disappears when 
ft is large. (This difference is more apparent 
than real, for it arises solely because all the 
losses have been considered to be connected 
with the coil and none with the condenser.) 
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Jt is interesting to compare the expression (8) 
for F with that for the unbalanced network (R 
infinite). Details will be omitted. The result is, 
with 0 preserving the previously assigned mean¬ 
ing and value, 

4[0« 2 (l~w 2 ) 2 +m 2 ] 

F' = -. ( 11 ) 

4(V(l-m 2 ) 2 +ro 2 (0+2) 2 


CJ 0 CJ—♦ 



Fig. 8. Schematic behavior of amiresonance curve, 


Equation (8) reduces to Eq. (11) in the limit of 
large 0 as it must, i.c., when the equivalent 
shunt resistance of the resonant circuit is very 
large. However, F* approaches unity at both 
very high and very low frequencies and thus is 
symmetrical about m= 1. 

The band width of the infinite-rejection, or 
balanced, filter may be defined as the difference 
in the two frequencies where F has half its 
value at infinite frequency. From Eq. (8) this 
requires that 


(1-w 2 ) 2 


(1 — m 2 ) 2 + 



1 

2 * 


( 12 ) 


The term (l—m 2 ) can be replaced closely by 
28m, where 8m is the shift of frequency from 
the (w = l)-value. Thus Eq. (12) becomes 

8m = it (£+2)/ 4 Qot 


and the band width at the half-power, or 3-dl> 
down, point is thus 


If one defines 

y^Qo/Qu (16) 

where Q L is the loaded Q of the circuit (because 
of line loading and external resistance loading) 
y can be related to /3 by 


0+2 

-= 7- 

2 


(17) 


The value 1 of the loaded Q of the unbalanced 
filter at resonance may be seen almost from 
inspection of Fig. 9. The quantity Q 0 is defined as 
Qo = (3Z/Lu (>; Ql is likewise defined as Ry/Lojo , 
where Ry is the parallel resistance* across the 
terminals of the inductance, i.c., Ry = 20Z/(2+0). 
Hence: 


7 s (?o/ Ql — (0+ 2)/2. 

Now Eq. (11) may be rewritten at resonance as 



(18) 


B = -/o cycles/sec., (13) 

2 <?« 

where B is the band width and w 0 = 2 tt/ 0 . 

For the unbalanced filter in this notation the 
band width is given simply by 




[Q3+2) 8 - 8]i 

2Qq 


/o cycles/sec. 


(14) 


which can be easily visualized. The depth of the 
attenuation cut taken by the filter depends only 
on the ratio of loaded to unloaded Q , and hence 
principally on the coefficient of coupling of the 
line to the filter. In principle, infinite attenuation 
at resonance could be obtained with the unbal¬ 
anced filter by enormous coupling to the line. 
However, in such a case, the band width likewise 


and hence reduces to Eq. (13) for large values of 
0. A sketch of the antiresonance behavior of the 
balanced and unbalanced filter is given in Fig. 8. 
In this figure the minimum in the unbalanced 
filter curve is given by Eq. (11) while, of course, 
for the balanced case, 

(15) 



Fig. 9. Circuit for determining loaded Q . 
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R 



Fig. 10. Circuit equivalent to Fig. 5. 


becomes enormous; for Eq. (14) may be written 
as 

/tl /(if 1 1* 

B'= -(t 2 ~2)* =—-2 , (19) 

2Q« 2Qoi F r J J 


and as F f decreases B' increases. 

In the cast* of the balanced circuit, while 
Frw = 0, the band width however is still finite as 
found above in Kq. (13); viz ., in this notation, 

/o 

B-yfo/2Q*- (20) 

2 Ql 

and the attenuation at high frequencies, from 
Eq. (9), is 



Jt is interesting now to put in some* figures for 
a possible u.h.f.- application. Let the desired 
band width be ±0.5 Mc/sec. at 3000 Mc/sec. 
Thus <)j, = 3000. Let ()<> = 30,000, and hence 
7 = 10. Then, in this case, according to Eq. (21), 


Foo = 0.81, . 


which represents an insertion loss of about 1 db 
and, of course, F r r* = 0. For the same filter 
unbalanced, 

/Vn' = 0.01, 

R/2 



and the band width would be ±0.5 Mc/sec. 
within 1 percent for both filters. 

The circuits of Fig. 1 and of Fig. 5, discussed 
in some detail in this section, by no means 
exhaust the possibilities of single-section infinite- 
rejection filters. In fact they are merely proto¬ 
types: variants can be obtained by standard 
transformation theorems. For example, the cir¬ 
cuit of Fig. 10 is potentially equivalent to that 
of Fig. 5. From the symmetrical-lattice develop¬ 
ment’in Fig. 11, it can be shown, with some 
manipulation, that the condition ’for infinite 
rejection is that 


and 

/?/r = Cw( 

n 2 

— +w 2 -t 

A 

)• 

XT ' 

where 


Lu 0 

1 

2 


Qu = -, OJ-2 2 = 

—, u*i J 

= 


r 

LCt 

LC 


3 1 3 

II 

R 

3 1 3 

II 
£ 




( 22 ) 

(23) 


The extension to the case where the capacitances 
Ci arc not equal is readily accomplished but 
leads to nothing essentially new. 6 


6 Some interesting asymmetry properties art present in 
this filter. For instance, the-possible values of R/r range 
from 4 to oo ; i.e., when m = 0 the value of 4 obtains, and 
when 1, R/r —► oo and rn % /R-+ 0. In the limiting case of 
small values of «*(Ci»C 2 ), Eqs. (22) and (23) lead to 

(a) 

i? = 4r. (b) 


When w* becomes very large (C\<KC 2 ), the limiting value 
of the frequency, again is 

O>0*=U)2*, (c) 

but now we have 

R~rQJn*/2 (d) 

and 

(e) 


(Cf. Eq. (d) and Eq. (2).) From Eqs. (d) and (c) it can 
be seen that the apparent pull of the resonant frequency 
from that of the shunt arm alone is somewhat illusory, 
despite Eq. (22). Thus one possible small advantage 
ensues. For a given value of R infinite rejection may be 
obtained by varying Cj, and, hence, n. If the frequency 
pulling (which is small as noted) is not serious, this may 
be a convenient method. 

For reference, we write the expression for the fraction of 
the unfiltered energy transmitted by this balanced filter 
as a function of frequency. 



(/*— l)*R/r 


»*(l+2r)* 
4 Rr 


■Ur- 


m* 



where /■» w/cco. 
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While the circuit of Fig. 10 may be better 
than that of Fig. 1 or Fig. 5 for some applica¬ 
tions, it suffers from two defects: (1) six circuit 
elements are necessary vs. five in the former case, 
a defect of some importance in u.h.f. applica¬ 
tions; (2) the frequency of infinite, rejection only 
approximates the resonant frequency of the 
shunt resonant clement, and each adjustment of 
R requires readjustment of o> 0 . Furthermore, R 
cannot be readily visualized or calculated in 
terms of standing-wave ratios. 

Finally, it should be mentioned that, for tuning 
the balanced filter of Fig. 1 over a comparatively 
narrow range of frequencies, it is desirable to 
change both L and C, although either one alone 
can be varied. The condition of balance, from 
Eq. (2), may be written as 

u>o 2 L 2 

R = - 

4 r 

and, if one eliminates c*> 0 2 by noting that near 
resonance 2/ Cu o, 

R9*L/2rC. (24) 

Since r represents the losses in the tuned circuit, 
it is practically constant during the tuning, and 
hence the filter remains balanced with R fixed if 
L and C are changed together in such a way 
that their ratio stays constant. If, however, L 
alone is varied or C alone is varied as the fre¬ 
quency is varied, say by / percent or c percent, 
respectively, for a t percent change in a> 0 , R 
must be changed by (2 + /) percent or (l+c)/2 
percent, respectively. Depending on the method 
and difficulty of changing R } we can attempt to 
tune in one of the three ways. 

III. APPLICATION TO u.h.f. FILTERS 

In the previous section we found that a filter 
of unlimited attenuation could be realized practi- 



Kiu. 12. Infinite-rejection filter in the form of a 
three-arm bridge. 

cally, at least for cases where the circuit con¬ 
stants are lumped. The following question now 
arises: what modifications are necessary when 
one deals with corresponding distributed-param¬ 
eter circuits, i.e., u.h.f. lines and u.h.f. resonant 
cavities? It turns out that this same analysis is 
applicable, for it is well known that a single-mode 
cavity resonator can be completely specified in 
terms of Q , o> 0 , and R" and, likewise, a u.h.f. line 
has a definite input impedance (usually real). 
The cavity resonator can be shunted across the 
line, or placed in series with one side of the line. 
In the latter case we have exactly the unbalanced 
filter of Fig. I or Fig. 5 discussed above. The 
only remaining question is how we can arrange 
the analogue of R , for there is no obvious con¬ 
denser or inductance to be center-tapped. 

Before proceeding to a discussion of the meth¬ 
ods of realizing the balanced filter it is worth 
while to introduce still another circuit which 
can be shown to be precisely equivalent to the 
balanced filter. 

Figure 12 shows essentially a three-arm bridge. 
Let us assume an ideal 1:1 (auto) transformer 
such that the impedances are infinite, and close 
coupled, so that the coefficient of coupling is 
unity. One is interested in the load current as 
a function of R and co. This is given by 


ZW+2)^2fiZ^l-w^j+juLZ(fi+2)^ 


where ij, is the load current and all other symbols have their previous meanings and R is taken 
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Fig. 13. u.h.f. realization of Fig. 12. 


equal to R'\ i.e. t 0Z. Again we form the fraction 


and find 
F 


4 i L 2 Z 2 
- 

e 2 

40 2 (1 — m 1 ) 2 ' 

r (P+2y ■ 

(0+2) 2 4(1 - m 2 ) 2 +- m 2 

l (?o 2 


(26) 


Remembering that m 2 is virtually unity, we note 
that Eq. (26) is identical with Eq. (8). Thus the 
attenuation for low frequencies is given by the 
ratio of 0 to (0+2), just as was found before. 
The band width to the 3-db-down points there¬ 
fore must be exactly the same. Hence it ma»bc 
concluded that the bridge circuit is precisely 
equivalent to the balanced-filter circuit, even to 
the necessary loss of resonance. 

This suggests at once a simple method to 
obtain the balanced-filter behavior at u.h.f. 
Consider the circuit of Fig. 13; C is a cavity 
which is equivalent to the lumped resonant 
circuit of Fig. 12. The power absorbed in the 
load Z is made up of two parts: one part comes 
directly through C to Z, the other through the 
branch line to Z. This latter suffers a 180° change 
of phase by making AC and BD each a quarter 
wave-length. Then the power through the branch 
path arrives at D with phase reversed from that 
of the power arriving directly. The amount of 
power bypassed is controlled by the probes in 
the stub lines. This circuit, as a little thought 
will show, is the u.h.f. analog of Fig. 12 and 






S 


A 


B 


W~ 

Fig. 15. Second u.h.f. analog of Fig. 1. 


hence should possess its advantages. One device 
of this type has been constructed and will be 
discussed below. 

Another application of these ideas to a u.h.f. 
filter is suggested by Fig. 1. Can this circuit be 
carried directly over to ultra high frequencies? 
Suppose one had a cavity as in Fig. 14. It is 
quite clear intuitively that by symmetry if a 
probe is placed midway between the interior 
posts of the cavity and connected by a resistor 
to the center conductor, i.e., ground, it is 
the complete analog of Fig. 1. However, this 
procedure is difficult experimentally. Alterna¬ 
tively we might connect R from ground, not to 
the center point between the posts, but to a 
point in the coupling window at the midpotential 
of the window. Thus we would be reasonably 
sure of obtaining again the analog of Fig. 5. 
Finally, we may incorporate this idea in a 
practical way as follows; C again is the cavity 
(Fig. 15), and A the center conductor of a 
coaxial line. This is stub-supported at the point 
B , symmetrically located with respect to the 
(symmetrical) cavity C. Now, if the stub center 
conductor S could be made lossy, with a real 
resistance between B and ground equal to rQ { ?/4 
(where r is the equivalent series loss of the 
cavity and Q 0 is the unloaded Q of the cavity), 
we would expect the balanced-filter results to 
apply. This can be achieved by coupling a real 
load to the stub cavity as shown. By adjusting 
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Kig. 17. Infinite-rejection filter. 



the coupling, choosing the load properly, and 
placing it at the proper distance from the probe, 
any equivalent real value of impedance can be 
introduced into S, and the reactive part can 
effectively be absorbed in the cavity reactance. 
Thus, since B is essentially at the midpoint of 
the effective voltage across the cavity C, we can 
balance the filter by this adjustment and by 
tuning C. It should also be noted that there 
should be no “frequency-pulling” (to the extent 
that the added reactance at B is small) because 
the balanced filter and unbalanced filter have 
the same resonant frequency (see Fig. 8). 
Furthermore it is not essential that the voltage 
across the iris be completely symmetrical with 
respect to B . (Note discussion in first part of 
Section Ii.) A filter of this design has been 
constructed, and the data obtained from it will 
be presented below. 6 

A word should first be said, however, con¬ 
cerning how critical the tuning procedure can be. 
The sharpness of tuning as u is varied can be 
seen from Fig. 8. In practice, however, this 
adjustment is usually not very difficult, for one 
may tune the cavity by stubs moving on fine 
threads in a region of weak field. The sharpness 
as R is varied can be calculated. The result is 

* 0 - 7 )' 

F„ -■-— (27) 

| (R+1) , + [ (2R+1 ,( 2+ -)] 

•Acoustic applications of a filter of this type suggest 
themselves but will not be discussed here. 


to the same degree of approximation as previ¬ 
ously used. 

It is noted that F re8 becomes zero, as it should, 
for i? = 0/4. A logarithmic plot of F re« is given in 
Fig. 16. The adjustment of R is thus seen to be 
critical and, experimentally, needs a little care. 
(For the curve drawn, Q was assumed 3000 and 
0 = 20; then one can simplify further to obtain 



For any particular cavity it is wise to choose the 
load and load position (or, failing this, to use the 
proper transformer) such that R at B is approxi¬ 
mately the correct value to start with. 

In order to retain full benefit of the infinite- 
rejection circuit, it is clear from Eq. (20) that 
the loaded Q should be high, and thus for large 
values of 0, the unloaded Q must be very high. 
For a band width of 0.5 Mc/sec. at 3000 Mc/sec., 
a loaded Q of 6000 is needed, and clearly a cavity 
operating in the 2"E 0 . i. i mode 7 is indicated in 
order to obtain the necessary Q 0 of 30,000 or 
more so as to have a small loss off resonance 
(sec Eq. 21). Conveniently enough, an “echo 
box” can be modified for this use. 8 

7 See W. L. Barrow and W. W. Mieher, Proc. I.R.E. 28, 
184 (1940). 

• The "echo box” is merely a high 0 cavity.The ratio of 
stored to dissipated energy is so high that, once excited, the 
echo box will "ring” for a considerable time. 
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Kk.. 18. Kilter characieriblics. Curve I, balanced filtei; 
Curve II, unbalanced filter. 


Although the tuning of the filter is exceedingly 
sharp for very high rejection ratios (cf. Figs. 8 
and 16), and therefore the standard Radiation 
Laboratory echo box (1943) had to be eventually 
supplanted by a cavity of similar design but of 
J-in. steel plate for the sake of mechanical 
rigidity, the following results will be reported 
from a modified standard echo box. Figure 17 is 
a drawing of the cavity. The loss in the side 
stub is provided by the resistive disk D, whose 
resistance was adjusted by scraping to the 
(roughly) calculated value. Further adjustment 
was provided by the tuning stub TS which, if 
R 0 is the value of the resistance, makes the real 
impedance at B any value from 0 to Rq. Thus 
the resistance at A can be adjusted to the proper 
value. (The inevitable reactance introduced can 
be simply absorbed in that of the cavity.) Iris 
coupling to the TEo, i, i mode requires the rather 
peculiar off-set shown. With the filter coupled 
between the generator and receiver (through a 
standing-wave detector) by considerable lossy’ 

Tabi e I. Comparison of theoretical and 
experimental results. 


Design Modified Cavity with Probe-type 

characteristics echo box center posts filter 


U in Mc/aec. 

3284 

3160 

3233 

0 

B in Mc/src. 

5.7R 

16.8 

2.7 

0.5 

14.7 

1.04 

• 

Exp. Theor. 

Exp. Theor. 

Exp. Theor. 

\lB’ 

4.2 4.63 

10 9 4 

3.6 2.35 

1.02 1.05 

1.14 1.01 

1.15 t 21 

Insertion loss in db 

1.1 1.06 

2 25* 1 0 

6.1** 5 

^re*/in db 

60 « 

35 «o 

11 « 


* There was an asymmetry in the resonance curve due to imperfect 
matching between line and load. This partly accounts for this dis¬ 
crepancy. 

** Averaged over asymmetry. 


line, curves of filter output vs. frequency were 
obtained. These are shown in Fig. 18. Curve I 
is for the filter adjusted for infinite rejection; 
Curve 11 is for R considerably different from the 
correct value. Jt is seen that Curve II is the 
usual rejection-filter characteristic. Curve I is 
virtually identical with it at the half-power 
points and above, but increases the rejection 
ratio to very large values. The 7()-db point was 
the last measured value and was limited by the 
receiver sensitivity. There is nothing to make 
one believe it could not be extended considerably 
further, although even at the 70-db point con¬ 
siderable difficulty is encountered merely' in the 
frequency instability of the (klystron) signal 
generator. Table I summarizes the experimental 
measurements and compares them with the 
values computed from theory*. It is clear that 
the agreement is satisfactory. 

A word might be said of two preliminary 
constructions. To check the theory', a cavity of 
the type sketched in Fig. 14 was constructed as 
a balanced filter. Figure 19 describes it, and 
'Fable I gives the experimental and theoretical 
results obtained with it. For cases where extreme 
sharpness is not required this filter is easy' to 
make, easy to adjust, and easy to operate. 

Finally, the 1 u.h.f. analog of Fig. 12 has 
likewise been constructed from a modified echo 
box. This is shown in Fig. 20. Because of inability 
to couple properly by' means of probes, the 
tabulated theoretical and experimental results 
shown in Table I are not in as good agreement 
as in the other two cases. 

IV. PULSE DISTORTION PRODUCED BY FILTER 

Although the results of investigations into the 
distortion introduced in an initially rectangular 
pulse emerging from a single-tuned filter (pass 
or rejection type) are probably well known for 
the case where the filter is tuned to the carrier 
frequency of the pulse, not as much information 
seems to be available for the case where the filter 
is not tuned precisely to the carrier. 8 

The mathematical expression for the transfer 
impedance of an infinite-rejection filter becomes 
too involved for tractability in Fourier analysis. 
Thus one is forced to idealize the actual problem. 
This can be done, however, with practically no 
modification of the actual state of affairs, for the 
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attenuation characteristic of an infinite-rejection 
filter very closely resembles that of a single-tuned 
circuit with a Q far too high to be realized 
experimentally. Thus the following is required of 
the single-tuned circuit: (1) it shall have the 
same band width as the infinite-rejection filter, 
and (2) it shall have the same attenuation at 
resonance. The correspondence in shape then 
follows automatically. The experimental filter 
described in Section 111 had a band width of 
0.5 Mc/sec. at 3000 Mc/sec., with a loss off 
resonance of approximately 1 db. Let us take 
the attenuation at resonance as 60 db. Then 
the' appropriate constants for the idealized filter 
are @o = 6XlO® and /? = 20()0, where Q 0 , the 
unloaded Q of the filter, is defined by Qo = R/Lo> {) . 
The term L is the equivalent lumped inductance 
of the filter, and R is the equivalent shunt 
resistance, measured in units of line impedance. 

The system function, i.e., ratio of output to 
input voltage, is given by 

.00 

1 +2 j—(cj — cjn) 

coo 

//(w) =-, (28) 

.<?» 

2 -j-R-f-4j —(oj — coo) 
wo 

where js(- l)*, and w 0 is defined by 

1 

wo‘“ = — • 

LC 

Now, let e\ be a rectangularly modulated sinu¬ 
soidal carrier of radian frequency w, with unit 
amplitude and pulse duration r seconds. 

Before we proceed to a mathematical formula¬ 
tion of the resulting output voltage? e 2 , we may 
describe the process in physical terms. The 
incoming pulse shock-excites the filter. The 
filter 1 ‘rings' 1 for the duration of the pulse at the 
frequency of the pulse, with a steady-state 
amplitude dependent on the resonance character¬ 
istic of the filter. To this steady-state value is 
added a transient oscillation decaying exponenti¬ 
ally to zero at a rate determined by the Q and R 
of the filter. At the conclusion of the pulse, the 
steady oscillation disappears, and all that is left 
is the decaying term, but now to it is added a 
second decay term out of phase, initiated by the 



“shock” of returning the carrier level to zero. 
If, in addition, the filter is somewhat detuned 
from the carrier (of frequency wi) the decay 
terms, representing self-resonant transient oscil¬ 
lations, beat with the steady-state oscillations at 
a frequency equal to the difference between the 
two. Thus the resultant shape of the pulse is 
cooperatively determined by (a) the Q and R of 
the filter, and (b) the frequency difference 
A/= (w 0 —wi)/2tt cycles/sec. 

Returning to a mathematical formulation of 
this result, we see that the function e 2 (/) can be 
obtained from e x (t) by a technique now fairly 
standard. 9 The Fourier spectral distribution of 
the unit pulse of duration r is multiplied by 
h(cj), expanded into partial fractions, and re¬ 
integrated with respect to w (with, of course, 
proper attention to the choict of path cf inte¬ 
gration in the complex plane) In short, there 



Fig. 20. Bridge-type filter. 

9 E. A. Guillemin, Communication Networks (John Wiley 
and Sons, New York, 1935), Vol ?, Chap. XL 
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where, to repeat, a>i is the radian frequency of 
the carrier, o> 0 is the resonant radian frequency 
of the filter, and the factor multiplying expQ/W] 
is the resultant pulse shape. 

Expressions (29) and (30) have been calculated 
for a 1-Msec, pulse and with differences of carrier 
frequency from filter frequency of 0, ±0.2, ±0.4, 
±0.6, ±0.8, ±1, and ±1.5 Mc/sec. It is to be 
noted, of course, that the result is even in the 
difference frequency, as would be expected. 

The final appearance of the pulse will depend 
strongly, of course, on further phase shifts, 
attenuation, and demodulation in the receiver. 
However, phase shift and attenuation can both 
be neglected in a well-constructed receiver (ex¬ 
cept possibly for a linear phase shift which 
merely shifts the origin of the pulse). A linear 
detector will have a video output, therefore 
proj>ortional to | e 2 (/) | (disregarding the carrier 
.frequency part). A square-law detector will have 
an output proportional to |e 2 (/)| 2 , and so on. 
The curves plotted from Eqs. (29) and (30) and 
shown in Fig. 21 are calculated from |e 2 (/)|*. 
i.e., for a three-halves power second detector. 

The receiver on which measurements were 
made was carefully constructed, with an i-f band 



Fig. 21. Distortion produced in rectangular wave by a high Q rejection filter detuned from the pulse 

frequency by A/ Mc/sec. 
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width of some 13 Mc/sec. and a video band width 
of some 7 Mc/sec. The second detector was 
somewhere between linear and three-halves 
power law. One photograph reproduced in Fig. 
21 shows the resultant rectangular wave form. 
The pulse was formed by driving the grid of a 
klystron amplifier (excited by a klystron oscil¬ 
lator) from cut-off to a conduction value. This 
resulted in a pulse virtually free from f-m. The 
output cavity of the amplifier was broadened in 
bandwidth by loading it externally. The other 
photographs carry self-evident explanations. 

The agreement between experimentally deter¬ 
mined and theoretically predicted curves is seen 
to be quite satisfactory, with the possible excep¬ 
tion of the pulse for A/=1.5 Mc/sec., where 
A/^s (wi —wo)/2tt. Such differences as remain can 
be accounted for by the lack of abruptness in 
the rise and fall of the pulse, somewhat inexact 
guesses as to Q 0 and /?, and the slight difference 
in the law of the second detector assumed and 
that used. However, more accurate determina¬ 
tion is hardly warranted. 

It is clear that for small frequency differences 
the pulse is spread out to some two microseconds 


or so, with a more or less triangular shape, but 
in every case there is a fairly well defined discon¬ 
tinuity at / = 1 Msec. While the attenuation of 
the center frequencies in the pulse spectrum is 
essentially complete, enough energy remains to 
give respectable signals. One crude experiment 
showed a loss of about 2 db in the minimum 
discernible signal in receiver noise for a filter 
tuned so that A/=0. As | A/| increases, the depth 
of the cut in the pulse and the length of the tail 
decrease more or less uniformly until a case is 
reached where there is about one wiggle (due to 
the beat phenomenon mentioned above) across 
the top of the pulse (A/=t Mc/sec.), then two 
wiggles with reduced amplitude, and so on. The 
explanation of the discrepancy between the 
theoretical and experimental curves for A/=1.5 
Mc/sec. is probably that the difference frequency 
differs slightly from the nominal value. The 
larger A/, the more phase change in the wiggles 
for a given error in frequency setting. The beats 
finally die out and a square pulse is regained 
when the filter is tuned far off resonance. It is 
therefore not hard to determine the tuning of 
the filter to a fairly considerable accuracy from 
the video appearance of a square pulse. 
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The theory of robots or reproducing power-amplifying 
systems is considered. After a general terminological ori¬ 
entation the study in the first part is confined to simple 
robots , the theory of which is equivalent to that of non¬ 
linear springs with inertia and friction. The alacrity and 
fidelity of control arc well exhibited by studying the be¬ 
havior of a robot under constant tracking. Special emphasis 
is placed on the specification of conditions for optimum 
performance, i.e., minimum deviation or maximum fidelity 
after any given time. Curves are given for both propor¬ 
tional and on-off robots, from which the parameter values 
for optimum performance may be read. 

In Part II the theory of proportional robots is analyzed 


PART L DESCRIPTIVE ACCOUNT 

A. Terminology and Kinematic Description 

A POWER ROBOT may be defined as a 
reproducing power-amplifying system. In 
other words the name refers to any automatic 
control system which reproduces the time varia¬ 
tion of some quantity which is fed into it, but 
with enormously amplified power. Now, power 
(whether mechanical or electrical, see Glossary- 
Table I) is measured by a force-like quantity,** 
m , multiplied by the time variation of some 
position-like quantity, 0, i.e., 

de 

Power = ra—as mv. 
dt 

* This work was done in 1943-44 under Contract No. 
OKMsr-618 between Columbia University and the Office 
of Scientific Research and Development which assumes no 
responsibility for the accuracy of the statements contained 
herein. It was carried out with practically no reference to 
existing literature, which was, in any case, largely unavail¬ 
able. Any deviations of terminology front that current 
among the workers in the field may be ascribed to this. 
It is hoped that the extensive glossary at the beginning 
will compensate somewhat for this deficiency. The terms 
used were carefully chosen with a view to suggestiveness, 
and some may recommend themselves to others. 

** Apologies are here made for the notation, originally 
adopted in unpublished preceding reports for other reasons. 
It is to be noted that the theory is much more general than 
appears here, since m and 6 may be any pair of conjugate 
physical quantities (original report). But, for simplicity, 
one may think of $ as a position variable (or angfe) and 
of m as a force (or torciue). The system then reproduces 
the motion or “tracking'’ of a guide, which is detected by 
the pick-up and applied via a motor to the load or controlled 
system. 
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in detail, especially from the point of view of conditions for 
optimum performance. Two subsequent papers will con¬ 
tain the theory for the on-off case and the general non¬ 
linear robot case. The paper is organized as follows; 

Parti. Descriptive account 

A. Terminology and kinematic description 

B. Dynamical equation of robots with.usual load 

C. Optimum performance curves. Practical examples 
Part II. Theory of simple robots with proportional control 

A. Complete solutions as functions of time. Optimum 

performance curves 

B. Path curves in the posit ion-velocity plane 


The robot may then be said to reproduce the 
'time variation, v, of the position of some guide, 
d„, with an enormously increased m so that a 
heavy load may be made to follow. The manner 
in which this is accomplished is by havinR a 
delicate pick-up operate a motor which applies 
power to the load. The pick-up is so constructe I 
as to compare the position, 0 o , of the guide with 
0 of the load and apply a restoring force m r by 



Fig. 1 . Schematic diagram of a simple rolx>t. 
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means of the motor to reduce the magnitude of 
the difference, D' = d 0 — 0, between them. We 
shall call this difference the output deviation , and 
shall designate as a simple robot any system in 
which the operation of the pick-up is made to 
depend directly on this output deviation, D\ 
Other more general types, such as transmission 
robots, may be discussed in another paper. 

A schematic diagram of a simple robot is 
given in Fig. 1. It will generally be arranged that 
all reaction of the controlled system back on the 
guide will l>e negligibly small. We shall further 
include in the specification of a simple robot the 
physically natural requirement: 

m' is a single valued integrable function of D f 
in any finite domain. Let the phrase apparent 
work (i.e., as measured in the frame of refer¬ 
ence moving with v u ) describe the integral 
f m'dD '. We may then formulate the condi¬ 


tion in words: The apparent work done against 
the motor is finite in any finite deviation and is 
zero upon the completion of any closed cycle . 

In general one may write the equation of mo¬ 
tion of a simple robot as 

z[0]= w '(/r), 

where Z is what we may call the “displacement 
operator” or “stiffness” of the load (usually 
involving differential operators) and m! is the 
restoring force function. In very many cases, 
including all those considered in this paper, the 
displacement operator is linear in 0 and its 
derivatives (or integrals). Examples are transla¬ 
tional inertia, rotational inertia about an axis, 
“1st power law” viscous resistance, magnetic 
damping, Hooke’s law clastic stiffness, etc. In 
all such cases we may rewrite the equation of 


Tabu*: I. Glossary and examples of terms used. 


Symbol 


I )imetisionless 
forms for 
usual load 

Description Translational motion Rotational motion Electric circuits case 


T 

t 

V - lid nil 
m 

J * 

B = I /R’ 

K *1/// 


ft 

b 


H 

" 1-1 


O' =*(f v -H 

Di * (tfi — tf i 

/J*,' 

D=D’-D X ' 

D« 

V -i>„ -v 

T 
7 V 

r-r-iy 

Pn 

n(t)) 

D(T) 

+ T»vn) 

^min 

^inax 


total time 


time from beginning of a cycle 
position-like variable 

velocity-like variable 
toice-Iike variable 
inert ante 


position 


angle 


friction coefficient * 


1 


respondauc 


stiffness*- 


l 


compliance 
ns subscript indicates Quantity 
as subscript indicates quantity 
as subscript indicates quantity 
as subscript indicates quantity 
as subscript indicates quantity 

total output deviation 


angular velocity 
torque 

moment of inertia 
torque per unit 
angular velocity 
elastic torque per 
unit angle turned 


work per unit current or 
time integrated voltage 
voltage 
current 
capacitance 

1 


conductance» . 

resistance 

inverse inductance 


velocity 
force 
mass 

resisting force per 
unit velocity 
elastic force per 
unit displacement 
associated with guide 
at beginning 

associated with «-th cycle if there is oscillation 

associated with second half of n tt» cycle if there is oscillation 

associated with steady state 


input deviation 

mean steady state deviation from guide position 
output deviation from steady state deviation ^“deviation" 
maximum amplitude of deviation in n-th cycle 
time rate of change of deviation 


time measured from the beginning of constant tracking 
interval between beginning of constant tracking and first vanishing of D 
time measured from first vanishing of D 
period of «-th cycle 

5lumber-Amplitude function giving number of cycles required for maximum amplitude to fall to D 

Amplitude-Time function giving maximum amplitude as a function of time 

Fidelity Fraction: approximate fractional time per cycle spent within unit D interval about />*' 

optimum value of the friction coefficient for minimizing the deviation amplitude at any time 
optimum value of the friction coefficient for maximizing the fidelity fraction at any time 


T =BT //. 

T - moT/1'.jl 
r 

0 * /MqI 

ui ™ Bv/mo 
ft — in/mo 


A' • 

At 

Ax' 

A 

An 

11- 

T' 

To' 

T 


mol 


“v 

Wlo 


Tn 


»(A) 

A(T) 


/A 


mo/ . 
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Fk.. 2. Restoring force deviation graphs lor vaiious t\pes 
ot control. 

motion in terms of D f : 

/[/)'] =z(t)~m'(D') 

where (1.01) 

*[•.(«] 

is the result of operating with Z on the guide 
position as a function of time. 

In general the pick-up is such that the re¬ 
storing force (i.e., “cause”) is not linearly pro¬ 
portional to the deviation (“effect”), so that the 
theory of robots will be in the domain of non¬ 
linear dynamics. The special linear case in which 
the pick-up does act to produce a restoring force 
proportional to the deviation is designated by 
the name of proportional control. It will be 
analyzed below so that it may serve as a stand¬ 
ard of comparison for other, non-linear controls. 
The graphs of restoring force versus deviation for 
several types of control are given in Fig. 2. 

A division which should be made from the 
point of view of a general theory is between 
faithful and vacillating (or faithless) robots as 
illustrated in Fig. 2. In a later paper 1 we shall 
give a precise and general definition of faithful¬ 
ness, but tentatively we may indicate the dis¬ 
tinction as follows: In a faithful robot the re- 

1 “Theory of damped non-linear oscillators with applica¬ 
tions/* referred to in the following as D.N.O. 
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storing force always acts so as to reduce the 
deviation, i.e., m is always positive for positive 
D. Not so for a vacillating robot, a type which 
may occur, for example, in rotating control sys¬ 
tems where, if the deviation exceeds a certain 
value, a new guide (or the old one from the other 
side) takes over as the center of attraction and 
the old one is deserted. Certain theorems which 
may be proved, such as the approach in constant 
tracking of every simple robot to a steady state 
of zero oscillation, may be proved only for faith¬ 
ful robots. The others may vacillate throughout 
eternity. 

Jn any case, the efficiency of a robot will be 
measured by the fidelity with which the load is 
made to follow the guide , i.e., by the smallness of 
the time lag and oscillation of the output devia¬ 
tion D' for changes in d 0 . The more ideal the con¬ 
trol system, the smaller will these quantities be. 
It is one of our prime objectives not only to 
deduce the general description of the phenomena 
but also to determine what values of the param¬ 
eters will minimize lag and oscillation. 

There are two interesting special cases: 

I. The amplification of power associated wiih an oscil¬ 
latory motion. 

II. The amplification of power in the case of constant 
tracking. 

The first is the case in which the guide moves 
with a given oscillatory motion, and the problem 
is to determine what the amplitude, frequency, 
and phase of the output deviation are. This is a 
generalization of the problem of forced oscilla¬ 
tions in linear mechanics and we shall not discuss 
it in this paper. 

The second case is that in which, beginning at 
a certain time when the velocity of the load is 
Vb and the output deviation is Db , the tracking 
velocity, v ff1 of the guide becomes and remains 
constant. It is a generalization of the problem of 
free oscillations, or oscillations under a constant 
force, in linear mechanics. It is this case of con¬ 
stant tracking with which we shall primarily be 
concerned, for the fidelity of control of a robot is 
perhaps best brought out by studying its char¬ 
acteristics for this case (Fig. 3). After a certain 
time and number of cycles (finite or infinite) the 
system may attain a steady state . The steady state 
may be either one of no oscillation, i.e., perfect 
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following of the tracking motion, or of a steady 
oscillation with finite period and amplitude. The 
following or oscillation may be about the correct 
tracking motion or about a position lagging by a 
certain steady value behind the correct position. 
When it occurs, we shall denote this mean 
steady-state deviation from the guide position 
by the symbol DJ (an explicit definition will be 
given later), and it will be convenient to separate* 
it out from the total output deviation, so that 
we may write ^ 

Here then, D represents the deviation from the 
mean steady-state tracking position (Fig. 3). 
Since it is often relatively easy to correct for a 
steady space deviation like DJ y it is desirable to 
concentrate merely on minimizing the oscillation 
and time lag of D. 

When there is oscillation it is often convenient 
to start counting time and number of cycles 
from the first time when D~i). Let the interval 
between the beginning of constant tracking and 
this first zero of D be represented by the symbol 
7Y (Fig. 3) so that, if 7 V represents the time as 
measured from the beginning of constant track¬ 
ing, we have 

r=r- 7Y. 

When the general theory of a system for an 


arbitrary beginning time is worked out, TV may 
be determined by an auxiliary calculation. The 
advantage of this shift of the origin of time to 
the beginning of the first cycle is that it will 
often simplify the ensuing formulas by eliminat¬ 
ing a phase-shift term. Sometimes 7Y is of in¬ 
terest for itself, in that a certain event for which 
the control is motivated in the first place is 
made to occur at that moment. Even in cases 
where steady permanent control is desired, it 
might be that the system could be brought im¬ 
mediately to the steady state at that moment by 
a suitable impulsive process. 

If D does oscillate in time we may wish to 
analyze its variation in each cycle independently. 
In such circumstances it will be convenient to 
start the time scale anew at the beginning of 
each cycle. The time so measured within each 
cycle will be denoted by the symbol /. 

Let us designate the maximum and minimum 
D in the n-th cycle (the deviation amplitudes) by 
D n and D n , respectively. Also let the period in 
the w-th cycle be represented by P n . Upon in¬ 
verting the expression for D n as a function of 
«, one may arrive at the 

number-amplitude function: n(D) 

giving the number of cycles required for the 
maximum deviation to fall and remain below D. 
The control characteristics of a system are per- 


♦ 



Fig. 3. Oscillations in a simple faithful robot under constant tracking. 
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Fig. 4. 'rime lag vs. maximum deviation amplitude, 
haps best exhibited b\ its 

t 

mD) 1 

time-amplitude curves: T(f))= £ P n , 

giving the time required up to the beginning of 
the cycle in which the maximum aplitude falls 
below D. These may be plotted for various values 
of the relevant parameters. 

The magnitude /)*, after a steady state has 
been reached, will be finite or zero, depending on 
whether there is or is not a steady state of oscilla¬ 
tion. The number of cycles and time required to 
reach the steady state exactly, which we desig¬ 
nate 

number of transient cycles: n x 

and 

7I«) “I 

transient lag, £ P n , 

H »»0 

respectively, may be finite or infinite. Combining 
this with the possibility of zero or finite oscilla¬ 
tion, we have the four main types of time- 
amplitude curves one may expect to encounter, 
sketched in Fig. 4. The functions should actually 
be represented as discrete, since the variables D 
and T take on discrete values but, for conveni¬ 
ence, we have drawn smooth curves through the 
points. 

Besides the D — T curves, which set upper 
limits to the deviations after any particular time, 
we may be concerned to know what fraction of 
the time of any cycle the system spends with a 
deviation in the interval dD between D and 
D+dD. In other words, we should like to know 
the “distribution function” for the probability 
of finding the system in the neighborhood of any 
given deviation about the mean tracking posi- 

7<)» 


lion. Since it is proportional to the time spent 
within unit interval about D, this distribution 
function is inversely proportional to the time 
rate of change of D at that point. Thus letting 

V*e1>D/dT, 

and expressing it as a function F(/)) of D , we 
may write: 


f(D)dD = 



1 1 

J\\D)U + JV(D)\ 



where we have added together the time intervals 
for dD when the deviation is increasing and de¬ 
creasing, respectively, since both contribute to 
the probability of finding the system in dD. 
division by the period P is merely to insure * 
normalization, i.e., 


f f(D)dD = \. 

d n 


Because of the nature of oscillation (velocity 
zero at the amplitude limits) f(D) will be of a 
general U-shape as sketched in Fig. 5. Now it is 
difficult to characterize this curve in a general 
way. For practical purposes, however, it will be 
of primary interest to know what fraction of the 
time of any cycle the system spends within any 
small interval in the neighborhood of the mean 
steady-state position, i.e., we wish to give the 
value of the ordinate , /, of the distribution curve 
at the abscissa , D = i). This we shall designate the 
fidelity fraction, since multiplying it by any small 
deviation interval AD about Z> = 0 gives an ap¬ 
proximation to the fractional time spent within 
that interval. Since the area under the total 
curve has been normalized to unity, it is clear 
that / is also represented by the shaded area in 
Fig. 5. An explicit formula for / in terms of the 
velocity V n at the beginning of the n-th cycle 
and the velocity V at the time a of the return 
passage through zero D is 

*** As pointed out by the referee, the qu antity / here 
defined is more applicable to the first half of the cycle 
rather than to the total cycle. It is still, however, an 
approximate index of fidelity and may be taken as having 
certain advantages of simplicity. In any case, it had 
already been used in the treatment of the special cases 
given later. 
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B. Dynamical Equation of Robots with 
Usual Load 

Thus far our considerations have been quite 
general. But it is convenient here to limit our¬ 
selves to the very important common case whore 
the sluggishness of the load or controlled system 
is governed mainly by inertia and frictional re¬ 
sistance so that the equation of motion of the 
robot may be written 

dv 

I - +Bv = m'(D') 

dr 


where 

Thus we are measuring all forces in fractions of 
the characteristic strength and all times in fractions 
of the time constant of the load when slowing down 
freely under no applied load; and we are measur¬ 
ing all velocities in fractions of the characteristic 
steady-state velocity of the load , i.e., its motion 
against friction when the constant characteristic 
strength of the motor is applied steadily. With 
these notations the basic robot equation (1.02) 
takes the form 


V = Vb 

D’=0 u ~-6 h 


at T f = 0, 


( 1 . 02 ) 


d 2 <t> 

- b 

dT' 2 


d<f> 

dr 


= m'[k(0</”-0)]» 


where I is the inertia of the load and the B its 
frictional resistance per unit velocity and, as is 
the nature of the robot, the applied force w' is a 
function of the deviation D r . (In the case of a 
transmission robot, D' must be taken as repre¬ 
senting the input deviation.) The subscript b in 
the initial condition equations represents the 
values of the indicated quantities at the begin¬ 
ning 7' = 0. In terms of 0, the differential equa¬ 
tion may be written 

d 2 6 d$ 

I - +B — = m'(Q li -O)=Moii , (d u -0) 

dT 2 dT 

where we have taken out a constant charac¬ 
teristic strength factor w 0 (which may be defined 
conveniently in any particular type of system) 
and have left the functional dependence in the 
dimensionless restoring force function — 
Now, in developing the theory for this usual 
load case, it is convenient to choose new dimen¬ 
sionless measures of time, velocity, and force 
such that 

w' B B B 2 

— 7’ssT = -0-0. 

m o I w 0 Mo/ 

Therefore, 

B B B 2 

/ == t —F-uv-w-U - D* ss A' (1.02') 

I Wo Wo / 

I dv dos 

-==— etc., 

Wq dt dr 


or if we express the equation in terms of 
A' = 0„ — </> 


we get 


d 2 A' 


dT' 2 


d&' 

H- 

dr 




0r/-V(*A'). 


This is the form which the fundamental operator 
equation (1.01) assumes in usual load systems. 

If we confine ourselves to the case of constant 
tracking beginning at T' = 0, 

0*/ “ 



Fig. 5. Distribution function for probability of finding 
deviation in any neighborhood. 
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Tablk II. Steady-state deviations and modi lied force functions for various types of robots. 


Type of control 

Restoring force 
deviation relation 

Steady state deviation 

Proportional 


K 


Quadratic 

A'UA')* 

K 


Cubic 

(xs'y 

V* 

K 


m-th power 


4 

_3 

<3 


Exponential 


<o„-Jn[l -f ! 

K 


H>perbolic s>inc 

sinh(kA') • 

^ sinh l to, 

K 




’«.l <1 = 

11 *>„ | >1 

Hyperbolic tangent 

t.inh(kA') 

tanh 

or db * 

On-off zero-gap 

- I- 

0 

or ± oo 


Modified restoring foite function 


kA 

±UA=fc(|« i ,|)*| 2 — (rfc = w 0 ) 

± | Kl± \ug\ (-t 

dr 1 ~ (1 -j— | |) ^ — &u) 

sinh(*Ji-f sinh l to ti )—u>g 

tanh(icA-f- tanh — u v 

~ _ _ (dr*£y) 


On-off hnite-gap 


"±6 


or d: °o 


_ j (± * a> a ) 


d means “sign of a” or r 


and we have: 

d*A' dA' 


dT ' 2 dr 
(m') = 


I«l 

= 0)g-^(KA')^ -/i 
06 


r/A' 

f/T' 


~03 u — 0)h^ Ub 


(1.03) 


at T'*(), 


where a, 06, a>6, % are then constants calculable 
in terms of the given data, and where we have 
introduced the symbol 

— U)„ 

for the modified force function , i.e., the restoring 
force measured from the level instead of zero. 

Now it is demonstrated in D.N.O. 1 that the 
final steady state in constant tracking of any 

m 


faithful robot is one of zero oscillation, and con¬ 
sists of a constant steady deviation given by 
setting the right-hand side of the differential 
equation (1.03) equal to zero: 

ttg-VfaAO^O 

or 

1 

A/ - u f ■(«,) 

K 

where u 1 is the inverse function corre&fwmding 
to /• Applications of this result to various types 
of control are given in 'Fable II. It is thus possible 
to simplify the system of equations of motion 
(1.03) by introducing the modified force function 
and expressing everything in terms of the modi¬ 
fied deviation A: 

U ( kA ) ss /u'[*A'] — o) lf = /z'[*(A + A*/)] ~ 

This shift of reference level of /z is illustrated in 
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Fig. 3. If A becomes zero at some finite time, 7Y, 
before the steady state is reached, i.e., in case 
of at least one oscillation, it is possible to sim¬ 
plify the equations a little further. Introducing: 
the modified force function, and measuring the 
time in terms of T from the first zero of A, 
we have: 


d 2 A dA 

- -h— = -mUA) 

dr 1 dr 

A = 0 
dA 


dT 


• — w u — Wo — S2 0 


(1.04) 


at T = 0, 


where, if the solution to the problem for arbitrary 
beginning data is known, wo or % may be calcu¬ 
lated readily. Conversely, if one has the solution 
for general values of ilo as a parameter, one may 
determine the particular value required to fit 
the initial data 


A — A x ' il = il h at T = — To'. 

In general, if \i! is of any other functional form 
but linear, the differential equation is non-linear 
jn that the right-hand side is a function of the 
dependent variable, and the solution of the sys¬ 
tem will require special devices in various cases. 
We shall discuss this question in D.N.O. 1 and 
in a subsequent paper 2 , but for the present we 
confine ourselves to noting that, once the problem 
is solved, all the control characterizing concepts 
defined above may be found, translated, of course, 
in dimensionless terms. These arc listed for refer¬ 
ence in Table HI. All these quantities generally 
depend, of course, on the parameters x, wo, and 
w u as well as the indicated arguments. 

The visualization of the motion is facilitated 
if it is represented on a diagram on which il is 
plotted as ordinate against A as abscissa. This 
gives the “path curve” in the “state plane” (or 
“phase space”) of our damped non-linear oscilla¬ 
tor. The differential equation governing the path 
of the representative point in the state plane 
follows from a simple rearrangement of (1.04) 


dil g(xA) 

dA £1 


d.04') 


* “Theory of on-off and relay control systems," J. App. 
Phys. (To be published.) 


with the same initial conditions. The time is now 
merely a parameter tracing the representative 
point as it moves along the path curve. 

It will be shown in D.N.O. 1 that for every 
faithful robot the path curve is a continuous 
right-handed (clockwise) spiral closing in on the 
point A*' which lies on the A axis. This spiral 
may be bounded between two comparison spirals 
beginning at the same initial point and made 
up of successive pieces of linear oscillator spirals 
with certain frequencies which may be worked 
out in each case. In this way follow immediately 
criteria for oscillation and overdamping, and the 
possible existence of any finite number of oscilla¬ 
tions in the transient state of non-linear oscilla¬ 
tors. Upper and lower bounds to the number of 
oscillations and times required for the deviation 
to fall to any desired value may then be set. 

C. Optimum Performance Curves 

If after solving the constant tracking case as 
represented in (1.04) for any particular system, 
and finding for instance 

A(T, a, ilo * w u ) 

and 

/a(T, a, 12i», o> f/ ), 

we return to the ordinary measures of lime and 

Tablk III. Control characterizing concepts translated in 
dimensionless terms. 


A,*/ mean steady-state deviation from 

guide position 

A deviation from mean steady-state 

deviation 

T 0 ' time when A first Incomes y.ero 

after the loginning of constant 
tracking 

A« maximum value of A in w-th cycle 

A„ minimum value of A in n-th cycle 

r n period of oscillation in w-th cycle 

w(A) number-amplitude function 

A(T) amplitude-time function 

n 0 o number of transient cycles re¬ 

quired to reach the steady state 
T« transient lag, i.e., time required 

to reach the steady state 

1 T 1_ 1 1 fidelity fraction, i.e., approximate 

jrnLjUwi \U(a) | J fractional time per cycle spent 

**/ within unit A interval about 

steady-state deviation 
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position, we may write 


(/>) 


_ m a I. /B 
D= —A 
B 8 


/B 

(l r - 


m n I 
B' 1 ' 


CO 


B 

~ l 0, 

W 0 


B 2 . 

(B 

Wo/ 


-T, 

^ I 

B-' 


B 

- To, 

Wo 


■) 

) 


(1.05) 


( 1 . 06 ) 


It is interesting to investigate the dependence of 
D upon the various system parameters. We shall 
illustrate by considering the dependence upon 
the friction coefficient B , whose influence on the 
times required for reducing D and for increasing 
/ may be considerable. It is then important 
practically to determine (with a given time) for 
what value of B , D is a minimum, and for what - 
value / is a maximum. We shall designate these 
two values (or sets of values) by the symbols 
Btmti and B 

innxt respectively. 

Consider first the determination of £„ lin >*This 
is obtained from the conditions 

dD B 2 f) 

— = 0; — ><). 
dB dB 2 



Fig. 6. Optimum performance curves for minimum 
deviation and maximum fidelity—proportional robot in 
constant tracking. 
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In general this value of B mm will depend on the 
time as well as the parameters, and to every 
time there will be associated a minimizing value 
B mln . The value of f) associated with B m in may 
be obtained by substituting into Eq. (1.06). 
A.»in and B min as ordinates may both be plotted 
against the associated time T. Examples of such 
curves for proportional and on-off control robots 
obtained from the mathematical analysis in Fart 
II and a subsequent paper are given in Figs. 6, 
7, and 8. The curves are approximate only, and 
valid under the conditions for short period os¬ 
cillations, i.e., for low damping B relative to 
motor strength w 0 . It is further shown in the 
mathematical analysis that real minimum values 
of Amu, and maximum values of / Ilia3t , may be 
obtained only for certain ranges of B and T. 
These ranges are diagrammed in Fig. 9. For 
generality the ranges of negative B and T are 
also given. 

The actual value of 7\ and therefore B mu ,, to 
be chosen depends of course on the requirements 
of the situation. In many cases (/}* = ()) it will 
be found that A«»m may be made as small as 
desired by choosing a sufficiently large T. But 
generally we do not wish this time to be unduly 
long. The most practical procedure to be fol¬ 
lowed for systems with adjustable B is then 
probably this: 

For a given power source w 0 , load inertia /, 
constant velocity of tracking v a , and initial load 
velocity Vn, if we designate a deviation amplitude 
which is not to be exceeded , we determine a point 
on the (D mm —T) curve. By making the friction 
coefficient in the system have the value B nun associ¬ 
ated with the abscissa of this point , we ensure that 
the desired diminution in D will occur in the 
shortest possible time . This time is given by the 
common abscissa .f 

f The formal proof that the conditions for 

f) minimum with respect to B at constant T 
are entirely equivalent to those for 

T minimum with respect to B at constant f) 
is easy. It follows immediately from the expression 

n»o 

that 

f0T\ ^ _ Uip/dBJr, 

and from this the desired conclusion mav be drawn except 
in the case where the denominator on the right-hand side 
also vanishes (i.e., in the steady state). 
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As indicated above, just as one may seek to 
find an optimum value of B for minimizing the 
deviation, one may instead determine a B uxnx to 
maximize the fidelity fraction. B xuilx is deter¬ 
mined to satisfy the conditions 

Of/dB = 0; tl*f/dB*< 0. 

Plots of / IIUIX and curves analogous to the 
Dt „in and B m \ llL curves may be made and the fol¬ 
lowing prescription carried out: 

For a given power source w 0 , load inertia 7, 
constant velocity of tracking v (n and initial velocity 
Vo, if we designate a fidelity fraction which is to he 
exceeded , we determine a point on the / mH x curve. 
By making the friction coefficient in the system 
have the value J3„ mx associated with the abscissa of 
this point , we ensure that the desired increase in f 
will occur in the shortest possible time . This time 
is given by the abscissa. 

Such curves as and fllHlX B\uti\ may 

conveniently be referred to as curves for optimum 
performance. 

We may define the sensitivity of a maximum or 
minimum as the relative change in the ordinate for 
ji unit change in the abscissa away from the ex¬ 
tremum. It is proposed that this is a fairly 



i*-#$ T * 

Fig. 7. Optimum performance curves for minimum 
deviation and maximum fidelity -on-off robot in constant 
tracking. 



Fig. 8. Optimum performance curves on a seini-logarithinic 
plot—on-off robot in constant tracking. 


relevant criterion in most cases where the local 
importance of a maximum or minimum is to be 
estimated. With application to the functions 
f){B) and f(B) this yielfls 


B miiX 

where in each case the second derivative is 
evaluated at the extremum, i.e., where the first 
derivative vanishes. Once the extremum prob¬ 
lems have been solved, plots of S M 1 i„ and S IIlttX 
similar to those described for D lu \ n and / max may 
of course be made. 

So far, in the interest of clarity we have de¬ 
scribed tlu? curves for optimum performance in 
general without specifying the restrictions which 
may be placed, by dimensional considerations, 
on the manner of occurrence of the various 
parameters. Hut it may be of considerable prac¬ 
tical value to determine in general upon what in¬ 
volvements of the parameters the optimum per¬ 
formance curves depend. Various minimal sets of 
such variables may be found, with differing 
advantages. 

Here we shall make a particular choice which 
brings out clearly’ the dependence on B : If the 


1 a 2 /) j 1 a 2 / 

Anin dB“ j Tamili /mnv SB 2 
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abbreviations 

m {) T Iv u 2 Vq 

-1-(1.07) 

Vgl niQ Vg 

are introduced, it is readily seen that (1.05) and 

(1.06) may be rewritten 

(D') -Alu/T, - f a),jS, (1.08) 

w„ 2 / E \ 

(/') /* /a( w/f, <*)„$, «„). (1.09) 


It is clear from the definitions (1.07) of 7*, £, 
and 5 that they in no way involve J5. The func¬ 
tions in ( D') and (/') depend on B only through 

B 

CJg^ - Vg. 

m o 

Therefore all ext rentalizing values of B* may be 
obtained by setting 

3J5 df 

— =o, — =o. 

doif, d&)„ 




ON-OFF ROBOTS 



PROPORTIONAL ROBOTS 

Fig. 9. Domain of real D mm anil / m „ with associated ranges of the time and the friction coefficient. 
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These equations yield 

(<•)</) inin (w t ,)max 
■^min /max 

and the sensitivities, etc., solely in terms of the 
quantities 

t E s 

and no others. Thus for any simple robot the 
optimum performance curves depend upon the time 
and physical parameters only in the three combina¬ 
tions defined in (1.07). When quantities art' ex¬ 
pressed in terrfis of *T, E , and s f we shall say that 
they are “in TEs measure.” 

We shall now illustrate the use of the optimum 
performance curves by a practical example. 
Consider a system with the following parameters: 

motor strength m 0 = 1 kw. = 10 10 erg /sec. 
inertia /= 1000 kg = 10 6 g 

guide velocity v g = 3.6 km/hr. = 100 cm /sec. 
initial load velocity v 0 = 1.8 km/hr. = 50 cm/sec. 
E= 1 s = l 

Suppose we wish to determine the optimum 
conditions for the deviation amplitude not to 
. exceed 0.45 cm, i.e., 

fimin 

= 0.9. 

(E)>s 

We find from Fig. 6 for proportional robots: 

7" = 0.86 T = (—\ ( =0.0015 sec. 

Vwo/ \ 2 s* 

w/ = 0.57 E = 28X10® dynes per cm/sec. 

= 28.6 kg per cm/sec. 

(£)W,hx = 1.1 1 /,„,x = 0.707 cm- 1 . 

Thus the optimal friction coefficient is such as 
to produce a drag of about 29 kg for a velocity 
1 cm/sec. After 15 ten thousandths of a second 
the deviation amplitude will have fallen below 
0.45 cm. To use the fidelity fraction, we consider 
the sample question: What fraction of a cycle 
does the system spend within a deviation equal 
to i the deviation amplitude, i.e., within 0.09 
cm of the correct position? The answer is 
0.707X2X0.09 = 0.127~i of a cycle. 

When we now consider an on-off robot with 


the same parameters we find we can no longer 
choose the minimizing deviation at 0.45 cm, since 
this already exceeds the upper limit for which 
•f^rnin is real. In fact we have a real minimum only 
when 

I(V 0 — V 0 )* 

Z)min<C-= 0.125 cm 

2m o 


in this case 1 . Taking D m \ n equal to \ its value in 
the preceding example, i.e., at 0.1125 cm, we find 


2/5 


min 


Es 2 


= 0.9, 


for which Fig. 7 yields: 

§ r* 1.53 7' = 0.023 sec. 

0*0 = 0.35 Emin = 35.7 kg per cm/sec. 


w r , = 0.54 E mux = 55 kg per cm/sec. 


<Es*/miw = 0.81 /max = 3.24 CllV l . 

The fidelity fraction in this case yields the result 
that the system will probably spend a fraction 


0.1125 

3.24X2X- 

5 


= 0.146 of a cycle 


within a deviation equal to \ the amplitude about 
the correct position. 


PART II. THEORY OF SIMPLE ROBOTS WITH 
PROPORTIONAL CONTROL 

A. Complete Solutions as Functions of Time 
Optimum Performance Curves 

We shall now consider a particular type of 
control for which detailed analytical and graphi¬ 
cal solutions will be given. This is the case of the 
simple robot with proportional control in which 
the restoring force is linearly proportional to 
the deviation, i.e., 


ra = w o (0„ —0). 


The basic equation for the robot with usual 
load may then be written 


d 2 6 

l -(. 

dV 2 


de 

B -= Wo( 0 <,— 0 ) 

dr 


0 = 06 1 


d6 

dT 


kt r=o. 


m 


(II.01) 
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Introducing the dimensionless measures given 
by (1.02') and taking the case of constant track¬ 
ing, we have 


d' 2 A' dA' 
-1-f- 

dT' 2 dV 


K A' = 0)y 


A' — Ab = —<t>b 


dA' 

dr 


Ik 


kit 


T' = (). 


( 11 . 02 ) 


Case /: vd 2 >0. Oscillatory Approach to 
Steady State 

sin^T'-To') 

A~(<t>b~\-(ji)y/ic)e JW/2 -. 

sinj/ 0 T 0 ' 

As Vo approaches 0, T 0 ' may be represented ap¬ 
proximately by 


7T l 

To'^-+— if su< 0, 

Vo Zb 


Upon integration of (11.02) we get: 


o) a sim/ 0 (T' — To') 

A' = - +(^+co„ n)e 1/2 -;-(11.02') 

k sin^oTo' 


with 


To'- -fir-si 

VoL 


l 


[1 + (-*, »*)*]' 

CJ] 

ir 


1 |'7T Shi 

= H “tan *- 

vol l voJ 


where we have introduced the convenient 
abbreviations 


ik 


Zb- 


I V 0 —Vb 

- i 


4>b+w ti / K & Ob+Bvg/nto 

(4w 0 /-3 2 )* 


(11.03) 


Vo 


= («-!)*= 


2 B 


It is clear that the mean steady-state deviation 
in this type of system with proportional control 
is then 



k m o 


antWis just the deflection which evokes the restoring 
force required to drag the system along against 
friction at the velocity v g . This is of course only a 
special case of the general result for Aj de¬ 
scribed in the preceding section. For the time 
dependent deviation from Ace' there are three 
cases: 


t 

T o'~— if s„X). 

Zb 

The deviation amplitude in the .steady state 
A* is zero, and the number of transient cycles 
n x and time required to reach the steady 
state are both infinite. 


Case II: vo 2 = {). Critically Damped Approadi 
to Steady Stale 

A = (</>h+w M h)e r ' l2 (- — 1^ 

VTo' / 

where 

T,)'=^c if z h < 0, 

1 

To' = - if Zu > 0. 

Zb * 

Thus we see that the number of cycles w*, before 
the asymptotically approached steady state is 
either 0 or depending on whether Zb is less 
than or greater than zero. In the latter case A 
becomes zero once at To', and overshoots the 
mark, later subsiding asymptotically to zero 
again. Examining the structure of Zb , we see that 
this occurs under the following sets of cir¬ 
cumstances: 

I/B sufficiently large 
iV —Vb sufficiently large 
Ob small, nio/Bv 0 sufficiently large. 


Case III : vo 2 <0. Overdamped Approach 
to Steady State 


A = (06+w„/ tc)e 


sinh | v 0 1 (T' —To') 

— T'/g _ 

sinh | vq | To' 


m ‘ } 
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where 


T 


t 

0 


1 1 

-sinlv 1 - 


[(-*/«-.)*-1]‘ 


1 , , I **“1 

tanh~ l 

I I — z h 


-In 


Zh+ | V«| 


Zb I I'D | 


1/2lroI 


It appears that T 0 ' has a real positive finite value 
only for Zb> | voj. Thus the smallest possible real 
values of- To' *and the number n x of transient 
cycles during the approach to the steady state 
of zero deviation are governed by the rule 

To' finite n x = \ if z b > I | 

To'=ao o = 0 if 2b < 11/ 0 1 . 

'Hus is to be compared with the corresponding 
condition in Case II: A schedule of the possible 


real T»' in the? various cases, together with an 
analysis, by means of the unit circle in the; trig¬ 
onometric plane, of tlu* limits approached, is 
given in Table IV. 

For fixed Sb>(), it is clear from the nature of 
the function (l/.v) tanh^.v that To' has its mini¬ 
mum value at ^0 = 0, i.e., for critical damping. 
Thus, if the objective is to attain T 0 ' as quickly as 
possible , we shall certainly strive to keep the damp¬ 
ing below the critical value.' 

We pass now to the consideration of the ampli¬ 
tude time dependence in the various cases. The 
most interesting circumstances are those in which 
there is oscillation as in Case 1, or when there is 
overshoot in Cases II and III. 

Case I: If we shift to the time scale 

T = T' — T 0 ' 

sim> 0 T 

A — (<^6+w </ / / K)e~ (T+T ° /,/2 —- 

sinpoTi/ 


Taki.k IV. Smallest real To' as a function of v n and zi, for the proportional robot. 

v 0 - 


Zb plus 


zi zero 


I 


Zb zero 


Zb minus 



m »/ero zero*- | v ( » | 

Critical damping 



Zh Zb 


»'o Imaginary: 
overdamping 


if -b> | vo! : 

TV-4-. tanh-'M 

| V0 I Zb 

if Zb< | v 0 1 : 

00 


TT 



0C 


0O 


T 



00 


O0 


Vo 



00 


tb can be plus or minus, 
vo can be real or imaginary. 
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we may represent the beginning of each rvrle by so that 

2 wtt __ 

Tn= - (» = 0, 1,2, • * •) Ao= (^>6 + 

Vo 

and the middle (node) by 


( VQ* + Zb~\ 

—— ) 
V0 2 +\ / 


(2// M )tt it 

T„, j - — — = T/j I . 

I'll Vo 

The times when the maximum and minimum 
deviations occur in the cycle are found by ex¬ 
amining the zeros of the velocity 

dA 0b + O) o /K * 

££== __ e ~(T+To')/2 

dT sitivoTo' 

X [ 2 sinvoT + vo cosv 0 T] 


T„ = T»H— tan l 2v 0 
vo 

1 T 

T« = T„+— tan' l 2vo+-~. 

VQ Vo 


Ao= (06+W„/K)e 


sinv 0 To 

sinv 0 To' 


To+TV 


tr vo i 

' =—I ir —tan -1 -Kan~ l 2vo 

Pol —2b J 

lr / 2z b +\ \1 

= — t tan -l l v 0 -I I 

v 0 l V —Zb+2vS 2 / J 


sinKoTo / 1 + (z b / vo ) 2 \ * 

sinvoT 0 '~ \l + (l/2v 0 ) 2 / ’ 


t r 

/ 226+1 \1 

X exp — —It— tan 1 

( Vo-) 


V —Zb f-2vo*/ J 


Case II, ^6>0: The time when the maximum 
deviation amplitude occurs is here given by 

1 

T = 2 or T' = To' + 2 =—+2, 

26 

and the associated maximum deviation ampli¬ 
tude is 

A = 2zb(<t>h-{-co u / K)e u,i/2 * b) . 

Case III, Zi, > | v«| : With respect to the shifted 
time scale, A may here be written: 


A = (06 + Wp f K)((Zb/ Vo) 2 


->{ 


26+ | Vq | J 

e T/2 sinh I v 0 | T. 


In particular 

1 

T 0 = — tan~ l 2v 0 . 

Vo 

The maximum amplitude of deviation in the 
n-th cycle, or the amplitude-time function, is 
then: 

A n = A<tf“ T « /2 , 

where Ao, the maximum deviation amplitude in 
the first cycle, is 


The time when the maximum amplitude of 
overshoot is reached is found by examining the 
zero of dA/dT to be 


T=— tanh l 2 | v 0 ’ 
Vo 


rl+2 1 yoh 1/21 ** 

11 —2 I vo IJ 


which, upon insertion into the expression for A, 
yields the maximum amplitude 


A = (06 + Wy 1 k) 


/Zb 2 - I V 0 | 2 \ > 

Vl-lvol 7 / 

xf- 

Lh 


1 — 21 vo I Zb— | v 0 1 '| l/4l *'° l 

1 + 2 I Vo I 26+ I Vo I J 


It is clear from the above expressions that in 
order that there shall actually be finite real values 
for T and A, it is also necessary that 

| vo| < J (v 0 pure imaginary). 

But this is merely the condition that 

mol 

ic*->0 

B % 
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i.e., in order that the time and amplitude of over¬ 
shoot may not increase indefinitely it is necessary 
that the restoring force factor be positive. This re¬ 
quirement is otherwise obvious on physical 
grounds. 

We shall now determine the fidelity fraction 
for Case I, which is the only case in which the 
concept has much interest. The expression for 
U given above may be rewritten 

0(T) = — ^6^o( 1 + (zt>/ vo) *) Tw ' ; /2 COSJ'oT 

— jA(T) t 

and if we evaluate this at T = T n and T = T rt+1 , 
we find 

tt(T«) = i/ 0 A yi « fo/2 (l -f-l/41/o 2 ) 1 

1 

= i^o exp --- fan ] 2v {] (\+\ /Av { r)^A n 

2 vo 

J2(T ll+4 )--«(T w )^*r 

Inserting these expressions into the formulas for 
/a, and remembering that the period t r„ is given 
by the constant 2 tt/vo, we have 

1 l 1 

f\ = exp- tcin~ l 2v {) (\ +e w,,lvn ) _ -. 

2tt 2v { ) A n (\ +1/4 vo 2 ) i 


Thus, except for a constant factor , the fidelity 
fraction varies inversely with the deviation ampli¬ 
tude. 

In ordinary dimensional and TEs measure (see 
definitions (1.11) Section (C) Part 1) the ampli¬ 
tude-time function may be written. 

5 = i)oe- (fl/2,,r -/)oe 


and the fidelity fraction is: 


where 


- / 3 \/*o f +*V 

^o=( 06 H- v a )(-- ) 

\ m 0 / V v 0 2 +\ / 

1 r / 226+1 \] 

Xexp- tt —tan -1 ! v Q -I , 

2vX \ —Zb+2vo 2 / J 


2voL 

1 1 > 

/o = — exp-tan~ l 

2tt 2 vo 


X2vo(l+e w ^) 


1 


/5«(l + l/4^)‘ 


For simplicity we shall set 06 = 0 in the fol¬ 
lowing analysis. The definitions (1.03) may then 
be written in TRs measure 



(11.04) 


The argument of the arc-tangent in the ex¬ 
ponent of Do then takes the form 

2sb+l 2s(v« 2 + l) 

vo -= Vi) 

2vo 2 — Zb Vi) 2 (2—s) — s + J 

We shall examine in detail only the approxima¬ 
tion v 0 > > 1 corresponding to short period oscil¬ 
lations, or low damping B relative to the square 
root of the product of motor strength w 0 by 
inertia I. For this limit the arc-tangent ap¬ 
proaches 7r/2 and we may write 

lX^ u (\+sW^e^ lu ^ 


or, making use of the fact that in this ap¬ 
proximation 

(£)* 

Vi )-— , 

<*>u 

we may write 

T\ 

D = (u 0 2 +Es‘ i ) *exp 


V4(£)» 2/ 

-( (—)'+'-( i--YY 

V V w« / V v a J/ 


/ B 7 rB \ 

X exp (- T -— ) 

V 21 4(wo/)*/ 


We pause here for a moment to draw some 
general conclusions. It is clear from the expres¬ 
sion that the deviation amplitude at any given time 
will be smaller the smaller the guide velocity v a and 
its difference from the initial velocity of the system 
Vo , the smaller the inertia of the load /, and the 
greater the strength of the power source mo (above 
the maximizing value mo* s ®8(/)Y*\B). As men¬ 
tioned before, the inertia of the load, the strength 
of the power source, etc., will often be fixed by 
other considerations. The most controllable fac¬ 
tor is likely to be the friction coefficient B as 
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contained in the parameter av We now proceed 
to determine for what values of <d w , D is a mini¬ 
mum, the value of this minimum, and its sensi¬ 
tivity (defined in the introduction). 

It will be convenient to introduce the ab¬ 
breviations 


r'=-(R)'s(T+-*—\ 

\ 2 




B v u 


(E)h (mqI)I v ti —Vu * 

as measures of the time and guide velocity in 
this case. With these notations we may write 

From the formula for I) we find, consecutively, 

du„' Ll+<* 2 J 

a 2 /> l / dD\\ 


- )\d— —. 

.// l+u>/ 5 


2oi„' 


rkd / 2 D\dci) i 

Thus 

l-U-r' 2 )* 

(&u ) turn “ Wy = U) u 1 

T f T f 

✓ 2w/v i 

D . 

l a 2 i5 /du> <l '\ i 


Smut 


Ann. 


/dwu \ * 

■/* \ dB ) 


nt 0 I{\ 


-—( r -i)>», 

— Vo / 


where we have indicated the necessary condition 
that the extreme value represent a minimum by 
the inequality on S. 

In the neighborhood of T*' = 0 we have 

r 

_ ((tig )mm^^ 

• 2 

( 11 . 05 ) 

(E)'s 

mj (1 “""Vo/Vy) 


and in the neighborhood of T = 1 

du,/ 

Wy'—tl -► oo (cusp) 

dr 

Am n (H. 06 ) 

-~>(2)*f“lM).85 

(«) 4 * 

*^»mn d). 

This limiting behavior, as well as the variation 
throughout the interval, is exhibited in Fig. 2, 
where aA„,n/(A')*s, and m 0 /(l-To/i'*) 2 S imn 
are all plotted as functions of the time variable 
r. Beyond r = 1 there is no real minimum for A 
In similar fashion to the above we may carry 
out the anahsis for the fidelity fraction. We find 

T 7T 

cosh-cosh S(a) u ' 

1 4 (£)> 1 4 

/»> “ —~ s -^ » 

t r /)« t Z>o 

so that 


T 

cosh scoy 

1 4 



Making use of the preceding analysis of A we 
find 



If we set 

7T5 

— 


corresponding to the inequality R> >a>„ 2 , we 
may rewrite these expressions in the simplified 
form 

9f V f'-l 

a«/~ ai+«/* 2J 
ay 1 / a/ y r/«y l-w/h 

a w / j_ /va w 7/ lv4/ 1 +«/*]■ 
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From these we may deduce that to this ap¬ 
proximation (oi„')..mx is equal to (u„') min . Thus 

l-(l-r ,2 )l 

(«/) »>»* = Vo = ~ 

V 


, „ J_ 1 _/T\ 

Tr/Jj.iin 7r(jE) V 2^'/ 


7*' \ lg(«„'/2)f" 


IT 2 * 2 7*' 

/«()/(1 - VoAO 2 5,nax =-hi-<0. 

16 a>// / 


ir(E)*s /max is also plotted in Fig. 6. We note that 
the only difference in the conditions determining 
/max and Anin here is that the maximizing condi¬ 
tion holds in a more restricted range, i.e., 

co/ 1 

— < -, 

*' l + («/4) 2 

which, together with the preceding equations, 
determines the following inequalities for the 
domain in which / is still maximized 

/1 - *V/16 \ 1 ^ f ( 1 - t rV/16 y 

\ 1 + *■***/16/ “ \ 1 -Hr V/16/ 

- [(1 + rV/16) (1 - jr 2 i 2 /16) ]» < V 

< [ (1 + T*5 V16) (1 - ir VV16) ]» 


1 1 

-</,„ ux< -[i(l+*V/16)]*e»<‘- v '“>. 

(E)*7TS (/£)Vs 


The formulas given here and above arc; the base 
for the general summary diagram (Fig. 9) at the 
end of the Part 1 indicating the domains of the 
variables in which we get real extrema for D mm 
and /max* 


B. PATH CURVES IN THE POSITION-VELOCITY 
PLANE 

For future use 1 * 2 we shall now work out the 
result of eliminating the time between the ex¬ 
pression (11.02') and its time derivative il^dA'/ 
dr which satisfies the relation 

12+5(A' — q) 0 /k) = —v 0 (Ab—w u /K) 

to 

cosvo(T'-To') 

X e " T ' /2 -. ( 11 . 02 ") 

sini/oTo' 


an "affine" transformation in the 12 —A plane) 

AsA' — «?/* vsII+JJA'-Wj/k), 

with some rearrangement we may write (11.02') 
and (11.02"): 

*oA= -((^oAfc)*+y.*)*^ T,/ * sinvo(T'-To'), 

y = — ((**A,>) 2 +y t , 2 ) i e~ T ' /2 cos* 0 (T' —T»'), 

from which we may find 

l vu A l r z 

T' = To'H— tan 1 — = — tan” 1 -tan* 

vn y vol Vo 

where we have introduced the "clock-hand 
variable” 

zse-y/ A«-(n/A+i). 

Thus 

(voAy+y 2 - [(ooA^+jv 5 ] 

i r * i 

Xexp-1 tan 1 -tail" 1 -- (11.08) 

vji vq I 

which becomes in polar coordinates the equation 
of a right-handed (clockwise) equiangular spiral 

p==p b e-^-^ /2 *' 0 

with 

radius vector p=E((y 0 A) 2 +;y 2 )* 

(clockwise) angle ^ = tan _1 (js/Vo). 

Thus, in the case of underdamping (Case 1) 
the “path" of the linear robot in the phase-plane 
(12 — A' plane) is an affine distortion of a right- 
handed logarithmic spiral with center at w„/k {or 
A = 0). For the further analysis it is desirable to 
elucidate the meaning of what we have called 
the "clock-hand variable” z . We note that, in 
the 12 — A plane, the successive values of z corre¬ 
spond to straight lines through the origin ar¬ 
ranged in clockwise increasing order. z } which 
equals the 

negative slope — \ 

of these lines, goes from — <*> to + 00 twice in 
making one complete circuit; once in going from 
the +12 axis to the —12 axis, and a second time 
in going from the —12 axis back to the +12 axis. 
The zero of z is not the A axis but rather the line 

12/A-—$ 



Making the substitutions (which correspond to 
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In the case of overdamping v 0 2 <0 (Case Ul) 
we ipay write v 0 | and our basic Eq. (11.08) 
goe» over to the form 




|v e | 2 A 2 -0'**-|*n| 1 A**) 


Zb — I *0 | s + | Vo I 


Zb+ I Vo I z I Vo | 


1 / 21*01 


(11.08') 


Wc see that all the curves beginning in the region 
3b < — | Vo | (i.e., the right-upper or left-lower 
portion of the plane) go in to zero touching along 
the line z= —lvo|. All curves beginning in the 
region z>|v 0 | (i.e., right-lower or left-upper 
portion of the plane) oversho®t A = 0, crossing 
the A axis at the points 


12 = [vb 2 — | v«| 2 Ab 2 ] 


Zb ~ | vo| 
2/,+ | Vo | 


1/4Jv„J 


Finally all curves beginning in the intermediate 
region 

— i Vo I <Zh< I Vo I 

move counter-clockwise into the origin, touching 
the line z—— |v 0 | like all the others. If .-ex¬ 
trapolated backward (z fixed, z l} shifting) these 


lines are all asymptotically parallel to the line 

2 = I Vo I . 

In the case of critical damping vo = 0 (Case 
II), the equation of the path-curve takes the 
form 

/ 2 = (12+A 2) 2 = (12b+Ar,/2) 2 e l/ * ' l/ *\ (11.08") 

and the intermediate region of Case III has 
shrunk down to the line y = 0 or 12= —A/2. 

It is interesting anti important to note that 
if one takes the limit of (11.08') as the restoring 
force constant k— >0 and |v 0 | —>■$, one obtains in 
the limit 


12 = 12b, 

which is definitely not the general solution in 
this case. 2 'Phis situation, where the limit of the 
solution when a coefficient approaches zero is not 
the same as the solution when the coefficient 
'is zero , seems to be not uncommon in differential 
equations. Knowing that it occurs, one must 
then make special examination of the case at 
the limit. 'Phis case is contained in the analysis 
in the succeeding paper dealing with on-off 
systems. 
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Computation of the Solutions of (l+2« cos2z)y"+Oy = 0; 
Frequency Modulation Functions 

N. W. McLachlan 
London, England 
(Received January 9, 1947) 

1 his equation pertains to a loss-free frequency modulation circuit. Floquet’s theory is applied 
to obtain stable solutions when 0, t are outside the range of the approximation solution given by 
Carson in 1922. A method is described by means of which solutions may be computed to any 
degree ot accuracy. The necessary formulae associated with the solution are derived, and 
convergence is discussed. A numerical example, illustrating the procedure to be followed, is 
worked out in detail. An appropriate normalization of the solutions is suggested in order to 
obtain standard frequency modulation functions. It is shown how the analysis may be ex¬ 
tended to cover the case of the equation 

*Q/dP+ (R/L) (dQ/dt) + [(?/L C 0 ( 1 + 2 € cos2w,0] - 0, 
which applies to a frequency modulation circuit having constant resistance R. 


1. INTRODUCTION 

T HIS equation occurs in the theory of a 
method used for transmitting signal char¬ 
acters in radio broadcasting. The method is 
known as frequency modulation, and it is also 
the basis of the warble tone employed to reduce 
standing wave effects in acoustical test rooms. 
In the circuit shown schematically in Fig. 1A, 
the capacitance C is a periodic function of the 
time /, being represented by the formula C 
= Co(l +2* cos2wi/), where Co and t are parame¬ 
ters with | c| <0.5. If Q is the quantity of 
electricity on the capacitance at any instant, 
the differential equation for the circuit is 

(d 2 Q/dt*)+Q/LC 0 (\ +2« cos2o>i/) =0. (1) 

By writing wo 2 = 1/LCo, 0 = (cj 0 /^i) 2 , wi* = s, y = (), 
(1) becomes 

d 2 y/dz 2 +6y/{ 1+2* cos2z) =0. (2) 

Kxpressed in this way, we see that if | c| ^ 0.5, 
(I + 2€ cos2s) has zeros, and, therefore, 0/(1 
+ 2€C0s2z) has corresponding infinities. These 
are avoided by imposing the restriction | c| <0.5. 
In radio broadcasting | c | <<<0.5, and to an 
adequate approximation (2) may be written 

y" + (a — 2q cos2 z)y = 0, (3) 

where a = 0, and q-Ot. Then (3) is the canonical 
form of Mathieu’s differential equation. When 
(a), a is very large and positive, (b) a>»q>0 f 

» 
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an approximate solution of (3) is given by 
y = C £ Jr(q/2a*) cos[(a* — 2r)s —^], (4) 

—an 

oc 

= C 22 Jr(w U €/'2ciii) eos[(«(i — 2ro>\)t— ^], (5) 

— JO 

C and ^ being arbitrary constants. This form of 
solution was obtained by Carson in 1922. 1 
Typical values of the various parameters in 
radio frequency modulation are: /» = w 0 /2ir = 5 
X10 7 C.p.S. , /i==Wi/ 27T = 5X10 3 c.p.s., /o€ = C 0 0 €/ 
27r, = A/ = Aco/27r = 10 4 c.p.s., this being the fre¬ 
quency deviation on either side of the central 
frequency / 0 . Thus « = 2X10~ 4 , so in (2) it is 
justifiable to take (l+2c cos2z)^ l .^(l — 2t cos2z). 
We also have a = 0 = ( fo/fi ) 2 =*= 10 s , and q = 0e 
= 2X10 4 , so the conditions for (4) to be an 
approximate solution of (3) are satisfied. The 
values of the parameters for the acoustical 
warble tone do not always satisfy these condi¬ 
tions, and we have then to solve the equation 

(l+2ccos2z)y" + 0y = () (6) 

without using the above approximation. In 
succeeding sections it is shown how this may be 
accomplished to any desired degree of accuracy. 

2 . THEORETICAL CONSIDERATIONS 

Since the coefficient of y” in (6) Section l is 
single-valued and periodic in 2, that of y being 

l J. R. Carson, “Notes on the theory of frequency 
modulation/’ Proc. I.R.E. 10, 62 (1922). 
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(A) 



Fig. 1. (A) Schematic representation o! loss-free oscil¬ 
latory circuit with periodically variable capacitance 
£o(l + 2« cos2wd). (B) As at (A) but the circuit loosely 
coupled by Li to a second circuit. (C) As at (A) but the 
circuit having constant resistance R% 

constant, Floquet’s theory may he applied. 2 
Thus the solutions are either stable, unstable, 
or neutral, according to the values of 0 and e. 
For present purpose's we shall consider stable 
solutions. Thus linearly independent formal 
solutions are a 

00 

J’i(2) = E c t , cos(2r+p)s, (1) 

and "* 

00 

yt(z ) = E fir sin(2r + p)s, (2) 

—00 . 

provided the point (0, e) lies in certain regions 
of the (0, c) plane defined below, and 0<p<l. 
For other regions of the plane, the solutions take 
the forms 

00 

yi(z) = E c 2 r+i cos(2r+l -|-p)s, (3) 

— 30 

and 


strip I € | <0.5, as illustrated in Fig. 2. The values 
of (0, €) in which we are interested, lie within the 
stable regions, being on the iso-p curves. The 
full-line curves correspond to the characteristic 
curves for solutions of Mathieu's equation of 
positive integral order, and pertain to kindred 
solutions of (6) Section 1. They are designated 
a mt with m = 2w, 2 n+\, or 2n+2. When the 
point (0, e) lies between a 2n and /3 2ft +i, the solu¬ 
tions (t), (2) are used, whereas for the regions 
between a 2 *+i and /3 2n+2 , (3), (4) are used. If 
these solutions are normalized as shown in 
Section 12, they may then be regarded as 
frequency modulation functions , or f-m functions 
for brevity. 

3. RECURRENCE RELATIONS FOR THE COEFFI¬ 
CIENTS IN (l)-(4) SECTION 2 

Substituting either (1) or (2) into (6) Section 
1, and equating the coefficient of cos(2r+p)z, 
or that of sin(2r+p)s to zero, r = — to + 30 , we 
obtain the recurrence relation 

[0~ (2r+p) 2 ]c 2 r~ €[(2r + 2 + p)\ 2r+2 

+ (2r-2 + p)V 2 ,_ 2 ] = 0. (1) 
The relation for (3), (4) Section 2 is 
[0— (2r+1 + p) 2 ]c 2r +i — e[(2r+3 + p) 2 <?2r+3 

+ (2r— l + p) 2 c 2r _i] = 0. (2) 

Both (1), (2) are linear difference equations of 
the second order, and each has two independent 
solutions, the character of which we shall now 
investigate. Dividing (1) throughout by c 2r and 
writing Vu — ctr+i/ctr we get 


y*(z) = £ c 2r +i sin(2r+l + p)z. (4) 
—<*> 

These forms will be comprehended readily bv 
reference to McLachlan,* Chapter 4, in which 
there are stability charts for Mathieu’s equation 
(3) Section 1. In these the (a, q) plane is mapped 
out into regions where the solutions are (a) 
stabjp, (b) unstable. A similar chart may be 
drawn for Eq. (6) Section 1, but in this case 
although 0 is unlimited, « is restricted to the 

* G. Floquet, “Sur les equations differentielles lineares,” 
Ann. de FEcole Normale Superieure, 12, 47 (1883). 

* N. W. McLachlan, Theory and Application of Malhieu 
Functions (Oxford Press, New York, 1947). 


(2r+2 + p) 2 t/ 2 r+(2r —2 + p) 2 v 2r - 2 -1 

= [0-(2r + p) 2 > (3) 


\2r-\-2+p/ L(2r+2+p) 2 J 


(4) 


With 6 finite, |«| <0.5, 0<p<l, when r—>+*> 
(4) may be written 

—« _l . (5) 


Then as r—»+<», 1 t’ 2 r| is either 51. For the 
convergence of (1), (2) Section 2, |ca r |—>0 as 
r —►+ », so this solution rests on the condition 
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| Vtr I < 1* The second solution d 2r pertains to 
j v 2 r j which means that |d 2 r|-*«> with r, so 
in the present instance it is inadmissible. Suppose 
that | €| < 0 . 1 , then to a first approximation we 
may write 

( 6 ) 

Substituting from ( 6 ) into (5) leads to 

|Vlr-f|^|«/(l-f*)| <1. (7)* 

As r—>+ Q0 , the ratio of consecutive coefficients 
tends to this approximate value. The same 
conclusion may'be reached if r—►— qo. 

The formulas corresponding to (3), (4) Section 
2 may be derived from those above by writing 
\, 2 r + l) for 2 r. 


4. MINIMUM RATIO OF CONSECUTIVE 
COEFFICIENTS 


If the order of the solution (function) is 
(w+p), where w 2 = 4r w 2 , it is convenient to 
regard c m = C 2 r m as the central coefficient in the 
solution. Then, if s>r m} |t> 2 .1 = | cu+t/cu I < 1, 
and for p <r w , \\/v* p \ = \ctp-t/ct p \ < 1 , so \ v 2p \ > 
1. In (4) Section 3 let r = — l, and we get 


/4 —p\ 2 r0-(2-p) 2 l 

v- 2 +l -) v r l =-■ 

V p / L p 2 e J 


(1) 


Now 0<p<l, | c| <0.5, and if 0»t, the r.h.s. of 
(1) may be relatively large. The second member 
of (1) is then negligible and, therefore, 

(2 -p)*]/p*€. (2) 

For instance if 0=100, € = 0.2, p = 0.323, 

V-2 = Co/c_2—4650/1, (3) 

so the minimum ratio of consecutive coefficients 
is 1/4650. As r decreases below — 1, the ratio 
increases and tends ultimately to the value at 
(7) Section 3. Hence, as r increases above r = .v, 
| v 2 r | decreases slowly to an ultimate value of 
| c/(l — c 2 ) | ; and as r decreases below r = />, \/v 2r 
attains a minimum value of «p 2 /[0*“(2 — p) 2 ] at 
r = — 1, but thereafter rises and ultimately ap¬ 
proaches — e/(l — € 2 ). Between r= — 1 and r = r m , 
the ratio is positive if €>0. 


* The sign of v ir -t is minus. 
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The formulas corresponding to (3), (4) Section 
2 , arc 

and 

j>-,~[0-(3-p) 2 ]/(l -p) 2 f, (5) 

this being the reciprocal of the minimum ratio. 
The behavior of the coefficients with variation 
in r is that already described. 


5. CONVERGENCE OF (l)-(4) SECTION 2 

In Section 4 it is shown that as r— *dtao, 
the ratio of consecutive coefficients is less than 

|cos / 


unity, and that |r 2r |— > 0 . Now 


sin 


(2 r+p)z 


< 1 , 


if z is real, so by a known theorem the scries 
concerned are absolutely and uniformly con¬ 
vergent. When differentiated term by term re¬ 
peatedly, the ratio of the moduli of consecutive 
coefficients is less than unity as . Hence 

the resulting series have the same properties as 
above, as also have those obtained by inte¬ 
grating term by term, for a similar reason. 



Fig. 2. Illustrating form of iso-p chart for (l+2< cos2 z)y" 
-f 0 ;ys=Q. a\, (i\, 02 , ••• are the characteristic curves 

(solid) for solutions of integral order—not considered 
herein. The even-order characteristics are symmetrical 
about the 0l axis, but those of odd order are asymmetrical 
although the chart is symmetrical. Iso-p curves are indi¬ 
cated by broken lines, when $>0 and the point (0*, c) lies 
in an unshaded area, the solution is stable. If it lies in a 
shaded area between a m and 0 m , the complete solution is 
unstable and — ►rfc *> as z-*-± *>. 
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6 . FORMULAS FOR CALCULATING TRIAL VALUES 
OF 9 


7. COMPUTATION OF THE COEFFICIENTS 


a 

Let 

V = COSVjM-€<*i(s) L€V 2 (s)+* • (1) 

am] 

6 - ^' + 7it { 7-it 2 i • • •, (2) 

where the c(z) are continuous single-valued even 
functions of z; v = (m+p) being real and positive. 
By substituting ( 1 ), ( 2 ) into ( 6 ) Section 1 , taking 
the solution to be stable and the coefficient of 
cos vz unity, we may determine yj, -v *. 3 

Then to a first approximation we find that 

i 

0~v 2 [l-(3^+4)eV2(^-l)]. (3) 

If 6» 1 , and t is small enough, (3) may bo 

expressed in the form 

v=(m + p) 

- h 2 ) - (1+26*)}]». (4)' 

Thus m is the integral, and p the fractional part 
of the r.h.s. of (4). 

b 

We choose the form of differential equation at 
(2) Section 1 and expand (l + 2 « cos 2 z) _1 . Then 

(1 + 2 c cos 2 s) - 1 - (1 + 2 c 2 + 6 e 4 + • • •) 

-2€(l+3€ 2 +106 4 +--)cos2z 
+- 2 < 2 (l+ 4 € 2 +- • •) cos4z 

— 2€ 3 (1 +5e 2 + • • •) cos6s+ • • •. ( 1 ) 

If c is such that terms in cos42, cos 62 , etc., may 
be neglected, we can write ( 2 ) Section 1 in the 
approximate form 

y"+(a — 2q cos 2 z)y = (), ( 2 ) 

with 

a = ^(l-f2€ 2 +6€ 4 +---), (3) 

and 

0 = 0€(l+3€ 2 +lO€ 4 +’ *)■ (4) 

Then from reference 3, page 83, 


Having obtained a “trial” p, the r’s are calcu¬ 
lated by the method described in reference 3 , 
Chapter 5. Unlike the c therein, those to be 
computed for ( 1 ), (2) Section 2 do not decrease 
rapidly with increase in r>r,„, unless t is verv 
small. Moreover, it is necessary to introduce an 
approximate correction based upon (7) Section 
3, when starting the computation. 

8 . EXAMPLE 

a 

The following data pertain to an acoustical 
warble tone circuit: /o = wo/27r = v50() c.p.s., f\ 
= wi/27t = 5() c.p.s., € = 0.2. / 0 is the central fre¬ 
quency which corresponds to the unmodulated 
condition € = 0 . A/^c/o—lOO c.p.s., so the fre¬ 
quency range is approximately 400-600 c.p.s. 
The frequency of deviation or rate at which /o is 
modulated is 2 /i = 100 c.p.s., the modulation 
coefficient being 2 c = 0.4. As shown in Section 1, 
12c ( <1. In the above data f\ and e are much 

greater than is usual in practice, where it is 

probable that/i = 10 c.p.s., and c = 0.05. 

Using (4) a Section 6 with 0 = (/o//i ) 2 = 100 
€ = 0 . 2 , yields 

(w+p) = 10.322, 

so w = 10, and p = 0.322. (1) 

Using (3)-(5) b Section 6 , we find that a -109, 
<7 = 22.72, giving 

(m+p) = 10.323, 

so m = 10, and p = 0.323. (2) 

Then Cio is the central coefficient. The close 
agreement between the trial values of p at ( 1 ), 
( 2 ) should be noted, but this does not prove 
that they are accurate! 

Taking one of the values of p, or the average, 
we calculate 

—► C 2 , C4 t Ch Cs, Cio, £i 2 , £l4> 

C\Q, Ci2, c 14, City City 4—- 


\m+p)^la - (a - l)g 2 / \2{a -l) 2 -<? 2 | J. (5) 

The values of p computed from either (4) a, or 
(5) are to be regarded as “trial” values, which 
may need to be improved during the process of 
computing the coefficients. 


proceeding in the direction of the arrow in each 
case. Thus (a) we start at c 2 and work towards 
the central coefficient rio, and (b) we start at cm 
and work towards cio. In each case there is an 
overlap of two (or more if desired) coefficients, 
and if we have started far enough away from cio 
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on either side, and the trial p is sufficiently accurate, there ought to he adequate agreement lietwecn 
the pairs of coefficients r», r 8 , ?*; etc. Failing this, re-computation using another value of p, and 

interpolation as in reference 3, Chapter 5, must be employed to attain the desired accuracy’ of the 
results. 


b. Procedure 

First we shall show that, to the degree of accuracy contemplated in demonstrating the method 
of calculation (using a 10-inch slide rule) that <„ may be neglected. By (3) Section 4, = t’u/4650, 

so with r = (), « = ().2, and p —0.323 in (1) Section 3, by neglecting r_. 2 we obtain 


<’o — «(2+p) 2 c 2 /(0 —p 2 ) 

=* 0.0108c 5 . ( 1 ) 

With r = l in ( 1 ) Section 3, 

4.323 2 c 4 = 5(100 —2.323 s )c 2 —0.323- , Co, (2) 

= 472.8c 2 - 0.00113c 2 , (3) 

by aid of ( 1 ). Thus the term 0.323 2 c# in ( 2 ) may be ignored, and we get 

c 4 = 472.8c 2 /4.3 23 2 = 25. lr 2 . (4) 

r = 2 6.323Vo = 5(100-4.323 2 )r 4 -2.323V 2 . 

Substituting from (4) for c 4 we have 

c« = 254.4 c 2 . (5) 

r = 3 8.3 23 2 f« = 5(100-6.323 2 )c,-4.323 2 c 4| 

so c, = 1090c 2 . ( 6 ) 

r = 4 10.323V)o= 5(100-8.323*)r«-6.323V«. 

so rio= 1465c it the central coefficient. (7) 


It will be seen that owing to repetition, the squares of various numbers, e.g., 4.323 2 , need be 
obtained once only. We now continue and calculate the overlap coefficients C !2 , <! 14 . 

r = 5 12.323 2 C 12 = 5(100- 1().3 23 2 )c 10 -8.323 2 c 8 , 

so 12.323 2 <!i 2 = 5(100-106.56)c,«-8.323 2 c», (8) 

and, therefore, Ci 2 =—814c 2 . (9) 

This may be regarded as the “critical” point of the computation, because here [100 — (2r+0.323) 2 ] 
is smaller than for any other value of r. Consequently the influence of an inaccurate trial p is greatest 
when r = 5. 


r = 6 14.323 2 a 14 = 5(100-12.323 2 )fi, 2 -10.323 2 c 10 , 

so <?i 4 — 270 c 2 . 


( 10 ) 


c 

We now calculate the coefficients on the upper side of cm, commencing with c 20 . From (7) Section 3, 
the limiting value of the ratio of consecutive coefficients is approximately — e/(l — « 2 ) = —0.2/0.96 
= -0.208. But IcTsso/cial >0.208, so we shall tentatively assume that c 20 /cu=-0.23. Using (1) 
Section 3 with 

r=9 16.323*Ci»= 5(100-18.323 2 )ci 8 - 20.323 2 c 20 . (1) 

Since c 2 o= —0.23cis, 
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the last memlx'r of (1) is OSr ih, so (1) yields 


16.323Vi6== - 1180r w + ( «r, hl (2) 


giving 


d* = -4.07ci8. 

(3) 

The second term 
cannot exceed 1.85 
commencing with, 

on the r 
jx*rcent 
say, r* 8 , 

.h.s. of (2) is 8.05 percent of the first, so the error in taking c^/cu — —0.23 
, and in fact it is very much less. Knhanced accurac\ would ensue by 
but this is not justifiable for slide rule work. Continuing, we have 

r = 8 


14.323V u = 5(100 -16.323 s )f i«- 18.232V m 


so 


Cu— 14.8fiH. 

(4) 

r = 7 


12.323V 12 = 5(100 - J4.323 2 )r!, -16.323V 16 , 


so 


f i2 — —44.5 ci 8 . 

(5) 

r = 6 


10.323Vio« 5(100 -12.323 2 )r 12 -14.323Vi4, 


so 


fio= 80cn, the central coefficient. 

(6) 

r = 5 


8.323V* = 5(100- 10.323*)f 10 -12.323Vi 2 , 


so 


?h = 59.5&OH (critical point). 

(7) 

r = 4 


6.323V. = 5(100 —8.323 2 )r s — 10.323 2 c in, 


so 


II 

VC 

oe 

(8) 


d. Results in Terms erf the Central Coefficient 


C'2 = 

0.00068 3ci 0 


C\ = 

0.01715 

£io 


c 6 = 

0.1737 

C 10 

fa = 

Cs = 

0.745 

ClO 

= 

rio = 

1.00000 0c, 0 

Cio = 

^12 — 

-0.556 

Cio 

c 12 — — 

?14 = 

0.1845 

Cio 

Cl4 ~ 




C 16= — 




Cl8 = 


Difference between 
overlap coefficients 


0.1741 do 

0.0004 do 

0.7444 c 10 

-0.0006 do 

1.0000 do 

0.0000 do 

0.556 do 

0.0000 do 

0.185 do 

0.0005 c io 

0.051 do 


0.0125 do 



The agreement between ro, etc., is satisfactory for present purposes. 


e. Check on q 

The agreement between the overlap coeffi¬ 
cients in d does not warrant a check. When 
necessary, however, an improved value of p may 
be found as follows: Put r = S in (l) Section 3, 
and we 

[100-(10+p) 2 > 10 

~0.2[(12+p) 2 Ci2+(8+p)V 8 ] = 0. (1) 

The computed values of c 8 , cn are inserted in (1), 
which is then solved as a quadratic equation for 
p. Provided the difference between the trial p 


and that obtained from (1) is a small fraction of 
the former, the new value of p is likely to be the 
better value of the two. To the order of accuracy 
contemplated herein, the p from (1) agrees with 
0.323. 

The complete computation may be checked by 
substituting (l) Section 2 into (6) Section 1 
using the values of the c in d, with 2 = 0, or any 
other convenient value. 

In b and c the computation has been set out 
deliberately in such a manner as to make the 
procedure easy to follow. For a systematic series 
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of computations, the arrangement may be im¬ 
proved in a way which the professional computer 
will readily discern. Accuracy to as many decimal 
places as desired may be attained by well-known 
processes. 

9. THE SOLUTION OF (1) SECTION 1 

Writing 2 = au/, Q~y in (1), (2) Section 2, and 
using the c in d Section 8, to the desired degree 
of approximation, we have 

(?i(0—£ ctr cos(2r+0.323)a>i/, (1) 

i 

and 

9 

(?*(*)=*£ r 2 r sin(2r + 0.323W. (2) 

i 

Hence the complete solution with two arbitrary 
constants is 

QiO^AQM+BQ'V), (3) 

= CZ CtoC’os[(2r+0.32.?)« 1 /-*] t (4) 

1 

where C = (A~+B' 2 ) ] , <t>^X<m~ l (B/A). In practice 
either the circuit current or the e.m.f. induced 
in a coupled circuit is needed. The current is 
dQ/dt y while the e.m.f. is proportional to dl/dt 
— d 2 Q/dt 2 . Hence 

dQ/dte-ci (2r+0.323)coir 2r 

Xsin[(2r+0.323)a> if— </>], (5) 

and 

dl/dtc^-C'b (2r+0.323)*Wc 2 r 

Xcos[(2r+0.323)wi/ — <£]. (6) 

The ratios of the coefficients in (4)-(6) in terms 
of the central coefficient, taken to be unity in 
each case, are set out in Table I. 

10 . SALIENT DIFFERENCES BETWEEN THE FORMS 
OF SOLUTIONS (4) OR (5) SECTION 1 
AND (4) SECTION 9 

If the numerical data satisfy conditions (a), (b) 
Section 1, the two forms of solution yield sub¬ 
stantially the same results. But when this is not 
so, the procedure given in Section 8 must be 
used, and the following salient differences are 
exhibited: 


Table I. Showing relative amplitudes of the side 
frequencies corresponding to Q , /, and E. 


r 0(0 


0'(0 


0"(0 


1 0.00068 3 

2 0.01715 

3 0.1737 

4 0.745 

5 1.00000 0 

6 —0.556 

7 0.185 

8 -0.051 

9 0.0125 


0.00015 37 
0.00719 
0.1062 
0.6 

1.00000 0 
-0.664 
0.255 
-0.0806 
0.0222 


0.00003 47 
0.00302 
0.0649 
0.483 
1.00000 0 
-0.795 
0.356 
-0.127 
0.0393 


1. In (4) Section 1, the moduli of the coeffi¬ 
cients equidistant from the central coefficient are 
equal, whereas in (4) Section 9 they are unequal, 
as will be seen from column 2 in Table I. 

2. The coefficients in the series for Q f {t)> and 
Q"(t) obtained by term differentiation of (4) 
Section 1, bear the same relation to each other 
as those in the series for Q(t). The relative ratios 
for Q\t)y and Q"{t) obtained from (4) Section 9 
differ from those for Q(t), and the discrepancies 
are more marked the higher the derivative. Thus 
differentiation enhances the asymmetry about 
the central coefficient. 

3. In (4) Section 1 the central frequency /», 
and the various side frequencies are affected to a 
trifling extent by capacitance variation, since c 
is so small in a radio circuit. But owing to the 
relatively large value of € in the warble tone 
circuit, in (4) Section 9, /o is increased by 3.23 
percent to 1.0323/ 0 , when 6 = 0.2. Also each side 
frequency is increased by an amount dejxmdent 
upon the value of r. For instance when r = l, 
the side frequency is 2.323/x instead of 2/i, and 
when r — 9, the corresponding values are 18.323/i 
and 18/i. A common feature of the two forms of 
solution is that the side frequencies are spaced 
at integral multiples of 2/i about the central 
frequency. 


11 . PROCEDURE WHEN m IS LARGE 

In Section 8 suppose that/i = 10 c.p.s., 6 = 0.05, 
then l? = 2500, and (w+p)^0Kl+3€ 2 /4) =50.375. 
Thus m = 50 and p = 0.375. If the computation 
started at c 2 and were symmetrical about c 6 o, 49 
coefficients would have to be calculated, thereby 
entailing considerable labor, especially if the 
trial p were insufficiently accurate. When 0 is 
large, this may be circumvented by calculating 
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only the significant coefficients on each side of 
c m . For a given 0 the greater € the larger is the 
number of significant coefficients. To determine 
the significant coefficient of lowest order, namely, 
r 2 , or c 2 ,+i, we use (1) or (2) Section 3, according 
as m is even or odd. If w, (m — 2s) are large 
enough, the last member of (1) Section 3 may be 
neglected. Then if s»l, we have 

V2r 1 = C 2r A2r + 2^4(5+l)V(^45 2 ). (1) 

Provided adequate accuracy ensues when 

V2r~ ls= h , (1) yields the approximate formula 

2 s~ihe/(h+t)y. % ( 2 ) 

With 0 = 2500, € = 0.05, h = 0.05, (2) gives 25 = 36, 
so the number of significant coefficients on the 
lower side of c M is (25 —18) = 7. As in b Section 
8 the value of Cz 4 , the first coefficient omitted, 
may be calculated from cu/cw — h. 

On the upper side of r m , (1) Section 3 gives 

V2r-2 = C2r/C2r-2^(S - 1) 2 €/(0 - 45 2 ), (3) 

and (2) is usable here also. Hence including 
the total number of significant coefficients is 
7 + 1+7 = 15. If A = 0.1 gave adequate accuracy, 
there would be eleven significant coefficients. 
Formula (2) is applicable when m is odd, pro¬ 
vided that (25+1) be written for 25. If m is very 
large and € very small (2) Section 1 may be 
written with adequate approximation 


entiating the series for Q(t) in the first circuit 
(n+1) times. This procedure is valid by virtue 
of uniform convergence as treated in Section 5. 
Accordingly it is proposed to base our definitions 
of the frequency modulation functions upon 
(l)-(4) Section 2, these being the forms of solu¬ 
tion for the quantity Q(t). 

If in (1), (2) Section 2, p = />/5, a rational 
fraction in its lowest terms, the solutions are 
periodic in z real, with period 25ir, s >2. Then if 
K is a normalizing constant, we shall adopt the 
convention that 3 


I [L r 2r cos(2r+p)z] 2 rfz 
•7n 


K r 2 - 

vs 



Ctr sin(2r+ p)z] 2 dz 


= *£<•,/-’= 1, 



0) 

( 2 ) 


When p is irrational, we use definition (2) above, 
i.e. we make s—>+«> in (1). Writing li ir an+p> 
= Kc t ,, we define the f-m functions of order 
(2n+p) to be 


cf 


■" . cos 

(s, *)= L . (2r+p)z, 

2n4-p r—oo SJH 


(3, 4) 


y"' + 0(1 - 2€ cos2 z)y = 0, (4) 

so the solution takes the form at (4) Section 1. 

12. FREQUENCY MODULATION FUNCTIONS AND 
THEIR NORMALIZATION 

Consider the coupled circuit shown schemati¬ 
cally in Fig. IB. If the coefficient of coupling is 
small, and the impedance of Z 2 much greater 
than that of the remainder of the circuit, the 
P.D. on Z 2 is nearly E 2 = Mdh/dt. Thus 1 2 
c^Et/Z*. If another circuit is coupled electro- 
magneticajfy to Z 2 , the P.D. across Z% will be 
approximately proportional to dth/dt 2 , and so 
on. Thus the relative amplitudes of the side 
frequency P.D.S. in a particular circuit depend 
upon the number of circuits preceding it. In the 
wth circuit, the P.D. may be found by differ- 


and those of order (2n + l+p) to be 

cf 

. (*,*)= L £2r+l< 2 " +2 +'> 

Sf>2n+Up r “-°° 

COS 

X (2r+l+p)z. (5,6) 4 
sin 

In this notation c, 5 , signify cos, sin, while / 
indicates frequency modulation. When c—>0, (3), 
(4)—K:os( 2 n+p) 2 , sin(2»+p)z, while (5), (6) 
—*cos(2»+l+p)z, and sin(2n+l +p)s, respec¬ 
tively. Thus all the E tend to zero, except 
-Ein+i (2n+p) , which tends to unity. Also when 
c = 0, 0=(2n+p) 2 or (2» + l+p) 2 , as the case 
may be. 


4 For this case use (1), (2) with (2r+l) for 2r, and Ki 
for K . 
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13 . CHANGING THE SIGN OF i 

This may be effected by writing (£t —z) for z 
in (6) Section 1. Making this change in (3)-(6) 
Section 12 yields solutions having the following 
properties: (a) they are neither odd nor even, 
(b) they do not reduce to the limiting forms in 


Section 12 when ►O, (c) they are unduly 
complicated. If we write ( — l) r C 2 r for c * r» 
( — l) r C 2 r+i for c 2r +i in the respective recurrence 
relations (1), (2) Section 3, the sign of € is 
changed. Using this substitution in (3)-(6) 
Section 12 with — 0.5<«<0, we obtain the 
simple even and odd solutions (f-m functions) 


and 


cf 

sf 


(*, 

2 n+p 


* COS 

-€) = (-l)" Z (-1 . (2r+p)z, 

sin 


(1,3) 


?f 


(z, —€) = ( — !)- £ ( —1 ) r K 2r+ i ( *- +l+ " ) 

2n+l+p 


cos 

(2r+l + p)z. 


sin 


(3, 4) 


The purpose of the multiplier (~l) n is to insure 
a conventional positive sign when c = 0, and 
the functions reduce to +cos(w-bp)z, and 
+ sin (m+p)z, respectively, with m = 2n or 2n + l. 

14 . OSCILLATORY CIRCUIT HAVING CONSTANT 
RESISTANCE BUT PERIODICALLY 
VARIABLE CAPACITANCE 

This is shown schematically in Kig. 1C, the 
differential equation being 

J*Q/dt*+(R/L)dQ/dt 

+Q/LCo(\ + 2e cos2wi/) =0. (1) 

Using the substitutions given in Section 1, and 
putting R/2L = k, we get 

(1 + 2 c cos2z) (y "+2 kV) + 0y = 0. (2) 

Writing y — e~ KS u{z), (2) is transformed to 

(l+2c cos2z)ft" + (0i —2 ci cos2z)« = 0, (3) 


with 0i = (0 — k 2 ), and €i = e/c 2 . The formal solu¬ 
tions of (3) are of the type given at (l)-(4) 
Section 3. Substituting (1) Section 2 into (3) 
above, and equating the coefficient of cos(2r+p)z 
to zero for r = — od to + ao yields the recurrence 
relation 

[0i — (2r + p) 2 ]c 2r ~ [e(2r — 2+p) 2 + €i]r 2 r -2 

— [€(2r + 2+p) 2 + Ci]c'2r-|-2 = 0. (4) 

The recurrence relation corresponding to (3), (4) 
Section 2, is (4) with (2r+l) for 2r. By analysis 
akin to that in Section 6, formulas for calcu¬ 
lating m and p may be derived. Then the pro¬ 
cedure follows on the lines of that in Section 8 
et seq. Approximate solutions of (1) Section 1 
and (1) above are given in reference 3, pages 
280 and 283, the form being quite different from 
that herein. 
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The Sensitized Luminescence of Manganese-Activated Calcite 

jAMbS H. SdUJLMAN, LVbb \V. EVANS, AM) RoHhRl J. GlNIHER 
Naval Re sear i h Laboratory , Washington , D. C. 

AND 

K. J. Murat\ 

Geological Survey, l r . S. Department of the Interior, Washington, D. C* 

(Received January 20, 1047) 


Synthetic manganese-activated calcites arc shown to be 
practically inert to ultraviolet excitation in the range 2000 
3500A, while they are luminescent under cathode-ray ex¬ 
citation. The incorporation of small amounts of an auxili¬ 
ary impurity along with the manganese produces the 
strong response to ultraviolet radiation hitherto ascribed 
to CaCOiiMn itself. Three such impurities have been 
studied: lead, thallium, and cerium. The first two induce 
excitation in the neighborhood of the mercury resonance 
line, while the cerium introduces a response principally 
to longer wave ultraviolet. The strong response to 2537A 
excitation shown by some natural calcites is likewise found 
to be due to the presence of lead along with the manganese, 
rather than to the manganese alone. The data do not war¬ 
rant ascribing the longer wave-length ultraviolet-excited 
luminescence of all natural calcites to the action of an 


T HE rose to orange-red luminescence of na¬ 
tural calcite has been studied by many 
investigators 1-6 and has been ascribed to the 
presence of manganese as an activator. The 
preparation of a synthetic manganese-activated 
calcite phosphor was described by Fonda, 6 who 
precipitated CaC0 3 :Mn from a CaCl 2 -MnCl 2 
solution by means of (NH^CO*. This material 
fluoresced with a rose color under 2537A ex¬ 
citation, the best preparation having 30 percent 
of the brightness of calcite from Franklin, New 
Jersey. Our attempts to duplicate this prepara¬ 
tion yielded material much inferior in brightness 
to Fonda’s product, judging by comparison with 


* Data on natural calcites published by permission of 
the Director, Geological Survey, IJ. S. Department of 
Interior. 

> E. L. Nichols, H. L. Howes, and I). T. Wilier, Phys. 
Rev. 12, 351 (1918). 

* T. Tanalca, J. Opt. Soc. Am. 8, 287 (1924). 

* E. L. Nichols, H. L. Howes, and D. T. Wilber, Carnegie 
Inst. Rep. 384, 367 (1928). 

4 W. L. Brown, Univ. Toronto Studies, Geol. Series 36, 
45 (1934). 

5 P. Pring9heim, Fluoreszenz and Phosphoreszenz (J ulius 
Springer, Berlin, 1928), p. 312. 

8 G. R. Fonda, J. Phys. Chem. 44, 435 (1939). 


auxiliary impurity. The essential identity of the cathode- 
ray excited luminescence spectra of CaCOaiM-n, CaC0 3 : 
- (Pb-f-Mn), CdCO a :(Tl + Mn), and CaC0 3 :(Ce+Mn) with 
the 2537A-excited spectra of the latter three is evidence 
that the luminescent center in all cases is the manganese 
ion or the MnO« group. It is shown that a “cascade” 
mechanism for the action of the auxiliary impurities, lead, 
thallium, and cerium, is incorrect; and that the phenome¬ 
non must be considered as a case of sensitized luminescence. 
Owing to the nature of cathode-ray excitation, the man¬ 
ganese activator can be excited by this agent even in the 
absence of a second impurit}. For optical excitation, 
however, an absorption band for the ultraviolet must be 
established by building into the CaCOjiMn a second im¬ 
purity or “sensitizer.” 


the best sample of calcite that we could obtain 
from the above locality. 

It has recently been shown by Murata and 
Smith 7 that manganese-activated sodium chlor¬ 
ide is not excited by 2537A radiation unless lead 
is also present as a “co-activator” in the phos¬ 
phor. This observation, together with our in¬ 
ability to duplicate Fonda’s work, suggested 
that an unsuspected impurity—possibly lead - 
was at least partially responsible for the lumin¬ 
escence of his preparations, and that the amount 
of this impurity was smaller in our work. This 
was found to be the case. When the reagents used 
to prepare the calcite were first purified before 
following Fonda’s procedure for precipitation of 
the phosphor,** the product was almost com¬ 
pletely inert to both 2537A*** and “3650A”*** 
excitation. 

7 K. J. Murata, and R. L. Smith, Am. Mineral 31, 
527 (1946). 

** Preparation of the phosphors was carried out by 
Fonda’s procedure, precipitation of the CaCOi from a 
CaClj—MnCh solution at 70° by means of 50 percent 
excess (NH^COi solution, followed by aging of the 
precipitate in its supernatant liquor for 10 minutes at the 
boiling point. 100 ml volumes of CaCU—MnCU solution 
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Luminescence could be produced in the final 
calcite product by adding to the calcium chloride 
solution an auxiliary component—either a lead, 
thallium, or cerium salt—along with the man¬ 
ganese chloride prior to precipitation of the 
phosphor. The addition of lead or thallous 
chlorides as auxiliary impurities, giving CaC() 3 
: (Pb + Mn) and CaC0 3 : (Tl + Mn), respectively, 
induced strong luminescence under 2537A excita¬ 
tion, but only a minor increase in the “3650A" 
excited luminescence. The color of the lumines¬ 
cence was rose, in samples of low brightness, 
to orange-red jn samples of high brightness.f 
The brightest preparations of CaCO®: (Pb+Mn) 
were 00 percent as bright, under 2537A excita¬ 
tion, as an outstandingly efficient specimen of 
calcite from Langban, Sweden. 

The addition of cerium to the CaCl 2 -MnCl 2 
solution (as cerous ammonium nitrate) prior to 
the precipitation gave a product that luminesced 
both under 2537A and “3650A” excitation, with 
a rose color in both cases. Enhancement of the 
response to the latter excitation was greater 
with cerium than with lead or thallium as the 
auxiliary impurity, cerium-bearing samples being 
'much brighter than the CaCQ 3 :Mn. 


were used in all the experiments. The concentrations of our 
solutions were: CaCL, 0.162 molar; (NHdsCOs, 0.25 molar. 
These concentrations are twice as high as those employed 
by Fonda. 

Purification of the CaCL solution was accomplished by 
partial (53 percent) precipitation with (NH 4 )*COa at 70°. 
Judging by the inertness of the final product, a greater 
degree of purification was effected by this procedure than 
by treatment of the CaCh solution with I1 2 S. The 
(NHOtCOt solution w*as purified by partial (33 percent) 
precipitation with CaCl 2 solution at 70°. It was not found 
necessary to purify the MnCL solution, but this is desirable 
in general. Purification of the MnCl> may be effected by 
the same procedure used for purification of the CaCl*». 

*** 2537A excitation was provided by a low pressure 
mercury vapor lamp (“Mineralite” or “germicidal” lamp) 
equipped with a Corning No. 9863 filter. “3650A” excita¬ 
tion was provided by a 360BL lamp with the same filter, 
giving a broad band in the near ultraviolet (3300-4200A) 
with a peak near 3650A. 

t Spectroscopic comparison of the luminescence of several 
preparations showed that the rose-colored fluorescence 
of the weaker samples is due to the superposition of 
visible (violet and blue) light from the exciting source 
upon the light emitted by the sample; during the brief 
afterglow following cessation of excitation the orange-red 
color of the luminescence is seen, since visible light from 
the lamp is no longer superimposed. The reflection of 
light from the exciting source becomes less important the 
brighter the phosphor, and the true orange-red lumines¬ 
cence color is therefore observed with these brighter 
samples even during excitation. 


5770-91 4047 

I 5461 4358 4078 | 



Fig. 1 . Luminescence of synthetic manganese-activated 
calcites under 2537A excitation. Gaertner L231 spec¬ 
trometer with camera attachment. Type II-F plate. 
Exposure* times: 25 minutes. Exciting source: “Mineralite” 
lamp without filter. 

A. Cadmium borate: Mu C. Calcite: (Tl-fMn) 

H. Calcite:(Pb+Mn) 1). Calcite:(Ce+Mn). 

LUMINESCENCE UNDER OPTICAL EXCITATION 

The 2537A-excited luminescence spectra of 
synthetic calcites containing lead, thallium, and 
cerium additions are shown in Figs. 1 and 2. 
Included also in Fig. 1 is the 2537A-cxcitcd 
luminescence spectrum of a sample of man¬ 
ganese-activated cadmium borate phosphor hav¬ 
ing a quantum efficiency of 75-80 percent under 
this excitation. The spectra given by the three 
calcite preparations are essentially identical, 
starting at about 5780A and extending beyond 
the limits of sensitivity of the plate used. 

Measurements of the brightness of a series of 
preparations of CaCO.:(Pb + Mn), CaCO*:(Tl 
+ Mn), and CaCO*:(Ce+Mn) are given in 


5770-91 4047 

| 5461 4358 4078 | 



Fig. 2. Luminescence of synthetic calcite:(Ce + Mn) 
under 2537A excitation. Gaertner L231 spectrometer with 
camera attachment. Type Il-F plate. 

A. "Mineralite” lamp, no filter. I minute exposure. 

B. Calcite:(Ce+Mn) excited by "Mineralite" through Corning 9863 

filter. Exposure tim6: 16 hours. Luminescence between 4006- 
5000A caused by fused silica of lamp. 
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Fig. 3. Effect of lead concentration on brightness of 
synthetic calcites. 

Table 1, relative to the brightness of the above 
mentioned cadmium borate phosphor. In these 
measurements, circular plaques of the samples, 
one inch in diameter, were illuminated by a 
“Mineralite” lamp with a Corning 9863 filter 
and viewed by a barrier layer photo-cell through 
a red filter cutting off visible light below 5500A. 
A plaque of unactivated CaCOs was used to 
obtain the “dark response” of the system, which 
was due to the small amount of visible radiation 
from the lamp passed by both filters. The small 
correction obtained in this way was applied to 
all the readings. 

The data on CaC0 8 : (Pb+Mn) arc further 
graphically illustrated in Figs. 3 and 4. An x-ray 
diffraction study of all the samples indicated 
that a number of them were mixtures of calcite 
and aragonite, instead of pure calcite. Those 
preparations in which aragonite was found are 
indicated by • in the figures, while the pure 
calcite samples are indicated by o.ft 

ft The preparation of the pure calcite form of CaCO.i, 
CaCOaiPb, CaCOj:Tl, and CkCO*:Ce by the hot precipi¬ 
tation, recommended by Fonda and used by us in most 
of the work, was found to be impossible, aragonite or, at 
best, mixtures of calcite and aragonite being formed 
instead. Apparently manganese has to be co-precipitated 
with the calcium carbonate in order to generate the calcite 
phase, although even in this case the formation of arago¬ 
nite is not always prevented. Manganese-free calcite, with 
or without* Pb, Tl, or Ce impurity, could be prepared 
only by low temperature precipitation. To obtain these 
materials a saturated calcium bicarbonate solution was 
made by bubbling carbon dioxide through a calcium 
carbonate suspension, filtering off the excess solid, and 
adding PbClt, T1C1, or CeCli solution to the filtrate. 
From such solutions calcite was deposited at room temper¬ 
ature after a day or two. 


LUMINESCENCE UNDER CATHODE-RAY AND 
SPARK-COIL EXCITATION 

Visual observations were made of the cathode- 
ray excited luminescence of a group of syn¬ 
thetic calcite phosphors of the same manganese 
concentration, including a sample containing 
manganese' alone, and samples containing man¬ 
ganese plus one of each of the auxiliary impuri¬ 
ties: lead, thallium, and cerium. The phosphor 
samples were mounted side by side in J" di¬ 
ameter X rfr" deep wells drilled into a brass plate, 
which was placed inside a demountable cathode- 

Table I. Brightness of CaCO«: (Pb + Mn), CaCO,:(Tl 
+ Mn), and CaC0 8 : (Ce+Mn) phosphors under 2537A 
excitation. 


Molality of solution** with respect to Relative brightness 


Pb + * 

Mn ++ 


5X 10~ a 

io-* 

17.2 

SX10-* 

10~ 3 

6.1 

2.5 X 10~ 3 

10 * 

10.2 

2.5.x 10“ 3 

10 3 

13.0 

10 •< 

5X10 3 

0.26 

10 3 

3X10 * 

2.32 

10 -» 

10 * 

18.0 

10~ 3 

5X10 3 

19.2 

10“ 3 

5X10 3 

18.2 

10 * 

10 3 

9.3 

10“ 3 

10 -* 

Too weak to measure 

4X10* 

10 -' 

6.3 

10 * 

10 -* 

7.2 

10 * 

10 •* 

2.44 

10 * 

10 * 

Too weak lo measure 

10 * 

10 3 

3.3 

10 ‘ 

10 -* 

1.52 

10 6 

10 * 

Too weak to measure 

10 8 

10 * 

0.76 

10 * 

10 - 3 

Too weak to measure 

10 8 

10 * 

0 . 

T1+ 

Mn* f 


10 -* 

~10~* 

5.8 

10 s 

10 3 

Too weak to measure 

10 -* 

10 * 

0 . 

10 * 

10 * 

1.55 

10 * 

10 3 

Too weak to measure 

10 » 

10 * 

0 . 

tv** 

Mn H 


10 •« 

10 * 

0.64* (b) 

10 * 

10 3 

0.71*(«) 

10 3 

10 * 

0 . 

10 * 

10 '* 

0.79*(r) 

10 * 

10 3 

Too weak to measure 

to-* 

10 * 

0 . 

Calcite, Franklin. New Jersey 

12.4 

Calcite, Langban, 

Sweden 

21.3 

Cadmium borate: 

manganese 

100 . 


* Brightness under “3650A” excitation: (a) >(J»)>(c). 

** Polarographlc and colorimetric analyses of several of the above 
samples showed that the mole ratios of Mn/Ca, Pb/Ca, and Ce/Ca 
in the solid were substantially the same as in the solution prior to 
precipitation, while in the case of thallium the Tl/Ca ratio in the 
phosphor was only one seventh of its value in the solution, prior to 
precipitation. These results are in agreement with what is expected 
from elementary chemical considerations concerning the solubilities of 
the various carbonates, baBic carbonates, and hydroxides involved. 
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ray tube. There was no perceptible color difference 
between the luminescence of CaC0 3 :Mn, CaCO* 
:(Pb+Mn), CaC0 3 : (Tl+Mn) and CaCO a :(Ce 
+ Mn) when they were simultaneously bom¬ 
barded with cathode rays (accelerating voltage, 
800 volts; current density approximately 100 
iuamps/cm 2 ). The close proximity of the samples 
would tend to make any differences between 
them readily detectable. 

Since the design of the demountable cathode- 
ray tube used in making these visual observa¬ 
tions was not suited for use as a spectrographic 
source unit, thei luminescence spectra of the 
above phosphors under spark-coil excitation, in 
air at a pressure of 10 2 rnm Hg, were photo¬ 
graphed instead (Fig. 5). It has been our ob¬ 
servation that this type of excitation and 
cathode-ray excitation give the same lumines¬ 
cence spectrum with all the standard sulfide, 
silicate, fluoride, and tungstate phosphors. The 
visual observations and the spectrograms of 
Tig. 5 show the essential identity of the lu¬ 
minescence under corpuscular excitation of man¬ 
ganese-activated calcites with or without auxili¬ 
ary impurities. 

NATURAL CALCITES 

Jn order to determine whether or not the 
luminescence of natural manganese-bearing cal- 
citcs is due to an auxiliary impurity, as with 
our synthetic samples, preliminary qualitative 
spectrographic analyses were made of brightly 
orange-red fluorescing (2537A excitation) na¬ 
tural calcites from the following localities: (1) 
Franklin, New Jersey; (2) Langban, Sweden; 
(3) Mount Spurr, Alaska Peninsula, Alaska; (4) 
Sunset Mine, Superior, Arizona; and (5) Guana¬ 
juato, Mexico. All of them were found to contain 
both manganese and lead. The manganese con¬ 
tent of the samples ranged from tenths of a 
percent to several percent; and the lead from 
hundredths of a percent to over a percent. 
Neither thallium nor cerium could be detected 
in any of the samples, which therefore are sam¬ 
ples of lead-induced luminescence. It follows that 
the “3650A” excited luminescence of these na¬ 
tural calcites is induced by some other impurity 
than those put into our synthetic samples, or is 
due to the manganese alone. 

Chemical analysis of the outstandingly bright 



Fig. 4. Effect of manganese concentration on brightness 
of synthetic calcites. 

Langban calcite showed that it contained 1.3 
weight percent of lead and 3.0 weight percent of 
manganese, which is the order of magnitude of 
both impurities present in our synthetic samples. 

The well-formed crystals from Guanajuato, 
Mexico, showed a sharply-zoned fluorescence 
that was restricted to the outermost millimeter 
of the crystals. Spectrographic analysis of the 
fluorescent and non-fluorescent portions showed 
that the manganese content was approximately 
0.1 percent in both. The fluorescent portion, 
however, also contained several tenths of a 

5770-91 4047 



Fig. 5. Luminescence of manganese-activated calcites 
under spark-coil excitation. Gaertner L231 spectrometer 
with camera attachment. Type II-F plate. Exposure times: 
5 minutes. Density differences between samples not 
significant. 

A. Cadmium borate:Mn 

B. Calcite:Mn 

C. Calcite: (Pb+Mn) 

D. Calcite:(Tl+Mn) 

E. Calcite: (Ce+Mn) 

F. “Mineralite" lamp, no filter, l minute exposure (for wave-length 

calibration). 


Volume is, August, 1047 


735 



percent of lead, whereas the non-fluorescent 
portion had no detectable lead. 

The preliminary study of natural calcites 
thus confirms the results obtained with our 
synthetic samples, and demonstrates that the 
luminescence of natural calcites under excitation 
in the region of mercury resonance radiation is 
due--not to manganese alone, as has hitherto 
been believed—but to the simultaneous presence 
of manganese and lead in the crystal. 

DISCUSSION 

The lack of fluorescence response of CaC0 3 
:Mn to optical excitation by ^ultraviolet radia¬ 
tion in the neighborhood of the mercury reso¬ 
nance line, and the development of such a re¬ 
sponse by the incorporation of auxiliary im¬ 
purities such as lead, thallium, or cerium, may 
be considered from three different viewpoints. 
First, it may be postulated that the manganese 
activator alone in the calcite structure does not 
constitute a luminescent center, but that lumin¬ 
escence emission is possible only from a more 
complex center containing lead, thallium, or 
cerium in addition to the manganese, 'fhe 
auxiliary impurities and the manganese are ac¬ 
cordingly interpreted as “co-activators.” 7 This 
interpretation is ruled out by the fact that all 
samples of manganese-activated calcite, whether 
or not they luminesced under ultraviolet excita¬ 
tion, responded to cathode-ray and spark-coil 
excitation with the same luminescence emission 
spectrum. The cathode-ray excited luminescence 
is essentially identical with the optically-excited' 
luminescence of the preparations responsive to 
the latter type of excitation. This luminescence 
is of the typical orange-red color associated with 
manganese in sixfold coordination with oxygen, 9 
as would be expected if Mn ++ replaced Ca++ 
substitutionally in calcite. This shows that the 
Mn ++ ions or the MnO« groups existing in the 
crystal constitute in themselves luminescent 
centers, independent of the presence or absence 
of an auxiliary impurity and of the nature of the 
impurity when present. 

A second interpretation is that we are dealing 
here with a “cascade” process in the case of 

8 S. H. Lin wood, and W. A. Weyl, J. Opt. Soc. Am. 32, 
443 (1942). 

• J. H. Schulman, J. App. Phys. 17, 902 (1946). 


ultraviolet excitation of the phosphors contain¬ 
ing an auxiliary impurity along with the man¬ 
ganese. According to this simple picture, the 
manganese and the auxiliary impurity need not 
be considered as forming a manganese ion- 
impurity ion complex, but act as two separate 
luminescent centers. The auxiliary impurity ab¬ 
sorbs the exciting “short” ultraviolet radiation 
and emits as fluorescence longer wave ultra¬ 
violet or even visible radiation capable of ex¬ 
citing the manganese activator to its typical 
luminescence. This interpretation assumes, then, 
a greater or less degree of coincidence between 
the position of the manganese absorption band 
in CaCQ 3 :Mn and the emission bands of 
CatTV.Pb, CaOV.Tl. and CaCO*:Ce. This in¬ 
terpretation is contradicted by simple experi¬ 
ments in which intimate mechanical mixtures of 
CaCO.:Mn with CaCO.:Pb, CaC0 3 :Tl, and 
CaC() 3 :Ce, respectively, were examined under 
2537A excitation. In no case was luminescence 
observed. 

The third interpretation of our results is that 
the CaC() 3 : (Pb+Mn), CaCO s : (Tl + Mn), and 
CaC0 3 : (Ce+Mn) phosphors are cases of “sensi¬ 
tized luminescence,” such as those first described 
by Rothschild 10 in the group of rare-earth acti¬ 
vated alkaline earth sulfide phosphors. In this 
model it is assumed that (a) CaC0 3 :Pb, CaC0 3 
:T1, and CaC0 3 :Ce have an absorption band in 
the short wave-length ultraviolet region in ques¬ 
tion ; (b) CaC0 3 : Mn does not have an absorption 
band in this region of the ultraviolet, but may 
have absorption bands in another spectral range; 

(c) the simultaneous incorporation of manganese 
and lead, thallium, or cerium in calcite leaves 
conditions (a) and (b) substantially unchanged; 

(d) energy absorbed in the lead, thallium, or 
cerium-induced absorption bands is transferred 
to the manganese by a process analagous to 
collisions of the second kind rather than by a 
radiative (“cascade”) process; and (e) the lumi¬ 
nescence emission is due to the Mn ++ ion alone 
and is independent in spectral characteristics of 
how the energy is imparted to this ion. 

The fundamental lattice absorption of pure 
calcite lies at wave-lengths shorter than about 


M S. Rothschild, Fhysik Zcitb. 35 , 557 (1934); ibid . 37 , 
757 (1936). 


736 


Journal op Applied Physics 



2250A. U The introduction of absorption bands 
at longer ultraviolet wave-lengths than the 
fundamental crystal absorption by the in¬ 
corporation of lead, thallium, silver, and other 
heavy metal impurities in the alkali halides is 
well-known, 12 and a similar effect is to be ex¬ 
pected in crystals with anions other than the 
halogens, although the position of the absorption 
peak produced by a given cation impurity will 
differ with the nature of the host crystal. The 
absorption produced by the impurity ion may 
be due to the excitation of this ion itself, as 
proposed by Seitjd 3 for the alkali halide-thallium 
phosphors; or to the higher ionization potential 
of the substituting cation compared to that of 
’‘•e cation of the crystal itself 14 ; or to a greater 
polarizing power of the impurity ion compared 
to the cation of the host crystal. In our man¬ 
ganese-activated calcites, the lead, thallium, and 
cerium impurities would act in this wav as “ab¬ 
sorbers" or “sensitizers," and this function would 
he performed whether the “sensitizers" them¬ 
selves are capable of emitting luminescent radia¬ 
tion of their own or not. The manganese activa¬ 
tor and the lead, thallium, or cerium “sensitizer" 
>\ould have to be near neighbors in the calcite 
structure for the energy to be transferred from 
the sensitizer to the manganese, but this re¬ 
quirement is different from the concept of a 
MiU + — Pb++ (or —Tl f or — t^e +++ ) complex as 
the luminescent center. 

According to this picture of sensitized lumi¬ 
nescence, no sensitizer should be required for the 
appearance of the manganese luminescence under 
cathode-ray bombardment. Under this type of 
excitation, energy is absorbed primarily by the 
atoms of the host crystal, the absorbed energy 
then being capable of transmission over large 
distances through the lattice to the site of the 
manganese activator by means of excitons or 
by the movement of electrons and positive holes 
through the crystal. 16 

The validity of the above interpretation of 
sensitized luminescence is supported by a more 
detailed study of the excitation and absorption 

11 International Critical Tattles, Vol. VII, pp. 270-273. 

12 R. Hilsch, Physik. Zeits. 38 , 1031 (1927). 

l * F. Seitz, J. Chem. Phys. 6, 150 (1938). 

14 N. F. Mott, and R. W. Gurney, Electronic Processes in 
Ionic Crystals (Oxford University Press, 1940), p. 102. 

u See reference 14, p. 207. 


(reflection method) of manganese-activated calcite 
phosphors being made by Mr. Elias Burstein and 
Mrs. Margaret White, Crystal Section, N.R.L., 
whom we thank for permission to present a 
summary of their preliminary results. Data on 
the excitation and reflection spectra of the lead, 
thallium, and cerium sensitized phosphors, as well 
as of calcites containing lead, thallium, cerium, 
and manganese separately, and of pure calcite are 
given in Figs. 6 and 7. 

For the excitation studies, plaques of phosphor 
powder were irradiated with ultraviolet from a 
Beckman hydrogen discharge lamp, mono- 
chromatized by a Beckman quartz spectro¬ 
photometer, and the irradiated surface viewed 
by an RCA 1P21 multiplier photo-tube through 
a Corning 2418 filter. The design of the apparatus 
allowed the continuous automatic plotting of the 
photo-cell response vs. excitation wave-length in 
about 15 minutes over the range of 2000 to 
3500A. The data are presented in Fig. 6 as cell 
response vs. wave-length instead of as a true 
excitation spectrum, since no means was pro¬ 
vided for keeping constant ultraviolet energy 
incident on the phosphor at all wave-lengths or 
for measuring the intensity of the incident ultra¬ 
violet as a function of wave-length. .Since the hy¬ 
drogen lamp employed gives a continuous spec¬ 
trum without sharp changes in output with wave¬ 
length, and the transmission of the monochrotna- 
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Fig. 6. Ultraviolet excitation spectra of synthetic 
manganese-activated calcites. 

I. Calcite: (Ce+Mn) 

II. CaJcite:(Pb+Mn) 

III. Calcite:(Tl+Mn) 

Potted curve - calcite: Mn: 
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tor likewise varies continuously, the data suffice 
to locate qualitatively, at least, the positions of 
excitation bands. Pure natural calcite (curve not 
shown in Fig. 6) gave no response over the whole 
range. Synthetic calcite, activated with man¬ 
ganese alone (dotted curve, Fig. 6) showed only 
a very faint luminescence under excitation near 
2150A and again near 2450A. Jt is not >et known 
whether this very slight response is due to man¬ 
ganese alone or to traces of a sensitizing impurity 
which our purification method failed to remove. 
With CaC0 3 : (Ce-fMn) (curve 1) the 2450A 
excitation peak is somewhat higher, but a much 
more important effect is the far stronger ex¬ 
citation band created by the cerium at longer 
wave-lengths, peaking at about 3170A. CaC() 3 
: (Tl + Mn) (curve 111) has a strong excitation 
region peaking at 2435A, while CaC0 3 :(Pb 
+ Mn) (curve II) shows a very intense excita¬ 
tion region with a peak at 2540A. This last band 
coincides almost exactly with the wave-length 
of mercury resonance radiation, which probably 
accounts for the much higher efficiency of lu¬ 
minescence of the CaCO*:(Pb+Mn) phosphprs 
under this excitation compared to that of 



Fic#7. Reflection spectra of calcite preparations. 


A. Unactivated calcite 

specimen) 

B. Calcite:Mn 

C. Calcite:Pb 

D. Calcite: (Pb+Mn) 

B. Calcite :T1 

F. Calcite: (Tl+Mn) 

G. Calcite:Ce 

11. Calcite:(Ce+Mn). 


(optical quality, non-luminescent natural 


CaC0 3 :(Tl+Mn) and CaC0 3 :(Ce+Mn) (c/. 
Table 1). 

In Fig. 7 are given the results of reflection 
measurements on the above materials. For these 
measurements the samples were illuminated with 
a Hanovia hydrogen-discharge lamp, and the 
reflected light analyzed by a Gacrtner quartz 
monochromator, using a 1P28 multiplier photo¬ 
tube as a receiver. A plaque of magnesium car¬ 
bonate 16 was used as a standard and the photo¬ 
cell response to the reflection from the samples 
was compared to the response from the standard. 
Absolute measurements cannot be made by this 
method, of course*, since the reflectivity is a 
function of particle size, packing of the sample, 
angles of illumination and viewing. Comparison 
of the results obtained with this system with 
true absorption measurements on materials ob¬ 
tainable in the form of single [dates or crystals 
has, however, given good agreement as to the 
location of absorption bands and qualitative in¬ 
formation as to their intensity. The difference in 
reflection between different samples in regions 
where they are both quite transparent is not to 
be considered significant on account of the dis¬ 
turbing factors mentioned above; significance 
should be attached only to the shape of each 
curve and the structure or absence of structure 
found therein. The measurements were made 
point by point, with data being taken every 50A 
between 2000 and 3400A. The data indicate 
that the introduction of manganese into calcite 
does not introduce any pronounced absorption 
beyond that present in pure calcite in the wave¬ 
length range investigated except at wave-lengths 
shorter than about 2400A. The introduction of 
lead in the calcite calls forth two fairly sharp 
absorption bands, which persist when manganese 
is introduced in addition to the lead.fft The 
absorption band lying at the longer wave-lengths 
in CaC0 3 :Pb and CaCOs(Pb+Mn) coincides 
fairly well with the position of the excitation 
band of the latter phosphor. The same situation 
applies in the case of CaC(J 3 :Tl and CaC0 3 
:(Tl + Mn). The results with cerium are less 
satisfactory because there is no sharp peak in 

18 C. F. Goodeve, Trans. Faraday Soc. 34, 902 (1938). 

ftt The greater absorption and overlapping of the peaks 
in CaCOj: (Pb+Mn) compared to CaC6*:Pb is due to 
the higher Pb concentration in the former, 1.60 mole 
percent w. 0.4 mole percent Pb in the latter. 
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the absorption coinciding with the peak of the 
excitation spectrum of CaC() 3 : (Cc+Mn). How¬ 
ever, even here a considerable increase; in ab¬ 
sorption over pure Ca(X) 3 is evident, there being 
a drop of approximately 20-30 percent in the 
reflection between 3400A and 3150A for both 
CaC0 3 : Ce and CaC0 8 : (Ce + M n). 

A study of the literature reveals a number of 
known phosphors which appear to be based 
upon the mechanism of sensitized luminescence 
outlined above. Among these are alkaline; earth 
borates, phosphates, silicates, and silico-phos- 
phates, 171 * and the NaCI: (Pb+ Mn) of Murata 
and Smith. 7 In principle it should be possible to 
introduce excitation bands for any desired ultra¬ 
violet spectral region by choice of the proper 
sensitizer for any phosphor showing response to 
cathode-ray or x-ray excitation but not to ultra¬ 
violet excitation. Investigations under way at the 
Naval Research Laboratory are concerned with 
further studies along these lines. 

SUMMARY 

It is shown that synthetic preparations of 
ealcite, with manganese as an activator, are 
luminescent under cathode-ray excitation, but 
are substantially non-luminescent under ultra- 


17 Httniger and Panke, U. S. Patents 2,241,950 and 
2,241,951 of May 13, 1941. 

l * Asehermann and Strubing, L T . S. Patent 2,308,736 of 
January 19, 1943. 


violet irradiation. By co-precipitation of small 
amounts of lead, thallium, or cerium with the 
manganese-activated calcium carbonate, there is 
produced no essential change in the cathode-ray 
luminescence spectrum, but the products are 
then strongly excited by ultraviolet radiation as 
well. Spectrographic analyses of natural calcites 
from a number of different localities show that 
in the strongly luminescent (2537A excitation) 
specimens of the natural mineral, lead accom¬ 
panies the manganese activator, while in the 
non-luminescent (2537A excitation) specimens 
the manganese! is present without lead. The 
near-ultraviolet excited luminescence of most 
natural calcites is not connected with the lead, 
and has not as yet been ascribed to the presence 
of any specific auxiliary impurity. ' 

The interpretation of these results is shown to 
be most consistent with the concept of a “sensi¬ 
tized” luminescence, and the possible applica¬ 
tion of this viewpoint to known phosphors and 
to the synthesis of new phosphors having specific 
excitation bands is pointed out. 
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Electron Beam Deflection 


Part I. Small-Angle Deflection Theory 

R. G. E. HtirhR 

Sylvan id Electric Products , Inc., Flushing , New York 
(Received February 26, 1947) 

Two general mathematical methods are discussed which mav be used to study the effects of 
electric and/or magnetic deflection fields on electron beams. The basic equations tor the “path 
method” are the equations of motion of Newton or Euler-Lagrange. The “iconal method” 
makes use Df certain properties of the Hamiltonian function. 

These methods are then applied to describe the action of balanced, two-dimensional electric 
deflection fields on electron beams. It is shown that both methods yield essentially the same 
results. Expressions are derived describing the magnitude of deflection and the distortions of 
an electron beam. * 

Onlv the path method L used in a similar investigation of magnetic-t> pe deflection fields. 


A. INTRODUCTION AND GENERAL OUTLINE OF 
THE THEORY 

1. Introduction 

T HE problems of the formation and the 
control of electron beams are the concern 
of “Geometrical Electron Optics," a term chosen 
to imply the analogy which exists between 'the 
behavior of electron beams and light beams, and 
which manifests itself in the terminology and the 
fact that many light-optical instruments have 
an electron-optical equivalent. Electron beams 
may be focused, deflected, and reflected by 
electric or magnetic fields which are called elec¬ 
tron lenses, deflection fields, and electron mirrors, 
respectively. The deflection fields might be 
termed electron prisms if it were not for the fact 
that deflection fields produce both prismatic and 
focusing effects on electron beams. A deflection 
field may be considered as a prism having a weak 
cylinder lens joined to each face. 

Jf the deflection fields are classified as those 
making use of focusing effects and those for 
which these effects are undesirable, it is found 
that these two classes represent the deflection 
fields producing large-angle deflections and those 
producing small-angle deflections, respectively. 
Deflection fields of the former group are em¬ 
ployed in mass spectrometers, cyclotrons, and 
microanalyzers, while fields of the latter group 
are used in cathode-ray and television tubes, ion 
traps, scanning-type electron microscopes, etc. 
This paper will deal exclusively with small- 


angle deflection fields in the manner now used for 
the treatment of electron-optical phenomena; the 
.terms “deflection field," and “deflection system" 
will hereafter be assumed to relate only to small- 
angle deflection fields or systems. Large-angle 
deflection fields have been discussed elsewhere 1 1 

It is the writer’s purpose to provide certain 
mathematical tools which should be found useful 
in the design of improved deflection systems. In 
spite of the practical importance of an under¬ 
standing of the problems of deflection, little 
attention has been paid to a systematic study 
of deflection fields. Approximate formulae are 
still used to determine the magnitude of deflec¬ 
tion, and qualitative reasoning is applied to 
obtain information about the type of distortion 
of the deflected beam. Two exceptions exist: 
J. Picht and J. Himpan 5 have investigated single 
and crossed two-dimensional electric fields, and 
G. Wendt 6 has studied single and crossed 
magnetic deflection fields. 

A thorough discussion of the subject is indi¬ 
cated for a number of reasons: 

(1) Because of war conditions, the work of Picht, Him¬ 
pan, and Wendt appears to have escaped the attention of 
the workers in the field of electron optics. 

1 R. G. E. Hutter, Phys. Rev. 67, 248 (1945). 

* R. Herzog, Zeits. f. Physik 89, 447 (1934). 

* W. Hennebcrg, Ann. d. Physik 19, 335 (1934), ibid. 20, 
1 (1934), ibid. 21, 390 (1934). 

* N. D. Coggeshall, Phys. Rev. 70, 270 (1946). 

5 J. Picht and J. Himpan, Ann. d. Physik 39, 409 (1941), 
ibid. 43, 53 (1943). 

* G. Wendt, Die Telefunkenrdhre 18, 100 (1939); Zeits. 
f. Physik 118, 593 (1942). 
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(2) These authors used a method of investigation which 
is known in electron optics as the “path method.” It is 
of interest to show that another method, called the “iconal 
method,” may also be employed. 

(3) The method of Picht, Himpan, and Wendt, as well 
as the results, may be simplified. This simplification results 
in greater ease of application. 

(4) The investigations may be generalized to include 
three-dimensional electric deflection fields.* 

(5) A number of applications of the simplified and ex¬ 
tended theory have now been made resulting in design 
charts for the determination of the magnitude of deflec¬ 
tion, and in quantitative information on spot and pattern 
diitortions of .some of the commonly employed deflection 
fields. 

The work is to be divided into two parts.** 
In Part I the general framework of the theory 

ill be discussed, and the theory will be special¬ 
ized for the case of single two-dimensional elec¬ 
tric deflection fields, and single and crossed 
magnetic deflection fields. In Part II the magni¬ 
tude of deflection and the distortion effects are 
computed for a number of typical electric and 
magnetic deflection fields. 

2. General Outline of the Theory 

Cathode-ray and television tubes are the most 
important devices employing the kinds of de¬ 
flection fields to be investigated here. Although 
the theory to be developed may also be applied 
to small-angle deflection fields used in other 
devices, the terminology is that pertaining to 
cathode-ray tubes. The tube for which the theory 
will be developed is, however, an ideal rather 
than an actual cathode-ray tube. In order not 


to complicate the theory unduly, a number of 
assumptions had to be made chiefly concerning 
the electron beam and the focusing system. 

The electron beam is assumed to be a recti¬ 
linear flow of electrons, homogeneous in velocity, 
and either conically or cylindrically shaped; 
space-charge effects are ignored. Such assump¬ 
tions are not essential to the theory but were 
made to simplify its application. If it is necessary 
to explain the effects in an actual cathode-ray 
tube, such effects might have to be taken into 
account separately. 

Furthermore, field distortions of the deflection 
fields due to the presence of other electrodes 
were not taken into account. This means that 
the deflection fields were taken as being deter¬ 
mined solely by the current conductors and 
electrodes intended for the formation of the field. 

These idealizations and approximations are 
permissible if one is interested in a comparative 
study of deflection fields, but not in an explana¬ 
tion of the performance of a particular cathode- 
ray tube which employs deflection fields. 

The Cartesian system of coordinates will be 
used throughout this work. The z axis is taken 
as the optical axis of the focusing system. If 
undeflected, the electrons of the beam will 
travel in the +z direction. The jc direction is 
also called the “horizontal” direction while the 
y direction is called the “vertical” direction. 

The initial coordinates of an electron, whose 
path through the deflection field is to be deter- 



* To be published at a later date. . 

^ ** A part of the material presented in these papers was given in an abbreviated form at the National Electronics 
Conference in Chicago, October 3-5, 1946. 
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mined, are z 0 , x 0t and y 0 . The slope of the path 
at this point is given by x 0 \ yo', the prime 
indicating the derivative of the quantity with 
respect to z. The position coordinates of an 
electron after deflection in a plane perpendicular 
to the z axis at a point z x are given by z„ x lf and 
y t . The coordinates x 1t y t at a specified coordinate 
z % are the quantities which ordinarily have to be 
determined. In cathode-ray and television tubes, 
z t is the axial coordinate of the plane of the 
fluorescent screen. For simplicity, it is assumed 
that the screen is flat, although in many tubes 
the screen is actually a curved surface. Since z, 
will remain a variable which % may be chosen 
arbitrarily, it will also be possible to determine 
the position of the electron on a curved screen, 
in which case the calculations might be a little 
more cumbersome. 

In most practical cases z o and z t are axial 
coordinates which are in regions where the influ¬ 
ence of the deflection field is negligibly small. 
The deflection action of the field takes place 
between two xy planes with axial coordinates z { 
and z 2t where z 0 <z x <z 2 <z x (see Fig. 1). ^ 

There are four quantities—two coordinates 
and two slopes—which arc of importance. If the 
deflecting field is zero, the electron with the 
above mentioned initial conditions x 0 , y 0 , x 0 \ y 0 ' 
at z 0 , would proceed in a straight line from 
x 0 , y o, z 0 to the screen. Its coordinates at the 
screen are given by * 1M and y lu , where 

x tu ^xo+xo'izt-zo), y»t=yo+yo(zx-z 0 ). (1) 
Its slopes at that point are 

*,u'=*<>', y.u'=yo'. (2) 

The second subscript u indicates that x, u , y lu are 
the coordinates of the undeflected electron at 
the screen. (See Fig. 1.) 

Equations (1) and (2) may be used to express 
Xq, Vo in terms of *, w , y t „, x tu \ y„/ as follows: 


#o = *tu- x U t{Zt - z 0 ), y ( >=y,u - y J(z t - z 0 ). (3) 

The coordinates x ty y, of the deflected electron 
at the axial coordinate z, may be expanded 
formally in power series of powers of x lu , y xu% 
and x tu ', yj : 

X\ ~ Ma, b, e, d 'Xt U a *y»w^ * X t u C * yiu **»"] 

a, b, e, d 


22 Na,b,e,d , X tu a, y xu ^ , Xiu C% ytu < *f 
a, b, r, d 


( 4 ) 


where a+b+c+d = n with n = 0, 1, 2, • • •. There 
are [(n + l)(n + 2)(n+3)]/6 terms of degree «. 

The coefficients Ma,b,r,d and N a ,h tC ,d will, of 
course, be functions of z 0 , z, and the field-strength 
parameters of the electric and magnetic deflec¬ 
tion fields. The problem of determining x t} y t 
reduces to one of determining these coefficients. 
It will he shown that the series, Eq. (4), are 
rapidly converging if small-angle deflections are 
considered only. In most practical cases, n need 
not be taken as higher than three. The condition 
of smallness of the deflection angle will have to 
be stated mathematically. 

Before going to the discussion of the two 
methods by which the coefficients M a .b, c ,d and 
./Vfj ,bed may be determined, a few remarks will 
be made concerning some general properties of 
these coefficients. 

All electric and magnetic fields used as deflec¬ 
tion fields are, strictly speaking, three-dimen¬ 
sional fields; i.e., the electrostatic potential func¬ 
tion ^ and the magnetic field strength vector H 
will be functions of all three coordinates .v, y, 
and z. However, certain fields emplo>ed in actual 
devices exhibit in certain regions the properties 
of two-dimensional fields. This is especially the 
case for some electric deflection fields. In this 
case the potential function ip may be considered 
as depending only on x , z, or y, z. If the variation 
of ip with the third coordinate is negligibly small 
in regions passed by the electron beam, a con¬ 
siderable simplification of the theory appears 
possible. This simplification finds its expression 
in the end result, Eq. (4), in which a number of 
the coefficients M a ,h, c,d and N a , b, c ,d will vanish. 
It is, however, unnecessary to prove which of 
the coefficients are zero, since the methods by 
which the coefficients are to be determined will 
automatically assign the value of zero to the 
proper coefficients. 

Often, in practice, two deflection fields are 
used which are rotated 90 degrees about the z axis 
with respect to each other. In this case only one 
set of coefficients M a ,b,c,d or N a ,b,c,d need be 
determined, the other set being obtained by 
interchanging a and b as well as c and d, and 
interchanging the field quantities. In order to 
get y, from x t , x %u must be replaced by y*,, xj 
by # y tu ', and vice versa. It should be pointed out, 
however, that the numerical values of the corre- 
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sponding coefficients will be different if different 
field functions are used for the two deflection fields. 

The study of the motion of electrons in de¬ 
flection fields requires a knowledge of the field 
distributions. An electric field may be given in 
terms of a potential distribution = <p(x, y, z), 
while the magnetic field may be described by 
the magnetic vector potential distribution A = 
\(x, y, z). It will be assumed that those functions 
are known. 

Two essentially different methods are available 
to determine the position coordinates of an 
electron moving m the fields. (Both methods 
have been used to solve the analogous problem 
for focusing fields.) 

If we consider electrons as small charged 
particles moving through electric and magnetic 
turce fields, the concepts of electron ballistics can 
be applied. The Newton-Lorentz equations may 
be used as the basic set of equations. This 
net hod has been used by J. Picht and J. Himpan 6 
for two-dimensional electrostatic deflection fields, 
and by G. Wendt 6 for a single magnetic deflection 
field. Jt is called the “path method.’* 

Jf, on the other hand, waves are associated 
with a moving electron which travels through 
electric or magnetic fields of slowly-varying 
electron optical index of refraction, the wave 
approach to geometric optics can be applied. 
One of the basic concepts is that of the “point 
iconal.” The method is based on the properties 
of the iconal function and is, therefore, called 
the “iconal method.” 

The common root of both methods is Hamil¬ 
ton’s principle which states that the electron 
path, 

x=x{s), y=y(s), z = z(s ), (5) 

is such that 


W 


|i-2g 


-/ 

90 /*»( * 0 . UO, *o) 


IL f,,(w) ] 


or with 


-(A-s) \ds = minimum, (6) 

m 


s = - 


[1+3C' 2 +/ 2 ]* [1+*'*+/*]*' 


j 


1 


[1+*'*+/*]» 


k, (7) 


and 

= (l+.v' 2 +;y ,2 )*<fe, (8) 

that the electron path x = .v(s),y = y(s) is such that 



y, 2 , x\ y')dz 



2e 

—<p(x, y, z) 

m 



*'*+/*]» 


- (AxX'+Ayy' + A x ) »minimum, (9) 

m ' I 


where the primes indicate differentiation with 
respect to z . 

The necessary conditions for the electron path 
Eq. (5) to satisfy Eq. (9) are certain differ¬ 
ential equations. These equations are the Euler- 
Lagrange differential equations for the electron 
path obtained by carrying out the operations 
indicated by 

(d/dz)(dF/dx') -dF/dx - 0,1 . 

(d/dz) (dF/dy') - dF/dy = 0. J K ' 


These equations are equivalent to Newton’s 
equations 

d 2 r 

m — = gE+«[vXH], (11) 

dt 2 


with 


r-i+yj+s-k. (12) 


The iconal method utilizes the properties of 
the function W. If .v(s) and y(z) are taken as the 
functions describing the actual electron path, and 
if the initial point Fo(x 0 , y<>, z 0 ) is kept fixed, W 
becomes a function of the end point P»(jc,, y,, 2,-). 
The equation W= const, describes a surface 
about P {) . This is the wave surface of the electron 
radiation diverging from iV Assuming that we 
know the wave surface configuration in the space 
where electric and magnetic fields exist, the 
path of an electron beyond this space (with the 
boundary point P 2 CV 2 , y 2 , 22 )) and into field-free 
regions to the point /\(.v„ y;, 2 ,) is then given by 7 
(sec Fig. 1) 


Xi = x 2 + (1 / n i) {S W/dx 2 ) [ (xi - * 2 ) 2 

+ (3'i-y2) 2 +(2<-Z2) 2 ] 1 , 

y»= y2 + (1 /«») (d lV/dy 2 ) l(xi - ^ 2 ) 2 

+(y~yt) f +(«.-*2)*]*. 


(13) 


7 V. K. Zworykin, G. A. Morton, E. G. Ramberg, J. 
Hillier, and A. W. Van cc,'Electron Optics'and the Electron 
Microscope (John Wiley and Sons, New York, 1945). 
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Fig. 2. The electrode geometry of a two-dimensional 
electric deflet tion field. 

The slope of this straight line is that of the 
normal n to the wave surface at the point P 2 , 
since n is given by 

1 dW 1 dW 1 dW . 

n =-H-jH-k, 

n x dXi n t dy 2 n t dz 2 

(14) 

n t = <f> t i = [ (d W/dxt) 2 

+ (d W/dy 2 ) * + (d H7«ft) *] *. 

It would appear that we have to know the 
electron path, i.e., the solution of the problem, 
in order to use the iconal method, since W can 
only be determined if .v = .v(z) and y = y(z) are 
known. However, the restrictions on the magni¬ 
tude of the deflection angle mentioned above, 
together with the property of W as expressed by 
Eq. (9), eliminate the necessity of an exact 
knowledge of the path. 

If the angle of deflection is small, the deflection 
itself must be small in the region where the field 
strengths are of appreciable magnitude. Large 
deflections are obtained by letting the beam 
travel in essentially field-free space before it 
reaches the screen; x(z ), y(z ), x'(z ), y’(z) are, 
therefore, small quantities in regions of appreci¬ 
able field strength. For their determination by 
means of Eq. (10), methods of successive approx¬ 
imations can be applied to yield electron paths 
of increasing accuracy. Af ter the fi rst-order approx- 
imation*** has been determined, either method 
may be used to find the higher order solutions. 

In Part B, Section 2, the coordinates of the 
electron at the screen will be computed, including 
terms up to w = 2 or w = 3, which is, in general, 
sufficiently accurate to obtain quantitative infor¬ 
mation about the deflection, and the spot and 
pattern distortions occurring in common designs 
of cathode-ray and television tubes. 

*** The first-order solution corresponds to the so-called 
“paraxial ray solution" of the focusing systems. 


B. TWO-DIMENSIONAL ELECTRIC DEFLECTION 
FIELDS 

1. The Field Distribution 

Electric fields which deflect the electron beam 
in cathode-ray and television tubes are ordinarily 
produced by metal electrodes connected to po¬ 
tential sources. The location of these electrodes 
with respect to the electron beam and the 
direction of deflection are shown in Fig. 2. The 
Cartesian system of coordinates is chosen so that 
+z is in the direction of motion of the undeflected 
electrons, and +y is in the direction of deflection. 
Two assumptions will be made about the shape 
and the potentials of the deflecting electrodes. 
These assumptions will be expressed in terms of 
the potential distribution <p~(p(x,y t z) of the 
field produced by the deflecting system. 

<p= <p(y, z) i.e., is independent of .v, (15) 

<p{y, z)=<t> + <p*(y, z), \ 

where 

-¥>*(+?, z) = *>*(-v, 2 ), \ (16) 

so that 

<p(-y, z) -<£ — <p*(+>\ 2 ) 

where <f> is the potential of the last anode of the 
electron gun. 

The first assumption, Eq. (15), means that the 
electrodes producing ^ are considered to be of 
infinite extent in the x direction, or, in other 
words, that the edge effects of the electrodes of 
finite extent in the x direction are neglected. 
The error introduced by this assumption ordi¬ 
narily is negligible, since most electrodes are of 
sufficient width in the x direction. It follows 
from the assumption that the equipotential plots, 
as well as the cross section of the electrodes, are 
identical in all planes parallel to the (y, z) plane. 

The second assumption, Eq. (16), restricts the 
validity of the following investigations to so- 
called balanced fields .**** The electrodes are 
located symmetrically with respect to the center 
or (jc, z) plane. This center plane is at potential 
<t>. The potentials of the electrodes are 0 +JA 0 
and 0 —§A 0 , respectively; A <f> is the potential 
difference between the electrodes. 

The potential function <p must satisfy the 

**** C) f unbalanced deflection fields has also 

l>een worked out and will be published at a later date. 
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Laplace equation: 

[d' 2 <p{y, z)/dy 2 l+[d 2 <p(y, z)/dz 2 ]s= 0 . (17) 

Since <p*{y, z) = —<p*(—y, z), the power series 
expansion of <p* in powers of y can have only 
terms of odd power in y. 

<p*(y, z) =<h(z) -y+a a (z) -yM- 

+a 2 tl+ i(z) *y 2wfl +• • •. (18) 

Substituting Eq. (18) in Eq. (17), a recurrence 
formula for the coefficients is obtained, in which 
ai(z) remains arbitrary. With 

ai(z)= -E(z) (19) 

the following series is derived: 
v(>,z)=<t>-E(z)-y+\E"{z)y* 

— (l/ 120 )£ < 1 V) (z)y 8 -f * * •( — 1 )'*‘ H 
X [1 / (2n +1) !]E (2m) (z) • y 2n+l + • ■ •. (20) 

It is seen that 

My, s) I 

£(*)-- 1 , ( 21 ) 

dy i ?/ »o 

i.e., E(z) is the axial field-strength distribution. 


The electron-optical theory described below 
will be based on the general form of the potential 
distribution Eq. (20). It should be noted that 
edge effects of electrodes in the z direction are 
not excluded, since E(z) is left arbitrary. The 
axial field-strength distribution E(z) determines, 
except for a constant, the equipotential distribu¬ 
tion of deflection fields satisfying the condition 
expressed by Eq. (15). 

Ordinarily, two fields of the type described by 
Eq. ( 20 ) are employed in cathode-ray and tele¬ 
vision tubes. The electrodes are rotated 90 
degrees with respect to each other about the z 
axis; one field deflects in the y direction, the 
other in the x direction. The two pairs of elec¬ 
trodes are generally spaced sufficiently far apart 
along the z axis to prevent the distortion of the 
potential distribution of one field by the elec¬ 
trodes producing the other field. It is assumed 
here that a plane exists midway between the 
two fields where neither field has sufficient 
strength to affect the electrons. A study of 
crossed electric fields reduces, then, to a study 
of two single fields. 


2. Path Method for a Single Two-Dimensional Electric Deflection Field 


Integration of the path differential Eqs. ( 10 ) becomes possible if it is assumed that x(z), y(z), 
.v'(z), and y'(z) are small quantities. The expressions ^ and (1 +.v' 2 +y' 2 )* of Eq. (9) may be written 
in series form 


/ 1 E 1 K" 1 E 2 1 E* \ 

<?Hy> s)= 0 J ( 1 -yH—-—y 3 -y 2 -y 3 H-), 

V 2 <t> 12 <t> 8 <t> 2 16 <£ 3 / 


1 F 2 1 jE* 


and 


<f> 12 <t> 8 <t> 2 16 (f> 

(1 +.t' 2 +y ,2 )l = 1 + .Kv' 2 +y' 2 ) - J(.v' 2 +y' 2 ) 2 + 
The expression for W then becomes 
fie 


/1 e " i £*\ i r & 

+ (- )y» U -i (x>*+y'*y-i s (x' 1 +y , *)f- 

V12 <t> 16**/ J L <f> 2 

/ 1 EE" 5 E*\ 1 

— I-1- — )v 4 I + higher order terms \dz, 

V 24 128 * 4 / J 


or 


( 22 ) 

(23) 


(24) 


W= 



\Fo+Fi+F 2 +F 3 +F *+higher order terms \dz, 
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if the bracketed expressions are called £ 0 , Ei, Ft, Ei, and E*. The Euler- Lagrange differential equations 


yield 



(d/dz) [ (Fx+Ft+Fi+Fi)]- 0 - 0, 

(d/dz)l(d/d?){Fi + Ft+F* + E 4 ) ] - (d / dy ) (Fi +E 2 + E 3 + E 4 ) = 0, 



1 E 1 E* 1 

-yx' — W* — jy V- y-x' = 0, 

2 0 8 0 2 J 


1 E 1 E 2 i r 1 £ 1 E 2 t £ IE 

- yy f — ^'3 _ ^ V '2^'- yly' 1 — 1- y -tf'*-y'2 

2 0 8 0 2 J L 2 0 4 0 2 ' 4 0 4 0' 

3 E A 1 E" 1 £ 2 1 E 2 1 EE" 5^« 1 

--/M-y 2 - —x' 2 y - —/ 2 yH-y 3 - — -y =0. 

16 0 J ' 4 0 8 0 2 8 0 2 6 0 2 3 2 0‘ J 


(25) 


(26) 


The restriction that the deflection be small where 
the field strength is of appreciable magnitude 
may be expressed mathematically as 


1 E 

2 0' V 


« 1 . 


(27) 


Taking Eq. (27) and |x' 2 |«:l and |y 2 |<ICl into 
account, the approximate solution of Eq. (26) 
may then be obtained in two steps. To the^first 
order of approximation, the electron path will 
be given by 

(<//*)(*')« 0, (d/dz)(y')=-$(E/<t>). (28) 

The solution of Eq. (28) is 

*„(z)=*o+*o'(z-Zo), \t /,o^ 
y„(z) = yo+yo(z - z«) + Y{z),\ 

where Xq , x 0 \ y o, and y«' are the initial conditions 



Fig. 3. The geometry of deflection (path method). 


t This solution corresponds to the “paraxial ray M equa¬ 
tion of the theory of focusing fields. In this theory the 
equation describes a path called the Gaussian path. It 
was for this reason that the subscript g was chosen. 


of the electron path. Here 


K(s) = — (l 20) 



E(u)du , 


(30) 


is the deflection caused by the electrostatic field. 
If z = z, is the position coordinate of the screen, 
the deflection, d, at the screen for an electron 
with the initial conditions .v 0 = y» = .\V =yo' = 0 
is given by 


Y(z t ) = -(1/20) 


J>£ 


E(u)du. (31) 


Since E(z ) is proportional to the potential differ¬ 
ence A0 between the electrodes, it can be s^en 
from Eq. (31) that d is a linear function of A0. 
This is a desirable property of a deflection field, 
but an actual field has this property only to the 
extent that it is permissible to neglect the higher 
order terms in Eq. (26). A more accurate solution 
of Eq. (26) will be given which shows the extent 
to which the actual paths deviate from the first- 
order paths. 

The quantities x', y ', |£(£/0)y|, are still 
assumed to be small, but not negligibly so. It 
may be expected that the actual solution of 
Eq. (26) will differ but little from the first-order 
solution Eq. (29). Only a small error will there¬ 
fore be made if y and x of Eq. (29) are substituted 
in all terms of Eq. (26) which were previously 
neglected. The terms x 0 , x 0 ', yo , and y 0 ' would 
then appear in the new solutions for x=*x(z) and 
y = y(s). It is, however, more convenient to use 
four other quantities, namely, the coordinates 
and slopes of the undeflected electron at the 
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screen defined by Eq. (1). Replacing * 0 , yo, *<»', and y«' in Eq. (29) by x IM , y iU9 x iu \ and y iu ' 
(using Eqs. (2), (3)), the following equations are obtained for x u and y g : 


x g{z) — Xi u -\-Xi u (Z —Zi) t ^ 

~y,■«+*.'(*-*,)+K(*).J ^ ' 

Substituting Eq. (32) in Eq. (26), the solutions .r(^) and y(z) of the resulting differential equations 
arc obtained by simple integrations. The terms of this solution may be arranged in powers of Xi, tf 
y, u , x t yu . If the difference between the new and the former solution is taken and the integrals 
are extended from z 0 to two quantities A p Xi, A p y» are derived which describe the deviations at 
the screen of the actual electron path from the first-order path given by Eq. (29). (See Fig. 3.) 
These quantities A p Xi and A p y t may be written as 


A p Xi — c*goio**\‘u +otoiio^iM y,u + aooii^«u yiu + <*021 o*v, ,/y /«“ + c*oi i i.v t f /y i i/v ,»«+** oo i %xiu f yi </ 2 * 

A /> yi = ^oooo+/5olooyttt + ^iocolytu , +^o2oo3' 1 u 2 + 0oo•2(^VM/ 2 + /^oon2y1»t ,2 +0ttuny*i/y»«i 

Po&ooy iu?Poi 2(iXju “yiu~\~&{)\02y tuyin 1 P(H\2\Xn/~y u/ Po'2Q)y iu 2 yni + /?0003y n/ 3 . 


(33) 


Here the notation, similar to that for the expressions a\ and y if Eqs. (4), has been used to describe 
the expansion of the additional deflections A p x t and A r y t . Since 


•v, =.V„ (Zi) +A p x i = Xin + A r x t , 
y «=y u (a,) + A p y t = y»a+ F*+A r y t . 


Then, to the degree of approximation considered here 

M U m= 1 + aiooo, otherwise M a ,b.c,d = cta,k,r,,i 
^0000 = ^0000+ Yi, ATqioo = 1 +/ 3 oioo, otherwise N at b,c,<i — Pa.b,c,<i- 


and 


The coefficients a a .b,r,d and p a ,b,c,d are certain definite integrals from 3 0 to 3 t which can be written 
in various forms. After carrying out the operations mentioned above, some of these coefficients 
contain double integrals which can be changed to single integrals by the use of the formula 



F(u)du- — 



— Zi)(itl, 


(34) 


Some integrands have the second derivative of the axial field distribution E"(z) as a factor. In 
general, E(z) is known from experiment and E"(z) can then only be obtained by numerical differ¬ 
entiation. This leads to inaccuracies which can be avoided by eliminating E"(z) from all integrands 
employing the method of partial integration. This method and the equations 


and 


F'( 2 ) = --E(3), 
20 


(35) 


Yi = 


Y(z t )=( 1/26) 



Zi)E(a)da 


(36) 


were used to simplify the coefficients ot a , btC ,d and 0* b , e .d which were first derived by J. Picht and 
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J. Himpan* in a different form. They may be written as follows: 


a«iou = iF, F/+-— f EYdz+ -- f E 1 YHz, 

4<t> <o 8<*> 2 JtQ 

1 1 r“ 

«oiio=- En(z,— 2 o)— F/H-I E 2 Ydz, 

2<t> 4<t>- 0ig 


1 1 r“ 

ami = 2Y,+—Eo(z-z a y+-- I ErY{z—z,)dz, 
2<f> 4<£- 0,« 

1 1 /• 

aoam=-£o 2 (z, — 2 p) H-I £ 2 rfz, 

8<£ 2 8<£ 2 0, o 


(.«) 


‘1 1 /»'• 

aooia=-^(z.-Zo)^-I £ 2 (z-z,) 2 dz, 

8<*r 8<A 2 0 , o 


1 1 /•'* 

a«m = —E(i : (2i — Zo)H - I E-{z—z)dz; 

4<t>- 40* J .» 


0oo«o==iF l F,' 2 +--£.F, 2 -- f £FF'</z+-^ f E 2 Y{z-z,)dz 
4</> 64> *7jo 2<£ 2 "/jo 

1 .3 /•** 3 1 

+-£ 2 F, 5 -I E 2 YY'-(z-z,)dz -I £ 2 F 2 F'd2+— I E’-Y 3 (z-z,)dz 

\2<f> 2 8 <f> 2 Jzo 8 <l> ! Jso 6 <jr J m 

5 /•'* 5 

+- I £»P(2-2 1 )d3+- I £'F 3 (z- 2 .)dz, 

16<*> 3 0 ,„ 32<*> 4 0 ,„ 

11 1 /•'* 3 

/Jo.oo = iF/ 2 + -£,F,H-£, 2 F, 2 4-I E\z-z,)dz - E*Y" 2 (z-z,)dz 

2<f> 4<*> 2 2* 2 0 ,„ 8« 2 0 , o 

1 3 5 r‘‘ 

+— j E" i Y 2 (z — z,)dz -I £ 2 FF'dz+— I E 3 Y(z—z,)dz 

2 < fr 2 0 ,o 4<£ 2 0 „ 8<*> 3 0 ,„ 


15 z* 4 * 

f-| £'F 2 (2-2,)rf2, 

320* 0,„ 


0ooo. = |F,F/— 1[ - f £Fdz+— f E 1 (z—z l ) 3 dz — - f EYHz I 

40 Jtv 2 <t> 2 J to 80 2 J * 0 

* --L f'E’YY'iz-zJdz-— f E 2 Y' 2 (z-z x ) 2 dz+— f E' 2 Y 2 (z-z t ) 2 dz 

2 <t > 2 Je o 80 2 20 2 

5 15 r Zt 

+— I E*Y(z-z % ) 2 dz+ - I E i Y 2 (z—z t ) 2 dz, 

80 8 *^*0 320 4 ^ *o 

(Equation JS continued on following page) 
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/».«»»«•—-[£o'(«,-a.)+ (£»-£,)] + - ~/i, 2 K,- — f ErY'dz-t- ’ f E' ! Y(s-z,)dz 


1 r !i 

2<ti- 


5 r‘> is r” 

+- I E t (z~z,)dz+ - I E*Y(z—zi)dz, 

160 s Jzi, 32 4>*J, V 


15 /•'• 


lit mi« = Y , -f- 


l 


H 1 


/> 


E l Y(z—z,)dz 


1 

4* 

1 /•" 


1 1 9 /•** 9 p* 1 

0ooo2 =-Eo'Ut-So) 3 - Eo(z t -z ( >y -I E»K(*-*)<fa-I E l Y'{z-z)Hz 

40 40 80 2 Jzq 80 2 •'fo 


40 40 80 2 

5 

160 3 ■ 

1 13 /•** 3 r zi 

ft. i«!»K/ + - Eo / (*.-«i,)*+*-£•(*,— ao)- I - j E 2 Y'{z-z)dz 

20 20 40 2 •/.-« 20 2 


i /•'* 5 /•** 15 

+— I £' 2 F(s- 2j ) 3 ^+- I £ 3 ( 2 -2 < ) 3 rf2+ - I E A Y(z-ZiYdz, 

160 3 ^ O 320 4 Jzo 


00800 


1 5 r z% 15 r zi 

+ ~ | A V K(S-S,)*</* + — | iS»(*-*,)W* +- | E'Y(z-ZiY<lz , 

0 2 *^<1 80 3 •'zo 160 4 •'zo 

1 1 1 5 /•“ 

--■-Eo£o / (*.-*o) + -~(^-£o*)+— I -I E<(z-z,)dz, 

6</> 2 12d> 2 6<f> 2 •'m 32<f> 4 


00120 5 


60‘ 2 
1 /•** 


80 2 


/ 


E?{z — Zi)dz, 


00102 


1 1 9 

=- Ea 2 (zi-Zoy - EiJio'iz.-ZoY -I E 2 (z-z^)dz 

2 0 2 2 0 80 2 


l /•** 15 /•*» 

+— I J5'*(s-«,)»</*+ — I E A (z — z,)*dz, 

20 2 320 4 


1 /•'■* 

00021 = — I E 2 (z — Zj) 2 dz } 

80 2 ^ za 


00201 


3 1 3 /*" 

=—£o s (z;-2#)+— EoEo(z,-zo ) 2 -£ 2 dz 

8^ 2 20 2 8</> 2 ** /o 


1 /•'• 15 

+— £' 2 (2-2,) 2 dz+- E*(z-z,ydz, 

2<t> i dt Q 32<t>* dz 0 


15 /*'’ 


0011113 * 


24<f> 2 


1 3 /•'> 

£o s (z,-Zo) J -H— EoEo'(zi-zo)*——- | E t (z—z,)' l dz 
6</> 2 4tf> 2 »'*, 


1 z*' 4 5 /•*< 

+— I E ,2 (z-z i ydz+— | E*(z — Zi)*dz 
6 <t> 2 "« 32<£ 4 »'*o 


(38) 
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3. Iconal Method for a Single Electrostatic Deflection Field 


Essentially the same coefficients can also be obtained by the use of the iconal method, as will now 
be shown. The point iconal function will be written in the form 

( 2 e\* r*' [ r 1 E 1 p 1 £2 E 

+-) I [1]+-y+J(.^*4.y*) +- ?-i(x*+?*)*-{(x*+y'*)y- 

ifi/ Jzo l L 2 (p i l 8<t> 2 <t> 


or 



1 E 2 

- h(xP+y h2 )y l —f 

16 <t> s <*> 2 


1 EE" 5 /i' 1 

- v »- yi 

24 <#> 2 ’ 128 0 4 J 


+ higher order terms 


dz , 


(39) 


= Wq+W 0 +W 4 +W r + higher order terms. 


If Po(#o, yo, 20 ) remains fixed, IT*const, is the wave surface of electron radiation diverging from 
Po(x 0t y 0 , so) and passing through the point P 2 (x 2 , y 2 , z 2 ). It is assumed that the space between the 
plane of the screen and the plane through z 2 parallel to the screen plane is field-free.ft (See Fig. 4.) 
The coordinates x t (l) and y» (,) of the electron path at the screen will then be given to the first degree 
approximation by 

x+"=x 2 +l{z x -z 2 )/4>^dW 2 /dxAA 

r (40) 

yi il) = y2 + t(z t -Z2) /<t> l ^[dW 2 /dy 2 '].\ 

Equation (40) is derived from Eq. (13) by admitting only first-order terms. The expression W 2 
h^s been determined by using the electron path equation in the form 


with 


» 


x u (2) = *o[ fa - 2) / (*2 - So) ] ■+ X 2 [ (2 - 2 0 ) / (22 - 2o) ], 

y a (z) «= yol (z 2 - 2 ) / (22 - 2o) ] ■+ y 2 [ (2 - 20) / (22 - 2 0 ) ] ~ F 2 [ (z - 20) / (22 - Zo) ]'+ Y(z ), 


1 




£(w)</w. 


(41) 

(42) 


The wave surface through the point P 2 (x 2t y 2 » Z 2 ), to a first approximation, is given by W 0 +W 2 
*const. More accurately, this surface will be given by W 0 + W 2 +Wi+W r = const. A new solution 

ft This assumption can be discarded by an argument similar to that presented for focusing fields in the book by 
Zworykin, reference 7, p. 563. 
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for the coordinates of the electron path at the screen may he obtained in the form 

M t -ztdWt f 1 -x,\’ l/y<‘»-ji\*-| 2,-22 dW+W.) 


•v, 


(3) — 




y 1 (3) =3'2+- 


d* 2 

s*—s* 


f. + if!^V + !/^Vl + !ii! 

L 2\ Zi Zi / 2 \ 2 ;— Z‘2 f J 


ft + V^V + V^Vl + 2 ^ 

L 2 \ 2 ,-Zj / 2 \ 2,-22 / J 


3X2 

g,-Zrd(W4+Wr) 


dytL 2 \ 2,-22 / 2 \ 2,-22 / J 3^2 

The differences between the new and the former values of the coordinates are 

Zi-Zid(W t +Wr) t Zi-z^l/Xi^-x*^ i l{yf»-y,\*ldWt 


A I X, = Xi W — Xi (l) = 

A / y, = y, < * , -y i <l> = 


)^2i-2 2 rl/x< (l >-X2\ 2 1 /yi”’ —y*\*l3ir» 

</>** 0 V 1 1.2 \ 2,-22 / 2 \ 2,-22 / J 3 X 2 

2 ( — 22 d(W t + W r ) Zi— 2 2 rl /x, (1) — x 2 \ 2 1 /y, <n — y 2 \ 5 13 W% 


<t>i 


Vi +W r ) Zi — z 2 1"1 /x t (i) —x 2 \ 2 l /y t (1) ~y 2 \ 2 |^W ^2 

0y 2 <t>i* L2\ Si — 2 2 / 2\ Si—S 2 / J dy 2 


(43) 


(44) 


C arrying out the indicated differentiations, the 
additional deflections A 7 x t - and A 7 y, may be com¬ 
pared with the values A F Xi and A 7, y t of the path 
method. The result of such a comparison is 
expressed by the following relations: 

A 7 *, = A r x t - [(Si - So) /(s 2 - so) ]A 7 \v* 2 , 

(45) 

A 7 y 2 * A 7 y t - [(s* - s 0 ) /(s 2 - s 0 ) ]A r y 2 . 

Both methods give essentially the same result 
if the plane through s 2 terminates the deflection 
field where the deflection itself is still very small; 
then A f x 2 and A p y 2 will be small compared with 
A P X{ and A 7 *y n respectively. 

The small difference between the results ob¬ 
tained by the two methods arises mainly from 
the fact that the path method corrects the first- 
order approximation path through the whole 
region from s 0 to z it while the iconal method 
corrects essentially only for the difference in 
slope at s 2f i.e., at the end of the field. 

4. Some Remarks Concerning Applications 

There are three problems which can be solved 
with the aid of the theory here presented. These 
are: (1) the determination of the “deflection” of 
the electron beam by any electric deflection 
system when the dimensions of the deflecting 
electrodes and their potentials are known ; (2) 
the computation of the defocusing effects by a 
deflection system; and (3) the determination of 
deflection fields having less defocusing and dis¬ 
tortion effects than those in comtfion use. 


The solution of the deflection problem requires 
a knowledge of the axial field-strength distribu¬ 
tion E(z). If the electrode shapes and potentials 
are known, E(z) may, in some cases, be deter¬ 
mined mathematically. In general, however, an 
experimental method must be used. The deflec¬ 
tion may then be computed by means of Eq. (31). 
'The problem of computing the defocusing and 
distortion effects requires a knowledge of E(z ), 
E'(z ), T(s), and Y'(z). The defects of the deflec¬ 
tion system are described by Eq. (33), the 
coefficients a a ,h. c ,d and u, c , a of Eqs. (37) and 
(38), ordinarily being determined by means of a 
planimeter. The coordinate z 0 is chosen to be 
outside the deflection field; a„ , r ,<i and /3 a , b, r ,d are 
determined for any given screen position z t and 
any given potentials 4> and A</>. Since E(z) is 
proportional to A</>, the various terms in the 
coefficients may be arranged in powers of A<£/<£. 
Terms other than the lowest in each coefficient 
may ordinarily be neglected, reducing the amount 
of work involved in making computations. In 
order to compute the spot distortion, y, u , 
and Xiu , yin are chosen to be the coordinates 
and slopes, respectively, of an electron in the 
undeflected beam. It should be noted that if the 
electron beam is considered to be a rectilinear 
flow of electrons with sharp boundaries, either 
cylindrically or conically shaped, the computa¬ 
tions need only be applied to a number of 
electrons on the circumference of the beam. 

Equation (33) can also be used to determine 
pattern distortion. It has been pointed out that 
crossed electrostatic fields, necessary to obtain a 
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Fill. 5. Conductors and pole pieces prodm ini' a magnetic 
deflection field. 

pattern, are arranged successively along the 
optical axis of the tube; it is assumed that a 
field-free plane exists between the two deflecting 
fields. The effects of both fields can then be 
superimposed linearly upon each other. An elec¬ 
tron moving along the axis of the focusing system 
is deflected first by the vertical deflection system 
by the amount Y(z t )+A p y t in the y direction, 
and zero in the x direction. Shortly after passing 
the vertical deflection field it passes through the 
horizontal deflection field, the effect of which is 
computed by replacing x by y, and y by x in all 
equations written so far. The horizontal deflec¬ 
tion will be 

Xi = - f (i'c f Eh(u)du , 

2 <t> J zo Jso 

where E h (z) symbolizes the axial field-strength 
distribution of the horizontal deflection field. 
The quantities A p y t and A*'x l determine the 
additional deflections when x and y are inter¬ 
changed in Eq. (33). The “initial conditions” 
x m , y.,«, x tu \ yJ are given by 

^im y,u = K|, Xm “ 0, ytu = F,. 

Spot and pattern distortions were computed for 
a number of deflection systems and will be 
presented in Part 11. 

The third problem, namely, that of determining 
deflection fields having smaller defocusing and 
distortion effects than those ordinarily encoun¬ 
tered, means, mathematically, to find a function 
E(z) such that F, has a prescribed value and 
yields coefficients Oo. b, c,d and £«, b, e ,d smaller than 
those of Renown systems for the same value of F t . 
Various auxiliary conditions may be imposed 
such as those of constant electrode-to-screen 
distance, “reasonable" physical size of deflecting 
electrodes, etc. Solutions of these problems by 


mathematical procedures such as those used in 
the calculus of variations appear extremely diffi¬ 
cult. It is more likely that trial and error meth¬ 
ods, guided by the theory as expressed by Eqs. 
(31), (33), (37), and (38), will lead to improved 
deflection fields. 

C. MAGNETIC DEFLECTION FIELDS 
1. The Field Distribution 

Magnetic deflection fields of cathode-ray and 
television tubes are produced by a pair of iron 
or air-cored electromagnets placed in'“ear-muff” 
position on the outside of the tube. This is 
illustrated in Fig. 5 by a single deflection field. 
1 n order to obtain a pattern on the screen of the 
tube, two such fields are needed, rotated 90 
degrees about the optical axis with respect to 
each other. Ordinarily these two fields exist over 
the same interval along the axis. Electrostatic 
deflection fields were arranged one after the 
other along the axis. This difference between the 
arrangements necessitates a difference in theo¬ 
retical treatment. The effects of the crossed 
magnetic fields can only be described by treating 
them as a single field obtained by superposition 
of the two fields, since both magnetic fields act 
simultaneously on the electron beam. 

Series expressions for magnetic field distribu¬ 
tions will now be derived in a manner similar to 
that used for electrostatic fields. Fields of the 
type pictured in Fig. 5 show a certain kind of 
symmetry. Again using ('artesian coordinates 
x , y, and z, with +z in the direction of the 
original motion of the electrons, and with y and 
x in the direction of vertical and horizontal 
deflections, respectively, a mirror-type sym¬ 
metry of the fields exists with respect to the 
(.r, z) and (y, z) planes. The lines of force are 
mirror-symmetrical with respect to these* planes. 
This condition may be expressed mathematically 
for the two fields by the following two sets of 
equations. 

(1) Horizontal deflection field: 

H t h (x, y, z) = -H x h (-x, y, z) 

= -H x h {x, —y, z), 

H v \x, y, z) = +iV( y, *) [ Uft ) 

f i ; 

H, k {x , y, z) = +///( -x, y, z) 

= -///(*, -**)., 
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(2) Vertical deflection field: 

llx r (x, y, z) = +U X "(-x, y, z) 

= +II/’(x, —y, z), 

Hy‘(x, y, z) = -Hy'{-x, y, z) 

(4,) 

lh"{x, y, z) = -ll, v (-x, y, z) 

= +II, r (x, -y, z),_ 

where II x k , U u h , //,*, and //*■', /// are the 


components of the magnetic field-strength vec¬ 
tors H* and H”, respectively. 

In current-free regions the relations 

divA = 0, V^AsO (48) 

must hold for the magnetic vector potential A, 
which is related to the magnetic field strength 
H by 

H = curlA. (49) 


The functions describing the components of the magnetic field strength may be expanded in 
power series of powers in x and y in which the coefficients arc functions of z. Hence for the vertical 
deflection field one may write 

Hx v = : pm+p2uX*+po2y-+p2tX l y*+p A ,# i +p ni y i +p ii x , y i +pux i y*+pt t x i y 2 -{ - 

Hy v =‘<lnxy+qnxy , +qt\^y+qo»x 3 y 3 -\ -, - (50) 

/// = r 1 »x-|-r 12 .c-/+r 3; ..v ), y ! + rH.v:y 4 +r.i 4 .v 4 y 4 +r,( K v 3 -(-. 

The procedure for the horizontal deflection field is the same. 

In Kq. (50) use was made of the symmetry relations expressed by Kq. (47). The series for the 
components of the magnetic vector j>otential must then be (to give a relation expressed by (49)) of 
the form 

A / «* a i ixy -l-ajix’y+a i*xy*+a,»c*y 4-a hjc/4-, 

A/ = b mi +t> i ' ) x i +bo2y 1l +bi2X 2 y i +bioX , +bo4y i +b 2 iX*y 4 A -- * (51) 

A l r =c 0 iy+c it x :l y+co3y !l +C4iX 1 y+C2^x 2 y s +CBty t +c 4 ix 4 y l, +CiBX 2 y 6 -i -- 

The relations between the two sets of coefficients (p„, j, q„», r aft ) and («„£, h„t>, ('„$) may be found 
by the use of Eq. (49). Two more sets of relations between the coefficients of the set (a O 0 , b a », c„(i) 
may be found by use of the Eq. (48). 

Redefining these coefficients pm, pm, and pn\ by 

p,nt~ l'o(s), /*« 2 = I 'j(^) i pdA “ 1' i(z )» (52) 

the following series for the components // x ", II/', and /// are obtained: 

///=- Ko + (l r 2 +^ V a ")x- — I'V - [ + 1 I V' + (1 / 24) 1V ,V >> 4 

+ (6r 4 +JiVO-vV-iv-f •••, 

///= -2F ! Jcy-4K4.-cy , + (4K«+i l'V')v s y+ • • •. 

/// = - tv*- W*/+a F 2 ' + JFo"V+ 

The series for the components of the horizontal deflection field may be obtained by interchanging 
* and y in Eq. (53) and replacing Vo by — Ha, Vi by — lit, and V\ by — Ht. This yields 

Hx h = 21Itxy+4II t x > y-(4H<+\Ht")xy*+ ■■■, 

IIy l '=Ho-(II t +iHo")y t +IItX*+lII*+W , +V/24)II'> l,y) ly i 

-(6 II t +W)x*y 


- (54) 

2 +// 4 * 4 +---, 



///= Ho’y+Ht'x'y - (*//,'++ 
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The field strength of the combined fields is then given by 

//*= - V 0 +(V t +W')3*+2II#y- ^y 2 ~[K 4 +J-K 2 "+(l/ 24 ) V^^x'+AII^y 

+ (6 V 4 +l V 2 '')x 2 y 2 -(4II 4 +\lI 2 '')xy*- V 4 y 4 + • 
IIy = llo+Ihx* - 2 V 2 xy - (II 2 +*//«")/+ II^ + (4 V 4 + J V 2 ")x*y 

-(6II 4 +lII 2 '')x 2 y 2 -4V 4 xy*+[I/ 4 +^ • • 

//,= - JY*+//o'y- (*IV+iK 0 #/, )jc»— (1W+ 


(55) 


The functions — F 0 and +// 0 are the axial field-strength distributions of the vertical and horizontal 
field strengths, respectively. 


2 . Theory of Magnetic Deflection 

Either the path method or the jconal method may be used to describe the deflection and deflection 
defocusing effects of magnetic fields. Only the path method will be presented here; both methods 
give substantially the same result. 

The equations of motion of an electron through any magnetic field are 
V>(d/<&)[*' (t +x' 2 +y ' 2 )>] = *?[- y'Hy +//*], 

(56) 

V<l>(d / dz)iy / (\+x' 2 +y' 2 )i~] = ri[x'II t -//,], 


where <p is the potential of the space in which the electrons are moving and rf = (e/2m)K where e and 
m are charge and mass, respectively, of the electron. Equations (56) may be obtained either from 



| [2(g/m)*]* 


e/w(A-s))d.v = 0, 


(57) 


with H = curlA, of from Newton’s equations of motion, written 

d 2 r 

m —=-e[vXH], with r = jci+yj+zk. - (58) 

dt 2 


If the magnetic field is that given by Eqs. (55), the Eqs. (56) become 

(d/dz)l x’ - lx'* - lx'/ 2 ] = (rj/\/<f>) [ Vo'y'x-lLty'y+lh+Ihx 2 - 2 V 2 xy - (II 2 +lII 0 ")y 2 l 

(d/dz)ty'-ly'*-ly'x' 2 l = ( v /\/<l>)t-V»'x'x+Ih'x'y+ Vo-(V 2 +lVo")x 2 -2II 2 xy + V 2 y 2 l 1 

where only terms of zero, first and second order of x f x\ y } and y' are considered. To a first approxi¬ 
mation, the equations of motion are 

x" = (ri/V<t>)Il o. y'' = (v/V<l>)V 0. ( 60 ) 

The solution of these equations is 

x t (z)=Xo+xo(z-z»)+X(z), y„(z) =y (l +yo(z-z l) )+Y(z), (61)ttt 

where ^ ^ 

• X(z)-~ f dtf Ho(u)du, K(z)= — f drf Vo(u)du. (62) 

•'iO —*• V<t> 

The quantities X=X(z) and Y — Y(z) at z=z, (the screen position) are the deflections at the screen, 
ttt This solution corresponds to the paraxial ray equation of the theory of focusing fields. 
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The deflections in the two directions x and y are independent of each other in this first-order approxi¬ 
mation. 

It was assumed that the quadratic terms in Eq. (59) were negligibly small. They are still assumed 
to be small, but will now be taken into account. Following the procedure used for electric deflection 
fields, x, x\ y, and y' of Eq. (59) will be replaced by x y , x g \ y y , and y g f of Eq. (61). This yields 

(d)dz)\x —\x g 3 — \x g y g 2 ] = (y/\/<t>) | ^V^ycZ-f- F']E^o4“#o'(z— Zn)-{-X^ 

—//o'[yo'+ F / ][y 0 4-yo'(z —Zo) + Y]+Hq+H 2 [_Xo 2 +Xq' ,2 (z — Zo 2 )+X' 2 +2xoXo'(z— z 0 ) 

+ 2xoX +2 xo(z — zo)A r ] — 2 F 2 [x 0 yo+#o'y 0 (z—z 0 ) +y<>X + jt 0 yo'(z—z 0 ) 

+x*'y*\z-z»y+y^z-z,)X+x<>Y+x< i '(z-z«) Y+XY~] 

— (H 2 +ill Q f ) [y o 2 +y o' 2 (z - s 0 ) 2 + F 2 4-2y 0 y o'(s - z 0 ) + 2y 0 Y+ 2y 0 ' (z - z 0 ) F] 1, 

(d/dz)ly f -iy a '*-iy g ' X ;^ = (r,/y/4>) { - V*'[x Q '+X'Xx.+x 0 '(z-z Q )+X'] 

+Holx*'+X , -]\:yo+yo'(z-z l) ) + F]+ Fo- (Vi+| F 0 ,/ )[jc« a +^(*-*o)*+X* 

4- 2 * 0 X 0 ' (z —z 0 )4-2x 0 ^+ 2xJ (z — z 0 ) X] — 2// 2 [*oy o+*o'yo(z—Zo) +yo^ 

+*oy o' (z - z 0 ) + *o'yo' (z - z 0 ) :2 + y o' (« - so) X + x 0 Y+x ,/ (z - z 0 ) F +X F] 

4-F 2 [y 0 2 +yo' 2 (z--z„) 2 +F 2 +^^^ F](. 

The initial conditions x 0 , .v 0 ', yo, and y 0 ' may be replaced by x iuj y*„, and y tH ' of the undeflected 
electron. The relation between these quantities is 

xo = *iu4-x,i/(z 0 -z,), yo^yui+yiu'izo-z,), aV = *,•/, Vo' = y,«'. (64) 

'fhe solution of the differential equations, Kqs. (63) can be obtained by simple integrations. If the 
differences and A M y t between the new solution and that given by Eqs. (61) are taken, one obtains 

A ™X i = yoooo + yioooXitt + yoiooyiu + yoon^u/ + 7oooiyj«' + 72ooo.r, (t 2 

+y n qqx i u ym 4-yo 2 ooy u* 2 4 ~y 0020 .x: m ' 2 + y non* ,-,/y u + 7 01 io* ,,/y 

+ 7 1001* u»y 11/ 4" 7 1010 *iuXXU + 7 0 10iy iuy i« ' 4* 7 00027 tu' 2 > 

, , n I 

A ;V y i = 60000"b61000*iu 4 "60iooy iu 4" 60010 *iu * 4 "6000iym 4 “62000*m 2 

+ 5 , 1 oo*»«ym+60200Vi« 2 4 ~60020.x;i#/ 2 +6001 1 *in yiu + 60110.x;,,/y», 4 

+ 61 0 oi*»«y ,-,t'+ 61010 .x; * M * »,/ 4- 6010 iy my *«' 4- 6 ooo 2 y tu' 2 * > 



The coefficients y a ,b,c,d and 5a,»,i,a in Eq. (65) are 


7oooo = i / X'Uz+h J X' Y'*dz-{iW4>) J rx V„'(z-Zi)(lz 

+ (l/y/4>) J YY'JI„(z-z,)dz-(v/Vd>)J IhX : (z-z,)dz 
+ (, i / n / 0 ) J Y 2 Ih(z-Zi)dz+(2r)/\/ 4 >) JxY V 2 (z-z,)dz+ \ (v,W<t>)J Y*U 9 "(x-z t )dz, 
7iooo= ~(2tj/-y/<p)J‘ XIfo(z—Zi)dz+(2y/x/<t>)J’ YVi(z—z,)dz — (rj/\/ <t>) J Y'V 0 '(z—Zi)dz, 


(Equation 66 continued on following page) 
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70100 = 

7ooio 

7 0001 


72000 : 

7 iioo : 

70200 ! 

70020 

7oou 

7ouo 

7iooi 

7ioio 

7oioi 

70002 

756 


( 66 ) 


(n/V*) f Y'lh'{z-z x )dz+{2r,/s/<t>)j X V t (z-z,)dz 

+ (2 v /V<t>)J YIh(z-z,)dz+(r,/V<t>) f YJI»"(s—z,)dz, 

| fx'-dz+\ f Y'*dz-( v /V<t>)f Y'V n \z-z,r-dz 

-(2 n 'y/+) J XlI 2 (z-z.Y-dz+(2 v V«) f YV,(z-z,y-dz, 
:fx'Y'dz-(v/V<t>) f XVu(z—z,)ds 

ft 

+ (>j/v» f YIh'(Z~Z,)dz+(v V*) J r//.'(*-*,)«s+(2i, v/*) Jxr 2 ( 2 - 2,) s </2 

+ (2rj/\/<t>) f Ylliiz-zd-dz+iv/V^J YHo"(z~z,y-dz, 

■■ —(v/Vt) f ll«(z—z,)dz, 

■■(2v /V<t>)f V*(z—z t )dz, 

s (l/\/<t>) J m Ih(z — Zt)dz+%(r)/\/<l>)J Ilo' f (z — z t )dz 1 

-if x'dz-( v /V<t>)f Hi(z — z,)*dz, 

= J Y'ds+(2i/y/+) f V 2 (z-z,) 3 dz—(ri/V&f Vo'(z-z,)-dz, 

= (2 v/V4>)f Vt(z-Zi) 2 dz, 

= - (v/V<t>) f Vo'(z-Zi)dz+(2ti/y/<t>)f Vi(z-z,) 2 dz, 

- — (2ij/\/^) fII 2 (z—z,ydz, 

= (j)/\/ <t>) f Ht(z—Zi)dz+ (2?j/v / f lh(z-Zi) 2 dz-\-(r\/\/<t>) f Ho"(,z—z,ydz, 

-if X’dz+ (i?/V<*>) J* //o'(2— z,) s dz +(»)/ \/<>) J*//s (z — Zi) 2 dz + J (ij/V <t>) f Ho' '(z—Zi)*dz ; 

JOURNAL OF APPLIED PHYSICS 



5«ooo = §^|* Y'*dz + \ J 

fx^Vdz 


+ (ry/v / 0)J 

f XX’ v u ’(z-z,)dz - (v/V<t>)f X’ YII u ’(z - Zi)dz 



r.V- r ..(3 -z,)dz *(,/ f x 1 ’„"(z—z,)dz 



+ (2v/V<t>)Jx K//,(s-s.-)*-(n.V*) 

f Y-Va(z — Zi)dz, 

5iooo = (2rj/ \/4 >)^*X V%{z — Zi)dz-\r(y\/ X^) JX W n (z — z,)dz 



+ (2 v/\/<t>)f YI/t(e—z,)ds+(ii/ \/<t>) J 

'x’lViz-zjdz, 

1 . 110 ,.= -(s.V*)J*^W(s-s/)rfs+(2s V» JxiI,(z-s,)ds-(2v/\/<l>) J K1 

'2 (z-z,)dz, 

8ooto = J*X' Y'dz-{- (tj ■ \/ <fr) J'X I'V(z — z,)<7z (rj/v 7 </>) J'X 1 V,/(z—Zi) 3 dz 


* 

— (i; V ,)/ Ylh’(z—z,)dz-\-{2y)t\/<t>) j"X V-i(z — Zi) 3 dz 



+ (vWd>) JX VS’iz-zd-dz+ilrt/s/t) 

j * YHt(z—Zi)*dz, 

5irooi = + ij 

A"-Wz - (d / V» J A"//,/ (2 - 2 i) 3 dz 



+ (2r,/y>) J XlUz-z.ydz - (2 1 ,/V*) 

f YVt(z-z,ydz, 

5*2000 = (l?/vV)^ ^ 2(3 — S,)^2+ Jt 1 ?/ — 2 t )dz, 


^uoo 35 (2 v/\/<t>)J*z,)dz, 


5o2oo = ( 17 /\/ 0) ^(s — z t )dz, 


5oo2o = £ J* K'ds+(tj/v>) J* Vo ’(z-z l ) 2 dz+(?\/\ / <t>) J r Vo(s—Zi)Vz+t(v/V4) J 

F K„"(2-2,) 3 rf2, 


(Equation 67 continued on following page) 


Volume is, August, 1947 


757 



*00,1 = Ja'Vs-U/v/ 0) J //o ; (s-s t )'^+(2^V0)J Ihiz-zWz, 

* 0110 = “ (»? / y/ 0)^* //o , (s-Si )^2 + (2T ? ' \/<t>) £ 7 / 2(2 —z x ) 2 dz, 

*1001 = ( 2 ry/\/ 0 ) ^ Hi(z — Z t ) 2 dz, 

*ioio=(»?/\/ < / > )J % VV(2 — 2,)</z+ ( 2 if/\/ 0 )^ V2(2*-z,) 2 </z+(?7 'y^) J* Vo”(2 — z t ) 2 dz t 
*0101= — ( 2 rj/\/<t>)^ Vi(z—z,) 2 dz, 

*0002=2 J Y'dz — (17/ \J<t>) J ] r i(z-z,) 3 dz. 


The path method was applied by G. Wendt 6 
to obtain expressions A M x, and A M y t for a single 
magnetic field. His equations may be obtained 
from Eqs. (65)-(67) bv letting either //«, 77 2 , 
and 77 4 , or Vo, Vi, and V 4 be identically equal 
to zero. 

The two crossed magnetic deflection fields *>f 
actual cathode-rav tubes are ordinarily super¬ 
imposed. The simultaneous deflecting action 
finds its expression in the existence of cross¬ 
terms with integrals of the type 

A "Y'dz, jx\\(z-z')dz, 

YHi(z—Zi)dz etc. 

3. Some Remarks Concerning Applications 

The solution of the deflection problem requires 
a knowledge of the axial field-strength distribu¬ 
tions Vo ( 2 ) and 7 / 0 ( 2 ). Experimental methods 
are ordinarily the only means to determine these 
functions. It is rarely possible to compute them 
from the shapes of current conductors or pole 
pieces. The axial field strengths V 0 and 77 0 could 
be measured by means of a number of methods 
described in the literature. 7 

In order to compute the distortion and de- 
focusing effects, two other functions are required, 


namely Vi(z) and 7 / 2 ( 2 ). From Eq. (55) it can 
bo seen that 

(d 2 II x f dy 2 ) | = — 2 Vi(z ). 

A similar equation holds for // 2 (z ): 

(<*’//„ 'a*’) 1 ,_„=2// s (z). 

These relations provide the means to determine 
Vi and // 2 experimentally. II X is measured in the 
y , z plane at 2 for a number of values of y in the 
neighborhood of y = 0. It is'then possible to deter¬ 
mine for each 2 the quantity (d 2 H x /dy 2 ) | y~o 
and hence V 2 ( 2 ). A similar procedure for H v will 
give 7 / 2 ( 2 ). The measurements are made for 
each field alone. 

The coefficients may be determined for any 
screen position coordinate 2 ,. Pattern and spot 
distortions are computed in a manner similar to 
that described for electrostatic fields. 

Comparing the two sets of coefficients, a 
remark made above can now be verified easily. 
The set of coefficients y a ,b,c,d goes over into the 
set *6, a, d, c if Ho is replaced by 7 0 , Hi by V 2 and 
by y t «, and xj by yj . If the functional 
dependency of the field-strength functions /Jo, Hi 
is the same as those of F 0 , V 2t corresponding 
coefficients will also be alike numerically and 
only one set of coefficients need be calculated. 
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Electrostatic Dischargers for Aircraft 

Waynk C. Hall 

Naval Research Laboratory, Washington, D. C. 

(Received February 27, 1047) 

Methods of discharging static electricity from aircraft in flight so as to reduce or eliminate 
corona interference, commonly known as precipitation static, are discussed. These methods 
have been classified into those employing either gaseous ions (high mobility), or those em¬ 
ploying charge carriers such as water spray or dust particles (low mobility). Devices within 
the first classification offer the better solution to the problem from a practical standpoint. A 
discharger invented and developed at the Naval Research Laboratory is described. 


INTRODUCTION 

IRCRAFT flying in stormy weather, at a 
time when radio communication becomes 
particularly important, often encounter a severe 
form of radio interference sufficient to prevent all 
reception. 1 The interference, which is commonly 
known as “precipitation static, M results when the 
aircraft, acting as an isolated conductor, becomes 
electrically charged. When the charging is caused 
by rain, snow, ice particles, or dust, that is, by 
friction with atmospheric particles, it is found 2 
that the charging is roughly proportional to the 
•cube of the air speed and to the frontal area of 
the aircraft, Consequently, this effect may be 
expected to increase on the larger, higher speed 
aircraft of the future. 

The reason for precipitation static may be 
seen from the following. Charging the aircraft 
results in generating a potential gradient between 
the aircraft and its surroundings sufficiently large 
to cause a corona discharge. Corona discharges 
on aircraft are also caused by electrical fields 
existing around the aircraft in the vicinity of 
highly charged clouds. The corona will occur 
from the fegions of high electrical field sur¬ 
rounding sharp projections on the plane, such as 
the antennae, antenna masts, and propellers. 
Ordinarily, a corona discharge creates steep wave 
front impulses which will induce transient 
voltages of considerable magnitude in the an¬ 
tenna circuit of a radio receiver nearby. This 
results because the usual corona discharge occurs 
in the form of bursts which are cut off in a quasi- 

1 H. M. Hucke, Proc. I.R.E. 27, 301-316 (May, 1939); 
R. Gunn, W. C. Hall, and G. D. Kinzer, ibid. 34, 156-161 
(April, 1946). 

8 R. G. Stimmel, E. H. Rogers, F. E. Waterfall, and R. 
Gunn, Proc. I.R.E. 34, 167-177 (April, 1946). 


periodic fashion by accumulations of space 
charge about the discharge point. In exceptional 
cases, as from a very sharp point, non-pulsating 
corona currents causing no radio interference 
may be observed; however, the equilibrium which 
permits this type of discharge is unstable and is 
quickly destroyed by any effect which dulls the 
point. If the point of discharge is on the antenna 
itself, a corona current as small as one micro- 
ampere may cause severe static. 3 

The radio interference resulting from corona 
can occasionally be removed by noise suppressor 
circuits. Usually, however, the interference 
created is continuous and covers so broad a fre¬ 
quency range that noise reduction circuits have 
little or no beneficial effects. In general, pre¬ 
cipitation static—that is, radio interference 
induced by corona, is best prevented by removing 
the cause: that is, by preventing the formation 
of corona on the aircraft. 

An interfering corona will be prevented or 
reduced only if the electrical charge is drained 
off from the aircraft so rapidly that a potential 
gradient sufficient to cause corona does not 
develop. Evidently, any modification of the 
aircraft which will raise the minimum potential 
gradient required to cause corona will be very 
beneficial. It can be accomplished by the use of 
electrostatic shielding, or by dielectric treat¬ 
ment, which will tend to prevent corona dis¬ 
charge from the antenna or the aircraft itself. 
Discussion of such treatments, however, is 
beyond the scope of this article, which is limited 
to the description of discharge devices capable 
of removing electrostatic charge from the aircraft. 

* G. D. Kinzer, and J. W. McGee, Proc. I.R.E, 34, 234- 
240 (April, 1946). 
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Fig. 1. Laboratory set-up to obtain 
discharger characteristics. 


Electrostatic dischargers have the function of 
removing electric charge from the aircraft at a 
rate which substantially equals the rate of ac¬ 
cumulation, and/or permitting the passage of 
electrical current to or from the aircraft when it 
is in the vicinity of charged clouds. Such dis¬ 
chargers may be classified into those using ions 
of high mobility (mobilities of 1.2 centimeters/ 
second per volt/centimeter, or greater) and those 
using charge carriers, such as water particles or 
dust particles (mobilities varying from 0.002 to 
0.01 centimeter/second per volt/centimeter). In 
the first classification are those dischargers in¬ 
volving the use of discharge wires or discharge 
points, while in the second classification are those 
involving the use of water spray or dust particles 
charged by induction or triboelectric processes. 

GASEOUS-ION DISCHARGERS 

Consider, first, the static dischargers which 
involve the highly mobile gaseous ions and elec¬ 
trons. Steps involved in operating these dis¬ 
chargers are: (1) the production of ions, and (2) 
the subsequent removal of ions with one sign 
only from the charged aircraft by the surrounding 
electric field. The discharge current resulting will 
remove charge of the same sign as that on the 
aircraft, and will be limited primarily by the 
space charge that forms about the discharge 
points. An example of a discharger in this class 
is the so-called trailing wire discharger, which 
consists of a five-foot strand of small wire ex¬ 
tending in flight from the tail of the aircraft. 
This discharger has had some use and does help. 


Another example of this class of discharger is on< 
using needle j>oints located on the extremities ol 
the aircraft, or on the profilers. In them 
examples, the electric field causing separation ol 
charge is fixed largely by the potential of the 
aircraft, a factor which may not be increased 
greatly without causing interfering corona on tht 
aircraft. Hence, in an investigation of possible 
increased output for this class of dischargers, it 
is sufficient to consider only whether the dis¬ 
charger will benefit from more profuse generation 
of ions, and whether the number of dischargers 
to be used may be increased with beneficial 
effects. 

For a laboratory study of the static discharger, 
an experimental arrangement was constructed 
consisting of two parallel plates, between which 
a d.c. potential difference of up to 60,000 volts 
could be established. The discharger under inves¬ 
tigation was attached to one of these plates. 
Nearby, a short antenna attached to an aircraft 
type receiver was arranged so as to pick up the 
radiated interference created by the discharger; 
then simultaneous measurements of the potential 
difference between the plates, current from the 
discharger, and radio noise* picked up by the 
antenna were taken. All noise measurements 
were made in terms of the equivalent signal 
required from a signal generator coupled to the 

Tabll I. Characteristics of sharp point dischargers. 


Type of discharger 

Distance D 
to plate 

Voltage 

Discharge 

(micro¬ 

amperes) 

Radio noise 
at 300 ke 

Needle point* 

(sharp and clean) 

40 cm 

+30,000 

+45,000 

+80,000 

-30,000 

-45.000 

-80,000 

4 

11 

23 

-5 

-14 

-28 

Less than 3 pv 
Less than 3 pv 
Less than 3 mv 
Lem than 3 jiv 
Lem than 3 mv 
Lem than 3 mv 

Needle point 
(sharp and dean) 

2.5 cm 

-45,000 

-57,000 

-350 

-520 

180 mv 

Bparkover alwve 
this 

18 mv 

~400 mv— 
Bparkover 
above this 



+15,000 

+19,000 

30 

.80 

Two needle points 
(40 cm separation 
parallel to plate) 

40 cm 

+45,000 

+80,000 

-45,000 

-80,000 

1 1 

Lem than 3 mv 
Less than 3 mv 
foss than 3 mv 
L eas than 3 pv 

Blunt point with 
superimposed r-f arc 
r-f—8.0 Me 

Generator--SO watts** 

18 cm 

-40,000 

-80,000 

+40,000 

+80,000 

-33 

-88 

27 

60 

Lem than 3 mv 
^4 mv 
<3 MV 
~6 mv 

Metallicised wick*** 

18 cm 

+80,000 

-80,000 

88 

-74 

<3 mv 
<3 mv 


* Using blunt points, it was observed that discharge currents were reduced and 
noise signals up to 400 uv were obtained. 

** Estimated r-f dissipation in arc -5 to 10 watts. 

**• See Table 3. Presented here for comparison purposes. 
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receiver through a 100-micromicrofarad con¬ 
denser to cause a receiver output, as measured by 
an averaging meter, equal to that from the noise 
signal. Measurements were taken at two fre¬ 
quencies, 300 kilocycles and 4000 kilocycles. 
Since those at 300 kilocycles were always larger, 
for the sake of brevity only they will be given. 
The laboratory set-up is shown in Fig. 1. 

Using sharp needle points about 10 centimeters 
long, with a separation of 40 centimeters between 
point and plate, results were obtained which are 
given in Table I. When dull or damaged needles 
were tried, noise measurements as great as 400 
microvolts were observed. 4 Next, the experiment 
was repeated with short lengths of wire parallel 
to the plate, so as to duplicate, roughly, the 
trailing wire discharger. The results obtained are 
not given, because they are comparable to those 
obtained with the sharp needle points, except 
that the radio noise was much greater. In supple¬ 
mentary flight experiments, it was found that if 
very long lengths of wire, say 400 feet in length, 
were trailed behind an aircraft in flight, the 
entire wire exhibited corona and maintained the 
aircraft at a low potential. Although effective 
in some respects, such a discharger is not prac¬ 
tical because of the radio noise generated, the 
difficulty of handling such a long wire, the unde¬ 
sirable alteration of the radio transmission 
characteristics of the aircraft, and the lightning 
hazard involved. The short trailing wire and the 
blunted needle point are practical but suffer from 
the defect, already explained, that the corona 
discharge from them causes noise in nearby 
radio receivers. In fact, it is possible to use cither 
type of discharger with some degree of success 
only when it is suitably attached to the aircraft 
by a series decoupling resistor of about \ megohm 
or more, and when it is properly installed on the 
tail of the aircraft, where the interference radi¬ 
ated will be shielded as much as possible from the 
overhead antennae. This means that trailing wire 
dischargers or needle points (whose sharp points 
soon become dull or damaged) should not be 
installed on the wings where good inductive 
coupling with the antennae exists. Such dis- 

4 Needles employed in these experiments were common 
polished steel sewing needles of various sizes, the size having 
negligible effect upon the results. However, even a barely 
visible deformation of the point was sufficient to make the 
discharge from the point become noisy. 


Table II. Characteristics of dischargers with thermal ions. 


Source of thermal ions 

Distance D 
to plate 

Voltage 

Discharge 

(micro* 

amperes) 

Radio noise 
at 300 kc" 

Acetylene flame* 

(blue cono—1 cm loug) 

60 cm from flame 
to plate 

iiiiii 

S38S&8 

+++IIi 

6 

16 

28 

-12 

-26 

-44 

<3 #iv 
<3 mv 
<3 mv 
<3 mv 

3 mv 

4 MV 

Gasoline blowtorch 
(flame length-13 cm) 

54 cm from flame 
to i>latc 

+45,000 

+60,000 

—45,000 

-60,000 

14 

20 

-27 

-43 

Radio noise 
input less 
than 3 mv 

Manufactured gas flame 
from Mecca burner 
(flame, 15 cm long) 

45 ciu 

> 

+45,000 

+60,000 

-45,000 

-60,000 

1 1 

AAA 

09 

Signal flare 
(flame—10 cm long) 

60 cm 

+60,000 

-60,000 

10 

-20 

<3 MV 
<3 MV 


Flame consumes about 225 cc acetylene (N.T.P.) per minute. 

** Noise measurements are uncertain and may show large values for changing 
electric fields. 


chargers, therefore, are undesirably limited in 
use. 

The problem remains of devising a discharger 
without such limitations and of investigating 
whether or not profuse generation of ions will 
improve the output of the discharger. Taking the 
second part of the problem first, several possible 
ion sources must be reviewed. Of these, the 
electric arc apjiears to be quite promising because 
of the known high ionization intensity existing 
in the arc. Also, it is known 6 that the superposi¬ 
tion of a high frequency field upon a d.c. field 
at a point can be made to prevent discharge 
bursts causing interference. Based on this 
knowledge, experiments intended to measure the 
effectiveness of the electric arc as a static dis¬ 
charger have l>een carried out at several labora¬ 
tories, including the Naval Research Laboratory. 
The discharger investigated at this Laboratory 
consisted of a blunt tungsten point supplied with 
radiofrequency energy from a resonant circuit 
and mounted on one of the two parallel plates in 
the d.c. field previously described. The discharge 
currents for an arc of about J inch length, re¬ 
quiring some 50 watts of oscillator power at a 
frequency of 8.0 megacycles, are given in Table I. 
With the receiver tuned to 300 kilocycles, the 
radio interference from the arc discharge was 
negligible; at 5 megacycles, it was serious. 
Evidently, therefore, the arc frequency should 
be several times that of the receiver frequency 

1 M. O’Day, Civil Aeronautics Adm. Tech. Dev. Report 
No. 27 (August, 1940). 
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Table III. Characteristics of wick* dischargers. 


Type 

Distance I) 
to plate 

Voltage 

Discharge 

(micro¬ 

amperes) 

Radio noise 
at 300 ke 

Glycerol impregnated 
(after 2ft hours flight 
time on aircraft) 

30 cm 

+40.000 

+60,000 

-40,000 

-60,000 

13 

36 

-18 

-48 

1*88 than 3 mv 
L eas than 3 fiv 
I*ss than 3 mv 
1*88 than 3 mv 

Metallised 
(with silvor) 

30 cm 

+30.000 
+45.000 
+60,000 
-30 000 
-45,000 
-60,000 

12 

2ft 

44 

-11 

-26 

-50 

1*88 than 3 mv 
1*88 than 3 mv 
I* ss than 3 mv 
1*88 than 3 mv 
L ess than 3 mv 
L ess than 3 mv 

Metallised 
(with sliver) 

2 ft cm 

+15,000 

+30,000 

+5.y)oo 

20 

125 

350 

Lem than 3 mv 
1*88 than 3 mv 
S parkovcr above 
this 

J Radio noise 
[less than 3 mv 



-30,000 

-45,000 

-60,000 

-130) 

-350 

-620 J 

— 1- 


•Each wick of cotton fibers, over-all diameter i inch, length approximately 
6 inches. 


for noise-free operation of the discharger. Results 
were disappointing, in that the amount of r-f 
power dissipated in the arc, provided it was large 
enough to reduce corona static, had only a small 
effect on the discharger current. This was deter¬ 
mined by varying the oscillator power over the 
range from 50 to 150 watts; the arc length varied 
from i to li inches over this range. 

Parallel experiments seeking the effect of 
thermal ions on discharge characteristics were 
conducted in the apparatus already described, 
using flames in place of the r-f arcs previously 
used. It had lx*en observed before that a 
flame could be made to ignite and burn in a 
slipstream by using a specially designed nozzle, 
and by using a fuel, such as acetylene, with a 
high heat of combustion. In the laboratory ex¬ 
periments, much radio noise resulted if any 
metallic projections having high field intensities 



Fig. 2A. Wick type static discharger. 


sufficient to cause corona were present in the 
flame itself; however, flames could be made to 
discharge with no measurable radio noise. The 
results obtained in the laboratory using acetylene 
flames, gasoline, and solid fuel are given in Table 
II. 

Next, exhaust gases from the aircraft re¬ 
ciprocating engines were considered for use in 
the discharge process; however, the low tem¬ 
perature, relatively speaking, of exhaust gases as 
they leave the exhaust pipe of this type of 
engine, results in ion densities too small to be of 
any real help. For example, calculations based on 
exhaust gas conductivity of eight electrostatic 
units (obtained from other data) indicate cur¬ 
rents from the exhaust will be of the order of 10 
to 20 microamperes per 1000 horsepower engine. 
This approximate result has been checked by 
experiment. 6 Discharge possibilities using the 
exhaust from jet type engines have not been 
investigated. 

Certain observations may now be made, based 
on the data of Tables I and II. These data show 
that the point discharger, the arc discharger, and 
the flame discharger have roughly the same 
discharge current. The major part of the dif¬ 
ferences in discharge current which exist may be 
ascribed to differing geometries at the discharger, 
or to different separations between the parallel 
plates across which the d.c. test voltage was 
maintained. Neither the relatively diffuse ionized 
region of the flame, nor the intense ionization 
of the high frequency arc significantly increased 
the output of the discharger. The only conclusion 
which can be drawn is that all of these dis¬ 
chargers are space-charge limited and, therefore, 
are unavoidably limited in output. 7,8 With this 


a R. G. Stimmel, K. H. Rogers, F. E. Waterfall, and R. 
Gunn, Proc. I.R.E. 34, 175 (April, 1946). 

7 During discharge there is about any of the dischargers 
a narrow region or layer of intense ionization; the rest of 
the space between the plates is free from the action of the 
ionizing agent. Also, the discharge current to the opposite 
pldte is only a small fraction of the maximum corresponding 
to the ionization. Hence, the situation is quite analogous to 
that divseussed by J. J. Thomson, reference 8, for the case 
where ionization is confined to a thin layer between parallel 
plates. Thomson shows that in this case, the discharge 
current, t , is given by 

i-A{V*k/l') 

where A is a constant, V is the potential difference between 
the plates, l is the separation, and k is the mobility of the 
ion carrying the charge. It is apparent that the current, *, is 
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in mind, it becomes evident that improvements 
in the static discharger of this tyi>e can be 
realized only by making the disc harger noise-free, 
cheap, easy to install, and capable of being 
attached at a number of points on the aircraft. 
The last improvement is the only one which can 
be exacted to drain off larger and larger amounts 
of electric charge from the aircraft. 

In the search for improvements along these 
lines, a “wick” discharger was developed by the 
author at the Naval Research Laboratory. It is 
essentially a small, flexible, treated cotton wick 
enclosed in a plastic tube, with many conducting 
fibers exposed at the end to serve' as discharge 
points (see Fig. 2). The multitude of points in 
the wick have high resistance paths back to the 
aircraft, a negligible capacity, and provide a 
completely noise-free discharger of this tyj>e. 
Other fibers than cotton may lx» used, ob¬ 
viously, but none have been found more satis¬ 
factory. The cotton wick is treated to make it 
conducting, cither by soaking the wick in an 
aqueous glycerol solution, chosen because it 
provides the desired low conductivity and has a 
very low rate of evaporation, or by metallizing 
.the wicks with very thin deposits of metal. Hither 
treatment is satisfactory, except that the glycerol 
treated wick is subject to a diminution in effec¬ 
tiveness as the glycerol evaporates or is diluted 
with rain water, and is more prone to become 
dirty in use on aircraft. The latter point is 
important, because wicks that are dirty may 
become noise. Metallized wicks using silver were 
found to have an indefinite life, except for me¬ 
chanical wear. The discharge characteristics of 
some wicks made by the author are shown in 
Table 111. These 1 wicks generated no radio 
noise whatever at normal frequencies when 
properly made (so as to be free of metal flakes or 
bulky metal deposits), up to the limit of dis¬ 
charge which could be taken from the wicks 
before spark breakdown of the surrounding air 
occurred. 

The “wick” discharger, or any discharger of 
this class, has limitations of the following nature. 
First, it must be placed on the aircraft in an 

independent of the intensity or amount of ionization, and is 
thus space-charge limited. 

8 J. J. Thomson, Conduction of Electricity through Gases 
(Cambridge University Press) third edition, p. 206 . 



Fig. 2B. Wick type static discharger sample installation 
on wing. 

exposed position where it will begin to discharge 
before other parts of the aircraft exhibit inter¬ 
fering corona. For best i>erformance of these dis¬ 
chargers, therefore, they must be placed at the 
points of maximum electric field about the air¬ 
craft, as shown in Fig. 3. Two dischargers on each 
wing tip, and two to four on the empennage, 
represent a practical installation, though more 
could be used for improved performance. Second, 
no matter how many “wick” dischargers are 
used, precipitation static will occasionally be 
observed. This occurs when the charging current 
to the aircraft becomes significantly greater than 
the discharge current from the wicks. In such 
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Fig. 4. Schematic of a water spray discharger. 


spray exposed to a strong electric field. Alter¬ 
natively, these charge carriers are produced by 
a triboelectric process where certain finely 
divided materials, such as powdered quartz, 
flowing through friction tubes take on one sign 
of charge, leaving the other charge on the friction 
tube. Such particles have mobilities of the order 
of 0.002 centimeter/second per volt/centimeter. 

Dischargers of this class have some advantages, 
in that: 


cases, observed in severe atmospheric conditions, 
the aircraft will experience precipitation static, * 
though usually for brief periods of time. For 
example, in the case of heavy rain, when pre¬ 
cipitation static is heard, it will bo difficult to 
remove. In this case*, the streamers of water from 
the trailing edges of the airplane or other projec¬ 
tions, such as the antenna, become, effectively, 
blunt points subject to corona discharge. Such 
streamers of water in an electric field under 
laboratory conditions are observed to cause 
intense radio static. 

Another important point with regard to dis¬ 
chargers of this class should be made. It is knowfi 
that atmospheric electrification of the aircraft 
may raise it to an extremely high potential with 
respect to its surroundings; for example, to a 
potential of one-half million volts. Consideration 
of this fact will lead to a realization that boosting 
the potential of a discharger relative to the air¬ 
craft by some 20,000 volts, such as may be 
obtained by a high voltage rectifier on the plane, 
will have little effect on the discharge current. 
Experimental results confirm this conclusion. 

HEAVY PARTICLE DISCHARGERS 

The second class of electrostic dischargers 
involves heavy particles, such as charged water 
droplets, as charge carriers. Charged particles 
like these arc produced, for example, in a liquid 


POWOEREO MATERIAL 
SPRAY 


ELEC TROSTATIC 
-SHIELD 



CMAROCO 

PARTICLES 


FRICTION TUBE-SR ASS 
‘"VARIABLE LENSTM- l*MA 
(LOOSELY FILLED WITH 
METAL) 


Fig. 5. Schematic diagram of triboelectric discharger. 


(1) 1 he external electric field about the aircraft does 
not necessarily affect the amount of charge induced upon 
the particles sprayed from the discharger; hence, the dis¬ 
charge currents are relatively unlimited, and the point of 
attachment is unimportant. 

(2) The aircraft’s external held does not necessarily 
determine the induced charge; therefore, discharge current 
of either sign may be obtained. 

The induction t>pe of discharger, using a 
water spray, is illustrated by Fig. 4. It exposes 
water droplets to a strong electric field as the 
water droplets are removed from a nozzle by a 
high speed blast of air. This discharger has been 
used very successfully to charge aircraft in flight 
under fair weather conditions for the purpose of 
simulating precipitation static conditions. 11 In 
flight tests using a large number of spray nozzles, 
discharge currents of 250 microamperes have 
been measured for a water discharge of approxi¬ 
mately 75 grams/second. By stepping up the 
rate of flow of the water through the spray 
nozzle, this discharger could be made to discharge 
quite an appreciable current. If the auxiliary 
electric field that is established at the spray 
nozzle to charge the droplets is maintained 
slightly below a value sufficient to cause corona, 
there will be little radio noise generated. There 
are engineering drawbacks to such a discharger, 
however; for example, the discharger requires an 
auxiliary high voltage of some 20,000 volts, a 
bulky and heavy tank of non-freezing liquid such 
as alcohol, and it increases the aerodynamic losses 
of the aircraft. 

The triboelectric discharger, on the other hand, 
is illustrated in one form that it takes in Fig. 5. 
Here the friction between the tube and particles 
moving through affects the amount of charge 
carried away by the particle. Since the friction 

9 R. C. Waddel, R. C. Drutowski, and W. N. Blatt, Proc. 
I.R.E. 34, 161-166 (April, 1946). 
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is partially determined by the velocity of the air 
blast through the tube, the data to be reported 
on the triboelectric discharger are for one air 
velocity only, namely, 250 miles per hour at the 
inlet tube. Table IV has been prepared to show 
the performance characteristics of this discharger 
under the given conditions. As high as 84 micro¬ 
coulombs of charge per gram of material was 
obtained when using finely divided quartz 
(Santocel). Making the reasonable assumption 
that the average radius of the particles of the 
diatomaceous earth used (largely silica) was 10~ 4 
centimeter, the, theoretical limit of charge which 
could be carried by the powdered material per 
cubic centimeter of solid material (before pub 
verization) becomes 3E/4rR , where E is the 
electric field at breakdown of the surrounding air. 
This corresponds roughly to a figure of 80 micro- 
coulombs per cubic centimeter, or 30 micro¬ 
coulombs per gram. 

With this type of discharge, the substance 
the powdered material usually determines 
whether the sign of charge will be positive or 
negative. Many materials, when blown through 
the friction tube, came out with a negative sign. 
This would be desirable, because in nearly all 
cases of charging by atmospheric particles, the 
airplane became negatively charged and would 
require a discharger of negative electricity. 
Noise measurements on the triboelectric dis¬ 
charger gave erratic results; at times a high level 
of noise intensity was observed. These and other 
drawbacks, of an engineering and practical 
nature, are believed to be sufficiently important 
to prevent any commercial use of this discharger. 


Tabi.k IV. Characteristics of triboelectric dischargers using 
powdered materials. 


Material 

Discharge 

cutTent 

(micro¬ 

amperes) 

Discharge 
of material 
(grams/ 
second) 

1 

Remarks 

Efficiency 

micro- 

coulombs per 
gram of 
material 

Colloidal carbon* 

+7# 

1.4 

Not dried 

5 

Infusorial earth* 

-14# 

1.4 

Not dried 

10 

Diatomaooous earth* 

-18 

1.7 

Not dried 

10.6 

Diatomaceous earth* 

-13 

l.l 

Dried 21 hrs. 

12 




at 200*0 


Diatomaceous earth** 

-18 

1.4 

Dried 21 hrs. 

13 




at 200°C 


Santocel (powdered 

-50 

1.0 

Not dried 

50 

quartz from Monsanto 
Chemical Co.)** 





Santocel (powdered 

-33 

0.4 

Not dried 

84 

quarts from Monsanto 
Chemical Co.)*** 





Diatomaceous earth*** 

-12 

0.36 

Dried 24 hrs. 

33 




at 200°C 


Santocel**** 

-9.5 

0.13 

Not dried 

73 

Santocel**** 

-25 

0.30 

Dried 14 hrs. 

83 




at I80°C 


Titanium dioxide**** 

-5.5 

0.60 

Not dried 

0 

Graphite**** 

0 

1.0 

Not dried 

0 

Wheat flour**** 

+2.5 

0.4 

Not dried 

7 


# Denotes sign of charge on powder. 

* Bra#) friction tube encloses ten copper tubes,} cm diam., 30 cm long. 

** Brass friction tube, 75 cm long, loosely filled with steel wool. 

*** Brass friction tube, 245 cm long, loosely filled with copper turnings. 

**** Brass friction tube, 40 cm long, loosely filled with copper screen, mesh 
»■ 16/inch. 


SUMMARY 

To summarize, it appears that static dis¬ 
chargers are a practical necessity on aircraft 
using present-day methods of radio communica¬ 
tion. Wicks or trailing wires, being simple and 
having relatively good performance, are to be 
preferred over other types. The wick discharger, 
if properly made, is completely noise-free and is 
applicable to the airplane at a number of points; 
hence, it appears to be the best available dis¬ 
charger. No discharger, alone, however, offers a 
complete solution to the problem. 
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Slow Transverse Magnetic Waves in Cylindrical Guides 

G. G. Bruck and E. R. Wicher 
Specialties , Inc., Syossel, Long Island , New York 
(Received March 24, 1947) 


The fundamental phyhical phenomenon upon which 
linear electron accelerators and traveling beam tubes de¬ 
pend is the fact that the phase velocity of guided TM 
waves can be reduced to a fraction of the velocity of light. 
There are various practical ways of achieving these re¬ 
duced velocities, such as diaphragms or spiral grooves in 
the guide wall. An open helix has been used by Pierce. 

An accurate knowledge of the field pattern would greatly 
facilitate an understanding of these devices. It is of par¬ 
ticular importance to have exact information about the 
field in the region in which the charge actually travels, 
namely, in a region located at least a considerable fraction 
of a wave-length from the guide walls. Because of the com¬ 
plex shapes assumed by actual guide walls calculations of 
the field are inevitably somewhat inexact and complicated. 


The authors propose that, for the purposes of theory, 
the well-established proposition concerning the equivalence 
of true and simulated dielectrics in producing a slow field 
be used. We propose to think of slowing down the phase 
velocity by lining the guide walls with a natural dielectric. 
The essential properties of the slow field, particularly in 
the important region referred to above, will not be affected 
by this method of obtaining it while, on the other hand, the 
field calculation becomes quite easy and exact. 

Although this procedure is intended in the main as a 
device to facilitate the theoretical calculation of the field, 
the authors believe that such a step—replacement of peri¬ 
odic metallic structures by dielectrics—might prove useful 
in some actual applications. 


T lHE solutions of Maxwell’s equations appro¬ 
priate to the description of a TM 01 mode 
propagated axially in a cylindrical tube, may be 
written 

E x —A Jo(k P ) + B Nq(kp) 

E r = (hci/K^lAAM+BN^Kp)-] 

E, = 0, J/, = 0,// r = 0 Kl) 

H^=(2vict/K)[_AJ\{Kp)+BNi(Kp)'] 

where p = r/A, s = v/c , A = free space wave-length, 
c = velocity of light, v = phase velocity actually 
present in tube, ( z , r, v) are standard cylindrical 
coordinates, x = 2 tc(m€— 1 /V)*, c = inductive ca¬ 
pacity of medium, p = permeability, (/i„ E r , E„), 
are components of electric field strength, (//*, II r , 
//,), are components of magnetic field strength, 
A } B arc arbitrary constants to be adjusted to 
fit assigned boundary conditions. 

Georgi rationalized units are used. It is under¬ 



Table I. 


pi 

pi ~ p \ 

«?/«! 

0.9564 

0.00064 

154000.0 

0.05530 

0.00530 

2499.0 

0.05943 

0.00943 

774.4 

0.0616# 

0.01164 

524.3 

0.07187 

0.02187 

174.4 

0.08958 

0.03958 

74.44 

0.10000 

0.05000 

57.25 

0.1500 

0.1000 

34.27 

0.4897 

0.4397 

25.63 


stood that the factor exp(iw/ — yz) has been 
omitted from the right members of all of (t). 
Here a > is the angular frequency, equal to 2ttc/\, 
and 7 is the propagation constant. We neglect 
conductivity so that y = iw/v — 2wi/s\. 

We apply the solutions (1) to the case of a 
pair of infinitely long coaxial cylinders with 
radii ri = pi\ and r 2 = P2X, pi<p 2 . The inner 
cylinder is evacuated and the region pi<p<p 2 is 
filled with a dielectric of inductive capacity « 2 . 
The outer cylinder is bounded by a perfect 
conductor. In the following we call the region 
p<Pi, region 1, and the region pi<p<p 2 , region 
II. Parameters referring explicitly to these re¬ 
gions are distinguished by the use of subscripts 
1 and 2 . 

In medium /, J3i = 0 because the N functions 
are infinite at p = 0. Hence, 

E lX — A i/o(*ip), Eri = (2ici/Kis)A i/i(*ip), 

= 0, //,! = 0, // fl = 0, (2) 

//„! = ( 2ric€ X /Ki)A i/i(*p), 

xi== 2 ir(l~ l/s 2 )*. (3) 

We now examine three cases. 

Cast 1 L K x is real. Then by (3), s> 1 and v>c. 
The z component of the electric field is described 
by the function /o(xip) which is unity at p = 0 , 
and which tapers off to a zero at K X p = 2.4048. 
In general, the fact that /o(xip) is a decreasing 
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Fig. 1. Distribution of the 
longitudinal component of elec¬ 
tric field strength through a cross 
section of the tube. 



f 


function for real *i makes it usable in any case 
where v > c. 

Case II. Ki is zero. Then by (3), x=l and 
v=-c . This gives E x i = A u a constant. If region I 
were bounded by a conductor, this result would 
be trivial since all field components would have 
to vanish. Here, the result will have application 
to cases of electron accelerators, or traveling 
wave tubes in which the electrons have an energy 
of more than 10® electron volts. 

Case III . ki is imaginary. In this case >'<1 
and v>c. This gives an E x \ distribution de¬ 
scribed by 7o(i’|ki|p) = / 0 (|ki|p), an increasing 
function of p. This type of distribution is of par¬ 
ticular interest because it permits slowing down 


the phase velocity of the field to any desired 
alue. 

In region II the fields will be given by 

E z 2 = A 2 -/«(k2p) + B 2 N o(*2p) 

Ztr2= (27 ri/K2S)[A tji(K2p) +B2 Ni(K2p)^} (4) 

£*,2 = 0 , //,2 = 0 , IIr 2 = 0 

II *2= (2irict2/ K2)D4 2 J l(*2p) l(*2p)] 

* 2 = 27r[(€2M2/€lMl) — (t/s 2 )]*. 

The boundary conditions may be written 
£* 2 (K 2 P 2 ) = 0 , 

Eg\(Kxpi) =£,2(*2Pl), (6) 

Cl£rl(fC]pi) = e2£r2(*2Pl)‘ 


Fig. 2. Energy distribution. 
1'hc logarithm of the real part of 
the complex Poynting vector 
plotted against the radial coordi¬ 
nate of tne tube. The logarithm 
has been used to obtain a con¬ 
venient scale. 
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From (2), (4), and (6) we get 

A 2 /A 1 = (T#C 2 pl/2)[(€i/€ 2 ) (K 2 Ai)iVo(K 2 Pl)y i(kipO 

-Afl(* 2 pl)/o(*lPl)], m 
^A4 1 = (r#C 2 pi/ 2 )[/o(Kipi)/i(K 2 pl) ' 

- («l/«2)(^2Al)/o(lC2Pl)yi(^lpl)]. 

In these formulas Ai is simply the amplitude 
of the z component of the electric field along the 
axis. From (6) and (7) we obtain 

€1 *2 /1A1P1) 

€2 *1 /o(jClPl) 

No(*2p2 )J l(*2pl) — Jo(K2p2)N l(*2pl) 

--;-. ( 8 ) 

Nq(k2P2)Jo(k2Pi)—Jo(k2P2)Nq(k2Pi) 

This formula, taken with the definitions of k x 
and * 2 , is a relation between field velocity, tube 
radii, and the dielectric constant of region II. 
In order to have a definite Case III to discuss, 
we chose s = v/c = 0.2 and let pi = 0.05. These 
choices are arbitrary, and are simply meant to 
be illustrative. Having made this selection, (8) 


can be solved by a combination of patience with 
a variety of numerical procedures. The result 
is shown in Table I. 

One particularly useful device in obtaining 
these points is to select the product K 2 P 2 to be a 
zero of either Jo(* 2 P 2 ) or /V 0 (k 2 p 2 ). For general 
points, (8) may be transformed to read 


«i k 2 7l(*lPl) 

C2 K1 Jo(*\P\) 


I #i (1, (* 2 Pi) | sin(^ —0i) 

- (9) 

|ffo a Wi)|sin(*-0 o ) 


whercr^ = arg//o (1) (#c 2 p 2 ), 0 = argZ/ o (1) (tf 2 pi), 0i=arg 
//i (1) (*2Pi). 

The tables in Watsonf are simply applicable 
to this form. We did the calculations from (9) to 
four significant figures and checked the results 
by substitution into (8). It will be noticed that 
for a given c 2 /«i, a denumerable set of numbers 
p 2 exists; we tabulate only the lowest p 2 . 

To compare field strength distributions, en¬ 
ergy distributions, and field patterns in the three 
cases, we selected v = 0.2 c (Case III), v = c (Case 
II), and v=5c (('use I), and fixed pi = 0.05 and 



Fig. 3. Longitudinal field pat¬ 
tern, showing lines connecting 
points of equal electric field 
strength along a longitudinal 
cross section of the tube. The 
slope of the lines gives the direc¬ 
tion of the ficlcT. and 

2 / 10 . 


tG. N. Watson, Theory of Bessel Functions (The Macmillan Company, New York, 1945), Chapter XX. 
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p = 0.10 in all cases. This gives « 2 /«i* 57.25 (Case 
III), € 2 /€i = 32.80 (Case II ), « 2 /«i» 31.82 (Case 
/). 

The results of this comparison for the dis¬ 
tribution of the z component of the electric field 
arc seen in Fig. 1. 

The real part of the complex Poynting vector 
is given by 


kipJi(kip) = Ci sec(2ir.eA) 

( 13 ) 

K 2 p[ m AzJ i(* 2 p)+i* 2 jVi(tf 2 p)] = C 2 sec(2xf/j), 

where C i and C 2 are integration constants. The 
obvious requirement on these constants is 

Cl KlPl/l(*lPl) 

— =-. (14) 

C*> K'lP\[_AoJ l(#Copi) -f-2?‘>A^ 1 (#C«Pl) U 


$ t \/ct\A\ * (2x 2 /*i 2 s)[/i(xip) ] 2 , 

2x 2 «2r^2 Bo 

Rti/ce\A i =-1 — J i(x 2 p)H-A^xop) 

K2 2 S€lL-4l A 1 


( 10 ) 


In Case // the first of Kqs. (13) may be re¬ 
placed by 

P“ = Ci st.»c2xf, (15) 

so that (14) becomes, for this case 


Figure 2 shows the logarithm of this quantity 
as a function of p for the three cases. It is obvious 
mat practically all the energy is carried in region 
11 in each case. 

The field pattern is given by integrating the 


relation 


dz/dr = ReE x /Reli ,. 

! cuing 

(id 

f = s/ X, 

(11) yields 

(12) 


Ci pi 2 

—-. (16) 

C 2 Kip\ ^A iJ i(k*»Pi) *4“ B^N i(k2Pi) 3 

It develops that if the pattern be drawn by 
plotting p against 2xf/s, there is no appreciable 
difference between the three cases. This means 
that the effect of decreasing the field velocity is 
simply to compress the pattern in the direction 
of propagation. Figure 3 shows the pattern for 
Case III. 


Incandescent Lamps as Electrical Load for Testing 

S. Kkilikx 

Pass and Seymour, Inc., Syracuse . Sew York 
(Received March 25, PH 7) 

Because of the positive coefficient of resistivity of tungsten, incandescent lamps permit a 
current considerably greater than the normal lamp current to flow for a short initial period. 
When lamps are used as load for testing electrical apparatus, the factors affecting this inrush 
must be considered. Size of power source, its distance from the load (lamps), and frequency of 
switching the lamps (employing repetitive operations for endurance testing) are evaluated. 

From the given curve the necessary cooling time for the desired current inrush may be de¬ 
termined, and thus the frequency with which the lamps could be switched “on” and “off” may 
be calculated. Practical means for obtaining the required cooling time are described. 


O NE of an electric control device’s usual 
function is switching. In this operation the 
electrical load is either connected to or discon¬ 
nected from the source of power supply and, to 
be acceptable, the switching element should be 
capable of performing with least deterioration. 

There are 3 basic types of loads, and their 
characteristics affecting the performance of 
switching devices may be summed up as follows: 

Non-inductive-resistance load-current rise to reach the 
Ohm’s-law value and its fall to zero (when disconnected) 


is instantaneous; the values of steady-state conditions are 
not exceeded. 

Inductive load-current rise is gradual, depending on the 
rate of magnetic flux build-up; on disconnection of this 
load the stored electromagnetic energy is dissipated 
quickly, causing momentarily a high voltage, frequently 
far above that of the supply. 

Tungsten-filament lamp load-current rise is very rapid 
and the maximum exceeds that of the steady-state value; 
current decay to normal value, following its reaching the 
peak, is relatively slow; upon the disconnection the fall of 
current to zero is instantaneous. 
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Table I.* Ratio R for various size lamps. 


Si/e ot lamp watts Ratio R 


100 9.1 

500 8.7 

1000 6.8 


* R. W. Gillette, “Control of Multiple Street Lighting," 
Klee. World 94, 419 (1929). 


From the above grouping it will be seen that 
the inductive and the tungsten-filament lamp 
loads call for special precautions to be taken: the 
former upon interruption of the circuit (because* 
of presence of high voltage) and the latter at 
completion of the circuit (because of current 
inrush). 

In practice, the usual non-inductive-resistance 
loads are heating appliances of various kinds; 
the inductive load is typified by magnets and 
motors; the lamp-load characteristics are present 
in tungsten-filament lamps and condensers. For 
determination of suitability of a switching de¬ 
vice, it is usually tested under various load con¬ 
ditions, and it is important to give proper con¬ 
sideration to these loads if the results of t>*sts 
are to be used as criteria. 

Tungsten filament lamps are employed ex¬ 
tensively for testing the device^ which are de¬ 
signed for such loads, or which are intended for 

Table II. Ratio R for various size lamp loads and their 
distance from busbars. 


Load connecting Load (watts) and number and si/c 

circuit of lamps (w) 


Length (ft.> 
and 

wire si/e 
(B and S gauge) 

Total 

wire 

res. 

ohms 

2400 w 

4 500 w 
2-200 w 

1200 w 

2 500 w 

1 200 w 

520 w 

8 60 * 

1 40 w 1 

500 w 

1 500 w 

, I 6 .V-N 0 . 10 \ , 0 , 
+ 16'--No. 14 J Z0 ‘ < 

— 

- 

9.4 

- 

, 148' -No. 10 
+ 16'—No. 14, 

\ .188 

— 

— 

9.6 

- 

163'—No. 10 

.163 

7.7 

9.1 

— 

11.0 

148'—No. 10 

.148 

8.1 

9.3 

— 

11.2 

, 10 '—No. 101 
T 10 '—No. 11 
M 6 '—No. 14 J 

.063 

- 

— 

10.9 

— 

, 10 '—No. 101 

“HO'-No. 11 J 

[ .023 

8.9 

10.3 

- 

11.4 

Notes: R All lamps—115 volts. 

, 2 . Power derived from specially designed 125 volts 


d.c. generator. 

3. Values of “length" in first column—length of 

conductors between load and busbars. 

4. Plus sign (+) in first column indicates series 

connections. 


loads with initial inrush of current. It is import¬ 
ant, therefore, to have a dear conception of lamp 
characteristics and of limitations to assure their 
proper application as loads for testing. 

Because of the positive temperature coeffi¬ 
cient of resistivity of the metal, the tungsten- 
filament lamps possess low resistance when cold 
and higher resistance when heated. It must be 
noted that carbon-filament lamps have the re¬ 
verse characteristics because of the negative 
coefficient of resistivity of carbon. For regular 
115- or 120-volt tungsten-filament lamps, sizes 
40 to 1500 watts, the operating temperature of 
the filament varies between 4400°F and 4900°F, 
and the resistance of a hot lamp is 15 to 17 
times that of a cold lamp. Consequently, if a cold 
lamp is connected to a source of supply, a cur¬ 
rent considerably greater than the normal lamp 
current will flow for a short time. Because of 
heating by the passing current, the temperature 
of the filament will rise and so will its resistance, 
thus causing a corresponding decrease in current. 
It would appear that the ratio of inrush current 
to the normal lamp current would be also 15 or 
17 to 1. However, these values are not attained 
usually, for the inrush current tflso depends on 
such factors as the capacity of the current source, 
impedance of the circuit, and voltage stability, 
all of these tending to reduce the magnitude of 
the peak. 

It is difficult to determine quantitatively the 
effect of some of the above factors, but definite 
conclusions may be drawn on the basis of ex¬ 
perimental data. 

The source of power should be of ample ca¬ 
pacity to furnish the necessary inrush current. 
It is apparent that the source should not be the 
limiting factor, since the characteristics of the 
filament determine these inrush values. The 
ratio R of the i>eak current to nominal current 
of the lamp may be used as the criterion in 
evaluating the suitability of the generator. 

A small generator having a relatively slow 
current response and a small amount of available 
power will give a smaller value of R , for the same 
lamp load, than would a larger machine. A 5-kw, 
125 volt, direct-current generator controlling 
tungsten-filament lamps gave the current ratios 
R shown in Table I. A generator used for routine 
and experimental testing of switches produced 
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considerably greater values of R, as shown in 
Table II. It will be observed that such generator 
permits a current inrush to produce a value of 
R as high as 10.3, for 1200-watt load (compare a 
corresponding value of 6.8 for 1000-watt load 
with a smaller generator). 

A generator for testing switching devices with 
lamps as load must be properly designed, for its 
rated capacity is not the only consideration. 
Factors like armature reaction, commutation, 
and voltage stability for a specific load will 
affect the values of R. The Underwriters’ Lab¬ 
oratories, Jnc., standard for switches specifics a 
generator capable of producing a current inrush 
of eight times the normal value of current, using 
a 20-ampere (normal) lamp load. Values of R 
considerably in excess of this can be obtained 
with specially designed generators. 1 

Size of conductors and distance between the 
lamp and the generator affect the resistance of 
tile circuit. Since the current inrush is of transient 
nature, the impedance of this circuit must also 
be considered. The last four columns of Table 11 
give values of the ratio R for various conductor 
sizes and their lengths. From this table it may 
ajso be observed that, for the same wattage, the 
larger the number of lamps in the circuit, the 
lower is the value of R (compare last two col¬ 
umns). This may be explained as follows: The 
rate of heating of a small lamp is considerably 
higher than that of a large lamp. 2 Because of 
this, with smaller lamps there will be con¬ 
siderably greater overlapping of the initial period 
when the current is limited by the circuit in¬ 
ductance and of the period when resistance of 
filament has risen sufficiently to reduce the cur¬ 
rent. Therefore, with same current, inductance 
and resistance of the circuit, smaller lamps 
w r ould produce a lower value of R than would 
one large lamp of the same wattage. The R in 
the case of smaller lamps is further diminished 
by their lower final filament temperature, as 
compared with that of the larger lamp. 

The use of tungsten-filament lamps for re¬ 
petitive operations (connecting to and discon¬ 
necting from power source) should be conducted 

1 S. Keilien, “Improving products through research and 
test for quality,” Product Engineering 10, 24 (1939). 

* W. E. Forsythe, M. A. Easley, and^D. D. Himnan, 
“Time constants of incandescent lamps,” J. App. Phys. 
9, 209 (1938). 



Wi/WW\A^^ 


Fig. 1 . Oscillogram showing current rise and decay in 
1200-watt lamp circuit (2-500-w find 1-200-w lamps) upon 
its connection to 125-volt d.c. generator. 


with discretion because of the time required to 
bring the filament to final temperature and the 
time needed for cooling it to the ambient tem¬ 
perature. The filament-heating time is relatively 
short. From oscillogram, Fig. 1, it will be seen 
that normal current was reached within 0.268 
second. For lamps of lower rating this time is 
correspondingly shorter. Since the current de¬ 
cay in the lamp after reaching inrush peak is 
exponential, it is difficult to determine with a 
great degree of precision the exact point where 
the current curve reaches its normal value. 
However, for practical purposes, the oscillo¬ 
graphic determination is sufficiently accurate. 

The rate of cooling of the lamp Is important 
in the calculation of the frequency with which 
the device under test may be operated. The 
value of R (ratio of inrush peak current to nor¬ 
mal lamp current) may be used as basis for the 
determination. Should a lamp be reconnected 
to the power source while the filament is still 
hot, the ratio R would not be as great as that 
for a completely cooled lamp. This is apparent, 



Fig. 2. Relation between cooling time t of tungsten- 
filament lamps and ratio R (ratio of initial peak current 
to normal current) for 1200-watt lamp load at 125-v d.c. 
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for under such a condition the differential in 
temperature would be lower. Results of experi¬ 
ments conducted with lamps which were cooled 
for varying intervals are represented by a curve, 
Fig. 2. In order to obtain stable data the read¬ 
ings of current inrush (from oscillograms) were 
obtained after constant ambient temperature 
had been established. 

The curve is particularly valuable when rhyth¬ 
mic operation of switching on and off of lamps 
is to be employed. In testing current-interrupting 
devices for endurance, it is important to have a 
specific current inrush. From Fig. 2, it is possible 
to determine the cooling time (duration of the 
off period) for the desired current inrush, and 
then the frequency with which the testing is to 
Ik* conducted may be readily calculated. 

If, for endurance testing, only one lamp (or 
one bank of lamps) were used, it would be neces¬ 
sary to allow considerable time for its cooling in 
order to obtain the desired current i>eak on the 
subsequent on operation. Such procedure would 
be quite lengthy apd would impede testing, es¬ 
pecially if a large number of specimens is to be 
tested to keep tip with production schedules.' 

To facilitate testing, a number of lamps (or 



Fig. 3. View of switchboard with equipment for autoitiatic 
selection of lamp circuits. 


banks of lamps) may be employed, so arranged 
that while one is being used (on) the others are 
cooling (off). This method makes possible any 
desired rate of specimen operation, the limita¬ 
tions being only those of the specimen itself, 
such as heat dissipation of its current carrying 
parts, velocity of its moving system, etc., and 
the time required to bring the filament to maxi¬ 
mum temperature. 

For repetitive operation of switches at a uni¬ 
form rate, the number of lamps required to pro¬ 
duce a desired cooling time may be calculated 
from Kq. (1), 

t-\~CL 

N=z - (1) 

b-\-CL 

where : 

N —number of lamps (or banks of lamps), 

/—lamp-cooling time to produce the desired value of 
R in seconds (obtainable from curve Fig. 2, for specific 
load), 

a —time, per cycle of operation, during which the switch 
is on , in seconds, 

b— time, per cycle of operation, during which the switch 
is off , in seconds. 

If the on and the off periods of switch opera¬ 
tion are equal, then Kq. (1) becomes 

1 

N - (iXf+30) (2) 

60 

where/—rate of switch operation, in cycles per 
minute. 

In testing switches, a is usually greater than 
the time required to heat the lamp and since the 
heating time is quite negligible in comparison 
with that needed for cooling the lamp, it was 
not considered in the formulae. 

A very satisfactory scheme for the simul¬ 
taneous testing of a number of switches is to 
connect the cold lamp in the circuit containing 
the specimen under test while this specimen is 
off, and to disconnect the lamp while the speci¬ 
men is in the succeeding off position. Thus, the 
lamp-selecting device does not make nor break 
the circuit while it is alive; it is done by the 
device undergoing the test. The actual equipment 
for accomplishing such selection is shown in 
Fig. 3, which is a part of an installation for 
simultaneous testing of 10 switches, each with a 
1200 -watt lamp load, or a smaller number of 
switches with a proportionately greater load. 
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The cool lamps are connected in the test circuits 
by means of a magnetically-operated, step-by- 
step selector, which is driven in synchronism with 
the switches under test. The selector actually 
controls the coils of heavy-duty contactors, the 
contacts of which introduce into or remove from 
circuits the lamps for loading the switches. Other 
means of selection of cool lamps, such as con¬ 
tinuously or intermittently-operated commuta¬ 
tors, or cam-operated contacts of either spring or 
mercury type may be employed. 

Jn some cases it is desired to obtain the inrush 
current with lesser equipment, or at quite rapid 
rate. Then, it is possible to connect resistance 
loads in such a way that the low resistance 
tallowing high current inrush) is removed from 
the circuit a short time after the switch under 
test has established the contact, leaving a higher 
resistance in the circuit (corresponding to normal 
current of lamp), thus permitting only normal 
current interruption by the switch. 'This arrange¬ 
ment does not duplicate actual lamp operation, 
because if current equivalent to inrush value is 
on for a considerable time the contacts are sub¬ 
jected to excessive heating. Furthermore, in 
the event of contact vibrations the contact 
erosion and welding are aggravated. Conse¬ 
quently, such testing may become unduly severe, 
fn this scheme, shown in Fig. 4, the normal cur¬ 
rent is determined by resistance R a , while the 
inrush current is limited by resistance Rb. After a 
predetermined interval following the closure of 
switch S, the timing contacts T open, thus per¬ 
mitting the switch S to break only the normal 
current, as determined by R a . The current rises 
and decays abruptly since non-inductive re¬ 
sistances are used. Contacts T are synchronized 
with 5 so that they close and open before S is 
subjected to respective operations. 

Another method is based on the characteristic 
curve of charging a condenser. A condenser of 
suitable capacity is connected in the test circuit 
before the switch is closed; this produces the 
necessary current inrush and decay. The con¬ 
denser is then disconnected by a relay after a 
desired lapse of time, restoring the circuit con¬ 
taining a resistance to a current equal to that of 
normal value of the lamp. Essentially this ar¬ 
rangement is a modification of that shown in 
Fig. 4, the difference being in the introduction of 


T 



Fig. 4. Schematic wiring diagram of connection* for 
producing initial current inrush. 

capacitance C (not shown in diagram) in series 
with resistance Rb. As in the previous scheme, the 
resistance R a determines the final value of cur¬ 
rent flowing through switch (normal .lamp cur¬ 
rent), resistance Rb determines the peak current, 
while condenser C defines the rate of current de¬ 
cay during the transient period upon closure of 
switch S. Contacts T disconnect the condenser 
C (and resistance Rb) when the current through 
this path has decayed to a desired magnitude 
(near zero). This is done before S is opened. The 
operation of the timing contacts T may be ac¬ 
complished either electrically or mechanically. 
Provision must be made for discharging the con¬ 
denser C prior to its reconnecting into the circuit. 

Because of presence of some inductance in 
the circuit, it is difficult to predict by calculation 
the initial peak current that would result. It is, 
therefore, necessary to adjust the parameter of 
the circuit until the desired values are obtained. 
These constants will differ from the calculated 
values. 

While it is possible to duplicate relatively 
closely a current rise and decay of a tungsten- 
filament lamp, such synthetic-load testing equip¬ 
ment has been found less desirable from the, 
standpoint of stability, reliability, and main¬ 
tenance for large scale testing. 

The tungsten-filament lamps should be em¬ 
ployed as electrical load with due consideration 
given to their characteristics. Particular atten¬ 
tion should be given to the frequency of opera¬ 
tion of specimens under test, in order to obtain 
the desired current inrush during the on period. 
The source of power supply and the impedance 
of the circuit must also be evaluated if it is 
planned to duplicate the conditions to which the 
switching device would be subjected under 
actual field operations; 
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The Capacity per Unit Length and Characteristic Impedance of Coaxial Cables with 

One Slightly Non-Circular Conductor 

Philip Parzen* 

New York , New York 
(Received April 9, 1947) 

It is possible to calculate approximately the electrostatic field in a coaxial line with one 
slightly non-circular conductor as a perturbation of that existing in the usual coaxial line. 

General expressions are then derived for the capacity per unit length and the characteristic 
impedance of such lines. In particular, these results are applied to the coaxial line with outer 
square conductor. 


INTRODUCTION 

% 

T HE calculation of the capacity per unit 
length, C } of a coaxial line depends upon 
the derivation of a potential distribution func¬ 
tion, Vy which satisfies V 2 7=0, with the bound¬ 
ary conditions: 7=0 on inner conductor, 7= 7i 
= constant on outer conductor. Thus, 

rev 

C=—K ) —ds/\\ (m.k.s. units) (1) 

J dn 

where the numerator is the total charge per ufiit 
length which is given by the line integral of the 
normal derivative of the potential along either 
conductor, and K is the dielectric constant of the 
medium. 

The characteristic impedance, Zo, of a re¬ 
sistanceless line is: 

Zo=l/Cv, v = velocity of light in medium. (2) 

This may be seen physically as follows: an out¬ 
going progressive wave will advance a distance 
vdt in time dt y during which an amount of charge 
dq^CvVdt will appear across that portion of the 



Fig. 1. 
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line. Hence the current I=CvV and Zo= 7// 
= 1 / Cv . A rigorous proof may be found in 
Smythe. 1 

While the solution for concentric circles is 
quite easily obtained, only approximately cor¬ 
rect solutions are obtainable for non-circular 
cables. In this paper we shall consider lines 
wherein one conductor is circular and the other 
slightly non-circular. The potential distribution 
is then calculated as a perturbation of that due 
to concentric circles. Finally we shall apply these 
results to the case where one conductor is square. 

CALCULATION OF C AND Z 0 

In Fig. t the inner conductor is a circle of radius 
a and the outer conductor is specified by its 
polar equation, r =/(<£), which can be sufficiently 
approximated by a Fourier series with p har¬ 
monics. Thus, 

r = /(<£) = A,)(1 + £ A j cos j<t>) (3) 

i 

with 

p 

- A y 2 «l. (4) 

2 

The inclusion of sine terms in the Fourier series 
will not add anything of general value to the 
discussion. Moreover, most conductors in prac¬ 
tice are symmetrical about an axis. Hence we 
seek a potential distribution V(r <f>) such that, 

V*7=0 (5) 

with boundary conditions, 

7 = 0 on r = a (6) 

= 7i on curve (3). (7) 

W. R. Smythe, Static and Dynamic Electricity (McGraw- 
Hill Book Company, Inc., New York, 1939), p. 471. 
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Let 

V-L logr+Af + E (E n r H +F n r H ) cosn</>. (8) 


This expansion 2 will automatically satisfy (5), 
and to satisfy (6) 

0 = Zrloga+A/ ( 9 ) 

0 = E n a n + F n a n w~l,2,-- ( 10 ) 

To satisfy (7), we have after expanding logr, r\ 
and rin Taylor series about r = Ao, 

V\ = L Iogi4o+A/+L 

X [2L4 y cosj* - l(2A y cob/*)*+ • • • J 
+X£m^4 o w [l+m2L4 y cosj<fi 
+ \m(m — 1) (2)i4 y cos/</>) 2 + • • ■ ] cos m<f> 

+1' o ~ ,w [ 1 — W2)i4 y COS/0 

+ £ w (m+1) (XA j cos 7 » 2 H-] cosra</>, (11) 

where . . . denotes higher powers of ^4y. Now 
equating coefficients of cosw</> in (11), 


"‘EA n — E n A o n "f" n-^4 (| 


+ %22m{E m A <r - F„,A a 

m )A }+••• 
n= 1,2,* • • 

(12) 

and the double summation 

is taken 

over 


j = n, m — j = ±n. 

For n = 0 , 

l l = L(log^4 0 — 4 w4 y 2 + ♦ • •) -f- M 

+ %'2j(EjAo 1 — FjA o ~')A y+ ■ ■ • (13) 

We now have the linear set of Fqs. (9), ( 10 ), 
(12), and (13) to solve for L, M , E nt and F n . We 
should, however, point out that C depends upon 
L only, since by applying ( 1 ) to the inner circle, 
the line integral of the cosine terms in ( 8 ) 
vanish; thus 

C=2tKL/V x . ’ (14) 

We now solve Eqs. ( 10 ) and ( 12 ) for E n and 
F n by successive approximations. For a first 
approximation, we neglect the double summa¬ 
tion and higher order terms in ( 12 ) and solving, 
we have, 


A n L 

a n [(i4 0 /a) n ~ (a/A o)*] 
a n A n L 

U*/o) n ~{a/jUj*' 


(15) 

(16) 


2 See reference 1 , p. 63 . 
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Substituting these expressions in (13) and sub¬ 
tracting (9) from (13), we have to a first 
approximation, 

2 *K 

C = - 

logAo/a-'2A?(i + ljRj) 

farads/ meter (17) 

(A o/a ) ; + (a/A o) 1 

Rj = -. (18) 

(A n/a) i — (a / A <»)' 

Thus we have an approximation which is of the 
order of jA y 2 . We can now obtain further ap¬ 
proximations by substituting (15) and (16) in 
the neglected part of (12) and resolving for E n 
and F n , and so forth. This, however, will result 
in corrections to C which are of higher powers in 
jA y 2 and hence may be neglected because of (4). 
It should also be noted that Ao is always greater 
than a ; otherwise there would be points on the 
outer conductor for which r is less than a, which 
is impossible. 

Also, by ( 2 ), 

Zo in air 

= 60[logi4 o/a - ZA /-’(1 + U^j) 1 ohms (19) 

i 

since v = 3X1 0 s meters/sec., and K = 8.85 X10“ 12 
farads/meter. 

A case of interest is where An/a is of the 
order of 3 or greater. Then Rj is approximately 
1 and 

Zo = 60[logi4 n/a -M] ( 20 ) 

( 21 ) 

i 

Since d is at most of the order of a few percent, 
we may replace d by 

log(l-M) and Z 0 = 60 \o%A*/a (22) 

and A*, which is An/l+d, may be considered 
as the outer radius of an equivalent coaxial 
(concentric lines) line, with the same charac¬ 
teristic impedance. 

APPLICATION OF RESULTS TO SQUARE 
OUTER CONDUCTOR 

For a square of side 26, the polar equation is, 

r = b sec 0 * 0<<£<ir/4 

r = 6 csc<£;.t/4<^<tt/2 (23) 
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with a periodicity of x/2. Hence only cos4 j<j> 
terms will appear in the Fourier series, and 


4 6 

Aq= po 

T 

86 

AoAij= ~~p)\ 

T 



s ec<t> cos4 j<t>d<t >. 


(24) 


Now, 





[cos(4j - 3)<*>- cos(4j- t )<t>y<f> 


= (-l)^2.828/(4j~3|(4j-l). 

Thus knowing po, p } is easily calculated; and 
po= .881, p!= - . 062 , /> 2 = . 019 , p$ — .010, />< 

= . 005 , u4 0 = 1 . 126 ; ^4 4 = —14, ,4«=.044, A n 
= —. 021 , i4i6 = . 012 . Thus condition (4) is ap¬ 
proximately satisfied with p equal to 12. Thus, 


Z 0 = 60[log6/a+.108 

- 039i? 4 — .008/?8 — .002/?i 2 J, (25) 


with 

1.570(ft/a) *+.636 (ii/6) 1 

/?4=-, (26) 

1.570(6/a) 4 —.636(a/6) 4 

and R% and R J2 are given by similar expressions, 
with the constants replaced by (2.480, .403) and 
(3.870, .258), and the exponents by 8 and 12, 
respectively. 

For b/a of the order of 2, the equivalent outer 
radius defined by (22) is 1.066. This value com¬ 
pares more or less favorably with 1.086, ob¬ 
tained by Frankel. 3 For b/a less than 2, Frankel’s 
derivation does not apply, and the correct Zo is 
given by (25). 

For b/a equal to 1, Z ( > from (25) is .06 ohms, 
which is fairly close to the actual value of Z«, 
namely, 0. 'Phis constitutes a partial check upon 
the accuracy of this formula. 

Finally I wish to thank Mr. Benjamin Parzen 
for suggesting the problem. 

S S. Frankel, “Characteristic Impedance of Parallel 
Wires in Rectangular Troughs,” Proc. I.R.K. 30, 182 
(1942). 
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Thermal Conductivity of Aluminum; Solid and Liquid States 

’ C. C. Bidwku. and C. L. Hogan 
Lehigh University , Bethlehem , Pennsylvania 
(Received April 9, 1947) 

Thermal conductivity measurements on lead, tin, and zinc extending over the liquid as well 
as the solid states were reported by one of the authors in 1940. The present report extends this 
work to cover aluminum in both the liquid and solid phases. An improved technique is described. 
The law k/pC^K(\/T)-{-K' is found to hold for aluminum also, with the intercept, K\ the 
same for both states. The thermal conductivity ( k) decreases with rise of temperature as it does 
for lead, tin, and zinc. On this point previous workers have published very conflicting data. 


INTRODUCTION 

ATA on the thermal conductivity of alumi¬ 
num in the handbooks, the critical tables, 
and as collected and published in The Alumi¬ 
num Industry 1 arc conflicting particularly as 
to the change with temperature. No data for 
the liquid state are reported. Several observers 
report % rise of thermal conductivity with 
temperature; only one, Konno, 2 reports a de¬ 
crease. The present data on a specimen of purity 

1 Edwards, Frary, and Jeffries, The Aluminum Industry 
(McGraw-Hill Book Company, New York, 1930). 

* S. Konno, Phil. Mag. 40, 542 (1920), 


99.20 percent is in exact agreement with Konno's 
values (0.50 at 0°C; 0.36 at 600°C). A specimen 
of purity 99.95 percent is found to have a higher 
conductivity, viz., 0.54 at 25°C, decreasing to 
0.44 at 657°C. On this specimen, measurements 
were extended into the liquid state at points 
740°C and 900°C. 

THE METHOD 

The Forbes bar method previously used was 
further modified and adapted to high tempera¬ 
ture work. A cylinder of the material under 
study, 25 cm long, 2.5 cm in diameter, was 
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centered vertically in a tubular furnace and 
surrounded with finely screened silocel. Thermo¬ 
junctions were previously fastened to the rod 
every 3 cm by insertion into small holes drilled 
about 1.5 mm deep, and the junctions peened in. 
At the upper end, just above the top junction, 
was placed a heater coil of about 10 turns of 
B & S No. 26 nichrome wire, insulated from the 
bar by mica or asbestos. The junction wires, 
encased in fine quartz tubes, were led down and 
out the bottom of the furnace tube, the heater 
wires going out the top. A reference junction 
was inserted into the furnace from below to a 
point just below the bottom of the test rod but 
not touching it. Another reference junction, as 
a spare, was inserted from above to a point 
about half-way down the specimen but placed 
near the furnace tube so as not to be affected by 
the heater at the top of the rod. The junctions 
could be connected in turn differentially with 
either of the-reference junctions and led directly 
t 3 the galvanometer (Leeds and Northrup Type 
R 2500 a). At any particular temperature steady 
conditions were indicated by the galvanometer 
readings. (The zero was adjusted to the right 
hand end of the scale at 30, thus making the 
whole scale available.) Deflections were differ¬ 
entials between the given junction and the refer¬ 
ence. At room temperatures all junctions would 
read alike at 30. At higher temperatures there 
was always a residual temperature difference, 
and initial readings for each junction had to be 
taken and the heater turned on only when steady 
readings were obtained. A deflection of 60 divi¬ 
sions meant approximately 6°(\ At upper tem¬ 
peratures the deflection for the bottom junction 
was very small, while that for the top junction 
(No. 1) might be as much as 20 divisions. The 
elimination of this gradient while desirable was 
not necessary. Also a slight drift of all junction 
readings due to temperature drift had to be 
tolerated and corrected for. 

PROCEDURE 

When all junctions show fairly steady condi¬ 
tion, the time is noted, and the readings from 
top to bottom of the specimen and back again 
are recorded and again the time noted. This is 
repeated several times in order to determine the 
drift. Then the time is again noted, the heater 


turned on and, after about three minutes, the 
readings again taken from top to bottom and 
back and the time noted before and after. This 
is immediately repeated, and then the switch is 
opened. The cooling data are immediately ob¬ 
tained, using the top junction and taking read¬ 
ings every half minute. The readings should all 
be taken within about ten minutes from the 
time of closing the heater switch, otherwise the 
reference points become uncertain. Only the 
cooling data from the top junction are significant, 
the other junctions indicating too low a rate 
because of the inflow of heat from the upper 
part of the bar. The cooling rate for the top 
junction (which is about 4 cm from the top of 
rod) is approximately corrected with respect to 
the heat flow down the rod although for the 
first minute even this rate is low. This shows up 
on the (IT/dt , T curve which is a straight line 
except possibly for the first few points. We have 
now two sets of data, the gradient data and the 
cooling data. The actual temperature is observed 
by connecting one of the reference junctions (or 
any junction) to a potentiometer. The gradient 
data and the cooling data are now plotted. First 
the temperatures (galvanometer deflections) are 
plotted for the gradient data, the deflections as 
ordinates, the distances down the rod as abscissa, 
taking the position of the top junction as .r = 0. 
This is the 7\ x curve. Slopes of this curve are 
measured graphically and the dT/dx , x curve 
plotted. Then the slopes of this curve are meas¬ 
ured and the tPT/dx 2 , .v curve plotted. The 
cooling data are plotted giving the 7", / curve 
(T as ordinates and t (time) as abscissa). The 
slopes of this curve are measured and plotted, 
dT/dt as abscissa, T as ordinates. Corresi>onding* 
values of dT/dt and dPT/dx 2 for the various 
values of T are plotted, (PT/dx 1 as ordinates, 
dT/dt as abscissa. The straight lines usually go 
through the origin but not always. The constant 
value of dT/dt/d 2 T/dx 2 is called m .(actually the 
reciprocal of the slope considering the way the 
curves are plotted), and w = ik/<rp, where k is the 
thermal conductivity, a the specific heat, p the 
density, k is thus determined if a and p are 

* Corresponding values are values for the same temper¬ 
ature T. dT/dt values are read directly, but dtT/dx* is 
found by finding the value of x for the given T (on the 7\ 
x curve) and for this value of x moving vertically to the 
value of cPT/dx*. 
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Fig. 1. Sample set of data for thermal conductivity of 
aluminum at 650°C. 

known. Figure 1 is a sample of the plots. A 
similar set of curves is obtained for each value 
of k determined. 

THEORY 

This is the old Forbes method described try 
Forbes in 1868. The difference in the heat 
flowing down the rod at one level and out at a 
slightly lower level is kA (dT/dx)\r-kA (dT/dx)^ 
and this difference is apAldT/dt. A, the cross 
section cancels, / is the difference between the 
two levels, and 

(dT'dx)i-(dr/dx ) 2 

-=</ 2 r dx\ 

i 

The equationjs 

crpdT f dt = kd 2 T, dx~ 



Fig. 2. Thermal conductivity and temperature of 
aluminum. 


or 

k 

dT'dt = - d-T d v~. 

(TP 

This calls for a straight line through the origin. 
Often the curve does not go through the origin. 
In taking the data one has to compromise—one 
cannot wait until conditions are completely 
steady. The reference junction readings are 
slowly changing, and hence one must be satisfied 
even though the temperatures are still slightly 
rising. This introduces a term opdT /dt H on the 
left side of the above leading to the equation 

dT k d l T dT 

dtr <rp dx 2 dtn 

vpdT/dtn is the residual heating, apdT/dtc is the 
observed cooling. Careful study of the data shows 
that the intercept is thus accounted for. 
v When measurements in the liquid state are 
desired the specimen must be contained in some 
inert container. In this work graphite was used 
a long cylindrical crucible being bored out of 
a graphite electrode. The walls were about 3 mm 
thick, and the junctions were placed in small 
holes drilled into these walls but not clear 
through. The wires encased in quartz tubes were 
tied on with threads, the silocel packing holding 
them in place when the threads burned awav 
The heater was wound on the graphite cylinder 
(insulated with mica) and measurements made 
as before. The equation now is 

(TaPiAadT/dt + afjpaAydT dt 

= k a A a d 2 T/dx 2 +k v A a d 2 T/dx 2 

or 

dT r kaAa+kgA,, id 2 T 

dt L (t a p a A a “j ■ (t u p u A if J dx~ % 

If one takes account of the slight heating, the 
term dT/dtn is to be subtracted from the right 
side as above. The subscripts refer to aluminum 
and graphite. Values of <r a p ft were obtained from 
The Aluminum Industry or determined experi¬ 
mentally. The latter was necessary for the 
graphite. For this purpose observations were 
made as above on a graphite rod at room 
temperature and at 700°C. This gave values of 
kg/( toPq* <r a p g was obtained by an auxiliary experi- 
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ment in which a graphite rod with an axial 
heater was held at various temperatures and the 
watts input noted. Later cooling curves were 
taken through these temperatures. The equation 
<T a p u Al(iT/dt= V7/4.18 permits the computation 

Of <TyPy. 

RESULTS 

The values of the thermal conductivity of 
aluminum (99.95 percent) are as follows: at 
25V, 0.538; at 240°C\ 0.486; at 250V, 0.486; 
at 450°C, 0.452, 0.456; at 650°C\ 0.445; at 
740°C (liquid), 0.143; at 900V (liquid), 0.180. 
For the aluminum (99.2 percent**) the values 
are: at 25°C, 0.500; at 245V, 0.457; at 450V, 
0.414; at 590V, 0.365. These values are shown 
graphically in Fig. 2, together with Konno’s 
points. The error in these values does not exceed 
i.005, assuming the accuracy of the values of 
ap (taken from The Aluminum Industry). 
The 99.95 specimen shows higher conductivity 
throughout, and the change with temperature is 
a decrease paralleling the change for the com¬ 
mercial specimen. Figure 3 shows the data for 
the c.p. specimen plotted to test the relation 
k/pC = K(\/T) + K'. This relation is found to 
hold with the intercept, the same for the 
solid and liquid phase, exactly as was found for 
tin, lead, and zinc. 3 (C in this equation is the 
atomic heat.) Since only two points were found 
for the liquid state it probably is more proper 

** Analysis of the 99.2 percent specimen: Si 0.10 percent, 
Fe 0.67 percent, Cu 0.01 percent, Mn<0.01 percent, 
Mg <0.01 percent. 

3 Bidwell, Phys. Rev. 58, 561 (1940). 



Fig. 3. 

to state that the data are at least consistent 
with this equation. 

THERMAL CONDUCTIVITY OF GRAPHITE 

The thermal conductivity of graphite* as here 
determined was found as 0.30 at 25V. Buer- 
schajxT 4 finds 0.26 for radial and 0.40 for longi¬ 
tudinal, while Powell and Schofield 6 find 0.34 at 
this temperature. The value here found for 
700°C, 0.123, is consistent with an extrapolation 
of the data of the above observers. 
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Letters to the Editor 


Stabilization, Tempering, and Relaxation in the 
Austenite-Martensite Transformation * 

J. H. lIOLLOMON.t 1*. JAFFF. AND I). C. BUFfrUM 
Watertown Arsenal Laboratory, Watertown, Massaihusctls 
Received May 12, 1947 

RANSFORMATION in steels of the face-centered 
cubic phase, austenite, to the body-centered tetra¬ 
gonal phase, martensite, ordinarily takes place only during 
c<x)ling. The temperature (Ms) at which the transformation 
begins is independent of the cooling rate. The extent of 
transformation at any temperature below Ms is less, the 
lower the cooling rate. 1 Moreover, hiding at a constant 
temperature Ixdow Ms decreases the extent of transforma¬ 
tion on subsequent cooling to a fixed lower temperature.* 
This phenomenon, termed stabilization, is believed to arise 
from a change in microstresses with time. This change 
might result from (a) decomposition of the metastable 
martensite (tempering) and consequent dimensional 
change, or (6) stress relaxation (viscous flow) of microscopic 
regions. 

Specimens of a quenched steel containing 1 percent C, 



Fig. 1. Relation between time and temperature of stabilization for 
a fixed change of specific volume upon subatmoapheric cooling. 


1.5 percent Cr, were stabilized at various temperatures and 
times. The specific volume at room temperature ( R.T .) 
was then determined before and after cooling to — 196°C. 
The results (Fig. 1) indicate that the time and temperature 



for a fixed degree of stabilization are related through an 
activation energy of about 21,500 cal./mole. 

Specimens of a quenched plain-carbon, 0.95 percent C, 
steel were cooled to — 196°C, then tempered at various 
temperatures and times. The tctragonality, c/a—I, of the 
martensite lattice at R.T, was determined by x-ray 
diffraction methods. The results (Fig. 2) indicate an 
activation energy of 34,000 cal./mole for the first stage of 
tempering. 

Rods of quenched plain-carbon steel, 1.25 percent C, 
were heated to 100°C and twisted a fixed amount, not 
enough to cause permanent set. After holding 30 min., the 
specimens were cooled to lower temperatures and released. 
The anelastic twisting, measured as a function of time 
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Kit;. 3. Relation between time and temperature of untwisting foi a fixed 
amount of untwisting. Twisted 30 degrees at 10U°C\ Held 30 minutes. 


Tests to failure in compression by Foppl* indicate that 
the magnitude of the compressive strength, as well as the 
type of failure observed, depends markedly on the end 
conditions of loading. Fttppl tested his specimens under 
l wo end conditions of loading, lubricated and unlubricated 
loading faces; and with two types of compressive loading, 
one-dimensional and two-dimensional. With a specimen 
of concrete, the compressive strengths in the four cases 
were related as shown in Fig. 1. 


QtfL-Qtht&yOML tWO 



(Fig. 3), corresponds to a:i energy uf about 22,500 cal./mole 
for stress relaxation. The energies observed for stabilization 
and relaxation are approximately equal to that reported 3 
for stress relaxation in plastically deformed iron (ferrite). 

Different steels were used for the different tests to obtain 
the required accuracy. However, changes in steel composi¬ 
tion are unlikely to affect the activation energies materially, 
particularly in the light of the above agreement between 
the heats of activation for stress relaxation. It is concluded 
that stabilization in the austenite-martensite reaction does 
not arise from tempering of martensite, and probably 
arises from stress relaxation. Apparently, the relaxation 
centers responsible for stabilization are produced by local 
plastic How caused by austenite-martensite transformation 
and perhaps by non-uniform thermal contraction. 

This work will be discussed in detail elsewhere. 

* The statements and opinions in this letter are those of the authors 
and do not necessarily express the views of the Ordnance Department. 

1 Now at General Electric Research Laboratories, Schenectady, New 
York. 

* J. A. Matthews, Trans. A.l.M.K. 71, 568 (1925). 

* G. Tammann and E. Schell, Zeits f. anorg. allgem. Chetnie 157. I 
(1926). 

»W. A. West, Tech. Pub. 1993, A.I.M.K., Metals Tech. 13, No. 5 
(1946). 


Remarks on Compressive and Tensile Strengths 

Concerning a Paper by P. W. Bridgman 
Stanley Thompson 

North American Aviation, Inc., Los Angeles, California 
April 9, 1947 

I N a recent paper 1 Bridgman has discussed a series of 
tests on the effect of hydrostatic pressure on the 
fracture of brittle materials. The remarks of this letter 
are considered pertinent to Bridgman’s paper, since they 
explain some of the anomalies mentioned. 


With the surfaces unlubricated, failure occurred by 
breaking off wedge-shaped pieces, while with lubricated 
surfaces failure occurred in planes parallel to the direction 
of compression -as if a tension existed at right angles to 
the direction of compression—with almost the same load 
for the one-dimensional case as for the two dimensional. 
The variation between lubricated and unlubricated surfaces 
is attributed by Fttppl to the effect of shear stress across 
llie loading faces. Since a compressive specimen must be 
comparatively short to prevent buckling, the end condi¬ 
tions are rarely negligible. 

For an analysis of the type of failure produced and a 
prediction of the comparison between compressive and 
tensile strengths, it is desirable to consider the load 
systems shown in Fig. 2. Figure 2(a) shows a two-dimen¬ 
sional compressive loading (— ); Fig. 2(b) shows a hy¬ 

drostatic pressure, numerically equal to the compressive 
loading of Fig. 2(a) on which is superimposed a one- 
dimensional tensile loading numerically equal to the 
hydrostatic pressure. Neither the theory of elasticity, nor 
any test, can differentiate between these two loading 
systems, since they are physically identical. 

In that which follows, aside from the entire equivalence 
of load systems (a) and (b) in Fig. 2, one assumption is 
made: the equivalence of breaking stress under one- and 
two-dimensional loading, as found experimentally by 
Foppl for lubricated loading faces, and as predicted by the 
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semi-empirical shear and octahedral-stress theories. As a 
result any given one-dimensional compressive breaking 
stress ( — <ri) superimposed on a given hydrostatic pressure 
( — Pi) is equivalent to a one-dimensional tensile breaking 
stress (+<n) of equal magnitude superimposed on a hydro¬ 
static pressure ( — Pi — <rt). A plot satisfying this condition 
of breaking stress a(P) against hydrostatic stress P is 
shown schematically in Fig. 3. Positions above the hori¬ 
zontal axis represent tensile breaking stresses, those below 
compressive breaking stresses; positions to the right of the 
vertical axis represent hydrostatic tensions (triaxial ten¬ 
sion), those to the left, hydrostatic pressure (triaxial 
compression). Tensions.are considered positive, compres¬ 
sions negative. It should be noted that <n> is zero when P 
is positive, which corresponds to failure under hydrostatic 
(triaxial) tension only. 

The relationship shown in Fig. 3 can be expressed 
mathematically by the equation 

/(/*)--*</’+/). (1) 

where f(P) represents cither branch of the curve fer 
breaking stress <rp, and g{P+f) represents the other 
branch. 

It is interesting to compare the slope df(P)/dP of the 
branch f(P) at any abscissa P with the slope dg{P+f)/ 
d(P+f) of the branch g{P+f) at the corresponding (/'+•/). 
From Eq. (1): 

mp) 

dg(P+f) _ _ dP r 

d(P+f) . df(P)' 1 

These slopes correspond to the pressure coefficients of 
stress for the two branches of the curve. It can be concluded 
from Eq. (2) that a pressure coefficient of tensile strength 
at P between 0 and 1 corresponds to a pressure coefficient 
of compressive strength at (P-f/) between 0 and <*, and 
the coefficient for compressive strength is always the 
larger. 

Bridgman reports that “the effect of hydrostatic pressure 
is markedly greater in increasing the compressive strength 
of glass than in increasing its tensile strength.” Equation 
(2) and Fig. 3 give a measure of this effect for any function 



/(/*). If cither the compressive or tensile breaking stress 
is known experimentally as a function of hydrostatic 
stress, the other may be obtained without experiment by 
use of Eq. (1) or Fig. 3. 

Since actual compressive failures of homogeneous ma¬ 
terials under hydrostatic pressure cannot occur, it is 
concluded that failure of a material under compressive 
loading, in one or two directions, will occur in a manner 
typical of tensile failures for that material under corre¬ 
sponding hydrostatic pressure. Any departure from this 
type of failure, or from behavior predicted by a plot 
similar to Fig. 3, is a measure of the experimental departure 
from idealized end conditions or inhomogeneity of ma¬ 
terial. It is believed that the angular fracture of glass in 
simple compression when supported by hydrostatic pres¬ 
sure, shown in Bridgman’s Fig. 3, may be due to the end 
effects investigated by Fdppl and that the numerical 
results thus obtained for compressive strength are un¬ 
reliable. 

> P. W. Bridgman. J. App. Phys. 1$. 246 (1947). 

* A. FoppI, MittciluiiKcn ausdem Mech. Tech. Lab. in MUnchen 
(1900). 


Reply to “Remarks on Compressive and 
Tensile Strengths” 

P. W. Bridgman 

Harvard Univrrsity , Cambrtdgc, Ma.wachu'.cth 
April 22. 1947 

T HANK you for letting me see the remarks by Stanley 
Thompson on my paj)er on brittle fracture under 
pressure. These remarks are interesting as showing the 
consequences of carrying through to a mathematical 
conclusion the implications of a literal acceptance of the 
results of the equivalence of. one and two dimensional 
loading in compression. I think, however, that one would 
not expect the bearing on the experimental situation to 
be any too close. Foppl’s results were obtained only for a 
single material of not very typical properties, namely, 
cement and furthermore were obtained only at atmospheric 
pressure. In developing his mathematics Thompson had 
to make an additional assumption not covered by the 
experiments of Fdppl, namely, that the equivalence of 
one and two dimensional compression would continue to 
hold if the experiment were performed in a medium to 
which any hydrostatic pressure whatever is applied in 
addition to the compressions. I very much question 
whether this is legitimate. One of the conclusions that could 
be drawn is that when the effects of terminal friction are 
eliminated, only one type of fracture occurs, the same 
under simple tension as under simple compression. It is 
tacitly assumed that this type of fracture is the simple 
tension type, but I can see no intrinsic reason in the 
argument for preferring this to the ordinary simple com¬ 
pression type except the highly special experiments of 
Fdppl. The point of view of Thompson also commits him 
to the position that the same type of fracture will prevail 
along the entire course of both the upper and lower 
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branches of the curves in his Fig. 3. This seems to me 
highly improbable. 

Of course I will have to admit that there is some justice 
lo his last sentence, namely, that terminal friction modifies 
the figures for the fracture stresses that would be given 
by using only the figures for hydrostatic pressure and 
compressive stress. But, 1 think the modification would 
not be large, and I think the effect is in the wrong direction. 
The most complete fracture experimentally was obtained 
near the ends, where the effect of friction in fictitiously 
raising the strength is the greatest according to Thompson’s 
suggestion. If this is correct it seems to me that fracture 
should have occurred first at the center and should have 
been most complete there. Furthermore, I think substitu¬ 
tion of the numerical values into a diagram like his Fig. 3 , 
both for glass and Carboloy, would Aow that a rather 
improbable state of affairs is demanded. 

Certain aspects of Thompson’s analysis of the stress 
system into hydrostatic pressure and superposed simple 
stresses are much like my analysis in Mechanical Engi¬ 
neering, February 1039, in which similar questions are 
discussed. 


European Induction Accelerators 

Rolf WiukrOf 
Zurich. Switzerland 
(April 21. 1947) 

I have read with interest in the January number of this 
journal H. F. Kaiser’s account concerning “European In- 
jiuction Accelerators” and should be grateful if you would 
allow me to augment and also to correct some of the state¬ 
ments contained therein. 

First of all, as regards the historical data concerning 
the development of the betatron: in the autumn of 1922 
I had already invented the “ray transformer” (my own 
designation for the electron induction accelerator) in 
Karlsruhe during my studies there, quite independently of 
Slepian. In 1925 I applied for a German Patent on this 
invention, but this patent application was subsequently 
abandoned. After the completion of my experimental work 
under Professor Rogowsky in Aachen (1925-1927), 1 it was 
only in the autumn of 1942 that I learned of the work 
done by Kerst and other investigators in the meantime . 2 
Subsequently, up to June 1943 I was able to make a number 8 
of inventions during my work at the Norsk Elektrisk 
Brown Boveri in Oslo, these inventions being confiscated 
in the autumn of 1943, however, by the German authori¬ 
ties. Slepian’s U. S. Patent, which had not been mentioned 
by Kerst in his first publication, only came to my knowl¬ 
edge accidentally some time later, so that it appears to 
me that Slepian’s proposals can only have been of slight 
importance as regards the development of the induction 
accelerator. ^ 

In Kaiser’s account it is stated that the formula for the 
average electron ray current was found by me. This is an 
error, and in my work 8 it is clearly stated that this formula 
and its derivation originate from Kerst. According to this 
formula it should not be possible to obtain an appreciable 


amount of 7 -rays with a 15-mv transformer at such a low 
frequency as 50 cycles. With Ar«2 cm and dr *0.1 cm, for 
instance, the formula gives an injection voltage of about 
170v and an average current strength of only about 
0.0085 fjt A. Compared with this we used an optimum in¬ 
jection voltage of 7-10 kv and attained an average current 
of about 0.03 /uA, the maximum obtainable current strength 
for this injection voltage being probably about 10 times 
higher. The remarkable fact that small ray transformers 
can still be operated to advantage with such a low fre¬ 
quency as 50 cycles was entirely novel in 1944 and cer¬ 
tainly represents the most important result obtained from 
the work performed in Hamburg. 

Our experimental results obtained with the 15-mv trans¬ 
former can, as shown by Touschek and myself, be ex¬ 
plained by elaborating the original Kerst-Serber assump¬ 
tions . 6 When in accordance with our theory the electron 
source is placed inside the potential channel of the sta¬ 
bilizing forces, the efficiency of the electron injection can 
be calculated approximately from: 


/- 16 V 2 Uif h \| . h \ 

\ 3t* 2As/ 


where 


Vi — injection voltage 
A 7/ = induced voltage per turn 
b = width of electron source 
h — height of electron source 
Ar = radial oscillation amplitude of electrons 
Ac = axial oscillation amplitude of electrons. 


If the electron gun is located outside the potential channel 
(“injection from outside”), the cflficienc'' of the electron 
injection will depend on the divergency of the injected 
electron beam, because only very small deviations from 
the optimum direction of injection are permissible for 
catching the electrons. With the 15-mv transformer, the 
angular deviation for Ui= 10 kv may for instance only 
amount to about 0.16° —0.32°. It can be shown that in this 
case the efficiency of the injection in first approximation 
will be proportional to: 



where 


In conclusion I should like to state that our work in Ham¬ 
burg was performed quite independently and without 
knowledge of that done by Siemens-Reiniger and other 
investigators. An account given at a mutual discussion in 
Erlangen (Nov. 1944) concerning the favorable results 
obtained by us with the 50-cycle ray transformer probably 
may have given the impetus for the later construction of 
corresponding 50-cycle apparatus by Siemens. 


1 Described in Achiv fttr Elektrotechnik 21 , 387 (1928). 

* Phys. Rev. 59, 110 (1941); 60 . 47 (1941). 

* E.g., “Premagnetising the control field,” German Pat. Appl. 
W 113740 VIIIc/2lg. “Elimination of the air gap by reverse magnetisa¬ 
tion,” German Pat. Appl. W 113763 VIIIc/21g. “New injection system 
for electrons,'’ German Pat. Appl. W 113563 VIIIc/2ig. “Electron 
lenses,” German Pat. Appls. W 113742 and W 113925 VIIIc/21g. 

«I presume that the well-known phenomenon of an electrodeless 
annular discharge, developing in a poor vacuum chamber under the 
influence of high frequency magnetic fields, provided the first impulse 
for my own inventions. 

5 Archiv ftlr Elektrotechnik 37, 391-408 (1943). 

* A detailed report of this work will shortly appear in the “Schwcizcr 
Archiv." 
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Direction of Maximum Crystal Elongation 
during Metal Cutting* 

G: H. Townknd 

Metropolitan- VUker \ Electrical Company, Ud., Mam Hester, England 
March 17, 1947 

I N an interesting paper by Dr. M. E. Merchant on 
"Mechanics of the Metal Cutting Process,” 1 an error 
was made in the expression connecting shear angle, rake 
angle, and direction of maximum crystal elongation (Eq. 
(1), page 269). I have written to Dr. Merchant and he 
confirms the new expression derived below. 

Let a — rake angle, 

4> — the angle between the shear plane and the surface 
of the workpiece. 

Consider a section of the workpiece A BCD such that 
<CBD — 90°. Then after shearing this section will become 
the parallelogram BFEC. The dimension perpendicular to 
the shear plane must be unchanged during shearing. 

,\ BD-Bll-a. 

Consider a line CG in the chip making an angle ^ with the 
plane of shear. Then the corresponding line in the work- 
piece is DJ. The condition that CG shall be the direction 



Fig. l. 

of maximum crystal elongation is that CG/DJ is a maxi¬ 
mum. 

CG—a costoj/, 

DJ— {a*-T(a cot ^—a cot^+« lan(4> — a)*) 2 } 4 . 

The condition is that 

(sinV-Kcot^ sin^ — cos^-f tan(0—or) sin^)*j * 
is a maximum. That is, 

sinV + I sin^(cot^ -f tan($ — a) — cos ^)} 2 
is a minimum. Let 

coty+tan — or) * «, 

€* sin2^ — 2« cos2^ ■* 0. 

If«*0 

2cot2^-«, 

2 cot2^*cot$+tan<$—«). 

Alternatively it is easily shown that a circle on the 
workpiece becomes an ellipse on the chip and that the 
principal axes of the ellipse make an angle ^ with the shear 
plane, where 

2 cot2^»coty-htan(^—a). 

* ThU letter wa» published in the May issue of the Journal of Applied 
Physics, but through an error Fig. t was omitted. 

* J. App. Phys. 16, 267 (1945). 


Here and There 


New Appointments 

A recent issue of Science reported the following new 
affiliations: 

E. C. Watson, Professor of Physics at California Insti¬ 
tute of Technology, has been appointed chairman of the 
Division of Physics, Mathematics, and Electrical Engi¬ 
neering. 

C. J. Gorter, Professor of Physics and Co-Director, 
Physical Institute, University of Leiden, and formerly 
Zeeman Professor of Physics, University of Amsterdam, 
is a visiting lecturer at Harvard University for the 1947 
summer term. He is conducting one course in advanced 
dynamics and one in relaxation phenomena. The latter 
treats magnetic and dielectric absorption and dispersion 
in alternating fields, a subject in which Professor Gorter 
has made outstanding contributions. 

H. P. Robertson, a member of the facultx of Princeton 
University since 1928, has been appointed Professor ot 
Mathematical Physics, California Institute of Technology, 
effective July 1. 

Distribution of Concentrated Boron 10 

Concentrated isotope boron 10, which enables scientists 
to make more sensitive neutron-detection tubes and there¬ 
by speed up results in atomic research problems, is now 
available, the Isotopes Branch of the Atomic Energy 
Commission has announced. However, only a limited 
quantity is ready for general distribution. Requests will 
be carefully reviewed and allocations will be restricted to 
reasonable quantities for the proposed investigation. 

Boron 10 atoms are normally quite stable. They have, 
however, a great affinity for neutrons. When a boron IT 
atom captures a neutron it is transmuted into two energetic 
nuclear particles, one lithium and the other helium. The 
latter is the well-known alpha-particle. Either particle 
serves as an excellent trigger for a tube designed to count 
neutrons. Boron found in nature contains only 20 percent 
boron 10. Hence a neutron-detection tube five times more 
sensitive can be made by employing nearly pure boron 10 
rather than an equal quantity of ordinary boron. The 
boron 10 wa 9 produced by concentrating the isotope from 
natural boron in studies of isotope concentration. 

Boron 10 will be packaged for shipment in the form of 
the solid complex boron trifluoride-calcium fluoride. The 
complex contains 6.9 percent elemental boron, of which 
96 percent is B 10. Approximately 6.5 grams of BFi'CaF* 
are needed to obtain one liter of BF«at normal temperature 
and pressure (assuming 100 percent liberation). The boron 
trifluoride may easily be released as a gas by heating to 
temperatures above 260°C in a vacuum. 

The price of BF*-CaF* complex is $2 per gram, inde¬ 
pendent of quantity. Shipping charges will be added to 
the invoice. There is no additional handling fee per ship¬ 
ment. Standard units of 1*, 5, 10, and 50 grams have been 
packaged in glass containers with moisture-proof plastic 


784 


Journal of applied physics 



screwtops. Requirements will be filled in single units or 
multiples of these standard sizes. Clinton Laboratories, 
Oak Ridge, Tennessee, will act as the supplier. 

Exhibit of Technical Photographs 

A special section devoted to photographs of technical 
and scientific subjects will be included again this year in 
the annual exhibition of the Photographic Society of 
America. The exhibition will be hung at the Oklahoma 
Art Center, Oklahoma City, and contributors are invited 
to submit prints for the technical section prior to Septem¬ 
ber 8. Prints should be mailed to W. F Swann, 343 State 
Street, Rochester 4, New York 

Subject matter may cover any ph^se of technical 
photography save pictorial photographs of technical or 
mechanical operations. Scientific and industrial photo¬ 
graphs illustrating original and novel photographic tech¬ 
niques may be submitted. These include photographs in 
such fields as astronomy, geology, medicine (except diag¬ 
nostic radiographs), metallography, mineralogy, and 
physics. Both black-and-white or color photographs are 
acceptable. Technical data pertaining to each photograph 
should be lettered neatly in the lower left-hand corner of 
each mount, if possible, and the maker’s name should 
appear on the face of the mount. There is no limit, to the 
cumber of prints which may be submitted by a competitor. 

Brookhaven Advisory Committee 

Dr. Edward U. Condon, Director of the National 
IJiireau of Standards, and Dr. Detlev W. Bronk, Chairman 
of the National Research Council, have accepted appoint¬ 
ments as members of the Scientific Advisory Committee 
of Brookhaven National Laboratory, Long Island, New 
York. 

Louisville Research Institute Dedicated 

The University of Louisville Institute of Industrial 
Research (affiliated with Speed Scientific School) dedicated 
its new research building on June 12, 1947. 

Herman F. Mark Accepts Belgian Chair 

Herman F. Mark, Director of the Institute of Polymer 
Research and Professor of Organic Chemistry, Polytechnic 
Institute of Brooklyn, has been invited to accept the 
Chair Franccki at the University of Lidge, Belgium, for 
the academic year 1947-1948. The guest professorship 
involves a six-month lecture tour of several Belgian 
universities. 

Spectrochimica Acta Re-Established 

The journal Spectrochimica Acta has been re-established 
as an international organ fgr spectroscopists and spectro- 
chemists, to be published in the Vatican under the editor¬ 
ship of Dr. Alois Gatterer, assisted by a group of co¬ 
workers in other countries, as follows: Dr. R. Breckpot of 
Belgium, Dr. H. Kaiser of Germany. Dr. E. Van Someren 
of England, and Dr. Lester W. Strock of America. It is 


expected that the first number of the journal will be 
ready for press by August 1, and that from six to eight 
numbers a year will be issued thereafter. Papers in English 
from America should be submitted to Dr. Strock at 21 
Madison Avenue, Saratoga Springs, New York. The 
official languages of Spectrochimica Acta are English, 
French, and German, and papers will also be accepted in 
Italian and Spanish. 

Second Inttrumentation Exhibit 

Over ninety manufacturers of instruments and devices 
for measurement, inspect ion, testing, and control have 
already signed up to exhibit their latest developments at 
the coming second annual Instrument Conference and 
Exhibit at the Stevens Hotel, Chicago, September 8-12, 
1947, sponsored by the Instrument Society of America. 

Lehigh to Remodel Two Buildings 

Lehigh University is remodelling its physics and chem¬ 
istry buildings at an approximate cost of $105,000. Work 
is expected to be completed before the opening of the fall 
semester. The physics building will be equipped with new 
laboratories for high voltage x-ray equipment, electronics, 
electric waves, and optical and spectroscopic work. 

Awards 

Otto Stuhlman, Jr., Professor of Physics, University of 
North Carolina, received the Pot eat Award at the 64th 
annual meeting of the North Carolina Academv of Science, 
May 9-10, in recognition of his biophysical paper “A 
Dynamical Analysis of the Movements of the Lobes of 
the Venus’ Flytrap.” 

Presidential Medals for Merit were presented on May 5 
to the following scientists for outstanding contributions to 
the Navy’s war effort: John T. Tate, Chairman of Research 
and Professor of Physics, University of Minnesota; 
Frederick V. Hunt, Chairman of the Department of 
Engineering Sciences, Harvard University; Gaylord P. 
Harnwell, Chairman of the Department of Physics, 
University of Pennsylvania; and William V. Houston, 
President of Rice Institute. 

Detection of Isotopes by Tracer Micrography 

A method for the more effective tracing of radioactive 
isotopes in materials in which they have been intentionally 
introduced has been developed by L. Marton of the Na¬ 
tional Bureau of Standards with the cooperation of I\ H. 
Abelson of the Department of Terrestrial Magnetism, 
Carnegie Institution of Washington. In this procedure, by 
means of a magnetic focusing arrangement, the radiation 
given off by a radio-isotope within a sample material is 
made to form an image of the emitting surface upon a 
photographic plate. The image may then be used in study¬ 
ing the distribution and concentration of the radioactive 
element present in the sample. 

In many chemical, biological, biochemical, and other 
fields of research, there is growing application of the 
method of tracers, in which the isotope of a given element 
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is used as an indicator to tag or label certain groups of 
atoms so that they may be distinguished from other atoms 
of the same kind. Identification of tracer elements is at 
present greatly facilitated through the use of radioactive 
isotopes, which, because of recent developments in atomic 
energy, are now available in large quantities and are 
relatively easily detected through their radiations. 

In the well-known method of radio autography a radio¬ 
isotope is introduced in a biological or other system, and 
the distribution of that particular element within the sys¬ 
tem is determined by bringing the sample in close contact 
with a photographic emulsion. This method lacks resolving 
power, because, even in. case of perfect contact of the 
sample with the emulsion, the circle of confusion from every 
point of emission is so great that details less than a tenths 
of. a millimeter are very difficult or impossible to distin¬ 
guish. 

In order to improve the resolution of this tracer method, 
it was decided to use electron optical image formation for 
determination of the distribution of a radioactive element 
within a given sample. This process, which may be called 
“tracer micrography,” is based on the emission of high 
speed electrons (beta-rays) by many tracer elements and 
the use of magnetic lens elements for forming an image on 
a suitable recording surface. 

In the absence of any means for correction of the chro¬ 
matic aberration of electron optical lenses, (he first micro¬ 
graphs were limited to those elements that emit electrons 
of uniform speed. After some attempts with columbium 93, 
yttrium 87, strontium 85, strontium 87, protactinium 23$, 
and gallium 67, the latter was selected for the initial tests. 
Gallium chloride, prepared by chemical separation from 
zinc, was bombarded by heavy hydrogen nuclei in the 
cyclotron at the Carnegie Institution, and the solution was 
evaporated drop after drop on a 1-inch tantalum disk. 
Radiation emitted from the surface of the disk, upon 
passing through a magnetic lens consisting of a small iron¬ 
clad coil with Arina) iron pole pieces, was brought to a 
focus on a photographic film at a distance of al>oiit 3$ 
inches. An image of the tantalum disk was thus obtained 
showing radioactive areas. The conditions were selected so 
that a linear magnification of 2 was produced. 

For calibration of the instrument, the photographic film 
was replaced by a Geiger counter, and the lens current 
necessary to produce a maximum number of counts in 
unit time was determined for radiations of varying veloci¬ 
ties. 'yhis established the focusing current for a given type 
of radiation. 

In preliminary experiments with samples of different 
concentration and thickness of the radioactive layer, expo¬ 
sure times ranged from 2 to 1 2 hours according to the age 
and concentration of the sample and the numerical aper¬ 
ture of the lens. It was found that micrographs with good 
definition Were obtained consistently when the layer was 
sufficiently thin to avoid considerable self-absorption. The 
best resolving power attained so far has been about 30 
microns. - 

The simplicity of this method, both in apparatus and 
technique, is one of its more important features. Vacuum 


requirements are very moderate, since the mean free path 
of the electrons is large in comparison with the apparatus 
dimensions, even at forepump pressure. 

Scientists at the National Bureau of Standards expect 
to obtain further improvements in tracer micrography 
through after-acceleration of the beta-particles by means 
of a homogeneous electrostatic field. Such after-acceleration 
may well result in reduced exposure lime and in better 
resolution due to a reduction in spherical aberration. A 
further reason for after-acceleration is that chromatic 
aberration, which is always present, even in sources emit¬ 
ting particles of uniform speed, can be markedly decreased 
if the accelerating potential is at.least comparable in 
magnitude to the energy of the primary emission. 

Utah Symposium on Sound 

In connection with the Utah Centennial Celebration a 
Symposium on Sound was held at the Salt Lake Tabernacle 
and the University of Utah on July 21 and 22. Invited 
papers were presented by eleven academic and industrial 
experts in the field of sound. 


New Books 


Scientific Progress in the Field of Rubber and 
Synthetic Elastomers 

Initiated by the Late Elmer O. Kraemer, Edited 
by H. Mark and G. S. Whitby. Pp. 453, 15JX23J 
cm. Interscience Publishers, Inc., New York, 1946. 
Price $7.00. 

This book which is volume II of Advances in Colloid 
Science is a sequel to volume I and describes recent 
advances in the physics of rubber and synthetic elastomers. 
The work and plans of the late Elmer O. Kraemer have 
been admirably carried out by the co-authors, H. Mark 
and G. S. Whitby.* 

This book consists of ten chapters on various phases of 
high polymer physics, each written by specialists; and they 
have all done an excellent job. In addition, a biography of 
the late Dr. Kraemer is included with a list of his many 
publications. Complete author and subject indexes arc 
included. The book contains around 450 pages and over 
800 references. 

The first chapter or introduction gives some well-known 
facts concerning the origin, chemical nature, and some of 
the properties of the cured polymers of both natural rubber 
and the more common synthetic elastomers. 

The second chapter, a real treatise on the subject of 
second-order transitions, is extremely well written and 
contains over 125 references. Tables on second-order 
transition temperatures and brittle points are given for 
over thirty different plastics, rubbers, and synthetic 
rubbers. The theory of second-order transitions is elabo- 
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rated upon with particular reference to the theory of 
segment rotation. Experimental results, together with 
factors influencing jfecond-order transitions, make this 
section of particular value to workers in the high polymer 
field. 

Chapter 3 is an excellent resume of the past and 
most recent information and theories on crystallization 
phenomena in synthetic and natural rubbers. This section 
contains a complete bibliography of 150 references. 

The fourth chapter goes into a study of crystal and 
molecular structure of high polymers by means of x-ray 
diffraction methods. There is some duplication of informa¬ 
tion in this and the previous chapter; however, it is not 
objectional, as crystallization phenomena are followed in 
the first instance primarily by dilatoiftetcr and other 
methods, and in the second instance primarily by x-ray 
diffraction methods. 

There are also valuable chapters on thermodynamics of 
rubber solutions and gels, viscosity of high polymers, 
kinetic theory of rubber elasticity, vulcanization, rubber 
photogels, and photo-vulcanizates. The volume fittingly 
concludes with a chapter on reinforcing agents in rubber. 

Some of the newer organic plastics and resins as vulcan¬ 
izing agents and as reinforcing agents for rubber and 
synthetic rubbers are not covered in this volume. 

The authors arc to be congratulated on the general 
make-up and quality of the chapters on the timely subjects 
which are covered in this book. 

Duplication of information is surprisingly low in a 
volume covering such a diversity of inter-related subjects 
by such a large number of authors. 

*This book will be a welcome library addition to all those 
interested in the field of high polymer physics. 

R. S. Havenhili. 

St. Joseph Lead Com pithy, Monaco , Pennsylvania 

Electron and Nuclear Counters—Theory and 
Use 

Bv Serge A. Korff. Bp. 212, 22X14J cm. I). Van 
Nostrand Company, Inc., New Y r ork, 1946. 

In his book, Electron and Nuclear Counters - Theory and 
Use, Korflf has gone a long way towards removing the aura 
of “magic” from detectors used in the field of nuclear 
physics. The student desiring to enter this field has had in 
the past practically no recourse but to learn peculiarities 
of nuclear detectors the hard way, namely, the trial and 
error method of making and using them. This same 
student now has available in this very readable book a 
fairly complete qualitative account of the operation and 
construction of ionization chambers, proportional counters, 
and Geiger counters. 

The first chapter is devoted to the history and general 
operation of particle detectors. Korff points out that the 
main differences between the ionization chamber, propor¬ 
tional counter, and Geiger counter is the voltage region in 
which they are operated. The next three chapters give a 
more detailed account of the operation of these detectors. 
The last of these chapters, namely, the one covering the 


Geiger counter, is by far the most detailed and complete 
since this is the author’s special field. Even though they 
have much theory and operation in common, Korff dis¬ 
cusses separately the non-self-quenching counter and the 
self-quenching counter. Expecially interesting is^the dis¬ 
cussion of the quenching process caused by the presence of 
certain polyatomic gases in a Geiger counter. The presence 
of spurious counts or a continuous discharge in a Geiger 
counter is interpreted as being caused by the emission of 
photoelccirons and/or secondary electrons from the outer 
electrode because of photons or positive ions formed in 
the discharge striking this electrode. If certain polyatomic 
gases are present they are found to absorb the photons 
and neutralize the positive ions of the counter gas, the 
excitation energy of the polyatomic molecule then being 
dissipated harmlessly through the process of predissocia- 
tion. 

I'he last three chapters cover, respectively, the con¬ 
structional aspects of nuclear counters, statistics of count¬ 
ing random events, and finally the auxiliary electronic 
circuits involved, such as quenching circuits, scaling 
circuits, coincidence circuits, and linear amplifiers. 

I'he book contains several erroneous and conflicting 
statements and at least one incorrect circuit diagram. At 
one point the author speaks of reducing the alpha-particle 
background of an ionization chamber through the use of a 
positively charged grid which “would repel any alpha- 
particles approaching it and drive them back into the 
wall.” I'he expression for the percentage of missed counts 
has been developed in Chapter 6 on the basis of very 
naive assumptions and is valid only for recovery times 
small compared to the average time between counts. The 
Neher-Pickering circuit as presented is obviously not 
capable of quenching. In several cases the circuits given 
in the book are not the most up-to-date ones used for that 
particular purpose. 

This book, the reviewer feels, has provided the newcomer 
with a good way of getting acquainted with the field but 
does not fill the need for a critical and detailed review of 
the present status of our knowledge of counter mecha¬ 
nisms. A worker in this field will still have to refer to 
the literature for a complete and quantitative account. 

Erwin F. Shrader 
Case Institute of Technology 

Colloids, Their Properties and Applications 

By A. G. Ward. Pp. 133, Interscience Publishers, 
Inc., New York, 1946; Blackieand Son, Ltd., Glasgow. 

A book on colloid chemistry of this limited size can 
obviously serve, as the author intended it should, only as 
an elementary account of recent progress in colloid science, 
and as an introduction of the subject to those who arc 
unfamiliar with it. In general it accomplishes these aims 
in a satisfactory manner, and can be recommended highly. 

The book has three major subdivisions; I. The Nature 
of the Colloidal State; II. The Colloidal Systems; III. 
Colloids in Industry and Living Matter. The treatment 
throughout is descriptive in nature. The author has tried 
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to make the field of colloidal dimensions intelligible to 
the layman by giving all dimensions first in microns and 
then, in parenthesis, on a scale one hundred million fold 
enlarged. Thus a particle of tobacco mosaic virus is said 
to have a length of 0.5 u (50 meters). This is rather dis¬ 
concerting to one who opens the book at random, unaware 
of the convention adopted. 

The author points out that the usual tendency to 
explain trends in scientific progress on the basis of social 
and economic needs of the community is not valid in the 
colloid field. The practice of colloid chemistry is one of 
man’s oldest endeavors in such realms as textiles, pottery 
soils, paints, etc. Colloid science has lagged behind practice 
mainly bccau.se the tools which were needed to explore the 
colloidal domain are all fairly new. Hence he places special 
emphasis on these new tools. 

It was a pleasure to read this book and see a broad 
field free from the complex technical and mathematical 
details which one needs for active work in colloid chemistry. 

R. F. Boykr 

The Dow Chemical Company 


New Booklets 


The National Research Council of the National Academy 
of Sciences, Prevention of Deterioration Center, Room 2(£1, 
2101 Constitution Avenue, Washington, D. C., can now 
offer the Prevention of Deterioration Abstracts on a yearly 
subscription basis. These abstracts are set up under the 
following headings: electrical and electronic equipment; 
finished assemblies; fungicides; lacquers, paints, and 
varnishes; leather; lubricants; metals; microorganisms; 
optical instruments; packaging; paper; plastics; resins, 
rubbers, and waxes; storage, textiles; and wood. Items 
abstracted include journal articles, patents, specifications, 
unpublished reports prepared by various Army, Navy, and 
other governmental groups, and unpublished British, 
Australian, and Canadian reports. 

There will be approximately 1500 pages of the abstracts 
per year. The individual abstracts are in loose leaf form, 
so that they may be arranged in manner desired by the 
individual receiving them. Throughout the calendar year, 
all the abstracts classified under any one heading will be 
numbered consecutively. 

Comments made by the personnel of the Prevention of 
Deterioration Center are added to many of these abstracts. 
In these comments attempts are made to relate a specific 
report with other relevant ones, to evaluate reports, or to 
make suggestions concerning further needed research. 

The price, which includes two binders and index guides, 
will be $3^.50 per year. Two binders are required for one 
year’s subscription. The fiscal year will be from July 1 


to June 30. For the year 1946 back issues will be supplied, 
since these abstracts started in April 1946. 

% 

Dow Corning Corporation, Midland, Michigan, has 
published a new silicone data sheet entitled Specifications 
for Rewinding Motors with Silicone Insulation . 2 pages, 
free on request. 

The Gacrtner Scientific Corporation, 1201 Wrightwood 
Avenue, Chicago 14, Illinois, has announced publication 
of two bulletins: 157-74, Divided Circle Spectrometers and 
Accessories , 20 pages; 158-74, Wavelength Spectrometers 
and Monochromators , 12 pages. Available free on request. 

The Tube Department of Radio Corporation of America, 
Harrison, New Jersey, has brought out a revised edition 
of the Quick-Reference Chart on Miniature Tubes . It is 
form MNT-30A. 4 pages. 

North American Philips Company, Inc., 100 Hast 42d 
Street, New York 17, New York, has published a two-page 
chart (R-1066) entitled Basic Characteristics of Useful 
Industrial Laboratory Instruments . Data are presented in a 
convenient form to facilitate hanging on the wall for 
ready reference. Free on request. 

Littelfuse, Inc., 4757 Ravenswood Avenue, Chicago 40, 
Illinois, has recently published its first completely new 
catalog since the beginning of the war. It is a manual of 
progress in the field of circuit protection, including a brief 
historical survey of fusing and the announcement of 
many new developments in the company’s line of fuses, 
fuse mountings, and circuit indicators. The catalog’s 
number is 9. 

Dewey and Alrny Chemical Com|>any, Boston 40. 
Massachusetts, has issued a new catalog of Darex meteor¬ 
ological balloons, containing many new performance and 
data charts calibrated in both the English and metric 
systems. 30 pages. Free on request. 

RCA Application Note for May 15, 1947, published by 
the Tube Department of Radio Corporation of America, 
Harrison, New Jersey, is entitled Use of the 2K24 and 2K26 
at 162 Megacycles. 8 pages, available on request. 

Interscience Publishers, Inc., 215 Fourth Avenue, New 
York 3, New York, has published a 50-page catalog of its 
recent releases in the fields of chemistry, physics, mathe¬ 
matics, engineering, and medicine. 

Eastman Kodak Company, Rochester 4, New York, 
has issued a revised data book on Infrared and Ultraviolet 
Photography. Priced at 25 cents a copy, it is available 
through all Kodak dealers. 
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Microwave Dielectric Measurements 

T. W. Dakin and C. N. Works 
Westinghous * Research Laboratories , East Pittsburgh , Pennsylvania 
(Received March 7, 1947) 

The method of measurement of the dielectric properties of solid dielectrics described by 
S. Roberts and A. von Hippel has been applied with 3-cm wave-length waves in a rectangular 
wave guide. In this method the dielectric sample is placed at a short circuited end of the trans¬ 
mission line, and the dielectric properties of the sample, calculated from the position of a 
minimum of the standing wave and the ratio of the minimum field strength to the maximum 
field strength of the standing wave. A simplified procedure for calculating the dielectric, prop¬ 
erties from the measurements is presented. Values are given of the dielectric properties of some 
common plastic and ceramic materials at 10-cm wave-length and 3-cm wave-length, which 
were measured with this method. 


INTRODUCTION 

A T microwave frequencies the dielectric prop¬ 
erties of a material can be obtained ac¬ 
curately only by measuring the wave-length in 
the material or its reflecting power and the 
attenuation of the wave in the material. I here 
arc many experimental ways in which the prob¬ 
lem can be attacked. A summary of the experi¬ 
mental work in this field up to 1927 is given by 
Romanoff. 1 His summary includes the pioneering 
work of Drude, 2 who proposed two methods, the 
first of which consisted of measuring the wave¬ 
length directly in the dielectric media surround¬ 
ing a resonant section of a pair of lecher wires, 
and the second of which consisted of measuring 
the capacitance of a small capacitor containing 
the dielectric and closely attached to the res- 


'W. Romanoff, Handbuch der Physik (Julius Springer 

Verlag, Berlin, 1927), Vol. £V, p. 491. ( 1897 ) 

* Paul Drude, Zeits. f. physik. Chetnte 23, 267 (1897). 
Ann. Physik und Chemie 55, 633 (1895); ibid . 61, 
(1897). 


onant section of lecher wires. Drude’s second 
method contains inherent errors, when applied 
at very short wave-lengths, because of the in¬ 
accuracy of considering a capacitor as a lumped 
capacitance at these wave-lengths. Drude’s sec¬ 
ond method has, however, been used by many 
investigators 3 even up to recent years. Modifica¬ 
tions and improvements of Drude’s first method, 
including experiments where only a part of the 
resonant section of a transmission line is filled 
with dielectric, .have been made by many in¬ 
vestigators 4 since the summary of Romanoff. 
In more recent work, enclosed coaxial or hollow 


3 W. Hemple, Elckt. Nachr.-Techn. 14, 33 (1937); I. 
W. Miller and B. Salzberg, R.C.A. Rev. 3, 486 (1938); 
R. Odenwald, Ann. d. Physik 35, 690 (1939); H. Slatis, 
Ann. d. Physik 36, 397 (1939); C. Klages, Physik. Zeits. 
43, 151 (1942). 

4 M. Seeberger, Ann. d. Physik 16, 77 (1933); H. 
Kaufmann, Hoch: tech. u. Elek: akus. 53, 61 (1939); J. ; 
Malsch, Ann. d. Physik 12, 865 (1932); ibid. 19, 707 
(1934); ibid. 20, 33 (1934); M. Ardenne, Otto Groos, and 
G. Otterbein, Physik. Zeits. 37, 533 (1936); R. King, 
Rev. Sci. Inst. 8 , 201 (1937); K. Slevogt, Ann. d. Physik 
36, 141 (1939). 
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transmission lines have been used . 6 Optical 
methods where the transmission through slabs 
of the dielectric and reflection from the dielec¬ 
tric surface are measured have also been used 6 
with microwaves. Direct measurement by probes 
of standing waves set up within liquid dielectrics 
and in front of dielectric surfaces by reflection 
have also been used to obtain dielectric prop¬ 
erties . 7 Resonant-cavity methods where all or 
part of the cavity is filled with dielectric are an 
extension of the resonant-transmission line idea 
and these have been used at microwave fre¬ 
quencies . 8 





FIGURE 1C (OOO LENGTH SECTION OF DIELECTRIC) 


Fig. 1. Standing-wave patterns in short circuited 
wave guide. 


*W. I. Kalinin, Physik. Zeits Sowjetunion 10, 257 
(1936); H. R. L. Lamont, Phil. Mag. 7-29, 521 (1940); 
ibid. 7-30, 1 (1940); W. Kusters, Hoch: tech. u. Elek: akus. 
59, 129 (1942); G. Fejer and P. Scherrer, Hclv. Chim. 
Acta. 15 7, 645 (1942); G. Williams, Phil. Mag. 7-35, 283 
(1944); J. Benoit, J. dc phys. et rad. 8-5, 173, 203 (1944); 
C. R. Englund, Bell Sys. Tech. J. 23, 114 (1944). 

• J. D. Tear, Phys. Rev. 21, 611 (1923); Zeits. f. Physik 
113, 415 (1939); W. Kebbel, Hoch: tech. u. Elek: akus. 53, 
81 (1939), G. Baz, Physik. Zeits. 40, 394 (1939); L. 
Palmer aad G. Forrester, Proc. Phys. Soc. London, 53, 
479 (1941); L. H. Ford and R. Oliver, Proc. Phys. Soc. 
London 58, 265 (1946). 

r M. Velasco and G. L. Hutchinson, Proc. Phys. Soc. 
London 51, 689 (1939); A. N. Soos, Comptes rendus Acad. 
Sci. U.R.S.S. 33, 310 (1941); W. P. Conner and C. P. 
Smyth, J. Am. Chem. Soc. 65, 382 (1943). 

•F. Borguis, Naturwiss. 29, 516 (1941); C. N. Works, 
T. W. Dakin, and F. W. Boggs, Trans. A. I. E. E. 63, 1092 


MEASUREMENT TECHNIQUE AND CALCULATIONS 

The method using standing-wave measure¬ 
ments in the transmission line in front of the di¬ 
electric sample proposed by S. Roberts and 
A. von Hippel 9 has been developed for the meas¬ 
urement of solid dielectrics to a more practical 
state than any other method in recent years. 
'Phis is the method which is used and discussed 
in this paper. 'Phis method consists of reflecting 
the wave at normal incidence from a slab of the 
dielectric which is placed against a perfectly re¬ 
flecting surface. The process of reflection sets up 
standing waves in the space region in front of the 
sample as a result of the superposition of the 
incident and reflected waves (See Figs, la, lb, 
lc). The electric field direction is maintained at 
right angles to the direction of propagation of the 
wave (TE wave). 

In actual practice the wave and the dielectric 
sample are restricted to an enclosed hollow or 
coaxial wave guide, although this is not in prin¬ 
ciple a necessary restriction. The same equations 
are valid in principle for a measurement using 
lecher wires or free space with a parallel beam of 
radiation, although it is more difficult in practice 
to do measurements under those conditions. 

The separation of the first minimum from the 
face of the sample will depend on the wave¬ 
length of the wave in the sample and its thick¬ 
ness, since the first minimum will be an integer 
number of half-waves from the reflecting surface 
behind the sample (See Fig. lb). In Figs, lb and 
lc the shortening of the wave-length in the 
sample is shown. Insertion of the dielectric 
shifts the minima of the standing wave toward 
the end. The separation of the first minimum of 
the standing wave from the surface of the sample 
is a measure of the dielectric constant. 

If there is any attenuation in the dielectric, 
there will be a reduction in the standing-wave 
ratio £tnax/£intni since all the incident wave in¬ 
tensity would not be reflected. There is, of course, 
a finite standing-wave ratio with no dielectric 
present, because of the slight attenuation by the 
copper- or silver-walled transmission line. The 
measured value of E tn »x/E in i n is mathematically 


(1944); D. L. Hollaway, J. Inst. Eng. Aust. 21, 79 (1940); 
W. R. MacLean, J. App. Phys. 17, 558 (1946). 

9 S. Roberts and A. von Hippel, J. App. Phys. 17, 610 
(1946). 
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related to the attenuation constant and the di¬ 
electric constant of the slab of dielectric by the 
relation ( 1 ) which was derived by S. Roberts 
and A. von Hippel . 9 

Emin ( 36(XV 0 

- \ j an - 

^nmx K K tan 117 .^/ 

E t ..in tan36()* 0 Irdi y 4 ^ 

1 —i - 

^mux X, f 

Where * 0 is the distance from the first electric 
field strength minimum of the standing wave to 
the face of the sample, d is the thickness of the 
sample, and \ 0 is the wave-length along the 
wave guide outside the sample. E ltx \ n /E u ^ x is the 
ratio of the electric field strength at an adjacent 
maximum point. 72 is the propagation constant 
of the wave in the wave guide and within the 
sample. 


The most general procedure is to solve the 
above complex transcendental equation for 72 d 
after the measured values of E m in/E mBXt \ 0f d , 
and x 0 are obtained. The solution of this equation 
can be obtained directly only by the use of 
charts of the complex function: Xanhynd/yxi. 
Such ('harts have been prepared by Professor 
von Hippel and co-workers . 10 A convergent series 
solution has also been obtained by them for the 
case where 36(h-o/X (? is near* to 90° or an odd 
multiple of 90°, and E m \u/E lllVkX is small. But this 
direct method of solving the complex transcen¬ 
dental equation is very laborious. 

A simpler solution, usually of sufficient ac¬ 
curacy, can be obtained when the value of the 
dissipation factor of the dielectric is less than 
O’.l by separating Eq. ( 1 ) into its real and imag¬ 
inary parts and equating them separately, re¬ 
membering that 72 = « 2 +j£M. Equation of the 
real parts gives: 


360*,, / 

— tan-( 1 — 

x, V 


#min\ 

E\uJ 


/ E 2 m i„ 360*„\ 

2 irdl H-tan 2 - 1 

V 2£ 2 m»x X, / 


/M tan/CMG — tanh 2 a2d)+a2<Z(l+tan/M) tanha^ 
(a 2 2 d 2 + 02 2 d 2 )(l +tanh 2 c*od tan 2 02 d) 


( 2 ) 


When and E mxtl /E niHX are small, the above 
equation reduces to: 


360*,, 

— X w tan- 

X„ tan/M 

2wd P 2 d 


(3) 


This is an equation involving no complex num¬ 
bers which may be readily solved for /M by 
reference to a table of (tan 0)/0 for radian argu¬ 
ments. Such an abbreviated table exists in 
Jahnke Emde’s Funktionentafeln. A more com¬ 
plete table has been prepared at the West- 
inghouse Research Laboratory, and another by 
the Laboratory for Insulation Research at 
MIT . 11 The values on the left side of Eq. (3) 
are measured quantities'’, and after pud has been 
obtained the dielectric constant can be calculated 


u Report IX by W. B. Westphal, Laboratory for Insu¬ 
lation Research, MIT Contract OEMsr-191 N.D.R.C. 


from the following equation: 

OM) 2 


1/X C 2 +- 


(2ird) 2 


1/X r 2 +1/X„ 2 


(4) 


where is the dielectric constant, X c is the cut 
off wave-length of the wave guide. If coaxial 
wave guide is used, 1/X f 2 is zero. The above 
equation is accurate only for materials having 
dissipation factors less than 0 . 1 . The solution of 
Eq. (3) for p^d is multi-valued and will give 
several values of c'. If the correct one cannot be 
selected by previous knowledge of the material, 
a second measurement is necessary using a sam¬ 
ple of different length, d. 

An expression can now be obtained for the 
attenuation constant by equating the imaginary 


10 Report III by A. von Hippel, D. G. Jelatis, and W. 
B. Westphal, Laboratory,for insulation Research, MIT 
Contract OEMsr 191, N.D.R.C. 
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parts of Kq. (1). 


^min/ 360xo 

-A,-11+tan 2 - 

Emnx ' Xj 

( E? nun 360*o 

1H-tan 2 - 

E? max A t f 


) 

) 


012 d tanffid — ot 2 fl tanA 2 « 2 d ta — tan/fa-jd—jCM ta nha*d tan 2 /W 
(1+tan/rWJ tan 2 M)(a 2 2 d' i +fi 2 2 d 2 ) 


When at and E mm /E mliX are small, Eq. (5) 
reduces to: 


( 360*o\ 

1+tatf 2 -) 

\g / 

«2d^ ---. (6) 

2 rd E max find (1 + tan 2 #-^) — tan 


Roberts and von Hippel 9 have shown that 
E ni m/E limx = irAx/Xg where A* is the width of the 
minimum of the standing wave to the double 
power points. After making this substitution, and 
putting in an equivalent value for cr 2 , Eq. (6) 
gives an analytical expression for the dissipation 
factor: * 


A*r(l/A, 2 +l/A„ 2 )-l/A r Vi 
tan $* = —- 

d L (\/\ 2 + \M J 


360*o> 


( 360* 0 \ 
1 + tan 2 - j 


:• (7) 


jM(l + tan 2 jM) — tan£M 
In the above equation the term within the 



Fig. 2. 


brackets reduces to unity for coaxial.wave guide, 
since 1/A r 2 is zero in that case. In carrying out 
calculations it is first necessary to obtain Pud and 
tanfrom Eq. (3) before the dissipation factor 
is calculated using Eq. (7). 

Since there is always some dissipation in the 
walls of the wave guide, a measurement of 
fimin/Emwc includes those losses together with the 
dielectric losses. These wave guide losses must 
‘be subtracted. The proper procedure is first to 
correct the measured value of E mln /E mHX for the 
loss due to the wave guide in front of the sample, 
between the sample face and the measured mini¬ 
mum. Then the total dissipation factor of the 
wave guide and sample are calculated from Eq. 
(7), and the dissipation factor of the wave* guide 
subtracted from the result. The dissipation fac¬ 
tor of the wave guide can be obtained from Eq. 
(7) after measuring the value of A* with the 
wave guide empty. In this cast 't would be unity, 
d would be the distance from the measured mini¬ 
mum to the shorted end of the wave guide, and 
both tan(360*o/A tf ) and tan/M would be very 
large. Then Eq. (7) gives for the dissipation fac¬ 
tor of the wave guide: 

A* 1 

tan$ti> = —-. (8) 

d l+X^/X, 2 

Since the approximations involved in going 
from Eqs. (2) to (3) and from (5) to (6) are 
not readily obvious except in the limiting cases 
of very large tan(360*o/A a ) and tan#*/ or of 
tan(360*o/A„) and tan/M less than unity, a 
numerical check of the validity of the approxima¬ 
tions was made by substituting in typical meas¬ 
ured values of A*, d and (360*g/A„). It was 
verified by numerical calculation that Eq. (3) is 
accurate to about +1 percent in the dielectric 


792 


JOURNAL OF APPLIED PHYSICS 







constant for dissipation factors less than 0 . 1 . 
This numerical check was made for a wide range 
of values of (360x 0 /X„), varying from 0° to 120° 
and also a wide range of values of Ax and d by 
comparing values of e' and tan5 obtained from 
Eqs. (3), (4), and (7) with those obtained from a 
direct graphical solution of Hq. ( 1 ) for 7 2 . The 
accuracy of the approximation increases with 
decreasing tan5. Similar accuracy is also ob¬ 
tained in the calculation of tan 6 

EXPERIMENTAL 

4 

The complete electrical system is shown in 
schematic form in the block diagram, Fig. 2. 
Figures 3 and 4 show the standing-wave detector 
and sample holding section of the instrument. 
The cross section of the guide and the sample is 
0.900" by 0.400". Typical samples vary in 
length from about J" for high loss and high di¬ 
electric constant materials to about 1 J" for low 
Iqss and low dielectric constant materials. 

The position of the probe must be known with 
great precision, so a Gaertner comparator, No. 
1658, 0-100 mm, which reads accurately to 
0.001 mm, was used to carry the probe. The 
probe must have sufficient length to give suffi¬ 
cient signal at the minimum of the wave pattern ; 
its presence should not disturb the field; it must 
be shielded so that it does not produce disturbing 
radiation. 

The steel brackets shown as E and F in Fig. 3 
enabled a careful adjustment of the comparator 


so that the probe would move parallel (within 
dbO. 0001 ") with the bottom of the wave guide. 
The wave guide was milled from two pieces of 
brass with the inside silver plated. The dimen¬ 
sions of the guide were held to a tolerance of 
db 0 . 0001 " with parallel top and bottom. The 13- 
cm slot which accommodates the probe was made 
narrow (0.070") and deep (0.175") to reduce the 
radiation from it. This choice of slot dimensions 
makes it possible to place one’s fingers on the 
slot without changing the response of the 
detector. 

Details of the probe assembly are shown in 
Fig. 4. The probe which extends into the guide 
is a silver-plated steel wire of 0 . 012 " diameter, 
and its extent of penetration into the guide is 
adjustable. The probe is tuned with an adjustable 
choke so that maximum energy will be trans¬ 
ferred from the probe to the detector. 

The wave guide instrument has been used 
both tuned and untuned. When operating un¬ 
tuned, a tapered non-reflecting attenuator is 
placed between the end where the power is in¬ 
troduced and the end where measurements are 
made. This requires the introduction of more 
energy for the same detector current than in the 
case where the guide is tuned with a shorting 
plunger at the* end opposite where the measure¬ 
ment is made. 

Two different reflex klystron tubes (WE 721A 
and Sperry 2K25) operating in the vicinity of 
10,000 megacycles have been used with the 
wave-guide instrument. 



Fig. 3. The wave-guide instrument for dielectric measurements at 3 cm. 
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The power supplies for these tubes are of the 
conventional electronic voltage-regulated type. 12 
The reflector voltage is pulse modulated by a 
square wave generator operating at an audio¬ 
frequency to amplitude modulate the microwave 
intensity. But where an automatic frequency 
control system was used to stabilize further the 
frequency of the oscillator lube for increased 
accuracy in the measurement of low loss ma¬ 
terials, the microwave intensity was usually not 
modulated and a d.c. detector was used. 

The crystal d.c. current from the 1N21 crystal 
detector shown in Fig. 4 was assumed to be pro-' 
portional to the square of the radiofrequency 
electric field in the wave guide for low currents 
at which it is used. Galvanometers have been 
used as crystal current meters when the micro- 
waves are unmodulated. The galvanometer 
should have a sensitivity of at least 0.002 mi¬ 
cro ampere per mm to give a deflection that is 



“ F. E. Terman, Radio Engineers Handbook (McGraw- 
Hill Book Company, Inc., New York, 1943), p. 614. 


readable with sufficient accuracy for measure¬ 
ments at the minimum voltage region. 

The rapid response of an a.c. amplifier makes 
it preferred over a galvanometer as a crystal- 
current indicator. When the microwave power is 
pulse modulated at an audiofrequency, a sensi¬ 
tive tuned audiofrequency amplifier is used with 
a panel output meter. The amplifier must be 
linear so that the output meter reading is always 
proportional to crystal current. Use of a reason¬ 
ably high audiofrequency-tuned amplifier also 
has the advantage of largely' eliminating spurious 
noise developed in the crystal. 

SOURCES OF ERRORS IN THE MEASUREMENTS 

(1) Errors Due to Change in the Frequency of 

the Oscillator 

Changes in frequency may result during the 
measurement as a result of too close 1 coupling 
between the oscillator tube and the measuring 
wave guide, or because of inadequate regulation 
of the electreKle voltages on the tube. This, of 
course, results in changers in position of the 
voltage minima in the wave guide. 

(2) Errors Due to Excessive Projection of the 

Probe into the Wave Guide 

If the probe projects too far into the wave 
guide, it causes an error in both the position of 
the minimum and the value of Ax. If the detect¬ 
ing system and the standing wave detector are 
adjusted for maximum sensitivity, the required 
projection of the probe to obtain a satisfactory* 
deflection of the indicating instrument should 
be such that no error is introduced. When very 
high loss samples are in the wave guide, it is 
well to check against this source of error by 
increasing or decreasing the projection of the 
probe into the wave guide by about 1/64 inch 
and again measuring the location of the mini¬ 
mum and the value of Ax . No change should be 
observed. 

(3) Errors Due to Frequency Modulation 

It has been found that appreciable frequency 
modulation of the source causes the value of A.v 
to be increased. This effect is analyzed by 
M. G. Haugen and W. B. Westphal. 18 

w M. G. Haugen and W. B. Loss, “The design of equip¬ 
ment for measurement of dielectric constant and loss with 
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Type of 
wave guide 

Coax 

r 0 = outer ratlins 
Y\ dinner radius 


Table I. 


Max. 

dimension Min. 

for lowest dimension 

TE mode for lowest 

only** TE mode** 


Wave-length 

in sample X* Characteristic impedance 


fo—none oo 

r»+r.~- 





Rectangular 
a = smaller witlih 
6 * greater width 

Cylindrical 

•'■■radius 


h >\ 

l)<\ 


_ KK, _ 




X e = .Ulr 


* 

' <X>V—X„*)t 


* tan rt<0.1 and neglecting conductor losses. 

** Divide X by («')» where guide is filled with dielectric. 

*** Not comparable to characteristic impedance of t nax <u =» 1 for most dielectrics). 
X„ *=free .space wave-length. 



However, if the wave form of the square wave 
signal used to modulate the oscillator is properly 
adjusted so that it reaches maximum value in a 
very short time and has a flat top or, in other 
wprds, approaches an ideal square wave closely, 
the frequency modulation introduced in this way 
will be so small that the error in the value of 
Ax will be less than the precision with which 
this quantity may be measured, because of 
mechanical limitations in the design of the 
standing wave detector. 

( 4 ) Errors Due to Faulty Tuning 

Changes in the apparent value of the width of 
the minima have been noted when the wave 
guide is tuned slightly off resonance. This does 
not occur when operating with a non-reflecting 
attenuator and an untuned section of the guide. 

( 5 ) Higher Transmission Modes in the Dielectric 

It is possible to have higher modes than the 
lowest TE mode within the dielectric at the end 
of the wave guide, even though the wave guide 
is beyond cut off for those modes in that part of 
the guide filled with air. The existence of other 

standing waves in w T ave guides,” Laboratory for Insulation 
Research, Massachusetts Institute of Technology, Lanv 
bridge, Massachusetts, National Defense Research Lom- 
niittee, Contract OEMsr-191, Report XII. 


modes within the dielectric will cause a spurious 
reflection at the surface of the dielectric and lead 
to erroneous results in the dielectric constant and 
dissipation factor. 

From the relations in Column 2 of Table I, it 
can be seen that when a dielectric is present, the 
wave-length should be longer if only the lowest 
TE mode is desired. Probably resonant lengths of 
dielectric samples, i.e., ones which are a multiple 
of \ or \ wave-length (in the sample) for the 
higher mode, should be avoided, for these lengths 
are more likely to give the higher modes. The 
values of X given by the expressions in Column 2 
of Table I give the cut off wave-lengths for the 
next higher modes. From these the wave-length 
in the guide in the dielectric sample can be calcu¬ 
lated for the higher mode of transmission. The 
effect of higher modes on the accuracy of meas¬ 
urements has not been thoroughly investigated. 
Care should be taken especially with high di¬ 
electric constant materials where the possi¬ 
bility of higher modes is increased. Even with 
the coax instrument, the possibility of higher 
modes is prevalent. 

MEASUREMENTS—DATA 

Dielectric measurements at 3-cm wave-length 
and 10-cm wave-length have been made on a 
variety of plastic and ceramic materials during a 
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Table II. Dielectric properties at 3-cm wave-length. 


Material 


tanA 

a, 

Nepers 

per 

meter, 
coax 
or free 
space* 

D.B. 
per 
meter, 
coax 
or froc 
space* 

A 7 , Power- 
re- reflection 
frac- coefficient 
tivc normal 
index incidence 

Polyethylene 

2.20 

.00032 

0.051 

.44 

1.614 

.042 

Polystyrene 

2.43 

.00036 

0.060 

.52 

1.69 

.062 

2.05 

.00026 

0.038 

.33 

1.431 

.031 

NaCl crystal 
lnaanol* 

6.78 

.0002 

0.06 

.43 

2.40 

.17 

7.06 

.0042 

1.24 

10.8 

2.82 

.228 

Corning glam 704 

4.79 

0.0063 

1.46 

12.6 

2.19 

.139 

Coming glam 707 

4.06 

0.0022 

0.46 

4.0 

2.01 

.113 

Micarta 190t 

4.03 

0.0624 

13.14 

114.3 

2.01 

.113 

Micarta 406t 

3.68 

0.064 

10.7 

93. 

1.89 

.095 

Micarta 264t' 

3.36 ' 

0.039 

7.47 

66. 

1.83 

.086 

Micarta 299t 

4.61 

0.0211 

4.76 

41.3 

2.16 

.133 

Micarta 269f 

5.36 

0.041 

9.95 

86.6 

2.32 

.158 

Micarta 273f 

3.66 

0.0686 

13.57 

118.0 

1.89 

.095 

Cores resin 

2.69 

0.0031 

.53 

46 

1.64 

.069 

Polydichlorstyrene 

Nylon 

2.63 

0.0006 

.086 

.74 

1.62 

.aw 

3.00 

0.0106 

1.96 

17.0 

1.76 

.076 

903 Silicone 

2.90 

0.0060 

.89 I 

7.7 

1.70 

.067 

Fosterite 80-20 

2.57 

0.0048 

.81 

7.0 

1.60 

.aw 

Fosterite 36-66 

2.68 

0.0144 

2.43 

21.1 

1.61 

.066 

Molded Micarta 192a 

4.34 

0.0093 

2.03 

17.6 

2.08 

.123 

Kraft board*** 

3.65 

.121 

23.8 

207. 

1.88 

.093 

Kraft board, dry 

2.09 

.06 

9.1 

79. 

1.73 

.072 

Dense Kraft board*** 

3.82 

.122 

24.9 

217. 

1.95 

.104 

Dense Kraft hoard, dry 

3.20 

.06 

9.4 

82. 

1.79 

.080 

Ivory, walrus tusk 

6.08 

.0934 

25.8 

226. 

2.64 

.204 


— 

_: 

- „ 


. _ 

_ 


* Divide values in this column by (1— X*VXV)^ for attenuation in wave guide. 
** Westinghouse product similar to Mycaiex. 

* M At 30 percent humidity. 

t Micarta 109 is a chopped cotton cloth filled phenol formaldehyde plastic. 
Micarta 273 is a fine weave cotton cloth phenol formaldehyde resin laminate. 
Micarta 260 is a glass cloth melamine formaldehyde resin laminate. Micarta 264 
is a Kraft paper creaol formaldehyde resin laminate. Micarta 290 is a glass cloth 
creaol formaldehyde resin laminate. Micarta 496 is a medium weave cotton cloth 
phenol formaldehyde resin laminate. 


period of several years. These results have been 
reported to interested persons when they re¬ 
quested the information, but have not been con¬ 
tained in any previous rej)ort in a tabulation. 
These data are now collected together with this 
paper. 

The measurements were all made according to 
the method outlined in this paper, and the di¬ 
electric properties calculated according to the 
scheme outlined in this paper. The results of 
these measurements are tabulated in Table 11 
along with useful attenuation and reflection con¬ 
stants of these materials for those frequencies. 

The values for 10-cm wave-length were ob¬ 
tained on the MIT designed coaxial wave guide 
instrument (Reference 10) with the same tech¬ 
nique in measurement as with the hollow rec¬ 
tangular wave guide. 

In some cases, the materials are quite variable 


Table I la. Dielectric properties at 10-cm wave-length. 








Power 







refloc- 







tion 




a, Nepers 

DB. per 

N, 

coeffi- 




per meter 

meter 

index 

cicnt 




in coax 

in coax 

of 

normal 




or free 

or free 

refrac- 

inci- 

Materia! 

«' 

tan£ 

space 

8|iaee 

tion 

deuce 

Polyethylene 

2.29 

0.0002 

0.0095 

0.083 

1.606 

0.041 



to 0.0006 

to 0.028 

to 0.26 



Polystyrene 

2.60 

0.0003 

0.016 

0.13 

1.58 

0.060 

Ins&nol 

7.95 

0.006 

0.63 

4.6 

2.82 

0.23 

Corning glass 704 

4.80 

0.004 

0.275 

2.4 

2.19 

0.14 

Coming glam 707 

3.96 

0.0013 

0.081 

0.70 

1.99 

0.11 

Coming glam 774 

4.45 

0.0061 

0.34 

3.0 

2.11 

0.13 

Micarta 199 

4.31 

0.0860 

5.6 

49. 

2.08 

0.12 

Micarta 264 

3.66 

0.0632 

3.8 

33. 

1.01 

0.10 

Micarta 496 

4.20 

0.0988 

63. 

66 . 

2.05 

0.12 

Micarta glam filled 

4.20 

0.0243 

1.68 

13.7 

2.07 

0.12 

Pork meat 

62.6 

0.30 

74. 

640. 

7.9 

0.60 

— 

— 

— 

—- 

— 




in composition, and deviations from the values 
reported in 'Table II might be found. In some 
cases, the dissipation factor and dielectric con¬ 
stant arc quite sensitive to moisture. In these 
cases, the conditions of humidity or dryness of 
the materials when the samples were measured 
are given. 


SUMMARY 

A method of measurement of the dielectric 
properties of solids at microwave frequencies has 
been discussed. A rectangular wave-guide ap¬ 
paratus for performing measurements in the vi¬ 
cinity of 10,000 megacycles has been described 
in detail. A simplified method of calculating the 
results of the wave-guide measurements is pre¬ 
sented. Included in the paper are values of the 
dielectric properties of some common plastics 
and ceramics measured at 10-cm wave-length and 
3-cm wave-length. 

The authors wish to acknowledge guidance 
they obtained through the prior and simultane¬ 
ous work in this field carried out at the labora¬ 
tory for insulation research at the Massachusetts 
Institute of 'Technology under the direction of 
Professor A. von Hippel. Appreciation is also 
expressed to members of the Electronics De¬ 
partment of the Westinghouse Research Lab¬ 
oratory, who introduced us to some of the micro- 
wave apparatus which we have applied. 
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Electron Beam Deflection 

Part II. Applications of the Small-Angle Deflection Theory 

R. G. E. Huttkr* 

(Received February 26, 1947) 

The theory developed in Part I is applied to a number of typical deflection fields such as the 
fields produced by parallel plates, parallel cylinders, semi-infinite co-planar sheets, and bent- 
plates. .Graphs for the magnitude of deflection are given. An electrolytic tank potential¬ 
plotting device is described which was used for the determination of the potential distribution 
of some of the deflection fields. 

The theory show’s that the deflection is a function of the initial conditions of the electron 
beam before entering the iicldfctnd that it is a slightly non-linear function of the field strength. 
It folloWrs that the fluorescent spot and the pattern produced on the screen of cathode-ray 
tubes will show distortions. 1 hese distortions were calculated for several deflection fields and 
electron beam shapes; the results are shown graphically. 

1 he problem of the reduction of these distortion effects is discussed. 


A. THE DEFLECTION BY TYPICAL ELECTRIC 
DEFLECTION FIELDS 

E LECTROSTATIC deflection systems are 
f ordinarily designed by experienced fierson- 
nel. Since no design formulae or charts of reason¬ 
able accuracy exist to aid the inexperienced 
person, he must therefore use the deflection 
formula for the parallel-plate deflection field 
without edge effects 1 as a guide. He may then 
correct the resultant error by adjustment of the 
deflection potential. This means that deflection 
amplifiers having a wide gain adjustment must be 
provided. It is the purpose of this paper to pre¬ 
sent design charts for a number of typical electric 
deflection systems. 

The paper “Electron Beam Deflection,” Part 
I, 2 contained a mathematical expression for the 
deflection in terms of the accelerating potential 0 
and the axial field-strength distribution E(z) 
(Part 1, Eq. (31)). It is (assuming x 0 = yo = * 0 ' 

= yo' = 0): 


Y(z f ) = F,= -0/20) f df f E(u)du . (1) 

•Lo •wo 


where Zo is a point on the axis on the entrance 
side of the deflection field and z ,• is the coordinate 


of the screen position; z Q and s, are ordinarily in 
regions where the field-strength of the deflection 
field is nearly equal to zero. (The deflection 
electrodes are assumed to be of infinite extent in 
the ,r direction.) 

If Eq. (1) is used to determine the deflection, 
the axial field-strength distribution E(z) must be 
known. Some electrode configurations exist for 
which E{z) may be determined mathematically. 
In most cases, this distribution must be obtained 
by an experimental method, e.g., one which 
makes use of an electrolytic tank. Electrode 
systems of the first type are parallel plates with 
and without fringing fields, parallel cylinders or 
wires, and semi-infinite co-planar sheets. A field 
of the second type is that produced by the 
commonly employed bent-plate electrode system. 

Before going into the discussion of these fields 
it should Ik? mentioned that an alternative method 
might be used to determine the deflection d by 
such fields. This method is bast'd on a formula 
derived by H. G. Rudenberg 3 which expresses the 
deflection d in terms of the capacitance per unit 
width of the deflection system. The derivation of 
this formula may be based on Eq. (30) of Part I 
for Y(z) which led to Eq. (1). The slope of the 
electron path is given by (assuming yo ,=:: 0) 


* Sylvania Electric Products, Inc., 34 *10 Linden Place, 

Flushing, New York. ^ . 

1 1. G. Maloff and D. W. Epstein, Electron Optics in 
Television (McGraw-Hill Book Company, Inc., New York, 
1938), p. 198. 

* R. G. E. Hutter, J. App. Phys. 18 , 740 (1947). 


F'(s) = — (1/ 20)J E(u)du-tanB. (2) 


« H. G. Rudenberg, J. App. Phys. 16, 279 (1945). 
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If the field is essentially different from zero only 
between the axial coordinates Z\ and z 2f the angle 
at z 2 for small deflection angles will be given by 

0*=-(l/2 <t>)J R(u)du. (3) 

Rudenberg has shown b> an application of ( muss’ 
theorem that Eq. (3) is equivalent to 

d 2 = (1 /2<t>)p €o, 

where p is that portion of the charge density on 
the deflection electrodes which is active* in pro-^ 
during the deflection, and €n is the* dielectric 
constant of free space. The charge density p, the 
capacitance c per unit width of the deflecting 
electrodes, and the deflection potential A0, are 
related by 

p = c • A 0. 

Hence, 

0.> = rA0 ; 20€o. (4) 

r rhe deflection at the screen becomes 

(l = (z, — z 2 ) • B 2 = (s, — s 2 ) * (rA0/ 20e o ). (5) 

For some electrode configurations it is possible rb 
determine the capacitance per unit width mathe¬ 
matically ; in most cases this quantity would have 
to be measured. 

It is apparent that both expressions for the 
deflection d (Eq. (1) and Eq. (5)) will yield the 
same result if z t is greater than z 2 . The formula 
given by Eq. (5), however, cannot be used to 
determine the deflection at the coordinate of the 
exit side of the electrode configuration because of 
the contribution of the fringing field on that side 
of the electrodes to the value of the capacitance r. 
The magnitude of the deflection at that point is 
important in deciding the question of whether or 
not an electron beam hits the electrodes. It may 
be determined by means of Eq. (1). 



Fig. 1 . The parallel-plate deflection field. 


1. Mathematically Obtained Field Distributions 

a. Parallel Plates without Fringing Effects 

The field that can most easily be treated 
mathematically is an idealized one which, how¬ 
ever, cannot be produced in practice if the elec¬ 
trodes are of finite length. It is that between two 
parallel plates which are at the potentials 0+£A0 
and 0 —$A0. The geometry of this field is shown 
in Fig. 1. The idealization is expressed by making 
the following assumption regarding the field- 
strength distribution: 

I 0 For z<z h | 

E(z) = \ — A<t>/h For z\^z^z 2 ,\ (6) 

[ 0 For z>z 2 . J 

If E(z) of Eq. (6) is substituted in Eq. (1), one 
obtains the familiar formula 

</ = (A0 20)(1 'k)L(D+\L), (7) 

where z 2 — Z\ = L, z,~z 2 — D, h is the* distance be¬ 
tween the electrodes, <t> is the accelerating po¬ 
tential (potential of the last anode) and A0 is the 
potential difference between the electrodes. 

Because of tin* idealization of the field-strength 
distribution, large errors occur if Eq. (7) is 
applied to actual parallel-plate deflection systems. 

b. Parallel Plates with Fringing Effects 

An application of the Schwartz transformation 
of the theory of functions of a complex variable 
yields an expression for the equipotential distri¬ 
bution at the edge of semi-infinite parallel plates. 4 
It is, therefore, possible to obtain a mathematical 
expression for the axial field-strength distribution 
of such an edge field. In order to obtain the axial 
field-strength distribution of parallel plates of 
finite length two expressions for a single edge may 
be used. If the axial coordinates of the entrance 
and exit edge of the parallel plates are given by Z\ 
and z 2 , respectively (Fig. 1), the axial field 
strength may be written as: 

E(z) = — (A0/A) (1 /1 + r), (8) 

where r is given in terms of the axial coordinate 


4 R. Rothe, F. Ollendorff and K. Pohlhausen, Theory of 
Functions (Technology Press, Massachusetts Institute of 
Technology, Cambridge, 1942), p. 138. 
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by: 


the* axial field-strength distribution becomes 


,s-*Si+/t/2ir[l +r + lnr] 

For - oo <s^ 2 1 + 2 2 / 2 , 
s = 2 2 — (/t/2ir)[l +r + lnrj 

For zi+Zii2%z < + 00 • 


(9) 


2A <}> 

E(z) = 

cq/2 



( 10 ) 


Measurements have shown that Kqs. (8) and (9) 
describe the axial field-strength distribution well 
for plates for which the field strength E(z) is very 
nearly —A </>/h at 2 = \(z\+z 2 ). This was found to 
lx* the case for parallel plates with ratios of L/h 
larger than two. » 

The integration indicated by Kq. (1) must be 
performed in two steps corresponding to the two 
branches of the axial field-strength distribution. 
The resultant mathematical expression for the 
deflection is unwieldy, hence the deflection is 
better presented in the form of a graph. Any 
quantity except h can easily be determined from 
Fig. 2 if the other quantities are known. It is 
possible to replot the graph and obtain a new one 
(Fig. 3) which permits th'c determination of h 
with ease if the other quantities are known. 

c. Parallel Cylinders or Wires 

The method of conformal mapping yields in 
this case a mathematical expression for the axial 
field distribution. 6 The geometry is shown in 
Fig. 4. With the notation explained in this figure, 

6 K. Kupfmtiller, Einfiihrung in die Theoretische Elektro- 
iechnik (Julius Springer Verlag, Berlin, 1932), p. 71. 


Substituting Kq. (10) in Kq. (1), the deflection d 
is given by 


d = 


A0 cq 1 

<t> 2 1 -+-q 

In- 

1 -q 


— arctan 
cq 


cq/2 cq/2 


1 + 


Z iZo 

(cq/2)' 2 



which is shown graphically in Fig. 5. [z*/(cq/2)'] 
was assumed to be equal to —30. At this point 

fiS(l/900)£(0). 

This deflection field was discussed by G. 
Rudenberg. 3 


d. Semi-Infinite Co-planar Sheets 

Another field for which the axial field-strength 
distribution may be determined accurately by the 
method of conformal mapping is that produced 
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This expression is shown graphically j n Fig. 
Zo/a was assumed to be equal to —900. At this 
point E^(l/900)£(0). 



Fit.. 3. The deflection by parallel plates (2 form). 


by two semi-infinite co-planar sheets. 6 The ge¬ 
ometry is shown in Fig. 6. With the use* of the 
notation indicated in this figure, the axial field- 
strength distribution Incomes 

E(z) = (\/ir)A<t>(\/a)\ /b(I)T • 02f 


The deflection is then given by 


a A <t> 

2 ir<t> 


z K ^ z t /a + [\ + {zJa)' i y 
a Zo/a+[l + (so/ a ) 2 ] i 


( z, Z()\ 

a a / 


-( 


i 


S,/« + [l+(2./rt) 2 ] 4 


Z(i/« + D + (Z' 


I-)|. 

■f(zo/a) 2 ] 1 / I 


(13) 



Fig. 4. The parallel-cylinder deflection field. 


• W. R. Smythe, Static and Dynamic Electricity 
(McGraw-Hill Book Company, Inc., New York, 1939), p. 
89. 


2. An Experimental Method to Determine 
the Field Distribution 

In general, it is not possible to determine the 
axial field distribution mathematically. It may, 
however, be determined exjXTimentally with 
sufficient accuracy by means of an electrolytic 
tank. This instrument is useful in many electron- 
optical investigations and is available'in many 
electronic laboratories in one form or another. 

The theory underlying the use of the tank has 
been presented many times in the literature 7 * 8 
and will, therefore, not lx* related here. The 
following.paragraphs will give a brief description 
of the instrument, developed in the Research 
Laboratories of Sylvania Electric Products, Inc., 
and its application to a number of problems of 
deflection systems. 

a. The Electrolytic Tank Potential- 
Plotting Apparatus . 

Figure 8 is a photograph of the entire set-up 
which consists of two electrolytic tanks (7\, r 2 ), 
a plotting board ( B) } an instrument rack (I.R.), 
a plotting mechanism, and an arrangement for 
positioning the electrodes to be investigated. 



Fig. 5. The deflection by parallel cylinders 
(w(c?/2) ** —30, 0)). 


7 V. K. Zworykin and G. A. Morton, Television (John 
Wiley and Sons, Inc., New York, 1940), p. 73. 

8 V. K. Zworykin, G. A. Morton, E. G. Ramberg, 
J. Hillier, and A. W. Vance, Electron Optics and the Elec¬ 
tron Microscope (John Wiley and Sons, Inc., New York, 
1946), p. 389. 
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These tanks are constructed of lava slabs; the 
inside dimensions of tank 7\ are 30" X30" X 60", 
and 5 X30 X30 for tank TV Ordinary tap 
water is used as the electrolyte in tank T 2 , while 
deionized water is used in tank 7\. The plotting 
mechanism consists of two rails (R.R.) extending 
the full length of both tanks. A carriage Ci is 
provided which travels on the rails R.R., and is 
provided with another pair of rails r.r., at right 
angles to R.R,, upon which is mounted a second 
carriage C 2 . The second carriage carries the probe 
(P) and a long beam member ( b ) whjfh holds the 
stylus (5). A close-up view of the tank T 2 and the 
components C 2 » b , and P is shown in the .photo¬ 
graphs, Fig. 9. The probe is a 5-mil platinum wire 
which is sealed into one end of a gla&s tube which 
is enclosed in a metal tube for shielding purposes. 
The probe* may be brought to any point on the 
water surfaces of either of the two tanks by 
turning two hand wheels which operate—through 
gears—the motion of both carriages. Stylus and 
probe are rigidly connected and trace out iden¬ 
tical curves. Figure 9 also shows a larger sized 
view of the electrode holders. The electrodes 
under investigation (in Fig. 8—two bent plates) 
are supported by adjustable arms (L.L.) which 
slide on two flat rails (R u R 2 ). The heads (H.H.) 
of the support mechanism can be tilted in two 
directions and the electrodes can be adjusted in 
the vertical direction. The instrument rack (I.R.) 
above the tanks holds three units: the potential 
source (0), a single vacuum-tube voltmeter 
(VTVM), and a unit comprising 5 vacuum-tube 
voltmeters (5 VTVM’s). The potential source is a 
500 cycle/sec. resistance-capacitance oscillator 
which provides a signal of about 50 volts r.m.s. 
across 500 ohms without distortion of the wave 
shape. The circuits of all six vacuum-tube 
voltmeters are alike, the circuit diagram In ing 
shown in Fig. 10. The meter reads zero if the 
signal from the prolx? is equal to the potential 
across the calibrated potentiometer. 

A block diagram of the'complete wiring circuit 
is shown in Fig. 11. The writing pen is operated 
electromagnetically frorn a push button near the 
hand wheels on the carriage C i. 

b. Procedure and Measurements 

The large tank, 7T, may be used for the study 
of focusing fields or for the determination of axial 



field-strength distribution of deflection fields 
which are not of infinite length in any direction. 
The shallow tank, T 2 is convenient for the in¬ 
vestigation of two-dimensional electric fields. 
The problem of determining the axial field- 
strength distribution, E, for a given electrode 
system may be solved by measuring two equi- 
potential lines near the axis. The field strength, 
E(z), is computed as the ratio of the potential 
difference between the lines to the distance lx*- 
tween them at every point z. A comparison Ixv 
tween mathematical and experimental results is 
shown in Fig. 12 for the case of two parallel 
cylinders; the agreement is quite satisfactory. 
The same tank can also be used for the inverse 
problem of determining electrode shapes pro¬ 
ducing a prescribed field-strength distribution 
E(z). By means of Eq. (20), Part. I, 2 two equi- 
potential lines near the axis are computed. The 
convergence of the series is generally good for 
small values of y. Then the five probes—con¬ 
nected to the unit consisting of five VTVM’s— 
are placed in the tank along the computed equi- 
potential line, and the electrode shapes varied 
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Fit;. 8. Potential-plotting tank^SylvaniaiElectriV 
Ilk Products, Inc.). 

until all five meters read the potential value of 
the line simultaneously. 

In order to increase the versatility of the tank 
set-up, an arrangement T tilts the tank 7' 2 , thus 
producing a wedge-shaped volume of electrolyte. 
In this manner the tank may be used to in¬ 
vestigate so-called 44 Pierce-guns." 9 The five 
VTVM’s are employed to measure the potential 
distribution along the edge of the electron beam, 
which is, in this case, represented by an insulator 
shaped in the form of the desired beam. 

3. Bent-Plate Deflection Systems 

The axial field-strength distributions of a 
number of bent-plate deflection systems were 
measured in the manner described in Section 2-b. 
The geometry of the electrodes and the notation 
are shown in Fig. 13. The parameters L\/h , 
Lz/Lu and 0 were chosen to cover a range suffi¬ 
cient to compute the deflection for other values 
than those' for which the graphs are given by 
interpolation. The integrations according to Kq. 
(1) were informed by means of a planimeter and 
the results are plotted in Figs. 14 and 15. 

B. DBFOCUSING AND DISTORTION EFFECTS OF 
TYPICAL ELECTRIC AND MAGNETIC 
DEFLECTION FIELDS 

Crossed deflection fields, as used in cathode- 
ray and television tubes, produce undesirable 
effects of two kinds. One is the beam deformation 
causing a change in size and shape of the lumi- 

9 J. R. Pierce, J. App. Phys. 2, 548 (1940). 


nous spot on the fluorescent screen of the tube. 
The other is the distortion of the 44 pattern." The 
“pattern” may be the rectangular scanning 
pattern of the television tube or a Lissajou figure 
on the screen of a cathode-ray tube in an oscillo¬ 
scope. Many factors may contribute, and usually 
do, to the pattern distortion. Only one of these 
will be investigated here, namely that due to the 
electric or magnetic field distribution. Discussion 
of other factors, such as wave-shape of driving 
circuits, frequency response of the amplifiers, 
coupling l>etween circuits, or coils of the magnetic 
deflection yoke, etc., will be* omitted. 

Idealizations concerning the electron beam and 
the focusing sy stem mentioned in Part I 2 will be 
used here. 

This method of investigation permits one to 
distinguish defects caused by the deflection fields 
from those 1 caused by other components of the 
device employing such fields. It then becomes 
possible to attribute* a certain observed defect to 
the proper component. 

There are* a number of elementary explanations 
for the mechanism of both tyi>es of defects. All of 
them are qualitative in nature with one exception 
— that of electron-rav tracing. The electron 
trajectory through a given potential or field- 
strength plot is determined by means of numerical 
or graphical methods of integration. However, 
unless this method is used with extreme care, the 
results an* not very reliable. In the language of 
this work, the deflection of an electron at the 
screen must Ik* determined accurately to dis¬ 
tances which are small compared with the quanti¬ 
ties here called Ax, and Ay„ which in turn .are 
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Fig. 9. Partial view of potential-plotting tank. 
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small compared with the first-order deflection 
Y(zi). In order to achieve this accuracy it is 
necessary to proceed in very small steps in the 
determination of the trajectory, increasing the 
amount of numerical work considerably and re¬ 
quiring a very accurate equipotential line or field- 
strength plot. Furthermore, it is difficult to apply 
this method to initially deflected electrons and to 
magnetic deflection fields. In the search for 
better deflection fields only qualitative hints, at 
best, were obtained. 

The theoretical procedure outlined in Part 1, 
Section 2 2 , avoids the difficulties mentioned 
above. It will now be applied to a number of 
special deflection fields. 

1. Special Electric Deflection Fields 

The electric deflection fields discussed in this 
se ction are those* produced by parallel plates (in- 
i hiding the fringing fields), parallel cylinders, and 
bent plates. A comparison of the defocusing and 
distortion effects of these* fields is of interest. In 
order to make such a comparison it will lx* 
necessary that some basis be chosen upon which 
to compart* the defects which are the functions of 
the accelerating potential 0, the deflection po- 




Fig. 10. Circuit diagram of the vacuum-tube voltmeter. 
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tential A0, the elect rode-1 o-screen distance, the 
deflection d, and the geometry of the deflection 
electrodes which determines the axial field- 
strength distribution E{z). It is possible to 
formulate various bases of comparison. One way, 
for instance, requires that the potentials 0 and A0, 
the deflection r/, the distance from the exit side of 
the electrodes to the screen, and the minimum 
separation between the electrodes should be the* 
same for otherwise different fields which are being 
compared. This basis was chosen for the examples 
discussed below. A better basis might be the 
following which also requires that 0, A0, and d 
should Ik* the same, but which replaces the 
lx*fore-mentioned condition concerning the elec¬ 
trode- to-screen distance and electrode separation 
by another one. The field-strength distribution 
will ordinarily be such that E(z) <E uxax/ n for all 
axial coordinates z smaller than a value 22 and 
larger than a value z 1 , where n may lx* arbitrarily 
chosen, so that one could say that the essential 
part of E(z) lies between the coordinates Z\ and 
Z 2 (e.g. n a value between 10 and 100). Fields may 
then be compared for which 0, A0, d , z 2 — Zi*=L, 
and 2,-22 are the same. Again, keeping 0, A0, and 
d equal, fields produced by electrodes occupying 
a given volume may lx* compared. The choice of a 
basis is, therefore, arbitrary and should be made 
to suit one’s particular requirements. 

803 




Fig. 12. Comparison between a measured and a com-* 
puted axial field-strength distribution (parallcl-c\ Under 
deflection field). 


Figure 16 shows the electrode geometry of 
three two-dimensional electric deflection fields 
whose 1 defocusing and distortion effects were 
computed. This figure shows that the minimum 
distance between deflecting electrodes was kept 
nearly the same in all three cases. 

Figure 17 shows the spot distortion for the case 
of a cylindrical Ix'um whose 1 diameter was as¬ 
sumed to be 0.08 inch. The figures show thp 
focusing effect of the deflection field, demon¬ 
strating the statement 2 made that electron prisms 
are always joined to weak cylinder lenses. 

Figure 18 shows pattern and spot distortions of 
a conical beam produced by parallel-plate and 
parallel-cylinder deflection fields. The deflections 
were assumed to be those produced by electrodes 
of dimensions shown in Fig. 16, the horizontal 
deflection fields preceding the vertical ones. The 
horizontal deflection potential could be reduced 
to A140 volts for a 2.5-inch deflection due to 
the larger electrode-to-screen distance. The elec- 
trode-to-electrode spacings of the horizontal and 
vertical fields in the axial direction were one inch 



for the parallel plates and 0.266 inch for the 
parallel cylinders. The diameter of the conical 
beam before entering the fields was 0.08 inch, and 
the apex of the cone was at the center of the 
fluorescent screen when undeflected. It should be 
mentioned that the calculations of spot and pat¬ 
tern distortion take into account the defocusing 
which is caused by a flat screen. 

In the cases investigated so far, it was assumed 
that perfect alignment of the focusing and de¬ 
flection systems existed. The distortion figures 
were therefore mirror-symmetrical with resect 
to the x, and y, axes. In actual tubes, distortions 
of the spot are observed which do not show this 
t\ pc of symmetry. It was thought that some kind 
of misalignment of gun and deflection system 
might be the cause of this. Calculations were 
made assuming the circumference of the electron 
lx*am at z ( > to satisfy' the equation 

(.Vo - r h ) 2 + (yo - r b ) 2 = r fe 2 , 

with r lt again equal to 0.04 inch. The beam was 
point-focused at the center of the screen. The 
resulting pattern and spot distortions are shown 
in F'ig. 19 for the cast 1 of the parallel-plate field. 
The distorted spots are shown as little polygons, 
the corners of which are the points on the circum¬ 
ference of the beam for which the Ax* and Ay, 
were determined. Actually, the corners will 
appear rounded off. 

a. The Parallel-Cylinder Deflection Field 

Most electrically deflected cathode-ray and 
television tubes use either parallel or bent plates 
as deflection electrodes. A discussion of such fields 
with regard to the change of their defocusing 
effects with the electrode geometry would require 
many tables. Instead, a textbook-type of example 
of a deflection field will be discussed here in 
greater detail. It is that of the parallel cylinders 
or wires, which was suggested for use where 
electron transit time and capacitive-shunting 
effects Ix'gin to influence the operation of a 
cathode-ray tube. 3 It is possible to describe the 
defocusing effects of parallel-cylinder deflection 
fields with one set of reduced distortion coeffi¬ 
cients for all radii and distances between the 
wires. These coefficients are given in Table I for 
various reduced screen distances [z%/(cq/2)~]. For 
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Fig. 14. The deflection by bent plates A, /*, C, D. 


large values of [zi/{cqj 2)] some coefficients are 
straight lines on linear graph paper, others on 
logarithmic paper which simplifies the problem of 
extrapolation. 

The notation is the same as was used in Part I. 2 
Here c is the center-to-center distance between 
the cylinders which have the radius r 0 , and s, is 
the distance from the center-to-center plane to 
the fluorescent screen; z 0 is the axial coordinate 
of a point where the field strength is relatively 
small compared with that of the maximum at 
z — 0. The quantity (zo/(cq'2)~\ was chosen as 
-30, i.e. f 

R 0 == (1/901)# max* 

The use of the Table to determine a coefficient 
is simple. As an illustration, one may take 

0oooo = { — 31.48€*+334.34€ 5 —1773.69e 7 } -eg, 
for 

2(Si/cq)**3Q. 


The defection field for the parallel cylinders 
had the following dimensions: c = .178"+2 t 0 , 
r 0 = *598", A</> = 1737, 0 = 2000 7, s,- =10.198", 
and F t = 2.5". If the minimum distance between 
the surfaces of the cylinders is kept fixed (0.178") 
and the radius is varied in steps from r 0 = .0565" 
to r 0 = 23.3", the half-width of the field-strength 
curve (cq = c[ 1 — (2r 0 /c) 2 ] J ) varies between 0.268" 
and 4.08". In order to keep the deflection con¬ 
stant at F,= 2.5", the deflection potential A0 will 
be decreased with increasing value of r 0 . Keeping 
the beam dimension the same as in the example 
shown in Fig. 16, it is found that the aberration 
coefficients aooio, 0oooo, 0oioo, 0oooi» 0 ooo 2 decrease 
rapidly with increasing r 0 , while 0 oo 2 o remains 
constant over the range of values for r 0 given 
above. 

Instead of keeping the distance between the 
cylinders constant and varying the deflection 
sensitivity, the latter ijiay be kept fixed and the 
distance between the cylinders varied, hence 
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A<f>, 0, z tf 1\ are kept constant. The larger dis¬ 
tance then corresponds to the larger radius. A 
computation of the distortion coefficients shows 
that the defocusing effects become less with 
increasing radius. Similar considerations can be 
applied to other electrode systems, i.e., if all 
dimensions except the distances z x and Y t are 



( 


Fig. 15. The deflection by 


multiplied In an arbitrarx factor, an linproxe- 
ment of the def<x*using effects is obtained. (See 
paragraph 2.) 

It becomes apparent that it is difficult to 
compare the defocusing effects of different types 
of electrode systems. It is necessary to introduce 
assumptions concerning the actual physical size 



/ 


plates A, B, C, D, E , F. 
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horizontal fields, respectively. The assumption 
about //,* means that the field-strength distri¬ 
bution of the x component is a bell-shaped 
function with a half-width of 2b along the z axis 
and a half-width of 2 a along the y axis. The half¬ 
width in any other direction y = cz in the (y } z) 
plane will l>c [2aft(t+^)»]/[(«*+c»i*)»]. This 
half-width is measured in terms of the coordinate 
w=(z 2 +y 2 ) 4 = 2 (l-fe 2 )* along the line y = cz. A 
similar interpretation holds for the horizontal 
deflection field for /// in the (.r, z) plane. Pole 
pieces or coil arrangements producing exactly 
such a distribution were not determined. The 
magnetic field everywhere else in space is uniquely 
determined. The functions V 0t V 2 , //o, Ih of the 

series expressions for the components of H (see 
Part l 2 Eq. (55)) may be determined by ex¬ 
panding ///and ///in the manner shown for H x v : 


11/ 


1 

II m - 

i +{z/by 


1 1 

[i+ (s/byy 

Heme 


\\>=n m /\+(z/b)\ 

\\= - \/a*UI m yi\+(z/b)*T' 


Flo. 16 . The geometry of three two-dimensional 
. electric deflection fields. 

of the electrodes which are being compared ; such 
assumptions are hard to formulate for electrodes 
of different shapes. 

b. A Magnetic Deflection Field 

Pattern and spot distortion were also computed 
for a special magnetic deflection field. The axial 
field distributions of the two crossed fields were 
assumed to be of the form 

Urn 

Z ^^^{z/by+(y/a9 

V ~7+(z/b)*+{x/d)* 

The subscripts v and h indicate the vertical and 
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Fiu. 17. The spot distortions by three two-dimensional 
electric deflection fields. (The electrode geometry of these 
fields is shown in Fig. 1.) 
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Fig. 18. Pattern and spot distortions by two special 
crossed electric deflection fields (The electrode geometry 
and the shape and dimensions of the electron beam are 
described in the text.) 


and similarly for 7/ 0 , 77 2 

H» = HJ\ + (z/by, 

i/ 2 = — l/a 2 [//„»]/[l + {z/b) 2 y. 

The distortions are shown in Fig. 20 for the 
following set of parameters: = 2000 v, H m = 35.4 
gauss, 6 = 0.34", z t =10.198", z t /b = 3 0, and two 
values of a, namely, ai = 1.36", a 2 = 0.68". The 
maximum deflections on the screen were d v = 2.5", 
dk*= 2.5". The electron beam was assumed to be 
of cylindrical shape with r* = 0.04 inch. 

It can be seen from these graphs that the spot 
distortion increases if the half-width of the field- 
strength distribution curve, which is in the direc¬ 
tion of deflection, is decreased. For very small 
half-widths, 2a, the defocusing quantities A#, Ay 
become so large that the aberration theory can no 
longer be applied. A condition similar to that for 
electrostatic fields Eq. (27) Part I 2 could be 
formulated for magnetic fields. It is this condition 
which is violated by allowing 2a to become too 
small. 

The graph also shows an elongation of the spot 
in the direction of the deflection at the corner 
points ofcthe pattern. This is surprising when 
compared with the action of one single magnetic 
field for which an over-focusing is observed in the 
direction of deflection. A single vertical deflection 
field over-focuses because the upper edge of the 
beam passes through weaker portions of the field 
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Fig. 19. Pattern and spot distortions bv a special 
parallel-plate field (Electron gun and deflection system 
were assumed to be misaligned. The electron beam was 
assumed to point-focus at tne center of the screen.) 


than does the lower part of the l>eam. An explana¬ 
tion of the under-focusing of two crossed fields is 
found when it is discovered that the field- 
strength function along the line of deflection, 
y = jc, 2 = 0, is saddle-shaped, hence causing the 
outer portions of the beam to pass through 
stronger fields than the inner parts. 

2 .The Problem of Reducing the Defocusing Effects 

At this time only an outline of a method can be 
given which might lead to deflection fields with 
less defocusing and distortion. 

Each of the coefficients a^cd and fiabed determines 
a characteristic distortion. It was found that 
ttooio, /Soooo, 0 oo 2 o are the important coefficients 
which determine pattern distortion, while 0oioo, 
0oooi, 0 ooo 2 are of primary importance in describing 
the spot distortion produced by electric deflection 
fields. It is, therefore, unnecessary to graph every 
distortion since the magnitude of the coefficients 
gives the information. 

These coefficients may be computed for a 
number of different fields. A comparison will 
show which of these is the best so far as they con¬ 
cern defocusing effects. One can then proceed to 
modify the axial distribution of this field in order 
to obtain another, having smaller distortion 
coefficients. The form of the coefficients reveals 
the "direction'' of modification. 

The field-strength function obtained in such 
manner determines the proper configuration of 
the deflection electrodes or magnets. In case of 
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electric deflection fields, this problem may be 
solved relatively easily; it is a difficult one in the 
case of magnetic fields. 

In routine design work the method just out¬ 
lined will not be of much help and is carried out 
more properly by the development and research 
groups. A paper written by H. Moss 10 states a 
theorem which “is of fundamental importance in 
the design of all-electrostatic cathode ray tubes, 
since it indicates a general method by which the 
beam width, and therefore the spot density, can 

Table I. Distortion coefficients of the parallel-cylinder 
deflection field. 
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10 H. Moss, J. Tel. Soc. 4, 206 (1946). 


be increased, without an increase in deflection 
defocusing. Large deflectors and a large neck 
diameter to accommodate them are used.*’ This 
theorem reads: 

“If the beam width and scale of the whole 
deflectors (including their spacing) are multiplied 
by k, then the increase of spot size on deflection 
through a constant angle is unchanged, provided 
the distance between the screen and the center of 
deflection is also unchanged.” 

The proof of this theorem was based on theories 
of scale, energy, dimensional homogeneity, and 
experiment. A more rigorous proof showing at the 
same time some limitations of the scaling process 
can be based on the theory developed here. 

C onsider a point-focused (conical) electron 
beam. The defocusing effects will be given to a 
first approximation by 

Ay* = 0oooo+jSmmiyn/. 

If all dimensions are now increased by a factor k 
(keeping all potentials constant), the deflection d 
will very nearly increase by this factor k as long 
as the electrode-to-screen distance is sufficiently 
large. The coefficients 0 O ooo and 0 O ooi will also 
increase by the same factor and, since y m f 
remains unchanged, Ay, will increase to k-Ay*. If 
the screen is now brought back to its original 
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Fig. 20. Pattern and spot distortions by a special pair 
of crossed magnetic fields. (The fields are given by: 

_• //»_\ 

l + (z/by+(y/b)>' l + (*/M»+ (*/o)») 


H,' 


Volume is, September, 1947 


809 









position and the electron beam is refocused to a 
point at the center of the screen, the deflection 
will again be equal to d. The angle y x J t however, 
will be k times its original value (for small angles). 
An inspection of the coefficients 0oooo and 0oooi 
shows that 0oooo is a linear function of the 
electrode-to-screen distance, while /Soooi is a 
quadratic function of this distance (for large 
electrode-to-screen distances). Decreasing the 
electrode-to-screen distance restores, therefore, 
0oooo to its original value. Since 0oooi increased to k 
times its original value, and since 0 O ooi is a 
quadratic function of the electrode-to-screen 


distance, 0ooor y%%! will reduce to its original value 
when this distance is decreased to its original 
value. Hence A y x has the original value. 
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A 70-Mev Synchrotron 

F. R. Eldfr, A. M. Gurewiisui, R. V. Langmuir, and H. C. Pollock 
Research Laboratory , General Electric Company , Schenectady, New York 
(Received April 22, 1947) 

A svnchrotion for the production of 70-Mev x-ray hah been built and tested. The general 
mode of operation, and various features of its design and construction, are discussed. Some 
preliminary' information on the characteristics of the electron and x-ray beams is included 
This work has been supported by the Offwt? of Naval Research. 


I. INTRODUCTION 

OON after the synchrotron principle was pro¬ 
posed by Veksler 1 - 2 and McMillan 3 for the 
acceleration of electrons to high energies, the 
construction of a 70-million-volt machine, using 
betatron injection, 4 was begun. The completed 
synchrotron (Fig. 1) has been in operation at 
the 70-Mev level for several months. The results 
obtained with it confirm and extend the experi¬ 
mental results of Goward and Barnes 5 with an 
8-Mev machine. The synchrotron provides a 
satisfactory means of producing high energy 
electrons and x-rays. By varying the important 
parameters of the present machine, information 
is being acquired to facilitate the design and con¬ 
struction of larger units. 


1 V. I. Veksler, Comptes rendus U.S.S.R. 44 [9], 365 
(1944). 

* V. I. Veksler, J. Phys. U.S.S.R. 9, 153 (1945). 

»E. M. McMillan, Phys. Rev. 68, 143 (1945). 

4 H. C. Pollock, Phys. Rev. 69, 125 (1946). H. C. 
Pollock, R. V. Langmuir, F. R. Elder, J. P. Blewett, A. 
M. Gurewitsch, and R. L. Watters, Phys. Rev. 70, 798 
(1946). 

4 F. K. Goward and D. E. Barnes, Nature 158, 413 
(1946). 


The general theories of both the betatron and 
the synchrotron have been described in earlier 
publications. 6-10 This particular machine may be 
regarded as a betatron during the initial portion 
of each cycle of the magnet. The electrons, after 
their injection, are accelerated by the changing 
magnetic flux carried by iron laminations within 
their orbit. Later, these central flux bars of the 
magnet begin to saturate and the acceleration is 
supplied instead by the electric field at the gap 
of a radiofrequency resonator. 

The magnet is driven at 60 cycles from an in¬ 
duction regulator. The magnetizing coils are 
resonated with a 3000-kva capacitor bank. As 
the magnetic field begins to increase, electrons 
arc* injected into the vacuum tube from a beta¬ 
tron-type gun pulsed with a voltage of the order 
of 40 kv. The gun filament is pulsed negative for 
2 to 3 microseconds in each cycle, the timing of 

• D. W. Kerst, Phys. Rev. 60, 47 (1941). 

7 D. W. Kcrst and R. Serber, Phys. Rev. 60, 53 (1941). 

8 D. Bohm and L. Foldy, Phys. Rev. 70, 249 (1946). 

»N. H. Frank, Ph>s. Rev. 70, 177 (1946). 

10 D. M. Dennison and T. H. Berlin, Phys. Rev. 70, 58 
(1946). 



810 


JOURNAL OF APPLIED PHYSICS 



the pulse being adjustable from / = 0, when 
#o = 0, to / = 20 microseconds. 'Phis timing is ac¬ 
curately controlled by a multivibrator circuit 
which is initially triggered from a permalloy 
peaking strip mounted across the magnet gap. 
Since the central flux bars do not possess uni¬ 
form permeability during the betatron accelera¬ 
tion, the betatron orbit is slowly shrinking as t 
increases. It matches the theoretical synchrotron 
orbit, which is slowly expanding, at about 200 
microseconds. At this time, when the electron 
energy is about 2 M^v, and the electron velocity 
07 jjercent that of light, another multivibrator 
circuit turns on a radiofrequency oscillator which 
excites a 163-megacycle cavity, forming a part 
of the vacuum envelojK*. The electrons Income 
hunched in orbital distribution by the electric 
held at the gap of the resonator, and on suc¬ 
cessive revolutions they are held in synchronism 
with the r-f field with a stability which is char¬ 
acteristic of the synchrotron. Following the 
tun-off of the cavity resonator, tin* electron 
energy will remain essentially fixed. If the mag¬ 
netic guide field has not reached its peak, the 
electron beam contracts to strike a tungsten- 
wire target placed within the tube inside ihe 
synchrotron orbit. If the field has passed its peak 
when the resonator is turned off, the beam ex¬ 
pands to hit the back of the injection gun and 
accordingly the x-ray beam comes from the gun. 

When the magnet is fully excited, the peak 
value of #, at the orbit radius of 29.3 cm, is 8100 
gauss, which permits a peak electron energy of 
70 Mev. At present the x-ray yield in the center 
of the beam at 1 meter from the tungsten target 
is 50 roentgens per minute as measured by a 
Victoreen thimble in a thick lead shield. I his 
output undoubtedly will improve as the many 
variables of the equipment are adjusted to their 
optimum settings. 


II. THE MAGNET 


The 70-Mev synchrotron magnet (Fig. 2) re¬ 
sembles in general design and construction the 
betatron magnets which have been built in this 
laboratory. 11 * 12 The total weight of the magnet 
and coils is approximately 8 tons. 


ii 

it 


V. F. Westendorp, Phys. Rev. 71, 271 (1947). 

V. F. Westendorp and E. E. Charlton, J. App. I hys. 


16, 581 (1945). 



Fig. 1. Photograph of 70-Mev synchrotron. 

The shape of the pole face was determined by 
using a half-scale model made of solid steel. The 
magnetic field intensity in the plane midway 
between pole faces varies inversely as the f 
power of the radius. The width of the pole face 
near the orbit is 4", and the gap at the 23" 
diameter orbit is 2|". 

The pole pieces were assembled from approxi¬ 
mately 4° sectors made of enamelled punchings 
of dynamo-grade silicon steel 0.014" thick. Each 
sector was impregnated with permafil and baked 
while held in a sjiecial clamp. The individual 
punchings, which were properlv profiled, varied 
from 1" to 12" wide in steps of 1". To avoid ex¬ 
cessive eddy currents in the pole pieces, a total 
of 3 sheets of 0.005" paper was equally spaced 
between bunches of laminations during the stack¬ 
ing of each sector. A 2" wide copper sheet, which 
extended about beyond the inner end of the 
iron stack, was placed in the middle of each 
sector. To assemble accurately pole pieces of 
27" O.D., the sectors were placed on a ground 
steel plate of this diameter and clamped together 
with a Textolite ring. The ring, fabricated from 
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Fig. 2A. Synchrotron magnet—front view. 


6 semicircular pieces, was fastened together with 
brass pins after assembly in the rectangular 
groove at the outer edge of the sectors. The 
joints in the ring were staggered by 120°. 

In the central 3" diameter hole of the pole 
piece was inserted a spiral, cooling coil of coppes 
together with a f" brass pipe inside the coil. The 
space between the brass pipe and sectors was 
filled with soft solder to provide heat transfer 
from the copper fins in the sectors to the spiral 
coil. The brass pipe, long enough to extend 
through a 2"X2" hole through the yokes, then 
served as a support for the central part of the 
pole piece. 

For the yokes and legs of the magnet, en¬ 
amelled transformer-grade silicon steel .014" thick 
was used. For the purpose of cooling, pairs of 
.030" copper sheets were distributed at appro¬ 
priate intervals during the stacking of the yokes 
and legs. Water flowing through copper tubes, 
soldered in a V groove formed by bending the 
outside edges of the copper sheets, serves to re¬ 
move the heat produced in the iron. The cooling 
fins also provide a means of attaching the pole 
pieces to the yokes. This was accomplished by 
punching T-shaped notches in the sheets into 
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F#;. 2B. Synchrotron magnet—end view. 

1. Laminated magnet yoke 10, Textolite clamping ring 

2. Brass pipe II. Adjustable gap 

3. Clamping beam 12. Cooling opening 

4. Herkolite coil housing 13. Exciting coil 

5. Flux bars 14. Clamping bolt 

6. Cooling spiral 15. Clamping beam 

7. Magnetizing coils 16. Cooling pipe 

8. Vacuum tube 17. Hanger 

V. Pole piece 
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which beryllium-copj>er hangers were inserted 
during stacking. By spacing the fins suitably, 
and by varying the distance of the notches from 
the center line of each yoke, the hangers were 
arranged to lie at equal intervals on the circum¬ 
ference of a circle. The circular pole pieces were 
then attached securely to the yokes with thirty- 
two brass bolts through each of the Textolite 
damping rings, previously assembled in a rec¬ 
tangular groove in the pole piece. 

The flux bars of 0.004" enamelled strip steel 
consist of twenty-four bundles of jtrips, 5ri" 
long. Each bundle contains approximately 120 
strips of average width 2" and is supported in a 
Textolite holder. Two spacing disks, of about 
0.128" thickness, position the holder between the 
pole pieces. A stream of air introduced through 
one of the brass pij>es cools the flux bars. 

III. THE COILS 

The magnetizing coils, placed around the jx>lc 
pieces, carry current to produce both flux through 
the orbit and guiding field at the* orbit. Ap¬ 
proximately 35,000-ampere turns r.m.s. arc 
needed for 70-Mev ojxration. The apparent 
power is furnished at 22,900-volts r.m.s. from a 
capacitor bank through a high voltage cable to 
the coils. The two coils are connected in series 
(Fig. 3) and each contains 130 turns of cable. 
The cable which consists of 12 strands of 0.050" X 
0.150" Formex-covered copper wire is taped to¬ 
gether in a bundle while being wound. Glass 
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Fig. 3A. Main power circuit. 




Fig. 4. Pictorial view of cavity. 

1. Tuning strip 4. Insulated patch tor voltage 

2. Coupling strip monitor 

3. Slots in silver to reduce eddy 5. Connection between adjacent 

currents strips 

6. Accelerating gap 

cloth spacers, treated with permafil, serve to 
provide insulation between coil layers and to 
form ducts for forced air cooling. After the coils 
were wound, they were impregnated in vacuum 
with permafil and then baked to produce a rigid 
structure. The coils are .supported and held in 
place inside Herkolite cylinders by insulating 
blocks bolted to the cylinders. The cylinders, 
which are fastened to the yoke structure by four 
brackets, carry through the coils the air flow 
from two J-hp blowers. 

The exciting coils are connected across an in¬ 
duction regulator which supplies 74.5 amperes at 
372 volts for 70-Mev operation of the synchro¬ 
tron. Each coil has two turns of No. 2 insulated 
code wire wrapped around the pole piece be¬ 
tween the Textolite clamping ring and the 
yoke, as is shown in Fig. 2. 

The saturating coils, two of which are mounted 
on each leg of the magnet, are required for start¬ 
ing the machine. The inductance of the magnet 
varies during each cycle as the flux bars saturate. 
When the machine is not running, its inductance 
and the capacitor bank are in tune at approxi¬ 
mately 40 cycles. Accordingly, in starting, the 
exciting coils draw an excessive current from the 
60-cycle line. Therefore, the saturating coils are 
supplied with 60 amperes of d.c. which, by par¬ 
tially saturating the magnetic structure, tunes 
the circuit to 60 cycles for low power operation. 
As the excitation is increased, the d.c. is reduced 
by an automatic phase-sensitive control circuit 
which keeps the magnet-driving current and 
voltage nearly in phase. Finally, when the mag¬ 
net is fully excited, no d.c. remains in the sat¬ 
urating coils. Each of the four coils Has 46 turns, 
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wound in a single layer on an insulating frame. 
The individual coils are connected in series so 
that the a.c. voltages which arc induced in them 
balance out and do not appear across the d.c. 
supply. 

IV. THE CAPACITOR BANK 

The 3000-kva capacitor bank, which supplies 
the apparent power for the magnetizing coils, 
consists of 121 units arranged with 8 banks in 
series. Seven banks have 15 units in parallel, and 
one bank 16 units in parallel. Each Pyranol-filled 
unit is rated at about 7 micro farads, 3 kv r.m.s., 
and 24 kva. The 8 insulated mqtal rac ks holding 
the capacitors are contained within a sheet-steel 
housing through which air is circulated by a low r 
pressure blower. The power loss in the capacitoi 
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Fig. 5B. Photograph of resonator installed in vacuum tube 


cabinet is £ of 1 percent of the voltamperes, or 
approximately 10 kw. 

V. VACUUM TUBE AND R-F CAVITY 

The vacuum tube was molded by the Corn¬ 
ing Glass Works of 774 Pyrex glass, thick. It 
is of toroidal shape with an outside diameter of 
27", an inside diameter of 19", and with a nearh 
elliptical cross section; the major axis is 4" and 
the minor axis is 2 \". Two side arms are pro¬ 
vided 120° apart for gun and target, the pumping 
loud being on the target arm. From "the tube, a 
57° sector was removed by making radial cuts 
with an emery wheel. This sector was replaced 
bv one of similar shape, but of 707-DG glass, the 
loss tangent of which at 163 megacycles is 0.0012, 
a value low enough to make this glass suitable 
for the radiofrequency resonator. The 707-DG 
glass sector, cast in the same mold as the original 
tube, had its ends ground so that it fitted tighth 
in the place of the sector which was cut out. The 
resonator (Fig. 4) was piepared in the following 
way. The low loss glass was coated appropriately 
with DuPont silver paint which was baked onto 
the glass at 500°C. In an electrolytic plating 
bath, the thickness of the silver coating was 
increased to 0.001". A tungsten wheel, mounted 
on a rotating arm and connected to a current 
transformer, was then used as a tool for removing 
silver from the glass so as. to subdivide the silver 
coating into narrow strips. This reduces the eddy 
currents produced in the coating by the a.c 
magnetic field. 

The complete cavity (Fig. 5) may be regarded 
as a J-wave concentric resonator which has been 
fore-shortened physically by the introduction of 
glass between inner and outer conductors. Volt¬ 
age is developed across a wide gap inside the 
sector close to one end. The r-f excitation from 
the oscillator is fed from a coaxial 50-ohm line. 
Coupling is achieved by r having the central con¬ 
ductor of the cable make proper contact with a 
strip of the outer silver coating of the cavity. 
The coupling can be varied to secure a good 
match by moving the point at which the center 
conductor of the cable makes contact with the 
silver strip. This strip is only connected to the 
remainder of the silver coating at the extreme 
end of the cavity, away from the gap. It is not 
necessary to bring any metal leads through the 
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glass. For measuring the voltage across the gap, 
a calibrated probe and crystal is supported out¬ 
side the glass near the gap. All the electrical 
connections are made by silver strips supported 
on Textolite blocks which are taped to the res¬ 
onator by permafil-treated glass cloth. 

Before the silvered cavity was inserted into 
the main tube, the inner surface of the tube was 
chemically coated in a uniform manner to obtain 
a resistance of 200 to 1000 ohms per square cm. 
When the cavity is permanently positioned, 
0.002" gaskets are used at the joigts. Molded 
sleeves of butyl rubber hold cavity, gun, and 
target in position. These sleeves when painted 
with Glyptal insure vacuum-tight joints. A glass 
oil diffusion pump.of 20 liters per second ca¬ 
pacity, backed up by a suitable fore-pump, 
keeps the tube pressure below 10 -5 mm of 
mercury. This pressure, measured with an ioniza¬ 
tion gauge, is satisfactory for regular operation. 

The cavity requires 250 watts to produce 1000 
volts peak across the gap. As the duty cycle is 
normally 25 percent, considerably less average 
power is used. Operation of the cavity shows 
that the voltage can be developed across the 
gap without excessive heating of the dielectric 
or the rubber sleeves. The Q of the cavity has 
been measured as 375. It is possible to change 
the resonant frequency 10 percent by moving 
the position of a piece of foil attached to the 
tuning strip outside of the cavity. In practice, this 
tuning is done only to adjust a new cavity to the 
desired frequency. The power is supplied to the 
cavity by an 832-A oscillator driving an 829-B 
grid-modulated power amplifier. 

VI. ORBIT LOCATION 

The location of the betatron orbit is of in¬ 
terest only during the time that the magnetic 
field is low. The orbit is located by methods 
which are similar to those already published. 12 
The voltage induced in a small coil placed at the 
desired orbit position is balanced against a frac¬ 
tion of the voltage from a single turn of wire of 
23" diameter on the pole face. A null-voltage 
indication on an oscilloscope enables the orbit 
position to be calculated. This null indication is 
observed on a sweep which is triggered when the 
magnetic field passes through zero. By varying 
the fraction of the single-turn voltage which is 


used, the null indication can be obtained at 
various times following B = 0. Thus the location 
of the orbit as a function of time can be found. 
Adjustment of the betatron orbit is readily car¬ 
ried out by changing the paper shims between 
the yokes and legs of the magnet. Since the gap 
of approximately 0.25" lietween the central fiux 
bars and pole pieces varies more rapidly, rela¬ 
tively, than the main gap qf 2.75", the fiux 
within the orbit can be altered by a large amount 
without appreciably affecting the fiux density at 
the orbit. In this way, the betatron condition 
can be fulfilled in order to match the desired 
orbit diameter. 

The orbit shrinks considerably as the flux 
bars begin to saturate. The contraction in orbit 
radius is about 1$" in 350 microseconds, with 
most of the contraction occurring near tin* end 
of this period. 'Phis contraction does not prevent 
a satisfactory transition to the synchrotron con¬ 
dition. Indeed, the exact location of the betatron 
orbit in the center of the glass vacuum tube 
does not appear important. The orbit has been 
shifted over a wide region inside the tube with 
little change on the x-ray output. The synchro¬ 
tron orbit is defined by the energy of the elec¬ 
trons and the frequency of the r-f oscillator. 

VII. POWER CIRCUIT 

A diagram of the main power circuit of the 
machine is shown in Fig. 3A. Power is supplied 
from a 220 volt 60-cycle a.c. line through a 
motor-controlled induction regulator to the ex¬ 
citing coils of the magnet. The Q of the resonant 
circuit is approximately 113. Variations in line 
frequency could have a relatively large effect on 
o{>eration, but trouble from this source has rarely 
been observed with this installation. If the ca¬ 
pacitor bank is cold, and hence the capacity 
high, the machine will be in resonance at a 
slightly higher power level because of the non¬ 
linear inductance of the magnet. After ten min¬ 
utes of running, the temperature of the capacitor 
bank has reached equilibrium. The power re¬ 
quired to energize the machine fully is 26.5 kw. 

The machine has also been run with d.c. bias 
on the magnetizing coils as is shown in Fig. 3B. 
The large increase in electron energy which is 
obtainable by biasing a betatron 18 of given 

13 VV. F. Wcstendorp, J. App. Phys. 16, 657 (1945). 
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Fic>. 6. Oscillogram showing operation of the machine; 
the trace is cut off every 100 microseconds. (1) marks the 
time of electron injection. At (2) the r-f voltage is turned 
on and at (3) it is turned off. (4) marks a signal from a 
photo-multiplier tube placed in the \-ray beam. For this 
trace the energy was about 20 Mev. 

weight cannot be realized with a synchrotron. 
However with a biased synchrotron, for a given 
energy output, the voltage across the mag¬ 
netizing coils may be reduced by nearly 50 per¬ 
cent and the effective value of the current by 
about 15 percent. Because of the lowered a.c. 
component of flux, the iron losses decrease to 
about J, which reduces the cooling requirement 
of the magnet. The a.c. power input is also 
lowered. Theoretically, the capacitor bank is 
reduced to about 30 percent of that required for 
full a.c. operation. The full saving in capacitor 
kva cannot be realized since it is necessary to 
compensate the inductance of the reactor re¬ 
quired to introduce the d.c. bias current into the 
magnetizing coils. The net saving in practice 
may thus amount to about 50 percent. With the 
present machine, the cost of the reactor was 
comparable to that of the added capacitor kva 
required for full a.c. operation. For a higher 
energy machine, some saving in cost might be 
obtained by using bias. 

With d.c. bias, it was somewhat more difficult 
to start up and get the machine on the line. The 
operation was also rather unstable. A large part 
of the instability was due to the regulation char¬ 
acteristics of the input circuit coupled with the 
non-linearity of the reactance of the magnet. 
Normally, the input lines have a small inductive 
reactance. When the magnetizing circuit is near 
resonance at the line frequency, the operation 
will be stable provided the power factor of the 
circuit is slightly lagging. A small change in the 
d.c. bias current can cause the power factor to 
swing from lagging to leading or vice versa . If 
the power factor becomes leading, then the volt¬ 
age at the machine terminals rises because of the 


inductive reactance of the input lines. A rise of 
voltage on the exciting coils causes a higher 
effective inductance of the magnet, and hence a 
tendency for the power factor to become still 
more leading, since the capacitor bank has a 
fixed value. Obviously, under such conditions, 
the operation will be unstable. One way in 
which this difficulty can be overcome is by means 
of a series capacitor in the input circuit. This was 
tried and found to be reasonably effective. We 
are confident that stability can be obtained when 
it is desirable to use a biased magnet: 

With full a.c. operation, there is stability. An 
increase of voltage at the input terminals de¬ 
creases the effective inductance of the magnet, 
there by making the power factor more lagging, 
which tends to lower the input voltage. 

VIII. OPERATION 

The operation of the machine is quite simple. 
The sequence of events in each cycle is illus¬ 
trated by Fig. 6. The final energy of the electrons 
is easily changed by a single knob controlling 
the time that the r-f cavity stays on. Figure 7 
shows that the time at which the r-f is turned on 
is not very critical. The time at which the elec¬ 
trons are injected into the tube is critical as is 
shown by Fig. 8. Under good conditions, when 
the line frequency is stable, the injection timing 
multivibrator is adjusted perhaps once or twict 
a minute. It is easy to keep the intensity of the 
x-rays constant to within about 10 jx*rcent for 
long periods of time. 

The transiton from betatron operation to syn¬ 
chrotron operation seems to be rather efficient. 
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Fig. 7. Output vs. time r-f is turned on. 
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This is shown by operating the machine at a 
low intensity and observing the output by means 
of a Geiger counter. The pulses from the counter 
are displayed on an oscilloscope with a 60-cycle 
sweep. If the r-f oscillator is not turned on, a 
count is registered almost every cycle a few 
hundred microseconds after injection, at the 
sweep position where 3.5-Mev x-rays are ex¬ 
pected. This is of course the betatron beam 
collapsing to the target as the central flux bars 
saturate. If the r-f is turned on, no betatron 
counts are observed, but higher energy quanta 
produce counts following r-f turn olf. This indi¬ 
cates that a large fraction of the electrons which 
previously had collapsed to the target are 
bunched in the synchrotron orbit and are ac¬ 
celerated to high energy. 

The rate of rise of the r-f envelope was varied 
from 2 to 20 microseconds and does not seem to 
affect the efficiency of the transition. Inc reasing 
the peak r-f voltage on the accelerating gap be¬ 
yond twice the minimum voltage needed j>er 
turn does not increase the output appreciably 
(see Fig. 9). It is felt that further increase in 
x-ray output will result from improvement in 
betatron injection technique's rather than from 
changes in the synchrotron mode of operation. 

Two types of electron gun have been used. 
One is a standard gun which has been used with 
betatrons for several years in this laboratory. 
It is quite similar to a gun described by D. W. 
Kerst. 14 A rather different gun, designed by 
J. P. Blewett, and initially studied on a rubber 
model, has been in use for a short time. The 



Fig. 8. Output vs, time electrons are injected by gun. 
14 D. W. Kerst, Rev. Sci. Inst. 13, 387 (1942). 
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tiG. 9. Output vs. r-f accelerating volts. Monitor 
readings are directly proportional to peak voltage at the 
accelerating gap. 



Fig. 10. Output vs. gun injection voltage. 


required orbit contraction is less than that in 
the earlier guns. Initial comparative experiments 
indicate that this improved gun gives a larger 
output than the standard gun. 

The electron gun is always mounted on a side 
arm of the tube through a metal bellows which 
allows the gun position to be easily varied. Maxi¬ 
mum x-ray output always seems to occur when 
the gun is located at a position in the tube just 
outside that where the magnetic field falls off 
inversely with the radius. It can be shown that 
in this region the electron beam has no radial 
stability, and accordingly the electrons can 
rapidly spiral in towards the center of the tube. 
A typical plot of x-ray output vs. injection volt¬ 
age is shown in Fig. 10. 

The x-ray output can be considerably increased 
by slight changes in the azimuthal distribution 
of the magnetic field. This is accomplished by 
placing flat sector-shaped coils along the top and 
bottom pole pieces of the magnet. These coils 
are connected to variable resistors. When the 
machine is operating, the output can usually 
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Fh.. 11. Oscillogram of x-rays from internal target. The 
length of the sweep is 1000 microseconds. The trace begins 
at tne time the r-f was turned off, when the electron orbit 
starts to contract. The irregular signal is from the output 
of a photo-multiplier tube placed in the emergent x-ray 
l>cam. 

be increased several-fold by varying the current 
flowing through these coils. 1 

When the x-ray intensity is low, the output 
of the machine is observed by a Geiger counter. 
With higher output, it is convenient to monitor 
with a 931 photo-multiplier tube contained in a 
light-tight box, and set a few feet from the target 
in the center of the beam, which is approximately 
3° wide. The 931 is followed by a single stage of 
amplification and a cathode follower whose out¬ 
put is observed on an oscilloscope. The circuit 
has good frequency response which permits dev 
tails of the x-ray beam structure to be observed 
on a fast sweep of the oscilloscope. An ionization 
chamber and d.c. amplifier are used- to measure 
the average output of the machine*. 

The structure of the x-ray beam as a function 
of time is rather complicated. 'The distribution 
of x-rays from a contracted electron beam, as 
determined by a photo-multiplier tube is shown 
in Fig. 11. Upon moving the target by means of 
a metal bellows, it was found that a contracted 
electron beam gives a single x-ray pulse if the 
target is placed at a radius where »>0[n= —d 
(logJB)/r/(logr)]. If the target is at a smaller 
radius than that at which n==0, the x-ray beam 
becomes very complicated, probably because the 
electron beam has no vertical stability in regions 
where n< 0. 


Fie,. \2. Oscillogram of x-rays generated by electrons 
expanding to the gun as the magnetic field decreases. The 
1000-microsecond trace is keyed at the time of r-l turn off. 
Two sharp pulses are registered by the photo-multiplier 
tube, about 50 microseconds apart. 

An expanded electron beam, striking the gun 
as a target, gives a single pulse unless the gun is 
placed at a radius larger than that at which 
if = 1. In this case, the x-rays emerge in two well 
separated sharp pulses as shown in Fig. 12. 
This splitting of the expanded beam is not under¬ 
stood at present, but is being investigated 
further. 

hi these experiments, the ejection of the elec¬ 
tron beam to a target is accomplished by turning 
off the r-f resonator and letting the beam expand 
or contract as the magnetic field changes. Jf an 
x-ray pulse of shorter duration is needed for 
experimental work, some faster method of elec¬ 
tron ejection should be used. 15 
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Cathode-Ray Presentation of Three-Dimensional Data* 

Otto II. Schmitt 

Airborne Instruments Laboratory , Inc.** Mineolo, New York 
(Received March 24, 1947) 

I he caihodc-ray oscilloscope is usually regarded as a means for displaying data in one or two 
variables as a function of time. By means of simple transformations which are easily performed 
electrically, it is possible to present three variable electrical data in the form of isometric or 
other conventional projections or as true perspective drawings. It is further possible to change 
the observer s viewpoint in the presentation coordinate system at will by turning range, eleva¬ 
tion, and azimuth controls. 

A more elaborate but similar set of transformations permits presentation of separate pic¬ 
tures to the two eyes. These pictures arc optically superimposed but differ in such a way as to 
yield stereoscopicallv correct'perspective pictures. 'These pictures arc fully acceptable to the 
eye as patterns in space. 


TTTHEN wo are interested in examining an 
▼ ▼ object of moderate size, we instinctively 
try to position it so that we look directly at it 
with both eyes from a distance ranging from a 
few inches to a few feet, depending upon the 
si*;c of the object. We next turn the object or 
move about, it so as to get several different 
views of it. Then, if we find certain details of the 
object particularly interesting, we move up and 
examine these details from a very short distance, 
sometimes even using a lens system to assist our 
eyes in focusing. 

By the time we have completed such an 
examination we know pretty thoroughly what 
the object is like three-dimensionally, even 
though we have, in reality, seen only a series 
of pairs of the two-dimensional images formed 
on the retinas of our eyes. 

The “realness” and “solidity” of an object in 
our field of view depends on a complex of sub¬ 
jective and objective factors, all of which our 
minds quickly and accurately put together into 
a mental image of the three-dimensional object. 
This mental picture is never a simple accumula¬ 
tion of the various retinal images: it is a real 
three-dimensional picture, nicely painted onto a 
framework provided by clues contained in the 
image pairs. 

In this mental picture, missing details are 
neatly filled in, compromises are automatically 

* Paper presented at the national convention of the 
Institute of Radio Engineers, March 3, 1947. 

** Now at University of Minnesota, Department of 
Physics. 


made between various inconsistencies actually 
present in the data as seen, and errors resulting 
from optical and mechanical im|>erfections in the 
eye mechanisms are smoothed over. 

Our visual apparatus is remarkably adaptable; 
if furnished with a few clues -even if some of 
them are contradictory—it will piece together a 
plausible, single clear picture, though this picture 
may not be the right one. When a wrong cue is 
taken and the data gets just too confusing, the 
eyes will try to find another picture that also 
fits the available data. The search for an in¬ 
telligible picture will be repeated again and 
again before the eyes finally give up and register 
a blur. 

This picture synthesis is the basis of many 
familiar optical illusions, esj>ecially those in 
which surfaces suddenly reverse or shift position. 
It is this process also that allows a skilled drafts¬ 
man to convey a clear three-dimensional picture 
by a drawing on a fiat sheet, using one of the 
systems of projection or perspective. In addition 
to having no real depth, these drawings may 
violently distort certain angles or lengths; yet 
so long as a few strong clues are given and the 
observer is trained to reject conflicting data, a 
clear picture can be formed. 

In any scheme that proposes to present a 
three-dimensional picture to the eye in terms of 
one or a pair of flat pictures, we must attempt to 
suppress, or eliminate by education, the tendency 
for the eye to cling to features of the picture 
which reveal that it is “really” two-dimensional 
and we must emphasize those elements which 
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give the actually false impression of depth. 
Perception of depth by accommodation is sub¬ 
ordinate to depth perception by binocular con¬ 
vergence, and depth perception by binocular 
convergence is subordinate to that by perspec- 



Fig. 1. Right-handed Cartesian coordinate system. 

tive. Consequently, a presentation that provides 
only perspective is convincing, whereas one that 
provides both perspective and stereoscopic view 
is very “real” indeed. + 

A cathode-ray tube provided with suitable 
deflecting and modulating voltages is capable of 
painting any two-dimensional picture within 
reasonable limits of brilliance, color, and grain 
size. It thus becomes obvious that a single 
cathode-ray tube can convey any three-dimen¬ 
sional-appearing picture that a perspective draw¬ 
ing can. In addition, two cathode-ray pictures, 
projjerly interrelated, can yield a real three- 
dimensional view if eye accommodation and 
comparison with surroundings are properly sup¬ 
pressed so that the eyes will be forced to rely on 
convergence and object shape for depth per¬ 
ception. 

It ifc the purpose of this report to point out 
how # easily the underlying principles of projec¬ 
tive and perspective drawing and of stereoscopic 
photography can be applied to cathode-ray 
presentation so as to convert raw electrical data 
directly into vividly recognizable three-dimen¬ 
sional pictures. 

Let us consider first the cases where both eyes 
look at the same picture. These are the projec¬ 
tions and the perspective pictures familiar to 
every engineer and draftsman. In all these 


methods of presentation, a degree of three- 
dimensionality is given to the picture by having 
it resemble, in greater or less degree, the actual 
picture formed in the eye when viewing the 
object from some particular viewpoint, imaginary 
or real, the viewpoint in each case being chosen 
to bring out certain features of the picture. 

In perspective drawing, some advantageous 
viewpoint is chosen and a serious attempt is 
made to develop, as accurately as is possible 
with simple rules of procedure, a picture like 
that which one eye would see if placed at that 
point. Projections, on the other hand, attempt 
to present as many as possible of the lines and 
angles of the picture in directly measurable form. 
Consequently, perspective drawings are easily 
recognized as three-dimensional even by the 
uninitiated, whereas projections tend to be dis¬ 
torted and often tax the eyes’ ability to synthe¬ 
size them into clear mental pictures, though 
grfcat ingenuity has been shown in devising 
special projections that tend to neutralize' the 
intrinsic distortions by counter-distortions. 

To investigate the feasibility of presenting 
three-dimensional data on the cathode-ray tube 
let us start with the most general assumption: 
that we have at each instant three coordinate 
electrical data representing a point in our three- 
dimensional picture space, and that we also 
have a voltage specifying the spot brightness 
desired at that point, thus representing in a 
limited sense an additional parametric variable. 
We thus leave unrestricted the paths of the 
cathode-ray spot and are therefore able to deal 
with stationary or moving patterns made up of 
lines, spots, or surfaces; we need not consider 
separately whether the final picture is formed by 
scanning or by directed motion of the cathode- 
ray beam. (Remember, however, that direct, 
complete, three-dimensional scanning is ordi¬ 
narily impractical because of the immense num¬ 
ber of picture elements involved.) 

Though coordinates other than Cartesian might 
obviously be used, we shall restrict ourselves to 
these for simplicity (Fig. 1). Let us call the three 
component voltages with which we are supplied 
E xt and E t1 and let us think of X as directed 
to the right, Y as up, and Z as toward us—the 
three axes comprising a right-handed Cartesian 
system. The three component voltages taken 
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together represent a point P in the three-dimen¬ 
sional X, Y, Z space. 

Plotting E x against £,„ E x against E t1 or E v 
against £, by means of a cathode-ray tube, we 
.find that we get nothing new: we have one or 
another conventional cathode-ray presentation 
of part of the data. But looked at from the 
draftsman’s standpoint, we have made standard 
multi-planar orthographic projection drawings: 
respectively, an elevation, a plan, and a profile 
projection of P on these three projection planes. 
Following this lead we undertake to produce the 
draftsman’s more difficult but moi^ illustrative 
presentations on the cathode-ray tube. 

Each of the orthographic projections is based 
on projection of the “object” data on a single 
projection plane by rays perpendicular to that 
plane. It can easily be shown that there is a 
perfectly general and always linear transforma¬ 
tion from the three-dimensional voltage com¬ 
ponents E Xi E y} and E x to the two-dimensional 
projection components on any specified projec¬ 
tion plane. This transformation can be performed 
in the following manner. 

Establish a new coordinate system X ', F', Z ' 
(Fig. 2) in such a fashion that one of its coordi¬ 
nate planes, say the X'Y' plane, coincides with 
the desired projection plane. Call the cosines of 
the angles which the new X' axis makes with the 
old Xy Y } and Z axes, respectively, l u m u n lf and 
the cosines of the angles made by the new F' 
and Z’ axes with the old axes, correspondingly, 
hy tn 2 y »2 and / 3 , ra 3 , n 3 . The general transforma¬ 
tion for rotation of axes now yields the three 
component voltages E x >, E y >, E t * t resolved along 
the new prime axes: 

fix' -hEx+miEy+niEzy 
Ey’-hEx+niiEy+niEz, 

Eg* = liE x -)rMzEy-\-nzE t , 

Because each of these represents the total 
resultant voltage along one of the new prime 
axes, any pair represents the projection on one 
of the coordinate planes. 

Electrically the meaning of this is simple. If we 
take, with a potentiometer, a fraction h of our 
incoming E x voltage, add a fraction m\ of E y and 
ni of £„ apply this to our cathode-ray tube as X 
deflection voltage, and use the corresponding 


fractions i Xv m 2 , and n% of the original voltages 
for F deflection voltage, our tube will auto¬ 
matically plot the projection of the data on a 
new arbitrarily rotated X f F' plane. Since all the 
direction cosines are constant for any specified 
projection and since sine-cosine potentiometers, 
which are now readily available, yield the cosine 
directly when only the angle is set on the dial, 
this transformation is really a very simple one. 
It is often further simplified in particular resolu¬ 
tions by the fact that some of the angles arc 0° 
or 90° and hence have cosines of 1 or 0 in which 
event no potentiometer is needed, all or none of a 
particular component voltage being used. 

A specific example will serve to illustrate the 
simplicity of this projection transformation. Iso¬ 
metric projection occurs when the object axes 
are all inclined at equal angles of 35° 16' to the 
projection plane. Jf the F projection is chosen to 
fall along the new F' axis, the transformation is: 

V2 

£V= •(£*-£;) 

2 

=0.707 (£*-£,), 




Fig. 2. General transformation for rotation 
of coordinates. 
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A little study will give values for the three 
coefficients for the X' and for the Y' that will 
yield any of the dimetric or trimetric projections. 

Some of the most effective drawings are done 
in various “oblique projections." These are not 
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really projections in the simple sehse but they 
make use of the eyes* compromising ability to 
permit use of very simple drawing rules while 
still retaining good metric properties. 

Figure 3 illustrates several projections, with a 
sketch of a cube in each, and gives the corre¬ 
sponding electrical transformations. Working in¬ 
dependently, Carl Berkley of the DuMont 
Laboratories has devised and investigated certain 
of these projections in detail, both theoretically 
and experimentally, and has obtained excellent 
results. They were reported at the national 
convention of the Iinstitute of Radio Engineers 
on March 5, 1947, and I shall therefore not 
elaborate on them here. 

In military problems, in radar problems, in¬ 
deed in most cases other than purely geometrical 
ones, we^re likely to know angles other than 
those from which the direction cosines arc de¬ 
rived. The most common case will be that of 
Fig. 4, in which voltage data are presented in 
rectangular AT, F, Z coordinates. We wish (1) to 
take up our viewpoint at some little distance 


from the phenomenon, in a direction defined by 
an azimuth angle and an elevation angle 0; 
(2) to see the data presented as a projection on 
a normal plane passing through a chosen origin; 
and (3), to keep our projection plane so oriented 
that the picture is still level, i.e., so that the new 
A r axis in the projection plane still lies in the 
old XZ plane. 

As it turns out, the transformation of electrical 
data to this new and completely general projec¬ 
tion is very simple. Using two two-gang potenti¬ 
ometers, we can provide two knobs, one directly 
calibrated in azimuth and another marked in 
elevation, which will allow us to set the view¬ 
point anywhere around a complete sphere. 

The transformation is simple if done as two 
separate coordinate rotations in proper order, 
as follows (Fig. 5). Starting as usual with data 
given as R X} R y , R g , transform this for a rotation 
in azimuth about the Y axis to give the E 
data in terms of new coordinates X\ Y\ Z ': 

Ax' “ n\R l} 

R u < = UEr+ m 2 Ry+ti 2 E t , 

Esz’^hEx+nuEy+niRz, 

where l u m u n i are the direction cosines of the 
new X f axis with respect to the old axes and 
k, w 2 , «2 and /*, n s are the direction cosines 



Fig. t. Piojection plane for viewpoint at azimuth <p 
and elevation 0. 

of the new Y f and Z f axes. This yields: 

E x > = E x cos <t >— E 9 sin^, 

Ey’ = Ey , 

E % * = E a sin^+£, cos<£. 
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Now rotate this new coordinate system to a 
double-prime position (Fig. 6), where the Z" 
axis, which is the desired line of view, is swung 
to an elevation angle 0 by a rotation about X'. 

E y " = E u > cos0-t-AV sin0 
Ez" = — E y * sin0+/v cos0. 

To obtain these data, we need from the azimuth 
control system * 

E x sin <t> and E t cos^> 

(sine-cosine potentiometer No. 1), 

E y (already available), 

E g sin<£ and E t cos <t> 

(sine-cosine potentiometer No. 2). 

For the second transformation, to put in eleva- 
t ion we need: 

E x > (already available), 

E v > sin0 and E v > cos0 

(sine-cosine potentiometer No. 3), 
E Z ' sin0 and E z > cos0 

(sine-cosine potentiometer No. 4). 

Since we desire to show the projection on the 
X"Y" plane, we put the E x >> and E y >> voltages 


w 



on the oscillosco|H; deflection plates and therefore 
do not need the E X " voltage. (Notice, however, 
that no extra potentiometers are required to 
obtain Eg" because sine and cosine can come from 
a single unit. We shall have reason to return to 


Eg" later, in connection with perspective and 
stereoscopic presentations.) 

All the transformations thus far considered 
result in ideal or in stylized projections that are 
useful where distances along certain axes must 





Km. 6. Transformation by two separate coordinate 
rotations (rotation for elevation angle* 6 ). 


be linearly measurable. Their extensive use in 
drafting as compared with perspective drawings 
results largely from their metric properties and 
from the difficulty of making good perspective 
drawings, especially from arbitrarily defined 
viewpoints. In the electric case, the use of view- 
rotating potentiometers permits any viewpoint 
to be chosen. For a complete presentation, there¬ 
fore, it remains only to solve the problem of 
displaying perspective convergence on the cath- 
(xle-ray tube. 

Return to the original case—where E X} E v , and 
Eg potentials are supplied directly or, what is 
equivalent, where the necessary rotations have 
already been accomplished -and consider how 
the picture would appear in perspective, looking 
along the Z axis toward the origin (see Fig. 7). 
All points along the Z axis project as a point at the 
origin 0 on the X Y projection plane. Viewed from 
a distance d , the projection for a point x = a, y * b, 
z-c would fall a distance A =ad/(d — c) from 
the axis in the X direction and B = bd/(d—c) in 
the Y direction. (This follows at once from 
inspection of similar triangles.) Since a and b 
are represented by the deflection voltages E x 
and Ey, respectively, and d is a constant distance 
set on a dial, the multiplication indicated in the 
numerator can be accomplished by two simple 
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linear potentiometers ganged to the “distance- 
of-view M control shaft. These potentiometers 
multiply the incoming E x and E y voltages, re¬ 
spectively, by the d set on the dial, c is a con¬ 
stantly varying quantity proportional to E t . The 


V 



reciprocal 1 /(d — c) is obtained by using a non¬ 
linear amplifier. The d in the denominator pre¬ 
sents no difficulty because it is merely a d.c. 
bias proportional to the distance setting and is 
obtained from a third linear potentiometer on 
that shaft. Several components can be used in 
common for both A and B since both use identical 
circuits and contain the same multiplying factor 
d/(d — c). This system has not been completed, 
and its performance characteristics cannot yet 
be stated. 

Adjustment of the distance-of-view control 
changes d —that is, it moves the observer’s 
perspective viewpoint nearer or farther from the 
apparent object; since there is no focus problem 
here, it is equivalent to an ideal telephoto lens 
of adjustable magnification and corrected per¬ 
spective. 

Let us now consider what control over presen¬ 
tation we have, utilizing this perspective control 
combined with the azimuth and elevation con¬ 
trols previously described in connection with the 
orthogonal projection presentation. Let us take 
up a viewpoint a long way off and look over the 
data from all sides, as one does in inspecting an 
object visually. This we do by setting our per¬ 
spective control for a long-distance viewpoint— 


just long enough, however, to permit us to see 
the whole picture at once. We now rotate the 
object—even though it may be actual radar 
data representing cubic miles of volume —by 
turning the two angular-selection controls. This 
permits us to select the one best viewpoint over 
the entire sphere of possible viewpoints. We now 
move ourselves nearer at will, going in among 
the data if this seems advantageous. 

A word of caution should be injected at this 
point. It is feasible to utilize all the freedom just 
mentioned, but two factors must be remembered. 
On advancing the viewpoint into the field of 
data, data behind the observer may appear 
before him as a “negative.” The occurrence of 
this phenomenon depends upon the design of the 
reciprocal amplifier and may in special cases 
require* use of a special blanking circuit. How¬ 
ever, this blanking circuit turns out to be quite 
simple. 

' The second factor concerns the apparent trans¬ 
parency of objects. It is obvious that no data can 
be presented which are not furnished electrically 
and, conversely, that all the data provided will 
be presented unless sj>eeifirally blanked out. 
All “pictures” made by this process will then 
be “glass-block” pictures in which all surfaces 
of the object can be seen “through.” This is 
generally desirable, especially when graphical or 
other line data are being presented. It may lead 
to optical illusions in certain cases, however, 
where the perspective picture shown is equivalent 
to another perspective picture of some other 
data configuration. Recall that in these pictures 
the eye is being asked to perceive depth solely 
by convergence of picture lines and cannot rely 
even on binocular convergence for a clue to real 
depth. 

To investigate whether this one powerful aid 
to three-dimensional perception can be made to 
aid us in our attempt to present three-dimen¬ 
sional data realistically, let us see what further 
resolution of data would be needed to provide 
two suitably different sets of perspective data to 
be viewed by the two eyes separately to give 
the exact equivalent of stereoscopic, or perhaps 
even of enhanced stereoscopic, relief. 

Ideal stereoscopic viewing presumes that both 
eyes look directly at the object from slightly 
separated points. In the language of our two 
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angular-resolution potentiometers, this means 
that the tubes presenting data to the two eyes 
must be supplied with similar <fcita for two 
slightly different viewpoints, and that this differ¬ 
ence will depend upon the distance of the view¬ 
point from the data and upon the degree of 
stereoscopic enhancement desired. 

As our coordinate transformation has been 
carried out, it is very simple to provide different 
viewpoints if those viewpoints differ by some 
simple and preferably constant amount in either 
,<p or 0. An extra set of contacts on the potenti¬ 
ometers that establish these angles or, at worst, 
a duplicate set of potentiometers lagging at a 
properly set angle will give the additional view¬ 
point. 

'Unfortunately, though the equivalent eye sepa¬ 
ration provided by a small change A<t> in azimuth 
(Fig. 8) corresponds to a desirable horizontal 
separation of eyepoints, it varies in amount with 
the cosine of the elevation angle 0, since all the 
“longitude lines” converge. 

Eyepoints produced by deviation of the eleva¬ 
tion angle 0 by a small amount A0 are not subject 
to this error because lines of latitude are uni¬ 
formly spaced. However, since they correspond 
to viewpoints above one another, the observer 
must view the picture as though lying on his side. 


This problem can be ideally solved by a third 
re-resolution of the picture—this time by rota¬ 
tion about the Y" axis—to give eyepoints that 
are usable for any azimuth or elevation without 
readjustment. 'Phis is not a complicated trans¬ 
formation ; it requires only two additional poten¬ 
tiometers and is therefore justified in special 
cases. 

E x "' — Ex" cos^ —ZsV' sin^, 

Aj/" ' = Ey ", 

E t "' - E x > 'sin^+/v' cos^. 

These equations can also be expressed as follows: 

E x '" = cos^(7i, cos0 — E» sin0) 

- sin^[ — E v sin0+cos0(E x sin<£+£, cos^)], 

E U ''> — Ey cos0+sin0( E x sin<£ + E g cos4>), 

E Z '" = si iu//(Ex cos0 — E» sin</>) 

+cos^[ — E v si n0+cos0(E* sn\<t> + E M cos#) ]. 

I f one does not need such complete generality 
but still wishes the advantages of stereoscopic 
vision, a g<x)d approximation can be had with 
very simple apparatus. Even the sine-cosine re¬ 
solving potentiometers become unnecessary. 

Consider the case where both eyes look at a 
nearby object P on the axis of vision as projected 


Fig. 9. Variation of binocular conver¬ 
gence angle with object distance. 
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on a plant* ]>eri)endicular to the axis (Fig. 9). 
The convergence angle a for this point is deter¬ 
mined solely by the proximity of the object to 
the eyes. The projection that represents this 
convergence must move to the right for the left 



Fig. 10. Working range of simplified stereoscopic system. 

eye and to the left for the right eye. The amount 
of deviation of each projection for an object 
appear at a distance d — c is given by 

Sd 

A =-, 

2 (d-c) 

where A represents a deflecting voltage for appli¬ 
cation to the two cathode-ray tulxis as X bias 
of opposite polarities. 

5 is a d.c. voltage representing interocular 
distance and can be regarded as constant; rf, as 
it multiplies S } can be represented exactly by a 
linear potentiometer on the distance-of-view 
shaft, working as a voltage divider on S. The 
factor of 2 is, of course, a mere scale factor. 

Siiice c is an instantaneous variable, it repre¬ 
sents a reciprocal operation and requires a tube 
circuit; d, as it appears inside the parentheses 
with c in the denominator, is applied as a d.c. 
bias to c. This quantity (d — c) is already avail¬ 
able fronfc the perspective circuits, leaving only a 
reciprocal of a voltage to be taken. As before, 
this is accomplished by means of a non-linear 
tube circuit. 

As a surprisingly good practical approximation 
in the case where the object field is not too deep 


or too close to the observer, a fraction of (d — c), 
taken with reversed polarity and with a bias 
added, can be substituted for the reciprocal 
1 /(d — c). This apparently poor approximation 
works well because an error in the A-voltage 
merely makes the object ]>oint appear stereo- 
scopically a little nearer or farther than intended 
according to the perspective ; this is an error that 
the eye can easily bear, as evidenced by its 
ability to understand persi>ective pictures on a 
flat sheet, where there is no correction at all. 
Figure 10 compares the apparent distance with 
the actual distance, using this simple stereoscopic 
system for a projection screen ten feet away and 
an object at various distances along the axis. 

For objects oil the axis the simplified stereo¬ 
scopic method introduces small additional errors 
that increase as the object gets farther from the 
axis of view; however, these errors become im¬ 
portant only for uncomfortably large angles of 
view. 

If desired, the stereoscopic correction may be 
applied to simple projection data without the 
perspective correction. Jn this case the* illusion 
of depth remains good, but objects seem to 
collapse as they approach and to expand as they 
recede in a very surprising manner. 

In all these three-dimensional presentations 
the illusion is greatly enhanced if a few reference 
lines are sketched in to give the eye a comparison 



Flo. 11. Simple method for viewing stereoscopic images. 

mesh with which to orient itself. There are 
many ways in which this can be done; one of 
the simplest is that of picture switching within 
the persistence period of the eye. It is relatively 
easy to commutate either mechanically or elec- 
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tronically between a sweep-circuit system and 
the picture data, and thus to draw in lines in 
any chosen direction and with any chosen 
spacing. 

Though it is perfectly possible to suj)erinipose 
such lines on the data, this may be difficult 
electronically in comparison with switching. 

Again, it may be desired to measure the posi¬ 
tion of some intersection or other point in the 
picture space. This can be accomplished by a 
cursor system, using a calibrated set of controls 
to run a point or a line in a chosen orientation 
back and forth in the picture spaeft 

The appearance on the market of multi-gun 
cathode-ray tubes offers an ideal solution to this 
problem of sketching in contour or grid lines, 
since it eliminates the need for any switching: 
with a two-gun tube, one gun paints in the data 
picture, and the other draws in the grid lines. 
Should one ( are to use the four-gun tube, the 
circuit is greatly simplified. Three of the guns 
can draw in three orthogonal coordinate-system 
grid lines in any of the conventional systems -- 
("artesian, polar, cylindrical—or even of the noil- 
orthogonal systems. 



Fig. 12. Methods for viewing large cathode* ray lubes 
for stereoscopic presentation. 


No special precautions need to be taken in 
viewing any of the monocular projections or the 
perspective pictures, whether they are viewed 
with one or with both eyes, since the eyes of a 


person used to reading such drawings are already 
completely conditioned to being deceived in these 
particular ways. 

When viewing pictures that are mentally 
known to represent large objects, a little illusion 


LENS 




Fig. M. (a) list* of Polaroid glasses to permit seve-ral 
observers to view stereoscopic presentation simultaneously ; 
(b) Stereoscopic presentation for list? in airuaft. 


is added by fitting the observer with positive 
lenses of sufficient strength to place the viewed 
image just short of infinity. Seeing the face of 
the cathode-ray tube and its mount docs not 
weaken the illusion appreciably as it becomes 
part of the “drawing board." 

In contrast, data for stereoscopic viewing 
should be carefully presented to preserve the 
strong depth illusion of which this method is 
capable. The strength of stereoscopic reality 
found in the pictures varies markedly from ob¬ 
server to observer; airplane pilots, for example, 
are especially adept at perceiving it. That per¬ 
ception can be developed by learning is evident 
from the fact that a new observer seeing the 
stereoscopic CRO images for the first time may, 
if he is one of those least able to perceive the 
pictures, see almost no three-dimensional form 
to the images; however, after one hour of study, 
he will be able to see almost all the features. 
A very perceptive person will see all there is to 
see at first glance and will very likely be pointing 
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out faults in the i>erspectivc rendition within 
five minutes. 

Several satisfactory methods of viewing the 
stereoscopic images have been worked out. The 
simplest of these uses two small CRO tubes of 



diameter less than the interocular distance 
(Fig. 11). These tubes are viewed through simple 
achromatic lenses placed close to the eyes. The 
lenses make the tube face appear both at a 
distance and enlarged. An enclosure blocks out 
surrounding objects, and a partition prevents 
each eye from seeing the other’s picture. This 
makeshift arrangement gives good results but 
permits seeing only such detail as can be pre¬ 
sented on a three-inch tube. It also has the 
disadvantage that the eyes must be placed close 
to the viewing lenses. 

If larger cathode-ray tubes are to be used, 
some optical arrangement must be made whereby 
each eye sees the center of one of the tulx's 
directly ahead while the tubes are actually 
separated more than the interocular distance. 
Two of the easier ways of accomplishing this 
separation with prisms or mirrors are shown in 
Fig. 12. 

By wearing Polaroid glasses it becomes possible 
to view the cathode-ray tubes over a reasonably 
wide angular range; consequently, several ob¬ 
servers can see the presentation simultaneously 
(Fig. 13). If only the scopes are to be viewed, 
the observers can be fitted with prisms and 
enlarging lenses as well as Polaroids so that 


they can comfortably look at two tubes side by 
side and see them as superimposed because of 
the combined effect of the prism divergence and 
the* Polaroid sorting out of the data. If this is 
undesirable, as in the case of data for an airplane 
pilot, the pictures can be shown superimposed 
with the aid of partially reflective surfaces. The 
Polaroid glasses are still worn but they do not 
interfere with ordinary vision. 

Because of the selective reflection and trans¬ 
mission of plane polarized light by transparent 
sheets, proper choice of polarization plane will 
result in surprisingly little loss of light. 

As a final and more elegant method, we may 
use polarized projection as a display means. 
Modern CRO projection techniques can provide 
a display several feet on an edge—a bright 
display that can be viewed by dozens of ob¬ 
servers, each wearing ordinary 45° polarized 
Polaroid glasses (Fig. 14). By using highly 
directive projection screens, relatively little light 
is lost, and both images are displayed simul¬ 
taneously on the same screen by simple polariza¬ 
tion projection. 

It is not my intention to enumerate here the 
many applications of three-dimensional cathode- 
ray presentation that can be made. I shall, 
however, list a few, chosen from widely separated 
fields, to illustrate its versatility. 

The most general type of application is un¬ 
doubtedly that in which three related quantities 
all vary simultaneously and where it is desired 
to visualize* the whole complicated process. This 
visualization becomes especially important where 
the three interrelated quantities vary jointly as 
a function of still another parameter. 

A case of this kind familiar to all of us is 
the common vacuum-tube characteristic. In its 
simplest three-variable form wc have the co¬ 
variation of grid voltage, plate voltage, and plate 
current as one or more of them change in some 
chosen manner. Going to the 'more complicated 
case, we can present plate-current, plate-voltage, 
and grid-voltage data for a pentode or tetrode 
while we slowly change another parameter, say 
suppressor or screen voltage. 

From the field of internal combustion or steam 
engineering we can take the case of the thermo¬ 
dynamic cycle. Here we can plot pressure, 
volume, and temperature together. 
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Acoustic engineers will, I am sure, find it 
instructive to plot the reactive and resistive 
components of loudspeaker impedance against 
frequency, thus giving in one easily photographed 
picture a good instantaneous summary of the 
device’s over-all performance. 

From the field of biophysics I would cite the 
advantages of plotting the entire set of heart 
potentials from the standard three cardiograph 
leads as a single space figure whose shape would 
characterize the patient’s heart action. Similar 
thinking leads to a corresponding eljctro-enceph 
alographic appl ication. 

For studying a.c. phenomena, both low fre¬ 
quency and high, the device is unusually useful. 
Non-linear components can be made to trace 
their current-voltage or reactance-resistance char¬ 
acteristics as a function of frequency, tempera¬ 
ture, or other variable at will. Simultaneous plots 
of both complex impedance components as a 
function of frequency are a familiar need in the 
fh’ld of matching networks and filter design. 

A three-dimensional cosmic-ray telescope could 
be built whose principal cost would be the set of 
Geiger counters. 

JFhe close relationship between the develop¬ 
ment of the theory of the. three-dimensional 
oscilloscoixi and the theory of drafting leads one 
to wonder whether it might not profitably be 
put to work in the drafting room. 

For presentation of radar- and sonar-tvpe 
data, provision must obviously be made for 


supplying information in proper sequence, since 
it is impractical to scan all three-dimensional 
space. Thus, if we are scanning in elevation and 
azimuth by radar, we must be prepared, at the 
instant when the x and y coordinates correspond 
to the elevation and azimuth of a target, to 
supply the range to the z circuit. Practicable 
pulse repetition frequencies do not permit scan¬ 
ning the z axis in addition to the .v and y axes. 
In the radar case, the advantages of the telescopic 
feature and the rotatable viewing position be¬ 
come obvious: for example, we could choo.se an 
optimum viewpoint to see whether planes were 
near a collision course. 

Though it is true that three-dimensional tele¬ 
vision data can be transmitted by this system, 
real advantages would accrue only if the original 
data contained range information directly. Other¬ 
wise' regular double-channel stereoscopic tele¬ 
vision has the advantage of simplicity. 

From the antenna designer’s viewpoint, one 
( an see the elegance of the system as applied to 
presentation of a whole three-dimensional an¬ 
tenna radiation pattern visible in space, to be 
examined from any direction at will. 

As a last example, 1 should like to propose the 
use of the system for exploration of electrostatic 
or magnetic fields. In this case a probe would be 
moved about in the field, and a “vector” on 
the oscilloscope screen would point out the 
direction and magnitude of the field at successive 
positions. 
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A Least-Square Application to Relaxation Methods 

O. L. Bowik 

Watertown Arsenal , Watertown , Massachusetts 
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A least-square application to relaxation techniques is presented wherein the mean-square 
error is minimized in considering any corrections to a given set of values for the unknown 
function. A systematic procedure is, therefore, devised for weighting errors at various points 
of the lattice. The process has general applicability.to various forms of equations and detinitions 
of corresponding difference equations. As illustrations, Laplace’s and the biharmonic equa¬ 
tions are considered. 


T HE method of “relaxation’* has recently 
come into prominence as a 1 mathematical 
tool for overcoming the analytical difficulties 
encountered in the solution of partial differential 
equations from highly irregular shapes. Essen¬ 
tially, the differential equation is replaced* by a 
difference equation which may be solved either 
algebraically or by various iterative procedures. 
The iterative methods of solving the difference 
equation are known as relaxation techniques. It 
can be shown that if the mesh of the lattice used 
to cover the given region is made sufficiently 
fine, the solution of the difference equation 
approaches the solution of the original problem, 
and the difference quotients converge to the 
corresponding derivatives of the solution. 

I. A LEAST-SQUARES PROCEDURE 

Consider the class of partial differential equa¬ 
tions whose solutions have the additive property. 
That is, if «o and U\ are solutions, then (c 0 Mu 
+C\U\) is also a solution where r 0 and c 1 are 
arbitrary constants. The same property will also 
hold for the solutions of the corresponding 
difference equations. 

Let the given region be covered by a lattice. 
Then for defined points on the lattice, the differ¬ 
ential equation can be replaced by a difference 
equation of the form 

£(*<)- 0 , ( 1 ) 

where u x are the values of the function at the 
points of the lattice and L(u % ) is a relationship 
valid for each which, in general, involves 
linear combinations of the u x . If L(u x )=* 0, for 

* See reference 3. 


all u t of the lattice, and if the set of u l satisfies 
the original boundary conditions set up in a 
modified difference equation form, then the set 
of u t is a solution of the difference equation. In 
general, for a trial set, w,, it will be found that 

L(u,)=p>^ 0 . ( 2 ) 

The p, are called the residuals and are defined 
for each point of the lattice. The relaxation 
procedure consists in altering the values of u, 
until />,== () for all p x . In actual practice, sufficient 
accuracy is obtained by reducing the p t so that 
they are all nearly zero. 

It should be noted that from the nature of 
an adjustment in w, at a point will affect 
the values of p t at several points. The usual 
relaxation schemes (such as the Liebmann pro¬ 
cess) rely on smaller changes to the adjacent p' s 
as compared with the correction of p x . It can 
be seen that the rate of convergence of relaxation 
methods will be s|>eeded up if the correction of a 
Uj is based on surrounding p t as well as on />,. 
The following method which can be used for this 
purpose will now be presented. 

Let the measure** of error of a given set of //, 
over the whole lattice be defined as 

ZilL(a x )J, (3) 

where the summation extends over all the points 
of the lattice. The approximate solution, u lf 
will be chosen to satisfy the given boundary 
conditions. Now consider a second set of values, 
(w t ), such that u t +c(u t ) obeys the boundary 
conditions for any constant c. The question is 
now raised as to what value of c will make the 

** Sec reference 5. 
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total error a minimum for Ui+c(u t ). Substituting 
into (3), one obtains for the total error 

ZilL(ud+cL((u t ))J. (4) 

Differentiation with respect to c yields for a 
minimum 

L(Ui)L((u t ))/£. [£(<«,»]*. (5) 

For the criterion on the best correction in the 
sense of (3) to add to a single u s% one would 
choose a set of (w<) identically zero at all points 
except at the single point corresponding to ii v 
The correction would be given by (5) if (uj)= 1. 
Similarly, the best uniform correction to add to 
a group of the values of the function can be 
determined by (5). In this latter case, the set 
(ui) again must be chosen so that c(u t ) + Uj satis¬ 
fies the boundary conditions for any arbitrary c. 
In addition, by defining (u t ) as identically equal 
to one at all points at which corrections are to be 
made and, otherwise, as identically equal to 
zero, the uniform correction, r, can again be 
determined by (5). 

The procedure indicated in (4) and (5) is 
restrictive in the sense that it provides for only 
a Oniform correction to the given set of u x . This 
is evidently an unnecessary restriction, for one 
t'an choose several sets of («,) with several corre¬ 
sponding arbitrary constants and again derive 
conditions on the arbitrary constants by referring 
back to (3). 'Phis, however, would involve the 
solution of a set of simultaneous equations and 
the simplicity of the form of (5) would be lost. 

II. APPLICATION TO LAPLACE’S EQUATION 

The Dirichlet problem is that of finding a 
solution of Laplace’s equation 

(d 2 u/dx 2 )-\-{d 2 u/dy 2 )=Q in R , (6) 

where u has sjx'cified values on the boundary of 
R. After R is covered with a square lattice, then 
in rectangular coordinates and in terms of 
neighboring points the difference equation corre¬ 
sponding to (6) becomes a set of relationships in 
the form 

L(uo ) = U\ + — 4#o = 0, (7) 

where the notation is indicated in big. 1. One 
manner in which the Uo are adjusted so that 


the forms (7) are satisfied is to add iteratively to 
the quantities u 0 the correction \L{U o). The 
corrected u 0 will then satisfy (7), to be sure, but 
L(w,), L(u 2 ), L(ui) y and L(u A ) will be increased 
by an amount \L(uo). 

To illustrate the principle outlined in the first 
section, the criterion for the best correction will 
now be derived in terms of (7). The function 
(u,) will thus be defined as unity at a single 
point and identically zero clk?where. By (7) it 
is seen that L((w,)) has the values — 4 at the point 
corresponding to the functional value of unity, 
1 at. four neighboring points, and zero elsewhere. 
A glance at Eq. (5) will show that for a single 
correction to w 0 the best in the sense of (3) will be 

r= lL(u l )+L(u i )+L(ih) 

+L(m 4 )-4L(«„)]. (8) 

Formulae similar to (8) can likewise be obtained 
for a single correction to several of the functional 
values. 

For corrections of points adjacent to the 
boundary, it is necessary to define in some 
manner values for L(w,) at boundary points in 
order to use' (8). Such a definition is somewhat 
arbitrary as it imposes more conditions on the 
set of simultaneous difference equations than 
there are unknowns. At the same time a wise 
choice of the definition is important to insure 
rapid convergence of the* iterative process. In 
most cases, it is sufficient to modify the form of 
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(7) by using forward differences when on the 
boundary. Then, during the process of iteration, 
a stage will be reached when the computer can 
vary the fictitious boundary L(u,y s by visual 
inspection to speed the convergence. 

It is interesting to note that a single correction 
based on (8) weights the values of u x at the 
thirteen points shown in Fig. 1. Since the least- 
squares correction is bast'd on adjacent residuals 
as well as the residual at the given point under 
consideration, it has a tendency to “smooth” the 
pattern of residuals. In general, this property 
has an advantage over usual “point by point” 
procedures. However, in some situations, the 
averaging effect slows down the rate of con¬ 
vergence. When the residuals are either predomi¬ 
nantly positive or negative, the convergence is 
greatly speeded up by the larger corrections in 
the values of the function which one makes by 
using the usual “point by point” procedures. In 
practice, therefore, to obtain the full advantage 
of the least-square procedure, corrections should 
be made to the function at several points. It 
was found that a uniform correction, derived by 
the least-squares criterion, for small blocks of 
points proved very simple to handle and insured 
rapid convergence of the solution. For use of the 
least-squares method in the solution of the 
Dirichlet problem, therefore, it is recommended 
that the uniform correction to simple-shaped 
blocks of points be used in conjunction with the 
single-point correction. 


III. APPLICATION TO THE BIHARMONIC 
EQUATION 

The biharmonic problem involves the solution 
of the equation 

[c y)/dx A ~] + 2[d*u{x> y)/dx 2 dy 2 ~\ 

+ [d 4 w(.r, y)/fly 4 ] = 0 in R , (9) 

subject to specified values of u and certain of its 
derivatives on the boundary of R. In terms of a 
square lattice of points, the difference equations 
involve thirteen points for each point of the 
lattice. With the notation of Fig. 2, the difference 
equations arc* in the form 

Mu is) = (Wl+W3+W6 + W 7 )+2(W2 + W4 + W6 + «8) 

— 8(^» + Wio+Wii"t"Wi2) + 20wi3 = 0. (10) 

From Kq. (5) it is seen that for a single correc¬ 
tion to ilia the best in the sense of (3) will be 

c = - 6 * 6 \ lMu i) +L(ih) +L(& 5) +L(fi 7 )] 

+ 2[L{U'i) +L(ua) +L(we) +L(?7 8 )] 

— 8[L(tf 9 ) +L(*Zio) +L(fZn) +£(ffi2)] 

+ 20L(t?„)|. (11) 

Similarly, formulae for corrections to blocks of 
values of the function can be derived. Definitions 
must be set up for values of L(u t ) where the 
lattice points are boundary points or points 
adjacent to the boundary. These may lx* set up 
by use of forward differences as in the previous 
section and adjusted as the computation pro¬ 
gresses. 

To obtain the full advantage of the least- 
squares procedure in the .solution of the bi¬ 
harmonic equation, it is recommended that the 
uniform correction to simple-shaped blocks of 
points be used in conjunction with the single¬ 
point correction. 

IV. DISCUSSION 

The principle outlined in Section I can be 
applied to relaxation procedures involved in the 
solution of general types of equations of physics. 
The forms L(u t ) =0, themselves, may be defined 
in many ways. The difference equation may be 
set up using higher ordered differences, or differ¬ 
ences using diagonal neighbors. A non-homo- 
geneous equation can be likewise treated by 
suitably defining /,(«,)«0. In general, the form 
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of L(ui) should be chosen from the standpoint of 
the amount of weighting of errors possible with 
a minimum of calculation. 

Although only a single-point correction has 
been explicitly derived in Sections II and III, 
the process for deriving similar formulae for 
corrections to blocks of points has been outlined. 
It would seem, in general, that such formulae for 
blocks of points should be derived only for the 
case of a uniform correction. More elaborate 
considerations would necessarily complicate the 
form of the correction formula. 

Preliminary tests of this least-squares pro¬ 
cedure have been found quite satisfactory when 
combining uniform corrections to blocks of points 
with single-point corrections. The advantage 


over usual “point by point” procedures increases 
as the process continues. 
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An X-Ray Diffraction Study of the Silver-Magnesium Alloy System 

Harold K. Lltnkr* and S. S. Sunni** 

Department of Physics, University of Pittsburgh, Pittsburgh, Pennsylvania 

(Received April 29, 1947) 

Four homogeneous solid solutions were found in the silver-magnesium alloy system. The 1 

^-primary solid solution of magnesium in silver has a f.c.c. structure. The /3-solid solution has 
a b.c.c. structure. The 7 -solid solution appears to have a complicated structure. While others 
have identified it as hexagonal, no definite structure could be assigned to it from our diffraction 
data. The 5-solid solution has a h.c.p. structure of magnesium. 

The lattic parameter no in the a-solid solution increases with increasing magnesium con¬ 
centration but exhibits a marked negative deviation from Vcgard’s Law. The «o in the /3-solid 
solution, however, increases linearly with increasing magnesium concentration. 

Silver and magnesium atoms are distributed at random in the a-phasc but take up preferred 
positions in the / 3 -phase. The ordering process takes place throughout the /3-phase, but is most 
nearly complete in the region of 50 atomic percent Mg. 


INTRODUCTION 

HE Ag-Mg alloy system presents an inter¬ 
esting crystal structure problem in that 
Ag is known to have a face-centered cubic (f.c.c.) 
structure, while Mg is hexagonal close-packed 
(h.c.p.). Ag, atomic number 47, is monovalent 
and has an atomic radius of 1.44 angstrom units 
(A); Mg, atomic number 12, is divalent and has 
an atomic radius of 1.60A. 1 The purpose of the 
present work was to study by x-ray diffraction 

* Now at Mellon Institute of Industrial Research, 
Pittsburgh, Pennsylvania. 

** On leave of absence now at Argonne National Labora¬ 
tory, Chicago, Ill. , , „ 

1 W. Hume-Rothery, The Structure of Metals and Alloys 
(Chemical Publishing Company, Inc., Brooklyn, New 
York, 1939), Part III, pp. 30-49. 


methods the changes which take place in the 
structure of Ag as Mg atoms are added to its 
lattice. 

The phase equilibrium diagram of the Ag-Mg 
system was first determined by Zemczuznyj. 2 
Subsequent investigations were carried out by 
Saeftel and Sachs, 3 4 Payne and Haughton, 5 

*S. F. Zemczuznyj, “Ober die Leigerungen des Mag¬ 
nesiums mit Silber,” Zeits. anorg. Chemie 49, 400 (1906). 

3 F. Saeftel and G. Sachs, “Festigkeitseigenschaften und 
Struktur einiger begrenzter Mischkristallreihen,” Zeits. 
Metallkunde 17, 258 (1925). 

4 W. Guertler, “Neue Silberlegierungen,” Zeits. Metall¬ 
kunde 19, 68 (1927). 

6 R. J. M. Payne and J. L. Haughton, “Alloys of mag¬ 
nesium, part IV.—The constitution of the magnesium- 
rich alloys of magnesium and silver,” J. Inst. Metals 60, 
351 -364 (1937). 
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Ik. I Silvei-magnesium phase cquilihtiuni diagram 
shoeing compositions of the alloys studied. 

Hume-Rothcry and Butchers, 8 Owen and Pres¬ 
ton, 7 Ageew and Kuznozow, 8 and George. 9 
Figure 1 is the phase equilibrium diagram of 
Zemczuznyj as given by Hansen, 10 modified to 
include the more recent results of the other 



Fie.. 2. X-ray r photograms of pure silver and alloys 
containing the a-solid solution oi magnesium in silver. 
Camera diameter 57.t mm, copper K a radiation 


8 W. Hump-Rot hery and E. Butchers, “The solubility 
of silver and gold in solid magnesium,” J. Inst. Metals 
60, 345-350. 

7 E. A. Owen and G. D. Preston, “The atomic structure 
of silver-magnesium and gold-zinc,” Phil. Mag. 2, 1266 
(1926). 

8 N. Afceew and V. G. Kuznezow, “Roentgenographic 
study of alloys of magnesium and silver,” Bull. Acad. 
Sci. U.R.S.S., Classe sci. math, nat., Scr. chern., 289-309 
(1937). 

• H. H. George, X-Ray Investigation of Silver-Magnesium 
Alloys (Thesis) (University of Pittsburgh, 1939). 

W M. Hansen, Der Aufbau der Zwetstoff-Legterungen 
(Julius Springer Verlag, Berlin, 1936), p. 38. 


investigators for the Mg-rich portion of the 
system. The vertical lines with numbers 1 to 17 
refer to this study. 

EXPERIMENTAL PROCEDURE 

Fifteen alloys having compositions indic ated 
in Fig. 1 were prepared in an automatically 
temperature-controlled electric furnace under a 
commercial flux obtained from the Dow Chemical 
Company. Upon completion of the melting 
process, the resulting ingots, weighing approxi¬ 
mately 50 grams each, were allowed to cool in 
the furnace. The cooling rate in the solidifying 
range of the alloys was approximately 3C° per 
minute. 

Samples of tilings were removed from the 
centers of the ingots with socially cleaned iron 
files and placed in evacuated hard glass tubes. 
After annealing fot five hours at 525°C to remove 
mechanical strains set up in the crystal lattice* 
by the filing process, the samples were analyzed 
chemically for both Ag and Mg. Portions of the 


} Alloy No I, 33 • Atomic N * Coni Mg, Containing Both a. and a Wont 



A Alloy No I, 39 8 Atomic For Cont Mg, Containing Both m ond 0 fhoMi 



C- Alloy No I. 481 Atomic Nr Cont Mg, Containing Both or end 4 Pfcaoot 



d Alloy No 4, 491 Atomic Nr Cont Mg, Containing Only the 4 Phooo 



t Alloy No. 10, B0J Atomic Nt Coni Mg, Containing Only tho 0 Photo 



g. Alloy No It, «f« Atomic Nt Cont My, Containing Both ft and f P*om 



Fly. 3. X-ray photograms of alloys containing the 
0 -solid solution of magnesium in silver. Camera diameter, 
57.3 mm; copper K a radiation. 
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same samples were used in making powder x-rav- 
diffraction photograms to insure that the compo¬ 
sitions of the filings used for diffraction studies 
and those used for chemical analyses were 
identical. 11 

Powder x-ray diffraction photograms were 
made with filtered Cu K a radiation using a 
camera of 57.3-mm diameter. Lattice parameters 
for the f.c.c. and b.c.c. structures were calculated 
from the relation: 


n\ 

«*u =-(**+**+/*)», 

2 sin0 


4 


( 1 ) 


where rto is the lattice parameter (i.e., the cube 
edge of the unit cell), n is the order of the 
diffracted ray, X is the wave-length of the radia¬ 
tion used, hkl are the Miller indices of the 
planes contributing to the diffracted ray. and 0 
is the angle between the incident x-ray beam and 
the diffracting planes. Lattice parameters for 
the h.c.p. structure were calculated from the 
corresponding expression: 



c. All fry No. 14, 79.1 Atomic to Coot Mf, CoAtolftfe* Bo* 7 ood 4 ton-** 



d. Alloy No !«, 92.0 Atomic to Coot W 9 , Contomw* Both 7*1 torno 



0 Alloy No 13, 070 Atomic to Coot Mo, Cootoimoo Both 7 «M A ANMi 



t. Alloy No. 17, 931 Atomic to Cool M«, Cootolotno Both 7 out t PfcOH* 



Fig. 4. X-ray photograms of alloys containing t lit* ■>- 
and 6-solid solutions of magnesium in silver and of pure 
magnesium. Camera diameter, 57.3 nun; cop|H*r K a 
radiation. 


. n\ 

=-(4/3(A*+A*+**) -}• (//<:)*)», (2) 

2 sin0 


where a« and c 0 are the lattice parameters, and 
c = Co/a Q is the axial ratio. 

Values of 0 wore obtained directly from the 
photograms by measuring the spans between 
corresponding lies of the diffraction pattern. 12 
From these values the lattice parameters were 
calculated by means of Eqs. (1) or (2) and 
plotted against cot0. The resulting curves were 
extrapolated to cot0 = () to obtain final values of 
the lattice parameters, since the percentage error 
approaches zero as 0 approaches 90°. 13 16 


11 W. Hume-Rothery and P. W. Reynolds, “Application 
of the Debye-Scherrer method of x-ray crystal analysis," J. 
Inst. Metals 60, 303-317 (1937). 

11 M. J. Buerger, “Design of x-ray powder cameras,” J. 
App. Phys. 16, 504 (1945). 

11 M. J. Buerger, “Precision determination of linear and 
angular constants of single crystals,” Zeits. f. Krist. 97, 
433-468 (1937). 

14 Charles S. Barrett, Structure of Metals , Metallurgy and 
Metallurgical Engineering Series (McGraw-Hill Book Com¬ 
pany, Inc., New York and London, 1943), pp. 134-138. 

u B. E. Warren, “The absorption displacement in x-ray 
diffraction by cylindrical samples,” J. App. Phys. 16, 614 
(1945). 


Phe relative intensities of the diffraction lines 
were estimated and tabulated simultaneously 
with the lattice parameter measurements. Photo¬ 
grams of alloys containing the a - and 0-phases 
were scrutinized for superstructure lines. For 
the a-phase*, this amounted to a search for lines 
corresponding to reflecting planes having Miller 
indices hkl which are mixed cxld and even 
integers and for the 0-phase, lines corresponding 
to planes for which the sums of the Miller 



Fig. 5. Variation of lattice parameter aoa with composition 
in a-phase silver-magnesium alloys. 
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Fig. 6. Variation of lattice parameter aup with composition 
in 0-phaso silver-magnesium alloys. 


indices h+k+l are odd integers. 1 *" 18 No satis¬ 
factory analysis could be made for superstructure 
in the y* and 5-phases because of the large 
number of extremely weak lines obtained on the 
photograms. 

EXPERIMENTAL RESULTS 
A. Phases and Phase Boundaries 

Four types of crystal structure were found to 
exist in the Ag-Mg alloys investigated. These 



Fig. 7. Relative intensities of diffraction lines obtained 
from a-phase alloys of silver and magnesium. 


I# George L. Clark, Applied X-Rays, International Series 
in Physics (McGraw-Hill Book Co., Inc., New York and 
London, 1940). 

1T A. H. Compton and S. K. Allison, X-Rays in Theory 
and Experiment (D. Van Nostrand Company, New York, 
1935). 

l * Charles S. Barrett, Structure of Metals , Metallurgy, 
and Metallurgical Engineering Sertes (McGraw-Hill Book 
Company, Inc., New York and London, 1943), p. 127. 


were a f.c.c. structure corresponding to the 
a-phase, a b.c.c. structure corresponding to the 
0-phase, an undetermined structure correspond¬ 
ing to the y-phase and a h.c.p. phase belonging 
to the 5-phase. (See Fig. 1.) Attempts to deter¬ 
mine the structure of the y-phase were not 
successful; photograms of alloys containing this 
phase showed a multiplicity of very faint and 
indistinct lines. Ageew and Kuznezow have 
identified the structure as hexagonal. 8 X-ray 
photograms of the diffraction patterns corre¬ 
sponding to the various structures' found are 
shown in Figs. 2~4. 

Although no attempt was made to determine 
accurately phase boundaries, one point in this 
connection seems worthy of mention. Alloy No. 6 
having a composition of 29.0 atomic percent Mg 
should, according to the phase equilibrium dia¬ 
gram in Fig. 1, contain both a- and 0-phases. 
The photogram of this alloy, Fig. 2, shows onl\ 
the f.c.c. lines of the a-phase. Similarly, alloy 
No. 8, also Fig. 2, having a composition of 42.2 
atomic percent Mg, should contain only the 
0-phase according to Fig. 1. The photogram of 
this alloy shows unmistakably the f.c.c. and 
b.c.c. lines corresponding to both the a- and 
0-phases. Thus, while there is general agreement 
with the results of Zemczuznyj, the limited data 
available from the present work indicate that the 



Fig. 8. Relative intensities of diffraction lines obtained 
from 0-phase alloys of silver and magnesium. 
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boundaries of the two-phase region between the 
a- and 0 -phases are not straight lines of constant 
composition as shown in Fig. 1 but are slightly 
displaced toward the Mg-rich end of the diagram. 

B. Lattice Parameters 

The lattice parameter a aa varies with compo¬ 
sition as shown in Fig. 5. The distribution of 
the alloy compositions studied docs not permit 
the drawing of a complete curve for the entire 
phase ; however, it is obvious that only a curve 
exhibiting a negative deviation from the linear 
relationship required by Vegard's law will (it the* 
points obtained. This result is at variance with 
the work of Ageew and Kuznezow* who found 
that the lattice parameter increases linearly with 
increasing Mg content. 

Within the precision of measurement, alloys 
of the 0 -phase show a linear variation of the 
lattice parameter aw with change in composition. 
Rather wide discrepancies appear among alloys 
1 , 2 , and 8 containing both the a- and 0 -solid 
solutions, all of which should have the same 
value of a {) 0 . In Fig. 6 the value chosen for a 03 
in the two-phase region is the arithmetic mean 
of the values for the three alloys. The resulting 
phase-boundary discontinuity, indicated by the 
dashed line, lies well to the Mg-rich side of alloy 
No. 8 as previously mentioned. 

The indistinctness of the diffraction lines on 
photograms containing the 7 -phase rendered 
impractical any attempt to observe lattice pa¬ 
rameter variations in alloys 13, 14, 16, and 17. 
The lattice parameters of pure Mg were found 


to lx? ao“3.202A and co* 5.199A, in agreement 
with accepted values. 

C. Superstructure 

Photograms of alloys containing the a-phase 
show r no evidence of superstructure. Figure 7 
shows the relative intensities of all the diffraction 
lines observed on the photograms of each of the 
a-phase alloys. It will be noted that all of the 
lines correspond to reflections from planes which 
have either all odd or all even Miller indices; 
i.c., the (111), (100)2, (110)2, (311), (111)2, 
(100)4, (331), (210)2, (211)2, and (111)3 planes. 

Photograms of the 0 -phase alloys, on the other 
hand, contain unmistakable evidence of super¬ 
structure lines. In Fig. 8 it will be noted that 
not only are lines corresponding to even values 
of the sum h+k+l present, but relatively strong 
lines corresponding to odd values are also present. 
If the distribution of Ag and Mg atoms in the 
b.c.c. lattice were random, lines corresponding 
to the (100), (111), (210), (221), (311), (320), 
(322), and (410) planes would not apj>ear on 
the photograms. Hence it is quite evident that 
the Ag and Mg atoms take up preferred positions 
in the 0 -solid solution to form an ordered struc¬ 
ture. Comparison of superstructure lines corre¬ 
sponding to the various 0 -phase alloys reveals 
that they are strongest near the middle of the 
0 -phase, indicating that the segregation of the 
Ag and Mg atoms into cube centers and cube 
corners is most nearly complete when equal 
numbers of each atom are available; i.e., in the 
region of 50 atomic percent Mg. 


Erratum: The Torsion of a Rubber Cylinder 

[J. App. Phys. 18, 444 (1947)) 

R. S. R IVLIN 

National Bureau of Standards, Washington, D. C. 


Equations (4) should read 
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Preliminary Analysis of Microwave Transmission Data Obtained on the San Diego 
Coast Under Conditions of a Surface Duct 


C. L. Pkkeris* and M. E. Dvvis** 

(Received Max 6 . 1947) 

The transmission data for 63 Me and 170 Me obtained by the U.S.N.E.L. on the San Diego 
coast on April 4, 1945. when a strong duct was formed near the ground, were anal>/ed bx 
wave theory. The average observed ilf-curve was fitted with a linear-exponential term, and 
the electromagnetic field beyond the horizon was computed by the theory of normal modes. 
Good agreement l>etween theory and experiment was obtained for both frequencies at a range 
of 32 miles (see Figs. 7 and 8 ). In the ranges between 32 and about 70 miles the observed 
variation of intensity W’ith height agrees with theor>, but the theoretical horizontal decrement 
is less than the observed by about 0.1 d.b./ru mile for 63 Me, and by about 0.2 d.b./n. mile for 
170 Me. Beyond af>out 80 miles the observed field tends to assume a uniform distribution with 
height and shows little*horizontal attenuation. Such an effect had been observed by the 
U.S.N.R.L. expedition to Antigua for 9-cin waves under conditions of an oceanic surface duct. 
Its interpretation is still wanting. 


1 . INTRODUCTION obtained by the U.S.N.K.L. along: the San Diego 

N this paper is given a preliminary analysis of % coast under atmospheric refraction conditions 
transmission data for 63 Me and 170 Me which produce a so-called surface duct. The set- 


SECTION RANGE RUN I 37-27 MILES 54-47 MILES 75-68 MILES 105-95 MILCS 130 120 MILES 

INTERVAL RUN 2 50-44 50-44 75-66 105-95 130 120 



* Columbia University Mathematical Physics Group, on leave of absence from Massachusetts Institute of Tech¬ 
nology. This paper is based on work done for the Naval Research Laboratory under contract N6ori-110, task order #3 
with the Navy’s Office of Research and Inventions. Publication assisted by the Ernest Kempton Adams Fund for Phys¬ 
ical Research of Columbia University. 

** U. S. Navy Electronics Laboratory, San Diego, California. 
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up of the experiment and the observed ^/-curves, 
as well as the measured cross sections of field in¬ 
tensity at various ranges from the transmitter 
are shown in Fig. 1 . The average observed 
A/-values based on 12 soundings are shown by 
curve A in Fig. 2. Of the 12 soundings, the two 
taken at the maximum range of 115 miles deviate 
markedly from the others; another of the sound¬ 
ings taken about 2 hours before the experiment at 
a range of 10 miles also apjx'ars anomalous. This 
may be caused by both spacial and temporal 
variation of the JVf-curves. Leaving out these 
three soundings one obtains an average M -curve 
shown by curve B of Fig. 2. 

Taking the i/-cutvc B as characteristic of the 
average atmospheric refraction condition over 
the relevant portion of the transmission path, we 
attempt to represent it by a linear-exponential 
term. Various such representations are shown in 
Fig. 3, with curve E appearing to give the best 
fit. 'This theoretical curve has a surface value for 
(Si — M o) of 72.3, which is probably considerably 
in excess of the actual value. However, as has 
been pointed out by Professor Hartree, trans¬ 




mission is not seriously affected by the detailed 
distribution of M near the surface bec ause of the 
vanishing of the field intensity at the surface. 

The surface duct under discussion, as repre¬ 
sented by curve E 

M = A/«+0.036/r + 72.3e n o, \ (1) 

with its surface M, excess of 72.3, and duct height 
of 300 feet is to be contrasted with curve C of the 
Antigua oceanic surface duct previously ana¬ 
lyzed , 1 

M « A/o+0.036/*+12.06e~ 0 07l4 \ (2) 

where the surface M, excess, and duct height had 
values of only 12.06 and 45 feet, respectively. It 
is therefore of interest to test how wave theory 
can predict the electromagnetic field under such 
vastly different conditions. It turns out that 
when expressed in natural units, curve E for 170 
Me (176 cm) is close to curve C for 9 cm, that is, 
the San Diego duct had about the same trapping 
power for 176 cm waves as the Antigua duct 2 had 
for 9^ cm waves. 

1 C. L. Pekeris, Proc. I.R.E. 35, 435 (1947). 

2 M. Katzin, R. W. Bauchman, and W.' Binnian, Proc. 
I.R.E. 35, 891 (1947). 
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Tablk I. Data for 63 Me, X*476 cm, //<=442 feet, 
Z.*25.8 n. miles. Curves C, D , and £ are shown 
in Fig. 3. 


'Jablk II. Data for 170 Me, X — 176 cm, i/*228 feet, 
L = 18.5 n. miles. 


Curve 

a 

X 

Dx 

Theor. 

decrement 

d.b./n. 

mile 

Obs. decrement 
d.b./n. range 

mile miles 

C 

3.21 

2.80 

-1.03 + 1.82# 

0.61 

0.79 

32 71 

O 

4.52 

3.80 

-1.02+1.88# 

0.63 

0.73 

32-100 

E 

4.56 

4.42 

—0.99 +1.98* 

0.67 

0.66 

71-100 


decrement ° bft * decrement 


C urve 

a 

X 

0i 

d.b./n. 

mile 

d.b./n. 

mile 

range 

miles 

C 

6.23 

1 44 

-1 84+0.69# 

0.32 

0.61 

32-71 

D 

8.77 

1.96 

-1.48+0 72* 

0.34 

0.41 

32 100 

E 

8.84 

2.28 

-1.22 +0 94# 

0.44 

0.17 

71-100 


2. ANALYSIS OF THE FIELD BY THE THEORY OF 
NORMAL MODES 

According to the theory of normal modes, the 
field FS relative to free space t due to a dipole 
radiating in a horizontally stratified atmosphere 
is given by 1 


FS = 20 log io 





d.b. 


(3) 


Here .v denotes horizontal distance from trans¬ 
mitter expressed in natural units L, zu and z 2 the 
heights of transmitter and receiver above grotfnd 


expressed in natural units //, where 

L = 3.304X1 n. miles, //= 7.243X* feet, (4) 

and X is the wave-length in centimeters. The 
height-gain functions U m (z) and the characteristic 
constants A m and B m can be computed by known 
methods 2 for the case of the linear-exponential 
Af-curve given in Eq. (1). These depend on the 
values of the parameters a and c in the expression 

A/=Af 0 +O.O36A+a<r f \ (5) 

Again, it is convenient to use instead of a and c 
the natural parameters 

a = 3.85«X-*, X*** = //c, (6) 



whereby the exponential term in (5) is trans¬ 
formed into ae~ Xz . 

Tables I and II show the results of the analysis 
for the 63 Me and 170 Me, respectively. The 
characteristic values D x = Bi+iA x of the first 
mode were obtained by interpolation from the 
values given in reference (3). 8 In the case of curve 
E and 63 Me the value of D ix shown in Table I 
required extrapolation beyond the maximum 
value of 4 for X treated in reference (3). As a 
check, Di was recomputed by the perturbation 
method and a value of -T.05 + 1.97i was ob¬ 
tained. This method also yielded a convergent 
value for (/i(0) of —0.043 + 1.17i. With these 
constants the differential equation for the height- 
gain function of the first mode U\{z) 

dW(z) 

- +Q(z)U(z)= 0, Q{z)=z+D+ae~'> (7) 

dz 2 

was integrated using an interval Az = 0.1 and the 


*** Notjlo’[be [confused with the X in (4) which denotes 
wave-length. 

a See a forthcoming paper by C. L. Pekeris and W. S. 
Ament. To be published in Phil. Mag. 
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recursion formula 


I 1 +—— Jf/i = 2t/o- U -1 

(As ) 2 

—(10£/ 0 (?o+t/-i()_i), (8) 

which is correct to within [(As) 2 /240]5 4 (@6 r ), 
where 6 4 denotes the fourth difference. The 
perturbation method also gives for the second 
mode A = —1.965+3.450*’, (’/*(0) = 0.041 +1.084i, 
and these were used to obtain f/ 2 (^ by (7) and 
(8). The results for the first two modes are shown 
in Figs. 4 and 5. Clearly, for 63 Me the trapping 
of the modes is small, so that for the application 
ip view it would have been sufficient to use the 
solutions for a standard atmosphere. 

In the case of 170 Me and curve R } values of 
A= -1.22+0.94* and U^O) = 1.14 + 1.04* were 
obtained by interpolation from the “method 11” 
values tabulated in reference (3). With these, the 
height-gain function L\(z) was integrated using 
(7) and (8), and the result is shown in Fig. 6. 
Here the trapping is considerable, the theoretical 




Fuj. 6. 


decrement being less than half the standard 
value. From the perturbation method one obtains 
the approximate values A — — 2.01 +3.12i, U 2 (0) 
= -0.36+1.05i. 

3 . DISCUSSION OF RESULTS 

Figure 7 shows a comparison of observed field 
intensities relative to free space with theoretical. 
The first two modes were used in the calculations, 
and where the second mode contributed more 
than SO percent to the total field the theoretical 
curves were terminated. The observed increase of 
intensity with height, as well as the detailed 
distribution of intensity with height, shows 
satisfactory agreement with theory out to a range 
of 71 miles, but the observed decrement is 
greater than the theoretical (which is close to the 
standard value) by about 0.1 d.b./n. mile. In the 
case of 170 Me shown in Fig. 8 there is again good 
agreement at a range of 32 n. miles, and satis¬ 
factory agreement in the variation of intensity 
with height out to 49 n. miles. The observed 
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decrement, however, while only 0.7 of standard, 
exceeds the theoretical value by about 0.3 
d.b./n. mile at this range. 

It is possible that a weaker surface duct than 
the one*adopted in this preliminary analysis 
would bring the theoretical decrements to closer 
agreement with observation, while not materially 
affecting the shape of the height-gain curve. Part 


of the excessive observed attenuation no doubt 
originates from scattering by inhomogeneities in 
the atmosphere. However, the tendency of the 
observed field to assume a uniform distribution 
with height, with little horizontal attenuation 
beyond about 70 miles, is probably an effect which 
cannot be accounted for by the present formula¬ 
tion of the normal mode theory. 
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Letters to the Editor 


Modified Cavity Oscillator for the Generation 
of Microwaves 

George G. Brlvk 
Specialties. Inc., Syosset. Sew York 
March U. U>47 

T HK cavity consists of two co-axiai cylinders and two 
end-plates. N longitudinal slots in the wall of the 
inner cylinder are used to create the proper type of field. 
This layout resembles the well-known “turbator.” A 
qualitative picture of the field c an be given^asily although 
an exact calculation is rather lal>orious. Figure 1 shows a 
probable aspect related to the tr-modc of the magnetron. 
Figure 2 is a probable configuration similar to the 7VS 0I 
mode of a cylindrical guide. 

electrons may be made to describe circular orbits in the 
’•egiou between the t*o cylinders by applying a positive 
(>otcntial to the inner one. As in the orbital beam tube 
(RCA) there is no need for a magnetic field. Because of 
progressive sorting, /V-electron clouds are formed. This 
is explained in the following way: the fringing field near 
the slots has an electric component in the direction of the 
Hight*path of the electrons. 'This component of the field 
accelerates or decelerates the electrons. The accelerated 
ones, which absorb energy from the field, fly outward, 
while the decelerated ones, which give up energy to the 
field, approach the inner cylinder because of loss in velocity. 
At*the following slot the unfavorable electrons, the faster 
ones, pass through a weaker fringing field than the favor¬ 
able ones. They extract less energy from the field than the 
favorable ones are adding to it. The effect obtained is 
quite pronounced because the intensity of the fringing 
field declines exponentially with the distance from the 
slot. The in-phase electrons spiral inward. The out-of-phase 




electrons spiral outward. There exists an added tendency 
of proper phasing because of the difference in path length 
for the fast and slow electrons. The angular displacement 
required to give proper phasing can be progressively 
approached by the faster electrons because of the in¬ 
creasing radius of their orbit. 

The cathode and accelerating grid are both parallel to 
the cylinder axis. Their location is such as to create 
minimum interference with the orbits of the electron. 
There arc no slots provided in their immediate neighbor- 
luxwl (Fig. 3). The voltage on the accelerating grid is 
related to the potential between the inner and outer 
cylinders in order to produce initially circular orbits. 

Microwave power is extracted from the inner cavity by 
any approved met hex! probe, loop, or window. 

For modes of the TEoi type, the cavity may be split 
along a plane, perpendicular to the axis. This permits the 
insertion of a dielectric vacuum-tight window and location 
of the electron stream in the sealed and evacuated pari. 
The output iris and simple means for frequency adjustment 
are located in the noil-evacuated section. 
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No evaluation of the specific properties of this tul>e has 
as yet been made. It is anticipated that high output at 
higher frequencies will l>e obtainable, particularly above 
30 kmc. It is further believed that this type of oscillator 
may be made to work at frequencies exceeding 100 kmc. 


Particle “Growth” in the Electron Microscope 

V. li. Cosslmt* 

Cavendish Laboratory, Cambrulge. England 
June 9, 1947 


<d) 


I T has recently been observed by Watson 1 that carbon 
black particles appear to increase in size when used as 
objects in an electron microscope. He rightly stresses the' 
importance of this disturbing effect in |>article-size deter¬ 
minations, and calls for an exchange of*experience in order 
to clear it up. 

We observed a similar effect some months since with the 
smallest zinc-oxide crystals obtainable by burning zinc in 
air in a coal-gas flame (see Fig. 1); they were being used as 
test specimens in investigating the performance of a 
Siemens electron microscope. We have now obtained 
similar results with zinc, molybdenum, and magnesium 
oxides in the RCA Type-B microscope. Figure 2 shows a 
typical series of photographs from zinc oxide supported on 
an RCA nickel grid. Plates (a), (c), and (e) were taken at 
intervals of 2 minutes after bringing the needles into the 
field of view, in critical illumination, i.e., with the soujpe 
imaged on the specimen, which was thus exposed to 
maximum energy flux. Plate (b) is of a field lying w’ithin 
10 microns of that first examined, and plate (d) is of a field 
lying on the opposite side of the grid hole 1 containing these 
two fields, i.e., about 75 microns from them and outside 
the focused image of the source. It is clear that the effect 
is confined to the region covered by the latter, and its 
very immediate neighborhood. 



Fig. 1 . Zinc-oxide smoke particles (20,000 X) after ca. 3-minutes 
exposure to electron beam in liemens electron microscope (on nickel 


(b) 


(e) 


(c) 


FlG. 2. Zinc-oxide smoke particles in KCA Type B election microscope 
12,000 X (on nickel grid). 

a. .After ca. 1 minutes in beam. 

b. Adjacent field to (a) (within 10 m). after ca. 3 minutes in beam. 

c. Field (a) after a further 2 minutes in beam. 

d. Field ca. 75m distant fiom field (a). 

e. Field (a) after a fmther 2 minutes in beam. 

Observation of crystals supported on long chains of 
their like from the opposite side of a grid hole, or b* 
adventitious, loosely-adhering material on the near side, 
shows that such growth does not occur when there is a 
poorly conducting path between specimen and grid. 
Watson found little effect on particles supported in the 
center of a grid space on a collodion film, but considerable 
effect after shadowing with chromium. We find little 
effect at all in such supported specimens, wherever they 
be with respect to the grid, and no enhancing influence of 
a thick gold deposit (ca. 100 atomic layers). '1'his is of 
importance for the estimation of the size of virus and 
'phage particles, which cannot be observed otherwise 
than on a supporting film. We have not been able to 
find any increase in size of gold-shadowed turnip virus 
particles, nor of the flagella of bacteria, after exposures in 
the beam up to 10 minutes. 

In contradistinction to Watson, who suggests that the 
growth arises from the deposition of organic material from 
the vapor state in the form of ion clusters, we incline to 
the view that the effect is due to ejection of adsorbed 
matter, and perhaps of metal itself, from the grid wires 
under electron bombardment. The local temperature, since 
the beam image is of the order of 10 microns only in 
diameter, will be very high and may well reach 1000°C; 
in the Siemens microscope it is possible to fuse the nickel 
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grid if the filament is a little over-run. Prior cleaning of 
the grids with organic solvents, and heating in the electron 
beam in vacuum before depositing the specimen, bring 
about a small improvement only, making it very doubtful 
that organic impurities on the grid are responsible. The 
fact that magnesium oxide, a highly refractory material, 
shows more rapid growth than either zinc or molybdenum 
oxides, suggests that it cannot be due to recrystallization 
or the growth of some crystals at the expense of others; 
in any case a diminution in size is never observed. 2 We 
have used copper and platinum-gold object holders, as 
well as nickel, tmd find the growth slightly less rapid on 
the platinum-gold and slightly more so on the copper disks. 
This gradation is in the order of the melting points of 
these metals, but it is not necessarily the^asc that this is 
the same as that of ease of sputtering. As a working 
hypothesis, however, we put forward the view that the 
observed increase in size of particles in good electrical 
c-nt.urt with the grid arises from the deposition of charged 
metal and other particles ejected from the supporting 
holder by the electron beam. If it were from organic 
vapors, it should be observable in gold-shadowed viruses 
and similar specimens. In Watson’s case it may be that 
contamination conies also from the carbon hlack itself 
under electron bombardment, and hence affects gold- 
'shadowed specimens. 

*1. C. I. Research Fellow. 

1 Watson. J. App. IMiys. 18, 15.1 (1047). 

* The original plates of Figs. 1 and 2 show the accretions ot material 
to be of lower opacity to electrons than the zinc-oxide needles; this 
may. however, arise from loose agglomeration rather than from a 
sniallei physical density. 


Ultrasonic Modulation of a Light Beam* 

R. F. Humphrkys, W. W. Watson, and I). I.. Wokrni.ky** 
Sloane Laboratory, Yale University, New Haven, ( anneduut 
June 2.1, 1947 

T HE use of a light beam as a carrier of intelligence has 
the obvious military advantage of high rollimation, 
hence a low probability of detection by an enemy not in 
the direct line of the beam. If the wave-length of the light 
is outside the visible region, the chance of direct line-of- 
view detection by an enemy is still further reduced. How¬ 
ever, there are three major limitations to the use of such a 
communication device: (a) attenuation of the carrier light 



beam by atmospheric absorption, (b) attenuation by the 
infra-red (or ultraviolet) filter, and (c) the difficulty in 
obtaining a satisfactory signal-to-noise ratio. Evidently, 
these limitations are somewhat interdependent. If, further¬ 
more, it is desired that the equipment be portable, the 
limitation of power and space must be considered. This 
note is concerned with the performance of an experimental 
infra-red communication unit designed for the Army Signal 
Corps. 

Hie most direct method of light m<xlulalion involves 
varying the intensity of the source .of light in accord with 
the signal frequency. The very appreciable thermal inertia 
of light sources, however, permits only a relatively small 
signal-to-noise ratio. That an ultrasonic grating, formed by 
a traveling sound wave in a liquid medium, will serve as an 
almost inertia-less modulator has been pointed out by 
Jeffree 1 and Becker, 2 and the method has been employed 
successfully in the Scophony Television system. 1 

A beam of parallel light falls on a glass cell (Fig. 1) at 
the bottom of which is a 7-megacvcle quartz crystal. The 
cell is filled with xylol and capped with a plug of glass wool 
to prevent the formation of standing sound waves. (The 
cell performs equally well as a modulator with either 
traveling or standing waves; however, it is not desirable 
to have a mixture of the two.) The waves traveling up the 
cell form moving regions of increased and decreased den¬ 
sity, hence, arc similar to a moving diffraction grating. 
The diffraction pattern which results when light is directed 
normally to the sound waves has an order spacing pro¬ 
portional to the wave-length of the crystal excitation (ap¬ 
proximately 0.4° for the frequency used). The distribution 
of light intensity in the various orders depends on the 
amount of crystal excitation; the light in the zero order is 
nearly inversely proportional to the excitation of the 
crystal. 3 Thus, an ultrasonic grating corresponds somewhat 
to an optical grating whose groove shapes are variable at 
will. If the crystal excitation is modulated by a signal, the 
light received in the zero order will have the same modula¬ 
tion. It should be noted that orders higher than zero are 
likewise modulated, though 180° out of phase with the 
undeviated light; the advantage gained by using the zero 
order lies in its greater intensity. 

The light source found most satisfactory was a 6-volt 



Fig. 2. Light modulation of* the zero-order diffraction image as a 
function of sound intensity (assumed proportional tp the voltage on the 
crystal). 
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Fig. 3. The curve of audio-signal output as a I unction of percentage 
r f modulation indicates the approximate linearity of the ultrasonic 
tnodulator. At 70 percent modulation the deviation is only 2 db. 


Mazda ribbon lamp, operated at 8 volts; at this latter 
voltage the infra-red energy was doubled, while the life 
of the lamp was not seriously shortened. An achromatic 
lens (Z»i), of 60-mtn diameter, formed parallel light which 
completely filled the cell. The infra-red filter (Corning 
“Heat Resistant") was made removable to allow daytime 
signaling. The collection lens (L 2 ) at the receiver should 
Ik? as large as conveniently possible to obtain the maxi¬ 
mum signal-to-noise ratio. An eight-inch diameter lens 
was used in the present work with a cjuarter-inch diaphragm 
placed at its principle focus, slightly in front of the photo¬ 
cell. A rifle telescope (magnification 4X) was mountetj^on 
the unit to aid initial contact between the two com¬ 
municators. 

A 7-megacycle x-cut quartz crystal rested on the stain¬ 
less-steel base of the liquid cell; on the crystal’s upper 
surface was evaporated copper and then a layer of gold. 
Contact with this electrode was made with a spring-bronze 
fork, soldered to the gold surface with Wood’s metal to 
eliminate contact sparking. The crystal was driven at its 
fundamental frequency by a conventional electron-coupled 
oscillator with one stage of amplification; a 6V6GT tube 
served to plat e-mod u late the amplifier stage. The receiver 
contained an RCA 918 photo-cell with three 6Sj7 stages of 
audio-amplification; earphones were used in the output 
circuit. For the portable unit a 6-volt vibrator pack sup¬ 
plied the necessary power; the vibrator, transmitter, re¬ 
ceiver, and optical system were contained in a single, 
well-shielded unit. The total power consumption was ap¬ 
proximately 40 watts. The r-f power delivered to the crystal 
was of the order of one watt. 

The linearity of the ultrasonic cell as a modulator is 
indicated in Fig. 2, where the sound intensity is taken to 
be proportional to the square root of the oscillator power. 
The degree of r-f modulation is held constant (25 percent). 
It is seen that from zero to 70 percent the modulation is 
reasonably linear. A curve of r-f modulation (constant r-f 
power) versus receiver output confirms this relation (Fig. 
3). The shape of the curve conforms with that predicted 
by the theory of Raman and Nath. 4 

The most severe operating conditions occur, of course, 
in bright sunlight, where the signal-to-noise ratio is low. 
With the red filter removed, the limiting distance for satis¬ 


factory two-way conversation was found to be about 3000 
yards. Night communication using the filter was very 
clear at 3000 yards and was still possible at 5000 yards. 
Beyond this the background noise became prohibitive. 
If the restriction of low power consumption is removed, a 
more intense source of light and a larger modulating crys¬ 
tal should easily double this maximum range. 

* This paper is based on work done for the Signal Corps Engineering 
Laboratories under Contract VV-107 7-SC-107 7 in 1942. 

** Present address: Cornell Aeronautical Laboratory, Buffalo, New 
York. 

1 J. H. Jeffrce, Television (London) 9, 260 (1936). 

- H. K. R. Becker, Zeit*. lloohfrequen/terli. 48, 89 (1936). 

» H. K. R. Beckei, Ann. Physik (Leipzig) 25. 373 (1936). 

• C. V. Raman and N. S. N. Nath, Proc. Ind. Acad. Sci. 2, 406, 413 
(1933). 


Films, Resistant to Organic Solvents, for Use 
in the Electron Microscope 

S. G. Rl.I.lS 

Department of Phystis, University oj Toronto, Canada 
June 28, 1947 

F ILMS of Alkathene,* insoluble in ether and suitable 
for specimen supports in the electron microscope 
have been made from hot xylene solutions of the plastic. 

A suitable strength for the solution is 0.2 g of Alkathene 
grade 2 in 100 cc of xylene. It is convenient to use the 
solution in such a quantity (75 cc) that, \\hen placed in a 
bottle with a wide neck, a clean glass microscope slide can 
be half-immersed in the bottle, and a ground glass stopper 
inserted. The bottle is heated in a water bath at 100°C 
until the solution is clear. The bottle may then be re¬ 
moved from the bath, the slide lifted from the solution and 
held vertically just above its surface for a few seconds and 
then removed from the bottle. The film of Alkathene left 
on the slide is suitably cut with a needle and then floated 
off on the clean surface of some hot distilled water at a 



Fig. 1. Alkathene film shadow cast with chromium 


846 


Journal of Applied Physics 





Kig. 2. Unidentified particle on Alkathene film shadow 
cast with chromium. 


temperature above 50°C. A mesh ran then be placed on 
the film and mesh lifted from the water and allowed to 
dry m the usual manner. When another microscope slide 
has been placed in the Alkathene solution it should be 
allowed to come to the temperature of the solution before 
being removed. 

These Alkathene films, when examined in the electron 
microscope, show a characteristic structure (see Fig. 1). 
There are many applications in which the structure will 
not interfere with the observations since adequate contrast 
can be obtained in the micrographs (Fig. 2). The strength 
of these films, for a given transparency to the electron 
beam, is comparable with that of Forinvar films. The films, 
when mounted on a mesh, have been flooded with cither 
suspensions, both of soaps and carbons, without any ap¬ 
parent solvent action on the Alkathene. 

In the studies made to date it has not been possible to 
prevent the formation of the characteristic structure in 
these films either by varying the strength of the xylene 
solution or by changing the conditions under # which the 
xylene evaporates. Attempts to form a film by rapidly 
dipping and withdrawing a cold microscope slide into the 
hot xylene solution failed. 

Similarly attempts to cast the films on the surface of 
hot water failed, since with the solvents used the solutions 
of the plastic spread in an irregular and unsatisfactory 
manner. 

We are indebted to Mr. F. G. Rice of Canadian Indus¬ 
tries Limited, for samples of Alkathene and for information 
on its use. 

* “Alkathene'* (registered trademark of l.C.I. in Canada and moat 
of the important countries in the world) is a straight low polymer of 
ethylene formed at high pressure. Its properties are described in a 
series of papers by K. Hunter and W. G. Oakes, R. B. Richards anti 
E. L. Midwinter, in British Plastics for March, April, and May, 1945 
It is available from: Plastics Division, Canadian Industries, Ltd., 
P. O. Box 10, Montreal, Canada, for delivery in Canada only, and 
Plastics Division, Imperial Chemical Industries, Ltd., Welwyn Garden 
City, Hertfordshire. England. 


Note on the Reduction of Microphonics 
in Triodes 1 

Victor W. Cohen and Abraham Bloom 
Ordnance Development Division, National Bureau of Stamfords, 
Washington 25, D. C. 

June 2. 1947 

NDKR the above title, Mr. Wavnick has considered 
the behavior of a simple triode with a vibrating grid 
and developed, as a consequence of the motion, a rela¬ 
tionship between the microphonic output and the grid 
bias. This relationship indicates that under certain condi¬ 
tions the microphonic response can be appreciably reduced 
by a suitable choice of grid bias. The application of this 
effect to high gain amplifiers with fixed bias may be of 
importance. In the application of the theory however to 
the 6A3 tube, he has failed to consider two very important 
factors both of which pertain to this type of tube. These 
are: (a) The effect of symmetry in a plane symmetrical 
triode, and (b) the importance of motion of the cathode in 
filamentary tube types. 

Consider an idealized symmetrical plane triode with the 
cathode in the center and tw'o grit! planes attached to a 
pair of side rods so ttyit they vibrate with their separation 
fixed. Then as the grid-cathode distance increases on one 
side, it will decrease on the other. To a first-order approxi¬ 
mation, therefore, the vibration of the grid side rods will 
result in no change in I v . For a more accurate evaluation 
of the microphonic output, one must consider the second- 
order approximation. We have made such a calculation 
and find that, depending upon the spacings, there may or 
may not be a point between negative cut-off and zero grid 
bias at which the microphonic output is zero. A rough 
approximation of the second-order term is: 



C« Vtl«« 


Fig. 1. The second-order term for the cliange in plate current due to 
(A) grid motion and (B) filament motion, as a function of grid bias. 
The curves are calculated for the 6A3, with 100 volts applied to plate. 
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where G m **$C/2d' i [ m Eg+(KE p /h)’]*, where d* grid-cathode 
spacing, 6“grid-plate spacing, C*2.33X10'M amperes, 
Ad— grid displacement, and K**\/2xn logl/2ir«£. 

The behavior of this second-order term for A/ as a 
function of grid bias is shown in Fig. 1 curve A, where the 
term Ald i /C(Ad) i is plotted against E Vt for the special 
case of the 6A3 in w'hich d = />, /< = 4, /?,,== 100 v. 

This function goes to infinity at cut-off and has a mini¬ 
mum not far from cut-off. 

Since in practice the tube is not perfect in its assembly, 
the symmetry may not be exact. The microphonic output 
due to grid vibration may, therefore, contain components 
of both first and second orders. The first-order term will 
obey a function similar to Waynick's but will have an 
amplitude dependent upon the degree of asymmetry. 

For a single plane triode the first-order term of A/ as a 
function of E a is shown in Fig. 2 curves A, in which A/d 3 / 
CAd is plotted against E 0 for the same case as Fig. 1A. If 
the vibration is harmonic, the first-order term of the out¬ 
put will be a sine wave which will reduce to zero amplitude 
at a particular bias as shown. The second-order term, 
however, since it depends upon the square of the grid dis¬ 
placement, will have a wave form of the second harmonic 
of the vibration frequency since sinW“ j — \ cos2u>/. 

While it is true that for indirectly heated cathodes the 
important cause of microphonics will be the grid vibration, 
in filamentary type.* the resonant vibration of the cathode 
is very important. We have subjected a 6A3 to vibration 
tests and find very distinct resonant vibration of 
filament legs visible with the naked eye. Kach leg had its 
own resonant frequency, most of these being near 800 
cycles. The grid vibration was of smaller amplitude and 
was not visible in a binocular microscope of 36 X, using 
stroboscopic illumination. It was detectable with a r-f 
capacity vibration pick-up. 

The cathode of each section of the 6A3 is formed from a 
narrow ribbon, in the shape of a letter M. The plane of the 
ribbon in each leg is designed to be perpendicular to the 
idealized cathode plane. One would expect, therefore, that 
appreciable vibrations would occur only in the cathode 
plane. However, since in assembly the cathode ribbon may 
be warped slightly, there may be a component of vibration 
normal to the cathode plane. A rough calculation of the 
change in plate current due to filament motion gives to a 
second-order approximation: 



where the subscripts 1 and 2 refer to opposite sides of the 
triode. 

Clearly ^ill four terms of this expression are } power 
curves and have minima only at cut-off, i.e., where E a 
— — K/bE p . The form of the second, and first-order terms 
are illustrated in Fig. 1 curve B and Fig. 2 curve B, 
respectively. 

With the foregoing considerations in mind, one can ex- 



Fic. 2. The hrst-order term for the change in plate current due to 
motion ot (A) grid and (B) filament as a function of grid hia*. The 
curves are calculated for the 6A3, with 100 volts applied to plate. 

plain some of Waynick’s observations on the 6A3 which 
appear to depart from his theory. 

M. Case 2 and 8 may be explained as due to resonances 
either of a filament leg or of the grid in a symmetrical sec¬ 
tion of the tube. 

2. Case 6 was undoubtedly due in part to a second-order 
term giving rise to a second harmonic of the vibration fre¬ 
quency which did not pass through zero as the fundamental 
component did. 

3. The residual output near the minima which appeared 
to contain the second harmonic of the driving frequency 
was probably due to second-order effects. 

The apparent close agreement observed in some cases 
may have been due to a grid vibration in a highly asym¬ 
metrical section of the tube. 

A more detailed discussion of calculations of the effects 
of vibration of triode elements as well as experimental 
methods and observations is contained in a manuscript 
now nearing completion.* 

» Waynick. J. App. Phys. 18. 239 (1947). 

1 Paper delivered at Winter Convention of the I.R.E., March 1947. 


Comments on “Sound-Velocity Determination 
of Molecular Weights” 

G. J. Dienes 

Development Laboratories, Bakelite Corporation, Bound Brook, New Jersey 
June 24, 1947 

I N a recent papier in this journal, A. Weissler, S. W. 

Fitzgerald, and I. Resnick 1 described a method of 
molecular-weight determination for liquid polymers based 
on sound-velocity, density, and refractive-index measure¬ 
ments. The essential relation for calculating molecular 
weights by their method is an empirical linear correlation 
between molar sound velocity and molar refraction. 

It occurred to the writer that there is no necessity for 
making the sound-velocity measurements since the mo- 
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Table 1. 


Glycol 

Theoretical 
mole wt. 

No. ave. mole wt. 
from specific 
refractivity 

Deviation. % 

Kthylene 

62.1 

62.1 

0.0 

Diethylene 

106.1 

101.5 

-4.3 

Triethylene 

150.1 

144.8 

43.5 

Tetraethylene 

194.2 

192.9 

*0.7 

Pentaethylene 

2.48.2 

245.7 

-3.1 

Poly 200 

200 ± 10 

19J.0 

0.0 

Poly .400 

300*15 

316.9 

4*0.6 

Poly 400 

400 ±20 

408.6 

0.0 

Poly 600 

600 *30 

576.2 

0.0 

Ave: 1.4% 


Since the molar-refraction method depends essentially on 
differences between the molar refractivity of the chain and 
the end-groups, it is evidently only applicable to com¬ 
pounds of relatively low degree of polymerization. This 
same limitation, however, applies to the molar-velocity 
method. For low molecular-weight liquid polymers the 
molar-refraction method is very useful and convenient as 
the necessary density and refractive-index measurements 
are easily made to a high degree of accuracy. 

1 A. Weisslei, S. W. Fitzgerald, and 1. Resnick, J. App. IMiys. 18, 434 
(1047). 

* F. Warrick. J. Am. Chem. Soc. 68. 2455 (1946). 


lecular weights are easily calculable from giolar refractions, 
as pointed out recently by E. Warrick. 2 Calculation of 
molecular weights from molar refractions is based on the 
well-accepted concept of group additivity and the addi¬ 
tional step of an empirical correlation between molar 
velocity and molar refraction is eliminated. Since the tnolar- 
' refraction method it* physically analogous to a chemical 
end-group determination, the resulting molecular weight, 
in the case of a heterogeneous polymer, will evidently be a 
number average. This can also be readily shown mathe¬ 
matically using additivity of molar refractions on the 
I asis of mole fractions. 

In the system of polyethylene glycols, treated by the 
above authors, the average experimental molar-refraction 
increment for each —CII 2 —CH*—O— structural unit, 
based on the first live pure members of the series, is 10.97. 
From the general formula for the polyethylene glycols, 
HO — (CH 2 —CH 2 — 0-)„ — H, the molecular weight, .1/, 
of any member may be written 

M — 44.051 -b 62.07, (O 

where 

i = number of CH 2 — CH 2 — O units in compound, 
44.05 = molecular weight of CHj—CHt—O unit, 
and 62.07 - molecular weight of ethylene glycol. 

Similarly, the molar refraction, on the basis of additivity 
of groups, may be expressed 

R=s(n t —l/n i +2)M/d = rM = 10.97t+14.47, 
or 

r(44.05f+62.07)~ 10.97/+14.47, (2) 

where 

fas(» 2 — l/n*+2)l/d s »specific refractivity of com¬ 
pound, and 14.47 = molar refraction of ethylene 
glycol. 

Equation (2) is easily solved for i, and substitution of i 
in Eq. (1) gives the molecular weight. From the density 
and refractive-index data reported by Weissler, Fitz¬ 
gerald, and Resnick, the molecular weights given in Table I 
were calculated. 

The agreement between theoretical molecular weight 
and molecular weight calculated from the experimental 
specific refractivities is actually better than that obtained 
by the molar-velocity met hex! (1.4 percent vs. 2,0 percent). 


Preliminary Measurements Relative to the 
Onset of Thermal Convection Currents 
in Unconsolidated Sands* 

H. L. Morrison 

North Carolina State College of Agriculture atul Engineering, 
Raleigh, North Carolina 
July 10. 1947 

T O assess a recently advanced theory 1 for the minimum 
temperature gradient necessary to cause the onset of 
convection in a viscous liquid in a porous medium, a series 
of appropriate measurements has been initiated using 
several different liquids separately in unconsolidated sands 
of known permeability. These measurements are reported 
here in a preliminary form because of their interesting 
bearing upon the theory itself and upon its application to 
geophysical problems. The measurements were made on 
mixtures (depth 10 cm) of liquid and sand in a 400-cc 
beaker (diameter 7.0 cm) which was heated from below’; 
temperatures were observed at various depths in the mix¬ 
ture, as functions of lime; and microscopic observations 
were made of the onset of motion in small suspended solid 
particles (impurities) which were visible near the wall of 
the beaker. Precautions were taken to assure the hori¬ 
zontal uniformity of temperature (maximum deviation 
about 1°C to J°C) throughout the mixture; and subsidiary 
measurements of upward motions of the liquids, caused by 
diffusion, were made using suitable soluble dyes so as to 
assure that this possible disturbing effect was negligible. 
A further subsidiary series of measurements was made 
using a beaker of 15.0-cm diameter, to exhibit the effects 
of vessel radius; there were no appreciable effects on the 
temperature gradient required for onset of convection. 
Typical observations are recorded in Table I. In Table 1, 
the data in columns 4 to 6 are cast in the form used in 
reference 1, so that z column 4+column 6 = s+0; the 
column 3 refers to the gradient at z (distance into mixture 

Table I. 


Temperature# and gradient# at on#et 

n of convection 

renne- , 

ability of Local gradi- Tempera- Approximate 9 

sand ent f°r/cm) 0-grudi- turn at s -0 temperature 
Liquid (d’Arcy s) estimated ent ( b C/cin) ( C) function ( C) 


Glycerol 

95 

-80 

ecu 

127 

-0.8 

HjO 

127 

-6.0 


-8.4 125 -47* 

win (r*/10) 

-0.8 31J 0 

-6.0 57 0 
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from bottom)-2 cm, the usual point of location of the 
microscope. 

In attempting to compare the data in Table I with the 
theory, 1 one meets definite difficulties. Thus, the 0-function 
for the CCb and H*0 data, does not accord with the 
sinusoidal one assumed in developing the theory, though 
this may not be too significant, for the theory might use 
a more general series of sine functions which could corre¬ 
late with the zero used in the measurements. Again, the 
theory does not contemplate a variation of viscosity with 
temperature, a situation w'hich is far from acceptable for 
the liquids used in these measurements. Finally, the finite 
horizontal extent of the mixture in these measurements 
implies, at least in principle, boundary conditions which the 
theory does not contemplate. Nevertheless, any attempted 
application of the Eq. (26) in reference 1 to these experi¬ 
ments appears to indicate that for the glycerol test, the 
calculated gradient is at least on order* of magnitude in 
excess of the observed, and for the other two, the calculated 
gradient is slightly in excess of the observed. Apart then, 
from the possibility that it is not correct to identify the 
onset of motion in suspended matter in the present series 
of measurements with the onset of convection, it can only 
be concluded at the moment that the theory 1 predicts ex¬ 
cessive values for the minimum temperature gradient but 
that it deserves such extensions as to render it applicable 
to materials, dimensions, and 0-function having actual, 
rather than ideal, characters. 

This work was suggested to the author by Dr. F. T. 
Rogers, Jr., to whom, with Mr. C. W. Horton, the autho> 
is also indebted for continuing conversations and corre¬ 
spondence relating to it. Further measurements are in 
progress, and will be reported when and if it is possible to 
extend the theory suitably. 

♦ An earlier report on this work was presented at the April 1947 
meeting of the Southeastern Section of the American Physical Society 
at Salisbury, North Carolina. See Piiys. Rev. 71, 834 (1947). 

1 C. W. Horton and F. T. Rogers, Jr.. J. App. Phys. 16, 367 (1943). 


Attachments for Aligning a Console 
Electron Microscope 

iibNKY C. FROU1.A 

Armour Research Foundation o) Illinois Institute of Technology, 
Chicago, Illinois 
July 8, 1947 

T HE alignment of the electron gun and anode aperture 
in our RCA console electron microscope was greatly 



Fig. 1. Rear view ot console electron microscope, showing external 
controls for alignment of electron gun and anode aperture. 

simplified through the use of the two devices described 
below. 

The first of these two devices provides for the alignment 
of the electron gun. Three arms mounted 120° apart on 
the front rim of the gun extend forward to overhang the 
fixed column by about one-half inch. One of these arms 
(on the underside of the gun) is a flat spring whose free 
end presses upward against the column, tending to lower 
the gun. Each of the other two arms has a tapped hole 
through which a screw is driven against the fixed column. 
Manipulation of the screws provides a two-dimensional 
adjustment ol the gun position. The two screws can be 
turned externally by means of the removable extension 
shafts which project through the sides of the hood as 
shown in Fig. 1. 

The second of the two devices provides for the external 
adjustment of the anode aperture. The regular cover of 
the specimen chamber is replaced temporarily by one hav¬ 
ing two sealed passages holding a pair of metal rods. These 
rods can be seen projecting upward in the figure. Their 
lower ends are articulated with the two screws which ad¬ 
just the anode aperture. The vacuum seals through which 
the rods pass, permit a liberal amount of movement of the 
rods do that adjustments can be made during actual opera¬ 
tion of the microscope. 1 

Both of these devices have had considerable use in our 
laboratory and have given very satisfactory service in 
establishing and maintaining suitable alignment of the 
microscope. 

1 The seals ate of the type described by D. B. Cowie, Rev. Sei. Inst. 
15, 46 (1944). 


850 


Journal of Applied physics 


New Books 


Radium Therapy; Its Physical Aspects. 

By C. YV. Wilson. Pp. 224, Figs. 97, 30 tables, and 4 
mathematical appendices. Chapman and Hall, Ltd., 
London, 1945. Price $6.00 plus postage. 

Phis book supplies an excellent practical survey of the 
physical aspects of radium therapy, more complete and 
detailed than anything hitherto available. The basic theo¬ 
ries of radioactivity are passed over rather briefly, but the 
interaction of high energy radiations with matter is dis¬ 
cussed in detail. The development of methods and theory 
of dosimetry receives considerable attentj^n. Detailed de¬ 
scriptions are given of the air-wall ionization chamber, and 
of various practical vacuum-tube dosimeters, with in¬ 
structions for their us*. 

A targe part of the book is devoted to dosage calcula¬ 
tions, with many examples. For surface therapy, the 
Paterson and Parker charts are followed. In intracavitary 
treatments, various systems for treatment of cancer of the 
cervix are compared in detail. For interstitial dosage cal¬ 
culations, the Memorial Hospital and Paterson and Parker 
techniques are discussed, with numerous examples for the 
latter. A chapter devoted to dosage in teleradium therapy 
v21! find few readers in America, since this method is now 
little used here. The matter of protection is adequately 
covered. 

One might wish that more attention had been devoted 
to the matter of integral dose, or total energy absorbed 
by the patient, since this had been more thoroughly studied 
in England than in the United States. 

Each chapter contains a good list of references, specific 
and general. The appendix consists of useful mathe¬ 
matical tables. 

Radiologists have long felt a need for such a book; there 
has been no satisfactory text covering this field. It should 
be welcomed by students, teachers, and all practicing 
radiologists and radium therapists. 

Edith H. UriMHY 
Columbia University 

Introduction to Atomic Physics 

By Henry Semat. Revised Edition. Pp. 412+ xi, 
Figs. 169, Tables 27, 23 X 15.5 cm. Rinehart and Com¬ 
pany, Inc., New York, 1946. Price $4.50. 

The first edition of Semat, appearing in 1939, at once 
became a standard undergraduate text on atomic physics 
and won a place of respect on the shelves and desks of 
physicists and chemists of experience. 1 his second edition 
is substantially the earlier Semat, though it presents an 
altered appearance. The page size, type, paper, and some 
of the subdivision of text in^o chapters have been changed 
along with the corporate title of the publisher. The effect 
of the new format is one of increased elegance and mo¬ 
dernity, but not all users will approve the change to paper 
of half the former thickness. 

Getting down to subject matter, one finds that a large 


number of small, first-edition errors have been corrected, 
data have been brought up to date, several diagrams have 
been redrawn, and new paragraphs inserted to clarify or 
supplement previous treatments. This piecemeal moderni¬ 
zation has been accomplished smoothly without serious 
impairment of the unity of the book. Some new problems 
have been constructed and some old ones improved. The 
.statement that 94 elements are found in nature is not yet 
correct. 

The book begins and ends with nuclear energy, the 
frontispiece comprising photographs of the first atomic 
bomb explosion, and the final chapter being devoted en¬ 
tirely to a discussion of nuclear energy. This chapter, the 
only completely new one in the book, starts with the stellar 
energy reactions of Bcthe and proceeds through a careful 
history of nuclear fission researches to nuclear chain re¬ 
actions, fast and slow. Some of the latter discussion is 
taken sentence for sentence from the Smythe report, 
without quotation marks, but with a preceding statement 
that the discussion is based on the report. The reviewer 
dislikes and disbelieves statements that mass is converted 
into energy, or even “other forms of energy.” This common 
stereotype will do no harm to physicists but may interfere 
with students’ understanding of the equivalence equation 
since it suggests that after the event the total mass is less 
than it w r as before. 

Other topics which make their first appearance in this 
edition are the measurements of nuclear magnetic mo¬ 
ments, the discover)’ and production of new' elements, 
electron optics, and the design and use of the betatron. 
Semat’s first edition was distinguished by an unpretentious 
clarity of statement and a consistent awareness of the 
capacity and limitations of the chosen audience. These 
characteristics are preserved in the current modifications 
and extensions. It is a sad circumstance that enables a 
book on atomic physics to be brought up to date after 
seven years with no more enlargement than Semat has 
found necessary. It is to be hoped that the third edition 
will require the inclusion of much more new material. 

Raul Kirkpatrick 

Stanford University 


New Booklets 


The National Research Council tails attention to 
Mathematical Tables and Other Aids to Computation , a 
quarterly journal published by the Council at 2101 Con¬ 
stitution Avenue, Washington 25, D. C. It is edited by 
Raymond C. Archibald and Derrick H. Lehmer and is an 
international publication which serves as an information 
center of published and unpublished mathematical tables 
and material dealing with other aids to computation. Be¬ 
cause of the continuous pagination in each volume and a 
system of constant cross references, new subscribers will 
find it desirable to begin their subscriptions with the first 
issue of the year. Subscription is $4 per year; single issues 
$1.25. 
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Jarrell-Ash Company, 165 Newbury Street, Boston 16, 
Massachusetts, announce their new 20-page catalog 7-i 
describing their stigniatic grating spectrographs and 
accessories. 

Interchemical Review , 432 West 45th Street, New York 
19, New York, features in its Spring 1947 issue articles on 
the application of filters in photography, methods of 
printing on vinyl film, and the wartime development in 
Britain of a non-mctallic conductive coating for paper. 

The most recent issue (Volume 9, Number 2) of Philips 
Technical Review, published by Philips Laboratories in 
Holland, contains the following articles, according to 
North American Philips' Company, Inc. f 100 Last 42 
Street, New York 17, New York: “A new electron micro¬ 
scope with continuously variable magnification,” by'' 
J. B. le Poole; “Electronic conductivity of non-metallic 
materials,” by E. J. VV. Vcrwey; “Installations for im¬ 
proved broadcast reception,” by P. Cornelius and J. van 
Slooten. 

RCA Victor Division, Camden, New Jersey, has issued 
a 16-page booklet, for distribution to consumers, entitled 
What's Your Television I.Q.? 

Dover Publications, 1780 Broadway, New York 19, 
New York, has published a new 1947 catalog of scientific 
books published by it. 38 pages. 

Burrell Technical Supply Company, 1942 Fifth Avenup* 
Pittsburgh 19, Pennsylvania, has issued an Announcer 
of scientific equipment. It is published quarterly and de¬ 
scribes various laboratory instruments and equipment. 
Each edition also contains a dissertation* on the history 
of some instrument or process now used in industrial re¬ 
search. 

Cannon Electric Development Company, 3209 Hum¬ 
boldt Street, Los Angeles 31, California, has issued Cannon 
Plugs, a 78-page booklet containing many photographs 
and describing the uses of its products in industry. 

Microfilm Service, a new affiliate of the American Coun¬ 
cil on Public Affairs, located at 2153 Florida Avenue, 
Washington 8, D. C., is publishing through the microfilm 
medium scholarly manuscripts on specialized subjects, 
documents of historical value, and out-of-print studies. 

The Editorial Service Bureau of Kodak, 343 State 
Street, Rochester 4, New York, has issued the first edition 
of Shorts , a 4-page digest of new uses of photography. 

Foster D. Snell, Inc., 29 West 15th Street, New York 11, 
New York, has released a 1947 edition of its brochure 
under the sheading The Chemical Consultant and Your 
Business . Available without charge. 

Distillation Products, Inc., 755 Ridge Road West, 
Rochester 13, New York, has published a 16-page booklet 
entitled Information on High Vacuum Distillation . 


Fischer and Porter Company, llatboro, Pennsylvania, 
has released a new, larger catalog section No. 95-D de¬ 
scribing the company’s line of precision bore glass special¬ 
ties. Address Department 6F-D in requesting a copy. 


Here and There 


New Appointments 

Cleveland Norcross, formerly executive secretary of the 
Office of Scientific Research and Development, is now 
assistant.director of the American Institute of Physics. 

Captain Robert D. Conrad, U. S. Navy retired, has been 
named assistant director of Brookhaven National Labora¬ 
tory for atomic research. 

Effective September 1, T. Keith Glennan, recently an 
executive of Ansco Division of General Aniline and Film 
Corporation and wartime director of the U. S. Navy 
Underwater Sound Laboratory, became president of Case 
Institute of Technology, Cleveland, Ohio, succeeding 
VVilliam E. Wickcnden, who has retired. 

Science reports that Henry N. Russell, professor of 
astronomy and director of the observatory, Princeton Uni¬ 
versity, retired July 1. Lyman Spitzer, Jr., professor of 
astrophysics, Yale University, has been appointed director 
of the observatory, and Martin Schwarzschild, Columbia 
University, has become professor of astronomy. 

William E. Good has been granted a year’s leave of ab¬ 
sence from the Westinghousc Research Laboratories to aid 
in atomic energy investigation at the Argonne National 
Laboratory near Chicago. 

Louis N. Ridenour, formerly assistant professor of 
physics, University of Pennsylvania, has been appointed 
dean of the Graduate School, University of Illinois. 

New Casting Resin 

P. J. Franklin and M. Weinberg of the National Bureau 
of Standards issued recently a report on a casting resin 
developed by the Bureau. Their report says, “During the 
war, exacting mechanical and electrical stability require¬ 
ments of special electronic applications—such as the radio 
proximity fuze—necessitated the potting of the circuit 
components. Because of the high impedance of the circuits 
involved, the electrical loss factor or the dissipation of the 
available energy in the casting or ‘potting’ compound 
became a matter of major importance. An extensive 
investigation of various available casting resins at the 
National Bureau of Standards revealed none suitable for 
the particular applications because of the high loss factor. 
The few materials with adequate electrical properties were 
deficient mechanically. In addition, the applications re¬ 
quired a resin of such viscosity that the potting compound 
would encompass all the circuit elements when poured into 
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a container housing the electronic device, and then harden 
to a rigid solid without adversely affecting circuit operation. 

"Many casting resins have been developed, but few 
have the vital electrical properties for proper operation of 
high-impedance, high-frequency equipment. As a result 
of experience gained in the fuze-development program 
at the National Bureau of Standards, a new casting 
resin embodying the required properties of mechanical 
and electrical stability, was formulated through a syste¬ 
matic variation of resin constituents. Various applications 
at the Bureau indicate that, with slight modifications to 
suit the intended use, the new potting compound- known 
as NBS Casting Resin—can be readily employed in many 
high-frequency devices requiring such mechanical-electrical 
insulation. 0 

"The most important properties specifically desired of a 
casting resin when utilized at high frequencies in high- 
impedance circuits are low power factor, low dielectric 
constant, short polymerization period at low temperature 
and atmospheric pressure, high impact strength, small 
volume shrinkage on polymerization, dimensional and 
electrical stability, and low moisture absorption. The 
NBS Casting Resin not only meets these requirements but 
fulfills the additional requirements of low viscosity and 
low surface tension, ard hence may be poured through 
small openings.” 

New Research Laboratory in Texas 

In April a new research laboratory was officially opened 
on a 3000-acre strip eight miles west of San Antonio, Texas. 
'I'he project, made possible by the gift of a valuable oil 
property by Tom B. Slick, San Antonio oil and ranch man, 
consists of two separate but closely associated units: the 
Foundation of Applied Research, utilizing the Essar 
Ranch as part of its laboratory, and the Institute of 
Industrial Research, including a development service for 
inventors. While the Foundation of Applied Research was 
incorporated by its trustees as a non-profit undertaking, 
it has been designed to make its own way financially, after 
a development period, from sales of Fssar Ranch’s hlcxxled 
cattle and from earnings by the Institute of Industrial 
Research through fees and patent proceeds. 

Or. Gregory Pincus, head of the Worcester Foundation 
for Experimental Biology at Worcester, Massachusetts, is 
selecting the research men and scientists who will staff 
the Foundation and the Institute. 

Objectives of the projects have been outlined by Mr. 
Slick as follows: "The only limitation to the scope of work 
to be undertaken by the Foundation is that it has in view 
a distinctly practical application. The value of pure 
scientific study is fully realized, but it is felt that the 
Foundation’s greatest contribution am be realized by 
concentration on the field lying between pure scientific 
study as carried out by universities and similar institutions, 
and completely industrial research of limited range as 
conducted by the average industrial corporation.” 

The Institute of Industrial Research, under separate 
management from the Foundation, will undertake, on a 
fee basis for industrial corporations, programs similar to 


the services rendered by the Mellon, Armour, and Midwest 
Institutes, and in addition will provide inventors with a 
complete processing service should their projects be 
determined worthy of development. 

New Computer at California Institute of Technology 

Science reports that an electric analog computer will Lie 
part of the new analysis laboratory now being established 
at the California Institute of Technology. Gilliert D. 
McCann, Associate Professor of Electrical Engineering 
at the Institute, is setting up the laboratory. 

The new calculator, which will be made available to all 
interested industrial and engineering organizations as well 
as being used for research at the Institute, is expected to 
be completed by August. Weighing approximately 33,000 
pounds, the machine, including its control desk, will occupy 
some 1000 square feet of floor space. The device was 
designed for the solution of complex mathematical prob¬ 
lems in the field of algebra and calculus requiring an 
accuracy of the order of 1 percent. It is particularly 
suited to solving engineering problems, including those of 
electrical circuits; applied mechanics; self-induced me¬ 
chanical oscillations, such as airplane structure flutter, 
car shimmy, rail car stability; problems in thermody¬ 
namics, such as a general analysis of heat flow problems; 
speed controllers, voltage regulators; and angle position 
controllers, such as airplane stabilizers, guided missiles, 
gyro pilots, etc. 

Physical Society Acoustics Group 

'The Acoustics Group of the Physical Society was formed 
at an inaugural meeting at the Royal Insrtute of British 
Architects in February 1947. Or. Alex Wcxxi gave an 
address entitled "The Contribution of Acoustical Science 
to Allied Studies.” The meeting was attended by some 
170 persons. The principal object of the Group is to provide 
an opportunity for the varied types of workers engaged on 
acoustical problems to meet and discuss the scientific and 
technical implications of their work. Membership is open 
both to members and also to non-members of the Physical 
Society. For further particulars inquire of the Joint 
Honorary Secretaries of the Acoustics Group, The Physical 
Society, 1 Lowt her Gardens, Prince Consort Road, London 
S. W. 7. 

Sound Apparatus Company 

The Sound Apparatus Company announces the opening 
of iis production plant in Stirling, New Jersey. The 
company’s research laboratories are in Millington, New 
Jersey, and the main offices are at 233 Broadway, New 
York City. 

High Vacuum Symposium 

National Research Corporation, in cooperation with the 
Division of Industrial and Engineering Chemistry, Ameri¬ 
can Chemical Society, has announced plans for a High 
Vacuum Symposium to be held in Cambridge, Massachu¬ 
setts, October 30 and 31. Secretary for the event is Stanley 
Heck, National Research Corporation, Boston 42, Massa¬ 
chusetts. 
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Kodak Fellowships 

Sixteen educational institutions have been offered one or 
more of twenty-two Eastman Kodak fellowships in chem¬ 
istry, physics, engineering, and business administration 
for the school year 1947-48. In addition six similar fellow¬ 
ships are to be sponsored by Tennessee Eastman Corpora¬ 
tion, Kodak subsidiary. 

National Electronics Conference 

A National Electronics Conference will be held at the 
Edgcwater Beach Hotel, Chicago, Illinois, November .i-5, 
1947. Dr. George D. Stoddard, new president of the Uni¬ 
versity of Illinois, will deliver the keynote address. The 
complete program for the Conference includes twenty 
technical sessions with a total of about fifty papers. 

Taylor Elected Radiology Bellow 

Lauriston S. Taylor, chief of the x-ray section at the 
National Bureau of Standards, has been elected an asso¬ 
ciate fellow in the American College of Radiology. 

Institute of Navigation Officers 

The institute of Navigation has elected the following 
national officers for the academic year 1947-48: president, 
Commodore G. G. McLintock, USMS, Special Assistant 
to the Commandant, U. S. Maritime Service; vice presi¬ 
dent, Captain P. V. H. Weems, USN (Retired), Annapolis, 
Maryland; technical adviser, Paul Rosenberg, president 
of Paul Rosenberg Associates, New York City; executive 
secretary, Samuel Herrick, professor of astronomy, Uni¬ 
versity of California at Los Angeles. 

Chicago Physics Club Officers 

The following are the new officers of the Physics Club 
of Chicago, elected May 1947: president, W. F. Einbecker; 
vice president, H. A. Carter; treasurer, J. W. Juvinall; 
secretary, H. C. Froula. 

Conference on Administration of Research 

A conference on “Administration of Research” will be 
held at The Pennsylvania State College on Monday and 
Tuesday, October 6 and 7. The main purpose of the con¬ 


ference is to provide free discussion on the organization, 
administration, and operation of research laboratories. 

Discussion will be led by Prof. Philip M. Morse, Brook- 
haven National Laboratories, and Dr. Jesse E. Hobson, 
Armour Research Foundation. The following men will be 
the principal speakers: 

Dr. Maurice Holland, New York, Consultant 
Dr. R. L. Jones, Bell Telephone Laboratories 
Dr. G. 1L Young, Mellon Institute of Industrial Research 
Dr. Dwight E. Gray, Applied Physics Laboratory 
Dr. L. Warrington Chubb, Westinghouse Electric Corporation 
Dr. Edw. U. Condon, National Bureau ot Standards 
Hon. James II. Duff, Governor, Commonwealth of Pennsylvania ' 
Commodore Henry A. Scliade, Director, Naval Research Laboratory 
Dr. Paul D. Foote and Dr. Blaine B. Westcott, Gulf Research 
Laboratories 

Dr. Albert W. Hull, General Electric Company 

For further information and a copy of the program, 
address Dr. Eric A. Walker, Head, Electrical Engineering 
Department, The Pennsylvania State College, State 
College, Pennsylvania. 


Calendar of Meetings 

October 

2 4 Society of Automotive Engineers, Los Angeles, California 
15-'18 American Society for Civil Engineers, New Orleans, Ivouisiana 
20-24 American Society for Metals, Chicago, Illinois 
23-25 Optical Society of America. Cincinnati, Ohio 
30-31 National Research Corporation and American Chemical So¬ 
ciety, Cambridge, Massachusetts (High Vacuum Sympo 
sium) 

November 

3-5 National Electronics Conference, Chicago, Illinois 

3-7 American Institute of Electrical Engineers, Chicago, Illinois 

6- 7 Society of Automotive Engineers, Tulsa, Oklahoma (Fuels and 

Lubricants Meeting) 

7- 8 Conference on X-Ray and Electron Diffraction, Mellon Insti¬ 

tute of Industrial Research, Pittsburgh. Pennsylvania 
17-19 Institute of Radio Engineers and the Radio Manufacturers 
Association, Engineering Department, Rochester, New York 

28 - 29 American Physical Society, Houston, Texas 

December 

1-3 Society of Automotive Engineers, Kansas City, Missouri (Air 
Transport Engineering Meeting) 

l 5 American Society of Mechanical Engineers, New York, New 
York 

26 31 American Association for the Advancement of Science, Chicago, 
Illinois 

29- 31 American Physical Society. Chicago, UHuois 
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Fringing Flux (Corrections for Magnetic Focusing Devices 

Norman D. Coggeshall 

Gulf Research and Development Company , Pittsburgh , Pennsylvania 
(Received March 27, 1947) 

When a charged particle approaches a region of uniform magnetic field its trajectory is 
affected by the fringing field. Compensation for the effect of the fringing field may in some 
cases be achieved by the use of virtual field boundaries which are outwardly displaced from the 
actual boundaries. A definition of the virtual boundary in terms of the effect of the fringing 
field upon the trajectories is formulated. A procedure for calculating the displacement d of the 
virtual from the actual field boundary is given using the methods previously developed for 
calculating ion trajectories in non-uniform magnetic fields. Using this procedure several values 
of the displacement for various magnet dimensions and conditions have been calculated. A 
method of altering the geometry of sector-type mass spectrometers to correct for the effects of 
the fringing fields is proposed. It is shown that the angular and spatial separations of the 
individual ion trajectories in an ion beam of small angular spread as it approaches a uniform 
field region through a fringing field are approximately the same as for the ideal case wherein 
the magnet field changes discontinuously at the boundary. 


I T is well known that the magnetic field of a 
magnet does not discontinuously go from 
its maximum value to zero as the boundary of 
the region between the pole faces is passed. 
Rather the field falls off gradually in conforma¬ 
tion with the laws of potential theory, and the 
result is an appreciable amount of fringing flux 
for some distance away from the pole-face 
boundaries. 

In the sector-type mass spectrometer, sche¬ 
matically illustrated in Fig. 1, the ions proceed 
from the ion source through a magnetic-field-free 
region to the magnetic analyzer. The magnetic 
analyzer consists of a uniform magnetic field 
perpendicular to the plane of the figure and with 
the shape of a truncated sector. After passing 
through the magnetic analyzer the ions again 
pass through a magnetic-field-frec region on their 


way to the ion collector. In the derivation 1 of the 
focusing properties of this system, it is assumed 
that the magnetic field region has sharp boun¬ 
daries such as delineated in Fig. 1. Actually no 
magnet provides sharp boundaries to the mag¬ 
netic field region, and in calculating the geo¬ 
metrical arrangement of ion source, magnetic 
analyzer, and ion collector, the effects of fringing 
magnetic field must be taken into account. One 
means of doing this is to use virtual boundaries 
of the sector-shaped field region which are dis¬ 
placed outwards from the actual boundaries. In 
this method it is assumed that fringing flux cor¬ 
rections can be effectively made by such a simple 
displacement of field boundaries. It is the purpose 
of this article to provide an analytical method for 
the determ ination of d, the displacement of the 
*W. E. Stephens, Pbys. Rev. 45 , 513 (1934). 
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virtual field boundaries from the actual field 
boundaries. This displacement is considered 
under various conditions and several numerical 
cases evaluated. It is a further purpose of this 
article to consider the effectiveness of such a 
procedure as the use of virtual field boundaries 
for fringing flux corrections and to provide an 
alternative procedure which is believed to be 
more effective. 

If we consider the magnetic field on the median 
plane, i.e., the plane parallel to and midway 
between the pole faces, the flux on it may to a 
reasonable approximation be regarded as a func; 
tion of only one variable, the perpendicular 
distance from the boundary of the uniform field 
region. Thus the methods previously developed 2 
for the calculation of ion paths in non-uniform 
magnetic fields may be used to determine ana¬ 
lytically the trajectories of the central ray and 
others between the ion source and their pene¬ 
tration into the uniform field region. 

In the past there have been indicated ap¬ 
proximate methods of correcting for stray 
fields, 3-6 but they do not allow the exact cal¬ 
culations of the trajectories as will be described 
below. 

In reference 2 it was shown that the exact 
determination of ion paths cou|d be readily 
achieved for such cases where the ions move in 
a plane through a non-uniform magnetic field 
which is a function of only one coordinate and is 
everywhere perpendicular to this coordinate and 
to the orthogonal coordinate in the same plane. 
This was shown to be true for both Cartesian and 
polar coordinate systems, the magnetic field 
being a function of the radial distance in the 



Fig. 1. Focusing scheme used in sector-type 
spectrometer. 


* N. D. Coggeshall and M. Muskat, Phys. Rev. 66, 187 
(1944). 

•A. J. Dempster, Phys. Rev. 11, 316 (1918). 

4 R. Herzog, Zeits. f. Physik 89, 447 (1934). 

*J. Mattauch and' R. Herzog, Zeits. f. Physik 89, 786 
(1934)* 


latter. For the case at hand we may use the 
distance from the uniform field region and on 
a line normal to its boundary as the x coordinate 
in a Cartesian system and apply these methods. 

In reference 2 it was shown that the ion 
trajectory is determined from the differential 
equation: 

dy/dx = ±f/(l-f)K (1) 

where f=f(x) and is defined as: 

f=(e/vmc ) j* II(x)dx, 

and v — velocity of ion in cm/sec., velocity of 
light, 6 = electrical charge of the ion in e.s.u., 
and m the mass of the ion in grams. For con¬ 
venience in the present applications we define a 
function h{x) as follows: 

//(*)=//„&(*). 

The function h{x) then specifies the ratio of the 
magnetic field at any point to the maximum 
field Ho in the uniform field region. With this we 
may rewrite (1) as: 

dy/dx=±mr*-p)>, (2) 

where 

/*/(*) * jh(x)dx and r=(vmc/Hoe). 

The quantity r is the radius of curvature of the 
ion path in the uniform field H 0 . 

It is to be noticed that the right-hand portion 
of Eq. (2) is a function of x only. Therefore, an 
integration, either numerical or analytical, may 
be made to determine y as a function of x and 
thus obtain the trajectory. If the function k(x) is 
known only experimentally then }(x) may be 
determined by numerical integration and the 
resulting values used in a numerical integration 
of Eq. (2). 

The application of the foregoing equations 
may be seen in Fig. 2. Here is plotted the tra¬ 
jectory of an ion as it passes from the ion 
source to and through a uniform magnetic field. 
Although the ion source is so oriented that its 
axis is perpendicular to the boundary of the 
magnetic field region, the fringing flux causes the 
central ray to actually enter the uniform field 
region with an angle other than 90° and at a 
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point considerably displaced from the entrance 
point of the axis. The net effect of the fringing 
field is to so determine the trajectory that as the 
ion passes through the uniform field region the 
center of curvature is a distance d normal to the 
pole-face boundary. This is in contrast to the 
ideal case wherein the magnetic field would be 
discontinuous at the boundary and the center of 
curvature would be on the boundary. We may 
therefore define a virtual boundary as one parallel 
to the actual boundary and displaced from it so 
as to include as a point the center of curvature 
for that part of the trajectory ii? the uniform 
field region. We shall consider d at present only 
for the case wherein the axis of the ion source is 
l>Qrpendicular to the pole-face boundaries. As 
will be? discussed in more detail later, d depends 
upon the distance of the ion source from the 
uniform field region and upon the angle of 
emergence of the ions from the source. In Fig. 2 
tilt virtual boundary is represented by the 
dashed line which contains the center of cur¬ 
vature as a point. It is useful to know the dis¬ 
placement d , although as we shall see later these 
virtual boundaries do not allow the use of the 
ideal geometrical arrangements considered in 
reference 1. 

The determination of the displacement d is 
readily made from Eq. (2). We note that dy/dx 
= oo for a value x such that J(x) = ±r. Suppose 
the actual pole-face boundary is taken as the line 
x = 0, then since in the x-coordinatc system the 
center of curvature will be located r units from x , 
it follows that: 

d = (r—|£|). (3) 

The absolute value is used here since x may have 
a negative value, depending on manner of using 
the coordinate system. To obtain 2 we must use 
the relationship 

f h(x)dx=±r, (4) 

where Xq is the value of the x coordinate at the 
ion source exit slit. 

Thus the problem of determining d reduces to 
obtaining the function h(x) and to carrying out 
the integration of Eq. (4). Actually for any par¬ 
ticular magnet h(x) should be determined experi- 



Fig. 2. Comparison between ion trajectories for the 
ideal case and for the actual case wherein the fringing flux 
is effective. 

mentally. We may, however, get some idea of the 
order of magnitude of d and its change with 
variations of magnets by using the Schwarz- 
ChristolTel transformation® to obtain h(x). Figure 
3 shows the type of magnet pole considered and 
the differential equation used for the conformal 
transformation. Here the magnet poles are 
considered to extend to <*> in both directions 
perpendicular to the paper. They are in the form 
of jaws with the outer surface of each jaw being 
n times further from the median plane than the 
inner surface. For simplicity the transformation 
is made for the case shown by the cross-hatching 
in Fig. 3, i.e., one magnet pole as one surface of 
constant magnetic potential and the median 
plane as the other. The differential equation 
shown transforms the edge of the upper magnet 
pole onto the left-hand half of the real axis in the 
co plane and transforms the edge of the other 
region of constant magnetic potential onto the 
right-hand half of the real axis. In the differential 
equation T is the usual orientation factor neces¬ 
sary for the transformation. The constants in the 
equation shown in Fig. 3, which expresses z in 
terms of co, are given by: 

a = (»+(n 2 -t)*)/T, 

& = (« —(» 2 —l)*)/ir, 

c= -(((a-f &)/2) log (a~b) — (ab)* log(a-5)). 

The transformation given in Fig. 3 allows the 
flux on the median plane to be calculated for 
various values of n. Changing the value of n 

•See for example: W. R. Smythe, Static and Dynamic 
Electricity (McGraw-HiH Book Company Inc., New York, 
1939), Chapter IV. 
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n VARIABLE 



B*A+*fk lot(2A+2«+a+b) 



Fig. 3. Type of magnet pole construction considered and 
conformal transformation used. 


corresponds to changing the thickness of the pole 
pieces relative to the gap width. The function 
h(x) has been evaluated for several values of n, 
and the results are shown in Fig, 6. 

In addition to the evaluation of h(x) for 
several values of n the two extreme cast's of n = 1 
and «*= oo have been treated. Figure 4 shows the 
boundaries to be transformed and the differential 
equation for the extreme case of n = 1. This case 
which is physically impossible corresponds to tlic 
pole pieces being thin sheets of magnetic material. 
The other extreme case of n = °o, illustrated in 
Fig. 5, is also physically impossible but may be 
representative of magnets which have a large 
ratio of thickness to gap width. The results of 
the evaluation of h(x) for these two extreme 
cases are also shown in Fig. 6. 

It is somewhat surprising in inspecting Fig. 6 
to see how little effect the variation of pole 
piece thickness has on the fringing flux. In this 
figure h(x) is plotted against distance from pole- 
face boundary with the unit of distance as one 
gap width. Values of d obtained from using these 
evaluations of h(x) cannot be expected to give 
true values of d for actual magnets. This is 
because an actual magnet will have finite dimen¬ 
sions in all directions and for it h(x) will fall to 
zero more rapidly for large values of distance 
from pole-face boundary than shown in Fig. 6. 


Table I. Variation of d with various values of n and r. 


rn 

l 

2 

5 

10 


5 

1 0.69 

0.84 

0.92 

0.95 

0.98 

10 

1 0.81 

0.97 

1.07 

1.14 

1.20 
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If the dimensions are, however, reasonably large 
compared to the gap width, then the obtained 
values of h(x) may be expected to be fairly 
accurate throughout the region wherein its 
greatest reduction in value occurs, i.e., up to 
about 2 gap widths. 

In order to appraise the value of d obtainable 
for the two-dimensional cases discussed above 
the necessary integrations as in Eq. (4) were 
carried out. The results are given in Table I. 
Here d is given in gap widths as a function of the 
two variables n and r. In each case it applies to 
the central ray. Actually d is not directly 
dependent on r but rather on the distance of the 
ion source from the uniform field region. For the 
cases evaluated in Table 1 this distance was 
taken as equal to r, a situation which exists in a 
sector-type spectrometer when the sector angle 
is 90°. The values considered were: r = 5 gap 
widths and r = 10 gap widths. 

' As is evident from Table I, a large change in 
ion source distance will cause considerable 
change in d. Although the magnetic field strength 
is small at large distances it has a large cumu¬ 
lative effect. In determining h(x) experimentally 
for a determination of d by numerical integration 
it is important to take the measurements under 
as near operating conditions as possible. For 
example, if an auxiliary magnet is used with the 
ion source to align the beam of ionizing electron* 
the experimental determination of h(x) mu.it 
include its effects. 

It has sometimes been assumed that effective 
corrections for the influence of the fringing flux 
could be made by the simple use of the virtual 
field boundaries. Thus in locating the ion source 
and ion collector relative to the magnetic field 
the apex formed by the virtual field boundary is 


n» I 



Fig 4. Extreme case of magnet pole construction 
wherein n« 1. 
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obtained by some approximate or graphical 
method. Such a method of correction assumes 
that the central ray will have its center of cur¬ 
vature located on the virtual sector apex. 

We now wish to show that this method is not 
exact and that not only must the displacement of 
virtual field boundaries be taken into account 
but also the deviation of the trajectory from a 
straight line in the region between the ion source 
and the magnetic analyzer. 

Figure 7 represents the geometry such as 
found in a 90° sector-type spectrometer with 
symmetrical legation of ion source and collector. 
Here A repiesents the position of an ion source 
\vit ; its axis coincident with line AB. The effect 
of the flinging field is to cause the ions emerging 
from the sou»ce on the line AB to move away 
from it as they approach the magnetic analyzer. 
In the scale of dimensions used in constructing 
this figure AB is 5 gap widths which would be 
proper for a 90° instrument utilizing trajectories 
with radii of curvature also of 5 gap widths. The 
center of curvature for that portion of the central 
ray within the uniform field region is at D , the 
intersection of the virtual field boundaries DU 
and DL Now if one were to use DII and DI as 
the new boundaries of an ideal magnetic field 
region, the ion source would be located at F 
which will be 5 gap widths from DH and which 
lies on the line perpendicular to ED, the bisector 
of the sector angle. However, it is clear that the 
location of the ion source at F will give a central 
ray with a center of curvature below and slightly 
to the right of D as the fringing field will still be 
operative. Thus the assumption that the use of 
virtual field boundaries would allow the use of 



Fig. 5. Extreme case of magnet pole construction 
wherein n * *>. 



Fig. 6. Fringing magnetic field plotted as a function of 
distance from magnet pole faces for various values of w. 

the exact geometrical relations prescribed for 
this tyjx j of instrument (reference 1) is seen not 
to be true. It is to be noticed that this result 
dot*s not depend on the numerical value of d or 
of the sector angle, i.e., the use of virtual field 
boundaries and the exact geometrical relation¬ 
ships described above will always yield a center 
of curvature of the central ray offset from the 
virtual field boundary apex. 

A method of correcting for fringing flux which 
depends upon an assumption concerning op¬ 
timum focusing is now suggested. It is assumed 
that optimum foeijsing conditions are achieved 
when the ion source and ion collector are located 
the same distance from the actual field bound¬ 
aries as would be used for the ideal case wherein 
there were no fringing flux and are so located 
relative to the sector apex that the central ray 
leaves the ion source in a direction normal to 
one pole-face boundary and enters the ion col¬ 
lector in a direction normal to the other pole-face 
boundary. Such a condition is illustrated in Fig. 7. 
There the distances AB and CG are equal to the 
radius of curvature for the uniform field region 
which is a condition necessary for the ideal 90° 
sector-type analyzer. One basis for the above 


Volume is, October, 1947 


859 



assumption about optimum focusing conditions 
is the close correspondence between the geometry 
stated and the geometry of the ideal case which 
was used in the derivation of the focusing proper¬ 
ties of this type of analyzer. Another basis for 
the assumption is that as an ion beam of small 
angular spread reaches the actual pole-face 
boundary, after passing from the ion source 
through the fringing flux, the angular and spatial 
separations of the individual trajectories are 
approximately the same as would be obtained in 
the ideal case wherein there were no fringing 
field. Also the centers of curvature of the tra¬ 
jectories as they pass through the uniform field 
region will be separated^ by approximately the 
same distances as for the ideal case. These latter 
statements will be seen to be true later when we 
consider the changes in Eqs. (2) and (3) for ion 
trajectories of different angles of emergence 
from the source. 

By way of demonstrating the above assumption 
concerning optimum fringing flux corrections let 
us suppose it is desired to make the corrections 
for a 90° sector-type instrument with sym¬ 
metrical location of ion source and ^ollector. 
Referring to Fig. 7, AB will be the distance of 
the ion source from the actual field boundary 
and will be equal to the radius of curvature 
• chosen for operation. Supposing h(x) to be 
available it will be possible to obtain }{x) and to 



use it in the integration of Eq. (2), which will 
give the deviation of the central ray trajectory 
from the line AB and will trace its entry into the 
uniform field region. When the trajectory reaches 
a point deep enough in the uniform field region 
that h(x) = 1, the slope dy/dx may be evaluated 
and the location of point D , the center of curva¬ 
ture, determined. Now it is clear that we may 
expect the ion to leave the field in a trajectory 
exactly similar to the entry dne if symmetrical 
conditions are provided. To do so a line which 
is at 45°, half the sector angle, with DH t the 
virtual field boundary, is projected to the actual 
field boundary. This locates E, the actual sector 
apex. Now it is seen that exactly symmetrical 
conditions arc provided. The dimension of sig¬ 
nificance now is EB which locates the distances 
of the ion source and ion-col lector axes from the 
actual sector apex. This is readily obtained in 
simple steps, using the location of point D 
relative to points A and E and to the point of 
entry of line AB into the uniform field region. 

If it is desired to determine the flux corrections 
for an unsymmetrical system such that the 
angles 0 and 7, as defined in reference 1, are 
unequal it may be done using the methods of 
above. In this case it would be necessary to 
determine the trajectories for two fringing field 
conditions, i.e., for the ion source and ion-col¬ 
lector sides, and match them in the uniform field 
region. 

For the trajectories and geometry considered 
so far 

/(*) = [ X h(x)dx, 

that is }(x 0 ) =0 so that (dy/dx)x o = 0. This is the 
condition imposed on the central ray, i.e., that 
it leave the ion source normal to the slits (using 
such a case as in Fig. 7 where the ion source axis 
is parallel to the x axis and the pole-face boun- 
ary is parallel to the y axis). However, for ions 
emerging from the ion source at a small angle a 
with the normal to the slits we will have: 

/(*)= f h(x)dx+C, 

*'*0 

where 5 is a constant to be correlated with the 
initial slope. 2 
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From Eq. (1) we have then: 

(dy/dx)x o = tana « C/(r 2 — C 2 ) *. 

Since for small a (as would be true for an actual 
ion beam) fS>C we obtain C = r tana. 

The virtual boundary displacement for such a 
trajectory will be obtained from: 

I h(x)dx+r tana. 

Sirxe h{x) is equal to unity in the uniform field 
region we have fos the virtual boundary dis¬ 
placement d(a) for a trajectory of starting angle a 

d(a) = d(0)+r tana. 

The separation then between the virtual bound¬ 
ary effective for a trajectory of starting angle a 
and the virtual boundary effective for the prin¬ 
cipal ray is seen to be r tan a which is the same 
as is obtained for the ideal case. This result is 
part of the basis for the assumption above con¬ 
cerning optimum focusing conditions. 

The separation in the y direction at the pole- 
face boundary between the central ray and one 
emerging from the ion source with angle a may 
be seen to be approximately the same as for the 
ideal case. To calculate this difference we inte¬ 
grate Eq. (2) for the two cases. We get then for 
the separation 

dx 

Ay —c I-. 

J*. (r>-(f+e)V 

However, since r2>C and since f(x) is always 
found to be small enough so that ( r 2 — (/+£) 2 )* = r 
to within about 2 percent or better for all of 


0<x<x 0 we have Ay**Cxo/r which is equal to 
xo tana, the same value as for the ideal case. 

By use of Eq. (2) and the approximations above 
we may show that the angular spread of the 
trajectories as they enter the uniform magnetic 
field region is approximately the same for the 
actual case as for the ideal one. We shall denote 
the slope angle at x = 0 as fi. Then from Eq. (2) 
we have: 

tan/J -(/(0)+<W ~ (/(0) +C) 2 )‘. (5) 

By differentiation we get 

(1 + tan WA0 - r 2 AC/ (r 2 - (/(0) + C) 2 )». 

Using Eq. (5) and the approximation of above 
this reduces to A0=A C/r. For the central ray and 
one emerging from the source at a small angle a 
we have AC = C = r tana = ra so that Afi * a; i.e., 
the trajectories will have approximately the 
same angular divergence at x = 0 as at the ion 
source. An actual calculation of the angular 
spread at x —0 for one of the cases for which d 
was evaluated above is illuminating. The con¬ 
ditions used were: n = 10, r = 5, and a«3°40'. 
For this case }(x) was calculated for the region 
between the ion source and the actual field 
boundary using the values of h(x) shown in Fig. 
6. From this and from Eq. (5) it was determined 
that the angle at x = 0 between the tangents of 
the two trajectories, was 3°44\ i.e., the same as 
the starting angle to within less than 2 percent 
discrepancy. 

The author is indebted to Dr. M. Muskat for 
several discussions of this problem and to Dr. 
P. D. Foote, Executive Vice-President of Gulf 
Research and Development Company, for per¬ 
mission to publish this material. 
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Quarter Wave Coupled Wave-Guide Filters* 

Wilbur L. Pritchard 
(Received March 24, 1947) 

This paper considers (he theory of band-pass wave-guide filters formed by cascading rectan¬ 
gular cavities separated by quarter guide wave-lengths. Formulas for resonant frequency, 
loaded Q , and insertion loss in the pass band are derived for a single stage using matrix theory 
and are in a form suitable for design purposes. 

The general theory of “ n ” stages is worked out using matrix algebra, and it is shown that 
the insertion loss and phase shift of 4 V* stages are given by: 

1-J-jc* Un*{x) <t>- tan~ 1 [T»(x)/£/«(*)], 

where Tti(x) and Un(x) are the first and rationalized second kind Tschebyscheff polynomials. 

The specific design procedure is outlined including the design of a finite thickness inductive 
aperture. 


I. INTRODUCTION 

HE filters considered here arc of the band¬ 
pass type, formed by rectangular cavities 
in cascade and separated from each other by 
quarter wave sections of line. The complete 
problem is divided into three sections. First, 
analysis of a single stage to find resonant fre¬ 
quency, phase shift, loaded Q, and loss in the 
pass band; second, study of the bdfiavior of 
cascaded stages to find insertion loss out of the 
pass band, phase shift, and loss in the pass band 
for “n” stages; and third, the final design 
procedure. 

The theory of a single stage is handled by use 
of matrix theory of four terminal networks 1 and 



Fig. 1. Two stage filter and network equivalent. 


* The author wishes to acknowledge his indebtedness to 
R. M. Fano of M.I.T. for a preview of the manuscript of 
Vol. XXII of the Rad. Lab. Series which deals with the 
same problem from a different approach. 

1 L. A. Pipes, “Matrix theory of four terminal networks,” 
Fhil. Mag. 30 , 370-395 (November 1940); L. Brillouin, 
Revue Generate de L’Electricite 55 , 3-16 (January 4,1946). 


the combined lumped element-transmission line 
equivalent circuit for the cavity. The cavity 
proper is represented by a length of ideal line, 
and the coupling apertures are represented by 
pure shunt susceptances The latter representa¬ 
tion is not strictly accurate, and a slight correc¬ 
tion is necessary in the final design. The analysis 
of ‘V stages in cascade is also handled by 
matrix theory and involves taking the “nth” 
power of a matrix. 

Figure* 1 shows the wave-guide configuration 
along with the equivalent circuit used in the 
analysis. 

II. PRELIMINARY NETWORK THEORY 

A few brief relations based on the general 
circuit matrix of a quadripole are now derived. 
If the box in Fig. 2 represents any linear, passive 
network we can write: 

Ei-AE,+B/,, (1) 

h = CE 2 +Dh. (2) 

The coefficients A, B, C, and D completely 

determine the network behavior. Evidently A 

and D are numerics, B is an impedance, and C 
is an admittance. Actually there are only three 
independent coefficients, since application of the 
reciprocity theorem to Eqs. (1) and (2) yields 
the relation. 

AD—BC—1. (3) 

Furthermore in the case of symmetrical net¬ 
works we also have 

A=D. ( 4 ) 
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Fig. 2. 


Since all the networks considered in the sub¬ 
sequent analysis are symmetrical, Eq. (4) will 
prove quite useful. 

Rewriting Eqs. (1) and (2) in matrix form 
yields: 



The matrix q p J i s called the general circuit 

matrix and will henceforth l>e designated as 
[u~]. The general circuit matrices for several 
basic network elements used in this paper are 
show n in Fig. 3. 

In Fig. 4 we have a generator and load, nor¬ 
mally matched to each other, separated by some 
four terminal network. The normalized generator 
and load impedances are assumed to be real and 
equal to one, since this is the condition com¬ 
monly met in wave-guide problems. Since the 
impedances are all normalized, the following 
equations will not be dimensionally homo¬ 
geneous. 


o 
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Fig. 3. General circuit matrices of several common net¬ 
works. 
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From Eqs. (1) and (2) we have: 

Z x « Ei/h = C AZ l +B)/(CZ l +D) 

= (A+B)/(C+D). (6) 

Using simple network theory we can find R % 
the ratio of the voltages across Zi when directly 
connected to the generator and when connected 
through the network, 

* = §G4+fl + C+£>). (7) 

R will be a complex quantity in general. The 
insertion loss, defined as the ratio of available 
power to the power delivered through the net¬ 
work, is found from the magnitude of R. 

L=\R\\ (8) 

The insertion phase shift, or phase shift in 
the voltage across the load resulting from the 
insertion of the network, is found from the real 
and imaginary components of R. 

tan 0-[/(*)/*,(/?)]. (9) 

Equations (7)-(9) will enable us to determine 
the attenuation and phase characteristics of both 
single and multiple stage filters from the general 
circuit matrix. 


III. ANALYSIS OF A SINGLE STAGE 

Figure 5 shows the equivalent circuit for a single 
stage. We proceed with the analysis of a single 
stage by first determining the general circuit 
matrix. wSince the circuit of Fig. 5 can be con¬ 
sidered as a cascade combination of two shunt 
susceptances and a section of ideal line we find 
[ u ] by matrix multiplication in the same order 
as the order of connection. 


Referring to the table in Fig. 3 


[ 1 Oir cos0 j sinflir 1 01 

• ( 10 ) 

jb lJL/sin0 cos0 lljb 1J 


Performing the indicated multiplication we haye: 
cos0— b sin0 j sin0 

— 6*) sin0+26 cos0 cos0 — 6 sin0j 


w- 


■L 


J 

an 


863 


VOLUME 18, OCTOBER, 1947 







Fig. 5. Network equivalent of single stage filter. 

From Eq. (7) we find R 

R = (cos0 — 6 sin0) 

+j[(l-& 72 ) sin0-|-6 cos0]. (12) 

Taking the sum of the squares of the com¬ 
ponents of R and simplifying gives for the in¬ 
sertion loss: 1 

L = l+6 2 [cos0 — (6/2) sin0] 2 (13) 
and for phase shift: 

[1 — (6 2 /2)] sin0+6 cos0 

tan 0 =-.' (14) 

cos0 — 6 sin0 

Since the network is lossless a first definition 
for the resonant frequency is that^frequency at 
which L= 1. We have from Eq. (13) 

1 = l+6 2 [cos0— (6/2) sin0] 2 

Solving for 0 

0 = arc tan(2/6). (15) 

Equation (15) determines the resonant length 
of the filter in terms of the aperture susceptance. 
For large values of 6 which represent physically 
small apertures, 0 is almost 180° or one-half 
wave-length. Equation (15) is plotted in Fig. 
6, curve (2). 

A second definition of resonance, and one 
which will be useful in the subsequent deter¬ 
mination of the filter Q , is that frequency at 
which the input admittance is zero if the load 
admittance is zero. From Eq. (6) we have for 
the input admittance when Fl 3 * 0 

Y X = C/A. 

Substituting from the matrix in Eq. (11) 
yields 

(l-6*)sin0+26 cos0 

Fi-i-—-• 

CO90—6 sm0 


Equating the numerator to zero we have: 

(1—6 2 ) sin0 =* — 26 cos0 
tan0« — 26/(1—6 2 ) 

0=arc tan[26/(6 a — 1)]. (16) 

Equations (15) and (16) provide two different 
design relations for resonant frequency. For 
values of 6 corresponding to values of Q usually 
met in practice (treated in next section) the two 
formulas give the same result for tan0 within 
normal slide-rule discrepancies. 

To determine the physical length / of the 
cavity we use the relation 

0 = /3/, where # = 2 r/\ g . (17) 

is the propagation constant of the guide and 
\ a is the guide wave-length. 

Thus 

tan2w//X a = 2/6 where \ g = X/[1 — (X/X c ) 2 ]*. (18) 

In terms of u, the angular velocity we have: 

,a "-['-©T- 2/6 ' (i,) 

where / = cavity length, 6 = aperture susceptance, 
X = air wave-length, X c = cut-off wave-length, wo 
= resonant angular velocity, w = cut-off angular 
velocity, and c* velocity of light in vacuum. 

Equation (19) is a design equation for deter¬ 
mining the length of the resonant cavity. How¬ 
ever, since there is an infinite number of pairs of 
values of 6 and l which satisfy Eq. (19) a second 
condition is required. This is the relation be¬ 
tween the operating or loaded Q of the cavity 
and the aperture susceptance. To derive such a 
relation we find a lumped parallel resonant cir- 



Fig. 6. 
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cuit which closely approximates the filter’s be¬ 
havior in the vicinity of resonance. In deter¬ 
mining the filter’s behavior near resonance we 
assume that the frequency consciousness of the 
apertures is negligible compared to the fre¬ 
quency consciousness of the length of line. In 
other words we assume constant b and consider 
variations in 6 with frequency and their effects 
on the filter characteristics. Physically this as¬ 
sumption corresponds to neglecting the effect 
of the coupling holes in considering the char- 
aneristics versus frequency of a resonant cavity. 
Natur; l!y this assumption is most valid for small 
coupling holes or large susceptances. Subse¬ 
quently it will be seen that for usual values of 
Q the aperture susceptance will be high enough 
to make the above assumption quite justifiable. 

Referring to Fig. 3 and the general circuit 
matrix we have for the input impedance, when 
the load impedance is infinite, from Eq. (1) and 
( 2 ) 

Zi = (A +B/Z l )/(C+D/Z 2 ) =A/C. 

On an admittance basis we have from Eq. (11) 


26+(l-& 2 ) tana 

Yi-C/A -. (20) 

1 —b tana 


We assume d=d 0 +KAf, where 0 O is the 
resonant wave-length and K^dd/df. By using 
the identity for the tangent of the sum of two 
angles and making the approximations tanKAf 
~KAf and bKAf<l Eq. (20) can be reduced 
to the form: 

Yi-jKAf(»+ 1). (21) 

In Fig. 7 the input admittance with zero load 
admittance is the well-known relation: 

Fi=j(C/L)H«/w 0 —o> 0 /w), (22) 

or for small frequency deviations (w/wo — w 0 /w) 
* s 2Aa)/wo =s €, 

Y\ *=j(C/L)h. (23) 



Fig. 7. 


pends only on the loading. Since there is a 
matched load Z 0 — 1 on each side of the cavity 
the shunt loading resistance in the equivalent 
resonant circuit is taken equal to J. Since 

U.h«.t-0(VC)*-J 

Q = h(C/L)' (26) 

Q = (Kf)(b 2 + 1)/4. 

To find K we take the first derivative of the 
function relating d to f 

2irlf 

e -[i -{fc/jyy. (27) 

c 

After differentiating and simplifying 
dd 2 t r/ 

[1 -(/«//)*]•». (28) 

df c 

Also, from Eq. (27) 
cd o 

/»=—[!- ife/m-'. (29) 


Substituting; Eqs. (28) and (29) in Eq. (26) we 
find: 

<? = (6Hl)flo/4Cl-(/<://) s ] I (30) 

but 


9o = tan"’ 26/ (6 2 — 1). 

Therefore: 


Q= 


6 2 +i 


26 


tan - 


4[l-(/c//) s ] 6 2 -l 


(31) 


For large values of 6 
26 

tan -1 -=x and 6 2 )5>1. 

6 s -1 


Equating the two input admittances wc have: 

j(C/mAf/f a =jKAm+t) (24) 

* (C/2.)»-W)(P+D/2. (25) 

If we take the cavities as non-dissipative, 
then the Q for any given type of aperture de¬ 


6 s 

Q= -. (32) 

4[1 -Uc/fY] 

Equation (31) is plotted in Fig. 8. The cal¬ 
culation of Q using this expression neglects the 
effects of dissipative losses in the cavity. These 


Volume is, October, im7 


865 




Fig. 8. 


losses will have two chief effects on the filter 
performance. One will be to produce a slight 
lowering of the loaded Q according to 

i/e i =i/c+i/Oo, (33) 

where Q l is the actual operating ami Qu is 
the unloaded Q of the rectangular cavity which 
can be calculated from ordinary resonant cavity 
theory. 2 The second effect will be to produce 
losses in the pass band. These lossf^s can also lx 4 
calculated from the unloaded Q in the following 
manner: 

From the general circuit matrix for a shunt 
admittance we have: 

R-(A+B + C+D)/ 2 = (2+ Y)/2 

R = l+Y/2. (34) 

For a dissipative cavity Y is equal to the 

equivalent shunt conductance at resonance or: 

Y=Go=(l/Qo)(L/C)K (35) 

But (L/C)* = iQ, where Q is the loaded Q 

(Eq. (26)). Therefore 

Go = 2Q/Qo 

and 

R = l+Q/Qo 

L= \R\ 2 ={l + Q/Qo) 2 (36) 

or 

Ldb-201og(l+(?/Oo). (37) 

Equations (33) and (37) can be used to correct 


for the effects of incidental dissipation in the 
cavity. 


IV. QUARTER WAVE CASCADING OF FILTER 
SECTIONS 

The simple filter of the previous section is 
only applicable where the desired response is 
approximately the same as that of a parallel 
resonant circuit. In many applications this is 
not sufficient, since the insertion ratio off reso¬ 
nance may not be high enough, or the width of 
the pass band may not be sufficiently great. In 
such cases it becomes necessary to cascade 
several filter sections. This cascading can be done 
in several ways. Either direct connection can be 
utilized, or the separate sections can be isolated 
by quarter wave sections. The successive sec¬ 
tions can be tuned to the same frequency, or 
they can be stagger tuned. This report will con¬ 
sider only quarter wave coupled identical 
sections. 3 

We continue to use the lumped circuit equiva¬ 
lent for a single stage and consider the case of 
three quarter wave coupled stages (see Fig. 9). 

The associated matrix is given by (refer to 
chart in Fig. 3): 



Performing the indicated multiplication we 
have for [«] * 



1 + F 2 
F(2+F 2 ) 


K l 

1+F 2 J 


(39) 


*In Fig. 10a we have a simple it section. To 
find its associated matrix we again multiply the 
matrices of its components. 


M 


-[ 


(Z p +Z.)/Z p 


z. 


(2 Z P +Z.)/Z P * (Z P +Z.)/Z : 


,] 


(40) 


|--*g/4 -1- 


X 


X 


X 


X 


_Xg/4-- 


X 


Fig. 9. Network equivalent of three cascaded stages. 


2 See, for instance, Sarbacher and Edson, Hyper and Ultra 
High Frequency Engineering (John Wiley and Sons, Inc., 
New York, 1943). 


2 Quarter wave coupled filters were first developed by 
R. M. Fano at Rad. Lab. 
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To find the equivalent *• section for Fig. 9 we 
equate the elements of the two matrices given 
in Eqs. (39) and (40) 

(Z v +Z.)/Z,= 1+F ! Z,= Y 

Z./Z„=Y' F,= 1/ Y 

Z p =Z,/Y i =\/Y 
F P =F. 


Using the above relations we have a v sec¬ 
tion lumped circuit equivalent to the three sec¬ 
tion filter of Fig. 9. The value of F is given by 
Kq. (23). 


Y=j(C/Lf‘(— F p 
F,= 1/F= —j(L/C) k /t. 


(41) 


The admittance of a lossless series resonant 
circuit is given by: 




(42) 



general case, to be considered now, involves 1 V* 
stages, and we propose to obtain an exact ex¬ 
pression for insertion loss and phase shift. We 
proceed with this problem by considering the 
typical stage in a quarter wave coupled cascade. 
Fig. 11 shows the resonant circuit equivalent 
of the cavity with eighth wave lines on each side. 
Evidently a cascade of this type section will re¬ 
sult in resonant circuits separated by quarter 
wave lines. 

Again referring to Fig. 3 we have for the 
general circuit matrix: 


By comparing Eq. (42) to Eq. (41) we see 
that Y $ can be replaced by a series resonant cir¬ 
cuit. where O—L and L l = C. Therefore we have 
for the final lumped equivalent the circuit of 
Fig. 10b. 

This equivalent is evidently a band-pass filter 
with a center frequency given by JFo=l/(LC)* 
at which both series and shunt arms are resonant. 

Similar lumped equivalents can be developed 
for any number of cascaded sections. 

V. THEORY OF “n” SECTIONS IN CASCADE 

The brief considerations of Section IV served 
to yield an equivalent lumped circuit for the 
particular case of three cascaded stages. The 


f cos45° 

j sin45°ir 1 0 

L j sin45° 

cos45° JLF 1. 


[ cos45° j sin45° 
j sin45° cos45° . 


(43) 


Substituting Y =j2X where X-Qt , cos45° 
= sin45°= (2*/2), and performing the matrix 
multiplication yields 


r -X j-jX 1 
Ij+jX —X J 


(44) 


To raise the matrix to the nth power we 
must reduce it to the form 


°-y- \ _> 

Zd 

.—y— 

Fui. 10a. 


X 


Zp 


X 


r\i oi 

w=ml 1m-. (45) 

L o X2 J 

In this form [u~] n becomes: 

rXi* 0 1 

w-ra , m-’- (46) 

L 0 Xj".l 



Fig. 10b. Lumped circuit equivalent of three cascaded 
stages. 


Xi and X 2 turn out to be the eigenvalues of the 
matrix [w] and are found from the characteristic 
equation of [«]. The characteristic equation is 
formed by subtracting [w] from the scalar 
matrix [X] and equating the principal deter¬ 
minant of the difference to zero. The roots of the 
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Fig 12 


resultant quadratic (Eq. 47) then become: 

X 2 +2*X+1 =0, , d7 v 

Also: 

X 1 +X 2 = — 2x, X x X 2 = 1 

We make the substitutions Xi = c° and X.> = e“ a 
which give: 

X 1 +X 2 = 2 cosha, a = coshr l ( — x) . (48) 

The matrix [w“] can now be written in the 
form: 4 

Xi+.r X*+* irXi O’] 

j( i+x) j(i+x)JLo x 2 J 

1 X 2 +* 

Xi~ X 2 j(l+^)(Xi~X 2 ) 

X . (49) 

1 Xi+x 

. Xi-X 2 j(l+*)(Xi-X 2 ) . 

The first and third matrices in the above prod¬ 
uct are inverses of each other, while the center 
matrix i 9 a scalar matrix. That the product in 

4 The transformation and # diagonalizing of a matrix 
carried out above are described in detail in Margenau 
and Murphy, Mathematics of Phystcs and Chemistry (D. Van 
Nostrana Company, Inc., New York 1943). 


the right-hand member of Eq (49) is actualU 
equal to [u ]] can be verified b\ multiplication. 

We now raise [w] to the nth power b> taking 
the nth power of the elements of the diagonal 
matrix, multiply the three matrices together and 
simplify to get’ 



Fig. 13. 
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Equation (50) gives the general circuit matrix 
for cascaded stages. Note that A n =*D n and 
A n D n ~BnCn^l which is to be expected. From 
[w] n we can now find the general expression for 
insertion less and phase shift: From Eq. (7) we 
have: 


R n — (An+B n +C n +D n )/2. 

Substituting from the matrix [ u yields 

sinhaw 

R n = coshaw +/-. (51) 

M sin ha 

For insertion loss we take the square of the mag¬ 
nitude : 


L n ~ | Rn | 2 — cosh-taw -fsinhtan/sinhta. (52) 

Using the identity coshtan — sinh 2 an = t and 
substituting for Sinha we can write Eq. (52) in 
the form: 


L n — 1+a: 2 Sinh 2 a»/(.r 2 — 1) (53) 

or 

Ln= l+x* 

X [Sinh [ n arc cosh(— x) | ] 2 / (x 1 — 1). (54) 



Fig. 14a. 



Reference Plan# 



Yo/n* 


The expression in the bracket of Eq. (54) is 
equivalent to the rationalized TschebyschefT 
polynomial of the second kind. 6 Rewriting Eq. 
(54) we have (see Appendix 1): 

. Ln = \+x*U n *(x). (55) 

Equation (56) gives the sjiecific polynomials 
for Un(X) and L n for values of "n" up to four 
along with a recurrence formula for U n in case 
higher values of 'V' are desired: 

Ai=l+‘V 2 , 

L 2 = 1+4.x 4 , f/ 2 = 2x, 

L 8 = l+x 2 —S^+lfix 6 , J7,*=4x 2 -l f 

L4 = 1 + 16jc 4 -64x < +64^, = 1, 

t/ nf ,( x) = 2 xU n (x) - Un -l(x). (56) 

* 

Figure 12 is a plot of Eq. (55) in decibels for 
1,2, 3,4. From the complex expression for 
R n we can also determine the phase shift for 


Fig. 14b. Network equivalent of inductive change in wave 
guide cross section. 

stages: 

sinhan/sinha 

4>n = tan -1 - 

coshaw 

sinh[n cosh”^ ~.r)]/(x 2 — 1)* 

= tan -1 -. (57) 

cosh[w cosh' 1 (— x) ] 

The expression in the denominator for Eq. 
(57) is a TschebyschefT polynomial of the first 
kind, while the numerator is again a rationalized 
second kind polynomial. Rewriting Eq. (57) we 
have (see Appendix I): 

- Unix) 

4>n = tan” 1 -. (58) 

Tnfr) 

Since the typical stage used in considering 
4 V’ stages cascaded had eight wave line sections 
on each end, when a particular number of stages 
is conside red there is an extra eighth wave on 

6 E. Modelung, Die Mathematischen HilfsmiUel des 
Phystkers (Dover Publications, New York, 1943). 
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each end of the composite filter. This total extra 
quarter wave introduces an added 90° phase 
shift. Since this added phase shift is not per¬ 
tinent to the filter operation we subtract it from 
the expression in Eq. (58) yielding: 

-r.(x) 

4> n = tan -1 -. (59) 

U n (x) 

Specific expressions for <£ n and T n for values of 
u n" up to four are given in Eq. (60) along with 
a recurrence formula for T n 

<f>i = tan _l x, Ti = x, 

<h « tan " 1 ( 2x 2 — 1)/2j^, T 2 = 2x 2 -1 } 

<t> 3 = tan -1 (4x 3 — 3*) / (4 x % — 1), T s * 4r* — 3.r, 

<f> 4 »tan ~ 1 ( 8 x 4 — Sx 2 + 1 ) / ( 8 **—4*), 

r 4 = &c 4 - 8 x 2 +l, 

r n+ i(*)« 2 xr n (.r) - r n _!U). . ( 6 o) 

Figure 13 is a plot of Eq. (59) for values of 
up to four. In computing phase shift it is 
assumed that the phase shift at^resonance is 
zero. Actually it will be some multiple of 90° 
because of the quarter wave sections and the 
lengths of guide composing the cavities. Also, if 
the individual stages are designed on an input 
match basis there will be a very slight extra 
phase shift at resonance. Generally this is neg¬ 
ligible. Since one is usually only interested in 
phase shift variation about an arbitrary constant 
value, for f-m distortion considerations, etc., 
plotting 0 n about zero is quite useful. 



Fig. 15. Network equivalent of finite thickness inductive 
aperture. 



Fig. 16. 


An approximate relation for the insertion loss 
of n stages, which will be accurate for values of 
x far off resonance, can be found from the 
Tschebyscheff polynomial by neglecting all but 
the highest power of x . This yields: 

db) * 6 (n - 1 ) + 20 n log*. (60) 

Equation (60) can be used to determine if a 
particular number of stages will have sufficient 
attenuation far out of the pass band. 

VI. DESIGN PROCEDURE 

In designing a filter for a particular applica¬ 
tion the first step is the choice of the proper 
number of stages. This is done with the aid of 
F'ig. 14a. The ratio to band width of frequency 
deviation for a particular attenuation is plotted 
in Fig. 14 for » = 1 , 2 , 3, 4. We define the band 
width of the filter as the difference between the 
frequencies of the half-power points. As an ex¬ 
ample, if an attenuation of 40 decibels is desired 
at a frequency two band widths removed from 
resonance, Fig. 14 shows that three stages are 
necessary. The curves in Fig. 14 can only be 
used to select the number of stages if band width 
is considered as distance between the half-power 
points. 

After the number of stages has been deter¬ 
mined the Q of a typical stage is found from Fig. 
12 . That is, from the normalized frequency devia¬ 
tion X which gives the desired band width, and 
from the band width and resonant frequency, Q 
is determined using the relation 

x=QkSih)-{um (6i) 

or approximately 

X = Q{ 2A///o). (62) 

The approximation in Eq. (62) is reasonably 
valid for values of frequency deviation as high 
as 10 percent which, at microwave frequencies, 
is much larger than normally considered. 

Once Q is chosen and knowing \/\ 0 the aper¬ 
ture susceptance is found using Fig. 8 , and then 
the aperture separation using Fig. 6 . From the 
guide wave-length the actual mechanical cavity 
length is readily determined. 

The last step in the design procedure is the 
determination of the actual aperture opening 
which will produce the desired susceptance. 
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Unfortunately this is a rather tedious process, 
since it is absolutely necessary to consider the 
finite thickness of the window. 

The method is based on the equivalent circuit 
for a symmetrical change in cross section of a 
rectangular guide. This equivalent was derived 
by N. Marcuvitz at Radiation Lab.® Figure 14b 
shows the wave guide configuration, and the 
network equivalent referred to the indicated 
reference plane: 

‘V* is the cut-off controlling dimension of the 
guide, Yq the characteristic admittance of the 
first section and Yo 1 /m 2 the characteristic ad¬ 
mittance of the second section of width d. B 0 is 
the susceptance of an infinitely thin aperture of 
opening “d" and can be found from Eq. (63) or 
from curves in the Wave Guide Handbook. 


X„r nd 1 

JVFo-Hcot*— , 
a L 2c J 

(63) 

4 cosxd/2a 
" ~ t 1 — (d/a ) 2> 

(64) 

X/=;2a/(l-(2rf/X) J )i, 

(65) 

Yn = r 0 [-A«/|X„'|(i]. 

(66) 


| \ a l | is the magnitude of the wave-length in 
the below cut-off section of guide of width d. 
Equation (65) for the imaginary wave-length in 
the* cut-off guide is the usual expression for guide 
wave-length modified to take care of (X/X c ) 2 
greater than one. 

The above equivalent circuit can be extended 
to the case of a finite thickness aperture. Figure 15 
shows the wave guide configuration and the 
equivalent circuit for symmetric inductive 
apertures. 

In the above network the two lumped sus- 
oeptances represent the abrupt changes in cross 
section at each end of the window, and the line 
section represents the short length of below cut¬ 
off line produced by the thickness of the window. 
This line section can be replaced by its exact r 
equivalent, 7 as shown in Fig. 16. 


• Wave Guide Handbook , Supplement Rad. Lab. Rep. 41, 
Sec. 21a (January 23, 1945). 

7 Terman, Radio Engineers Handbook . 


6 is given for a dissipationless line by Eq. (67) 
2 t 

e-j#- —(67) 
I *0 I 

The network of Fig. 16 can be further simpli¬ 
fied by combining the shunt susceptances of the 
ir equivalent with —jBo/2. The equivalent for the 
composite aperture is shown in Fig. (17). 

B a = Bo/2 + | Fo'/n 2 1tanh rt/ |X/|, (68) 

B h - j Fo'/V | csch2ir*/1X/1. (69) 

Equations (68) and (69) completely determine 
the equivalent network for a finite thickness 
symmetric inductive aperture. To proceed with 
the design of the filter it is convenient to con¬ 
vert this ir section to an equivalent T. This 
equivalent is shown in Fig. (18). 

Bi-2Bk+B; (70) 

B 2 = 2B a +B a yB b . (71) 

The shunt arm (B 2 ) of the T equivalent may 
now be used in determining the Q of the filter 
stage, and the series arm B x is used to make a 
slight correction in the resonant length of the 
filter. This correction is made by simply shorten¬ 
ing the cavity an amount equal to the line length 
represented by the series susceptance B x . 

As a practical consideration it is generally de¬ 
sirable to design the filter at a frequency slightly 
higher than desired and then tune it down to the 
desired frequency with a capacitive tuning screw 
as shown in Fig. 1. This capacity will lower the 
resonant frequency as much as 5 percent without 
seriously changing the loaded Q. 


-iB a 


nnnrm--,— o 

-i B b d 
i-iBa 


i 


Fl«. 17. 
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Fig. 18. 
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Fig. 19. 

vn. EXPERIMENTAL RESULTS 

Figure 19 shows a comparison between the 
calculated and measured characteristics vs. fre¬ 
quency of a two stage filter designed using the 
method outlined. The filter was designed for a 
frequency of 9422 Me in 1"X$" wave guide and 
then tuned down to 9370 Me with two capacitive 
probes mechanically ganged. The experimental 
curve is displaced downward from theoretical 
because of finite losses in the pass band, but its 
shape is substantially unaltered. It is important 
to note that the filter can easily be tuned 50 Me 
below its natural frequency without materially 
altering its response. 

Conclusions 

A general theory for an 11 ri' stage filter has 
been developed using matrix theory which, along 


with the design formulas for a single stage and 
the procedure outlined in the last section, can 
be used to design a composite filter. 


APPENDIX I 


We define the Tschebyscheff function of the first kind 
as follows; 

T n (x) — cosh (n cosh“ x tf), (1) 

Letting y*cosh~ 1 :c we have: 

r„(tf)«coshny (2) 

T n+l (tf) - cosh (ny+y) « coshny coshy-fsinhny sinhy (3) 
7 n _ i (*) = cosh (ny — y) «= coshny coshy—sinhny sinhy. (4) 

Adding Eqs. (3) and (4) yields: 

T n +i(x) * 2 coshny coshy- T n - X (x) ( 

Tn+ i(tf) = 2 Tn(x)Ti(x) - 7V-i(tf). W 


Equation (5) is a recursion formula from which the 
Tschebjscheff polynomials can be formed, starting with 
r 0 (tf) «= 1 and Ti(tf) =»tf. If — tf is substituted for x then the 
sign of 7\,(tf) changes for n odd and remains the same for 
u even. In Eq. (57) for phase shift the function in the de¬ 
nominator is actually 7'nt—tf). 

The second kind Tschebyscheff function i9 defined as 
follows: 


sinh( w cosh~ x tf) 
~ (>-!)* 


( 6 ) 


The term (tf a —1)* is a rationalizing factor since Ui(x) 
= sinh(cosh _1 tf) *= (tf a —1)* and polynomials formed from a 
recursion formula will always have this radical as a multi¬ 
plier. The recursion formula for U n (x), derived in exactly 
the same manner as the one for T n (x), is given by: 

U n +l(x) * 2tf t/«(tf) — I/„_l(tf). (7) 


If —tf is substituted for tf then the sign of U n (x ) changes 
for n even and remains the same for n odd. In Eq. (54) 
giving the insertion loss for an "n ” stage filter the ra¬ 
tionalizing factor is already present in the denominator of 
the second term of the right-hand member, and since this 
term is squared the changes in sign of f/„(—tf) have no 
effect and we can write 


,, , r« n *>(»cos h -«-*)T 

U ' ix) ‘l -0^-1)* -J • (8) 

In Eq. (57) for phase shift the inverse tangent of $ is 
given by (f/*(—tf)/7’»( —tf)), which is equal to — (U n (x)/ 
T n (x)) for n either odd or even. Since only relative phase 
shift is of interest this minus sign has been neglected in 
plotting <t>. 
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A Computational Method Applicable to Microwave Networks 

R. H. Dicke 

Palmer Physical Laboratory , Princeton University , Princeton , AVw Jersey 
(Received March 20, 1947) 

A method is devised for computing the properties of a complex microwave network in terms 
of the properties of the circuit elements which in combination form the network. It is par¬ 
ticularly suited to machine computation of the properties of circuits of such complexity that 
simpler, more direct methods fail. It is also applicable to low frequency networks. The elements 
of such networks may be regarded as interconnected by transmission lines of zero length. A 
numerical example is used to illustrate the method. 


INTRODUCTION 

I N the past the engineering of microwave 
circuits has consisted largely of a method of 
cut and try. It seems likely that microwave cir¬ 
cuits o' the future will consist of combinations of 
microwave elements each of whose properties are 
known. These microwave elements will probably 
be interconnected by transmission lines to form 
complex networks. Among the microwave ele¬ 
ments used to synthesize a complex network one 
may mention tuners, line stretchers, tees, magic 
tees, directional couplers, and terminations. 
Figure 1 shows a block diagram of suc h a micro- 
wave circuit. 

It is desired to calculate the properties of such 
a complex network in terms of the known 
properties of the various sub-elements which in 
combination form the network. In particular it 
is desired to calculate the amplitudes and phases 
of the waves leaving the network at each of the 
live feeding transmission lines in terms of the 
amplitudes and phases of the waves entering the 
network. For some purposes it is also necessary 
to know the amplitudes and phases of waves in 
the various interconnecting transmission lines. 

As is well known, the complex amplitudes of 
waves leaving a junction of one or more trans¬ 
mission lines are linearly related to the ampli¬ 
tudes of waves entering the junction. This linear 
relation can be conveniently expressed by means 
of a matrix algebra formulation. See Eq. (1). The 
matrix algebra formulation will be used through¬ 
out the remainder of the discussion without 
going into a discussion of matrix algebra per se. 
(A concise development of matrix algebra can be 
found in Margenau and Murphy. 1 ) 

1 H. Margenau and G. P. Murphy, The Mathematics of 
Physics ana Chemistry (I>. Van Nostrand Company, Inc., 
New York, 1943). 


by 

bt 


S n * • * Sin 


ai 



1 


. 

bn. 

! 

Snl * * * S„ n J 


.«» 


Equation (1) is concerned with a junction of 
w-transmission lines. These lines are numbered 
consecutively from 1 through n. Reference planes 
are chosen in each of these lines. The complex 
number Uj represents the amplitude and phase 
of the wave incident on the junction in the jth 
line, the phase being measured at the reference 
plane. In a similar way bj is a complex number 
representing a wave leaving the junction. The 
square matrix with elements Sjk is called the 
scattering matrix of the junction. Equation (1) 
expresses the fact that the b's are linearly 
related to the a’s; Eq. (1) may be written 
formally as 

b » Sa. (2) 

It should be noted that a and b in Eq. (2) are 
descriptions of the waves entering and leaving 
the junction, but that the matrix S is dependent 
only on the properties of the junction. The scat¬ 
tering matrix is simply related to the more 
familiar impedance and admittance matrices. 2 

DISCUSSION 

The problem to be considered is the following: 
Given a set of microwave circuit elements, with 
scattering matrices Si, S 2 , • • *S„, interconnected 
to form a complex network, what is the scat¬ 
tering matrix of the combined network? A 

5 Radiation Laboratory- Technical Series, The Principles 
of Microwave Circuits (McGraw-Hill Book Company, Inc., 
New York, to be published), gives a discussion of the 
scattering matrix formalism ana its application to micro- 
wave problems. 
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method will be presented for the calculation of 
the scattering matrix of a network composed of 
two interconnected junctions. It is clear that by 
iteration the method may be used to calculate a 
network with an arbitrary number of inter¬ 
connected junctions. 

Problem : To calculate the scattering matrix of 
two interconnected microwave elements. 
Element No . 1 has scattering matrix Si and is fed 
by p transmission lines. 

Element No . 2 has scattering matrix S 2 and is fed 
by q transmission lines. 

Let there be r interconnections between the 
two elements. Nuftiber the transmission lines 
feeding the element (1) in such a way that the 
terminals of junction (1) number from 1 to p . 
Let the terminals of element (2) be numbered to 
run from p — r + \ to p — r+q. Let terminals in 
the range 

p—r<n<p +1 


be interconnected. For an example see Fig. 2. 
The scattering matrix for element (1) can be 
written 



p — r r 


0 \p — r rows 

0 Ir rows. (3) 

0 ><7 — r rows 

q-r 


columns columns columns 


Note that zeros have t>een added to make Si a 



square matrix of order p — r+q. Equation (2) 
applied to junction (1) will be written as 


In a similar way 
where 

0 

S 2 = 0 

0 


Siai = bi. 

S 2 a2 3 =b 2 , 



p—r r q — r 


(4) 

(5) 

p-r 

r (6) 
>q-r 


Introduce an auxiliary matrix 



0 

1 

1 o 

’ t k 
|0 

1 

1 

1 

- 1 - 

0 ! 

0 

A = 

0 

. 1 

1 1 

i 

0 


0 

1 0 

1 

1 

1 

0 


(7) 


It is characterized In having zeros even where 
but along the diagonal of the central block. Also 
introduce 

B = I-A (8) 


where I is the identity matrix. 

The matrix A is useful in representing the con¬ 
nections between the two elements of the net¬ 
work. To see this, note that in Fig. 2 waves 
leaving junction (1) along transmission lines (4), 
(5) and (6) are also waves entering junction (2) 
and vice versa . This may be expressed formally 
in the following way: 


Aai s Ab 3 , (9) 

Abi = Aa 2 . (10) 


From Eqs. (4), (5), (8)—(10) one obtains 
bi = Siai 

*=SiIai = SiAai+SiBai 
— SiAS 2 a 2 +SiBai 

= SiAS 2 Aa 2 “| , -SiAS 2 Ba 2 4-SiBai. (II) 

Let 

M«SiAS 2 A, N~SiAS 2 . (12) 

Then 

b 1 = Ma 2 +N(Ba 2 )+Si(Bai). (13) 
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Fig. 1. 


It should be noted that the last two terms on the 

journal of Applied Physics 










right side of (13) contain Ba 2 and B&i as column 
vectors. From (7) and (8) it may be seen that B 
has all zeros in the central block. Hence if B 
operates on a column vector it replaces the r rows 
whose indices run from p — r+l through p by 
zeros. Thus B has the effect of removing from ai 
and & 2 those elements which are unknown, 
namely, the wave amplitudes in the intercon¬ 
necting transmission lines. The remaining ele¬ 
ments of ai and as arc the incident waves in the 
transmission lines feeding the combined network 
and are assumed known. 

Tiie procedure whi^i leads from (4) to (13) 
may be iterated to give the following sequence 
of equations: 

b,-Mai+N(Ba,)+S,(Bai) f 
bi - M 2 a 2 +M N (Ba 2 )+MS i (Ba 0 

+ N(Ba 2 )+S 1 (Bai), 
b 1 = M 3 a 2 +M 2 N(Ba 2 )+M 2 S l fBai) 
f-MN(Ba,)+MSi(Bai) 

+ N(Ba 2 )+S 1 (Ba 1 ), (14) 


Note that in this sequence of equations, with the 
exception of the 1st term, all terms on the right 
side have column vectors operated on by B. 

The Eq. (14) may be rearranged as follows: 

bi-Ma 2 +[H(Ba,)+Si(Ba 1 )], 
b i = M 2 a 2 + (M + 1) [N (Ba 2 ) + S i (Ba 0 ], (15) 

b i = M*a 2 + (M 2 +M+1) [N (Ba 2 )+S i (Ba i) ]. 


Let the characteristic equation of the matrix 
M be 

£ C„A n = 0. (16) 



if the sum of the coefficients of the characteristic 
equation vanishes, this normalization is impos¬ 
sible. This case will be discussed in the appendix. 

Multiply Eqs. (15) by the coefficients C» and 
sum over the index n. 


r+l 

ZCn bi 


-[!>•] 


r+l 

a 2 +£ CnSi(Bai) 

n-1 


+ £ C n N(Ba 2 ) + £ C„MN(Ba 2 ) + • • (19) 

n—1 n-2 


Substituting (17) and (18) in (19) 

bi = [I+(l — Ci)M + (l — C, — C 2 )M 2 H-] 

X[N(Ba 2 )+S 1 (Ba 1 )]. (20) 


It should be noted that ai and a 2 apj>ear in (20) 
only in combination with B. Equation (20) is 
part of the solution as it expresses the amplitudes 
of waves leaving the junction number (1) as a 
linear combination of the amplitudes of waves 
entering the combined network. 

Since 

SiBa 2 = 0 (21) 

and 


NBai = 0, 


Eq. (20) can be written as 


It will be shown in the appendix that the term 
Co vanishes in (16) and furthermore that there 
can be no more than r+l non-vanishing terms. 

By Cayley-Hamilton’s theorem the matrix M 
satisfies its characteristic equation and 

ZCn M"=0. (17) 

» 

If possible, it is convenient to normalize the 
coefficients in (16) in such a way that 

E C» = l. (18) 


b, - [I+(l — COM + (l - Ci- C’ S )M 2 + ■■■-] 

X(N+S0B(a,+a s ). (22) 

The amplitudes of waves leaving the junction 
number (2) remain to be calculated. This is easily 
done making use of (22). From (5) and (10) 

b»=S 2 a» = Sj(A+B)a t = S 2 Abi+SjBaj. (23) 

Substitute (22) in (23) 

b 2 - S,A[I+(1 - C,)M+ (1 - C, - C,)M’+ • • • ] 

X (N +S j)B(*i+a*) +S*Baj, (24) 
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Fig. 3. 


which may be written as 

b 2 - {S 2 +S 2 A[I+(1 - Ci)M+ • • • ](N+SO} 

XB(ai+a 2 ). (25) 


Equations (22) and (25) may be combined to 
form the scattering equation for the combined 
network. 

B(b 1 +‘b,) = SB(a l +a s ) (26) 

wh£re 

S==B{S 2 +(I+S 2 A)[I+(1 —Ci)M 

+ (1-Ci-C 2 )M 2 +«..](N+Si)}B. (27) 

S as given by (27) is the scattering matrix of the 
combined network. 

The network scattering matrix S has the fol¬ 
lowing form: 


1 

1 

0 

i * 

0 i 

~cT 

1 o 

1 

r o 

1 

P-r 

r 

q-r 



The r rows and columns which are zero may be 
removed to form a matrix of order p+q — 2r. In 
a similar way the column vectors B(bi+b 2 ) and 
B(ai+a 2 ) have zeros in r rows beginning at the 
p—r+1 row. These zeros may be removed to 
form p+q—2r rowed vectors. This process of 
removing zeros reduces the matrices to a dimen¬ 
sion equal to the number of transmission lines 
feeding the combined network. The rows and 
columns removed are the ones associated with 
the interconnecting transmission lines. 

For some purposes it is desirable to know the 
amplitudes of waves in the interconnecting 
transmission lines in terms of amplitudes of 
waves incident upon the network. These ampli¬ 
tudes are contained in bi and b 2 and may be 
expressed as 


Abi - A[I+(1 - COM+(1 - Ci - C 2 )M 2 + • • • ] 
X(N+Si)B(ai+a 2 ) (28) 


and 

Ab a -A{S f +8|ACI+(l-Ci)M+..0 

X(N+Si)}B(ai+a 2 ). (29) 

The left-hand side of Eqs. (28) and (29) consists 
only of the amplitudes of waves in intercon¬ 
necting transmission lines of the network. 

To recapitulate, Eqs. (26)-(29) express the 
unknown complex wave amplitudes of waves in 
the transmission lines of a microwave network 
of the type illustrated in Fig. 2 as functions of 
the known amplitudes. In particular the left side 
of (26) consists of the' amplitudes of waves 
leaving the network (along the lines 1, 2, 3, 7, 
and 8 of Fig. 2) expressed as a linear combination 
of the complex amplitudes, assumed known, of 
waves entering the network. In a similar way 
Eqs. (28) and (29) express the complex ampli¬ 
tudes of waves in the interconnecting trans¬ 
mission lines (4, 5, and 6, Fig. 2) as linear com¬ 
binations of the known complex amplitudes of 
waves entering the network (along lines 1, 2, 3, 
7, and 8 of Fig. 2). 


EXAMPLE 

As an example of the application of the for¬ 
malism, consider the microwave network illus¬ 
trated schematically in Fig. 3. 

The “magic tee” has the property of dividing 
the power incident upon it in any one of its four 
feeding transmission lines equally between the 
two adjacent lines. For example, if a wave is 
sent in on line 2, it leaves the junction No. 1 via 
lines 1 and 4. Of course, the wave which leaves 
junction No. 1 via line 4 returns again after 
interacting with junction No. 2. This leads, in 
turn, to a new set of waves scattered by junction 
No. 1 and so on. By locating the terminals in (1), 
(2), (3), or (4) properly, the scattering matrix of 


Si- 


1 


No. 

1 may 

be 

written 

as 

’0 

1 i 

1 

0 i 

0 ' 

1 

l 

0 i 

0 

l 

1 i 

0 

T 

"”o. 

y 

~-l 1 

0 ~ 

0 

1 

11 - 

-1 

l 

0 i 

0 

.o' 


"o’ 

"T, 

"o". 


(30) 


As an example of the meaning of Si note that 
the third column of Si indicates that a wave of 
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amplitude 1 incident on the junction in trans¬ 
mission line 3 leaves the junction along lines 1 
and 4 with amplitudes 1/V2 and — 1/V2 t re¬ 
spectively. The phases of these waves are to be 
taken at their respective reference planes. 

In a similar way the junction No. 2 is a 
matched symmetrical tee. Its scattering matrix is 
assumed to be 


S,« 


' 0 

, 0 

1 0 

0 

1 0 1/V2 

! 1/V2 

!1/V2 J 

1 

1 ~ 2 

. 0 

■ 1 

!' * - 


(31) 


It is possible to write the scattering matrix of 
any matched symmetrical tee in this way merely 
by lo< ating the terminals correctly. However, the 
terminals 3 (or 4) have already been fixed in 
position. Therefore, it is necessary to assume 
that either the line 3 or the line 4 has been 
adjusted to have the correct length. 

It may be noted that both Si and S 2 are sym¬ 
metric and unitary. These are general properties 
and are characteristic of all scattering matrices. 

Turning now to the two auxiliary matrices A 
and B, these have the following forms: 


A = 


B = 


r 

0 


1 

0 

1 

0 




1 1 


0 1 



0 


1 


1 

0 




1 0 


1 1 



0 


1 

0 

1 

0 

r 1 


0 

1 


1 





1 

0 

1 

0 

0 


1 

1 


1 



0 


1 

0 

1 

0 


0 


1 

o~ 

i 

T - 


(32) 


M«SiAS 8 A 


1 

2v2 


* 

1 0 v2 1 


0 

! vs 1 ! 

0 


! - vz ' - f!' 


0 

1 0 -VZ 1 

0 

0 

1 0 1 

0 


. ( 35 ) 


Equation (16) may lx* obtained by using the 
method introduced in the appendix [see Eq. 
(45)] 


-“(*+£) 


0 = L O" = X det(R— IX) = X 

n 

-l 
2VZ 

0 -(X+»)| 

= X(X+|)* = \»+X’+1X. (36) 

The coefficients C, L must he normalized to satisfy 
Eq. (18). They then have the values 


1 4 4 

Ci--, Ci--, c»=~. 

9 9 9 


(37) 


The scattering matrix of the combined network 
may be computed by substituting in Eq. (27) 

S=Bjs 2 +(H-S J A)|^I+^M+^M*j(N+S 1 )jB 


0 2V2 i 

2V2 


(33) 


= i 


The two matrices M and N may now be com¬ 
puted (see Eq. (12)). 

N-SiAS 2 


1 


0 

2V2 

3 


1 

1 

1 

. 0 

1 

2 VI 


1 

1 

3 

1 0 

1 

0 


1 

8 

1 0 

1 

— 


1 

3 


(38) 



0 

1 0 

1 

VZ 1 

1 

vZ ' 



0 

2 VI 

1 


iVZ 

1 | 

~1 





2V2 

1 

_ 



_ 



2VZ 

i 

— 


l -VZ 

-1 1 

+ 1 

, (34) 

S = i 


3 

2VZ 

0 

1 

1 0 

-vz 

-VI 



1 

. 

2VZ 

8 


."T 

” 1 0 

1 




3 

3 


If the two rows and columns which vanish arc 
removed, the matrix becomes 


(39) 
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It should be noted that this matrix is symmetric 
and unitary as it should be. 

The matrices which can be used to calculate 
the amplitudes of waves in the connecting lines 
are obtained from Eqs. (28) and (29). 

S f = a£i+||m +\l* j(N+S,)B 


0 | 0 

1 

0 1 

1 

1 

1 

2V2 

-11 

1 

1 

— 

1 

v3 

« 1 0 
V2 i 

1 

1 

-1 


_ 

0 1 0 

1 

0 


S/ = A 


S 2 4-S 2 A^I+^M+^M 2 j(N+Si) 


B 



" 

0 | 

0 

' 0 '} 

1 

0 

3i 


3v2 

= - 


I 

0 

1 

9 

3 

vz | 


1 —4 


_ 

--1 _ 

— 

1 ^ 



0 | 

0 

1 o J 


To illustrate the meaning of the matrices (38), 
(40), and (41), assume that a wave of unit am¬ 
plitude is incident upon the combined network 
at terminals No. 1. The scattering matrix S, Eq. 
(39), states that the amplitudes of the waves 
leaving the network via lines (2) and (5) are 
and respectively. The matrix (40) states 
that there is a wave of amplitude v2/3 running 
in line (3) from junction No. 1 to No. 2. There is 
no wave moving in this direction along line (4). 
The matrix (41) states that there is no wave 
moving from junction No. 2 to No. 1 along (3), 
but that there is a wave of amplitude £ moving 
from right to left in line (4). 


APPENDIX 


From Eqs. (3), (6), and (12) it is apparent 
that M has the form 



0 

0 

0 


R 

0 


l P~r i r 


0 

0 

0 

<l-r 



. (42) 


The characteristic equation of M is defined as 

det(M —XI) = 0. (43) 

Denote the middle square of M as a sub-matrix 
R. It is evident that 


det(M -XI) - \<*+p~ 2r det(R—IX), (44) 

where the determinant on the right side of (32) 
is of order r. In order to reduce the characteristic 
polynomial to its lowest degree, Eq. (16) is 
defined by the relation 

0 = £ C n X* = X det(R - IX). (45) 


Thus the characteristic polynomial is of degree 
r+1 and the index n runs from 1 to r+1. 

It will be remembered that the above de¬ 
scribed computational method depended for its 
validity on the non-vanishing of the sum of the 
coefficients of (33). A necessary and sufficient 
condition for the vanishing of this sum is the 
occurrence of 

X = 1 

as an eigenvalue of the matrix M. The values of 
the eigenvalues of M depend upon the scattering 
matrices Si and S 2 . However, the locations of the 
reference planes or terminals in the intercon¬ 
necting transmission lines are arbitrary. By 
changing their locations an accidental occurence 
of the root X = 1 can be eliminated. 
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The Optics of Three-Electrode Electron Guns* 

S. G. Ellis 

The McLennan Laboratory , Department of Physics , University of Toronto , Toronto , Canada 

(Received April 17, 1947) 

The paper is concerned primarily with the electron guns employed in electron microscopy. 

The position of the image of the cathode, the magnification, and the divergence of the beam 
leaving the anode are calculated for a three-electrode electron gun with plane electrodes and 
circular apertures both for zero and battery bias. The simplifying assumption is made that the 
electrostatic lenses are thin. The results are compared with the experiments of Johannson. 
The extension of the results to the gun used in the transmission electron microscope is con¬ 
sidered with the aid of electrolytic trough measurements. The case of a gun biased by a cathode 
resistor is also discussed. 


4 _ 

INTRODUCTION 

HE illuminating system of the transmission 
electron microscope was first treated ana¬ 
lytically by von Borries and Ruska. 1 They con¬ 
sidered the electron gun as a source of electrons 
of fixed cross section and position and considered 
the dependence of the semi-angle of the illumi¬ 
nating beam at the specimen on the strength of 
the condenser lens. Marton and flutter 2 extended 
this treatment to include the converging effect on 
the illuminating beam of that part of the ob¬ 
jective field which lies between the sjiecimen and 
the condenser lens. Finally, Hillier and Baker 8 
have considered, semi-empirically, the influence 
of the filament height on the angular aperture of 
the illumination by treating the electron gun as a 
converging lens containing a physical aperture 
which may itself limit the aperture of the 
illumination. 

Hitherto the electron gun has received either 
very general physical treatment, 4 or rather special 
semi-empirical treatment 6 in the literature. Since 
these treatments do not greatly clarify the be¬ 
havior of the particular types of electron gun 
employed in electron microscopy, an attempt has 
been made in this paper to develop an analytic 
theory of a very simplified electron gun. The 

* Based on Section A of a thesis submitted in conformity 
with the. requirements for the degree of Doctor of Phi¬ 
losophy in tne University of Toronto. Part of this work 
was supported by the grant of a Fellowship by the National 
Research Council, Ottawa, Canada, 

1 B. von Borries and E. Ruska, Zeits. f, tech. Physik. 20, 
225 (1939k 

a L. Marton and R. C. E. Hutter, Phys. Rev. 65, 161 
(1944). 

* J. Hillier and R. F. Baker, 1. App. Phys. 16, 469 (1945). 

4 L. M. Field, Rev. Mod. Phys. 18, 353 (1946). 

1 G. A. Morton, Rev. Mod. Phys. 18, 362 (1946). 


main simplifications are the treatment of the 
electrodes as plane, and the variations of axial 
potential as linear. The latter simplification is 
equivalent to treating the lenses as thin lenses. 
Later, this theory is used, in conjunction with 
electrolytic trough measurements, to describe the 
behavior of the guns employed in practice. 

This analytic treatment is aided by a theorem 
attributed to Schlesinger 8 which may be called 
the “Transit Time Theorem." Consider an elec¬ 
tron leaving an object (cathode or image) at A, 
Fig. 1, passing through a lens at B and being 
focused to C. An axis Oz is taken, coaxial with the 
lens, positive in the direction of electron motion 
and with origin at the lens. Take the zero of time 
as the epoc h at which the electron passes through 
the lens OB. T 0 is the epoch at which the electron 
leaves A and 77 the epoch at which it arrives at 
C. It is supposed that the lens is thin so that 
radial forces act on the electron only while it is 
passing the OB plane. If then a radial impulse 7, 
positive if centrifugal, acts on the electron when 
passing through the lens at a distance R from the 
center, then Schlesinger shows that the condition 
for image formation is: 

/cci? (1) 

and that under these conditions 

(1/7’/) —(1/770 = — (7/mR) (2) 

= 1/7V say. (3) 

In Eq. (2) m is the mass of the electron. Equa¬ 
tion (2) immediately leads to Gaussian dioptrics 
in the magnetic lens and the bipotential lens, 

• K. Schlesinger, Proc. I.R.E. 32, 483 (1944). 
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Fig. 1 . General electron trajectory through a thin lens. 

where the axial velocity of the electron is constant 
outside the lens and the trajectories are linear 
there. In the immersion objective the dioptrics 
will not be Gaussian, both because the axial 
velocity is continually changing and also because 
the strength of the lens (proportional to I/R) will 
depend on the object distance OA . The magnifica¬ 
tion, M t for the thin lens is, quite generally, given 
by 

M= Ti/Tq. (4) 

SIMPLIFYING ASSUMPTIONS AND DEFINITIONS 

The filament or cathode is considered as a 
plane circular emitting area of radius r, (see 
Fig. 2). The shield, or grid, is considered as a thin 
sheet with a central aperture of radius r*", distant 
d% from a plane anode. An axis 0,z with origin 0, 
at the center of the shield aperture and positive 
in the direction of electron motion is chosen to 
coincide with the axis of symmetry of the electron 
gun. The assumed variation of axial potential is 
shown in Fig. 3. 

The following factors have now to be taken 
into consideration. The electrons leave the fila¬ 
ment with a velocity distribution both in magni¬ 
tude and direction governed by the temperature 
of the filament. The electrostatic field in the 
vicinity of the shield exerts a convergent effect 
upon the electrons. The electron speeds are 


a, 



r-V-T— \r-*' 


Fig. 2. Symbols used in text. F represents the filament, 
5 the shield, and A the anode. 


nowhere constant within the electron gun, and it 
is therefore convenient to use the transit time 
method of Schlesinger taking zero time as the 
instant at which the electron passes through the 
shield. 

To commence, consider an electron which 
leaves the filament at the axis with zero axial 
velocity and with transverse thermal velocity 
Vt cm per sec. (or Vt in electron volts). It 
describes a parabolic path (Fig. 4) until it reaches 
the shield aperture at a distance R from the axis. 
At this point it receives a centripetal impulse h 
and returns to the axis at a distance v k from the 
shield, following another parabola until it reaches 
the anode aperture where it receives a centrifugal 
impulse I a traveling thereafter in a straight line 
towards the condenser lens of the microscope. 

NOTATION 

Where possible the notation employed by 
Hillier and Baker 3 has been used in this section. 

r„ = radius of emitting area, assumed plane 
r k " = radius of hole in shield 
r e ” — radius of condenser aperture 
r 0 '= radius of area of specimen plane illuminated by 
electrons 

14 = potential at origin 0, 

Vk — potential of shield 
V — potential of anode 

Fr — transverse (thermal) velocity of electron leaving 
filament in electron volt9 

E\ = electrostatic field strength between filament and 
shield® Vk/uk 

electrostatic field strength between shield and 
anode® — F/da (if V k «V) 
vt - transverse (thermal) velocity of electron leaving 
filament in cm per sec. 

Jo-epoch at which electron leaves filament (negative 
with sign convention used here) 

T/® epoch at which electron arrives at real image 
formed by cathode lens 

Tsa** transit time of electron from shield to anode 
7Y-epoch at which electron leaves real image formed 
by cathode lens 

T/' —epoch at which electron Asses’ virtual image 
formed by anode aperture 

u k — distance from shield to filament (negative on 
above sign convention) commonly called the 
filament height 

t>*—distance from shield to image formed by cathode 
lens 

di- distance from shield to condenser aperture 
dt-distance from shield to anode 
R - radial displacement of electron at shield 
lb — radial velocity of electron between shield and 
anode 
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Ra m radial displacement of electron at anode 

centripetal impulse acting on electron on 
passing shield 

Ia-IaIRa )—centrifugal impulse acting on electron 
on passing anode 

o e max. =* maximum angular aperture of illumination at 
specimen 

angular aperture of beam at cathode side of 
anode 

& «angular aperture of beam leaving the electron gun 
y »= angle between 0*z and center of beam from off- 
axial point of cathode, see Fig. 8 
Mk * magnification produced by cathode lens 
A/a* magnification produced by anode lens 
A over-all magnification produced by electron gun 
A/ r = magnification pA>duccd by condenser lens 
e — charge of electron 
tv * mass of electron. 

THEORY 

From the transit time theory of Schlesinger 
(l/7» - (1/Jo) = - (I../mR) = l/Tf. (5) 



Fig. 3. Potential distribution assumed. 


Further 



At the plane of the shield the electron will 
have gained an axial component of velocity 
( — 2eVk/tn)i . Hence 


and 



1 eV 
- TV 

2 w </ 2 


(7) 


2(-Fe/2mrf s )*-[X(l- < )] 5 ±!4(-Ke/2mrf s )-[X(l- e )]+4(-Ke/2wrf 2 K|» 

— 2(— Veflmdi) 


( 8 ) 


where 

\ = u k r k "/(irti k - r k ") 

and 

t=-ir{<Wr k ")-(V k '/V). 
Then with an obvious choice of si^ii 


W 

( 10 ) 


_h 

mR 



i [ >(i-«)3« i 
2[A(l-t)3‘ 2 u k J' 


(14) 


Tj = j [X(l — e) Fu*]* 

— CM1—«)]*!/(—Vfe/2 md t )K (11) 

To obtain the value of h/mR notice that if the 
lens may be treated as a thin lens 7 8 



but* 

n=F\(l-e)A U (13) 

and, therefore, 


7 Zworykin, Morton. Ramber$, Hillier, and Vance, Elec- 
tron Optics and the Electron Microscope (John Wiley and 
Sons, fnc., New York, 1945), p. 444. 

8 Zworykin, Morton, Ramberg, Hillier, and Vance. Elec¬ 
tron Optics on the Electron Microscope (John Wiley ana Sons, 
Inc., New York, 1945), pp. 383-385, particularly equation 
11.95. 


From Eqs. (6), (11), and (14) 



Fig. 4. An electron trajectory for the three-electrode 
electron gun. 
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1 


TV 



t 


.■[X(l-€)]{■- 1 -+—11. (17) 

L2X(1 — € ) 2uJ\ 


therefore 



( 22 ) 


Substituting in Eq. (22) from Eqs. (15) and (17) 


Substituting from Eqs. (15) to (17) into Eq. (5) 
and solving for Vk 


v k - 



1 + 0+31X1 -<)]/!*») 
(1+3[X(1-€)]M) 2 " 


(18) 


Values of Vk are plotted in Fig. 5 for typical values 
of the other variables. The non-Gaus^ian dioptrics 
of the system is apparent from Eq. (18). 


DIVERGENCE OF THE BEAM 


One of the factors controlling the intensity of 
illumination in the electron microscope will be 
the divergence of the electron beam leaving the 
electron gun, for this will determine thc % percent- 
age of electrons leaving the electron gun which 
pass through the condenser diaphragm. 

If /8 is the anglo to the axis O t z at which the 
peripheral beam approaches the arypde then, from 
Fig. 4 

R 7*/w+Vr 

tan/3 =---, (19) 

(-2 eV/m)l (-2 eV/m)i 
but 

h/in— —R/Tp (20) 

and 

R=-v t T 0 ; (21) 



( Fr Vri 1 

** 1 

V v) L 3 ( 1-0 

3n"(l-«)J 


(23) 


The further divergence produced in the electron 
beam by the change in field strength at the anode 
aperture may now be determined. Then 

R+Ia/pi 

tan 5' =- (24) 

( — 2eV/m)* 

= tan fi+1 A /tn( - 2e V/tn)K (25) 


But, 7 


U -i 

f 2eF\‘ 1 

mR A ' 

i mJ 4 dt 


1 1 Ra 

m(-~2eV/m)t 4 d 2 


(26) 

(27) 


and 

Further 

and 


tan/3' — tan/8 +R A /4d 2 . 

R+R a =RT S a 
T s a —Ti (for Vk = d/), 


that is 

T S i = (- 2dm/ Ve)H [X(l - «)+</,]» 

- 0(1 -•)]»} 


and approximating 

T 8 A = (-2d 2 m/Ve)*-dz* 


giving 


R A -2d 2 tan/3+2 


Vt\* d 2 iuk 


and 


(t) 


Mi 


3 1/F r \» 

tan/9'= - tan/9-f- -I — I-. 

2 2\ V) [Xd*(l-*)]‘ 


(28) 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 


The negative values of /9' obtained from Eq. 
(34) indicate that the electrons from the filament 
cross the axis of the gun. Values of tan/8' are 
plotted’in Fig. 6. It has been assumed here that R 
is less than the radius of the — Vr equipotential 
surfaces at the cathode shield, which is true for 
the range of m* plotted in the graphs. 
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MAGNIFICATION 

It would appear from Fig. 5 that for the range 
of filament heights commonly employed in the 
electron microscope, the cathode lens forms a 
real image of the filament between the shield and 
the anode (i.e., Vk<di). First, therefore, the 
magnification M k produced by the cathode lens 
may be calculated. 

By the transit time method of Schlesinger 

Mk=Ti/To. (35) 

Negative values obtained for Mu indicate in¬ 
version of the image >jith respect to the object. 
Using Eqs. (15) and (16) 

A/**[X( l-€)]M[X(l -€)+^] 1 

-[X(l-«)]»)/**• (36) 


The anode lens forms a virtual image of the 
real image mentioned above. For Vk<d% this 
virtual image lies between v k and tfj and is 
demagnified. If Ma is the magnification produced 
by the anode lens alone then 



Ma-Ti'/T o' 

(37) 

but 


(1/2V) —(l/'7Y) = -(/.i/wfij) 

(38) 


= l/7V's;iy 

(39) 

so that 


A/a-7V/(7V+7V) 

(40) 

writing 


T t '--{Ta A -T,) ' 

(41) 


and using Eqs. (31) and (16) 


(42) 


2 ( 1*1 \ [\(1 — €)+^A:] i + [X(l — 

^*-^)+2(/,M[x(i-«)+%] | +[x(i-•)+*]•! ’ 


Values of M k and M A are plotted against w* in 
Fig. 7. 

AREA OF SPECIMEN ILLUMINATED IN THE 
ELECTRON MICROSCOPE 

On the basis of the foregoing theory one might 
expect the radius of the illuminated part of the 
specimen in an electron microscope r</ to l>e given 
by 

rd — r,M kM aM c% (43) 

where M c is the magnification produced by the 
condenser lens. Writing 

M k M a — Mg (44) 

the magnification produced by the electron gun, 
and taking M 0 = \ then 

to = r 9 Ma* (45) 

Equation (45) applies only to the case in which 
the virtual image of the cathode due to the anode 
aperture is focused on to the specimen by the 
condenser lens. 

For values of u k that make tan/3' small, another 
factor may have a decisive effect on the value of 
r 0 '. The Condenser aperture may act as a field 

limiting aperture for the electron gun even 

though the image produced by the gun is not in 
the plane of the condenser aperture. 


It will be seen from Fig. 8 that electrons 
leaving a point in the cathode distant r/ from the 
axis leave the electron gun in a cone of semi-angle 
0', the axis of the cone making an angle y with the 
axis of the system. If the radius of the condenser 
lens diaphragm is r c ", and it is situated a distance 
di from the condition that electrons from P 
shall pass the condenser lens is then, approxi¬ 
mately 

{y-p){Ai-v k )$r."-\Ma\r: (46) 

with 

(47) 


It is desirable, therefore, to investigate the 
dependence of y upon r/. Considering the ray 
Pcc ' and employing the methods of the preceding 
sections, it can be shown that 


4 tL di JLx(l— «) u k \ di 1 


(48) 


Neglecting the term \Ma\r e f in Eq. (46), and 
taking 

r c "/(di—v k ) = <x c max, (49) 


we can calculate the radius r«" of the area of the 
cathode from which electrons can pass the con¬ 
denser aperture. Equation (45) presumes that the 
electron gun and the specimen are equidistant 
from the condenser lens. Then from Eqs. (46), 
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(48), and (49) 
r,"=4(a<.max+|0'|) — -j 


n'=r."Ma. 


X(l-«)1* 

2 

xr-i-H-ii+ii 

LX(1 — e) «J tfj 


(50) 

(51) 



U* iwtns 

Fig. 7. 



In practice r</ will be given by the smaller of the 
values in Eqs. (45) or (51). In Fig. 9 ro' is plotted 
against Uk the full line showing the variation 
from Eq. <45), and the broken line the variation 
from Eq. (51) for a sufficiently large cathode that 
relation 47 is maintained at all Uk. (The corre- 
sj)onding curves for conditions 1 and 2 lie off the 
graph with the scale chosen). 

11 has sometimes been stated that the smallness 
of the effective source provided by the electron 
gun is due to the presence of a cross-over of 
smaller radius than the image of the cathode. 
From Fig. 10 it can be seen that such a cross-over 
exists only if 0'<y. This is approximately the 
condition for Eq. (51) to limit the area of illumi¬ 
nation of the specimen. 

On the basis of the foregoing calculation one 
might conclude that the source in an electron 
microscope, operated with a zero-biased, or 
battery-biased gun and with the filament at a 
normal height is a reduced image of the filament 
and not a cross-over. This will be discussed later. 

One other point should be mentioned. Onlythe 
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trajectories of electrons which leave the filament 
with zero axial velocity have been considered 
above. The extension of the theory to cover those 
electrons which have axial velocities Vt (in 
electron volts) at the filament would not be 
difficult but is not attempted here, since the 
above treatment suffices for the purpose in view. 
We may note in passing that for the electron gun 
as commonly employed in the electron micro¬ 
scope Vt^V, so that the longitudinal chromatic 
lberration as calculated on the above theory 
would not be very large. 

THE IDEAL IlECTRON GUN 

The heating effect of the beam acting on the 
specimen is proportional to oro' 2 , where a is the 
current density at die specimen. The cross- 
sectional area of film over which this heat can be 
dissipated is proportional to r 0 '. There is an obvi¬ 
ous advantage in reducing r 0 '. To a first approxi¬ 
mation if is halved, a may be made four times 
greater for the same rise in temperature of the 
specimen. Ideally one w r ould prefer to illuminate 
only that part of the sjjecimen which is examined 
on the final screen. If other parts of the specimen 
are illuminated scattered electrons from these 
regions may reach the final screen and reduce the 
contrast. 

The illuminating beam, if it does not strike any 
part of the supporting mesh, will build up a 
static charge on the film and specimen. Both 
electron microscopy and electron diffraction re¬ 
quire an electron gun giving a small, intense, 
single source of electrons. 



Fig. 10. Conditions for the production of a cross-over. 

Volume is, October, 1947 


The angular aperture, a*, of the illumination 
governs the depth of focus and intensity at con¬ 
stant beam current. When an electron microscope 
is used for electron diffraction with the specimen 
below the projector lens the radius of the ob¬ 
jective exit pupil which acts as the effective 
source for the diffraction camera is governed by 
the aperture of the illumination. The aperture, 
af f , will influence the resolving power of the 
microscope, particularly if the objective field 
lacks symmetry, for in this case when <xq is large 
the rays leaving the object will move into those 
parts of the objective field further from the axis 
with a consequent increase in image assymetries. 
It has been argued, though convincing experi¬ 
mental proof is lacking, that even with a sym¬ 
metrical objective field there will be an optimum 
value for a 0 which will be attained for a certain 
value of a c . 

Other factors to l>e considered in the choice of 
an electron gun are the ease with which it can be 
assembled and cleaned. Both the electron gun 
and condenser lens should form a system which 
can be readily adjusted to provide an illuminating 
beam coaxial with the objective lens. 

Ideally then one would prefer to have r 0 ', <r, and 
a c independently variable. In practice, since 
simplicity of construction is very desirable, this 
ideal is sacrificed and the chief aim is to provide a 
small source of adequate intensity. 

PRACTICAL ELECTRON GUNS 

The electron guns employed in practice may be 
divided into two classes according to the con¬ 
ditions under which they are operated. These 
classes are, the fixed-bias gun operated at emis¬ 
sion saturation, and the cathode-biased gun 9 



Fig. 11. A three-electrode electron gun as employed 
in electron microscopy. 


• J. Hillicr and R. F. Baker, J. App. Phys. 17, 12 (1946). 
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operated with space charge limited current. 8 This 
is not intended to imply that space charge is 
without effect in the former class of electron gun. 

The construction of a fixed-bias gun is shown in 
Fig. 11. Fisa hairpin filament of tungsten heated 
by a d.r. or r-f current. 5 is the shield or grid. It 
may be maintained at the same potential as the 
filament or at a negative potential of up to 200 
volts with respect to the filament by a battery. 
A is the plate or anode which will be at a voltage 
of from 30 to 200 kv with respect to the filament 
in electron microscope practice. Matters of prac¬ 
tical interest in the operation of such a gun have 
been described by Hillier and Baker. 3 Our im¬ 
mediate concern is to see wherein the optical 
behavior of this type of gun departs from the 
simple theory outlined above. 

The major limitations in the above theory arc 
imposed by the assumption of plane electrodes 
and linear axial potential variation. With this in 
mind experiments were undertaken with an 
electrolytic trough to determine the potential 
distributions occurring in practice. 

Two points may be mentioned in connection 
with the use of the electrolytic trough. First, 
since the trough is a relatively large and open 
structure, it is difficult to shield it from the effect 
of stray fields which may become troublesome if 
measurements of high sensitivity are attempted. 
It is therefore desirable to use for the generator 
a supply of variable audiofrequency and for the 
detector a pair of head phones so that the balance 
can be made to the generator note and stray 


noises ignored. This is particularly important if 
an amplifier is used between the probe and the 
detector, and might well lead to errors if a 
vacuum-tube voltmeter were employed. 

The second point concerns the plotting of the 
equipotential lines close to the filament. The field 
distribution near the filament will have a con¬ 
siderable influence on the behavior of the gun 
since the electrons are moving at slow speeds in 
this region. It is difficult to determine the 
equipotentials in this region, however, since the 
arms of the potential divider have to be made 
very unequal and the sensitivity of the circuit 
(which may be considered as a Wheatstone net) 
becomes very small. Under these conditions the 
sensitivity was improved by turning a copper 
plate to the shape of a fairly flat equipotential 
surface just outside the shield, placing this plate 
in the tank in the appropriate position, and 
transfering the lead from the anode to this shaped 
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Fig. 13. 

plate. The low equipotentials could then bo 
studied with less unequal values of the arms of 
the potential divider. 

Figure 12 shows the axial potential distribution 
for an electron gun of the form shown in Fig. 11. 
The full line is from the experimental results; the 
broken line shows the distribution assumed in the 
elementary theory above. The origin has been 
taken at the shield center. In Fig. 13 the distri¬ 
bution of axial potential between the shield and 
the filament is shown in more detail for —10 
mm. Measurements were made with the plane of 
the filament both in and perpendicular to the 
surface of the electrolyte. No very significant 
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differences in the axial potential variation were 
detected in the two cases. It is probable that the 
magnetic effect of the heating current in the 
filament would produce effects at least as great as 
those produced by assymetries in the electric 
field. For values of z between —5 mm and —10 
mm the measured potentials were of doubtful 
accuracy, and the curve has been extrapolated 
linearly to s = —10 mm. When Uk was reduced to 
— 5.0 mm (Fig. 14) it could be observed that the 
curve for the axial potential distribution was 
concave downwards in the vicinity of the fila¬ 
ment. in other worsts, the fieid strength is 
relatively high at the filament because of the 
small radii of curvature of its surface. Under these 
conditions the optical description of the electron 
gun is as follows. Leaving the filament the 
electrons first pass through a thick diverging 
lens, then a thick converging lens which termi¬ 
nates shortly beyond the shk Id; at the anode the 
electron passes through a thick diverging lens. 
The net effect of these lenses, as compared with 
the thin lenses treated above will be to further 
reduce Ma, the gun magnification, and to in¬ 
crease the magnitude of j3', the divergence of the 
beam from any point of the filament. Under 
normal conditions of operation. therefore, a cross¬ 
over will not be produced in this electron gun. 




Fic.. 15. The cathode-biased electron gun. 


Observations with electron microscopes do not 
discredit this view. In the electron microscope 
put into operation in 1944 at the University of 
Toronto 10 the condenser diaphragm can be dis¬ 
placed laterally while the microscope is in opera¬ 
tion. If this is done, the region of illumination of 
the specimen as observed at the intermediate 
image is seen to move. While this at first sight 
might seem to indicate the state of affairs shown 
in Fig. 8, and the existence of a cross-over, it is 
considered that the effect is due largely to the 
spherical aberration of she condenser lens. 

The major disadvantages of this type of elec¬ 
tron gun are the multiple nature of the source, 
the large source size which must be employed if 
high intensity is required, and the consequent 
large beam current. The gun is also inefficient 
Ixicause the large values of employed mean that 
most of the electrons hit the condenser diaphragm. 
The analysis given above indicates a fundamental 
difficulty in the design of this type of electron 
gun. The condition for high intensity is small, 
which from Eq. 22 indicates 

Vt\ * To+7V 

— l-small. 

V / T f 


The condition for a small area of illumination of 
the sjxx'imcn is that Mo be small which requires 


To+Tf 


Tf 


to be large. 


10 E, F. Burton and W. H. Kohl, The Electron Microscope 
(Reinhold Publishing Corporation, New York, 1946), 
second edition, Chap. 18. 
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Unless 1 ! Vt/V can be reduced or the area of 
illumination of the specimen independently con¬ 
trolled the final design and operating condition 
must be a compromise. 

CATHODE-BIASED ELECTRON GUNS 

The essential parts of a cathode-biased electron 
gun are shown in Fig. 15. For small filament and 
hence small beam currents its optical behavior is 
similar to that of the fixed-bias gun. As the fila¬ 
ment current is increased, however, the beam 
current reaches a saturation value that is de¬ 
pendent on the geometry of the gun, and the 
value of the resistor R c . Typical values of the 
components will be l -R tf =0.5 megohm, C**0.5 /*f, 
for r*" = 2.5 mm. Under these conditions the 
source is definitely single and intense. Its position 
is nearly central with respect to the shield and is 
very little dependent on the centering of the 
filament with respect to the shield. The image 
seen at the intermediate screen is no longer the 
image of the filament but the image of a space 
charge. 

An examination of the image at the inter¬ 
mediate screen of the microscope^as the filament 



current is increased shows the course of events in 
the electron gun. At low filament current an 
image of the filament can be seen. It will generally 
show the die markings on the filament and will be 
in a position conjugate with the filament. As the 
filament current is increased this image becomes 
blurred, larger, and more intense, and moves to a 
new position, though no movement will be evi¬ 
dent if the filament is carefully centered to the 
axis of the shield and anode holes. 

Compared with the zero-biased gun it is 
possible to obtain a brighter source even when 
the size of the source and the beam current is 
smaller. Increasing the shield-to-filament dis¬ 
tance reduces the value at which the beam 
current saturates and also reduces the source 
size. Over a wide range of filament heights, how¬ 
ever, the intensity of illumination is nearly con¬ 
stant, and it is both possible and advantageous 
to work with the filament raised so that the beam 
current is of the order 100 to 300 microamperes; 
the source radius is then of the order 5 to 15 
microns and the intensity of the order twenty 
times that available with the zero-bias gun. 

The potential distribution in this type of gun is 
shown diagrammatically in Fig. 16. Calculations 
of the potential distribution have been made and 
an empirical discussion of the behavior of the gun 
given by Reisner. 11 The space charge enclosed in 
the zero equipotential surface near the filament 
acts as a virtual cathode. Since electrons emitted 
with thermal velocity Vt (in electron volts) can¬ 
not cross the — Vt equipotential surface this 
surface will tend to define the source. Moreover, 
since electrons cannot reach the shield no second¬ 
ary sources can be produced by electron reflections 
there. 

The presence of space charge and the ill-defined 
nature of the virtual cathode do not permit this 
type of gun to be discussed further in terms of the 
above theory. 

THE EMISSION MICROSCOPE 

Measurements of the performance of an im¬ 
mersion objective have been made by Johannson 12 
and Savchenko. 13 In the emission microscope 

11 J.’H.^Reisner, Paper before the Electron Microscope 
Society of America, December 1946 meeting at Pittsburgh. 

“ H. Johannson, Ann. d. Phvsik 18, 385 (1933). 

u F. Savchenko, Zhurnal Tekhnicheskoi Fiziki, Moscow 
9, 2211-2219 (1939). 
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employed by Johannson an image of the emitting 
cathode was formed on a fluorescent screen 240 
mm from the cathode. The constants for the 
microscope are listed below. 

di ■* 1.0 mm 
r*" — 0.6 mm 

t'*- 240 mm approximately a constant for 
the microscope 
K—750 volts. 

In operation u k was set at some value between 
-5.0 mm and zero, and IV was adjusted to pro¬ 
duce a sharp image on the fluorescent screen. 
Values of Aft, the ijagnification, and Vk the 
screen potential for different values of u k have 
been recorded by Johannson. 

The foregoing theory must be extended before 
it Cc n be applied It the above system. Since 
Vk^i 2 the electrons travel for the most part at 
constant speed after leaving the region of the 
shield. The transit time from the shield to the 
anode is small and will be ignored compared 
with the transit time from the anode to the 
fluorescent screen. 

77 = L/ (2e/ 2 *(- Ve/2 mdi) *), (52) 

and then'fore 

M*=L[A(1~*)]1'2</ 2 V (53) 

in Fig. 17 the points are calculated from Eq. (53), 
€ being deduced from the values of IV given by 
Johannson. The agreement between theory and 
experiment is good for — u k >r k ". With smaller 
values of u k one may expect the assumptions 
made above as to the potential distribution to 
l)ecome increasingly invalid. In view of the large 
values of M kf T 0 is much smaller than 77, and the 
condition for focus is therefore approximately 

To=-T f . (54) 

In calculating the focal time Tf it should be 
noticed that for this microscope V k is not always 
small compared with V. Since the electron speed 
is constant on the image side of the lens, the focal 
time can be obtained in this case by calculating, 
first of all, the focal length F. If/*, and Ja are the 
focal lengths of the cathode and anode com¬ 
ponents, respectively, then: 

l/F-Xl/M + Wf*) (55) 

{V-V k )/d*+V k /iit (V-V k )/d 2 

----. (56) 

4F* 4V 

Volume is, October, 1947 



Fig. 17. 


Also 

Tr = F(m/-2eV )» (57) 

and 

F* = r*"u*(l - € )/[^,- r *"(l+«*/^)]. (58) 

However Eq. (58) may be replaced by Eq. (13) 
with sufficient accuracy for the present calcula¬ 
tions. With the substitutions previously em¬ 
ployed 

1 [1—x(i -t)/d 2 yu k +\(i -•) 

F~ 4w*X(l — 7 ) ‘ (59) 

Solving for 7V and substituting into Eq. (54) 

4X’(l-t) s { r X(1 —t) 1 J 

-1-—+-. (60) 

d 2 S IL dt J d* d t \ 

Working with millimeters as the unit of length 
we have for the special case of the immersion 






objective used by Johannson d$ = 1.0. Hence 
writing x=*\(l —e) Eq. (60) becomes 

ul 2 x* — (4 u k 2 — 2u k +4)jc* 

+ (6a* 2 -4w*+l)* 2 

— (4w* 2 - 2u k )x+Uk 2 = 0. (61) 

Choosing values of Uk Eq. (61) is solved for x . 
From x and the known value of X, e and hence Vk 
is deduced. Values of Vk calculated in this way 
are plotted as points in Fig. 18—the line rep¬ 
resents the values observed by Johannson. The 
agreement is good for — 

CONCLUSIONS 

The chief conclusions reached with regard to 
the zero-bias electron gun used in electron micro¬ 
scopes are that no cross-over is formed in the gun 
under normal conditions of operation and that 
the small size of the effective source is due to the 
demagnification of the gun. The gun is inefficient 


since most of the electrons strike the condenser 
aperture . The dioptrics of such a system is not 
Gaussian. The cathode-biased gun is at present 
the most efficient type of gun for electron 
microscopy. 

A satisfactory first-order theory of the immer¬ 
sion objective has been obtained for the case in 
which the distance from cathode to shield is 
greater than the radius of the shield aperture. 
The dioptrics of this system is also not Gaussian. 
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Sum »y, diabatic (non-adiabatic), frictional, variable- 
area How of a compressible fluid is treated in differential 
form on the basis of the one-dimensional approximation. 
The b, .sic: equations are first stated in terms of pressure, 
temperature, density, and velocity of the fluid. Consider¬ 
able simplification and u» ificalion of the equations is then 
achieved by choosing the square of the local Mach number 
as one of the variables to describe the flow. 

The transformed system of equations thus obtained is 
first examined with regard to the existence of a solution. 
It is shown that, in general, a solution exists whose calcula¬ 
tion requires knowledge only of the variation with position 
of any three of the dependent variables of the system. 
The direction of change of the flow variables can be ob¬ 
tained directly from the transformed equations without 
integration. As examples of this application of the equa¬ 


INTRODUCTION 

T HK rational experimental development of 
jet- and rocket-propulsion power plants 
requires adequate knowledge of the theoretical 
mechanics of diabatic (non-adiabatic), frictional, 
variable-area compressible fluid flow. The dif¬ 
ferential equations describing this type of flow 
are well known. lttlbi2 ~ 4 Their solution in the 
three-dimensional cast:, however, is so difficult 
that some simplification is necessary to permit 
development of the theory in a form immediately 
useful for technical applications. 

* This paper is a revised report of theoretical work per¬ 
formed by the authors at the Cleveland Laboratory of the 
National Advisory Committee for Aeronautics in 1944-45, 
and was issued in slightly different form as NACA 1 N 
No. 1336, 1947. 

l W. F. Durand, ed. Aerodynamic Theory (Julius 
Springer \ferlag, Berlin, 1935): (a) Vol. I, p. 237; (b) Vol. 
Ill, pp. 47-49. 

* C. Eckart, Phys. Rev. 58 , 267 (1940). 

8 Wien-Harms, Handbuch der Experimental Physik 
(Akaddemische Verlagsgcsellschaft, Leipzig, 1931), Bd. 4, 
pp. 343-369. 

4 A. Vazsonyi, Quart. Appl. Math. 3, 29 (1945). 


tions, the direction of change of the flow variables is de¬ 
termined for two special flows. 

In the particular case when the local Mach number 
Mm l f a special condition must l>c satisfied by the flow if a 
solution is to exist. This condition restricts the joint rate 
of variation of heating, friction, and area at M** 1. Further 
analysis indicates that when a solution exists at this point 
it is not necessarily unique. 

Finally, it is shown that the physical phenomenon of 
choking, which is known to occur in certain simple flow 
situations, is related to restrictions imposed on the vari¬ 
ables by the form of the transformed equations. The 
phenomenon of choking is thus given a more general sig¬ 
nificance in that .the transformed equations apply to a 
more general type of flow than has hitherto been treated. 


In the present paper, such simplification is 
effected by generalizing the familiar “one-dimen¬ 
sional” or hydraulic treatment of steady fluid 
flow to include the simultaneous effects of heat 
addition, friction, and area change upon the flow 
of a compressible fluid rather than by attempting 
to show that the one-dimensional approximation 
follows from a simplification of the hydro- 
dynamic and heat-flow equations in their general 
three-dimensional form. The generalization leads 
to one-dimensional equations in differential form, 
which are identical with equations previously 
used by other investigators in less general cases. 

Generalized conservation equations have been 
derived in Appendix A in order that a complete 
and logical basis for the theory may be accessible 
to the reader. The resulting theory is intended 
to serve as a foundation in differential form for 
calculation of all types of mathematically con¬ 
tinuous (that is, shockless) flow of perfect gases 
to which the one-dimensional approximation is 
applicable. Thus the theory applies directly to 
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compressible flow in combustion chambers and 
also, with but slight modification, to flow in 
turbines, compressors, 6 nozzles, and diffusers, 
whenever the one-dimensional approximation is 
valid. 

In order to obtain convenient and unified 
equations, the generalized relations are trans¬ 
formed by introducing a new basic variable, the 
square of the local Mach number M‘ 2 = N. 
Pressure and temperature are chosen as the 
additional basic variables; other relevant flow 
variables (for example, density, velocity, mass 
flow) may be expressed in terms of ^lach number 
squared, pressure, and temperature. Values of 
M from zero to infinity are considered; the 
treatment is therefore applicable to both sub¬ 
sonic and supersonic flow. 

The variable M has been used throughout dif¬ 
ferential treatments by Gukhman, 8 Bailey, 7 
Nielsen, 8 and Chambre and Lin,® who inves¬ 
tigated various examples of frictional, diabatic 
compressible flow.** A related variable 

Z=( 7 -l)M*/[2 + (7-“l)^ 2 ], 

which can be used alternatively ^with M , will be 
discussed briefly in Appendix B. Pertinent papers 
in which M is not used extensively are those by 
Binder 10 and Keena!n and Neumann, 1 11 which 
report studies of isothermal and adiabatic fric¬ 
tional flow, respectively. A treatment of fric¬ 
tionless, diabatic compressible flow carried out 
by Szczeniowski 12 is partly in differential form. 
The same subject, in M language without dif¬ 
ferential formulation, is discussed by Hicks 18 and 
Wood. 14 The variable M has also been employed 

1 K. W. Sorg, Forschung 10, 270 (1939). 

• A. A. Gukhman, J. Tech. Phys. U.S.S.R. 9, 411 (1939). 

r N. P. Bailey, J. Ae. Sci. 2, 227 (1944). 

• J. N. Nielsen, NACA ARR No. L4C16 (1944). 

• P. Chambre and C. C. Lin, J. Ae. Sci. 13, 537 (1946). 

** The authors regret that explicit reference could not be 

made to several valuable (classified) papers by E. R. 
Hawthorne. It is our understanding that Dr. Hawthorne 
and Professor Shapiro have been invited to present a com¬ 
prehensive paper on flow of compressible fluids with heat 
transfer at a meeting of the American Society of Mechan¬ 
ical Engineers later this year. 

10 R. C. Binder, A.S.M.E. Trans. 66, 221 (1944). 

11 J. H. Keenan and E. P. Neumann, NACA Tech. Note 
No. 963 (1945). 

“B. Szczeniowski, Can. J. Research 23, 1 (1945). 

» B. L. Hicks, NACA ACR No. ESA29 (1945) (Wartime 
Report No. E-88). 

m G. P. Wood, J. Ae. Sci. 14, 24 and 63 (1947). 


to advantage by Sorg 6 for the analysis of com¬ 
pressible flow through turbines and compressors, 
a related field that is not specifically discussed in 
the present paper. Mach and Crocco vectors, the 
square of whose magnitudes atre N and Z, have 
been found useful for the description of three- 
dimensional adiabatic and diabatic flows. 16a l6b 

In the general case, the differential equations 
obtained in the present treatment do not permit 
of formal integration; but being of first order, 
they are particularly amenable to numerical 
methods. A solution of .the system is shown to 
exist, except possibly at sonic velocity, and the 
behavior of the solution in this neighborhood is 
investigated. From the differential equations 
useful information may easily be obtained about 
direction of changes in the flow variables. 
Choking is shown to be a consequence of a 
certain property of the equations. 

THE ONE-DIMENSIONAL APPROXIMATION 
Basic Equations 

The “one-dimensional” steady-flow theory 
utilizes a model consisting of a perfect gas con¬ 
tained within a duct, across any section of which 
the flow variables are constant. Only the com¬ 
ponent of velocity normal to the section is con¬ 
sidered ; body forces are neglected, and heat, 
whether supplied by combustion, conversion of 
frictional work, or conduction from the walls, is 
assumed to be transferred instantaneously and 
completely but only transversely throughout the 
cross section, which may be of variable area. 
Each flow variable can thus be considered as a 
function of a single parameter, say the distance 
along the axis of the tube, whence the term 
1 ‘one-dimensional. ’ ’ 

The conventional variables—pressure, tem¬ 
perature, density, and velocity in one-dimen¬ 
sional flow—are connected by four relations 
derivable from the first law of thermodynamics, 
the conservation of mass, the second law of 
motion, and the thermal equation of state for 
a perfect gas. The four relations are: 

11 (a) B. L. Hicks, P. E. Guenther, and R. H. Wasserman, 
Quart. Appl. Math. (1947); (b) B. L. Hicks, Quart. Appl. 
Math., accepted for publication in 1948, see also Phys. Kev? 
69, 135 (A), 250 (A) (1946); 71, 476 (A) (1947); Ballistic 
Research Laboratories Report No. 633 (1947). 
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Conservation of energy Cj4T+ VdV=*dQ, (1) 

Conservation of mass d(p VA )=0, (2) 

Equation of motion — dp *= p Vd V+ pdF } (3) 

Equation of state d(p/RpT)~ 0. (4) 

The specific heat at constant pressure c p and the 
gas constant R do not vary in the flow. The 
symbols p, F, p , and T, respectively, stand for 
density, velocity, absolute static pressure, and 
absolute static temperature. The pipe area, 
which may be variable, is represented by A . Heat 
added per unit mass i§ indicated by Q , and work 
per unit mass done against friction by F. Con¬ 
sistent units are used throughout. In Eqs. (l)-(4) 
each variable is to be considered as a function 
of a single parameter, such as the distance x 
along the tube considered positive in the direc¬ 
tion of flow; and, of course, the meaning of each 
differential du is then given by 

du — u'(x)dx. 

Equations (l)-(3) are customarily used 
without explicit recognition of their true meaning 
with regard to the one-dimensional approxima¬ 
tion. The interpretation of the quantity dF in 
particular is often obscure. In order to provide a 
logical, unified basis for the theory, Eqs. (l)-(3) 
are derived in Appendix A; special care is taken 
to keep the derivations within the framework 
of the one-dimensional approximation. 

Applicability 

The validity of the one-dimensional approxi¬ 
mation depends upon the assumption of the 
uniformity of flow conditions across a plane 
normal to the direction of flow. Experience has 
shown that this assumption constitutes an 
adequate approximation in many special cases ; 
in particular, with subsonic turbulent flow in 
long pipes without separation, the reasonably 
flat velocity profile permits the use of equations 
derived on this basis. Van Driest 16 has shown how 
the results of one-dimensional theory for incom¬ 
pressible fluids can be corrected for the effects of 
turbulence and non-uniformity of velocity dis¬ 
tribution in cases where these factors have been 
evaluated experimentally. The corrections to the 

U E. R. Van Driest, A.S.M.E. Trans. 68A, 231 (1946). 
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energy equation are quite complicated, and their 
complexity would be increased for compiessible 
flow. In general there is insufficient experimental 
data available at present to permit formulation 
of such corrections where compressibility, in¬ 
complete growth of the boundary layer, or 
separation of the flow must be considered. 
Although compressibility and boundary layer 
effects are somewhat amenable to calculation, 
the occurrence of sparation is difficult or impos¬ 
sible to predict, and the question of applicability, 
in these cases, of the one-dimensional approxi¬ 
mation must be determined by experiment or 
estimated by experience. 

The one-dimensional approximation would not 
be valid if oblique shocks occur in the flow. Nor 
can normal shocks, if treated as flow discon¬ 
tinuities, be handled in the differential form of 
the present approximation. If, however, in 
Eqs. (1) and (3), dQ and dF are considered to 
depend upon the derivatives of T and F and if 
heat and momentum transfer in the direction of 
flow is allowed, then the equations for con¬ 
tinuous normal shock 17 can be put in the form 
of Eqs. (l)-(4). 

In the development and use of Eqs. (1)—(4) 
various approximations are made, such as 
neglecting the squares of velocity components 
normal to the direction of flow, replacing the 
square of the cosine of the half-angle by unity, 
and assuming the constancy of R and c v . In this 
paper no attempt is made to state under what 
circumstances such approximations are suitable. 

TRANSFORMATION OF EQUATIONS 

Change of Variables 

A canonical form for Eqs. (l)-(4) is obtained 
by taking logarithmic derivatives and choosing 
as a variable the square of the local Mach 
number, 

AP=N=V*/yRT, (5) 

where y is the ratio of the specific heats. This 
choice to obtain simplification of the equations 
is not unique; similar advantages result with 
other dimensionless combinations of velocity 
squared and a temperature. For instance, some 
workers have used the ratio of dynamic tem- 

17 Reference 1, p. 219. 
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perature to total temperature; in Appendix B to 
the present report, the canonical differential 
equations in terms of this variable are given. 

If Eqs. (1)~(4) are divided by c p T , pVA f p , 
and p/RpT , respectively, there result 


V 2 dV dT 


dQ 

7fr' 

( 6 ) 

dA 

A ’ 

(7) 

pdF 

P 

( 8 ) 

0 . 

(*>) 


yRT V T 
dV dp 

T + 7- 

V- dV dp 

7 - 1 -- 

yRT V p 

ft 

dp dT dp 
p T p 


With use of Eq. (5) and the expression for 
dV/V obtained by logarithmic differentiation of 
Eq. (5), 

dV 1/dN dT\ 

-(—+—) ( 10 ) 

V 2\N T/ 

and, upon elimination of dp/p, tffere are found 

dQ 


( 7 — l)N dN r (y-l)A7-|<ir dQ 

+ 1+--— S(i e, 

L '2 Jr Cp T 


N 


(II) 


IdN dp 1 dT 
2 N + p 2 T 


7 NdN dp yNdl 
2 N p 2 7 


dA 

-=dof, 

A 
dF 


( 12 ) 


— = (13) 


where the dimensionless quantities d6, da , and 
dp have been introduced to simplify the following 
analysis. 

Solution for Logarithmic Differentials 

If the determinant formed by the coefficients 
of dN/N, dp/p , and dT/T in Eqs. ( 11 ), ( 12 ), 
and (13) is not identically zero, the equations 
may be solved uniquely for these three differ¬ 
entials. As the determinant in question is pro¬ 
portional to ( 1 — N), which vanishes only for 


m 


N~l, the solution is obtained as follows: 

dN/N -(1 - N)~'{ ( 1 - +yN)d$+t2+ ( 7 - l)N^dp 
+ [2 + (y-1)W*}, (14) 

dp/p = {l-N)~ l l-yNd8 

-ll + (y-l)Nldp-yNda}, (15) 

dT/T= (1 - 7V)- l [( 1 - y N)d6- (7 -1 )Ndp 

-( 7~1 )NdaJ (16) 

It is also convenient to record the differential 
expressions for the density p and velocity V : 

dp/p = dp/p-dT/T=V-N)~ l 

X(-dQ-dp-Nda), (17) 

dV/V=(dN/N+dT/T)/2 

« (1 -N)~ l (de+dp+da). (18) 

Application of Second Law of 
Thermodynamics 

The first law of thermodynamics was used in 
the formulation of the basic equations; the 
second law of thermodynamics may be employed 
to furnish additional information, 'ihe entropy 
differential dS for a perfect gas is given 18 by 

dS/c,-dT/T-l(y-l)/ y yp/l> 

= dd+[_{y — \)/y~]dp. ( 19 ) 

The second law of thermodynamics then states 

0 ^ dS/c p - dQ/cpT « [(7 — 1)/ 7 yip. ( 20 ) 

The relation*, according to Eq. (19), that 

dS/Cp~ (dd+dp-\-da) —dp/y — da. 

when used with Eq. ( 20 ), results in the in¬ 
equalities 

d0^dS/Cp~dfi—dp/y — da^dfi — da } ( 21 ) 
where dfi^dd+dp+da. 


DISCUSSION OF EQUATIONS 
Remarks on Integration of Equations 

Equations (14)—(16) can be rewritten as 


N' 


N I +7 N N 2 + ( 7 -l )N 

*=- Q f H- F f 

1 -N c p T 1 -N RT 

N 2+(7-l )N 
- 

\-N A 


( 22 ) 


18 P. S. Epstein, Textbook of Thermodynamics (John 
Wiley and Sons, Inc., New York, 1937), p. 63. 
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P yN p l + (7-l)JV 

- Q> - p> 

1 -Nc p T 1 -N RT 


(23) 


T 1 -yN T (y-l)N 

T , __ ' Qf ' pf 

~1-N c p T ^ ~1 -N RT 


T 

+*- 

1 —iV 


(t-1 )N 


■A', 


(24) 


when' the primes indfcate differentiation with 
respect to x. This system clearly satisfies, except 
at A r -=1, the conditions of the fundamental 
existence theorem 19 when Q, F , and A are dif¬ 
ferentiable. Hence a solution exists except at 
sonic velocity and may l>e obtained formally 
when possible, and by standard numerical 
method* otherwise, as soon as the functions Q, 
F, and A (or their derivatives) are specified. 
More generally, the system may be solved in 
similar fashion for any three of the variables N, 
p , F, Q y Fy and A as functions of jc, when the 
variation vith x of the other three is prescribed. 
Also it may be noted that as all the foregoing 
variables arc* functions of one parameter, any 
two may be considered as functions of each other 
under suitable circumstances. 


Direction of Change of Flow Variables 

In practical as well as in theoretical work it is 
frequently useful to be able to determine the 
direction of change of (low quantities with 
respect to heat addition, friction, or area vari¬ 
ation without troubling to get quantitative 
information from integrated forms. Equations 
(14)—(18) or (22)-(24) permit the specification of 
signs of derivatives at any particular point and 
also throughout certain regions of flow. Thus 
Eq. (14) shows that in subsonic flow the effect of 
positive O'y p!> or ot' r is to increase N , whereas for 
supersonic flow the effect is to decrease N. When 
the derivatives have different signs, the net 
effect will depend upon the algebraic sum of the 
separate contributions. 

As an example of the use of this technique, 

19 L. Bieberbach, Theorie der Differ mtialgleichungen 
(Julius Springer Verlag, Berlin, 1930), pp. 34-35. 


suppose heat is added to a fluid in a constant- 
area pipe, with negligible friction; that is, S' jprfO, 
/sca'ssO. It is easily seen from Eqs. (14) 
through (18) that for the entire range of N from 
zero to infinity 

(l-N)dN/dQ^0y (25) 

dp/dN^Oy (26) 

(l-yNr l dT/dN^0y (27) 

dp/dN^ 0, (28) 

i dV/dN^O. (29) 

These results are given by Hicks. 18 By use of the 
chain rule for the derivative of a function of a 
function, the sign of the derivative of any of the 
flow variables with respect to any of the others 
may be obtained; thus, from Eqs. (25) and (29) 
it is clear that 


dV 

(1_A0—«(1-A0 

dQ 


dVdN 
dN dQ~ ’ 


(30) 


As another example, consider the flow in cir¬ 
cular cylindrical pipes with heat addition and 
with friction; that is, 0'^0, p! ^0, a'sO. (See 
also related discussion by Nielsen.) 8 Equation 
(14) will be used to determine the direction of 
change of N with respect to x. If the heat addi¬ 
tion is only through the wall, which is at tem¬ 
perature T W y the heat added per unit mass of 
fluid in passing a distance dx along the tube is 
given by 

p VA dQ = h(T w — T) (irDdx ), (31) 

where D is the tube diameter, and h the local 
surf ace-to-fluid coefficient of heat transfer in 
heat units transferred per unit temperature dif¬ 
ference, per unit area. 2014 Jn conjunction with 
Eq. (11), Eq. (31) leads to 


dQ A[( F„./ T) — 1 ~\vDdx 

dd = -=- 

c p T c p p VtD 2 /4: 

4*[(r w /r)-i]djg 

c p pVD 


(32) 


The expression for frictional work done is 


20 W. H. McAdams, Heat Transmission (McGraw-Hill 
Book Company, Inc., New York, 1942). (a) Eq. 2, p. 135; 
(b) Eq. 8> p. 119; (c) Eq. 1, p. 162. 
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assumed to be givcn 20b (see also Appendix A) by 


JVHx 

dF -, 

2(0/4) 


(33) 


where / is the Fanning friction factor. From 
Eqs. (13) and (33) it follows that 


dF IfyNdx 
RT~ D 


(34) 


If Reynolds’ analogy is valid, h may be replaced 20 ' 
by CppVf/ 2, whence Eq. (14) becomes 

dN/dx = tN/( 1 -N)l\(l+yN)l{T u /T) -1] 

rb [2 + (7 — l)iV] 7 iV 1 2f/D. (35) 

This equation may lx? used to determine the 
direction of change of N with jc, and hence of 
other flow quantities, for various ranges of N and 
of T v /T. For values of (T U /T)<K 1, (maximum 
rate of cooling), dN/dx is positive for values of 

l>AT>[-7 + (7(57 - 4)) *]/27(7 — 1) =0.58 

for 7 = 1.4; that is, the effects of friction in 
increasing the Mach number^ overbalance the 
effects of the cold walls in lowering it if 1 >M 
= W*>0.76 for 7 = 1.4 If 1 then (dN/dx)< 0, 

and acceleration of frictional, supersonic flow by 
convective cooling appears to be impossible. 
This behavior of compressible gases affects the 
design of supersonic wind tunnels. 21 Acceleration 
of frictionless supersonic flow by cooling should, 
however, be possible 913 . 


Behavior of Solution at Sonic Velocity 

The differential equations (14)-(18) must be 
examined as to behavior at the singular point 
iV=l. In order that the logarithmic differentials 
may be defined at this point, it is necessary that 

dfiszdd+dn+da^Q at iV=l, (36) 

because each logarithmic differential is propor¬ 
tional to d0/(l — N) there. If dpj*0 upstream 
of the end of the duct, N can equal 1 only at the 
end of the duct. This situation is illustrated by 
the “choked” converging nozzle and by the fric¬ 
tional diabatic flow, which is treated in the 
previous section. Equation (36) is formally 


11 F. Clauser, Phys. Rev. 71, 465A (1947). 


satisfied at the end of a duct where dd , dp, and 
da may be considered to vanish for all values of 
N. 

Between the ends of a duct, however, dfi must 
always vanish where iV = 1. This condition shows 
that at iV=l arbitrary variations of dd , d/x, and 
da arc not possible. A specific illustration is the 
ideal nozzle in which d$=dn — 0; according to 
Eq. (36), da is then restricted to the value 0, 
which means that the area has a stationary value 
at N— 1 . This is the well-known result that sonic 
velocity can be attained only in the throat of an 
ideal nozzle in shockless flow. A quite similar 
treatment applies for the cases where dd and d/x 
are the quantities to be investigated (see per¬ 
tinent material in references 5-14 and 21). Con¬ 
dition (36), which was necessitated by the 
presence of the determinant (1 —i\T)/2 in Eqs. 
(14)-(18), is thus seen to provide a unification of 
the treatment of the flow behavior in the neigh¬ 
borhood of sonic velocity. 

Combination of the second law of thermo-r 
dynamics with Eq. (36) also yields limitations on 
the behavior of the flow at N— 1. According to 
Eqs. (21) and (36), at sonic velocity 

de^dS/c p ^ — da = dA / A . (37) 

These results may l)e stated in words to the 
effect that in converging or constant-area 
channels at N= 1, neither the heat term 
dd — dQ/c p T nor the entropy term dS/c p can be 
positive. In diverging channels these two terms 
may be either positive or negative. If either d$ 
or dix is everywhere 0, relation (21) yields more 
detailed results. For example, if d0^ 0, then at 
N— 1, by Eqs. (36) and (20) 


d fj. = — da 

= [7/(7-l)]rfSA P S0, (d0 = O, N=\). 

Continuous flow with friction and without heat 
addition at sonic velocity cannot, therefore, occur 
in a converging channel. 7 

A more complete treatment of the behavior of 
the flow when N— 1 between the ends of the duct 
is obtained by considering second-order terms. 
As N approaches unity, Eq. (14), which may be 
written 

N'/N= {(l+7W+[2+(7-DW 

+[2+(y-1)W/(1-JV), 
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takes the form 0/0. For the evaluation of this 
limit, L’Hopital’s rule gives after some calcula¬ 
tion 

No' - [*,W+ (l ■ +yW'V( - No'), 

where subscript 0 denotes value of function at 
1. The solution for No' is 

iV 0 '= ~^72=b[(^o/2) 2 ~(l+7)^o"]^ (38) 

The double-valuedness of the derivative at N— 1 
will hive important consequences in that a 
unique solution of thi equations may not be 
obtained when N= 1 along the flow path. In 
genera!, it will be possible to continue the solu¬ 
tion from iV=l along either of two paths, 
depen ling on the choice of sign. In certain cases, 
depending on the signs of 0 O ' and /3 0 ", one sign 
will correspond to continuation into subsonic 
flow, the other into supersonic; otherwise the 
two choices will correspond to different con¬ 
tinuations into flow of the same character. This 
result means that specification of initial condi¬ 
tions and of variation of dO , dp, and da alone is 
not sufficient to insure a unique solution if N 
becomes unity along the flow. In the event that 
the* radicand is zero, it is possible that only one 
solution is obtained ; or it may happen that some 
higher derivative is double-valued with resulting 
ambiguity of solution. The analysis for this case 
is somewhat involved and will not be continued 
here. 

Tt is interesting to note that a less general 
problem of the same nature has been presented 
by Lorenz 22 and Prandtl and Proell. 28 Some of 
this work is possibly more accessible in Stodola’s 
book. 24 

The Phenomenon of Choking 

The general equations (11)—(13) impose re¬ 
strictions on the relations between the flow 
variables and the heat, friction, and area vari- 
atiorf. When these restrictions take the form of 
upper or lower limits on mass flow, the associated 
phenomena are termed “choking” processes. As 
an example, it is well known that the ideal nozzle 

n H. Lorenz, Phvsik. Zeits. 4, 333 (1903). 

*» L. Prandtl and R. Proell, V.D.I. Zeits. 48, 348 (1904). 

i4 A. Stodola, Steam and Gas Turbines (McGraw-Hill 
Book Company, Inc., New York, 1927), pp. 98-101. 


has for given subsonic entry conditions a maxi¬ 
mum mass flow beyond which the discharge 
cannot be increased no matter how much the exit 
pressure is lowered. Another case is “thermal 
choking,” wherein the entrance Mach number 
and hence mass flow in diabatic, frictionless, 
constant-area flow is limited for given heat 
addition despite indefinite reductions in outlet 
pressure. 18 

The nature of choking may be studied with the 
help of Eq. (22), which was derived simply from 
the basic equations. It will be shown that unless 
heat, friction, and area variation are such that 
(1— N) times the right-hand side of Eq. (22) 
changes from positive to negative as x increases, 
the Mach number in the tube cannot become 
greater than 1 if the entrance velocity is subsonic 
and cannot become less than 1 if the entrance 
velocity is supersonic, provided that the flow 
variables remain continuous. 

For convenience, designate by Y the factor 
(1 —N) times the right-hand side of Eq. (22). 
The quantity Y is seen to consist of a sum of 
terms in QF\ and — A' multiplied by functions 
of N that are always positive. (In the event that 
only one of the terms Q\ F ', and — A' is not 0, 
Y becomes merely the derivative of the heat 
added, the frictional work, or the area, multiplied 
by a simple function of the flow variables; then 
positive Y corresponds to the case of heat addi¬ 
tion, friction, or a converging duct.) 

Suppose first that Y is always negative. Then 
if the flow at the entrance section X\ is subsonic, 
dN/dx = (l — N)~ l Y<0, and the Mach number 
decreases; if the entering flow is supersonic, 
dN /dx = {\ — N)~ l Y>0, and the Mach number 
increases. 

Suppose now that Y is always positive. Then, 
if the entering flow at Xi is subsonic, dN/dx 
= (1 — AO" 1 F> 0, and the Mach number increases. 
But N cannot increase past unity as x increases. 
For suppose AT=1 at x=Xo and is greater than 1 
in the right-hand neighborhood of xo (exclusive 
of xo); then dNJdx is negative in this neighbor¬ 
hood, because (1 —N) is less than 0 and Y is 
greater than 0. Now N is equal to unity at 
x=xo, is continuous, and has a negative deriva¬ 
tive in the neighborhood mentioned. Hence N 
is less than 1 in this neighborhood, which con¬ 
tradicts, the assumption. Therefore N cannot be 
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Fig. 1 . Fluid elements considered in deriving the equa¬ 
tions of energy and mass conservation. 


greater than 1 if Y is always positive, N is con¬ 
tinuous, and AT(jci) is less than 1. In general, no 
continuous solution exists for values of jc>jco if 

Y is always positive. This statement, and the 
foregoing proof, are valid even if N'(xo) does not 
exist. An analogous development may be' made 
for iV(jcO greater than 1 with the conclusion that, 
with Y positive and N continuous, N cannot be 
less than 1. 

If F changes from positive to ••negative at 
x=Xo, however, the value of N may cross unity 
at that point, but if Y is initially negative, N 
goes away from unity as previously shown and 
can only turn toward unity if Y changes from 
negative to positive; this change must be made 
at some value of N other than 1. After Y has 
changed to positive, the situation reduces to the 
case that Y is always positive, with the N where 

Y changes sign now taken as the entrance N, 

It has been shown that up to some fixed point 

in the tube, which can be either the exit or the 
point at which V changes from positive to 
negative, N and, therefore, the Mach number do 
not become greater than 1 if the entering velocity 
is subsonic nor less than 1 if the entering velocity 
is supersonic. Furthermore, if Y is positive up 
to the point at which N is limited, the derivative 
of N before this point is always positive if the 
entering flow is subsonic and is always negative 
k if the entering flow is supersonic. Thus, for posi¬ 
tive Y and subsonic entrance velocity the en¬ 
trance N cannot exceed some limiting value less 
thati 1 determined by the particular (?, F, —A 
variation, for N is always increasing from its 
initial yalue and cannot exceed 1; and, by 


analogous considerations for positive Y and 
supersonic entrance velocity N cannot be less 
than some limiting value greater tJ#j# 1. This 
limitation is essentially tb$ choking £&eobmcnon. 

The specific form this limitation ta&es Is not 
easily stated in the general case, because the 
choice of which factors are to be held constant 
and of which variables are to be considered 
limited determines the particular form of the 
restrictions. Numerical results for some particular 
cases are given in references 7, 13, and 14, among 
others, to illustrate the -nature of possible 
results. It is felt that additional special cases 
should be investigated before a thorough study 
of the general case is attempted. 

APPENDIX A 

Derivations of Three Basic Equations 

Conservation of Energy 

The first law of thermodynamics applies to 
energy changes between two states of a system 
enclosed within a surface. Let the system (Fig. 1) 
be the gas of mass Am that is contained in the 
initial state within the tube walls and the sections 
at jci and x 2 and in the final state within the tube 
walls and the sections at £i and f 2 ; Xi, x 2l and £i 
are arbitrary, and is determined by the condi¬ 
tion that the mass between X\ and equal the 
mass between x 2 and f 2 . When m(x) is defined 
as the total mass of gas contained within the 
duct between the sections # = 0 and x=x, the 
definition of Am becomes 

Am^m(x 2 )—m{xi) =m(f 2 ) — i). (39) 

Let U(x) denote the internal (thermal) energy 
per unit mass of fluid, p{x) the static pressure, 
V{x) the gas velocity, A(x) the cross-sectional 
area of the duct, each taken at the section x ; and 
Q(x) the heat (in mechanical-energy units) added 
from walls or by combustion*** to a unit mass of 
the fluid during its passage from = 0 to x~x. 
Then the first law of thermodynamics says for 


*** Actually, the heat liberated by combustion might be 
considered as part of the internal energy; or the external 
surroundings might be considered to include the fuel; or 
the first law might be generalized to include heat sources. 
The treatment given here is convenient but must be 
understood to require some justification on one of the bases 
mentioned. 
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steady flow that 


Conservation of Mass 


I (.U+\V*)dm- I {U+mdtn 

•'wt(fi) Jmixi) 

I Qdm— I Qdm 

"»(ti) •'m(xt) 

~[•/* f pAdx^, (40) 

As Adx** (l/p)dm, where p(x) is the density of 
the gas, Eq. (40) becomes 

£ 


,*n(h) 


(U+hV*-Q+p/ P )dm 




m(x i) 


(i U+\V*-Q+p/p)dm (41) 


when the limits of integration are changed. 

Provided that the integrand is continuous 
(which requirement excludes shock), the ex¬ 
pression on the right-hand side of Eq. (41) may 
be written, by the theorem of the mean for 
integrals: 

[w($i)-m(xi)]/(mi*), 

where f(m*) indicates the value of the integrand 
at some w=Wi*, m(xi) <m* <m(£i). The in¬ 
tegral on the left-hand side yields a similar 
result, with subscript 1 replaced by subscript 2, 
whence, by virtue of Eq. (39) 


K m *) =/(«!*); w(*i) <"*i* <™(ti), 

m(x 2 ) <m 2 * <m(£ 2 ). (42) 

As fr-i>Xi, £ 2 —>x 2 , this equation becomes 

J[m{xi) ] =/[m(x 2 ) ]. (43) 


The conservation of mass, in the form useful 
here, states that in a steady flow the mass 
entering a closed surface during any time interval 
At is equal to the mass leaving during the interval 
At. Let the closed surface consist of the sections 
at arbitrary (i and x s (Fig. 1) and the portions 
of the duct between these sections, and let At be 
the time required for the mass m((i)—m(x i) to 
enter the surface while mass m(( 2 )—m(x *) flows 
out. The value of xi is arbitrary, whereas $ 2 is 
fixed by the conditions on the time interval. 
Upon definition of t(x) as the time required for a 
fluid particle to travel from origin #=0 to 
At may be defined by 

A/=/( fi) -t(xi) =/({*) -*(* 2 ). (46) 

The law of conservation of mass says that 


pAdx- I 

xi X* 


pAdx. 


(47) 


Upon change of variable, this equation becomes 



(48) 


As before, by the theorem of the mean for 
integrals and condition (46), the integrand must 
be constant, whence 

d(pVA) = 0. (49) 


Equation of Motion 

The vector form of the second law of motion 
for continuous media states that the integral of 
the density of surface forces over a closed surface 


But X\ and x 2 are arbitrary. Hence / is a constant, 
and 

d 

-(U+hV*-Q+p/p)= 0 
dx 

or, since d(U+p/p)=dH , where H is the en¬ 
thalpy per unit mass, 

dQ^dH+VdV. (44) 

For a perfect gas, dH^CfdT, whence the energy 
equation is finally 

dQ^cJT+VdV. (45) 
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is equal to the integral of the density times the 
particle derivative of the velocity over the 
volume enclosed by the surface. 26 For the mass 
of gas contained within the sections at x\ and x 2 
(Fig. 1) and the walls of the duct, the horizontal 
component of the equation of motion becomes 

p(xi)A(xi)-p(x 2 )A(x 2 )+ f Rdx 

J XI 

J f** dV 

p —Adx , (50) 

Z\ dt 

where R(x)dx is the horizontal component of the 
force exerted on the gas 1 by the portion of the 
duct between x and x+dx. For steady flow, the 
integral on the right-hand side may be trans¬ 
formed as follows: 


** dV dx 


J r xi dV r 

p —Adx = I 
*1 dt Jx 


J '*'dV 

—dx = pVAlV(x 2 )-V(x x )~\. (51) 
dx 

** 

It follows from Eqs. (50) and (51) that the 
equation of motion may be written in differential 
form as 

pdA -{-Adp-\~ pVAdV= Rdx. (52) 

Now Rdx may be resolved into two con¬ 
stituent parts, the horizontal components of the 
tangential frictional drag and of the normal 


Ajivt 




Fig. 3. Fluid elements considered in deriving the 
, equation of momentum conservation. 

* H. V. Craig, Vector and Tensor Analysis (McGraw-Hill 
Book Company, Inc., New York, 1943), pp. 355-356. 


pressure reaction. If the half-angle of the duct 
is denoted by <£(*:), the wall surface by o{x), and 
the tangential frictional drag per unit area by 
t(x), from Fig. 2 it is clear that *. 

Rdx = — ( rdo’) cos </>+{pdo) sin^, 
and that 

do = dA /sin<£, 

hence 

Rdx = — {rdo) cos<t>+pdA . (53) 

It is possible to use Eq. (53) directly without 
further analysis if the friction factor is related to 
r by the equation r=/p VV2. In many en¬ 
gineering treatments, however, / is defined in 
terms of the “energy loss due to friction.” In 
order to make this concept of energy loss more 
precise and to make possible derivation of a 
rigorous connection between r and energy loss, 
define F{x) as the work done by unit mass of the 
fluid against friction in moving from the origin 
to position x. The work done in moving the 
entire mass of fluid between x\ and £i to the 
region between x 2 and £ 2 (see Fig. 3) will be com¬ 
puted in terms of the original variables r and o 
and in terms of the new variables F and m. If the 
two quantities are equated and suitably trans¬ 
formed, a relation will be obtained between dF 
and rdo. 

I-et Xu £i, and x 2 be chosen arbitrarily, and let 
£2 be determined by the condition that the total 
mass Am between Xi and £1 equal the total mass 
between x 2 and £ 2 . Let x a be an arbitrary point 
between x\ and £1, and let x & be determined by 
the condition that m(x a ) —m(#i) = m(jct,) — m(x 2 ). 
In particular, if x a =Xu then Xb~x 2 ; if ^o = £i, 
then Xb~ £ 2 . Thus it is seen that, as x a runs from 
Xi to £1, Xb runs from x 2 to £ 2 . 

In order to determine the work done in terms 
of the variables r and <r, the procedure is to move 
thin sections from their original positions, given 
in each case by x a , to their final positions Xb , to 
find the work done by each of them, and then to 
add up the work done for all the sections. 

First, divide the mass Am between and £1 
into smaller elements of mass Aim, A 2 m, • • • A n m. 
(See Fig. 3.) Let A,*<r be the wall surface cor¬ 
responding to the element of mass A*m, and* let 
the duct wall between the initial and the final 
position of A,m be divided into elements of 
length AFor a given A»m it follows from Fig. 3 
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that 

A x m — piAiAiX, 

A,*r = 2icriAiS t 
A,cc=cos0<A,i t 

so that 

A i<r=gtA t m, 

where gi^2vri/piAiCOs<t>i. Each of the quan¬ 
tities p», r t , 0i, and gi is to be evaluated at the 
proper point within A#. 

Finally, from Fig. 3 there exists on A,m a force 
A Fi(s,) } to be overcome by the work against 
friction, equal to 

4 

’ T(s y )A,-<r(sy) = r(sy)g 1 (jy)A < m, 

* where it is convenient to consider r and <r as 
functions of $, inasmuch as frictional drag and 
the extension of an element of fixed mass depends 
on the position of the element in the tubes. 

For any element of mass A t m then, an approxi¬ 
mation (the accuracy of which depends on the 
size of A»w) to the work done by A,w in going 
from section x a to section Xb is 

j(xft) k 

lim 23 AFi(sj)AjS = lim 23 r(sy)gi(sy)A<mAys: 

AfS—*0 *(*«) AT—» * jmm 1 

Ay$—»0 

= A,m I r(s)gi(s)ds. 

It follows that the corresponding approximation 
to the work done by the entire mass Am is 

n f 1 

t\ I r(s)gi(s)ds A,m 

and, as the approximation becomes more and 
more accurate as the largest Abecomes smaller 
and smaller, the expression for the work done 
against friction when the entire mass between x\ 
and (■i is transported to the position between Xu 
and {2 becomes 


described is equal also to 




pn ( tt ) 

lim 

£ £ AjFAtm — 

I 1 dFdm 

A/F->0 
Am -* 0 

i i 

Jtn(xi) JF[m(x 0 )] 





= f J 

| (dF/ds)dsdm (55) 



V 


whence it follows, since the intervals for both 
integrations are arbitrary, that 

dF/ds — rg (56) 

and 

2vr rd<r 

dF= - 

pA cos <t> 2irr 

whence 

(rdc) cos$ = cos 2 <f>pAdF. (57) 

Because, for the small angles usually under con¬ 
sideration, cos 2 <t> is very nearly unity (for a half- 
angle of 6°, cos 2 <t> = 0.989), the retention of this 
factor except for particularly precise work would 
not seem justifiable. Hence Eq. (53) may be 
written 

Rdx= — pAdF+pdA. (58) 

The differential equation of motion is finally 

-dp = P VdV+pdF. (59) 

The connection between dF and the differential 
loss in stagnation pressure (— dp t ) can, with the 
help of Eqs. (14) and (15), be expressed in the 
form 

— dpt dF 7 NdO 

- —+-. (60) 

p t RT [2+ ( 7 -l) tT\ 

Thus except for the limiting case of incom¬ 
pressible flow, (—dpt) and dF cannot be used 
interchangeably in defining the friction factor 
even for the adiabatic case where d0=O. 

APPENDIX B 


£{/ 

i~ lit/. | 




T(s)gi(s)ds [A <m 


(»w(jca<) ] 


/•«[*»(*&)] 


j J 


r(s)g(s)dsdm. (54) 


(*i) «'•[»»<*•>] 


The Z Language 

In the place of N— V*/yRT the equations may 
be formulated in terms of Z, defined through 

Z=(V>/2c p )/(T+V*/2c p ). (61) 


It is clear that the work done against friction The numerator is the so-called dynamic tem- 
when the entire mass is moved as previously perature, the denominator is the total tem- 
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perature. Z and N are related by 

Z=[(7-l)iV]/[2 + (7-l)iV], (62) 

N-2Z/(y-i){t-Z). (63) 

This replacement represents a one-to-one trans¬ 


formation of N into Z in the range 0 to infinity 
for N, 0 to 1 for Z. 

In order to illustrate the form that some of the 
earlier equations take under this transformation, 
Eqs. (14)-(16) are written in terms of Z, 


dZ 

Z 

dp 

P 

dT 

T 


- ---11—3[ 1 + ( — )z]dd+ (1 -Z)dn+ (1 - Z)da |, 

l-C(7+l)/(7-l)]Zl 2 L \ 7 -l/ J I 

2 / 7 1+Z 7 \ 

-1- Zdd —dfi - Zda I, 

l-[(7+l)/(7-l)lZV 7-1 2 7-1 / 

---— —)de-Zdp-Zda\. 

l-[(7 + l)/(7-l)]ZLV 2 7-1/ J 

ft 


(64) 

(65) 

( 66 ) 


Crystalline Aggregation of Cobalt Powder® 

J. T. McCartney 1 * and R. B. Anderson® 

(Received April 28, 1947) 

In electron microscopic studies of Fischer-Tropsch catalysts, an interesting phenomenon was 
observed in cobalt metal powder reduced from cobaltous oxide. The oxide particles sintered 
into larger smooth droplets of cobalt that were aggregated into thin hexagonal-shaped platelets. 
X-ray diffraction analysis showed the presence of the hexagonal crvstal phase of cobalt. A 
possible explanation is that the aggregates are formed by forces similar to those operating in 
normal crystal formation but of reduced magnitude insufficient to destroy the identity of the 


component particles. 


N the course of examination, with the electron 
microscope, of various components of cobalt 
catalysts used in the Fischer-Tropsch synthesis of 
liquid and solid hydrocarbons from mixtures of 
carbon monoxide and hydrogen, an interesting 
phenomenon was observed in cobalt metal 
powder reduced from the oxide. The cobalt was 
prepared by precipitation of cobaltous oxide from 
cobaltous nitrate with aqueous ammonia, reduc¬ 
tion of the oxide in hydrogen at 250°C, and 
stabilization of the metallic cobalt against rapid 
oxidation by exposure to carbon dioxide at liquid 
nitrogen temperature. Figures 1 and 2 are 
electron micrographs showing the relative sizes 
and shapes of the particles of the oxide and the 


* Contribution from the Central Experiment Station, 
Pittsburgh, Pennsylvania. Published by permission of the 
Director, Bureau of, Mines, U. S. Department of the 
Interior. 

b J. T. McCartney, Physicist, Coal Constitution and 
Miscellaneous Analysis Section, Bureau of Mines, Pitts¬ 
burgh, Pennsylvania. 

• R. B. Anderson, Physical Chemist, Office of Synthetic 
Liquid Fuels, Research and Development Division, Bureau 
of Mines, Pittsburgh, Pennsylvania. 


reduced metal. Surface area measurements by a 
nitrogen adsorption method 1 gave values of 67 
square meters * per gram for the oxide and 2 
square meters per gram for the reduced cobalt. 
Thus, during reduction, there was an evident 
sintering of the irregular particles of the oxide 
into larger smooth droplets of cobalt metal. 

Such droplets have been observed in several 
other metals prepared and reduced in a similar 
way. In cobalt, however, these particles are more 
or less closely aggregated into hexagonal platelets 
such as shown in Figs. 3 and 4. Varying degrees 
of dispersion in different specimens are illustrated 
in Figs. 2-4. The hexagons vary in diameter from 
7 to 25 microns, and their thickness is apparently 
of the order of the diameter of the component 
particles. The hexagonal shape can be discerned 
also in the optical microscope. X-ray diffraction 
analysis shows that the crystal phase present is 
hexagonal cobalt. The hexagons are quite stable, 

1 S. Brunauer, P. H. Emmett, and E. Teller, J. Am. 
Chem. Soc. 60, 309 (1938). 
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Fig. 1. Fig. 2. 


their presence being obsetf/od in reduced cobalt 
samples which were at least partly oxidized and 
in reduced cobalt partially converted to cobalt 
carbide. 

A possibly related phenomenon is that de¬ 
scribed by Picard and Duffendack 2 in evaporated 
metals. Their electron micrographs of evaporated 
zinc and cadmium show hexagonal crystals of the 
order of 0.1 micron in diameter. These are ex¬ 
plained as resulting from migration and combi¬ 
nation of the condensed atoms of the metals. In 
the Bureau of Mines laboratory, cobalt was 
evaporated onto collodion substrates and ob¬ 
served in the electron microscope. It apparently 
formed nearly continuous films with no observable 
migration into large crystals. Such was the case 
even at elevated temperatures, the cobalt con- 

2 R. G. Picard and 0. S. Duffendack, J. App. Phys. 14, 
291 (1943). 



Fig. 3. Fig. 4. 

Figs. 1-4. Electron micrographs of cobaltous oxide 
(Fig. 1) and of cobalt metal reduced from it, in various 
stages of dispersion (Figs. 2-4). 

densing onto evaporated silica films heated 
probably above 250°C. Since cobalt has a much 
higher melting point than zinc and cadmium, 
higher temperatures may be required for mi¬ 
gration. 

It is suggested that the hexagonal aggregates in 
cobalt are formed by forces similar to those 
operating in normal crystal formation. Since, 
however, the component particles do not lose 
their identity and the aggregates are easily 
fractured, they can hardly be classed as true 
crystals. Possibly the forces acting to combine 
atoms into crystals arc so reduced when the 
combining units are particles of relatively large 
size that only a superficial crystal formation 
occurs. It is not evident why this phenomenon 
has been observed only in cobalt. 
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Surface Studies of Glass. 

Part I. Contact Angles 

L. A. Spitze* and D. O. Richards 
Physics Laboratory, Owens-Corning Fiberglas Corporation, Newark, Ohio 
(Received May 5, 1947) 

The water-repellent nature of glass surfaces treated with different silicones is examined by 
means of contact-angle measurements. Results are given showing the effect of various concen¬ 
trations of silicones, types of glass, temperature of heat treatment, length of time of heat treat¬ 
ment, and surface roughness on the water contact angles. Silicones containing the methyl and 
phenyl group show good heat stabilitv at temperatures of 500°C for short periods of time. 


INTRODUCTION 

* 

I N applying glass to many industrial uses, 
more information is desired concerning its 
surface properties. This information is in¬ 
creasingly important as the surface area-weight 
ratio becomes progressively larger. In Fig. 1, 
the relationship between surface area and di¬ 
ameter of fibers is shown in English and metric 
units. From this graph it can be seen that fibers 
of glass are now being made having a surface 
area more than 50,000 times that pi an equal 
unit weight of bulk glass. These extended sur¬ 
faces present an opportunity for varied physical 
and chemical reactions to occur, and emphasize 
the need for an increasing amount of work on 
surface studies of glass. Such surface phenomena 
may possibly alter or mask many of the basic 
properties of the glass itself with the resultant 
properties being largely influenced by the type 
of surface presented. To learn more about some 
of these properties, different physical charac¬ 
teristics of the surface can be studied. A property 
of prime consideration is the degree of wetting 
of glass surfaces by liquids. Investigations of the 
degree of wetting of glass surfaces by liquids can 
be done readily by measurements of the contact 
angles these liquids form on the glass surface. 
Harkins and others 1 have shown that the con¬ 
tact angle for water, benzene, carbon tetra¬ 
chloride, chloroform, and ether in contact with 
clean glass is zero. A solid is completely wetted 
by a liquid if the contact angle is zero, and in¬ 
completely wetted if a measurable contact angle 

* Present address: Department of Chemistry, South¬ 
western College, Winfield Kansas. 

1 Harkins and Brown, J. Am. Chem. Soc. 41, 499 (1919); 
Richards and Carver, J. Am. Chem. Soc. 46, 1196 (1924). 
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is found. A zero contact angle indicates that the 
liquid attracts the solid as much as it attracts 
itself, a 90° contact angle shows that the attrac¬ 
tion of the liquid for the solid is half that for 
itself, and a contact angle of 180° would mean 
there was absolutely no attraction of the liquid 
for the solid. Because contact angles of 180° are 
unrealizable, complete non-wetting is impossible; 
but solids with liquid contact angles greater 
than 90° art* generally referred to as being non- 
wetted. In such industrial applications of glass 
fibers as flotation mats, water-repellent fabrics, 
and glass-plastic laminates with decreased water 
sorption, a hydrophobic surface is desired. Such 
materials as the long-chain fatty acids or their 
salts, when applied to a glass surface, will make 
it hydrophobic.. Although these materials will 
give a hydrophobic surface, they possess poor 
durability under various conditions, and par¬ 
ticularly poor stability at elevated temperatures. 
Recently a new group of materials has been in¬ 
troduced containing members that also have 
the ability to give a hydrophobic surface to 
glass when treated by them. These materials, 
commonly referred to as the silicones, 2 have the 
distinct advantage of good heat stability. Ma¬ 
terials such as the silcones, when applied to glass 
surfaces, permit the use of much higher tem¬ 
peratures in the applied product than would be 
available for glass surfaces treated with the usual 
organic materials. Thus, more of the inherent 
heat-resistant properties of the glass will be 
available for use in products containing glass 

2 C. A. Scarlott, Westinghouse Engineer 5, 130 (1945); 
H. Hausman, J. Chem. Ed. 23, 16 (1946); H. A. Knight, 
Materials and Methods 23, 1069 (1945); S. L. Bass, Elec. 
Eng. 66, 331 (1947). 
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treated with these materials. In addition, these 
silicones, being largely inorganic materials con¬ 
taining silicon, could be expected to be com¬ 
patible with a clean glass surface and would 
firmly adhere to such surfaces. 

The degree of non-wetting that the silicones 
impart to a glass surface depends on the in¬ 
dividual member, and on the method by which 
the silicone is applied to the glass surface. 

EXPERIMENTAL 

The hydrophobic nature of a glass surface 
treated with various siliA>nes was studied by 
determining the water contact angles. Measure¬ 
ments of contact angles may be made by various 
procedures. Methods most commonly used in¬ 
clude direct measurement of the angle by use of 
photography or projection, tilting plate, 3 sessile 
drop, 4 * or pressure of displacement in capillary 
lubes. The method selected for this study was 
the sessile drop. Determinations are made by 
placing a number of small drops of water on the 
treated glass surface and then measuring the 
dimensions of the drops with the aid of a micro¬ 
scope. The size of the contact angle, 0, is then 
calculated from the relationship 6 tan0/2 = 2A/ri 
where h is the height of the drop, and d is the 
width of the drop at the place of contact with 
the solid. The sessile drop method can be used 
only if the portion of the drop measured is a 
segment of a sphere. It has been shown that if 
the size of the drops is kept smaller than 1 mm 
in diameter, the contact angle attains a con¬ 
stant maximum value that is the advancing con¬ 
tact angle. 4 This method was selected for this 
study because of the ease of adapting the avail¬ 
able equipment, and measurements of a number 
of drops on a treated surface will give an average 
value for the drops placed at various positions 
on the treated surface. 

The apparatus used to determine the contact 
angles of water on the treated glass surfaces con¬ 
sisted of a Bausch and Lomb microscope placed 
in a horizontal position and containing a 10 X 

3 N. K. Adanuand G. J. Jessop, J. Chem. Soc. (London) 

127, 1863 (1925); E. L. Green, J. Phys. Chem. 33, 921 
(1929); R. N. Wenzel, Ind. Eng. Chem. 28, 988 (1936). 

<G. L. Mack, J. Phys. Chem. 40, 159 (1935). 

6 F. E. Bartell, Laboratory Manual of Colloid and Surface 
Chemistry (Edwards Brothers, Inc., Ann Arbor, Michigan, 
1938), p. 85. 


Table I. Contact angles of water on trlchtom- * 
organosilane treated E-glass. 


15 Min. <& °C 

30° 

75° 

125° 

200° 

300° 

400° 

500® 

Trlchloromethylsilane 

97 

99 

104 

103 

101 

96 

94 

Trichlorophenylsilane 

81 

93 

100 

101 

97 

91 

84 

T richloroethy Isilane 

92 

100 

103 

97 

90 

60 

0 

Butyltrichloroailane 

96 

98 

101 

96 

90 

60 

— 

Trichlorooctylsilane 

Trichlorododecylsilane 

98 

111 

99 

108 

101 

107 

96 

103 

86 

84 

0 

35 

0 

Trlchlorooctadecylsilane 

106 

106 

103 

70 

66 

10 

0 


objective. The drop was viewed and measured 
by means of a Bausch and Lomb 12.5 X Filar 
eyepiece. Most of the glass samples used were 
cut to about 1"X$" by J" thick. The smooth, 
uncut, fire-polished upper surface was used in 
the studies. The treated glass sample was placed 
on a stage and brought into the line of sight.by 
a mechanical microscope stage. A Sjxjncer micro¬ 
scope illuminator was used to give a sharp out¬ 
line of the drops placed on the glass surface. 
Drops of distilled water of fairly constant size, 
less than 1 mm in diameter, were placed on the 
treated glass surfaces by means of capillary 
tubes. For some of the treated surfaces having 
high contact angles, it became necessary to 
place the drops on the surface by spraying, as 
the adhesion tension of the water to the glass 
capillary was much greater than that for the 
treated glass surface. No fewer than five separate 
drops in the desired size range were measured 
and contact angles calculated. The glass samples 
were first cleaned with chromic acid cleaning 



Fig. 1. Surface area vs. fiber diameter; solid lines show 
present working range in the fibrous-glass industry. 
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solution and then by Naming. The cleaned glass 
was then dipped in a 1 percent solution of the 
silicone in c.p. benzene, removed and allowed to 
drain a short while, and then placed in an oven 
at the desired temperature. After the sample was 
in the oven the desired time, it was removed and 
allowed to cool. The treated samples were then 
placed on the microscope stage and the dimen¬ 
sions of the drops placed on them were measured 
by use of the Filar eyepiece in the microscope. 

RESULTS 

Values of the contact angles of water were 
obtained for glass surfaces treated with organo- 
silane chlorides and with organosiloxane poly¬ 
mers. The magnitude of the contact angle was 
found as a function of the variables of tempera¬ 
ture, length of time of heat-treatment, type of 
glass, and concentration of the surface treatment. 

Txichloroorganosilanes 

Various members of this particular group of 
silicones were used to treat the glass surfaces. 
These materials were diluted with c.p. benzene 
until a solution was obtained containing 1 per¬ 
cent solids. Contact angles were obtained for 
these materials, first as a function of the tem¬ 
perature, the other variables being held con- 

Table II. Contact angles of water on E-glass 
treated with organosiloxane polymers. 


15 Min. % °C 


30° 

75 0 

125° 

200° 

300° 

| 

1 

31 

45 

67 

92 

101 

99 

96 

31 

40 

46 

82 

102 

97 

91 

44 

25 

31 

43 

49 

90 

101 

97 

97 

80 

25 

44 

61 

91 

91 

90 

91 

91 


Dimetfeyldloxane polymer 
Dietbyislfaxane polymer 


stant. The samples of glass used here were a 
borosilicate glass type containing almost no 
alkali (Na20 or K 2 0) and designated as E-glass 
by Owens-Corning Fiberglas Corporation. After 
being treated with the silicone solutions, the 
samples were placed in the oven at the desired 
temperature and left for fifteen minutes. The 
results of these measurements are shown in 
Table I. The data of Table I have also been pre¬ 
sented graphically in Figs. 2a and 2b. These 
values represent determinations made at dif¬ 
ferent times on different samples of the same 
type of glass. At temperatures below 300°C the 



Fig. 2b. Contact angle-, of water on E-gla^s treated with 
1 percent solution of trichloroorganosilanes vs. tempera¬ 
ture. 


results were most consistent. At the higher tem¬ 
peratures, the results varied somewhat. This can 
be expected from the shape of the curves as 
shown in Figs. 2a and 2b. Because the curves 
are steep in this region, any small variation in 
heating temperature or length of time of heating 
would greatly affect the results. 

The effect of the type of glass l>eing treated 
on the contact angle is shown in Fig. 3. Three 
different types of glasses were used, treated with 
trichlorooctadecylsilane (1 percent solids), and 
heated at the specified temperatures for fifteen 
minutes. The three glass types used were E- 
glass, Pyrex chemical glass, and window glass. 
Chemical analysis shows that these glasses con¬ 
tain different amounts of alkali (Na 2 0 and 
K 2 0). The E-glass has less than 1 percent, the 
Pyrex chemical glass about 4J percent, and the 
window glass about 12J percent of these alkali 
materials. 


m 


JOURNAL OF APPLIED PHYSICS 







Organosiloxane Polymers 

In Table II are shown the results of contact- 
angle measurements of water on E-glass treated 
with 1 percent solutions in benzene of four dif¬ 
ferent organosiloxane polymers. These materials 
were heated at the desired temperature for 
fifteen minutes. The data have been plotted in 
Fig. 4 for visual use of these results. 

It was considered advisable to determine the 
effect of different periods of heating on the con¬ 
tact angles of glass surfaces treated with these 
polymers. In Table III is shown the effect of 
various heating periods up to six hours on 72- 
glass. Three different temperatures were used for 
this study: room temperature, 300°C, and 450°C. 
An upper temperature of 500°C was tried at the 
beginning, but for periods greater than one- 
half hour the results varied widely. Consequently, 
this 44 burning off” region was avoided and a lower 
temperature of 450°C selected. The results ob¬ 
tained are also shown graphically in Figs. 5-7. 



temperature. 

In addition, the effect of various concentra¬ 
tions of the silicones on E-glass was studied by 
contact-angle measurements. A curve showing 
the effect of dimethylsiloxane polymer on E- 
glass heated at 200°C and at 500°C for 15 min¬ 
utes is shown in Fig. 8. A trichloroorganosilane 
was also used to study its effect at different 
concentrations. The results obtained for this 
material are discussed later. 

DISCUSSION 

Before making contact-angle measurements by 
the sessile drop method on silicone-treated glass, 


Table III. Con tact*angles of water on E-glass 
treated with organosiloxane polymers. 


Heating time in minutes 


Material 

Temp. ®C 

15 

30 

60 

180 

360 


50 

31 

37 

38 

40 

46 

Dimethylsiloxane polymer 

300 

101 

104 

104 

100 

— 

450 

101 

93 

93 

81 

81 


30 

40 

53 

54 

55 

55 

Diethylailoxane polymer 

300 

450 

97 

89 

101 

79 

93 

62 

87 

62 

20 


30 

38 

34 

35 

36 

34 

Methylphenylsiloxane 0.5 Ph/Si 

300 

101 

96 

99 

96 

— 

450 

93 

99 

90 

82 

56 


30 

25 

45 

39 

39 

36 

Methylphenylsiloxane 0.0 Ph/Si 

300 

91 

90 

96 

93 

— 

450 

96 

99 

93 

79 

86 


the method was tested by comparing the results 
obtained on some common materials with the 
values of the contact angles for these materials 
as reported in the literature. Measurements made 
of the contact angle of water on paraffin gave 
an average value of 105°, which compares favor¬ 
ably with the values reported elsewhere. 6 A 
photo-micrograph of a drop of water on paraffin 
is shown in Fig. 9. From this photograph it can 
be noted that the drop is a segment of a sphere, 
and the sessile drop method of measurements 
will give the contact angle for drops this size. 

Two additional photo-micrographs of water on 
E-glass treated with dimethylsiloxane polymer 
are shown in Figs. 10 and 11. Figure 10 shows 
the appearance of water on E-glass treated with 
the polymer and heated to 125°C for 15 minutes. 
After the treated glass has been heated to 300°C 
for 15 minutes, the appearance is shown in Fig. 



Fig. 4. Contact angles of water on E-glass treated with 
1 percent solution A of organosiloxane poymers vs. tem¬ 
perature. 


•Int. Crit. Tab. 4, p. 434 (1928); N. K. Adams, The 
Physics and Chemistry of Surfaces (Oxford University 
Press, London, 1941), p. 186. 
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11. This increase of heat raises the contact 
angle 34°. 

Observation of the data in Table I and the 
curves of Figs. 2a and 2b bring out the superior 
heat stability of the trichloroorganosilanes con¬ 
taining the methyl and the phenyl groups. These 
data show that the heat stability as determined 
by water repellency of these trichloroorgano¬ 
silanes is dependent upon the particular organic 
group attached to the silicon. From these results 
it appears that the heat stability of the organic 
groups tested may be arranged in this descending 
order: methyl, phenyl, ethyl, butyl, octyl, 
dodecyl, and octadecyl. The maximum water 
repellency is shown b^ the materials containing 
the dodecyl and the octadecyl groups. Although 
the data in Table I do not show a definite order, 
it is most likely that the arrangement of the or-* 
ganic groups in the order of decreasing water 
repellency would be the reverse of the order for 
heat stability as given above. In particular, the 
methyl group seems to deviate from this arrange¬ 
ment The maximum contact angles shown by 
these materials are all within a 10° range; hence 
any experimental errors may accGlint for the 
fact that the data are not in the orderly arrange¬ 
ment suggested above. The data for the organo- 
siloxane polymers again* show the heat stability 
of the methyl and the phenyl group. For these 
materials, the polymer containing the highest 
ratio of phenyl to silicon shows the best heat 
stability. Although there is very little difference 
in the values for the maximum contact angles 
obtained, the polymer containing the ethyl group 
appears to have a slightly higher maximum con¬ 
tact angle. 
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FiG. 5k Contact angles of water on £-glass treated with 
1 percent solution of organosiloxane polymers vs. heating 
time. 

m 


The curves of Fig. 3 show a noticeable differ¬ 
ence in the contact angles of various types of 
glasses treated with trichlorooctadecylsilane. 
These curves show that the highest contact 
angles are obtained for the glass containing the 
most alkali. Thus it is believed that the higher 
contact angles for window glass and for Pyrex 
glasses are due to the higher alkali content. It 
appears that the silicone materials will attach 
themselves more firmly to the alkali glasses, 
possibly because of a higher surface activity of 
these glasses. Results obtained when a dimethyl- 
siloxane polymer was used to treat these various 
glasses did not show such a difference as exhibited 
by the trichlorooetadecylsilane-treated glasses. 
The two treated glasses containing the most 
alkali did, however, show appreciably higher 
contact angles at treatment temperatures below 
200°C and values a little higher at temperatures 
above 500°C. It is possible that the polymer is 
able to orientate itself somewhat faster on these 



Fig. 6. Contact angles of water on £-glass treated with 
1 percent solution of organosiloxane polymers vs. heating 
time. 

glasses containing alkali and that it is also 
bound a little stronger to these glasses. 

The mechanical condition of the surface of 
the treated glasses influences the wettability to 
a large extent. The effect of the roughness of a 
surface on the contact angles has been recog¬ 
nized 7 as due to a greater net energy change in 
the wetting process caused by a rough surface. 
A drop tending to spread on a rough surface will 
increase the free liquid surface, but the wetted 
area under the drop will increase to a larger 
extent because of the rough surface. Increase of 

7 R. N. Wenzel, Ind. Eng. Chem. 28, 988 (1936). 
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the liquid surface involves a consumption of en¬ 
ergy, while the increase of wetted area under the 
drop involves a release of energy. The difference 
is a net energy change which determines the 
speed of wettirfg on the solid. For a rough solid 
tending to be wet by a liquid, a greater net 
energy decrease is present than if the surface 
were smooth and this causes the rough surface 
to be wetted more thoroughly. For a liquid- 
repeljent rough surface, the same reasoning can 
be applied. For a change in the shape of a drop 
on a rough liquid-repellent surface, more actual 
surface change is involved at the liquid-solid 
interface. As the dry interface has the lower 
specific energy, the net energy decrease is greater 
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Fig. 7. Contact angles of water on /2-glass treated with 
1 percent solution of organosiloxane polymers vs. heating 
time. 

for the rough surface causing the drop to assume 
a more spherical form. A roughened surface 
magnifies the wetting properties of a solid, mak¬ 
ing it either more liquid-repellent or more easily 
wetted. 

The effect of a roughened glass surface on the 
contact angles was investigated briefly. A sample 
of E-glass was roughened by grinding with an 
abrasive and'another sample was roughened with 
an acid etch. These surfaces were cleaned and 
then treated with a 1 percent solution of di- 
methylsiloxane polymer and heated for 15 min¬ 
utes at 300°C. The contact angles obtained on 
these samples gave values of from 120° to 125°, 
depending somewhat on the manner by which 
the surface was roughened. A photo-micrograph 
of the appearance of a drop of water on a 
roughened E-glass surface treated with di- 
methylsiloxaiie polymer at 300°C for 15 minutes 



Fig. 8. Contact angles of water on /2-glass treated with 
dimethylsiloxane polymer at 200°C and 500°C vs. con¬ 
centration. 

is shown in Fig. 12. The contact angle for this 
sample was found to be 124°, or an increase of 
23° over the value of a treated smooth surface. 
The industrial applications of the surface rough¬ 
ness of materials, as an aid to water-rcpellency, 
are being studied and evaluated at the present 
time. 

The effect of various lengths of time of 
heating these treated glass surfaces is small at 
room temperature. The data in Table III and 
Figs. 5-7 show, also, that at 300°C there is a 
small effect, if any, because of variation in length 
of time of heating these treated samples. Two 
of the samples appear to have a slightly larger 
contact angle as the time is increased to 30 min¬ 
utes, but the effect is small. At 450°C, a more 
noticeable effect begins to appear. At this higher 
temperature, some of the material is beginning 
to burn off. This is particularly so for the di¬ 
et hylsiloxane polymer, and to a lesser extent for 
the methylphenylsiloxane polymer (0.5 Ph/Si). 
The data for the diethylsiloxane polymer also 
show a drop in contact angle with time up to 
60 minutes, then remain steady until it begins 
to burn off. This drop may be due to the fact 
that equilibrium for this material is not reached 
at the higher temperatures until after 60 min¬ 
utes. This effect is also somewhat noticeable for 
the dimethylsiloxane polymer. 

The effect of different concentrations of the 
silicones on glass is significant, particularly at 
the lower concentrations. The data in Fig. 8 
show the -effects of varying the concentration of 
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Fig. 9. Appearance of a drop of water on a paraffin surface; 
contact angle 105°. 

dimethylsiloxane on 2s-glass and then heating 
at 200° and at 500°C for 15 minutes. The data 
show that an increase in concentration raises the 
contact angle at a particular temperature. This 
is most pronounced at the higher temperature 
and the lower concentration. At 500°C the 0.1 
percent solution burns off, but the 1 percent 
solution gives a high contact angle. The 0.1 
percent solution, although heated at 200°C, is 
not destroyed and gives a high angle. Although 
experiments were not tried at lower concentra¬ 
tions, it is believed that lower concentrations of 
dimethylsiloxane polymer would yield lower con¬ 
tact angles for the 200°C curve. Thus if these* 
experiments had been conducted at lower con- 


f 



Fig< 10. Appearance of a drop of water on an 22-glass 
surface treated with a 1 percent solution of dimethyl- 
siloxane polymer and heated for 15 minutes at 125°C; 
contact angle 67 0 . 


centrations, the resultant contact angle vs. tem¬ 
perature curves would very probably have been 
lower and burned off at considerably lower tem¬ 
peratures. The increase of the contact angles re¬ 
sulting from increase of concentration may be 
due in part, at the higher temperatures, to an 
increased surface roughness. This roughness is 
probably caused by deposition of some SiOa on 
the glass by the high heat, and any undestroyed 
silicone will give the necessary water-repellcncy 
necessary to obtain the higher contact angles. 
The concentration effect in-the case of the tri- 
chloroorganosilanes is not as pronounced as that 
of the organosiloxanc polymers. However, at the 
higher temperatures and lower concentrations, a 
noticeable drop in the values for the contact 
angles was apparent. These materials would also 
be expected to give values of contact angles 
somewhat lower as the concentration is de¬ 
creased, but not to such an extent as that shown 
by the organosiloxanc polymers. 

Water-repellent glass in the form of fine fibers 
has proved to be very useful. For example, these 
treated glasss fibers have proved their superiority 
over other materials as buoyant materials for 
Navy life preservers. 8 This superiority is due to 
their fire- and mildew-proofness, superior buoy¬ 
ancy, ability to withstand repeated wetting and 
drying with little loss in efficiency, and the fact 
that the treated glass fibers can be produced in 



Fig. 11. Appearance of a drop of water on an 22-glass 
surface treated with a 1 percent solution of dimethyl¬ 
siloxane polymer and heated for 15 minutes at 300°C; 
contact angle 101°. 


• A. L. Holden, U.S.N. Inst. Proc. 72, 1327 (1946). 
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uniform quality. Such treated glass fibers have 
been adopted by the Navy as standard material. 8 
In addition, these silicone-treated glass fibers 
have shown their value in reinforced plastics. 9 
Their water-repellent properties have been very 
useful in increasing wet strength of these lami¬ 
nates. The wet strength of cloth laminates, in- 
proved by the application of a silicone solution 
to the glass fibers, has been brought up to a 
point nearly equal to the dry strength. 10 

This paper shows the results of contact-angle 
measurements of only a few of the many possible 
types of silicone materials. More information 
obtained on the other types of silicone materials 
available, when applied to glass and other ma¬ 
terials, will be of utmost importance. Studies 
other than contact-angle measurements will also 
prove their worth in evaluation of surface proper¬ 
ties of surfaces treated by the silicones. 

CONCLUSIONS 

The values of the contact angles of water on 
glass surfaces treated with various trichloro- 
organosilanes and organosiloxane polymers show 
the good water-repellency properties these ma¬ 
terials bestow on a glass surface. In addition, the 
superior heat stability of these materials is 
demonstrated. Of the various organic groups in 
the silicone molecule, the methyl and phenyl 
impart the best heat-resistant properties, and 
the dodecyl and octadccyl give the materials 
their best water-repellency. The value of in¬ 
crease surface roughness in giving better water- 

9 P. L. Alger, Gen. Elec. Rev. 50, 12 (1947). 

10 G. F. Nordenholt, Prod. Eng. 18 , 160 (1947). 



Fig. 12. Appearance of a drop of water on a roughened 
surface of E-glass treated with 1 percent solution of 
dimethylsiloxane polymer and heated for 15 minutes at 
300°C; contact angle 124°. 

rcpellency also is shown. Finally, the effect of 
variations in the concentrations of these silicones 
when applied to the surfaces is given. It is recom¬ 
mended that concentrations no lower than 1 
percent solids be used when maximum heat 
stability and water-repellency is desired. 
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An Apparatus for the Observation of the Kerr Effect with 
Microsecond Electrical Pulses 

Wilbur Kaye and Richard Devaney 
Tennessee Eastman Corporation , Research Laboratories , Kingsport , Tennessee 
(Received May 9, 1947) 

An apparatus for the observation of the Kerr electro-optic effect in liquids and polymers 
using microsecond electrical pulses, is presented and evaluated. This method offers a convenient 
way of studying internal motions and molecular configurations of polymeric material with a 
minimum of heating usually accompanying these observations. Electrical pulses of from 
1- to 1000-microsecond width, 60-1000 p.p.s., at amplitudes up to 5000 volts are generated by 
conventional methods. These pulses are used to orient low molecular weight and polymeric 
materials placed between the plates of a condenser. The circular polarization induced in the 
polarized light passing between the plates actuates a photo-multiplier tube in order that the 
light pulses may be studied with an oscillograph. 

Curves of Rerr constant versus temperature at temperatures to — 80°C are compared with 
the literature. Oscillograms showing the response of several liquids and polymers are shown. 
Oscillograms showing an interesting difference between orientation and relaxation time are 
presented, as are oscillograms showing clearly both orientation and distortion polarization 
simultaneously. 


B RIEFLY the Kerr electro-optic effect rs con¬ 
cerned with the elliptical polarization in¬ 
duced in a material subjected to an electrical 
field. 1 It is the airn of this paper to present the 
instrumental details and the evaluations neces¬ 
sary to utilize this Kerr effect for the stud} of 
internal motions and molecular configurations of 
organic liquids and polymers. 

The instrument described in this report utilizes 
pulsed electrical fields for the study of the Kerr 
effect. This method offers the advantage of 
minimizing heating effects in the material under 
investigation, and permits one to study the nature 
of the orienting effect in a more direct manner 
than has hitherto been accomplished by the use 
of sinusoidal electrical fields. 2 A circuit similar to 
that used here was described by Pauthenier 8 
using pulsed .condenser discharges. However, 
Pauthenier had no direct method of studying the 
shape of the response wave as is now practical 
by use of the oscillograph. 

Figure 1 shows a photograph of the exterior of 
the apparatus, which in conjunction with Fig. 2, 
a block diagram, will be used to explain the 
^ methods by which the Kerr effect may be pro¬ 
duced and observed. 

Electrical pulses of the order of a few micro¬ 
seconds width are generated every hundredth of 

1 J* Kerr, Phil. Mag. 50, 337, 446 (1875). 

, 1 J. W* Beams, Rev. Mod. Phys. 4, 133 (1932). 

• M. J. Pauthenier, J. de phys. et rad. 2, 183, 384 (1921), 
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a second by the pulse generator. The high voltage 
amplifier then boosts the voltage of the pulses 
to several thousand volts amplitude without 
serious distortion. This electrical pulse on the 
plates of the Kerr cell causes the plane-polarized 
light passing through the sample to be circularly 
polarized ; hence, it passes through the analyzing 
Nicol which is crossed with respect to the 
polarizing Nicol and oriented 45° with respect to 
the field in the Kerr cell. The light pulse subse¬ 
quently produced by the electrical field actuates 
the photo-tube, wherein it is converted into an 
electrical signal that can be amplified and studied 
with the oscillograph. 

Ordinary low molecular weight compounds are 
capable of orienting in an electrical field within 
10~* second ; 4 hence, the wave shape* of the optical 
pulse is very nearly the same as that of the 
electrical pulse, provided certain restrictions of 
wave form and amplitude are made. On the other 
hand, there are materials composed of large 
molecules in a viscous medium which do not 
follow the electrical field at such a rapid rate. The 
optical pulse from such material should be ex¬ 
pected to show considerable distortion in relation 
to the electrical field if one assumes a molecular 
orientation effect to be responsible for the 
electro-optic effect. 


4 J. W. Beams and Lawrence, J. Frank. Inst. 206, 109 
(1928). 
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The amount of light passing the analyzing 
Nicol is related to the electrical field intensity, F , 
and the optical path length, /, between the Kerr 
cell plates by the expression 6 


J=a 2 sin 2 (ir KIF 2 ) =a 2 sin 2 $/ 2 , ( 1 ) 


where K is the Kerr constant and 5 the angular 
retardation. The general relationship of K with 
other molecular factors is 6 


(» 2 — 1 )(« 2 + 2 ) ( f + 2 ) 2 0 ! + 0 2 
K = -. ( 2 ) 


4 w 2 


(3) 


where n is the refractive index, e, the dielectric 
constant, a, the polarizability, and 0 i and 0 2 are 
defined as 


0i = (l/45&7)[[(ai — a 2 )(6i — 6 2 ) 

(1 /45* 2 T 2 ) [ (mi 2 - M2 2 ) (bi - bt) 

+ (M2 2 - MS 2 ) (*2 - bt) + (M 3 2 - Ml 2 ) (63 - 61) ]. 

Here, k is Boltzmann’s constant; T % the absolute 
temperature; a 1 , a 2 , and a 3 are proportional to the 
shape of the induced polarization ellipsoid of the 
molecule in three mutually perpendicular direc¬ 
tions; 61 , 62 , and 63 are similar coefficients of the 
optical ellipsoid of the molecule; while m 1* M2, and 
Ms are the components of the permanent dipole 
moment. The importance of the temperature 
dependance arising from thermal motion will be 
discussed later. 

From what has been said above, it should 
appear possible to find a material which would 
show a definite lag at easily obtainable tempera¬ 
tures in response to the electrical field, and that 
lag would be markedly dependent on tempera¬ 
ture. Such a material would have to be composed 
of large polar molecules in a viscous medium. 
These requirements are met by a number of 
synthetic plasticizers and polymers. The litera¬ 
ture records the observation of such lags in 
rosin , 7 glass , 8 benzopurpurin,® and vanadium 
pentoxide solutions . 10 


* E. F. Kingsbury, Rev. Sci. Inst. 1, 27 (1930). 

8 P. Debye, Handbuch Radiologie 6, 754 (1925). 

7 J. Kerr, see reference 1; D. W. Kitchin and H. Muller, 
Phys. Rev. 32, 979 (1928). 

* J. Kerr, see reference 1. 

•J. Errera, J. Ovcrbeek, and H. Sack, J. de Chimie 
Phys. 32, 681 (1935). 

10 J. Errera, J. Overbeek, and H. Sack, see reference 9. 


GENERATION OF PULSE 

In this section use will be made of Fig. 3, a 
schematic diagram of the pulse amplifier, to give 
a brief description of its operation. The pulse 
generator is a Measurements Corporation model 
79-B unit. The output circuit of this generator 
has been modified somewhat to give control of 
amplitude and output impedance as well as 
modified to obtain wide pulses. Normally, the 
generator is used with full amplitude (approxi¬ 
mately 150 v) and 1000-ohm output impedance. 
Pulses from $ to 1000 microseconds and repeti¬ 
tion rates from 60 to 100,000 p.p.s. are obtainable. 

The output coupling condenser has been re¬ 
moved for certain applications to be mentioned 
later. However, the coupling condenser is in the 
circuit located on the amplifier chassis to permit 
control of pulse amplitude through the grid bias. 
Such a method of amplitude control was used to 
permit the design of twin amplifiers using a 
common signal source and plate supply. The 
amplifier tubes are Eimac 4-125A tubes. Two 
pairs of load resistors arc available, a 10,500-ohm 
load for narrow pulses and a 75,000-ohm load for 
wide pulses. 

Taps in the load resistors permit a portion of 
the output signal to be deflected directly to the 
plates of the cathode-ray tube for observation of 
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the electrical wave form. This circuit attenuates 
the output signal but not the a.c. ripple; hence, 
it greatly enhances this ripple. 

Another tap in one of the load resistors permits 
the use on the Kerr cell of an attenuated pulse, 
improving the wave form when both channels are 
operated simultaneously, one with considerably 
greater amplitude than the other. 

The peak pulse voltage is measured by means 
of a Sensitive Research Instrument Corporation 
model ESFt multi-range electrostatic voltmeter. 
The pulses are isolated by means of a diode as 
shown. Care has to be taken in this circuit to 
place a high resistance to ground to prevent the 
accumulation of a d.c. charge formation through 
leakage of the coupling capacitor. The two 
amplifier channels are carefully shielded for accu¬ 
rate voltage determinations. Switching is ac¬ 
complished by means of Eimac vacuum switches 
in the high voltage circuits and antenna relays in 
the low' voltage circuits. 

Figure 4 is an oscillogram of the electrical pulse 
of 10-microseconds width. The wave form has 
been improved by driving the circuit to satura¬ 
tion in the sense that the pulse voltage approxi¬ 
mates the plate supply. 

OPTICAL SYSTEM 

The light source mounted on a Cenco optical 
bench is a Spencer 6-volt lamp operated from a 
battery toavoid any periodic fluctuations of light 
intensity. Cenco 10-mm Nicol prisms act as 
polarizing and analyzing media. The Kerr cells 
are mounted ridgidly in line. Figure 5 shows the 
construction of one of these cells and its tempera¬ 
ture bath which has operated successfully to keep 
the temperature constant to within one degree 
from —80 to +100°C, using a dry ice ether mix¬ 
ture in the side chambers and an immersion 
heater with De Kdtinsky thermo-regulator to 
maintain the temperature in an alcohol or oil 
medium. The light enters and leaves through 
double windows maintained clear at low tempera¬ 
tures by a stream of air. Considerable difficulty 

|Was encountered before suitable cell plates were 
found which could be kept parallel at separations 
less than a millimeter and still be small and easily 
cleaned after use with polymeric materials. A 
solution to this problem was found by coating 
ordinary glass microscope slides with a layer of 

Ah* *; 


gold deposited from duPont Liquid Bright Gold 
and fired at 1100°F for a short time. Both sides of 
the slides are coated, as are three of the edges, 
and electrical contact is made by spring contacts 
to the outside surface of the slides. The slides are 
separated by mica spacers averaging 0.016 in. 
Thicker glass spacers have been used for ma¬ 
terials of high Kerr constant. 

A Gaertner model L-13S Babinet-Soleil com¬ 
pensator is placed between the Nicols to permit 
measurement of the retardation, zero out small 
retardations in the glass windows, and increase 
the sensitivity of the system as the occasion may 
require. The compensator requires 4.42 turns per 
wave of light of 465-mu wave-length. 

The analyzing Nicol is crossed with respect to 
the polarizing Nicol and at an angle of 45° with 
respect to the plane of the electrical field. A Baird 
interference filter passing light in the neighbor¬ 
hood of 456 mu was placed directly over the iris 
diaphragm acting as a window to the photo-tube 
chamber. 

The type 931-A multiplier photo-tube was 
chosen because of its sensitivity and frequency 
response. 11 The voltage-divider system for the 



Fig. 2. Block diagram of Kerr effect apparatus. 


11 R. C. Winans and J. R. Pierce, Rev. Sd. Inst. 12, 269 
(1941); R. D. Rawdiffe, Rev. Sd. Inst. 13, 413 (1942). 
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Fig. 3. Wiring diagram of Kerr effect apparatus. 


multiplier dynodes is mounted in a shielded box 
directly below the photo-tube. The load resistor 
of the photo-tube is variable to permit control of 
the output amplitude and fidelity of the high 
frequency response. This resistor likewise is 
mounted close to the photo-tube and connected 
to the video amplifier by a short shielded lead. 

The video amplifier is a United Cinephone 
model 8240 with a gain of 1000 and a frequency 
essentially flat from 15 cycles to 4 megacycles. 
The output of this video amplifier feeds directly 
to the plates of the cathode-ray tube in a DuMont 
208B oscilloscope. 

INSTRUMENTAL RESPONSE 

An elaborate discussion of the optics of this 
type of system will not be given here since it may 
be found in the literature. 12 However, attention 
should be given to formula (1), applicable to the 
above conditions where it may be seen that the 
light intensity, hence deflection of the oscilloscope 
tracing, will be primarily a function of the field 
strength. With a material of sufficiently large 
Kerr constants it is possible to observe a sinus¬ 
oidal fluctuation of light intensity on the leading 
and trailing edges of the pulse. Figure 6 shows an 
oscillogram of several superimposed optical pulses 
with nitrobenzene at low voltage. A comparison 

11 E. F. Kingsbury, see reference 5. 
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of this figure with that of the electrical pulse will 
furnish a measure of the performance of the 
instrument. Figure 7 is an oscillogram of the 
response of nitrobenzene to a large voltage pulse. 
For this photograph the electrical circuit was set 
to produce sloping edges and high amplitude. 
With reference to Eq. (1) it is seen that seven 
waves of retardation are produced. In order to 
obtain such a pattern, it is necessary to use 
monochromatic light and an amplifier of high 
fidelity in addition to accurately parallel cell 
plates properly aligned. 



Fig. 4. Oscillogram of electrical pulse; 10-/«sec. width, 
•650 p.p.s. 4500-volts amplitude. 
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Fig. 5. Kerr cell and temperature bath. 

METHODS OF MEASUREMENT 

The simplest method of measuring the Kerr 
constant would be to measure the amplitude of 
the signal and compare this amplitude with a 
material of known Kerr constant. This method, 
however, is inaccurate though useful for the 
estimation on materials of very low Kerr constant. 

A method of greater accuracy uses the Babinet- 
Soleil compensator to produce a retardation equal 
and opposite to that produced in the Kerr cell. 
The procedure is as follows. 

The amplitude of the pulsed retardations pro¬ 
duced by the Kerr cell is set to an arbitrary value 
by varying the gain of the video amplifier. The 
compensator is introduced and set to a value that 
will just invert the signal an equal and opposite 
amount. The difference in compensator readings 
from its null point (previously determined) to the 
point giving the above retardation is divided by 
the number of turns per wave to give the waves 
of angular retardation equal to that produced by 
the pulse. As noted in Eq. (1), the angular re¬ 
tardation is proportional to the square of the field 
strength; the constant of proportionality being in 
turn proportional to the Kerr constant. Hence, a 
plot of the retardation versus the field strength 



Flo. 6. Oscillogram of optical pulse with nitrobenzene 
with weak yield at three pulse widths 10, 40, and 150 Msec. 
60 p.p.s. 1900 volts, glass separator. 


squared will result in a straight line through the 
origin when everything is properly aligned. If 
such a graph be obtained for two materials, one 
of which is CS 2 of known Kerr constant and the 
other the material in question, the desired Kerr 
constant will be 

This procedure, of course, presumes the use of the 
same Kerr cell for both materials. 

It should be emphasized that in the determi¬ 
nation of the retardation by this method the 
compensator retardation was varied until the 
signal on the oscilloscope screen inverted an 
equal and opposite amount. It must be re¬ 
membered that the photo-tube amplifier circuit 
does not interpret d.c. signals; hence, the light at 
the inverted point is striking the photo-tube at 
all times except during the pulse. This very fact 
handicaps this method of measurement for the 
photo-tube fatigues under conditions of constant 
light as well as increases the noise level. Both of 
these effects are rlearl} visible and introduce 
appreciable errors. 

If a second Kerr cell is used in addition to the 
compensator, the matter of photo-tube fatigue 
may be minimized. The plates of the Kerr cells 
must be so oriented as to give retardations of 
opposite sign (90° rotation if the Kerr constants 
are of like sign, 180°, if of unlike sign). Using 
synchronized pulses on the two Kerr cell plates, 
the voltages on the cells may be adjusted to 
nullify each other. Figure 8 is an oscillogram of 
such a null point with CS 2 and CHC1 3 . Only the 
leading and trailing edges are apparent above the 
noise level of the photo-tube. The Kerr constant 
for an unknown relative to CS 2 will then be 



Fig. 7. Oscillogram of nitrobenzene response to high 
field strength, 28-Msec, width, 400 p.p.s. amplitude 3180 
volts with mica spacer, fight of 4500A. 
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where C is a constant accounting for differences 
in cell spacing and length. Figure 9 shows a graph 
of the Kerr constant versus temperature for CS 2 
determined in this manner, with CHCU being 
used as a standard for null purposes. Changes in 
temperature ( t f ) of the CHC1* must be accounted 
for accurately. The agreement with the literature 
is good. 18 A small amount of constant retardation 
was introduced by the compensator. This in¬ 
creases the sensitivity of the system without 
changing the null voltage ratio. Differentiation of 
Eq. (1) will show the reason for this. 14 No filter 
was used in determining the curve in Fig. 9, but 
the data will apply to the average wave-length 
of approximately 500 mu. 

APPLICATIONS 

An application which was mentioned previ¬ 
ously as of importance is the study of relaxation 
in polymers. The molecular orientation hypothe¬ 
sis for the explanation of the Kerr effect as well as 
usual dielectric absorption effects has been fairly 
well established ; 16 hence, we may picture the 
Kerr effect as arising from the orientation of 
molecules or portions of molecules upon the 
application of an external electrical field. If the 
molecule is large, and in a viscous medium, the 
time of orientation may be large. The apparatus 
described here should be well suited for the 
observation of this relaxation phenomenon being, 
in a sense, more direct than the conventional 
dielectric methods. 

Figure 10 is an oscillogram of this effect in 
Santolite MS, a highly viscous plasticizer, taken 
at 56°C. At this temperature the molecules or 
dipoles completely orient in approximately 40 
microseconds. However, the relaxation seems to 
proceed more rapidly than the orientation—an 
observation which was not expected. At a slightly 



Fig. 8. Typical null point using two-cell technique 
chloroform and carbon disulfide 10-mscc. width, 300 p.p.s., 
room temperature. 


“A. A. Zuchlka and L. R. Ingersol, J. Opt. Soc. Am. 27, 
314 (1937). 

M E. F. Kingsbury, see reference 5. 
w J. W. Beams, see reference 2. 



Fig. 9. Kerr constant vs. temperature for carbon disulfide. 

higher temperature (65°C) the molecules are 
capable of orienting in 5-10 microseconds as can 
be seen in Fig. 11. Upon further increase in 
temperature the orientation becomes more rapid, 
but the amplitude of the effect (Kerr constant) 
decreases as one should expect from Eq. (2). If 
the temperature is lowered and the pulse width 
increased, it is possible to observe both the 
orientation and distortion polarizations simul¬ 
taneously. Figure 12 shows this effect at room 
temperature with an 800-microsecond pulse. The 
increased noise level is a result of high amplifier 
gain. The optical pulse rises very rapidly to a 
value considerably less than in Fig. 11, then 
slowly increases until the end of the pulse when 
it immediately returns to an intermediate level 
and tapers off slowly to zero. The distortion 
polarization, of course, accounts for the sharp 
rise and decline, while the slow change may be 
attributed to the orientation effect. By such 
methods it should be possible to isolate and 
measure the theta-terms of Eq. (2). The dis- 



Fig. 10. Relaxation in Santolite MS 40-/isec. pulse, 
300 p.p.s. 3900 volts, temperature 56°C. 
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Fig. 11. Relaxation in Santohte MS 20-^sec. pulse, 

300 p.p.s. 4000 volts, temperature 63.5 °C. 

persion region, measured by conventional dielec¬ 
tric methods, lies in the same range of tempera¬ 
ture for the conventional dielectric method as for 
the electro-optic, giving strong indication to the 
fact that the same unit (molecule or dipole) is 
orienting in both cases. 

This relaxation effect in polymers can he ob¬ 
served dielectrically with pulsed fields by placing 
a test condenser of the dielectric directly across 
the load resistor of the pulse generator cathode- 
follower circuit and observing the relaxation with 


mu: 

III" t 

mm i 

*' i 

* « 
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Fig. 12. Oscillogram of Santohte MS at 15°C, 800-/*sec. 
width, 60 pp.s., 4150 volts; note immediate distortion 
polarization followed by gradual orientation. 


a cathode-ray tube. The effect is not as pro¬ 
nounced, because of other instrumental effects, 
but has been observed to be temperature and 
time dependent in the same manner as in the 
Kerr effect. 

Further studies are in progress correlating this 
Kerr effect with conventional dielectric properties 
and viscosity for a series of primary alcohols. 
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On the Localized Afterglows Observed with Long Sparks in Various Gases 

J. D. Craggs AMD W. Hopwood 
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AND 

J. M. Meek 
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(Received June 2, 1947) 

Simultaneous photographs, taken in two perpendicular directions, have been obtained of 
long sparks in various gases at 1-atmosphere pressure. The experiments were undertaken in 
order to decide whether the localized afterglows, noticed as long streaks in rotating mirror 
spark photographs, were caused by some discharge mechanism or by purely geometrical * 
effects resulting from the tortuous nature of the spark channels. The results show that the 
second explanation is not feasible. Some qualitative interpretations of the effects are given. 


I. INTRODUCTION 

HE study of spark discharges in gases has 
usually been confined to the examination 
of such discharges in air and to the earlier parts 
of the process, e.g., the formation of streamers. 1 
Recently the later phases of spark formation 
(spark channels) have been re-examined and 
some of their properties have been described by 
Raiskiy (1940), 2 * Flowers (1943), 8 and by Craggs 
and Meek (1946), 4 * following the earlier work of 
several authors such as Lawrence and Dunning- 
ton (1930), 6 Ollendorff (1933), 8 and others. Such 
spark channels may be considered, in brief, to 
consist of a highly conducting path (i.e., of low 
voltage gradient) in which the electron tempera¬ 
ture may be 10,000-20,000°, and approximating 
in some aspects to a nascent arc of artificially 
restricted diameter. Rotating mirror camera 
records of lightning, taken mainly by Schonland 
and his collaborators to whom much of the best 
work is due, and of laboratory sparks (Allibone 
and Meek (1938), (a) and (b), 7,8 and others) 
have shown, however, that the last stages of a 


1 L. B. Loeb and J. M. Meek, The Mechanism of the 
Electric Spark (Stanford University Press, Stanford Uni¬ 
versity, California, 1941). 

*S. M. Raiskiy, J. Tech. Phys. U.S.S.R. 10, 529 (1940) 

8 J. W. Flowers, Phys. Rev. 64, 225 (1943). 

4 J. D. Craggs and J. M. Meek, Proc. Roy. Soc. A186, 
241 (1946). 

1 E. O. Lawrence and F. G. Dunnington, Phys. Rev. 35, 
396 (1930). 

• F. Ollendorff, Archiv f. Elektrotechnik. 27, 169 (1933). 

7 T. E. Allibone and J. M. Meek, Proc. Roy. Soc. A166, 

97 (1938). 

•T. E. Allibone and J. M. Meek, Proc. Roy, Soc. A169, 

246 (1938). 


spark discharge, perhaps even when the current 
flow has sensibly ceased (Craggs and Meek) 4 are 
represented by localized afterglows. The signifi¬ 
cance of the latter has often been overlooked or 
minimized, and the purpose of the present paper 
is to present an account of further preliminary 
experiments made on this effect. 

II. DISCUSSION OF PREVIOUS EXPERIMENTS 

Many previous papers, e.g., those of Allibone 
and Meek 7 * 8 tend to ignore the afterglow streaks, 
shown clearly in a typical record such as 
Fig. 1 (b)(ii) of Allibone and Meek's second 
paper 8 and concentrate on other aspects of the 
discharge. Walter (1935), 9 in a discussion on 
Hoffert’s early photograph (1889) 10 of a multiple 
lightning stroke, noticed the streaks and stated 
that “they are by no means due to an after¬ 
glow of the lightning channel produced by 
thermal or phosphorescent causes, but they are 
always associated with a real after-discharge in 
the channel, i.e., with an electric current follow¬ 
ing the main discharge along the same track.” 
Walter considered that this conclusion is justified 
by the fact that the streaks often increase in 
brightness at an appreciable time after the light 
from the main channel has greatly decayed. An 
excellent example of this effect has been pub¬ 
lished by Allibone and Meek 8 (Pig. 1 (a)(iii)); 
in such cases there is almost certainly an appreci¬ 
able oscillatory flow of current, but such currents 
should be constant at all points along the dis- 

• B. Walter, Phil. Mag. 20, 1144 (1935). 

10 H. H. Hoffert, Phil. Mag., 28, 106 (1889). 
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(a) ' (b) 


Fig. 1. Rotating film photographs of the point/plane 
sparks in air (1-atmos. pressure); (a) had 100-cm gap and 
a high circuit resistance; (b) had 130-cm gap and a low 
circuit resistance and is an enlarged record. 

charge, a supposition which was apparently 
overlooked by Walter and which unless other 
effects are present would demand uniform after¬ 
glows along the channel at any particular instant. 
It is therefore very unlikely that “follow cur¬ 
rents” can account for the localized streaks of 
afterglow, although accentuation of the latter by 
the former probably occurs. 

McEachron and McMorris 11 appear to accept 
Walter’s view in a modified form and suggest 
that very small (<100 amp.) follow currents 
may be responsible, but again ignore the peculiar 
localized nature of the afterglows. It is appropri¬ 
ate to state here that the measurement of small 
follow currents is difficult, and their existence in 
many laboratory experiments cannot be denied. 
Such measurements are now projected in this 
laboratory, although the arguments to be ad¬ 
vanced below tend, it is suggested, to minimize 
their fundamental importance. The lightning 
photographs of Malan and Collens, 12 especially 
their Figs. 13-17 include some excellent records, 
and those authors agree with the conclusion of 
McEachron and McMorris. 

Flowers 13 subscribes to an alternative theory 
of the afterglow 1 streaks and states that “portions 
of the path (of the discharge) which are projected 

11 K. B. McEachron and W. A. McMorris, Gen. Elec. 
Rev. 39, 487 (1936). 

w D. J. Malan and H. Collens, Proc. Roy. Soc. A162, 
175 (1937). 

“ J. W. Flowers, Gen. Elec. Rev. 47, 9 (1944). 


parallel to the direction of motion of the film or 
the lens provide a greatly increased exj&sure 
time and proportionate reduction in resolution. 
Path components which lie along the photo¬ 
graphic axis increase the light intensity. Both 
effects produce excessive exposures and are asso¬ 
ciated with the streaks that are observed in 
nearly all Boys camera photographs.” It is 
clear that, whilst Flowers does not apparently in 
this communication attribute the streaks di¬ 
rectly or wholly to the effects described, which he 
states “are associated” with them, the effects 
of bends could contribute to or produce highly 
localized streaks. This explanation had occurred 
independently to us some years ago, but was 
immediately rejected, since the length of the 
afterglows seem to be of quite a different order 
of length from the average effective length of a 
bend in the channel. 14 It appeared necessary to 
disprove this theory, if possible, before embarking 
on further experiments since, if true, the bend 



Fig. 2. Optical system used in right-angle spark pho¬ 
tography; Mi, Mt, and M% are mirrors; 5 is the spark dis¬ 
charge ; Li and L% are lenses. 


14 J. D. Craggs, Quart. J, Roy. Met. Soc. 70, 167 (1944) 
(discussion on paper by T. E. AUibone). 
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theory would entirely remove the physical im¬ 
portance of the effect. It is important to note 
that Flowers* suggestion refers to bends in the 
main channel and not in the much dimmer and 
more transitory leader strokes. (It does in fact 
appear from many records (e.g., those of Fig. 1) 
that the streaks arise in the leader strokes or 
streamers and persist through the later stages of 
the spark channel’s formation and extinction.) 

In the discussion following a paper by Allibone 
(1938) , u O’Dea made the suggestion that the 
streaks may be due to the persistence of “ionized 
or ozonized pockets.” Allibone, in reply, referred 
to the theoretical work of Neugebauer 16 on ball 
lightning. The present authors favor O’Dca’s 
proposition, with the important correction that 
the presence of free electrons and ions, demanded 
by Neugebauer's theory, may not be necessary 
since the afterglows may be explained on other 
grounds. (Craggs and Meek, 4 with references to 
earlier work from 1943 by the same authors.) 

As mentioned above, it appeared necessary 
first to investigate the possibility of a geometrical 
explanation of the afterglow streaks, i.e., the 
effect of sustained illumination of the photo¬ 
graphic film caused by the increased exposures at 
channel bends, either in or perpendicular to the 
plane of the film. This paper describes such 
experiments. 

HI. THE EXPERIMENTAL METHOD 

The most Obvious method for assessing the 
importance of the geometrical bend theory, out¬ 
lined above, is to photograph the sparks with a 
rotating film or mirror camera in two different, 
preferably perpendicular, directions at once. If 
the results should, for Example, show that the 
luminous afterglow streaks are noticed at points 
where no channel bending is perceptible, then it 
would appear reasonable to discount the bend 
theory and to suppose that some effect in the 
ionized or excited gas in the spark channel is 
operative. Further investigations to elucidate the 
nature of the effect would then be warranted. 

Strigel 17 is apparently the only author to have 
photographed sparks previously in this way, but 
his object was not to investigate the afterglow 

« T. E. Allibone, J. Inst. Elec. Eng. 82, 487 (1938). 

1# T. Neugebauer, Zeits. f. Physik 106, 474 (1937). 

lT R. Strigel, Wiss. VerOff. aus den Siemens Werken. 15, 
Part 3, 13 (1936). 
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Fig. 3. Impulse generator; 6 series .stages of 0.22 uf 
per stage. Total discharge capacity — 0.037 uf; /?2**210 
ohms; Ri=* 35,000 ohms; charging voltage*70 kv. 


streaks, which are indeed not mentioned in his 
paper, and it is not possible to use Strigel’s 
reproductions of spark photographs in deciding 
the point at issue in the present paper. 

The optical system is shown in Fig. 2, in which 
the rotating drum (3000 r.p.m.) carries the 
photographic film. The drum diameter was ap¬ 
proximately 12". The records (see Fig. 5) were 
therefore composed of pairs of photographs 
arranged one above the other on the film, each 
pair corresponding to one spark. 

The spark was produced with a 2-million volt 
impulse generator (0.11 mfd/stage) rearranged to 
give effectively the circuit of Fig. 3, in which a 
peak current of 2000 amp. was used. The point/ 
point gap of 20 cm needed some 280 kv for break¬ 
down in air. Other experiments were made at 
1000 and 500 amp., with suitable alterations to 
the circuit of Fig. 3. A current oscillogram for 
2000-amp. peak current is given in Fig. 4. 

For gases other than air, a glass vacuum 
chamber (30-cm diameter, 60 cm long) was used, 
pumped down before gas admission to a pressure 
of about 1 mm Hg. The gases from cylinders 
were then introduced to a pressure of 80 cm Hg, 
in order to prevent contamination by air leakage. 
It was found to be necessary to attach a black 
cloth inside the glass cylinder to prevent re¬ 
flections. The thickness of the glass chamber was 
about 1 cm so that ultraviolet radiations from 
the sparks were prevented from reaching the film. 

About 30 films, each with 10-20 pairs of 
records, were taken. 

IV. RESULTS OF THE EXPERIMENTS 

Figure 5 shows some results (full-size repro¬ 
ductions of original negatives), obtained with 
2000-amp. discharges in oxygen (3 sparks), hydro- 
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Fig. 4. 2000-amp. current os¬ 
cillogram for spark discharge in 
argon. The timing oscillation has 
a period of 5 microsecs. 


gen (2 sparks), and nitrogen (2 sparks) which are 
typical of the many other photographs' taken 
(1 cm on the time axisss 240 microseconds). The 
value of the method.for assessing the importance 
of channel bends is at once apparent. Oxygen and 
nitrogen show pronounced afterglow streaks 
which are highly localized, particularly in nitro¬ 
gen. The formation of branched channels was 
found with oxygen and nitrogen but not with 
hydrogen, and the latter gas showed very short 
afterglows, in agreement with previous experi¬ 
ments. The spark channels in hydrogen have a 
pronounced tendency to form bends which are 
particularly sudden and well defined. The very 
short afterglows in hydrogen are fairly localized, 
as shown by the tufted appearance of the 
channels on their afterglow side. 

It is clear, especially from the oxygen records 
of Fig. 5 (a) that the streaks are formed in both 
records at the same points in the channel, not 
necessarily where bends or inflections are noticed, 
and are generally of the same length. These 
findings are in general disagreement with the 
geometrical theory. Where channel division oc¬ 
curs (Fig. 5 (a)) the different views of the spark 
may be different largely because of the geomet¬ 
rical (not time) separation of the channel branches 
with subsequent overlapping and confusion of 
the afterglows. The exceptionally tortuous bends 
in hydrogens do not give enhanced streaks, as 
would be expected from the geometrical theory 


which does not invoke any difference in channel 
structure from gas to gas. 

When the argon results, typical specimens of 
which are given in Fig. 6, are examined it seems 
even clearer that the afterglow streaks are 
associated with localized discharge conditions in 
the channel. Figure 6 (b) particularly demon¬ 
strates the evidence; argon spark channels show 
only a tendency to form bends which are, even 
then, very gradual and yet the streaks are par¬ 
ticularly long and well defined, and situated 
clearly at the same points and for the same 
times, in both records for each spark. Figure 6 (a) 
shows an exceptionally straight spark. Figure 6 
(b) demonstrates another effect noticed in argon, 
i.e., the formation, at approximately the same 
point in the channel even for different sparks, of a 
single well-defined streak. This phenomenon is 
probably, it is thought, connected with the 
earlier parts of the discharge process and if 
substantiated this conclusion would constitute 
irrefutable evidence against the supposed im¬ 
portance of channel bends. It is, however, con¬ 
sidered that the data given in Figs. 5 and 6 and 
described above constitute sufficient proof of the 
genuine physical basis of the afterglow streaks 
which, while not being explained finally in this 
paper (see below), assume a greater physical 
interest than they would have possessed if ex¬ 
plained in the manner suggested by Flowers and 
others. 


922 


JOURNAL OF APPLIRD PHYSICS 



The use of pairs of photographs, such as those 
of Figs. 5—7, enable the true length, in three 
dimensions, of the spark channels to be found. 
This may be useful in experiments on the voltage 
drop in spark discharges, where the true channel 
length if it differs appreciably from the two 
dimensional value, should be known. This effect 
would probably be noticeable only with hydrogen 
channels; further experiments on these lines are 
in progress. 

Before describing further analyses of records 
similar to those of Figs. 5 and 6, it is necessary 
to mention the very frequent and often complex 
division of channels noticed in argon and demon¬ 
strated in Figs. 6 (c), (d), and (e). The other 
gases so far examined show relatively infrequent 
branching which generally extends (Figs. 5 (a) 
and (d)) only for a fraction of the gap length. 
Argon, on the other hand, often shows (Figs. 6 (c) 
and (d)) complete branching of the gap by 




Fig. 5. Photographs offaparks in various gases; (a) oxygen, 
(b) hydrogen, (c) and (d) nitrogen. 



(c) (d) (e) 

Fig. 6. Photographs of spark discharges in argon. 

divided channels and also multiple division, a 
complex case of which is shown in Fig. 6 (e). 
The value of bi-directional photography in the 
elucidation of such phenomena is obvious. Yet 
another interesting effect is seen in Fig. 6 (c) (and 
many other records) where the afterglow streaks 
arc seen to change their positions in space, as 
time advances. It seems probable in Fig. 6 (c) 
that the right-hand channel of the upper photo- 


Table I. 


Gas 

Total No. of 
sparks 
examined 

No. of sparks 
with two 
channels 

No. of sparks 
with three or 
more channels 

Hydrogen 

27 

0 

0 

Oxygen 

43 

27 

5 

Nitrogen 

39 

22 

1 

Argon 

85 

35 

6 

Air 

71 

10 

0 

Methane 

20 

1 

0 
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Fig. 7. Photographs of spark discharges in methane 

graph is the left-hand channel of the lower 
photograph, since this branch shows, in both 
photographs, relatively little afterglow. These 
effects are being investigated further. 

Table I gives some statistical data on channel 
division, which are discussed below. 


The methane photographs (Fig. 7) were taken 
in the hope that the known high absorptibn of 
photo-ionizing radiations in such a complex 
molecular gas 18 would lead to the demonstration 
of unusual properties of the spark channel. The 
peculiar rippling structure of the methane chan¬ 
nels are indeed noticeable, particularly on the 
leading edge of the channels where the after¬ 
glows, being absent, do not cause confusion. 
Such tortuous channels are to be expected, on 
general grounds, if the photo-ionization process 
at the streamer tip is inefficient. 1 

Microphotometer tracings of typical records in 
several gases were taken at right angles to the 
mean channel direction along afterglow streaks 
and across parts of the channel where such 
streaks were absent Figures 8 (a)-(c) show, 
respectively, tracings for argon, oxygen, and 
nitrogen. The right-hand tracings for each gas 
were taken along an afterglow. Figures 9 (a) 
and (b) show hydrogen records, the former taken 
in the afterglow. 1 cm on the time axis (right to 




Fig. 8. Microphotometer tracings of spark photographs, such as those of Figs. 5-7. Time scale is froin right to left. 
The left-hand records are for normal parts of the channels, and the right-hand records are for points in the channels which 
show die localized afterglows. 


»S. A. Korff and R. D. Present, Phys. Rev. 65, 274 (1944). 


924 


JOURNAL OF APPLIED PHYSICS 




left) of the figures represents 21 microseconds. 
It is possible to deduce from these records the 
light emission/time relation for any part of the 
channel if the response curve of the film is 
known. The latter quantity was determined by 
exposing samples of the film to 2000-amp. sparks, 
of the type studied in this paper, through an 
Ilford stepped filter (neutral) which was in turn 
calibrated with the usual photo-cell arrange¬ 
ment. Exposures were also made to steady light. 
A typical calibration record, using spark light, 
is shown in Fig. 10. Figures 11 and 12 show the 
results of the analysis, i.e., the gamma-curves for 
the film using spark and steady light, respec¬ 
tively. 

Since the light from the spark channels is 
relatively very intense, with respect to the after¬ 
glows, the calibration records, such as Fig. 10, 
show the film’s response to the channel and not 
the afterglow light. However, since Fig. 11 shows 
that the difference in the responses to channel 
and steady light is negligible and the response; to 
the afterglow light must lie between the limits 



Fig. 9. Microphotometer tracings of hydrogen spark pho¬ 
tographs (see Fig. (5b)); time scale is from right to left. 



Fig. 10. Step wedge photograph with argon spark light, 
for film calibration purposes. 

set by Fig. 11, it is reasonable to take the spark- 
light data of Fig. 11 as referring to the afterglow 
light. 

Figure 12 shows the final light intensity/time 
curve for an argon afterglow, with traces taken 
along an afterglow streak and across the channel 
at a point where no appreciable streak was 
observed. 

V. DISCUSSION OF THE RESULTS 

It seems clear from the data given in Section IV 
that the suggestion of the bends being responsible, 
in a geometrical sense, for the afterglow streaks 
is untenable. The influence of the magnetic field 
of the discharge channel on the afterglow should 
be considered. This effect was suggested origi¬ 
nally by Anderson and Smith 1 * to account for 
similar localized afterglows, described as being 
due to vapor jets, with exploded wires, and it was 
pointed out that the magnetic field tended to 
prevent charged particles from leaving the con¬ 
ducting channel especially at the points of 
strongest fields. The field is weakest, however, at 
the outside of a sharp bend where afterglow 

18 J. A. Anderson and S. Smith, Astrophys. J. 64, 295 
(1926). 


Volume is, October, 1947 


925 





Fig. 11 . Calibration of the photographic films 
with the step wedge. 


streaks are often, but not always, encountered; 
and it is clear that no definite conclusion as to 
the relevance of this effect which could, at least, 
explain the localization of the afterglow can be 
made in the absence of further data. 

The following mechanisms could account for 
general, i.e., non-localized afterglows The influ¬ 
ence of the low current still passing through the 
discharge channel after say 100 microseconds is 
not so easily dismissed. Figure 4, which is a repro¬ 
duction of a current oscillogram for argon (no 
apparent systematic difference in residual cur¬ 
rents for the different gases was noticed, but the 
accuracy of estimation of these low currents by 
the present method is not great) shows that the 
current at 100 microseconds from the beginning 
of current flow is about 20 amp. The records 
showed currents varying from this order of 
magnitude to almost zero. However, the passage 
of a small residual current cannot by itself 
account for the localized nature of the afterglows, 
since the current must also flow through the 
relatively dark regions of the discharge. It has 
been shown 4 that the afterglows persist even 
when square-wave pulses of current are used, 
and it therefore seems reasonable to postulate the 
existence of afterglows more or less independent 
of even a small current flow in the gap. 

Afterglows in low pressure discharges are well 
known, by the pioneer work of Rayleigh, and 
later, many others on active nitrogen. Kenty 20 


*° C. Kenty, Phys. Rev. 32, 624 (1928). 


has observed an afterglow in argon, following a 
low pressure arc discharge, and has attributed 
this to electron/ion recombination. Afterglows 
in luminous clouds, following arc discharges at 
atmospheric pressure, have been noticed by 
O’Doherty 21 and others. 

The afterglows in hydrogen have been dis¬ 
cussed elsewhere, and it is sufficient here to state 
that they are probably due to electron/ion re¬ 
combination. The afterglows in argon (and cer¬ 
tain other gases, e.g., oxygen and nitrogen) 
could presumably be due either to recombination 
of various kinds (electron/ion mechanism in 
argon, where attachment is small) or to the 
persistence of metastable atoms. It is hoped that 
further experiments by the authors will clarify 
the matter. 

It seems unlikely that persistence of metastable 
atoms in argon is the sole cause of the afterglows, 
since addition of oxygen or hydrogen to argon in 
reasonable quantities has only a minor effect on 
them, 4 although both diluents in very small 
amounts have a great effect on the dielectric 
recovery of argon spark gaps. If, therefore, 
electron/ion recombination is the main cause of 
the visible afterglow streaks it is of interest to 
consider why the afterglows in hydrogen and 
argon should be widely different in duration. 
The recombination coefficients themselves are 
not likely to be widely different, and the problem 
would then resolve into a study of the energy 
losses (by elastic collisions) of the electrons in 
the afterglow, since the recombination cross sec¬ 
tions increase with decreasing electron energy. 
It is apparent at once from the known data on 
the Ramsauer effect etc., that for equal electron 
energy, the elastic collision cross sections are 
much greater in hydrogen than in argon for low 
electron energies, so that the electrons would 
attain thermal energies more quickly in the 
former gas and would therefore be removed 
by recombination more quickly. Unfortunately, 
Ramsauer data are not available for electron 
temperatures of ^500-1000° (mean energy ^0.1 
volt or less), which probably obtain in the after¬ 
glow conditions. 22 Cravath 2 * has worked out the 
average energy loss (/) per encounter, in elastic 

«LL O’Doherty, Nature 133, 558 (1944). 

* J. D. Craggs and W. Hopwood, in the press* 

u A. M. Cravath, Phys. Rev. 36, 248 (1930). 
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Fig. 12. 


collision, expressed as a fraction of the average 
energy of the electron: 

8 mM / T m \ 

/=- (1 -), 

3(m+M) 2 \ T e / 

where Tm is the equivalent temperature of the 
molecules present and T t is the equivalent tem¬ 
perature of the electrons. Generally, Tm<^T € so 
that 

8 mM 
3 (i m+MY 

(w+Af are the electronic and molecular masses, 
respectively). It can be shown that / is very 
great until T e ^Ti if. Using elastic cross sections 
(P„) given by Normand 24 and Brode, 2 * the data 
of Table II are easily calculable. In some cases 
(at the lowest temperatures) extrapolation of 
the elastic cross-section/electron energy curves 
has been necessary; this is clearly a most un¬ 
satisfactory procedure, but it is the only possible 
one in the circumstances and leads only to 
approximate results. Tm has been taken at 

*C. E. Normand, Phys. Rev. 35, 1217 (1930). 

» R. B. Brode, Rev. Mod. Phys. 5, 257 (1933). 


Table II. 


Gas 

Electron temp. 

°K 

Total / for 
time of 

10-* aec. 

Hydrogen 

10,000 

32 

Hydrogen 

1,000 

39 

Hydrogen 

500 

20 

Argon 

10,000 

0.093 


5,000 

0.066 


1,000 

0.062 


300°K. If a higher value for Tm is permissible, 
then / will be lower than the respective values in 
Table II, particularly at r e ^500°K. The pro¬ 
cedure for determining the total / is (i) calculate 
the mean electronic energy and velocity (v) from 
r„ which is assumed to correspond to a Max¬ 
wellian distribution; (ii) determine the mean 
free path X for elastic collisions, i.e., 1/P 0 , for 
the known electronic energy; (iii) from X and v 
the total number of collisions in a given time, 
for each one of which a fractional energy loss / is 
suffered, can be found, and so (iv) the total /for 
that time can be computed. 

It must be emphasized again that the results 
are only approximate, but they show that the 
energy loss for electrons in hydrogen in our par- 


Volumb is, October, 1947 


927 



ticular conditions is far higher than for argon, 
and so a recombination spectrum would persist 
for a longer time (other things being equal) in 
argon than in hydrogen. The important influence 
of Tm at values of and our ignorance of 

its magnitude, render further speculation un¬ 
profitable. Experiments now being made will, 
it is hoped, provide more accurate data on the 
values of Tm and T f obtaining in the decaying 
channels of spark discharges. 

VI. CONCLUSIONS 

1. Photographs have been taken with a rotat¬ 
ing film camera, and simultaneously in two 
perpendicular directions of spark discharges. 

2. The photographs show, we believe conclu¬ 
sively, that the localized afterglow streaks seen 
in records of this kind are not due to bends, in 
the spark channels, causing artificially long ex¬ 
posures by virtue of the enhanced depth of 
glowing gas, etc. 


3. The causes of the afterglows are not known 
with certainty in all cases. 

4. We believe that further experiments, now 
in hand, will give further information on local¬ 
ized afterglows in spark channels and probably, 
therefore, on ball or bead lightning* 6 which we 
consider to be probably due to the same causes. 
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Erratum: Conductivity of Metallic Surfaces at 
Microwave Frequencies 

IJ. App. Phya. 18, 629 (1947)] 

E. Maxwell 

Massachusetts Institute of Technology, Boston, Massachusetts 

1. p. 629, line 5 of fourth paragraph: Replace J£/2ob by 

(V2)W*). 

2. p. 629, line 8 of fourth paragraph: Replace Jo by 
/o/v3. 

3. p. 629, second column, equation should read; 

//(?)>-/J'S*' 

4. p. 632, Fig. 3b should be inverted. 

5. p. 634, line 21 should be changed to read “a and c 
are incommensurable.” 

6. p. 636, line 25, replace “conductivity” by “resis¬ 
tivity.” 
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Letters to the Editor 

Quantitative Analysis of Mixed Powders with 
the Geiger-Counter X-Ray Spectrometer 

ZlGMOND W. WlLCHINSKY 

Esso laboratories, Standard Oil Company of New Jersey, 

Baton Rouge, Louisiana 

July 23, 1947 

A USEFUL characteristic of a Geiger-counter spec¬ 
trometer is its ability to measure diffracted x-ray 
intensities for several samples in succession, on the same 
intensity scale. This property greatly facilitates the quanti¬ 
tative determination of crystalline components in a sample 
of mixed powders. In particular, it becomes quite easy to 
determine the amount of a crystalline component in the 
presence of other components which may be crystalline or 
amorphous, identified or unidentified. A simple expression 
relating the weight fraction of a crystalline component to 
experimental quantities is developed below. 

For a flat sample used in a North American Philips 
x-ray spectrometer, 1 the relationship between the sample 
and the incident and diffracted x-ray beams is indicated 
in Fig. 1. Let us assume that simple x-ray diffraction 



Fig. I. Diffraction of x-rays from a flat sample in a Geiger-counter 
x-ray spectrometer. 

theory is applicable. Then, for a chosen diffraction line of 
the *th crystalline component, the contribution to the 
integrated intensity from the elemental layer dx is 

at, 

Ip exp( —2^x/sin0)djc, (1) 

BU10 

where A —effective cross-section area of the beam at the 
sample, contribution to the integrated intensity per 
unit weight of sample on the basis of no absorption, 
weight fraction of the f'th component in the sample, 
p~mean density of the sample, pt* linear absorption 
coefficient for the sample. For a sample of sufficient 
thickness to be considered opaque, Pi is obtained by 
integrating the right-hand side of (1) from x*0 to *, 
the result being^ 

P { - \AJiWip/m - \AJiWi/p, (2) 

(2) where is the mass absorption coefficient for the 

sample. The factor AJi can be evaluated by considering a 
sample consisting only of the *th component; the inte¬ 


grated intensity, Pm, hr this case, by Eq. (2) is 

PM m \AJi/n % (3) 

where m is the mass absorption coefficient for the ith 
component. Eliminating AJi from (2), one obtains the 
useful and very simple expression: 


The value of m can be readily computed from the chemical 
formula of the fth component and a table of mass absorp¬ 
tion coefficients for the.elements. Similarly, the value of 
p can be computed from an elemental analysis for the 
sample. 

1 It. Friedman, Electronics 18, 132 (1945). 


The Conversion Factor for kX Units to Angstrtim 
Units 

Elizabeth Armstrong Wood 
Bell Telephone Laboratories, Murray Hill, New Jersey 
July 21, 1947 

X -RAY wave-lengths have been expressed in X units. 

The X unit is defined in terms of the calcite spacing 
and is nearly 10 11 cm, but is now known to differ from 
10~ 11 cm by about 0.2 percent. During the last twenty-five 
years x-ray diffraction workers have expressed x-ray wave¬ 
lengths and crystal dimensions in terms of a unit which 
was 1000 X units, but instead of calling it 1000 X units 
have erroneously called it an AngstrOm unit. In recent 
years, the x-ray diffraction groups have agreed to use the 
term kilo X unit (abbreviated kX ) in place of the incor¬ 
rectly used AngstrOm unit, until agreement was reached 
on the best conversion factor to use for converting from 
kX to Angstrdm units. Agreement on the factor has now 
been reached. 

As Secretary of the American Society for X-Ray and 
Electron Diffraction, I have been instructed to call the 
attention of American x-ray workers to the following 
announcement which appeared in the January 1947, issue 
of the Journal of Scientific Instruments. Because of its 
importance it is here reproduced in its entirety. 

At the annual conference of the X-ray Analysis Group 
of the Institute of Physics in July 1946 it was announced 
that agreement had been reached concerning the factor for 
converting measurements in kX units to AngstrOm units. 
The factor agreed upon, after consultation with the 
American Society for X-ray and Electron Diffraction and 
Prof. Siegbahn was 1.00202. This factor is probably correct 
to 0.003 percent. Since wave-lengths in X-units have been 
measured to an accuracy of 0.001 percent, the wave-lengths 
in Angstrdm units can be taken as accurate to 0.004 percent 
in general. 

The following is a list of values of wave-lengths in 
AngstrOm units of certain emission lines and absorption 
edges in common use. The column headed Ka gives the 
mean value of Kai and Kat, Ka % being atlowed twice the 
weight of Ka %. 
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Current values of the physical constants, such as those 
quoted by Birge in the 1941 volume of the Physical 
Society'8 Reports on Progress in Physics , should be used in 
conjunction with these wave-lengths. In particular density 
p is given by the equation 

p-1.660202^/7 

where 2A is the sum of the atomic weights of the atoms 
in the unit cell, and V is the volume of the unit cell in A *. 



Kai 

Kat 

Ka 

Kfii 

Absorption 

edge 

Cr 

2.28962 

2.29352 

2.2909 

2.08479 

2.0701 

Mn 

2.10174 

2.10570 

2.1031 

1.91016 

1.8954 

Fe 

1.93597 

1.93991 

1.9373 

1.75654* 

1.7429 

Co 

1.78890 

1.79279 

1.7902 

1.62073 

1.6072 

Ni 

1.65783 

1.66168 

» 1.6591 

1.50008 

1.4869 

Cu 

1.54050 

1.54434 

1.5418 

1.39217 

1.3802 

Zn 

1.43510 

1.43894 

1.4364 

1.29520 

1.2831 

Mo 

0.70926 

0.71354 

0.7107 

0.63225 

0.6197 

Rh 

0.61326 

0.61762 

0.6147 

0.54559 

0.5341 

Pd 

0.58545 

0.58982 

0.5869 

0.52052 

0.5090 

Ag 

0.55941 

0.56381 

0.5609 

0.49701 

0.4855 


It is recommended that in any published work the values 
of the wave-lengths used should be explicitly stated. 

W. L. Bragg 

Qhairman, X-ray Analysis Group of the 
Institute of Physics (England). 


New Books 


Astronomy 

By John C. Duncan. Fourth Edition. Pp. 500. 

Harper and Brothers, New York, 1946. 

Professor Duncan's book now in its fourth edition offers 
an excellent text for the beginning college student of 
astronomy. This book may be read with profit by anyone 
who wishes to obtain a knowledge of modern astronomy. 

The introductory chapter includes an exceptionally fine 
set of star charts showing the naked eye stars, though a 
more detailed description of how to use them would have 
helped the student. Following the chapter on the celestial 
sphere and coordinate systems is one on telescopes. Though 
the Schmidt telescope is described, the reader is not given 
the simple explanation of the function of the correcting 
plate. A new and very excellent chapter on Celestial 
| Navigation has been added following the chapter on the 
Earth and Sky* Chapters on the Orbital Motion of the 
Earth, the Moon, and Eclipses are followed by a chapter 
on Spectroscopy which is introduced early in order to 
make use of the principals involved in the chapter on the 
Sun which follows. The Paths of the Planets and the Law 
of Gravitation are next taken in order; the latter seems 


rather detailed in parts for a book designed for beginning 
students. Chapters on the Planets, Meteors, and Comets 
precede a discussion of the evolution of the solar system, 
a chapter which dwells unduly long on the older theories 
at the expense of the more modern theories of Spitzer, 
Littleton, and Russell. However, since even modem theo¬ 
ries on this subject are still far from giving us a complete 
answer to this riddle, perhaps Dr. Duncan is justified in 
these omissions. 

The stars and their motions are next discussed and then 
follows a completely up-to-the-minute (1945) chapter on 
Physics of the Stars. Here the student may find “the going 
a little tough,” and will undoubtedly want to review the 
earlier chapter on Spectroscopy before wrestling with even 
elementary astrophysics. After a chapter on Variable Stars 
is one on Star Clusters and Nebulae in which the careful 
student may be somewhat confused to find that the 
Magellanic Clouds are discussed as star clouds in our own 
galaxy rather than as external galaxies which are satelites 
of our system. The concluding chapters on the Galactic 
System and Beyond the Milky Way are excellently treated. 
One might desire a more detailed discussion of the age of 
the universe which indicates that we are relatively young 
(10 9 or 10 10 years old) and not a decrepit 10 12 years as 
Professor Duncan states. 

The appendix to the book includes many useful tables 
which in the earlier editions had been scattered through 
the book. A table for obtaining the Julian Day for any date 
from 1940-1990 is an especially welcome addition. 

Teachers will wish that the paragraphs were numbered 
for ease in making assignments, but this is more than 
compensated for by a large selection of excellent problems 
involving simple mathematical manipulation. 

The book is excellently written, is thoroughly up to date, 
and includes a nice balance of historical background. It is 
by far the most attractive general book on astronomy ever 
written, and the illustrations, many of which were made 
by Dr. Duncan, are magnificent. The book will un¬ 
doubtedly be even more popular than the widely used 
earlier editions, and rightly so. 

Carl K. Seyfert 

Vanderbilt University 


New Booklets 


The following recent publications of the National 
Bureau of Standards are of interest to physicists: RP 1790, 
Infrared Emission Spectra of Krypton and Argon, Curtis 
J. Humphreys and Earle K. Plyler, 10 cents; RP 1793, 
Changes Caused in the Refractivity and Density of Glass by 
Annealing, Arthur Q. Tool, Leroy W. Tilton, and James 
B. Saunders, 10 cents. 

Beginning with the October issue, the quarterly journal 
Mathematical Tables and Other Aids to Computation will 
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publish a new feature section, “Automatic Computing 
Machinery,” designed to disseminate information and 
news on research and development in the field of high speed 
automatic calculating machinery. Contributions to this 
section are invited and should be addressed to Dr. E. W. 
Cannon, Head of the Mathematics Group, Machine 
Development Laboratory, National Bureau of Standards, 
Washington, D. C. Calendar year subscription to the 
journal is $4; single numbers cost $1.25. Payments should 
be made to the National Academy of Sciences. 

Tracer log for August 1947, published by Tracerlab, Inc., 
55 Oliver Street, Boston 10, Massachusetts, describes the 
film badge service offered by Tracerlab for health moni¬ 
toring purposes where employees are exposed to radiation. 
16 pages. 

Sound Apparatus Company, 233 Broadway, New York 
7, New York, recently brought out two bulletins of interest 
to physicists: Impedance Vectorgraph (4 pages) and 
Portable Reverberation Analyzer (12 pages). Because of the 
highly specialized nature of the latter brochure, the Com¬ 
pany is interested in sending it only to people actually 
engaged in acoustical measuring work. 

North American Philips Company, 100 East 42 Street, 
New York 17, New York, has announced two publications 
that are available without charge: an 8-page booklet on 
quality control, and a 4-page folder (R1050) entitled 
Geiger-Mueller Counters Applied to Mining. 

The Frontier for June 1947, published by Armour 
Research Foundation of Illinois Institute of Technology, 
contains the following featured articles: “The Application 
of Industrial Research,” ‘‘Noise and Vibration Reduction,” 
‘‘The Mechanism of Cavitation Erosion,” “Crystal Struc¬ 
ture of Nicotinamide,” and “Contact Angle Measurements 
in Lithographic Research.” 


Here and There 


Personnel 

The University of Wisconsin has announced the retire¬ 
ment in June of Florence E. Allen, Assistant Professor of 
Mathematics, and John R. Roebuck, Professor of Physics. 

Two promotions in the Department of Physics at New 
York University were announced recently. Morton 
Hamermesh was elevated to an Associate Professorship 
and Serge A. Korff to a full Professorship. 

Donald A. Quarles, Director of Apparatus Development 
of Bell Telephone Laboratories, was elected a Vice Presi¬ 
dent at a meeting of the board of directors in July. 

Kinichi Watanabe, formerly of the University of Hawaii, 
has been appointed Assistant Professor in the Department 
of Physics at Wabash College. 


College of Horology and Instrument Technology 

A National College of Horology and Instrument Tech¬ 
nology is being set up in the Northampton Polytechnic, 
London, England, to open in October of this year. Full 
information may be obtained by addressing Mr. R. A. Fell, 
Northampton Polytechnic, St. John Street, London, E.C. 1. 

Institute of Numerical Analysis Established 

Plans have been completed for the establishment of one 
of the newest units of the National Bureau of Standards— 
the Institute of Numerical Analysis—at the University of 
California. One of the giant high speed electronic com¬ 
puting machines now under development by the Bureau 
of Standards will be installed at the Institute when 
completed. The Institute has two primary functions. The 
first is research in applied mathematics aimed at developing 
methods of analysis which will extend the use of the high 
speed electronic computers. The second is to act as a 
service group for western industries, research institutions, 
and government agencies. The service function will include 
not only the use of the machines for problem solving but 
also assistance in the formulation of problems in applied 
mathematics of the more complex and novel types. 

Induction Heating Corporation 

The Induction Heating Corporation, manufacturer of 
induction and dielectric heating equipment, has moved to 
new quarters at 181 Wythe Avenue, Brooklyn 11, New 
York. 

Fellowship on Waterproofed Paper 

A comprehensive investigation of waterproofed papers, 
used for such purposes as packaging, curing of concrete, 
and moisture barriers in buildings, is being undertaken at 
the National Bureau of Standards through a fellowship of 
the Waterproof Paper Manufacturers Association. A long- 
range research program, extending over at least three 
years, has been jointly agreed upon. The services of 
Robert C. Reichel as Research Associate are being pro¬ 
vided by the Association, with laboratory facilities and 
technical assistance furnished by the Bureau. 

Applied Mathematics Symposium 

The first annual symposium in applied mathematics of 
the American Mathematical Society was held at Brown 
University August 2-4. The subject of the symposium was 
“Non-Linear Problems in Mechanics of Continua.” The 
American Institute of Physics, the American Society of 
Mechanical Engineers, and the Institute of the Aero¬ 
nautical Sciences were co-sponsors. 

Contractor for Brookhaven Atomic Pile 

The H. K. Ferguson Company will build the atomic pile 
and associated facilities at Brookhaven National Labora¬ 
tory for atomic research on Long Island, New York. 
Construction has begun and will be completed in 1948. 
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Honorary Degrees 

The following scientists received honorary degrees 
recently: John H. Van Vleck, Harvard University, the 
D.Sc. from the University of Wisconsin; Roger Adams, 
University of Illinois, the D.Sc. from the University of 
Pennsylvania; Vannevar Bush, Carnegie Institution of 
Washington, the D.Sc. from Columbia University. 

New Course at Yale 

Yale University has announced the inauguration of a 
new course to be offered this year on the Development of 
the Sciences. It is designed to aid in “the closer integration 
of the sciencesand the humanities in the college curriculum 
and to emphasize the contribution of the sciences to liberal 
education.” The course will cover two terms. Representing 
the science of physics is Henry Margenau. 

Pittsburgh Spectroscopy Conference 

The Eighth Pittsburgh Conference on Applied Spectros¬ 
copy, sponsored by the Spectroscopy Society and the 
University of Pittsburgh, will be held Thursday to Satur¬ 
day, November 13 to 15, 1947, inclusive, at the Mellon 
Institute Auditorium. As in the past, .sessions on both 
emission and absorption spectroscopy are planned. Address 
inquiries to Mary E. Warga, University of Pittsburgh, 
Pittsburgh 13, Pennsylvania. 

Ionosphere Studies Truck Station 

A major problem in the study of long di^ance radio¬ 
wave propagation is the role of the ionosphere in returning 
radio waves of suitable frequency back to the earth’s 
surface. This study may l>est be accomplished by pulse 
techniques as used in radar. In fact, the radar techniques 
developed during the war were based, in great part, on 
work of this nature previously developed in connection 
with ionosphere problems. 

Up to the.present time most ionosphere studies have 
been confined to the vertical incidence case for reasons of 
simplified instrumentation and theoretical analysis. The 
oblique incidence and practical case has been studied by 
remote station field intensity recording and by theoretical 
analysis. But little oblique incidence pulse work has been 
done up to the present time because of the relatively com¬ 
plex instrumentation required. This is the purpose of the 
equipment set up in the truck station illustrated on the 
front cover. 

The truck contains complete facilities for recording 
manually or photographically the pulse emissions from a 


high power ionosphere transmitter located at the Penn¬ 
sylvania State College. Moderately high power communica¬ 
tions equipment is also included for communication with 
the college station over distances of several hundred miles. 
A power unit for supplying the equipment is contained in 
the trailer at the rear of the truck. The pulse equipment 
receiving antenna is supported by two sectionalized masts. 

For operation, thetruck is driven to the place where ob¬ 
servations are to be made, the two antennas are erected 
and, by pushing a button, the power unit is turned on. 
The equipment is then ready for operation. Experience has 
shown that this may all be done in alnmt five minutes. 
Hence, if desired, observations may be conducted at many 
distances or locations with respect to the transmitting 
position in a single day. 

Several studies utilizing this equipment arc currently in 
progress. This work is being done by Professor A. H. 
Waynick of the Electrical Engineering Department under 
contract between the Pennsylvania State College and the 
Watson Laboratories, U. S. Army Air Forces. 

Calendar of Meetings 

October 

15-18 Ameiiean Society of Civil Engineeis, New Orleans, Louisiana 

20- 24 American Society foi Metals, Chicago. Illinois 

21- 23 American Standards Association, New York, New York 

21 25 American Chemical Society, California Section, San Francisco, 
California 

23 25 Optical Society of America, Cincinnati, Ohio 
30-31 National Research Corporation and the American Chemical 
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Initial Oscillation on a Rotational Viscometer 

Ruth N. Weltmann 

Interchemical Corporation , New York , Nnv York 
(Received May 7, 1947) 

The oscillatory system of a rotational viscometer has been investigated. The oscillation 
equations were checked with experimental bob deflection-time curves obtained for Newtonian 
liquids. 

To be able to rapidly obtain correct values when taking flow curves the oscillatory system 
should be critically damped. Since this condition cannot be easily obtained in practice, the 
system should be slightly overdamped, meaning that the inertia (/) should be equal or smaller 
than r^/HOKS 2 . It is shown that due to the higher viscosity of thixotropic materials at lower 
rates of shear, the flow curves at these rates of shear give an indication of rather too low than 
too high shearing stresses. 


T HE flow characteristics of thixotropic sub¬ 
stances are known to change as a function 
of time, when these materials are subjected to 
shearing forces. However, there is little informa¬ 
tion available about the change in structure of 
the material during the initial period of agitation, 
since no instantaneous readings can be made with 
most systems of measurement. For studying the 
structural changes in the initial period, the use 
of recording equipment is most desirable since 
it provides a continuous graph of the position of 
the indicating means of the viscometer, thus 
seemingly allowing an interpretation of the flow 
behavior of the material from the start of motion. 

This paper deals with the problems en¬ 
countered with a rotational viscometer when 
changing the cup speed from one to another 
angular velocity. Details of the viscometer have 
been described by Green. 1 The recorder which 
has been used in conjunction with this viscometer 
has also been previously discussed. 2 

1 H. Green, Ind. Eng. Chem. Anal. Ed. 14, 576 (1942). 
a R. N. Weltmann, Rev. Sci. Inst. 16,7,184 (July, 1945). 


However, even the recorded values are not 
always true representations ol the flow charac¬ 
teristics of the investigated material, since the 
indicating means which control the recording 
mechanism do not instantaneously adjust them¬ 
selves to the proper position but require time to 
perform the necessary motion. 

In a rotational viscometer the shearing force 
at any rate of shear is obtained from the angular 
deflection of a bob, but only after the bob has 
come to an equilibrium position. In Green’s 
design of a viscometer the bob is suspended on a 
helical spring. The stiffness of the spring and the 
inertia of the bob structure form an oscillatory 
system in which damping is provided by the 
viscosity of the test material which is located 
between the cup and the bob. When the cup of 
the rotational viscometer is set into motion for 
the purpose of performing a viscometric measure¬ 
ment the bob starts to move from its zero posi¬ 
tion until it reaches its final deflection. The time 
which is required to complete the bob motion 
depends upon the three elements of the oscilla- 
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Flu 1. Schema tic viscometer and recorder assemblv. 

% 


the bob shaft, so that each position of the wire 
with respect to the straight wedge coincides with 
a unique deflection reading. The recording paper 
( P) travels between these electrodes at a con¬ 
stant speed, being moved by a slow constant 
speed motor (2.9 cm/sec.), and holes are pierced 
in the paper whenever a spark jumps over the 
gap. Thus the continuation of pierced points on 
the paper represents a bob deflection-time curve. 
Oil recording a flow curve the paper is coupled 
lo the drive mechanism, the transmission motor 
combination ( TM) y in such a manner that the 
pa]K»r position becomes a function of the cup 
speed. 


tory system, the stiffness of the spring, the 
inertia of the bob parts and the viscosity of the 
material. Though reference has been made to 
a condition which exists only when starting a 
viscometric measurement, the same reasoning 
also applies when the cup speed is changed step 
by step from one speed to another to obtain a 
rate of shear—shearing stress diagram. 

It is of greatest importance to design proix*rly 
the spring-bob combination so thaf the bob 
will come to its equilibrium condition in the 
shortest period of time. An analysis is being 
made of the most suitable physical dimensions 
of the elements of the oscillatory system for 
various test materials. 

INSTRUMENTATION 

Figure 1 is a schematic sketch of the meas¬ 
uring and recording means of a rotational vis¬ 
cometer. The test material is contained between 
cup (C) and bob (5). The cup which is placed in 
a 30°C constant temperature bath is driven at 
various speeds to obtain different shearing forces 
in the material. The bob, supported between two 
ball ncarings (BB) } deflects until the torsional 
force of the spring ( SP ) equals the resistance force 
in the test material. This deflection is a measure 
of the applied shearing stress. The bob carries 
the deflection indicating disk (. D) for visual 
^neasurements and the movable registering ele¬ 
ments of the recorder ( R ). The recorder consists 
of two electrodes between which a high frequency 
spark is generated. The one electrode is a straight 
wedge (WO, while the other electrode is a helical 
wire ( H) wound around a cylinder concentric to 


CUP INERTIA 

The cup as part of the drive mechanism is 
expected to obtain a constant angular rotation 
which is being impressed on it by the synchronous 
motor and transmission Combination as soon as 
the initial acceleration period is over. This has 
been checked experimentally by rigidly connect¬ 
ing the cup with the bob from which tem¬ 
porarily the spring was removed. Wax was 
poured in the clearance between cup and bob and 
left to solidify before the test. The deflection of 
the bob as a function of time was recorded. Small 
curvatures are obtained at the beginning of the 
straight lines characteristic for each applied 
speed, as shown in Fig. 2. This is evidence that 
the cup needs a certain time before it attains its 
given speed. This time lag of the cup was deter¬ 
mined by extending the straight line to zero 
deflection. From numerous experiments per¬ 
formed at various speeds this time intercept was 
found to average about 0.14 second. For further 
reference it will be designated as /<. 


OSCILLATORY SYSTEM 

The force equilibrium of the oscillatory system 
in such a rotational viscometer is given by the 
basic differential equation, 


dot 1 n da 360 n 

1 - b - VK - a = — u>, 

dt 2 S dt 2 7T S 


(D 


I —the inertia of the bob, bob shaft, and deflection 
indicating dial in gram cm 1 , 
a —the deflection in radiani, 
n —the viscosity in poises, 
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t —the time of motion in seconds, 

S —an end effect corrected instrumental constant 

5- [(1 /Rk'- l/W)/4*(*+*.)l 

R c —radius of cup in cm, 

/? 6 —radius of bob in cin, 
h — immersed height of bob in cm, 

h„— hypothetical height added to bob to correct for end 
effect, 

K torsion constant of spring in dynes cm determined 
per degree deflection, 

w—applied angular velocity in radians per second. 

The end effect is the shear produced between the 
bottom of the cup and the bob. It can be experi- 
nientally obtained by measuring shearing stresses 
for various bob heights under otherwise constant 
conditions. Upon extrapolation of the shearing 
stress—bob height curve, which is a straight line, 
it is found that for zero shearing stress a negative 
bob height is required. This is the hypothetical 
bob height h— contributing a shear equal to the 
shear effect between the bottom of the cup and 
bob—which has to be added to the immersed 
bob height in the equation for the end effect 
corrected instrumental constant S. In the cup 
and bob assembly employed, the end effect 
amounts to about 2 percent and the corrected 
S equals 2.24X10 -3 . 

Equation (1) is only strictly correct for 
materials whose viscosity is independent of time 
and rate of shear. It has three solutions: 

(1) The overdamped or aperiodic oscillation, 
where the bob deflection increases slowly until 
the bob reaches its final position. If the bob 
creeps very slowly towards its maximum de¬ 
flection there is some danger that the cup speed 
is increased to the next step before the bob has 
reached its final position and thus incorrect 
results will be obtained. Case 1 is realized when: 


(2) The underdamped or periodic oscillation, 
where the bob deflection increases rather fast 
but exceeds its final position and oscillates 
around this position before it ultimately reaches 
it. In this case the most erroneous values can be 
obtained giving either too low or too high 
readings depending on the time after which they 
are taken. Case 2 is realized when: 


M a 360JT t r/x 2 

-<- or />-. (4) 

47 2 S 2 2?r7 720 KS* 

With this condition and again substituting D for 
(360/2ir)<*, Eqs. (1) and (2) become: 


iiu r m I mw 

77 =- e -(M/ 2 /*s)f cos17+-sin 171+- 

KS L 2/sr J KS 

where 

F = (360JT/2»/-mV4/*5*)*. (S) 


(3) The oscillation with critical damping 
where the bob reaches its final position fastest. 
This most desired case 3 is realized when: 


Then 


jur 3607C trjtr 

-a-- or I =-. 

47 2 S 2 2t rl 720 KS* 



( 6 ) 

(7) 


It is also interesting to investigate the case in 
which the inertia is negligibly small. Under these 
conditions when 7 = 0, the first term of Eq. (1) 
is omitted and then the equation becomes: 

ft, da 360 n 

*—b K -<* = -<*>. (8) 

S dt 2 tt S 


n' 2 360 K Trfji' 2 

->- or /<-. 

47 2 5 2 2 tt 7 720 KS~ 


( 2 ) 


Then the solution of Eq. (1), if 77, the deflection 
in degrees, is substituted for (360/2r)a, is: 


UO) 

D =-g-W2/a)«[( -n/2IS- r)e r+ 

2KSV 

yXj) 

-(- M /2/S+I>- r ‘]+—, 

where 

T = (m74PS 2 - 360JC/2t7) ». (3) 



Fig. 2. Recorded cup deflections versus time of rotation 
for two different cup speeds to indicate cup inertia. 
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The solution of Eq. (8), if D is again substituted 
for (360/2ir)tt is: 

JX03 fXQ3 

D -- e ~(Z60KSIUn)l ^ _ ( 9 ) 

KS KS 

Equation (7) represents the case in which the 
inertia in the oscillatory system has the highest 
permissible value without allowing the system 
to fall into a periodic oscillatory motion. Equa¬ 
tion (9) on the other hand represents due to the 
removal of inertia the extreme case of ajx'riodic 
damping provided that everything" else is 
maintained equal (same stiffness and same 
damping). s 

Equations (3), (5), (7), and (0) give the 
deflection ( D ) at any instant only if the angular 
velocity prevailing in the system before a change 
took place was zero. Otherwise D is the deflection 
which has to be added to the prevailing deflection 
to obtain the new deflection value. The' pre¬ 
vailing deflection is equal to nil/KS , where S2 is 
the pri vailing angular velocity. 

EXPERIMENTS 

Experimental bob deflect ion-time curves for 
various .rates of shear, test oils and bob inertias, 
were obtained with the recorder. As mentioned 
before, Eq. (1) is only correct when dealing with 
materials whose viscosity is indejjendent of rate 



Fig. 3. Aperiodic oscillation curves for an oil in the 
Newtonian region, showing calculated points superimposed 
on experimentally recorded curves. 


of shear and time of application at a constant 
rate of shear. Therefore, only true Newtonian 
materials can be used to check experimentally 
the solutions of Eq. (1). Oils, as shown in the 
literature, 8 are only true liquids up to their 
limiting rates of shear. Hence for these experi¬ 
ments they were tested at various rates of shear 
but only below the limiting rate of shear, where 
they are definitely known to behave like true 
liquids. 

By using materials which varied in viscosity 
the damping of the oscillatory system was 
changed. In most cases for materials of different 
viscosity a change in the stiffness of the spring 
was required, since otherwise the deflection 
readings would have become either too small, 
thus lacking in accuracy, or too large so that the 
spring would have been overstrained. 

In Fig. 3, bob deflection-time curves following 
Eq. (3), representing the case of over damped or 
ajKTiodic oscillation, are shown, for different 
applied rates of shear. Two bob springs of dif¬ 
ferent stiffness were used. The same is shown in 
Fig. 4, but for an oil which gives underdamped 
bob deflection-time curves representing the case' 
of periodic oscillation. In each case the cup 
started motion at zero time. Thus the prevailing 
angular velocity (S2) in both cases was zero. It 
was found that the equations check the experi¬ 
mental curves only when the time lag ( t r ) of the 
cup is taken into consideration. This was done 
by deducting / t in each case from the measured 
time t. In Figs. 3 and 4 points obtained from 
Eqs. (3) and (5), have been super-imposed on the 
respective experimental curves with very good 
agreement. 

In all cases so far described the inertia of the 
bob system was kept constant, (/=*4088 g cm 2 ). 
In Fig. 5 curves arc shown, representing condi¬ 
tions in which the inertia of the bob parts was 
varied in order to demonstrate that an increase 
in inertia can change the oscillatory system in 
such a manner that aperiodic oscillations will 
become periodic ones even though the same 
material and the same spring are used. Experi¬ 
mentally the inertia of the bob* system was 
changed by operating without and with the 
deflection-indicating dial and by substituting the 

*Weltmann, R. N., Ind. feng. Chem. Anal. Ed. 13, 424 
(July, 1943). 
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deflection-indicating dial with various lead disks. 
The weight of the lead disks was limited only by 
the carrying capacity of the spring. Thus the 
inertia was changed in various steps from 452 to 
29308 grams cm 2 . The bob deflection-time curves 
in Fig. 5 have been taken with one oil and at one 
applied rate of shear but with bob systems of 
different inertia. As can be seen two of these 
curves follow Eq. (3), while the other three follow 
Eq. (5). Again experimentally obtained and calcu¬ 
lated bob deflection values are plotted. 

INBRTIA OF THE TEST MATERIAL 

Since the test material has to be accelerated 
when changing the cup speed, it was thought 
that the inertia of the test material in the vis¬ 
cometer might have to be taken into considera¬ 
tion in deciding whether under critical conditions 
l>eriodic or aperiodic oscillation will result. To 
obtain experimental evidence' about the inertia 
effect of the material the time-deflection curves 
of two substances of almost the same viscosity 
but of quite different specific gravity were 
recorded at various rates of shear. To exclude the 
stiffness element from the measurement the bob 
was decoupled from the spring. The time- 
deflection curves which were thus obtained were 
identical for the two test materials used which 
had a viscosity of about 5.5 poises. One of the 
two substances was a mineral oil with a specific 
gravity of 0.93 and the other one was a mercury 
potassium iodide solution in glycerine with a 
specific gravity of 2.84. The results arc not 
surprising since the inertia of the test material 
even with the high specific gravity does not 
exceed 15 i>creent of that of the lightest bob 
system. The specific gravity of the mercury salt 
solution has been chosen to be high enough so 
that it will hardly be exceeded by any other 
material to be tested in the viscometer. 

PRACTICAL CONSIDERATIONS FOR 
NEWTONIAN LIQUIDS 

In the measurement of flow curves of materials 
of which the flow characteristics had not been 
previously determined, it is important that the 
rate of shear can be increased and decreased at 
a very fast pace. On the other hand precautions 
must be taken that the rate of increase and 
decrease is not so high that the bob is prevented 



Fie.. 4. Periodic oscillation curves for an oil in the 
Newtonian region, showing calculated points superimposed 
on experimentally recorded curves. 

from attaining its final deflection value for each 
rate of shear step. The fastest adjustment of the 
the bob takes place when the oscillatory system 
is critically damped and it is thus this condition 
which is most desirable to maintain while per¬ 
forming a flow curve measurement . If the system 
is underdamped, a condition which will produce 
periodic oscillations whenever the rate of shear is 
changed, flow curves could be recorded which 
would provide shearing stress values for the differ¬ 
ent rates of shear which are either lower or higher 
than the correct values. For this reason an over¬ 
damped oscillatory system should be used in 
preference to an underdamped one. In order to 
accomplish this for materials of low viscosity an 
extremely low bob inertia is required. 

The bob reaches its final position after an 
infinite time has elapsed. This end value of the 
deflection is realized in all cases when, 


JUW 

D =- for ft = 0 

(10) 

KS 

M (ft+w) 

> —-for ft 7 * 0 . 

(ID 

KS 


Equation (10) represents not only the final 
deflection when the prevailing angular velocity 
was zero, but also equals the final deflection 
value which has to be added to any previously 
prevailing deflection. 

Both Eqs. (10) and (11) will be recognized as 
the general viscosity equations for a rotational 
viscometer, 4 and are obtained from Eqs. (3), 

4 M. Reine and R. Riwlin, Kolloid Zeits. 43, 1 (1927). 
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Fig, 5. Oscillation curves of an oil in the Newtonian 
region obtained with differcnt'bob inertias under otherwise 
constant conditions, showing calculated points super¬ 
imposed on experimentally recorded curves. 

(5), (7), and (9) for an infinite time. When t is 
infinite the whole first term of all four equations 
becomes zero. However, for all practical purposes 
the end position can bo assumed to have been 
reached when the deflection is about 1 percent 
less than the ultimate value. To obtain a value 
of 1 percent less than the deflection value D of 
Eq. (10), the whole first term of EqsT (3), (5), 
(7), and (9) has to be equal to the one percent 
which in turn means that the multiplicant of 
HU)/KS in the first term has to equal 0.01. 

Since periodic oscillations are undesirable 
because of the possibility of obtaining not only 
too low, but also too high deflection readings and 
since the case of critical damping is difficult to 
achieve in practical tests, the damped oscillation 
curves will occur most frequently and therefore 
have been investigated further. It might be 
recalled that the two limiting conditions for the 
damped oscillation curves are the critical damping 
with the highest inertia before periodicity is ob¬ 
tained and the case where no inertia is present. 

For the case of critical damping, which gives 
the fastest deflection movement, the equation 
which contains the time tw necessary to reach the 
final deflection value within 1 percent is, 

e-wiutrfi+JL ,,\-o.01. (12) 

* V 2 IS / 

By employing the graphical method, 

2/5 6.64 

/jp(critical) S- (13) 


and since in this case Eq. (6) is valid, 

6.64 ir/i 

tt (critical) ~-. 

360X5 


( 14 ) 


In the case that there is no inertia present the 
time for a deflection which is 1 percent short of 
its final position becomes from Eq. (9) 

2 * 7 * InO.Ol 

/r(inertialess) =-. (IS) 

360X5 

Thus Eqs. (14) and (15) differ by a factor of 
about 1.4 That means, that everything else 
being equal, the fastest swing of the bob takes a 
little less than l of the time which would be 
required for a swing with an inertialess system. 
Equation (15) can be written: 

= 0.08m, KS—0.08D/w. (16) 

In prior experimental work the author has 
taken most flow curves in one of the following 
manners. In the majority of cast's the speed of 
the cup was raised in about 10 distinct steps 
during a period of about 26 seconds to cover a 
change of angular cup velocity of about 10 
reciprocal seconds. For special runs the change of 
angular cup velocity of about 10 reciprocal 
seconds was attained in 13 seconds by taking 
only 5 steps. Under both these measuring condi¬ 
tions the time available for adjustment of the bob 
to its final position was 2.6 seconds. Thus tv in 
Eq. (16) should not exceed 2.6 seconds. Therefore 
in the case of flow curve measurements with an 
inertialess bob system m 'KS or D/ u> should not 
exceed 32.5. It is relatively easy to review the 
validity of previous flow curve measurements 
by considering the ratio D/ «. In most cases the 
viscometer constants were so adjusted that for 
a top angular velocity of about 42 reciprocal 
seconds (400 r.p.m. of the cup) the bob would 
rotate for a maximum of 360 degrees. Under 
these conditions D/w-8.6, which corresponds 
to a value of 0.69 second for t F . This certainly 
means that flow curve measurements have been 
made with a substantial margin of safety as 
far as final adjustment time of the bob was 
concerned. This, of course, is only correct under 
the assumption that the oscillatory system was 
overdamped. Therefore* prior to a flow curve 
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measurement it has to be determined whether 
the inertia of the oscillatory system is of the 
correct order (Eq. (2)) to assure overdamped 
conditions. For low viscosity materials the inertia 
of the bob and its associated parts were found of 
the correct order for the overdamped condition 
only after removing the deflection indicating 
dial. 


PRACTICAL CONSIDERATIONS FOR 
NON-NEWTONIAN MATERIALS 

Though Eq. (1) as mentioned before is only 
correct for Newtonian materials, its interpreta¬ 
tion can be used to determine whether the 
decrease in deflection obtained with a thixotropic 
material is derived from the thixotropic break¬ 
down of that substance or from an undesirable 
overshooting effect of an underdamped system. 
The following reasoning might be applied. If the 
thixotropic material has a sufficiently high vis¬ 
cosity at the top rate of shear at which the 
shearing stress is measured to overdamp the 
oscillatory system then it must be assumed from 
the nature of the thixotropic substance that it 
would have even a higher damping effect at 
lower rates of shear since its viscosity must be 
higher. However, because of the relatively high 
viscosity at the low rates of shear the time /f 
which is required to get the bob within 1 percent 
of the final position could conceivably be longer 
than the time interval which is used in perform¬ 
ing the step by step flow curve measurement, 
even if Z>/co is adjusted to be less than 32.5. 
When that happens the measured shearing stress 
for a given shearing force is lower than it should 
be. To illustrate the condition which might exist 
when measuring a flow curve of a thixotropic 
material the assumption can be made that the 
ratio D/<a for the top rate of shear is again equal 
to 8.6 which means that the time If equals 0.69 
second. If a further assumption is made that the 
viscosity for the first measuring step of the flow 
curve is four or five times higher than for the top 
rate of shear, then at this point 2.76 and 3.45 
seconds, respectively, would have been required 
to make the bob come up to within 1 percent of 
its final deflection. From Eq. (15) it can be 
calculated that if only 2.6 seconds are allowed 
to perform a measurement the bob was about 
1.4 and 3.2 percent, respectively, off its final 


value at the instant of recording. In such a case 
the hysteresis loop of the flow curve would be 
recorded smaller than the material warrants, 
especially at the low rate of shear. 

It is unfortunate that two contradictory con¬ 
ditions have to be met, when running flow and 
time-deflection curves of thixotropic materials. 
Because of the thixotropic nature of the material 
the measurement should be made speedily to 
obtain the flow characteristics of the materials 
before breakdown takes place. On the other hand 
due to the high viscosity in the beginning of 
motion the damping is so great that breakdown 
will start before the final deflection is reached. 
From Eq. (16) it can be seen that the swing in 
time (/f) is proportional to the viscosity (n) and 
inversely proportional to the torsion constant 
(. K ). Therefore, to determine the viscosity values 
of thixotropic materials at low rates of shear 
with a higher degree of accuracy it is suggested 
to use 1 a stiffer bob spring than would be other¬ 
wise employed. Though the bob deflection when 
using a stiffer spring will be smaller, the indicated 
shearing stress allowing the same limited time 
for taking the measurement will be greater, since 
the final deflection will be approached faster with 
the stiffer spring. Unfortunately one is restricted 
in increasing the spring constant since finally 
the motion of the bob becomes too small for 
accurate reacings even when a recorder is used. 
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Fig. 6 Aperiodic oscillution curves of a thixotropic 
pigment suspension compared to that of an oil in the 
Newtonian region. 
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For the study of the initial conditions of' thixo¬ 
tropic materials a special recorder might have 
to be designed which could provide some means 
of amplification of the purposely low deflection 
readings obtained with a too stiff spring. Such a 
recorder, for example, might make use of a long 
light beam which is thrown on a photographic 
recording paper. Another possibility might be to 
use a bob arrangement in which the bob is essen¬ 
tially motionless and the shearing force is 
measured with a strain gage. A high speed elec¬ 
trical recorder should be used to draw the flow 
curve from the indication of the strain gage. 

COMPARISON BETWEEN NEWTONIAN AND 
NON-NEWTONIAN BOB DEFLECTION¬ 
TIME CURVES 

Since bob deflection-time curves can be cal¬ 
culated for true liquids, a deviation from the 
expected curve will show up any material which 
is non-Newtonian. Pryce Jones 6 used a method 
which was based on this consideration. In ac¬ 
cordance with this procedure the bob was in a 
deflected position before the measurement was 
started and the bob deflection-time carve was 
recorded while the bob returned to its zero 
position. Recently Clark and Hodsman 6 em¬ 
ployed a -method similar to the one of Pryce- 
Jones for measuring viscosities. 

In distinction to Pryce-Jones and Clark and 

‘J. Pryce-Jones, J. Oil and Col. Chem. Assn. 17, 171 
(September, 1934). 

•A. A. Clark and H. J. Hodsman, J. Soc. Chem. Ind. 56 
(February, 1937). 


Hodsman the author is presently engaged in 
studying at different rates of shear bob de- 
flection-time curves which result from changes of 
the cup speed lor Newtonian and non-Newtonian 
materials. 

In Fig. 6 overdamped bob deflection-time 
curves are shown at three rates of shear for a 
thixotropic pigment suspension. In each case the 
curves were measured starting from a zero rate 
of shear. The breakdown in thixotropic structure 
is apparent from the decrease in bob deflection 
with time. As can be calculated by substituting 
the maximum deflection in Eq. (16), thixotropic 
breakdown occurred long before the bob would 
have reached its final deflection. For comparison 
one overdamped oil curve was added, which was 
taken at a rate of shear below its limiting rate of 
shear and which has a Newtonian viscosity of 
312 poises. Attempts are being made to find 
some means of correlating the bob deflection 
values for Newtonian and non-Newtonian ma¬ 
terials at any instant and rate of shear. No 
definite data are as yet available. But there are 
indications that this approach might make it 
possible to evaluate the consistency of thixo¬ 
tropic materials at very low rates of shear. 
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Stability and High Frequency 

Aurel Wintner 
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In a linear oscillator which is not conservative, let the frequency vary so as to tend to in¬ 
finity when time increases indefinitely. It seems to be evident that the oscillations must then 
be of stable type. Actually, this is not true. The paradox results from the circumstance that 
the relevant criterion of stability depends on the monotone decrease, rather than on the in¬ 
definite decrease, of the instantaneous period. 


I 

I F a continuous o) = w(0. given for large positive 
/, varies so as to satisfy 

&>(/)—»oo as /—>oo, (1) 

it is usually assumed to be quite evident that the 
corresponding non-conservative oscillator 

*"+w 2 * = 0 (2) 

must be of stable type (in the sense that 

| x(t) | <const, as t —►<*>, (3) 

if x — x(t) is any solution). A closer reflection on 
the energy balance shows, however, that the 
stipulation of (1) in (2) as a sufficient criterion 
for (3) is just a superstition. In fact, it turns 
out that the variability of c o(t) can be subject to 
(1) and be still so much in phase with the loss and 
gain in energy, that the local amplitudes of a 
solution of (2) fail to remain under any pre¬ 
assigned bound. 

What is always true is that (2) must be of 
stable type if 

dw(t)^0 when / 0 </<<*>. (4) 

But (1) does not imply that (4) is satisfied (nor 
is, of course, the converse inference true). In 
fact, if <a(t) is asymptotically proportional to /, 
say o)(/)=/+0(/), where 0(/) is of a lower order 
than / as /-»<*>, then (1) is satisfied but (4) need 
not hold. For, even if the remainder term, 
o)(t)—t f is of so small an order as to satisfy an 
inequality |0(/)|<C (for some C=const.), 
possible fluctuations of 6(t) can lead to a situation 
violating (4). The construction of a w(/), by 
means of which the actual insufficiency of the 
alleged stability criterion will now be proved, 
turns out to be precisely of this fluctuating type. 
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The proof will consist in calculating a pair of 
functions, w = w(0 and r = r(/), which satisfy (1) 
and 

r(/)—>oo as /—>oo, (5) 

respectively, and are such that 

*(/)=r(/) cos(/*) (6) 

Incomes a solution of (1). Clearly, (5) and (6) 
will imply the failure of (3); they will imply 
even more. In fact, (5) and (6) show that the 
local maxima (that is, the successive amplitudes) 
of the elongation (#(0|, instead of being just 
unbounded, tend to oo as t —>*>. 

Substitution of (6) into (2) gives 

\(2tr'+r) tan(/ 2 )+2 Pr-\r"\/r. (7) 

Hence, it is sufficient to show that it is possible 
to choose some function r = r(/) in such a way 
that, on the one hand, (5) is fulfilled and, on the 
other hand, (7) defines, in terms of this r = r(0, 
a continuous function w = w(0 satisfying (1). 

It is understood that r(t) should have con¬ 
tinuous derivatives. But this of itself does not 
take care of the proviso just italicized, since the 
tan(/ 2 ), occurring in the definition of w(/), has a 
sequence of infinities. These infinities can, how¬ 
ever, be eliminated from (7), by choosing r = r(/) 
so as to satisfy, for instance, the relation 

(2/r'+r)r = f cos 2 (/ 2 ). (8) 

In fact, (7) is reduced by (8) to 

{/ sin(/*) cos(/ 2 )}/r®+2/ 2 — \r n /r ; (9) 

so that the infinities of the tangent are com¬ 
pensated by the choice (8) of r(t). 
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Since the product on the left of (8) is identical 
with the derivative of /r 2 , the differential equa¬ 
tion (8) for r = r(/) is satisfied by 


-|JT‘ 


s cos 2 (s-)ds 


1 


(to) 


again by (11). On the other hand, differentiation 
of (8) gives 

(2/r^+3r')r+(2/r'+r)r' = 0(t 2 ). 

Hence, from (14), 

/r'V+0(ri)r+/0(r‘) 2 +r0(r^)=0(/ 2 ). 


Clearly, the function (10) is asymptotically pro¬ 
portional to {/ 2 ) *//* = /*, that is, there exists a 
numerical constant, say c, satisfying 

as /—>oo, where 6*>0. (11) 

But (11) implies (5). Consequently, the proof 
will be complete if it is* verified that, when r is 
given by (10), the (positive) function w which 
is then defined by (9) is such as to satisfy (1). 

According to (11), the first of the three terms 
on the right of (9) is asymptotically proportional 
to sin(2/ 2 ) and remains, therefore, in absolute 
value less than a constant, as /—»°c. Since the 
second term on the right of (9) is / 2 , it follows 
that the sum of the three terms, which is £<■>*, 
will be asymptotically equal to / 2 if the third term 
is of a lower order than / 2 . Finally, the Jfehird term 
is the function r"/r which, in view of (11), is of 
the order of r" ft *. 

Consequently, (1) will bje assured if it is ascer¬ 
tained that r"//* is of a lower order than / 2 . This 
(and more) will be proved by showing that 

r"«0(/*). * (12) 

In (12), use is made of the familiar notation, 
/=0(/*), for any function /=/(/) which is of 
the order of t a , at most . In other words, f{t) = 0{t a ) 
means that the quotient f(t)/t a stays between 
finite bounds, as t— ►oo. In particular,/(/)= 0(1), 
where a = 0 means that |/| Cconst. as /—►<*>. 
In the following proof of (12), the obvious rules 

0(t*)0(te) - 0(t a+fl ), 0 ( 1 )+ 0 ( 1 ) - 0 ( 1 ) ( 13 ) 

will repeatedly be applied. 

According to (8), 

2 fr'+ r -0(|)/r«0(*») 

Uy (11). Since this means that r' = 0(/*)// 
—r0(/~ 1 ), it follows that 

r' = 0(r*), (14) 


In view of (11), this can be simplified to 
/r"r+0(l) = 0(/ 2 ). 

Consequently, rr" = 0(/), and so (12) follows 
from (11). 

IV 

This proves that condition (1), without (4), 
dot's not insure the stability of (2). On the other 
hand, condition (4), without (1), does insure 
stability (if w = w(/) is positive), even though (4) 
is not a necessary condition. That it is sufficient 
for stability, is known to follow by an argument 
familiar from the theory of Bessel’s functions. It 
proceeds as follows: 

Whether (4) is satisfied or not, it is seen (by 
differentiation) that 

d(x*+x n /<f)=x''d( M >-*) (15) 

is an identity in / along any solution x—x(t) of 
(2), where w = o>(/). If (4) is assumed, then, since 
w(/) is supposed to be positive, the increment on 
the right of (15) cannot be positive. Hence, the 
same is true of the increment on the left of (15). 
This means that the function 

xKt)+x'\t)/u>*(t) (16) 

does not increase when t increases. In particular, 
if /i </*<•• • is a sequence of /-values at which 
x'{t) vanishes, then, since (16) reduces to x 2 {t) 
when /=/i, / 2 , • • •, 

In other words, the successive amplitudes 
|x(<i)|, |*(/ 2 )|, •••, representing the relative 
maxima of | x(t) |, do not increase. This proves 
more than what is claimed by (3), that is, by 
mere stability. 
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A theory is proposed which connects the stress, /, re¬ 
quired to break a brittle material in simple tension, with 
its duration of application, /. The slow process preceding 
fracture is shown to be the orientation of the atomic net¬ 
work contained in an elementary prism of length r = \ 0 £//, 
where E is Young’s modulus and X 0 is the critical elongation 
required for fracture. The rate-controlling factor is the 
activation energy, Ea/f t for the orientation or rearrange¬ 
ment of the atomic network under the stress, /. Moisture 
on glass, and moisture plus oxygen on certain metals,' are 
important catalytic or fatigue-promoting factors because 
they reduce the unit activation energy, a . The theory 
leads to the equations 

/*( \/k 0 )e Eal/kT 

and 

log/» -\azk*+(Ea/2MT)/f t 

where t is the time for fracture (duration of the stress), 
k is the Boltzmann constant, T the absolute temperature, 

INTRODUCTION 

N a discussion of the strength of “brittle” 
materials, it is desirable to define such terms 
as brittle, ductile, elastic, etc. We speak of glass 
as a brittle material “par excellence,” and yet 
glass when hot is quite ductile or plastic. Under 
some conditions, for example under unpact, tar is 
a brittle material, whereas if a more gentle pres¬ 
sure is applied over a period of time the tar will 
undergo some deformation, part of which is 
permanent and part slowly recoverable. Rubber, 
quite typically elastic at room temperature, is 
brittle at liquid-air temperatures. Thus, we see 
that time and temperature are important factors. 

Webster’s new International Dictionary, Sec¬ 
ond Edition, defines brittle as “breaking with very 
slight deformation ductile as “capable of being 
permanently drawn out or hammered thin; 
capable of being molded or worked ;” elastic as 
“capable of recovering size and shape after 
deformation.” 

In view of the fact that a substance like glass is 
quite fluid at very high temperatures, ductile in 
the temperature range where it is worked into 

* Presented at the Annual Meeting, Society of Rheology, 
New York, New York, November 2, 1946, as part of the 
Bingham Memorial Symposium. 


and a and ko are experimentally determined constants. The 
logarithmic expression has the same form as the Glathart- 
Preston [J. App. Phys. 17, 189 (1946)] empirical relation 
log/ = —a/m -f 1 /fm, which, in the case of glass, appears 
to Ixj valid over a time factor of 10 7 . 

The theory shows why a solid object does not have a 
single characteristic breaking strength, and how it adjusts 
its fracture mechanism to whatever stress is applied. Quan¬ 
titative tests of the theory are made, using fracture data 
on various glasses and on one glass at various temperatures. 
Applicability of the theory to certain aspects of fatigue 
of metals under stress-corrosion conditions, as well as to 
failure by fracture of the more rigid organic plastics, is 
indicated. 

An equation, E\q = 2y, is proposed which connects 
Young’s modulus and the critical fracture distance with 
the surface tension, y, of the solid. Some examples are 
given. 


useful shapes, simultaneously ductile and elastic 
in the annealing range of temperature, brittle at 
ordinary temperatures and below, and that a 
substance like tar is brittle or ductile depending 
on the time element, it is to be seen that there is 
no sharp dividing line where a substance can pass 
exclusively from one property to another. It is 
not surprising, therefore, to find that a brittle 
material shows elastic properties including not 
only f he instantaneous response but also lesser 
known reactions called elastic after-working, 
delayed elastic effect, primary creep, etc. Like¬ 
wise, normally ductile materials, under impact or 
brief intense stresses show essentially brittle 
properties. 

As soon as we recognize that “time is a neces¬ 
sary dimension of strength,” that it is vital to any 
consideration of the mechanical properties, we 
look for the reason. The problem takes on some 
of the aspects of a chemical reaction running at a 
characteristic rate, and the concepts and methods 
of physical chemistry should be applicable. 

The strength of brittle materials depends on 
many factors, not only on the time, but also on 
the chemical environment, on pre-stressing or 
residual stresses resulting from the preparation of 
the test piece, on the method of testing, and on 
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size and shape. This latter factor is very signifi¬ 
cant in thin fibers, wires, and foils. Surface cracks 
may also act as centers of dangerous local stresses. 
The common belief that every material has a 
characteristic breaking strength is very' far from 
the truth. 

Probably most materials are brittle at the time 
of actual rupture or fracture. The various mo¬ 
lecular or atomic mechanisms which can adjust 
to the applied stress are exhausted just prior to 
the instant of fracture. “Primary creep,” “slip,” 
“delayed elastic adjustment” appear to be a 
necessary prelude, determining by their Slowness 
how long the stress can be sustained. 

The theory dcvcloi>ed in this paper emphasizes 
this atomic rearrangement as the essential factor 
determining the time for fracture, and advocates 
a method of plotting which has both practical 
and theoretical value. 

I. THE EMPIRICAL LINEAR RELATION 
RECIPROCAL STRESS VS. LOG TIME 

J. L. Glathart and F. W. Preston 1 have pre¬ 
sented a linear equation showing the strength of 
glass as a function of time under constant load. 
This equation is 1 /f=a+m log/,’where / is the 
breaking stress, t the time, and a and m are 
constants. Each line is thus defined by its slope 
m = d(l/f)/d(\ogt) and by the point (/ 0 ), where 
the line intersects the time axis. This equation is 
based on the experiments by T. C. Baker 2 in 
Preston's laboratory, covering the exceptionally 
large time range of 10 7 . 

The above equation may be written 

log/ = — a/m +1 /fm. 

The numerical values of the slope m range from 
0.72X10“* to 2.93X10-* in. 2 /lb. for disannealed 
Pyrex, dry, and for plate glass, dry, respectively. 
However, much smaller values of the slope arc 
indicated in the case of glass which had been 
especially dried by baking at 350°C in high 
vacuum. From the data on experiment VII of the 
Baker and Preston paper the value of m for soda- 

41 — 

1 J. L. Glathart and F. W. Preston, “The fatigue modulus 
of Glass/' J. App. Phys. 17, 189 (1946). See also F. W. 
Preston, “Strength of glass and duration of stressing/’ 
Nature 156, 55 (July 14, 1945). 

* T. C. Baker and F. W. Preston, “Fatigue of glass under 
static loads; effect of water on the strength of glass/’ J. 
App. Phys. 17,170 (1946). 


lime glass is calculated to be only 0.04X10-*. In 
fact, some data are shown in which there appeals, 
within the limits of experimental error, to be no 
decline of strength in glass which had been very 
thoroughly vacuum-dried by baking at 0.1- 
micron mercury pressure for 10 minutes at 350°C. 
The value of m in this case would be smaller than 
0.04 X10~ 6 . This shows that moisture plays a 
very important role in bringing about fatigue or 
decline in strength of glass under load, with the 
passage of time. Removal of moisture also raises 
the absolute strength in experiments conducted 
at constant time. As stated by Baker and 
Preston, in certain tests the ratio of the vacuum 
strength to the wet strength is 2.5 for Pyrex, 2.0 
for soda-lime glass, 1.7 for silica glass, and 1.5 for 
porcelain. 

If we regard the empirical relation of Glathart 
and Preston as measuring the speed of a molecu¬ 
lar process, we can consider that this speed is 
controlled by an activation energy, just as we 
find the speed of an ordinary chemical reaction 
controlled by such an energy. This activation 
energy is a minimum energy which a molecular 
complex must acquire before it is in a position to 
undergo reaction. Certain bonds must be broken 
or weakened before new bonds can form. It would 
appear that moisture has the effect of greatly 
lowering the activation energy for fracture of 
glass. In other words, the presence of moisture 
somehow provides a mechanism of molecular 
rearrangement which requires lower energy than 
if moisture is absent. This seems reasonable since 
H a O can convert the strong Si—O —Si bond into 
weak Si —OH bonds. A theoretical derivation of 
an equation taking account of this activation 
energy will now be set forth. 

n. THEORY OF THE FRACTURE PROCESS 

We shall imagine that the elementary process 
in fracture consists in the slow elongation of the 
strongest bonds in an elementary or unit rect¬ 
angular prism having length, r, cross-sectional 
area, A , and volume V=rA. Under tension / par¬ 
allel to the length, there will be, according to 
Hooke's law, an extension of the prism in the 
amount X 0 where Xo /r«//£, E being Young's 
modulus. This establishes the length r in terms of 
a characteristic unit of length, Xo. The prismmay 
be regarded as made up of E/f layers, each Xo in 
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thickness and A in area. Let the extension X 0 of 
the prism be just sufficient for fracture. The 
activation energy for fracture is then equal to 
aE/f % where a is the activation energy required 
for orientation and associated stretching of each 
layer of thickness X 0 and area A . (See Fig. 1.) The 
product aE/f represents the whole activation 
energy for orientation and consequent stretching 
of all of the network of atoms contained in the 
volume V. Since X 0 /r«//£ and since X 0 is a 
characteristic constant length, r becomes less as/ 
increases, so that for constant cross-sectional 
area the volume V diminishes as / increases. It 
thus appears that the activation energy for 
orientation and stretching of the material con¬ 
tained in volume V will diminish as / increases. 
The rate of the fracture process is, therefore, the 
rate at which the material in V acquires its 
critical activation energy aE/f , and this can be 
written: 

rate of fracture** -koe~ Ea,fkT . 

The corresponding time for fracture then 
l>ecomcs: 

/=( \/k 0 )e**" kT 

and 

log/ = -log* 0 + (Ea/2.3kT)/f. 

This equation is of exactly the same form as that 
of the empirical Glathart-Preston relation: log/ 
= —a/m + l/fm. We see that m = 2.3kT/Ea. It is 
to be emphasized that the assumption of a char¬ 
acteristic or critical energy which must be sup¬ 
plied per unit of length Xo (or more exactly, per 
unit of volume Xo^4) leads to a theoretical equa¬ 
tion exactly identical in form with the empirical 
linear relation, namely that the logarithm of time 
for fracture is inversely proportional to the 
stress. 

The equation m — 2.3kT/Ea is dimensionally 
correct because m has the dimensions of reciprocal 
stress, E has the dimensions of stress, and a and 
kT have the dimensions of energy. It is probably 
impossible to predict the value of a from funda¬ 
mental considerations, since it is the experience in 
chemical kinetics that the activation energy can 
be calculated from fundamental constants only in 
the case of very simple gas reactions. However, 

**For details as to the connection between rate of 
elongation and rate of fracture, see the next section. 
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a can be derived from the experimental data by 
the use of the equation given here. 

The basic assumptions may be { re-stated as 
follows: The strongest atomic bond in the system 
must be stretched a distance Xo in order to efrect 
fracture. This elongation Xo is constant, regardless 
of the stress. The length of the chain of atoms 
which cooperates to produce this elongation Xo is 
r«X 0 £// and, therefore, is inversely proportional 
to /. The elongation of this chain, or more 
properly speaking, the elongation of a prism of 
length r and area A , is a slow process because of 
the many bond angles which must be changed 
and the many atoms which have to be squeezed 
and rearranged in order to permit elongation of 
the strongest bond in the amount Xo. When this 
elongation has occurred, it can be imagined as 
being distributed in a statistical way among all 
the bonds whose total length is r, but because of 
extremely rapid thermal vibration, the whole Xo 
soon concentrates on some one bond and then 
fracture occurs. This redistribution is a very rapid 
process. The rate-controlling process is a rela¬ 
tively slow orientation of the whole network of 
atoms whose total length is r. The activation 
energy necessary for the orientation process has a 
characteristic value per unit of length, so that if 
for convenience X 0 be regarded as that unit, we 
define a as the activation energy required per 
unit of length Xo, with cross-sectional area A . The 
whole activation energy, then, for the elementary 
process of fracture, is aE/f. One can see that 
when the stress is small, the time for fracture is 





Am , r »* SioAOAnoM u CoMsrAMr. 

«* , r*m Acr/rsrfA/ Mm*/ tar As* K #*vmm A A*, /# Com 9 rA Mr. 
4/.4», A** 60 r#A StAMAMrAAY AMtJMO . 

Sr //omMSA Iaa/ Am/A • f/S 

Am - 9A a* 7*oom A*m Jr* ms t ms 

//MAC* 4, m 94 m 

Amo <?/ • 2Qm, S/*mm MtC S/f 
A/ fs 77** ArooAOAo A/mm omm. 

Fig. 1. Elementary prisms functioning as units in the 
fracture process. 
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very long because the elementary cell or prism 
which has to acquire the critical activation 
energy' ctE/f is large. When the breaking stress is 
high, the elementary cell is smaller, aE/f is 
smaller, and fracture occurs sooner. The solid 
responds automatically' to any tension which is 
imposed, and will break under that stress if it is 
applied for the right length of time. Thus we 
cannot speak of a definite characteristic breaking 
stress of the specimen . However, for practical pur¬ 
poses the times for fracture under mild stresses 
may be so extremely long that they can be re¬ 
garded as unlimited. This is why the concept of 
an “endurance limit" h$s been found useful in 
the fatigue testing of metals. 

A. Phenomena Preceding Fracture 

A series of researches by Taylor* and co- 
workers have shown that in the annealing range 
of temperature the elastic deformation of a glass 
fiber or rod under tension may be represented by 
one or more terms, each of which follows the law 
dl/dt = —kl t where / is the unstretched length or 
the distance from equilibrium. The eloftg^tion is 
rapid at first but falls off with time because the 
fraction of the molecular network available for 
orientation is rapidly decreased. In this respect 
the phenomenon is much like radioactive decay. 

The same law is found to hold at room temper¬ 
ature, for example, in the change of readings of a 
fixed point such as the ice-point of a thermome¬ 
ter. (See Taylor and Noyes. 4 ) In one case, meas¬ 
ured at room temperature, the “half-life" for the 
process was 6.75 months. 

In fracture phenomena, our tests are usually of 
much shorter duration, and we find that the rate 
of elongation appears to follow the law dl/dt 
« —k*e~ Ea,fiT , which is to say, that for a given 
value of the stress, /, the rate dl/dt is constant. 
Such a result would follow if the magnitude of the 
elongation Xo which is necessary for fracture is 
quite small compared with the original length, so 
that l on the right side of the expression dl/dt 
** —kl (or the apparent value of r in the expres¬ 
sion dr/dt**—kr) changed very little. Now the 
ratio f/E in the glass fracture studies of Baker 

* N. W. Taylor, “Elastic after-effects and dielectric 
absorption in glass/' J. App. Phys. 12, 753 (1941). 

4 N. W. Taylor and B. Noyes, “Aging thermometers,’ 1 
J. Am. Ceram. Soc. 27, 57 (1944). 


and Preston never exceeded 1/300, so this repre¬ 
sents the maximum ratio 4 of Xo /f for these ex¬ 
periments. this ratio is also small in most fatigue 
tests on met&ls, since E is about 10 7 p.s.i., and / 
rarely exceeds 5 X10 4 , yielding a maximum f/E of 
1/200. Hence, we appear to be justified in con¬ 
verting the differential rate, dl/dt, to the integral 
form A//A/~Xo/f, where Xo is the characteristic 
critical elongation required for fracture, and t is 
the duration of the stress. 

Hence if the rate of elongation of the unit cell 
or prism of length, r, under" stress, f, is dr/dt 
= —frko f e~ EalfkT , then X 0 //= -frk 0 "e- E °" kT . But 
the apparent value of r does not change appreci¬ 
ably, and fr = E\ o, so that 

Xo//=-£Xofeo'V if ^ 7, , 

1 '/= -Eko''e~ E °" kT , 

e Ka/f A T 

t =- , where Rk { " -£ 0 , 

*0 

and 

log/= —log£o+(/S« 2JkT) 

(in converting to logarithms we discard the nega¬ 
tive sign in the preceding equation since this 
came originally from the equation dr dt= —kr, 
and has no effect on the numerical value of / or 
log/). Negative values of /, the duration of stress, 
are meaningless. 

The proper value of E to use* in the calculation 
is the mean value of the modulus over the whole 
range of strain from dr/r = 0 to dr/r = \ 0 /r. Since 
Xo /r is 1/200 or less we are justified in using the 
ordinarily' measured value of E which is obtained 
for lower values of dr/r (or of dl/l). 

If fracture tests are conducted at relatively 
high ratios of f/E , e.g., as high as 10 percent, the 
ratio Xo /r would be as high as 10 percent when 
fracture occurs. Some very strong short glass 
fibers, having a diameter 5X10~ 4 inch, which 
were studied by F. O. Anderegg* showed 6 
percent elongation at fracture. The percentage 
elongation was less for longer fibers, following a 
systematic trend. Anderegg estimated that a fiber 
of zero length would elongate 14.5 percent before 
fracturing. For these relatively large elongations 


*F. O. Anderegg, "Strength of glass fiber/’ Ind. Eng. 
Chem. 31, 290 (1939). 
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we must express the rate of elongation 
dr/dt- -frk v "e-**i' kT , 

in the form 

d In r/dt— —fk a "e~ KallkT , 

[ -1 nr/(r +X 0 ) ~\/t =fko"e~ liaUkr . 

Again we discard the negative sign, so that 
lnr/(r-fX») 

/ *ss-- ^KalfkT 

fk o" 

Actually these very strong fibers broke im¬ 
mediately, as soon as the full stress was reached, 
and it is practically impossible to determine the 
time effect. The reason for the extremely rapid 
fracture is that the ratio E/f in Anderegg’s case 
is only about 10 instead of about 300-1000 of 
Preston et al , so that the activation energy, Ra/f 
is reduced by the factor 10/300 or 10/1000. This 
change occurs in the exponent .so that it (pro¬ 
foundly) reduces the time for fracture, t, to a 
time which is inaccessible by our ordinary 
methods of measurement. The following excerpts 
are from Anderegg: “it seems unlikely that 
variation in the rate of loading is of any im¬ 
portance in these results. The stress-strain curves 
wore all perfectly straight, as far as the methods 
would indicate.” This latter statement indicates 
that the ordinary modulus E is applicable right 
up to fracture. 

Wc are therefore justified in writing our 
theoretical equation connecting breaking stress, 
/, with its duration, t as follows: 

log/ = — lo%ko+(Ea/2.3kT)/f. 

Some very careful experiments have been made 
which have failed to reveal evidence of creep. For 
example, F. W. Preston 6 quotes some experi¬ 
ments by J. T. Littleton on strong rods of boro- 
silicate glass where very high stresses were used 
and where delicate optical tests failed to show 
creep. Preston also mentions experiments by a 
French worker, Grenet, in 1899, which had been 
carried to the point of fracture, but no displace¬ 
ment of optical Interference fringes were observed 
during the last two or three minutes before 
fracture took place. 

•F. W. Preston, “The time factor in the testing of 
' glassware, M J. Am. Ceram. Soc. 18, 220 (1935). 


One possible interpretation of the negative 
results of Littleton and of Grenet would be that 
there is an internal molecular rearrangement 
taking place in the glass at constant total strain. 
In other words, the effect of the load is to produce 
deformation of a certain magnitude, and then 
with the passage of time molecular rearrange¬ 
ment occurs, resulting in fracture. There is direct 
evidence for such molecular rearrangement in 
glass at room temperature. Some of the early 
work by F. Kohlrausch 7 in 1863 demonstrated 
this. Kohlrausch twisted a glass filament through 
a given angle and measured the torque necessary 
to hold the filament at that constant angle of 
twist over a period of 24 hours. The torque 
gradually fell approximately proportionally to 
the logarithm of the time. There is much subse¬ 
quent work demonstrating this relaxation phe¬ 
nomenon under constant deformation, and it has 
been shown that this is an elastic phenomenon 
rather than a viscous flow or permanent set, be¬ 
cause the phenomenon is reversible. It therefore 
appears that we are justified in our belief that 
slow internal molecular rearrangements do, in 
fact, precede the actual fracture. Not very much 
detail can be given as to the actual molecular 
process, but it seems likely that the weaker parts 
of the network take up the initial strain and that 
this strain is transferred slowly to the stronger 
bonds, so as to effect a more equitable distribu¬ 
tion of the strain energy between all the kinds of 
bonds in the system. However, when these 
stronger bonds become stretched sufficiently, 
fracture results. 

Similar ideas regarding the transfer of strain 
energy by molecular rearrangement have been 
expressed by S. A. Shorter. 8 The following is 
quoted from Shorter: 44 If a given force be applied 
rapidly and maintained for a lengthy period of 
time, we get a rapid extension followed by a slow 
one. The process of extension proceeds for a very 
lengthy period—days or even weeks. The expla¬ 
nation of this is not as might be supposed that the 
elastic elements are showing a plastic yield, but 


7 F. Kohlrausch, “Ueber die Elastische Nachwirkung bei 
der Torsion,** Pogg. Ann. Physik [4] 29, 337 (1863). 

9 S. A. Shorter, “Investigation of the nature of elasticity 
of fibers ,** J. TextUe Inst. 15, T207 (1924); “The physical 
properties of textile fibers in relation to technical processes 
ancf to general colloid theory,** Trans. Faradav Soc. 20, 228 
(1924). 
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that the fiber contains elastic elements with very 
different degrees of damping so that on the first 
application of an external force, the more lightly 
damped elements extend, and as time goes on, 
the extension of the more highly damped elements 
begins to show itself, We get a similar effect on 
removing the external force, and it is undoubtedly 
the extreme slowness of the recovery of the more 
highly damped elements that has given rise to the 
erroneous ideas of plasticity and permanent 
strains. Similar considerations apply to the case 
where a fiber is held stretched to a definite length. 
We get an apparent elastic relaxation which, 
however, is very different from the effect con¬ 
templated in Maxwell’s theory of viscosity.” 

A familiar example of decrease in tension in a 
fiber held at constant length is the decline in 
pitch of a violin string. 

“It is not the disappearance of a state of strain 
owing to molecular readjustment, it is merely a 
transference of a state of strain from lightly 
damped to highly damped elements." 

B. Role of the Chemical Environment 

One can only guess at the details of the atomic 
rearrangements which occur during the instan¬ 
taneous and the delayed elastic elongation. The 
instantaneous part probably corresponds to elon¬ 
gation of the network as a whole, that is, each 
atom or ion is displaced or deformed slightly 
without disrupting the framework. This estab¬ 
lishes a higher potential energy for the system, 
and sets the stage for the slow rearrangement 
which follows. This slow step is of a much more 
profound nature than the first since it calls for 
the expenditure of a substantial activation 
energy, which may be as high as 100,000 to 
200,000 calories.® On the other hand, it may be 
quite small if “catalytic” agents such as moisture 
or other chemically active gases are present. In 
soda-lime glass which has been vacuum-baked to 
remove moisture, the atomic rearrangement prob¬ 
ably involves first breaking of Na—O bonds, 
*these being the weakest bonds in the structure. 
The stress is then transferred to stronger bonds 
such as Ca—O, and ultimately to Si—O which is 

•N. W. Taylor, E. McNamara, and J. Sherman, “A 
study of the elastico-viscous properties of a soda-lime- 
silica glass at temperatures near the transformation point, 1 ' 
J. Soc. Glass. Tech. 21, 61 (1937). 


the strongest of all. Finally, when the SItO 
bonds are stretched to a sufficient extent, fracture 
occurs. In silicate crystals cleavage usually takes 
place in such a way as to avoid breaking the 
strong Si—O bonds, but in quartz and in glasses 
this cannot be avoided. All of this rearrangement 
(prior to fracture) could take place without any 
elongation beyond the original instantaneous 
stretch, since the stretch due to bond breaking 
might be compensated by a contraction due to 
the deformed atoms returning in part to their 
normal shape. We have a good deal of experi¬ 
mental evidence of such compensation in the 
behavior of electric condensers made of glass, 8 
and also in the elastic response of glass, rubber, 
etc. as a result of a complex history. 

Corrosive or chemically active gases or liquids 
definitely accelerate the rearrangement of the 
atoms of the solid and shorten the time for 
fracture. They do this by providing a mechanism 
of low activation energy, as shown by the steep 
E/f vs. log* curves, the slope being 2.3kT/a. 
There are various possible mechanisms for this 
acceleration. One is that strong primary bonds 
such as Si — O — Ca or Si — O — Si are disrupted by 
reaction (e.g., with H 2 O) and that the heat of 
this reaction supplies part of the requirements of 
the activation energy for the delayed elastic 
process. Likewise in metals, the heat of oxidation 
would supply enefgy to aid in the dissociation of 
the bonds which join the metal atoms. 

The linear relation, log/ = — a/m+ l/fm implies 
constancy of the slope m over the whole duration 
of the test. This means that the “catalyst” has a 
constant influence over the whole period, and 
that the activation energy for molecular rear¬ 
rangement is constant over this period. One 
would expect this to happen in glass if the mois¬ 
ture content remained constant. However, the 
situation might arise in long time tests where the 
sample gradually dried out. In this case, the ac¬ 
tivation energy would gradually rise and the 
later points of the curve would fall below the 
projected straight line which represented the 
results of the early part of the experiment. 
Likewise, an increase in moisture content, due to 
a higher humidity in the atmosphere, might cause 
an upward trend in the 1// values. This sensi¬ 
tivity to the environment must be a geheral 
phenomenon in the fatigue testing of materials of 
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Table I. Percentage elongation at rupture (or fracture). 



E 

(p.H.i.) 

calculated 

(//fi)100 

observed 

(dl/moo 

0.204X10* 

2.8X10* 

7.3 

<xl±1.7 

0.219 

4.9 

4.5 

4.5±0.8 

0.182 

5.2 

3.5 

4.1 ±0.2 

0.160 

6.3 

2.5 

2.6±0.S 

0.112 

4.7 

2.4 

2.8 ±0.4 

0.107 

6.5 

1.7 

1.7 ±0.2 


ail kinds. The test piece should be seasoned before 
the fatigue tests are begun in order that it may 
come into “equilibrium” with the environment. 

Solids under tension are at a higher potential 
energy and are therefore more susceptible to 
chemical attack than when stress-free, so that 
even the mildest agents may shorten the time for 
fracture. For this reason, investigations pointing 
toward more chemically-resistant materials, to¬ 
ward stable* protective coatings, and toward 
reduction of tension by pre-stressing, are very 
much worth while. In high temperature service, 
corrosion may be very rapid and the danger of 
fracture very greatly enhanced. The problem is a 
critical one for the development of gas turbines, 
jet engines, etc. 

In view of the intimate relation which appears 
to exist between the slow atomic rearrangement 
and the time required for fracture, it would be of 
great interest to determine quantitatively the 
rate constants for the delayed elastic effects in 
solids as affected by different chemical environ¬ 
ments, comparing these with corresponding data 
from fatigue tests under stress-corrosion condi¬ 
tions. These studies could take the form of 
measurement of the decrease in Young’s Modulus 
as a function of the time, for example by meas¬ 
uring the force needed to maintain a given dis¬ 
placement. Another procedure would be to 
measure the residual displacement (and its rate 
of relaxation) after holding a sample under a 
given tension for various lengths of time. Recent 
developments in strain gauges should make these 
latter measurements quite easy. 

C. Percentage Elongation at Fracture as a 
Test of the Theory 

The present theory assumes that Ao is constant. 
The percentage elongation at fracture, (A 0 /r)lOO, 
should therefore not be constant for different 


stresses, but should be equal to the corresponding 
percentage of the breaking stress in terms of the 
modulus of elasticity, (//E)100. Now A o/r cannot 
be measured directly but Ao /r = dl/l, if the tension 
is the same along the whole length, /, of the 
specimen. Fortunately, all the necessary data arc 
available from the work of Anderegg, 5 who broke 
his very strong glass fibers by straight pulling. 
Table 1 shows Anderegg’s directly observed per¬ 
centage elongations arid also those calculated as 
the ratio of his observed/s and E’s. The data are 
from Table II of Anderegg’s paper. 

It is to be noted that the agreement is quite 
good. The lack of constancy in the percentage 
elongation forces us to discard the old idea that 
fracture occurs when a certain percentage elonga¬ 
tion of the specimen is reached. On the other 
hand, the results are consistent with the concept 
that the elongation Ao, necessary for fracture, is 
constant. Unfortunately, we are not in a position 
as yet to calculate A 0 with certainty. Anderegg 
estimated by extrapolation that a fiber of zero 
length should elongate 14.5 percent before frac¬ 
ture. We might regard this as 14.5 percent of the 
normal length of the strongest bond in a glass, 
which is the silicon-oxygen bond, known from 
x-ray data to be 1.62 Angstrom units. In this 
case, Ao would be 1.62X0.145 =0.23A. Hence, for 
example, when R/f = rj A 0 = 1000, we find r = 230A. 

D. Possibility of Viscous Flow? 

The term “primary creep” is used in this 
paper in the sense of a reversible delayed elastic 
process. The question arises as to whether true 
viscous flow accompanies the elastic deformation 
preceding fracture of brittle materials, as it does, 
for example, in glasses in their annealing range 
of temperature. Anderegg’s observations that the 
percentage elongation at fracture of his glass 
fibers were equal to the calculated elastic dis¬ 
tortion f/E, would seem to eliminate the presence 
of viscous flow, or at least make it negligible. 
Under “weaker” stresses, where f/E is 1/200 or 
less, it seems even less probable. Viscous flow is 
not the essential process in fracture, although it 
is barely possible that it goes on in parallel with 
the elastic deformation that does lead to frac¬ 
ture. Possibly one reason why a material is 
brittle is that it may have, lost that capacity for 
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viscous flow which it possessed at higher tem¬ 
peratures. 

E. Surface Tension of the Solid 

The product JSXo measures the energy per unit 
area which is released when fracture occurs. If 
this all goes into new surface we may write 
EX 0 — 2% where y is the surface tension, or 
specific surface energy. Taking E = S.OX 10 fl p.s.i., 
which is the mean value of Anderegg’s moduli in 
his Table II, and using Xo=0.23X10“ 8 cm, gives 
7*400 ergs/cm 2 . Since this result depends very 
much on the values assigned to E and" to X 0 , it 
must be taken with caution. It is, however, of 
the right order of magnitude. Parmelee, Lyon, 
and Harmon 10 give y = 336—0.0671/, where / = °C, 
for a glass containing 10 percent Na 2 0, 20 per¬ 
cent B 2 O 3 , 70 percent Si0 2 , the measurements 
being made at 1150-1350°C, Extrapolation to 
24°C yields 7 = 335 ergs/cm 2 . 

In cases where E and 7 are known, X 0 can be 
calculated, \ 0 — 2y/E. Let us assume that the 
ratio y/E for ice is the same as that for water. 
From the velocity of sound in water, v=1.45 
X10 fi cm/sec., we calculate E from tfie relation 
t>=(J£/p)* where p is the density. Thus £ = 2.10 
X10 10 dynes/cm 2 . Taking 7 = 73 dynes/cm we 
find X 0 = 0.7A. This is abdut one-half the length 
of the H —O bond in water or ice, 1.275A. We 
shall make similar calculations for lead and zinc 
in order to get some idea of the critical bond 
elongation in these metals. The calculations are 
only approximate, since the pertinent data are 
not all available for one and the same tempera¬ 
ture. For lead, 7 i, q = 445 dynes/cm, E (calc, from 
the velocity of sound and density of the solid 

Table II. (Temperature 75°F, 297°A). Unit activation 
energies, a. 


Material 

m(m. 2 /lb.) 

E {lb /in.*) 

a 

Disannealed Pyrex, dr\ 

0.72X10 * 

8.86X10* 

10 . 7 * 

Scratched Pyrex, wet 

1.74 

8.86X10* 

4.44* 

Annealed soda-lime glds», 
wet 

1.51 

(1 X10») 

4.53* 

Annealed lead glass, wet 

1.34 

8.7 X10* 

6.10* 

Fused silica, wet 

0.70 

1.01X10* 

9.67* 

Porcelain, type A, dry 

0.88 

1.28X10* 

6.07* 

^Porcelain, type B, dry 

0.90 

1.28X10* 

5.94* 

Porcelain, type C t dry 
Plate glass, dry 

1.35 

1.28X10* 

3.96* 

2.93 

1.00X10’ 

2.33* 


10 C. W. Parmelee, K. C. Lyon, and C. G. Harmon, “The 
surface tensions of molten glasses/’ Univ. of Ill. Eng. Exp. 
Sta. Bull. Ser. No. 311 (1939). 


Pb)«1.60 X10 11 dynes/cm 2 . Then Xo * O.50A. 
The Pb-Pb distance from x-ray data is 3.5A, so 
that Xo is 16 percent of this bond length. For zinc , 
7iiq ** 750 dynes/cm, -Egohd* 8 9.8X 10 n dynes/cm 2 . 
Therefore, Xo^O.lSA. The Zn-Zn distance is 
2.65A, so that Xo is 6 percent of this bond length. 
The percentages are substantially less than that 
for H 2 0, and more like that for the glass. 
Probably each substance has its characteristic 
percentage determined by its valences, type of 
binding, etc. 

F. Testing Procedure 

Some tests on breaking strength or on fatigue 
are conducted with a steadily increasing load. 
Such tests are difficult to interpret because of 
the difficulty of integrating the effects of the 
load over a period of time. Some tests, for ex¬ 
ample, on organic plastics, are conducted under 
such a condition that the cross section of the 
sample decreases markedly during the test. These 
tests are also difficult, if not impossible, to 
interpret. Some tests apply a periodic or cyclic 
stress, the mean value of which may or may 
not be calculable. The simplest method of testing 
which will give results useful from a theoretical 
point of view are those conducted at constant 
stress. 

The condition of the surface of the material, 
of course, plays an important role in determining 
its strength characteristics. Presence of scratches 
or notches act as stress concentrators and, there¬ 
fore, make it difficult to calculate the actual 
stress existing prior to failure. Probably one of 
the main factors in causing scatter of test results 
is just this inability to be able to determine 
actually the stress which exists at the point 
where fracture starts. Precompression of the 
surface by special heat treatments or, in the case 
of metals, by peening, tends to raise the strength. 
However, if the amount of pre-stressing is not 
accurately known, the net tensional stress exist¬ 
ing will not be truly known. 

In view of the well-known influence on strength 
of the size and shape of the specimen, it is neces¬ 
sary that this be recognized in any series of tests. 
James Bailey 11 has given a statistical treatment 

11 J. Bailey, “An attempt to correlate some tensile 
strength measurements on glass/ 1 Glass Ind. 20, 21, 59, 95, 
143 (1939). 


950 


Journal of Applied physics 




which shows that if surface defects (flaws) are 
distributed randomly, the probability of obtain¬ 
ing a flaw in the highly stressed region of the 
specimen becomes a function of the stressed 
area. His idea explains the fact that the mean 
strength of a number of rods or laths is higher 
when tested in cross-bending by the single knife- 
edge method than by the double knife-edge 
method. In some A.S.T.M. experiments made at 
Corning, these mean values were 15,000 and 
10,000 p.s.i., respectively. The latter method 
establishes a high uniform stress over a large 
area, whereas the single knife edge produces a 
high stress gradient. 

Bailey saw that his theory was not sufficient 
to account for the very high strength of glass 
fibers, and he postulated that possibly there was 
a very good orientation of the “flaws” in these 
fibers, parallel to the fiber axis. l ater, Powell 
and Preston 12 showed that equally high strengths 
could be obtained on large pieces of glass under 
certain conditions of loading. These authors con¬ 
cluded that the assumption of oriented flaws was 
of no help in explaining the high strengths. The 
writer makes an alternate proposal in this regard : 
exceptionally high strengths always appear to be 
associated with tests which place some part of 
the specimen in compression. Thus, for example, 
fine wires or fibers are compressed radially while 
being stretched axially, and the strength goes up 
as the diameter diminishes. Likewise, in the 
Hertz ball method 12 the area directly beneath 
the ball is under compression, surrounded by a 
cone in radial tension. The smaller the ball the 
higher is the measured breaking strength of the 
glass. Careful analysis of the stress distribution 
in these two cases should lead to a relation be¬ 
tween strength and area which should be valid 
if the duration of the stress to produce fracture, 
i.e., the breaking time, is kept constant. 

Bailey recognized that time is a factor in 
determining the breaking strength of glass, and 
in fact he conducted a series of tests “wherein 
strips of window glass were loaded by bending 
to a stress corresponding to approximately 12,000 
p.s.i. in about 0.2 sec., then released and reloaded 
at a rate of about 1 cycle per sec. The samples 
were eventually broken by this repeated loading. 

“H. E. Powell and F. W. Preston, 44 Microstrength of 
glass/' J. Am. Ceram. Soc. 28, 145 (1945). 


Table 111. Molul activation energies, 0, for fracture. 


Material 

Time ( t ) 
(see.) 

(p.s.i.) 

E/f 

0 

(cal.) 

Dtaannealcd Pyrex. dry 

0.01 

1.00 

1000.00 

24,600 

17,100 

12,800 

360 

518 

692 

7,704 

11,085 

14,809 

Scratched Pyrex, wet 

0.01 

1.00 

1000.00 

12,900 

9,000 

5.750 

687 

984 

1540 

6,100 

8,738 

13,675 

Porcelain, type H, diy 

0.01 

1.00 

1000.00 

15,400 

11,900 

9,100 

830 

1076 

1407 

9,800 

12,783 

16,715 

Vacuum-baked soda-lime glass 

10.00 

25.530 

395 

135.090 

Soda-lime glass, wet 

10.00 

10,500 

952 

8,625 


The usual spread of results was found but the 
evidence was definite that the effect of repeated 
loading was, at least to some degree, cumulative. 
Fatigue effects could, no doubt, be entirely re¬ 
moved by annealing or heating the glass to a 
sufficient temperature to permit molecular re¬ 
arrangements.” 

G. Importance of the Elf vs. log* Relation 

The present theory indicates the desirability 
of plotting l//or E/f versus log/. Objection may 
be raised to the use of reciprocal stress, 1//, on 
the ground that it is a difficult concept to under¬ 
stand. On the other hand, E can usually be 
determined, and it is preferable to use E/f , 
which is the ratio of Young s modulus to the 
stress, and is a pure number. A plot of E/f as 
ordinate vs . log/ as abscissa, should yield a 
straight line having the slope 2.3kT/a. A steep 
slope' thus denotes a small value of a, while a 
nearly horizontal line denotes that a, the unit 
activation energy, is quite large. Increase of T 
will increase the slope, if a remains constant. 

When the object has been pre-stressed to a 
surface compression, .v, parallel to the applied 
tension, the net tension is /— x. In this case a 
plot of E/(f—x) vs. log/ should be linear, and a 
plot of E/f vs. log/ should be concave downward. 
The magnitude of the original compression, x, can 
be determined by trial, until the plot of E/(f—x) 
vs. log/ becomes linear. It may also be determined 
analytically by simultaneous solution of three 
equations, since the only unknowns are log&o, a, 
and x. In order to insure constancy of a, the 
sample should be allowed to come to equilibrium 
with the chemical environment, before stress is 
applied. The existence of a substantial precom- 
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pression, x, may be responsible for the extremely 
long life of specimens when tested under low 
tensions, /, since /—x may actually be quite 
small. 

If a systematic study is made of the variation 
of ot resulting from different chemical environ¬ 
ments, e.g., moisture, oxygen, moisture plus 
oxygen, vacuum, etc. a pattern will undoubtedly 
develop which will lead to a more detailed under¬ 
standing of the chemistry of the stress-corrosion 
process in any particular case 4 , and of the means 
of protection. Some examples will now be pre¬ 
sented. 

ID. CALCULATION OF * FOR SEVERAL GLASSES 

Data summarized by Glathart and Preston in 
their Table I “Average breaking stress in pounds 
per square inch (and its reciprocal) for various 
durations of load” permit calculation of the 
slopes m. These are shown in Table II. Addi¬ 
tional columns show E (from the International 
Critical Tables) and a calculated from the 
equation m = 2.3kT/Eat. The value of the Boltz¬ 
mann constant £ = 1.38X10~ 16 ergs jx*r degree, 
but fot convenience a will be expressed as a 
certain number of £’s, rather than in absolute 
units. 

The molal activation energies, Q (Table 111), 
may be calculated for each value of the breaking 
stress at corresponding durations of load, by the 
equation Q — NaR/f , where jY=A vogadro’s num¬ 
ber and where Nk = R = 2 cal./mole. Typical 
calculations will be made for breaking times of 
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Fig. 2. E/f vs . log/ for wet and dry Pyrex under static load. 


0.01 see., 1 sec., and 1000 sec. We shall also 
calculate the results for a vacuum-baked (350*0) 
soda-lime glass where m = 0.04X10~ 5 in. 2 /lb., 
assuming B to be 1.0X10 7 p.s.i. In this case 
a = 17tk. (See Fig. 2.) 

It is to be noted that the molal activation 
energies are not large under wet conditions or 
“ordinar\” conditions of dryness. They are of 
the order of 8000-16,000 cal. This can be com¬ 
pared with the activation energy for electrolytic 
or ionic conduction in soda-silica glasses (25,000 
to 30,000 calories per mole.),-as found by Scddon, 
Tippett, and Turner. 13 On the other hand, when 
special pains are taken to produce very dry glass, 
as by baking in vacuo, the molal activation 
energy for fracture is 135,000 cal., roughly 15 
times as large as that for glass in its “ordinary” 
condition. The “catalytic” role of water is 
obvious. It provides a mechanism of low activa¬ 
tion energy. The 135,000-calorie value is very 
nearly identical with 140,000 cal. for the delayed 
elastic process in soda-lime glass in the annealing 
range of temperature as found by Taylor, 
McNamara, and Sherman. 9 The close agreement 
indicates that the rate controlling process for 
fracture is in realitx a delayed elastic phe¬ 
nomenon. 

A. Constancy of Young’s Modulus, E 

In the preceding calculations, it was necessary 
to assume that E is constant for a given glass 
regardless of its water content. This assumption 
is of doubtful validity because it would seem 
that the replacement of strong bonds by weaker 
ones should lower the modulus. The writer has 
been unable to find the report of any scientific 
study of the role of water on the elastic modulus 
of glass. However, there is a small variation in 
moduli of various samples which could be at¬ 
tributed to varying water content. Some erratic 
data on vitreous silica, shown by Sosman, 14 show 
about twofold variation in modulus. 

A reduction of E would result in a corre¬ 
sponding increase of the calculated a, since 
ot-2MT/Em y but, on the other hand, would 

ia E. Seddon, J, Tippett, and W. E. S. Turner, “Electrical 
conductivity of sodium metasilicate-silica glasses/* J. Soc. 
Glass. Tech. 16, 450 (1932). 

14 R. B. Sosman, Properties of Silica (Chemical Catalog 
Company, New York, 1927), p. 450. 
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have no effect on the computed molal activation 
energies, Q } for fracture, since 

Q-(E/f)Na = (. EN/f)(2.3kT/Em) . 

-( 2 .3RT/nt)/f. 

In fact, the molal activation energies are given 
directly by multiplying by 2.3RT the last term 
of the Glathart-Preston equation 

log/= — a/m + l/fw . 

B. Effect of Temperature 

The effect of temperature on the strength and 
fatigue of soda-lime glass rods has been measured 
by B. Vonnegut. 16 Table IV shows values of m 
which I have computed from that data. The 
last column shows a, based on the equation 
a = 2.3kT/Em. E is assumed to l>e 1X10 7 p.s.i. 
at all temperatures, for lack of better infor¬ 
mation. The value of a at 20°C based on Baker’s 
work (see Table 1) is 4.53&. Vonnegut and 
Glathart state that they believe their “fatigue” 
to be too large at 24°C which leads to too small 
a value for a. Similarly, a at 110°C is probably 
a little too large. There appears to be a minimum 
value for a at about 200°C. The rise in a, that 
is, in activation energy, at higher temperatures 
is undoubtedly due to loss of moisture from the 
glass. At the very low temperatures the moisture 
is less active, possibly because of a very slow 
rate of diffusion into the glass at such tempera¬ 
ture. It is to be noted that in no case, even at 
520°C, does a rise as high as when the glass is 
vacuum-baked at 350°C (a = 171&). This shows 
how strongly moisture is retained by silicate 
glasses. Vonnegut and Glathart drew the con¬ 
clusion that variation in the activity of adsorbed 
moisture on the surface of the glass is the pri¬ 
mary cause of strength variation, and suggest 
that experiments should be made “over the same 
temperature range in high vacuum, in the ab¬ 
sence of adsorbed films.” 

C. Evaluation of Logfeu 

The general equation 

log/= —logko+(Ea/2.3kT)/f 

1# B. Vonnegut and J. L. Glathart, “The effect of tem¬ 
perature on the strength and fatigue of glass rods,” J. App. 
Phys. 17, 1082 (1946). 


permits evaluation of logio by determining the 
value of 1// when log/ = 0. In such a case 
(Ea/2.3kT)/f=logko. The corresponding em¬ 
pirical equation is 1 /fm — a/m. Table V lists 
1 //, w, and a/m — \ogko , for soda-lime glass at 
several temperatures, based on Vonnegut’s data. 
No simple interpretation of the numerical values 
of log&o can be given because of the variation 
in moisture content following the different heat 
treatments. The size of the rod specimens, and 
their surface condition as to scratches, etc., also 
affect logfcy. A study of the breaking strength at 
various times and temperatures of thoroughly 
dry glass would be very desirable. Such measure¬ 
ments should be paralleled by determinations of 
the modulus E . It is also of importance to find 
the systematic relationship between E and mois¬ 
ture content at various temperatures. 

IV. FRACTURE OF METALS: STRESS- 
CORROSION PHENOMENA 

The subject of fatigue failure of metals has 
received a great deal of attention. References 
16-27 inclusive contain data which are of interest 
in connection with any theory of the mechanism 
of fracture. 16-27 In general this work supports the 



Fio. 3. E/f vs. logA’ for cellulose acetate fractured under 
N impacts. 


16 P. W. Bridgman, “Shearing phenomena at high pres¬ 
sures, particularly in inorganic compounds,” Proc. Am. 
Acad. Arts and Sci. 71, 387 (1937). 

17 S. Glasstone, K. J. Laidler, and H. Eyring, The Theory 
of Rate Processes (McGraw-Hill Book Company, Inc., New 
York, 1941). 

18 E. H. Dix, Jr., “Introduction, Symposium on stress- 
corrosion cracking of metals,” Trans. A.S.T.M. and 
A.I.M.E. (1946). 

19 B. P. Haigh and B. Jones, “Atmospheric action in 
relation to fatigue in lead. Engineering 129, 423 (1930). 
Also in J. Inst. Metals, preprint No. 521. 

20 B. P. Haigh, “Chemical action in relation to fatigue in 
metals,” Inst. Chem. Eng. (Mafch 20, 1929). 
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Table IV. m and a at various temperatures. 


Temperature 


a 

—190°C 

83°A 

0.23X10-* 

8.31* 

—80°C 

193°A 

0.33 

13.48* 

20°C 

293°A 

2.70 

2.50* 

110°C 

383°A 

2.89 

3.05* 

200°C 

473°A 

4.20 

2.59* 

300°C 

573°A 

3.10 

4.26* 

420°C 

693°A 

1.42 

11.2* 

520°C 

793°A 

0.94 

19.4* 


idea that deformation or atomic rearrangement 
is a prelude to fracture and that even quite 
mild corrosive agents accelerate the process. 
However, I have not found fatigue data covering 
a time range which in any way approaches the 
10 7 factor which Baker was able to investigate 
in his glass work. The metallurgical data are 
particularly deficient in the short-time high 
stress region. 

V. FRACTURE OF ORGANIC “RESINS” 

W N. Findley and O. E. Hintz, Jr. 28 have 
published a paper entitled, “The relation be¬ 
tween results of repeated blow impact tests and 
of fatigue tests.” Their Fig. 5 is an (S—N) 
diagram, stress versus log cycles, for repeated 
impact and fatigue-bending tests of cellulose 
acetate containing 26 percent plasticizer. Mr. 
Findley has very kindly furnished me with his 
actual data on number of blows at various 
stresses. His data can be represented by the equa¬ 
tion: logiV= 2.68 +1/(0.523 X10“ 4 /), over 

the range from 10 cycles to 1.87X10® cycles. 


21 M. Fink and U. Hofmann, “Wear of metallic materials 
by rubbing oxidation and the question of the origin of 
fatigue fractures/* Metallwirtschaft 13, 623 (1034). 

22 J. N. Kenyon, “The rotating wire arc fatigue machine 
for testing small diameter wire,” Proc. A.S.T.M. 35, part IT 
156 (1935); “The fatigue properties of some cold-drawn 
nickel alloy wires,” ibid. 43, 765 (1943). 

22 F. W. Preston, “Mechanical properties of glass,” J. 
App. Phys. 13, 623 (1942). 

54 A. Morris, “Stress-corrosion cracking of annealed 
brasses/* Trans. A.I.M.E. 89, 256 (1930). 

21 W. A. Wood, “X-ray studies of grain-size in steels of 
different hardness values/* Phil. Mag. 10, (1930). 

M H. T. Gough, “Crystalline structure in relation to 
failure of metals, especially bv fatigue/* Proc. A.S.T.M. 33, 
3 (1933). 

27 J. O. Almen, “The useful data to be derived from 
fatigue tests/* Metal. Prog. 254 (1943); “Endurance of 
machines under a few heavy loads,” ibid. 435 (1943); 
“Improving fatigue-strength of machine parts,” Mecn. 
Eng. 65, 553 (1943). 

«W. N. Findley and O. E. Hintz, Jr., “The relation be¬ 
tween results of repeated blow impact tests and of fatigue 
tests/* Proc. A.S.TM. 43, 1226 (1943). 


The deviation of the actual points from the 
straight line is no greater than the variation 
between cpmparable points at the same (or 
nearly th^same) logAT. We shall take w* 0.523 
X10“ 4 in. 2 /lb. Since the stress is not steady but 
periodic, we shall consider the mean stress over 
a cycle to be one-half of the recorded stress. On 
this basis w = 1.05X10~ 4 in. 2 /lb. (See Fig. 3.) 
The unit activation energy a = 2 .SkT/Em. Find¬ 
ley and Hintz found E = 1.95X10 5 p.s.i., and 
/ = 77°F, which is 298°A. We shall use T = 300°A 
in the calculations. Thus a = 33. Ik. This is quite 
large compared to normal (wet) glasses where a 
ranged from 2k to 10/?. However, Q t the molal 
activation energy ranges from 1735 cal. (for 
failure in 10 impacts) to 8622 cal. (for failure 
in 10® impacts). The corresponding values of 
E/f are 25.7 and 128, respectively. It would be 
of interest to examine the relation between a 
and the kind and amount of plasticizer present. 

A rough idea of X 0 for the cellulose acetate 
can be obtained from the .relation \ts~2y/E. We 
estimate that y is about 50 dynes /cm. Hence, 
X 0 = 0.7A (approx.), which is about one-half of 
the typical C — 0 distance 1.42A. The typical 
C — C distance is about 1.54A. 

This work on the fracture failure of cellulose 
acetate appears to demonstrate the validity of 
the theory when applied to a brittle organic 
plastic, having-a modulus E as low as 1.95 X10 6 
p.s.i. Since some glasses have E values as high as 
10 7 , a wide range of applicability is indicated. 

At temperatures below zero Centrigrade, many 
of the common synthetic and natural organic 
polymers show brittle behavior. Strong threads 
of silk, cotton, hemp, etc., are brittle at ordinary 
temperatures. It would be of interest to study 
these materials in a quantitative way with the 
aid of the principles set forth in this paper. 

VI. DESIGNING STRONG PRODUCTS TO LAST 

The modulus of elasticity is a fundamental 
constant of matter. On the other hand, it is 
wrong to assign one definite tensile strength to 
a material or even to an object, because its atoms 
can move and let it be broken at any stress, if 
the latter is applied long enough. Further, if the 
atmosphere or the medium has any chemical 
action on the material, its “strength” may de¬ 
cline rapidly. 
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The highest apparent tensile strengths are 
always observed where the procedure of the test 
places some part of the object (e.g., the surface 
layer) under compression. This can occur in the 
testing of wires, fibers, and foils, and also of 
more massive objects loaded on a minute area 
by the Hertz ball 12 (or other) method. For prac ¬ 
tical purposes the* greatest progress toward 
highest usable strengths per unit of weight will 
come by paying attention to the shape factor 
the use of wires, fibers, thin sheets, laminations, 
etc. These shapes possess a large specific surface 
area, which renders them more sensitive to 
corrosive {igents. Hence, the pertinent chemistry 
must be well understood, and proper steps taken 
to make the material inert to its future environ¬ 
ment, if this is known. The manufacturing pro¬ 
cedures should be directed toward introducing 
compression into the surface region, and the 
product so designed and fabricated that tension 
stresses ill service are kept to a minimum. Thus 
chemistry, physics, and engineering unite to form 
a stable tripod which carries the promise of 
better things for the needs of man. 


Table V. Logfco at various temperatures. 


Temp. 

l//(in.*/lb.) 

m(in.Vlb.) 

a/m ^logfto 

- 190°C 

7.10X10- 1 

0.23X10“* 

30.9 

-80°C 

8.65 

0.33 

26.2 

20°C 

12.65 

2.70 

4.68 

110°C 

15,40 

2.89 

5.33 

200°C 

16.0 

4.20 

3.81 

300°C 

14.37 

3.10 

4.64 

420°C 

11.20 

1.42 

7.89 

520°C 

9.27 

0.94 

9.86 
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Acceleration of Electrons by a Resonant Cavity’" 


Frank L. Hereford, Jr.** 

Physics laboratory, University of Virginia , Charlottesville, Virginia 
(Received June 16, 1947) 

Electrons were accelerated by means of a single resonant cavity operating at 75-cms wave¬ 
length. Energies as high as 0.75 Mev were attained by single-stage acceleration, the electrons 
entering the cavity at virtually zero velocity. By turning the emergent beam about, and 
reinjecting it into the cavity in the opposite direction two stage acceleration was achieved 
and 1.25-Mev electrons were produced. Possibilities of a “shuttle accelerator” are discussed. 


A MONG the various schemes currently being 
applied to the acceleration of charged 
particles is a linear accelerator 112 comprising a 
series of cavity resonators so arranged that the 
stream of particles passes successively through 
each cavity gaining energy from the high electric 
field in each resonator. In most of these methods, 
present plans specify a finite injection energy at 
the first cavity which in cases where this injection 
energy is as high as 1 to 2 Mev will require 
considerable apparatus. 

This paper describes a single cavity electron 
accelerator similar to that employed by*Bowen, 
Pulley, and Gooden 8 in which no injection 
apparatus is utilized, but rather the electrons 
enter the acceleration region at virtually zero 
velocity and by means of a single trip through 
the cavity are accelerated to relativistic energies 
of the order of 0.75 Mev. Such a scheme provides 
a simple and compact device for the production 
of intense pulsed beams of high energy electrons 
in the relativistic energy range*. 

A new multiple-stage acceleration method has 
also been successively worked out in which the 
beam emerging from the cavity is turned sharply 
through 180 degrees by an appropriate magnetic- 
„ field configuration and caused to traverse the 
acceleration region in the opposite direction a 
half cycle after the first traversal. This method 
offers possibilities of a “shuttle” accelerator 
whereby a single cavity might yield energies in 
the 10-Mev range. 

—n- 

* This work was supported in part by a Navy Bureau of 
Ordnance, Contract NOrd-7873. 

** National Research Predoctoral Fellow. Now at Bartol 
Research Foundation, Swarthmore, Pa. 

1 J. C. Slater, Phys. Rev. 70, 799A (1946). 

* L. W. Alvarez, Phys. Rev. 70, 799A (1946). 

• Bowen, Pulley, Gooden, Nature 157, 840 (1946). 
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EXPERIMENTAL APPARATUS 

The cavity employed was of the reentrant 
type as shown in Fig. 1. It was operated at a 
wave-length of approximately 75 cm, the source 
of high frequency power being a Western Electric 
7C22 pulse operated twin triode. This tube is 
tunable over a 390-425-megacycle range and has 
a maximum peak power rating of 500 kilowatts. 
It was operated in this case on a four-micro¬ 
second pulse, the repetition rate being 60 cycles 
per second, yielding a duty cycle of 0.00024. 
The pulse was formed by means of a conventional 
spark-gap modulator with an artificial trans¬ 
mission line forming the square wave. 

The details of the cavity construction are 
shown in Fig. 2. Jt was made from brass and 
later copper plated to increase the Q. Tuning 
was accomplished by adjusting the gap distance 
between the inner conductors, the sylphon bel¬ 
lows shown in Fig. 2 making this adjustment 
possible during operation. The radio frequency 
power was fed into the cavity from the concentric 
line output of the 7C22 oscillator by means of a 
magnetic coupling loop. Another sylphon-bellows 
arrangement made possible adjustment of this 
loop during operation thus facilitating proper 
matching of the load to the oscillator. The loop 
itself is indicated in Fig. 1. It was made by 
slipping a section of sylphon tubing inside a 
length of ordinary wire shielding. 

PUMPING SYSTEM 

The cavity was evacuated by a Distillation 
Product MC275 oil-diffusion pump backed by a 
Megavac. The pumping lead to the cavity was 
rather large, being 4" in diameter and was 
covered at the cavity wall by a perforated fa" 
copper plate. This plate was made to fit the 
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inner wall contour of the cavity and the perfora¬ 
tions were drilled along lines parallel to the 
cavity axis in order to minimize impedance to 
the wall currents. 

By means of this system it was possible to 
evacuate the cavity to a pressure of 3 X10” 6 mm 
Hg before the R.F. power was turned on. If the 
system had been exposed to air for an appreciable 
period before evacuation the pressure rose to 
about 4X10~ 6 mm Hg in operation at resonance 
due to glow discharge. After several minutes of 
operation, however, the system cleaned up and 
the pressure dropped back to approximately 
5X10"“* mm Hg, where optimum acceleration 
conditions existed. The large 4" diameter pump¬ 
ing lead to the cavity was definitely necessary 
in order that this condition be achieved. 

SINGLE-STAGE ACCELERATION 

The source of electrons for single-stage acceler¬ 
ation was a 2" length of tungsten wire wound in 
a helix and mounted just inside the cathode 
inner conductor as shown in Fig. 3(a). The 
filament was supported by a brass tube which 
slipped inside the cathode inner conductor and 
was adjusted by means of a sylphon bellows. 
Each side of the filament was coupled to the 
cathode inner conductor by circular mica con¬ 
densers. This was necessary in order that the 


filament be electrically a short distance from 
the end of the cathode. 

The essentials of the system insofar as electron 
optics is concerned are shown in this figure 
also. The gap distance of approximately 1J" 
was of such length that an electron emerging 
at 0.75 Mev would traverse the gap in about one 
tenth of the 400-mc oscillator period or about 
3X10~ 10 second. No baffle was used over the 
end of the cathode inner conductor. The anode 
inner conductor was covered by a 0.030" copper 
baffle with a hole in the center. After tra¬ 
versing the acceleration region, A , the beam was 
collimated to a diameter of 0.060", and the 
energy was measured by magnetic deflection, 
the radius of curvature being computed from the 
displacement on the willemite screen, C. The 
magnetic-field strength was measured by a flip 
coil and ballistic galvanometer and a gauss 
meter. 

With the 7C22 operating at maximum plate 
voltage and the cavity properly tuned, electrons 
were accelerated to energies as high as 0.75 Mev. 
In general the extent of the spectrum was as 
follows : 

Lower limit 0.30±10 percent Mev 

Maximum intensity 0.65±10 percent Mev 

Upper limit 0.75±10 percent Mev 


Fig. 1. A schematic drawing of the 
cavity as applied to single-stage acceler¬ 
ation. 
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On several occasions an extremely narrow 
spectrum width was observed of the order of 50 
to 100 Kev. Bowen, Pulley and Gooden 3 have 
reported a similar 4 ‘energy bunching” effect. 
There seems no immediately obvious explanation 
of this phenomenon. A solution of the non- 
relativist ic equations of motion of an electron in 
a spatially uniform electric field with a sinusoidal 
time variation predicts such an effect. In par¬ 
ticular, if the energy imparted to the electron is 
plotted against the entrance phase angle, the 
t curve is found to be approximately flat over a 
fairly large variation in phase angle. This char¬ 
acteristic of the curve, however, did not seem 
sufficiently pronounced to account for the ex¬ 
treme effect. 

Various experiments were carried out to ascer¬ 
tain whether the effect was due to the focussing 
of only a given electron energy on the first 0.060" 
aperture in the collimator, but in general changes 
in the electron-optics system did not effect the 
beam energy. 


BEAM CURRENT 

By means of the scheme shown in Fig. 3(b) 
the current in the electron beam was measured. 
The beam was collimated by two J" diameter 
apertures and electrons were collected in a 
Faraday cage mounted just behind the second 
aperture. This cage was made 7" in length to 
reduce losses due to secondary electron emission 
from the walls. 

It was possible to maintain a steady electron 
current to the cage of 17 microamperes. In view 
of the duty cycle of 0.00024 this indicated a 
mean beam current during the pulse of 70 milli- 
amperes. Since the average energy was approxi¬ 
mately 0.65 Mev, this rather high current repre¬ 
sents a peak power loss in the beam of 45 
kilowatts. In addition to this beam there is a 
return l>eam in the opposite direction caused by 
the liberation of secondary electrons at the anode, 
some of which are emitted from the anode surface 
when the field is in such a direction to accelerate 
them. With the cavity set up for double stage 
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acceleration as described below this return beam 
of secondaries was actually observed. If we 
assume the current in this beam to be approxi¬ 
mately equal to that in the primary beam, we see 
that approximately 90-kilowatts peak power is 
absorbed in the electron beam alone. 

The power dissipated in the cavity walls was 
determined by measuring the temperature rise 
in the walls with the R.F. power on and the 
cavity tuned and comparing it to the tempera¬ 
ture rise* with a heater of known dissipation in 
the cavity. This dissipation was found to be 
220db20 kilowatts. Thus the total peak power 
absorbed by the cavity and the electron beam 
w r as approximately 300 kilowatts. 

DOUBLE-STAGE ACCELERATION 

Using t he same cavity employed in the single- 
stage system, double-stage acceleration was 
achieved by turning the beam sharply through 
180 degrees as it emerged from the cavity and 
re-injecting it in the opposite direction. In order 
to carry out this scheme it was necessary to 
redesign the filament assembly to allow the 
return beam of electrons to pass through the 
cathode inner conductor. Furthermore, the cavity 
geometry was altered as indicated in Fig. 4. It 
was, of course, necessary that the total distance 
that an electron travel in emerging from the 
cavity, being turned about and re-injected be 
approximately that distance travelled in one 
half cycle by a 0.65-Mev electron, that being 
the mean energy of the beam after a single 
acceleration. 


The double-stage system is shown in Fig. 4. 
The beam was not collimated after the first 
traversal of the gap. The two magnets used to 
reverse the beam direction had f"X 1" pole faces 
spaced at Magnet A was an electromagnet 
of field strength about 500 gauss, while magnet 
B was a permanent Alnico magnet of field 
strength about 7000 gauss. The value of Hp for 
0.65-Mev electrons is 3400 gauss ems; thus the 
magnet B should turn the beam in a radius of £ cm. 

The energy of the return beam of electrons 
was measured by an improved magnetic-deflec¬ 
tion method. A wide sj>ectrum was observed 
with limits as follows: 

Lower limit 0.30=bl0 percent Mev 

Upper limit 1.25dbl0 percent Mev 

This width, however, was not due entirely to 
the return beam of doubly accelerated electrons. 
When the beam reversal magnets were removed 
the upper limit of the spectrum dropped to 
about 0.7 Mev, this beam arising from secondary 
emission at the anode as previously stated. Thus 
the lower limit of the doubly accelerated beam 
was approximately 0.7 Mev. The current in the 
return beam was considerably smaller than in the 
primary beam, but with improved focussing it 
should be possible to increase it appreciably. 

There seems to be no obvious reason why such 
a “shuttle” acceleration method could not be 
applied to the production of higher energy elec¬ 
trons, perhaps in the 10-Mev range. With an 
extremely high magnetic field to reverse the 
beam direction the electron path in this field 
would be a negligible portion of the total path 


Fig. 3. (a) Schematic drawing of the 
single-stage system, (b) Arrangement 
for measurement of beam current. 
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Fig. 4. The double-stage acceleration system. 


per stage and consequently the increase in path 
due to the relativistic mass increase of the elec¬ 
tron would not cause dephasing difficulties. 
Radiation losses in the reversal of the beam are 
of negligible value. According to an expression 
given by Schwinger, 4 the energy radiated in 
turning a 10-Mev electron about in a field of 
25,000 gauss is less than 1-electron volt. 

4 J. Schwinger, Phys. Rev. 70, 798A (1946). 
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Infra-Red Spectra of Hydrocarbons 

II. Analysis of Octane Mixtures by the Use of Infra-Red Spectra Obtained at Low Temperatures* 

W. H. Avery** and J. R. Morrison 
(Received June 17, 1947) 


Infra-red spectra in the region 2 to 22 microns were 
obtained for the four trimethylpentanes, at temperatures 
of 0°C and —195°C. In agreement with theory, the band 
“widths'* at — 195°C are roughly half as great as at 0°C. 
The spectra were observed experimentally by condensation 
of a film of the hydrocarbon on the reflecting bottom 
surface of a cell mounted vertically, with its lower end 
immersed in ice or liquid nitrogen. A method of forming 
films of reproducible dimensions and thickness is described. 

To provide a quantitative estimate of the advantage 
for analytical purposes of the use of spactra obtained at 
low temperatures, an expression is derived which gives the 
probability (for random distribution of the band positions) 
that at least one band can be found for each component 

INTRODUCTION 

/ TJHE theoretical background leading to the 
1 utilization of the low temperature tech¬ 
nique for infra-red absorption measurements and 

* The work reported here was completed early in 1942. 
Publication was delayed by the pressure of other work 
during the war. 


of a mixture, which does not “overlap” bands of the other 
components. Application of the formula, with some 
simplifying assumptions, to a mixture of the 18 octane 
isomers, indicates that reduction of the band “width” 
from 40 cm -1 to 20 cm" 1 (corresponding to the temperature 
change from 0°C to —195°C) increases the calculated 
probability of the existence of a “non-overlapped” band 
for at least 17 of the isomers from 0.003 to 0.999. The 
importance of this result in infra-red analyses is pointed 
out. 

The use of spectra obtained at liquid helium tempera¬ 
tures is suggested as offering attractive possibilities for the 
analysis of complex mixtures. 

its obvious advantages in the analytical field 
have been outlined previously. 1 The present 
paper deals with the applicability of the tech- 


** Present address is Applied Physics Laboratory, Johns 
Hopkins University, Silver Spring, Maryland. 

1 W. H. Avery and C. F. EU}a, j, Chem. Phys. 10, 10 
(1942). 
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nique to the analysis of multi-component mix¬ 
tures of paraffin hydrocarbons of eight carbon 
atoms, a complex problem of commercial as well 
as scientific interest since the available analytical 
method of precision distillation is arduous and 
time-consuming. Comparative absorption spectra 
of the trimethyl pentanes of 0°C and — 195°C 
are presented to substantiate a theoretical dis¬ 
cussion of the effect of band width in the problem 
of analyzing a complex mixture by spectroscopic 
methods. 

EXPERIMENTAL 

The spectrometer has been described, 2 but the 
optical arrangement and the absorption cell 
mounting for low temperature measurements 1 
have been revised considerably. 

The present optical arrangement (Fig. 1) has 
the advantage of allowing the entrance of the 
light beam nearly normal to the cross section of 
the absorption cell, permitting the use of a 
smaller diameter cell without interception of a 
part of the beam. A Nernst glower, N, is located 
a few millimeters on one side of the focus of a 
60° off-axis paraboloidal mirror, P.*** Radiation 
from the glower is reflected in a parallel beam 
from the mirror, P, and strikes the bottom of 
the cell, a plane reflecting (gold or aluminum) 
surface, M 6 , at a nearly perpendicular incidence. 
After reflection from M h the radiation returns to 



Fig. 1. Optical arrangement for low temperature spectra. 


* W. H. Avery, J. Opt. Soc. Am. 31 , 633 (1941). 

The mirror was prepared by the Bausch and Lomb 
Optical Company by cutting a section from the edge of one 
of their large paraboloidal searchlight mirrors. 



Fig. 2. Absorption cell for low tempera Lure s|>cctra. 

the mirror, P, which focuses it on the plane 
mirror, ilf«. Af 6 and N are situated symmetrically 
on opposite sides of the focal point of the mirror, 
P. Mt, which is also at the focal point of the 
off-axis paraboloidal mirror Ci, directs the de¬ 
flected beam to Ci. From Ci the collimated 
beam is focused upon the entrance slit of the 
spectrometer by means of plane mirror M s and 
the condensing mirror C 2 . 

The absorption cell,t 7 cm in diameter, 15 cm 
in depth, and fitted with a side arm for con¬ 
venient sample retention during blank energy 
determinations, is mounted in the holder shown 
in Fig. 2. Both the cell holder and its supporting 
tripod are set into V-ways to facilitate the 
accurate reproduction of the cell position after 
filling. A similar kinematically designed arrange¬ 
ment permits the removal and replacement of 
mirror P without disturbing its focus. Leveling 
of the cell and mirror is accomplished through 
convenient adjustment screws. 

In the original procedure a measured quantity 
of the sample to be examined was retained in the 
side arm of the absorption cell during the 
recording of the energy of the source in a desired 
spectral region. The sample was then evaporated 


f Obtained from the American Instrument Company. 
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from the side arm, condensed upon the- cooled 
cell bottom, and the same spectral region again 
recorded. Percentage transmissions were com¬ 
puted from sample to blank ratios or recorded 
directly by the method previously described. 
(A suitable factor was applied in plotting ab¬ 
sorption curves to correct for the scattering of 
incident radiation from the polycrvstalline film.) 

The cooling of the cell bottom to —195°C was 
accomplished through immersion in a Dewar 
flask containing liquid nitrogen. By this method, 
however, reproducible thicknesses of deposited 
films were difficult to obtain since small, 
variable amount of sample condensed on the cell 
wall adjacent to the bottom. To overcome this 
difficulty, a copper cylinder of a slightly smaller 
diameter than the cell (shown in Fig. 2) was 
clamped concentrically to the bottom of the cell, 
the cylinder rather than the cell being immersed 
in the liquid nitrogen. Intimate thermal contact 
was maintained through a thin oil film interposed 
between the cylinder and cell. With this arrange¬ 
ment the sample condensed as an accurately 
defined disk which did not extend to the side 
walls and the films were repeatedly of the same 
thickness to a high degree of precision. A similar 
technique, with the copper cylinder being im¬ 
mersed in an ice bath, may be used for liquid 
films, since films of thicknesses useful in infra-red 
investigations do not spread after deposition. 

An absorption cell of this type presents many 
advantages over the conventional shim-type cell, 
lihere is no danger of contamination or evapora¬ 
tion of the sample; the temperature may be 
varied at will without condensation of water 
vapor or loss of sample; the sample may be 
recovered after examination; films of any useful 
thickness*may be employed; the thickness may 


be easily varied; and, finally, the spectrum of the 
blank may be easily obtained. 

THE ANALYSIS OP OCTANE MIXTURES 

Simplicity, accuracy, and rapidity in an infra¬ 
red analysis of a multi-component mixture de¬ 
pend primarily upon the location of strong 
absorption bands unique for each compound of 
interest in a spectral region relatively free from 
absorption by the remaining components. (An 
additional method has been developed 3 involving 
the solution, for an ^-component system, of n 
simultaneous equations wherein the augumonta- 
tion of principal absorption by secondary ab¬ 
sorbers caused by overlapping of bands is con¬ 
sidered, but in this method the complexity of 
solution becomes increasingly great with in¬ 
creased values of n.) 

wSince the band widths are roughly one-half as 
great at — 195°C as at room temperature, it is 
immediately obvious that the probability of 
locating interference-free, “characteristic” bands 
is increased by the utilization of the low temper¬ 
ature technique. A quantitative estimate of the 
increase is deduced in the theoretical treatment 
given below of the probability that an infra-red 
analysis can be made, taking as a criterion of 
possibility that at least one band of all but one 
of the components does not overlap a band of 
any other component. (It would not be necessary 
to find a characteristic band for each component 
since if all but one could be determined by the 
infra-red technique the last could be found by 
difference.) An expression is obtained applicable 
to any number of compounds, having any num¬ 
ber of bands apiece and having bands of variable 
width from compound to compound. The posi¬ 
tion of any band is assumed to be given purely 
by chance. 

Given M conqwnmds, designated A , B y C, 

• • • Af, having ua ♦ wc, • • -tiM bands of width 
w Al Wb , wc, • • 'Wi if cm" 1 distributed at random 
within a spectral region b cm" 1 wide, we wish to 
find the probability that at least one band of 
each M— 1 of the compounds will occur in a 
region unoccupied by any bands of the other 
compounds. 

8 R. R. Brattain, R. S. Rasmussen, and A, M. Cravath, 
J. App. Phys. 14, 418 (1943). 
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Consider first the case where if® 2, ha — \, 
1. Let Xi represent the position of the center 
of the first band (0<^i<6), X 2 represent the 
position of the band center of the second com¬ 
pound, 0 <**<&. xi and x 2 may be plotted as 
rectangular coordinates (Fig. 3); then the co¬ 
ordinates of every point in the square OQSU 
will correspond to a possible disposition of the 
centers of the two bands. Band A will overlap 
band B whenever 


Wa+Wh 

0<JCi —.t 2 <-— 

2 


or when 


OPRS . Let 


w A +Wb 

- ^Wab- 

2 


The probability, Pab, that two bands chosen 
at random will overlap is, then, the ratio of the 
area OPRSTV to the area OQSU, i.e., 


Pab 


2 {b—WAB)' 2 


2 ( b-WAB) 2 

-®1- 

b 2 b 2 


( 1 ) 


The probability that the bands do not overlap 
is 


Wa +Wh 

0 <.r 2 — X]< - 

2 


Qah" = 1 —Pab — 


(b-WAB ) 2 

b* 



( 2 ) 


( Wa+Wh \ 

Let OP - —»— = RS = ST.j 

All possible values of Xi and x 2 that satisfy the 
first condition lie within the shaded area of 
OVTS , while all values of x x and ,v 2 that satisfy 
the second condition will be found in the area 

Table I. 2,2,3-trimethylpentane wave-lengths and 
frequencies of significant hands. 


0°C -195°C 


Wave-lengths 

Frequencies 

Wave-lengths 

Frequencies 

in micronH 

in cm 1 

in microns 

in cm ' 1 

19.02 

526 

19.12 

523 

13.95 

717 

13.95 

717 

12.82 

780 

12.89 

776 

12.07 

82‘) 

12.08 

828 

11.20 

893 

11.23 

890 

10.77 

929 

10.78 

928 



10.37 

964 

10.30 

971 

10.24 

977 

9.98 

1002 

9.98 

1002 



9.81 

1020 

9.74 

1027 

9.72 

1029 

9,27 

1079 

9.26 

1080 

8.95 

1117 

8.93 

1120 

8.65 

1156 

8.65 

1156 

8.30 

1205 

8.30 

1205 

8.19 

1221 

8.19 

1221 

8.05 

1242 

8.02 

1247 


7.86 

1274 

7.65 

1307 

7.67 

1304 

7.30 

1370 

. 7.26 

1377 

6.77 

1477 

6.84 

1462 

3.83 

2611 

3.72 

2688 

3.50 

2857 

3.49 

2865 

3.26 

3067 

3.26 

3067 

2.34 

4274 

2.43 

4115 


Suppose now that A and B have each three 
bands labelled A\, A 2 , A Sf and By, B 2 , Bs the 
probability that A \ does not overlap B\, B 2 , or 
Bs is 

1—) -<?«'• (3) 

Table II. 2,2,4-trimethvlpentane wave-lengths and 
frequencies of significant bands. 


o°c - 195°C 


Wave lengths 

Frequencies 

Wave-lengths 

Frequencies 

in microns 

in cm 1 

in microns 

in cm * 1 

13.45 

743 

13.44 

744 

12.04 

830 

12.03 

831 

11.59 

863 

11.59 

863 


11.09 

902 



10.89 

918 

10.80 

926 

10.77 

929 

10.19 

981 

10.18 

982 

9.80 

1020 

9.81 

1019 

9.06 

1104 

9.11 

1097 



8.97 

1115 

8.54 

1170 

8.55 

1170 

8.30 

1205 

8.28 

1208 

8.01 

1248 

7.99 

1252 

7.79 

1284 

7.80 

1282 

7.30 

1370 

7.35 

1361 



7.21 

1387 

6.78 

1475 

6.82 

1466 



4.05 

2469 

3.70 

2703 

3.70 

2703 

3.47 

2882 

3.50 

2857 

3.25 

3077 

3.16 

3165 

2.39 

4184 

3.06 

3268 
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If B has njt bands of width Wb, 



Similar expressions are obtained for the proba¬ 
bility that A a and As (taken separately) do not 
overlap any B bands. 

The probability that at least one of the three 
A bands does not overlap any of the B bands 
will be the sunj: 

the probability that A \ does not overlap any 
B bands but A a and A 3 do 
+ the probability that A 2 does not overlap 
but A 1 and A 8 do 

+ the probability that A 3 does not overlap 
but A\ and Aa do 

+ the probability that neither A\ nor A 2 
overlaps any B bands but A 3 does 
+ a similar term for Au A 3 
+ a similar term for A a, A3 
+ , finally, the probability that neither A 1 nor 
A a nor A 3 overlaps any B bands. 

Substituting, the probability that at leaone A 
band does not overlap a B band is: 

Qab 3=s 3^h'(1 — Qab)"-\-$Qab 2 (I ~ Qab)-\-Qab 3 

- {.Qab + (1 - <?ab')] 8 ~ (1 ~ QabY 

= 1-(1 -Qab'Y. (4) 

If A has tiA bands 

Qab = I-{1-Qab')"\ (5) 

If there are three compounds A, B , and C, 


frt fwans, m Cm • 



W«v» Ltsf Ik m Mur on* -»*S»C 


Fig. 4. Spectra of 2,2,3-trimethylpentane at 0 and — 195°C. 
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the probability that at least one band of A does 
not overlap any band in C is 

Qa 4 = 1 -( 1 -Qac')* a - (6) 

The probability that at least one A band does 
not overlap any bands in either B or C is 

Qab-Qac-Qa.*,c 

= [ 1 -( 1 - Qab'Y'TI - (1 ■- Qac’)**']. ( 7 ) 

Given M compounds (where M is any number), 
the probability that at least one A band does 
not overlap any bands in any of the compounds is 

Qa.b-m- II (?a». (8) 

Similarly, the probability that at least one B 
band will be characteristic (i.e., not overlap) is 

(/* omitted) 

Qb,AC--M — II Qb %• (9) 

i —A 



Mam m Micron* —C 


Fig. 5. Spectra of 2,2,4-trimethylpentane at 0 and — 195°C. 

The probability that M — 1 compounds will have 
characteristic bands isft 

x-M ij*l) 

Pm- i=]£ (I —Q\,a ...iif) II 

t—A j—A 

+n Qi.A-.u- (to) 

If the bands are all of equal width, w, and each 

ft The symbol Q u a- m signifies that when j is replaced 
by a given letter, that letter is to 'be omitted from the 
sequence of letters following the comma in subscript. Thus 
ifj^A wehaveQ4,*c -m- llj m CweYi 2 LveQc % ABDB- ' Mt etc. 
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compound has the same number of bands, «, 
expression (10) may be simplified to 

CAf-i) V 

Pm-I^MQaB M — (M— 1)0A B M (11) 
P M -i = MQ a , b . m " (11) 

With these conditions, 


( w \ Sh 

- t ) • 



Fig 7 Spectra of 2,%4-trimethvlpenUne at Oand — 195°C. 


i 

I 

i 



Fig 6 Spectra of 2,3,3-tnmethylpenlane at 0 and — 195°C 


bands, and M = 18 compounds 




= 0 628, 

P*f-x = 18(0 628) 17 -17(0 628) 18 
= 0 00268 


When tlu temperature is — 195°C 

/ 78 V 

it; = 401 — I =20 4= 20 tin -1 , 

\m/ 


6 = 800 cm -1 , r= IS bands, M = 18 compounds 


«-• -H"('-")‘rr 

I r / 71 ] \ U(W l) 


If w = 0, Pu- l =M-(M-\) = \ 
If w—b, Pm- i=0-0 = 0 


If we make the assumptions, which are in 
approximate agreement with the facts, that all 
of the octane isomers have the same number of 
bands (15) in the region 500 to 1300 cm- 1 and 
that the band width at room temperature is 
40 cm -1 , then: w*40 cm- 1 , i = 800 cm- 1 , w* IS 


Q i a 



17 


= 1—0 00132 =0 99867, 

Pm„ i= 18(0 99867) 17 — 17(0 99867) 18 
= 0 999 


Thus halving the band width enormously 
increases the probability that there will be a 
characteristic band for each compound. 

This rather striking result has been reached 
through the use of the simplifying assumptions 
that (1) the band widths are all the same, (2) 
the band intensities are the same, (3) the octanes 
all have the same number of bands (15), and 
(4), that the bands are distributed at random 
within the interval 500-1300 cm- 1 . None of the 
assumptions is strictly valid. However, an in- 
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Table III. 2,3,3-trimethylpentane wave-lengths and 
frequencies of significant bands. 


o°c 

* 

—195°C 

Wave-lengths 

Frequencies 

Wave-lengths 

Frequencies 

in microns 

in cm - * 

in microns 

in cm " 1 

18.82 

531 

18.85 

531 

14.74 

678 

14.90 

671 



14.36 

696 

12.87 

777 

12.91 

77S 

12.30 

813 

12.08 

828 

11.18 

894 

11.19 

894 

10.87 

920 

10.88 

919 

10.74 

931 

10.74 

931 



10.44 

958 



10.28 

973 



10.13 

987 

9.92 

1008 

9.98 

1004 



9.83 

1017 

9.66 

1035 

9.66 

1035 



% 9.56 

1046 

9.19 

1088 

9.22 

1085 

9.02 

1109 

9.00 

1111 



8.89 

1125 

8.64 

1157 

8.61 

1161 

8.42 

1188 

8.40 

1190 

8.26 

1210 

8.23 

1215 



8.12 

1232 

7.73 

1293 

7.75 

1290 



7.28 

1374 ' 

6.83 

1464 

6.88 

1454 

3.84 

2604 

3.82 

2618 

3.46 

2890 

3.50 

2857 



3.10 

3226 

2.36 

4237 


* 


spection of the spectra of the trimethylpentanes 
presented in this paper shows that (1), (3), and 
(4) are approximately correct. Consideration of 
differences in intensities instead of (2) would 
seriously complicate the problem. But it would 
appear that the general conclusion would be 
unchanged, i.e., that analysis would be greatly 
simplified by the low temperature technique. It 
would appear, therefore, that use of spectra 
obtained at — 195°C would facilitate greatly the 
analysis of mixtures containing all of the octanes. 
Analyses of mixtures of greater complexity 
should be possible by use of spectra obtained at 
the temperatures of liquid hydrogen or helium. 

SPBCTRA OF TRISUBSTITUTED OCTANES 

Two previously published works have con¬ 
tained infra-red absorption measurements over 
extensive regions between 2 to 20 mu for com¬ 
pounds of this type. In 1933, Kettering and 
Sleator 4 obtained the spectrum of 2,2,4-tri- 

4 C. F. Kettering and W. W. Sleator, Physics 4, 47 
(1933). 


Table IV. 2,3,4-trimethyJpentane wave-lengths and 
frequencies of significant bands. 


Wave-lengths 
in microns 

Frequencies 
ft) cm " 1 

Wave-lengths 
in piicrons 

Frequencies 
in cm " 1 

18.40 

544 

18.36 

545 

17.64 

567 

17.59 

569 

13.28 

753 

13.29 

752 

12.28 

814 

12.26 

816 

11.22 

891 

11.22 

891 

10.85 

922 

10.89 

918 



10.70 

935 

10.45 

957 

10.47 

955 

10.28 

973 

10.29 

972 

10.01 

999 

10.01 

999 

9.61 

1041 

9.61 

1041 

9.30 

1075 

9.30 

1075 

9.07 

1103 



8.90 

1124 

8.89 

1125 

8.60 

1163 

8.58 

1166 



8.50 

1176 

8.43 

1186 

8.40 

1190 

7.86 

1272 

7.87 

1271 

7.72 

1295 

7.79 

1284 

7.59 

1318 

7.62 

1312 

7.26 

1377 

7.29 

1372 

6.90 

1449 

6 9(1 

1449 

6.78 

1475 



3.83 

2611 

3.83 

2611 

3.70 

2703 

3.70 

2703 

3.47 

2882 

3.49 

2865 

3.27 

3058 



3.10 

3226 

3.12 

3205 

2.98 

3356 



2.68 

3731 

2.61 

3831 

2.41 

4150 

2.34 

4274 


methylpentane in the vapor phase between 1 
and 16 mu, and in 1938 Lambert and Lecomte 6 
obtained the liquid spectra of all of the octanes 
between 7 and 15 mu. However, these measure¬ 
ments were made with rather low resolution and 
consequently are unsuitable for analytical work. 

The spectra obtained in the work reported 
here are shown in Figs. 4 to 7 while wave-lengths 
and frequencies of the significant bands are 
listed in Tables I to IV. 

The film thickness employed in each experi¬ 
ment was 0.071 mm, representing an absorption 
path of 0.142 mm (since the light traversed the 
film twice) and each spectrum is the result of at 
least four determinations for the entire region 
2-22 mu. Experimental difficulties attributable 
to interference of absorption bands of water 
and carbon dioxide in the air of the laboratory 
prevented accurate identification of the positions 
and intensities of the weak hydrocarbon bands 

6 P. Lambert and J. Lecomte, Ann. d. Physik 10, 503 
(1938). 
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Table V. 


in the 4-6-micron region, but this region is 
unimportant in paraffinic surveys since the 
strong bands suitable for analysis occur in the 
region 500-1500 cnr+ttt As a result, the curves 
serve only to illustrate the relative transmissions 
in this region. 

A comparison of the positions and relative 
intensities of the bands at the two temperatures 
shows that only minor changes are produced by 
the change in state, with the exception of the 
3-micron region. In the absence of more detailed 
examination of this region no explanation can 
be made of the pronounced bands at about 3 
microns. 

A comparison of the band widths in the liquid 
and low temperature spectra indicates close 
agreement between experimental and theoretical 
values. In nearly every case the band width at 
low temperature is equal (or less than) the value 
predicted by theory. The anticipated marked 
increase in resolution is also evident. 

All of the pure hydrocarbons were prepared in 
tliis laboratory by the precision distillation of 
petroleum fractions in glass columns packed 
with helices. The efficiencies of the columns 
ranged from 60 to 100 theoretical plates. The 
physical properties of "the samples, listed in 
Table V, indicate a purity of 99+ percent in 
every case. 


tft In this region C—C stretching frequencies, CH 2 , 
and CH* rocking and twisting, C —C —C bending fre¬ 
quencies, and torsional oscillations about the single bond 
occur. This interval is therefore most suitable for distin¬ 
guishing structural differences between molecules. 


Compound 

BP, °F 

nt<P 

</**• 

2,2,3-trimethylpentane 

229.6 

1.40293 

0.7160 

2,2,4-trimethylpentane 

210.6 

1.39157 

0.6919 

2,3,3-trimethylpentane 

238.6 

1.40732 

0.7253 

2,3,4-trimethylpentane 

236.1 

1.4045 

0.7191 


CONCLUSIONS 

Since a complete system of infra-red analysis 
cannot be developed without the spectra of all 
of the components for reference in locating 
characteristic bands, elaboration on an analytical 
method is reserved until the entire group of 
isomers has been studied. However, it is evident 
that such an analysis can be evolved, and 
through the use of diminished temperatures the 
method can be of a simple nature. 

There exists the interesting possibility that the 
analyses could be further simplified by the use of 
liquid hydrogen or helium as cooling materials. 
If so, the bands would be roughly one-third to 
one-seventh as wide as at room temperature, 
assuming that the band width remains propor¬ 
tional to the square root of the absolute temper¬ 
ature. 
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Magnetic Field Configurations Due to Air Core Coils* 

John P. Blewett** 

East Patchogue , Long Island, New York 
(Received June 17, 1947) 

The field configurations around a circular loop of wire bearing current are discussed, and a 
tabulation is presented for the field component parallel to the axis of the loop. Formulae are 
derived for the current distribution which must obtain in cylindrical and ellipsoidal coils in 
order that the field inside be uniform. Several special cases are noted. The energy storage in 
the return flux is evaluated in each case. 


L INTRODUCTION 

T HE designer of magnetic field coils who 
wishes to produce a field of a particular 
configuration is almost invariably hampered by 
the complexity of the associated mathematical 
analysis. If he is successful in this task, his 
formulae are usually so complicated that substi¬ 
tution in them is extremely tedious. In this 
paper an attempt has been made to simplify this 
problem, first by a partial tabulation of the 
fields due to a circular loop, the fundamental 
component.of most air core coils, and, second by 
the calculation of several coil configurations for 
production of uniform fields. These basic coils 
can serve as components for synthesis of more 
complicated coil forms. 

The present investigation was undertaken in 
connection with the design of electron accelera¬ 
tors having air core field coils. Since such 
accelerators may be operated intermittently and 
energy storage may be an important considera¬ 
tion, particular attention has been paid to the 
determination of energy stored in leakage fluxes. 

n. MAGNETIC FIELDS DUE TO CURRENT IN A 
CIRCULAR LOOP 

The magnetic field configurations due to cur¬ 
rent flowing in a circular loop can be described 
in cylindrical coordinates using complete elliptic 
integrals, or in spherical polar coordinates using 
infinite series of spherical harmonics. 1 The latter 

of the work described in this paper was supported 
by th6 Office of Naval Research under Contract N5-ORI- 
178. 

** Formerly Research Laboratory, General Electric 
Company. Now at Brookhaven National Laboratory, 
Brookhaven, Long Island. 

1 Compare W. K. Smythe Static and Dynamic Electricity 
(McGraw-Hill Book Company, Inc., New York, 1939), 
pp. 267 and 270. 


expression converges very slowly and does not 
give directly the paraxial component which is 
usually the component of interest. We shall 
therefore use the former representation. The 
cylindrical coordinates p and z will be employed, 
and all quantities will be expressed in unration¬ 
alized M.K.S. units. 

The radial and axial field components are as 
follows: 


2 p/s r 

p{(a + p) 2 +s 2 1 J L 


-K + 


^+r+f E 

(a— p) 2 +z 2 . 


webers per sq.m, (1) 




2 P I 


{(a + p) 2 +s 2 )* 


K- 


a 2 — p 2 —z 2 “I 

- E I 

(a —p) 2 +s 2 J 


where 


webers per sq.m, (2) 


permeability **10 7 henry per meter for free space 
/—current in the loop in amperes 
a — radius of the loop in meters 

p and s are expressed in meters and are measured from an 
origin at the center of the loop. The loop axis is the 
z axis of the coordinate system 
K and E are the complete elliptic integrals of the modulus 


fc 2 = 


4 ap. 

(a+p) 2 +s 2 


(3) 


In the regions close to the axis of the loop, or 
very far from the loop, k 2 is small, and the elliptic 
integrals can^be expressed in the form: 




(4) 
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Table I. Bn/nl. Xable l,—Continued. 


*/0 

0 

0.02 

0.04 

0.06 

0.08 

0.10 

Z/7 

0.12 

0.14 

0.16 

0.18 

0,20 

0.22 

0.24 

p/a 0.0 

8.2832 

6.2798 

6.2682 

6.2494 

0.2235 

6.1900 

p/a 0.0 

6.1497 

6.1028 

6.0496 

5.9896 

5.9243 

5.8533 

6.7760 

1 0 

6.3309 

63267 

63153 

6.2961 

6.2887 

6.2341 

l .1 

6.1925 

6.1436 

6.0882 

6.0271 

5.9590 

5.8854 

5.8060 

.2 

6.4792 

6.4744 

6.4612 

6.4396 

6.4092 

6.3705 

.2 

6.3242 

6.2703 

6.2087 

6.1403 

6.0651 

5.9844 

5.8077 

.3 

6.7465 

6.7408 

6.7254 

6.6988 

6.6621 

6.6159 

.3 

6.5596 

6.4942 

6.4210 

6.3389 

6.2503 

6.1547 

6.0533 

.4 

7.1713 

7.1642 

7.1429 

7.1075 

7.0593 

6.9976 

.4 

6.9242 

6.8389 

6.7439 

6.6389 

6.5255 

6.4046 

6.2777 

.5 

7.8264 

7.8160 

7.7847 

7.7323 

7.6613 

7.5715 

.5 

7.4644 

7.3430 

7.2077 

7.0606 

6.9044 

6.7400 

6.5603 

.02 

7.9962 

7.9847 

7.9501 

7.8930 

7.8150 

7.7164 

.52 

7.6004 

7.4670 

7.3206 

7.1620 

6.9933 

6.8166 

6.6344 

.54 

8.1825 

8.1699 

8.1316 

8.0684 

7.9820 

7.8744 

.54 

7.7409 

7.6013 

7.4417 

7.2690 

7.0870 

6.8968 

6.7006 

.56 

8.3873 

8.3733 

83303 

8.2602 

8.1652 

8.0454 

.56 

7.9055 

7.7453 

7.5701 

7.3819 

7.1841 

6.9788 

0.7680 

.58 

8.6132 

8.6641 

8.5492 

8.4712 

8.3646 

8.2312 

.58 

8.0756 

7.8991 

7.7064 

7.5011 

7.2856 

7.0631 

0.8362 

.60 

8.8631 

8.8453 

8.7913 

8.7031 

8.5829 

8.4344 

.60 

8.2594 

8.0646 

7.8512 

7.6256 

7.3896 

7.1478 

6.0034 

.62 

9.1409 

9.1201 

9.0588 

8.9586 

8.8228 

8.6549 

.02 

8.4596 

8.2412 

8.0048 

7.7557 

7.4971 

7.2337 

0.9686 

.64 

9.4500 

9.4267 

9.3557 

9.2412 

9.0866 

8.8960 

.64 

8.6748 

8.4295 

8.1662 

7.8002 

7.6055 

7.3178 

7.0307 

.66 

9.7966 

9.7695 

9.6884 

9.5500 

9.3775 

9.1595 

.06 

8.9080 

8.6311 

8.3350 

8.0281 

7.7138 

7.3992 

7.0870 

.68 

10.1886 

10.1568 

10.0609 

9.9060 

9.6989 

9.4467 

.68 

9.1587 

8.8448 

8.5117 

8.1079 

7.8208 

7.4755 

7.1357 

.70 

10.6329 

10.5944 

10.4808 

10.2987 

10.0551 

9.7622 

.70 

0.4302 

9.0686 

8.6925 

8.3068 

7.9217 

7.5424 

7.1734 

.72 

11.1401 

11.0944 

10.9583 

10.7404 

10.4515 

10.1060 

.72 

9.7189 

9.3046 

8.8747 

8.4426 

8.0140 

7.5970 

7.1963 

.74 

11.7272 

11.6696 

11.5051 

11.2404 

10.8932 

10.4834 

.74 

10.0273 

9.5475 

9.0572 

8.5682 

8.0916 

7.6346 

7.2001 

.76 

12.4097 

12.3398 

12.1334 

11.8090 

11.3864 

10.8916 

.76 

10.3541 

9.7926 

9.2300 

8.6778 

8.1493 

7.6480 

7.1787 

.78 

13.2160 

13.1269 

12.8661 

12.4582 

11.9347 

11.3350 

.78 

10.6923 

10.0349 

9.3864 

8.7646 

8.1760 

7.6298 

7.1240 

.80 

14.1831 

14.0644 

13.7293 

13.2076 

12.5481 

11.8081 

.80 

11.0666 

10.2594 

9.5131 

8.8123 

8.1626 

7.5689 

7.0305 

.82 

153580 

153025 

14.7516 

14.0670 

13.2269 

12.21028 

.82 

11.3020 

10.4499 

9.5922 

8.8052 

8.0936 

7.4572 

0.8871 

.84 

16.8247 

16.6169 

15.9888 

15.0683 

13.9694 

12.8011 

.84 

11.6525 

10.5702 

9.5984 

8.7236 

7.9548 

7.2784 

6.6850 

.86 

18.7023 

183841 

17.4982 

16.2175 

14.7505 

13.2647 

.86 

11.8021 

10.6012 

9.4907 

8.5425 

7.7238 

7.0196 

6.4173 

.88 

21.1950 

20.7008 

19.3663 

17.5167 

15.5219 

13.6181 

.88 

11.9247 

10.4696 

9.2515 

8.2321 

7.3826 

6.0715 

6.0720 

.90 

24.6635 

23.8317 

21.6833 

18.9180 

16.1756 

13.7500 

.90 

11.7385 

10.1080 

8.8074 

7.7622 

6.9122 

0.2170 

5.6459 

.92 

29.8546 

28.2885 

24.5048 

20.2236 

16.4402 

13.4517 

.92 

11.1089 

9.4404 

8.1253 

7.1064 

6.3008 

5.6585 

5.1361 

.94 

38.3974 

34.9057 

27.6377 

20.8636 

15.8663 

12.440C 

.94 

10.0596 

8.3880 

7.1668 

6.2523 

5.5488 

4.9978 

4.5503 

.96 

44.6382 

45.1306 

29.5790 

19.4803 

13.7732 

10.4189 

.96 

8.3201 

6.9152 

5.9358 

5.2146 

4.0700 

4.2407 

3.8981 

.98 

93.9679 

43.8104 

24.4478 

13.9945 

9.5639 

7.2928 

.98 

5.9421 

5.0775 

4.4770 

4.0349 

3.6944 

3.4235 

3.2008 

1.00 

00 

4.9912 

4.2969 

3.8899 

3.6004 

3.3784 

1.00 

3.1949 

3.0343 

2.8979 

2.7816 

2.6715 

2.5713 

2.4834 

1.02 

-94.0877 

-44.9238 

-15.6759 

-6.1192 

-2.3052 

-.4881 

1.02 

.4743 

1.0118 

1.3422 

1.5358 

1.6599 

1.7334 

1.7737 

1.04 

-44.8502 

-35.1530 

-20.6741 

-11.4415 

-6.3880 

-3.5412 

1.04 

-1.8235 

-.7692 

-.0727 

.3931 

.7134 

.9375 

1.0986 

1.06 

-28.5817 

-25.4049 

-18.8187 

-12.7635 

-8.3979 

-5.4477 

1.06 

-3.4863 

-2.1580 

-1.2398 

-.5903 

-.1230 

.2237 

.4804 

1.08 

-20.6171 

-19.2334 

-15.8890 

-12.1590 

-8.9202 

-6.3894 

1.08 

-4.5162 

-3.1463 

-2.1380 

-1.3837 

-.8190 

-.3916 

-.0649 

1.10 

-15.8750 

-15.1625 

-13.3003 

-10.9663 

-8.6526 

-6.6530 

1.10 

-5.0309 

-3.6799 

-2.7532 

-1.9764 

-1.3729 

-.9010 

-.5259 

1.12 

-12.7434 

-12.3320 

-11.2241 

-9.7017 

-8.0675 

-6.5359 

1.12 

-5.1963 

-4.0669 

-3.1428 

-2.3944 

-1.7915 

-1.3007 

-.9046 

1.14 

-10.5495 

-10.3852 

-9.5686 

-8.5542 

-7.3872 

-0.2133 

1.14 

-5.1358 

-4.1771 

-3.3567 

-2.6653 

-2.0851 

-1.6037 

-1.2022 

1.16 

-8.9219 

-9.1774 

-8.2640 

-7.5549 

-0.6980 

-5.8115 

1.16 

-4.9444 

-4.1465 

-3.4364 

-2.8117 

-2.2772 

-1.8198 

-1.4207 

1.18 

-7.6723 

-7.5554 

-7.2182 

-6.7013 

-6.0718 

-5.3707 

1.18 

-4.6927 

-4.0341 

-3.4227 

-2.8735 

-2.3891 

-1.9620 

-1.5037 

1.20 

-6.6928 

-6.6012 

-6.3570 

-5.9751 

-5.4984 

-4.9640 

1.20 

-4.4116 

-3.8727 

-3.3544 

-2.8742 

-2.4384 

-2.0507 

-1.7054 

1.22 

-5.8949 

-5.8330 

-5.6448 

-5.3561 

-4.9903 

-4.5691 

1.22 

-4.1250 

-3.6734 

—3.2371 

-2.8249 

-2.4417 

-2.0925 

-1.7757 

1.24 

-5.2448 

-5.1971 

-5.0540 

-4.8309 

-4.5406 

-4.2059 

1.24 

-3.8454 

-3.4720 

-3.1035 

-2.7470 

-2.4108 

-2.0969 

-1.8100 

1.26 

-4.6983 

-4.6613 

-4.5497 

-4.3749 

-4.1481 

-3.8789 

1.26 

-3.5811 

-3.2711 

-2.9594 

-2.6525 

-2.3566 

-2.0777 

-1.8174 

1.28 

-4.2409 

-4.2123 

-4.1231 

-3.9839 

-3.7978 

-3.5792 

1.28 

-3.3340 

-3.0752 

-2.8089 

-2.5449 

-2.2863 

-2.0405 

-1.8069 

1.30 

-3.8473 

-3.8239 

-3.7522 

-3.6398 

-3.4885 

-3.3091 

1.30 

-3.1051 

-2.8854 

-2.6592 

-2.4324 

-2.2071 

-1.9880 

-1.7793 

1.32 

-3.5081 

-3.4892 

-3.4315 

-3.3389 

-3.2147 

-3.0630 

1.32 

-2.8927 

-2.7097 

-2.5167 

-2.3189 

-2.1222 

-1.9289 

-1.7413 

1.34 

-3.2139 

-3.1985 

-3.1503 

-3.0740 

-2.9715 

-2.8447 

1.34 

-2.7013 

-2.5434 

-2.3783 

-2.2069 

-2.0338 

-1.8629 

-1.6960 

1.36 

-2.9564 

-2.9413 

-2.9019 

-2.8384 

-2.7521 

-2.6455 

1.36 

-2.5242 

-2.3894 

-2.2451 

-2.0904 

-19451 

-1.7945 

-1.6456 

1.38 

-2.7287 

-2.7180 

-2.6846 

-2.6290 

-2.5558 

-2.4060 

1.38 

-2.3827 

-2.2466 

-2.1223 

-1.9909 

"1.8580 

-1.7233 

-1.5909 

1.40 

-2.5266 

-2.5156 

-2.4879 

-2.4429 

-2.3807 

- 2.3034 

1.40 

-2.2132 

-2.1131 

-2.0052 

-1.8908 

-1.7739 

-1.0549 

-1.5351 

1.42 

-2.3460 

-2.3384 

-2.3143 

-2.2742 

- 2.2210 

-2.1548 

1.42 

-2.0764 

-1.9905 

-1.8948 

-1.7959 

-1.0915 

-1.5858 

-1.4792 

1.44 

-2.1842 

-2.1782 

-2.1576 

-2.1231 

-2.0773 

-2.0188 

1.44 

-1.9525 

-1.8758 

-1.7936 

-1.7053 

-1.6132 

-1.5179 

-1.4225 

1.46 

-2.0400 

—2.0329 

-2.0150 

-1.9853 

-1.9403 

-1.8964 

1.46 

-1.8374 

-1.7703 

-1.0970 

-1.0192 

-1.5373 

-1.4534 

-1.3676 

1.48 

-1.9086 

-1.9023 

-1.8869 

-1.8612 

-1.8273 

-1.7825 

1.48 

-1.7310 

-1.0720 

-1.6088 

-1.5390 

-1.4663 

-1.3907 

—1.3131 

1.5 

-1.7891 

-1.7850 

- 1.7703 

-1.7490 

-1.7178 

-1.0785 

1.5 

-1.0332 

-1.5819 

-1.5245 

-1.4638 

-1.3979 

-1.3300 

-1.2606 

1.6 

-1.3321 

-1.3290 

-1.3220 

-1.3095 

-1.2917 

-1.2713 

1.6 

-1.2489 

-1.2158 

-1.1828 

-1.1472 

-1.1084 

-1.0679 

-1.0255 

1.7 

-1.0267 

-1.0256 

-1.0207 

-1.0139 

-1.0030 

-.9906 

1.7 

-.9751 

-.9572 

-.9371 

-.9143 

-.8905 

-.8651 

-.8373 

1.8 

-.8131 

-.8125 

-.8096 

-.8054 

-.7980 

-.7903 

1.8 

-.7803 

-.7687 

-.7556 

-.7412 

-.7253 

-.7086 

-.6901 

1.9 

-.6580 

-.6577 

-.6557 

-.0520 

-.6482 

-.0427 

1.9 

-.6363 

-.8283 

-.6196 

-.6098 

-.5990 

-.5874 

-.5750 

2.0 

-.5416 

-.5414 

-.5401 

-.5381 

-.5346 

-.5308 

2.0 

-.5262 

-.5208 

-.5147 

-.5080 

-.5002 

-.4923 

-.4835 



/1 • 3 \ 2 fc 4 ✓ 

l-3-5> 

, 2 *« 

1^4/ 3 V 

2-4-6> 

| 


(5) 


If, as is usually the case, the region of particular 
interest is that close to the wire, it will be found 
that k * approaches unity. Within a distance of 
almost 0.5a of the wire, k 1 will be greater than 
0.9. For k* greater than 0.9, the approximate 
expressions: 


A' = ln4—0.5 ln(l—fe 2 ) 

= 1.39 — 1.15 logio(l—& 2 ), (6) 

E—l/k 2 (7) 

give values correct to within about 3 percent. 

Unfortunately, no approximate expressions 
seem to make any very material simplification 
in the relations (1) and (2). If the procedures of 
coil designing are to be expedited, it seems that 
there is no alternative to a tabulation. Since the 
axial component B, has been of primary interest 
as far as air core field coils are concerned, the 
tabulation has been completed only for B„ The 
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Table 1.— Continued. 


*/» 

0.26 

0.28 

0.30 

0.32 

0.34 

0.30 

p/o 0.0 

5.6963 

5.6104 

5.5216 

5.4280 

5.3225 

5.2335 

1 1 

5.7234 

5.6355 

5.5434 

5.4480 

5.3500 

5.2483 

.2 

5.8066 

5.7108 

5.6103 

5.5070 

5.4003 

5.2912 

.3 

5.9470 

6.8358 

5.7201 

5.6014 

5.4810 

5.3574 

.4 

6.1452 

6.0083 

5.8681 

5.7252 

5.5806 

5.4354 

A 

6.3940 

6.2167 

6.0358 

5.8565 

5.0701 

5.4982 

.52 

6.4477 

6.2582 

6.0685 

5.8788 

5.6904 

5.5051 

.54 

6.5012 

6.3007 

6.0968 

5.8998 

5.7020 

5.5081 

.50 

6.5555 

6.3412 

0.1282 

5.9170 

5.7101 

5.5072 

.58 

6.6077 

8.3797 

0.1537 

5.9310 

5.7133 

5.5014 

.00 

6.6580 

6.4143 

0.1747 

5.9420 

5.7113 

5.4893 

.62 

8.7047 

6.4448 

0.1897 

5.9421 

5.7022 

5.4708 

.64 

6.7471 

' 6.4688 

6.1981 

5.9363 

5.6846 

5.4438 

.66 

6.7813 

6.4839 

6.1966 

5.9207 

5.6577 

5.4062 

.68 

6.8066 

6.4886 

6.1840 

5.8943 

5.6188 

5.3582 

.70 

8.8188 

6.4800 

6.1579 

5.8535 

5.5667 

5.2972 

.72 

6.8152 

6.4547 

6.1151 

5.7962 

5.4991 - 

5.2211 

.74 

6.7913 

6.4084 

6.0513 

6.7207 

5.4133 

5.1286 

.70 

8.7415 

6.3385 

5.9656 

5.6228 

5.3080 

5.0185 

.78 

6.6618 

6.2376 

5.852P 

5.5007 

5.1802 

4.8874 

.80 

6.5435 

6.1035 

5.708\ 

6.3505 

5.0274 

4.7359 

.82 

6.3804 

5.9298 

5.5280 

5.1695 

4.8484 

4.5597 

.84 

6.1668 

5.7123 

5.3105 

4.9567 

4.6423 

4.3007 

.86 

5.8967 

5.4454 

5.0529 

4.7091 

4.4068 

4.1401 

.88 

5.5623 

5.1281 

4.7534 

4.4281 

4.1431 

3.8915 

.00 

5.1649 

4.7583 

4.4127 

4.1124 

3.8522 

3.6232 

.92 

4.7087 

4.3409 

4.0325 

3.7670 

3.5361 

3.3348 

.94 

4.1830 

3.8781 

3.0171 

3.3946 

3.2003 

3.0294 

.96 

3.6156 

3.3785 

31760 

3.0002 

2.8478 

2.7076 

.98 

3.0136 

2.8558 

2.7180 

2.5937 

2.4859 

2.3866 

1.00 

2.4012 

2.3240 

2.2513 

2.1828 

2.U95 

2.0592 

1.02 

1.7924 

1.7965 

1.7898 

1.776* 

1.7590 

1.7354 

1.04 

1.2094 

1.2893 

1.3400 

1.3831 

1.4073 

1.4203 

1.06 

.6723 

8162 

.9271 

1.0100 

1.0739 

1 1190 

1.08 

.1905 

.3856 

.5429 

6638 

.7600 

8369 

UQ 

-.2289 

.0069 

.1975 

.3504 

.4734 

.5763 

1.12 

-.5841 

-.3211 

-.1066 

0710 

.2158 

3120 

1.14 

—.8729 

-.5948 

-.3661 

- 1742 

-0126 

.1218 

1.16 

-1.1002 

-.8198 

-.5833 

- .3814 

-.2099 

-.0673 

1.18 

-1.2734 

-.9988 

-.7625 

-.5583 

-.3822 

-.2312 

1.20 

-1.4022 

—1.1379 

-.9052 

-.7019 

-.526# 

— .3714 

1.22 

-1.4911 

-1.2388 

-1.0164 

-.8191 

-.6437 

-.4906 

1.24 

-1.5476 

—1.3121 

-1.0996 

-.9086 

-.7394 

-.5898 

1.26 

-1.5800 

—1.3002 

-1.1595 

-.9788 

-.8167 

-.0702 

1.28 

-1.5877 

-1.3857 

-1.1994 

-1.0299 

-.8748 

-.7336 

1.30 

-1.5814 

-1.3972 

-1.2248 

-1.0652 

-.9178 

-.7826 

1.32 

-1.5628 

-1.3937 

-1.2355 

• -1.0861 

-.9498 

-.8220 

1.34 

-1.6340 

-1.3803 

-1.2342 

-1.0978 

-.9695 

-.8488 

1.36 

-1.5001 

-1.3595 

-1.2283 

-1.0992 

-.9795 

-.8078 

08 

-1.4604 

-1.3334 

-1.2104 

-1.0942 

-.9834 

—.8780 

1.40 

-1.4181 

-1.3018 

-1.1902 

-1.0836 

-.9799 

-.8826 

1.42 

-1.3726 

-1.2679 

-1.1663 

-1.0671 

-.9722 

-.8808 

1.44 

— 1.3272 

-1.2322 

-1.1384 

-1.0483 

-.9597 

-.8756 

1.46 

-1.2805 

— 1.1943 

-1.1094 

-i.0258 

-.9457 

-.8669 

1.48 

—1.2344 

— 1.1567 

-1.0783 

-1.0023 

-.9276 

-.8551 

1.5 

-1.1898 

-1.1184 

— 1.0473 

-.9776 

-.9082 

-.8411 

1.6 

-.9809 

-.9361 

-.8902 

-.8443 

-.7984 

-.7527 

1.7 

-.8093 

-.7793 

-.7494 

-.7188 

-.6873 

-.6553 

1.8 

-.0715 

-.6513 

-.6309 

-.6096 

-.5879 

-.5659 

1.9 

-.5614 

—.5479 

-.5338 

--.5184 

-.5030 

-.4870 

2.0 

-.4740 

-.4642 

-.4538 

-.4428 

-.4318 

-.4200 


computations involved the use of a computing 
machine and an interpolation table of K and E 
drawn up from Dwight’s tables. 2 The results are 
collected in Table 1 in which the values of aB t /pI 
are given for p/a between 0.0 and 2.0, and for 
z/a between 0.0 and 0.36. 

In Fig. 1, aBg/fil has been plotted as a function 
of 41 /a for three values of z/a . The curves have 
a common characteristic form. For the values 
of z/a which have been calculated, B» increases 
with distance from the axis to pass through a 

# H. B. Dwight, Mathematical Tables (McGraw-Hill 
Book Company, New York, 1941), pp. 199 et. seq . 


maximum at a radius less tlian uiai oi me loop. 
It then decreases, goes through zero at a radius 
greater than that of the loop, and has a minimum 
at a point roughly as far outside the loop radius 
as was the maximum inside the loop radius. 
From the minimum, the field increases with 
increasing radius and tends asymptotically to 
zero. In Fig. 2 the radial coordinates and heights 
of the maxima and minima are plotted as func¬ 
tions of z/a . 

. If values of B p are desired, fairly good accuracy 
can be attained from a numerical integration 
using the table of B t and the relation 

6B „ SB, 

(curl B),*. =-= 0. (8) 

dz dp 

The integration proceeds from z = 0, where B p is 
zero for all values of p. In several cases this 
method of determining B p has been found to be 
materially faster than substitution in Kq. (1). 

HI. PRODUCTION OF A UNIFORM TRANSVERSE 
FIELD INSIDE AN INFINITE CYLINDER 

In a cylinder of radius R and infinite length, 
whose axis is the x axis in a right-handed 
rectangular coordinate system, a uniform field 
Bo in the z direction will be produced by a 
current I x in the cylinder wall having current 
density 3 

Bo y 



Fig. 1 . Axial magnetic fields around a circular loop carrying 
current /. 


1 Compare I. I. Rabi, Rev. Sci. Inst. 3, 78 (1934). 
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Outside the cylinder the field components will be 


B x ~ 0 -s 

yz 

B,-2BoRi- - 

(:v 2 +s 2 ) 2 

z 2 -y- 

= - 

(y 2 +s 2 ) 2 , 


( 10 ) 


The field pattern outside the cylinder is the same 
as that which would be produced by currents 
+JB 0 /5 and —Bo/d parallel to the axis of the 
cylinder and displaced — 6 and + 6 from the axis 
in the xy plane, 5 being an infinitesimal. 

The energy stored inside and outside the 
cylinder is given as usual by integrating £ 2 /(8irp) 
over the appropriate volume. The energy stored 
per unit length in the field external to the 
cylinder is 

/•* B 0 2 R*ird(y 2 +z 2 ) B 0 2 R 1 

Eo= -;-=-. (11) 

J n 8ttm(v 2 +s 2 ) 2 8/x 


The energy stored per. unit length inside the 
cylinder is simply 


E, 


Bo * 


• 7 tR\ 


8 tt)u 


So in this case, E 0 = /£,. 


IV. ELLIPSOIDAL COILS FOR PRODUCTION OF 
UNIFORM FIELDS 

The mathematical techniques necessary for 
dealing with ellipsoidal coils for production of 
uniform magnetic fields are similar to those 
applying to dielectric ellipsoids in uniform elec¬ 
tric fields. 4 We shall consider only ellipsoids of 
revolution in which it is desired to establish a 
uniform field in the direction of the axis of 
symmetry. In cylindrical coordinates, the equa¬ 
tion of such an ellipsoid is 

p 2 Z‘ 

( 12 ) 

a 2 b 2 



Fig. 2. Positions and heights of maxima and minima in 
fields of circular loop. 


It is convenient to describe the external fields in 
terms of the parameter s which describes the 
ellipsoids confocal with the ellipsoid of Eq. (12) 
through the relation 


p 2 z l 
<z 2 +$ 6 2 -f.v 


1. 


03) 


The solution for s of (13) is 

s = ±{p 2 +z 2 -a 2 -~b 2 ±l(a*+b 2 -f> 2 -z 2 y 

+4 (p 2 6 2 +s 2 a 2 ~a 2 6 2 )]M. (14) 

The choice of sign in (14) must be such that on 
the surface of the ellipsoid 5 = 0 and outside of 
the ellipsoid s is always positive. (If s does not 
satisfy this criterion, Eq. (13) describes a family 
of confocal hyperboloids rather than ellipsoids.) 
For the most part, the criterion is satisfied by a 
plus sign in Eq. (14). 

The external fields are derivable from a scalar 
potential function which, if a is greater than b , 
has the form 


V=BoZ\ 


(s+b 2 )* 


b 

-j. 

a 2 


1 /a 2 —b 2 \t 

-tan” 1 !-) 

(a 2 -6 2 )* \s+b 2 / 


1 (a 2 -i 2 )* 

-tan” 1 - 

(a 2 -* 2 )* b 


(15a) 


4J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book Company, New York, 1941), Sections 3.25 to 3.27. 


Volume is, November, 1947 


971 




If a is less than b 


V=Bozi 


1 1 /b**-Q?\ 

-tanh-'l-^—) 

(j+6 2 )* (& 2 -o 2 )* \s+b 2 / 

b 1 (&»-a 2 )‘ 

- 1 . -tanh~‘- 

a 2 (6 2 -a 2 )‘ b 


where Bo is the value of the uniform field inside the ellipsoid. These functions were derived by 
methods similar to those used by Stratton in dealing with the dielectric ellipsoid. The fields derived 
from this function for the case a greater than b, are: 


B, -- 


BoZp(a 2 — 6 2 ) 


(2 r-p 2 -z 2 +a 2 +i 2 )(s+a 2 )(s+& s )* 


r b 1 (o ! -6 2 )»l 

b 2 ) 1 -1-tan -1 - 

L a 2 (a 2 —b i ) i b 

( s+b*\* /a 2 —b t \ 

-) tan-‘(-) 

a 2 —6 2 / \s+b 2 / 


| z 2 (a 2 -6 2 ) 

Bo - 

dV 1(2 s-p 2 -z 2 +a 2 +5 2 )(s+& 2 ) 


(. s+b 2 ) 


r j > i 
\\ —+- 

L a 2 (a 2 —5 2 )* 


(o 2 -6 2 )‘i 


If a is less than b, the changes necessary in (16) and (17) are obvious from a comparison of (15a) 
and (15b). /* 

From the potential function of (15a) or (15b) we can deduce also the field components B n and B, 
normal and tangent to the surface of the ellipsoid: 


(p 2 6 4 +z 2 o 4 ) i 
1 1 

B 0 pb 2 b (<i 2 -6 2 )* 
(p 2 & 4 +z 2 a 4 )M b 1 


(a 2 —6 2 )* ] 


(p 2 6 4 +z 2 a 4 )‘ b 1 (o 2 -6»)‘ 

-t a n -*-— 

ti* (a 2 -b 2 )' b 

Inside the ellipsoid, the normal field component is the same as that outside given by (18). The 
tangential field component B{ at the inside surface of the ellipsoid is 


(p 2 i 4 +z 2 a 4 )‘ 

From Maxwell’s equations, the azimuthal current density 


B t -B t ' Bo pb 2 
4rp 4rp (p 2 6 4 +s 2 « 4 ) 1 


o 2 —6 2 


ba* (a 2 -6*)‘ 

b‘ -tan -1 - 

(a 2 -6 2 )» b 


This is the current per unit distance measured tangent to the surface of the ellipsoid. Between p 
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and p+dp the current will be 


I ( p)dp = I^dp[\ + (dz/dp)' l ~\i 3 


B*dp pb 


a 2 — b 2 


a(a 2 -p 2 )4 ba 2 (a 2 -* 2 )’* 

b 2 -tan -1 - 

l (a 2 —A 2 )* A 


Similarly, between z and z+dz the current will be 


/ (z)dz — - 


a't-b' 

ba 2 (a 2 — 6 2 )* 

6 2 -tan " 1 - 

(a 2 —6 2 )* 6 


which is a constant independent of s. From this fact we may conclude that if the current distribution 
is achieved by varying the thickness of the ellipsoid wall, keeping constant current density within 
the wall, the wall thickness in the radial direction will be a constant. It is assumed that the wall 
thickness remains infinitesimal compared with the ellipsoid dimensions; for thick walls the above 
theory is no longer correct. 


V. ENERGY STORAGE IN FIELDS OF 
ELLIPSOIDAL COILS 

The energy stored in the field outside the 
ellipsoid is evaluated most easily by an applica¬ 
tion of Green’s theorem. The energy is given by 


/ BB r 

-d T =- 

8iru J 


WBn 
- dS, 

8tt/x 



i i 

a 2 bB 0 2 


r* -*' 

6 p 

b 1 


a 1 (a 2 -* 2 ) 1 


energy stored inside is 

1 l (a 2 —6 2 )* 

---tan -1 - 

Eo b (<z 2 -& 2 )* b 

R~ b 1 (a 2 -6 2 )* 

-Ian i- 

a 2 (a 2 -fr 2 )> b 


• (27) 


where \\ is the value of V (from 15a or 15b) on 
the surface of the ellipsoid, and B ni the normal 
field just outside the surface, is given by (18). 
The integral is taken over the surface of the 
ellipsoid. When the appropriate substitutions 
have been made in (24), the integral is easily 
evaluated. The result is 

fl 1 (a*— 6 2 ) 4 i 


(a 2 -6 2 )* 

tan -1 - 

b 


The energy inside the ellipsoid where the field is 
uniform is 

4 Bo* cftBo* 

Ei—-ira 2 b -=-• (26) 

3 8 rp 6 p 

The ratio of the energy stored outside to the 
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This ratio is one measure of efficiency of a coil 
for intermittent operation since it indicates the 
relative values of useless to useful stored energy. 
In Fig. 3 Eo/Ei is plotted as a function of the 
ratio b/a. Figure 4 shows the variation of E 0 as 
the ellipsoid parameters vary. In this figure, 
6 pjK n /(a 3 jBo 2 ) is plotted as a function of b/a. 

VI. SPECIAL CASES OF THE ELLIPSOID 
a. The Infinite Solenoid 

This familiar configuration appears when the 
semi-axis b of the ellipsoid is allowed to become 
infinite. The potential V outside, the external 
fields, and the ratio of external to internal stored 
energy all tend to zero. From (23) the current 
per unit length in the wall becomes Bo/4rp. 

b. The Sphere 

When 6 = a, the ellipsoid becomes a_ sphere. 
From (15), (16), and (17) the external potential 




Fig. 3. Ratio of external to internal energy storage for 
ellipsoidal coils. 


and fields are 

Boza 3 

V- -, 

2( p 2 -f2 2 ) 8 ' 2 

3Bozpa 3 


2 (p 2 -M’) s/J ' 
5„a»(22 2 -p 2 ) 


(28) 

(29) 

(30) 


The uniform field in the sphere is produced by a 
current whose density, from (21), is 


35 op 

8 rpa 


(31) 


From (25) the external stored energy is 


a 3 Bo : 

Ea - 

12p 

and the ratio E 0 /Ei is given by (27) 


(32) 


oecomes irom : 


, 2<i5os/ 11 a \ 

—(-tan- 1 — ). 

r \\/s a \/s/ 

From (16) and (17) the external fields are 

2BoZpa 3 


5,= 


#(2i- p 2 -z 2 +« 2 )(j+« 2 ) y/s 


(34) 

(35) 


5,= 


2dBfj 


(- 


z z a- 


r\/s V s (2s — p- —z 2 + a*) 


— 1 


N/5 

H-tan -1 

a y/s 


~) 

Js) 


(36) 


In the neighborhood of this coil where p is 
materially less than o, and z is small, 


2Bop 

B„ = ±- approx. 

ir(a 2 — p 2 ) 1 


(37) 


the sign depending on whether z is positive or 
negative, and 

B,= B n approx. (38) 

Front (21) the current density is 
Bop 


/♦- 


T V(®*-P*)‘ 


(39) 


(The value deduced from Eq. (21) by letting b 
tend to zero must be multiplied by a factor of 
two to obtain (39) since when 6 = 0 the upper 
and lower surfaces of the ellipsoid become coinci¬ 
dent.) From (25) the external stored energy is 


Ea-- 


oW 


3irp 


(40) 


Eo 

e' 




(33) 


and the internal energy is, of course, zero. 


Spherical coils of this type have been discussed 
and applied to mass spectrometer design by 
F^ipple. 5 

c. The Plane Coil 

If b is reduced to zero the ellipsoidal coil 
becomes a flat pancake. The external potential 

‘J. A. Hippie, Phy*. Rev. 58, 597 (1939), 



Fig. 4. External stored energy for ellipsoidal coils. 
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VII. COMPARISON OF IRON CORE AND AIR CORE 
FIELD COILS 

As a basis on which to compare iron core and 
air core coils for practical applications, we shall 
evaluate the number of ampere turns required 
in the two cases to provide a uniform field B n 
within a given region. 

We assume the ellipsoidal coil to be made up 
of N turns, each .turn carrying a current h 
amperes. If the number of turns between p 
and p+dp is n{p)dp then 

/ +« a 

n(p)dp= I I(p)dp = NI a . (41) 

-a * -a 

We substitute for I{p) from Eq. (22) and perform 
the integration to obtain for the total number 
of ampere turns: 

B«b( a 2 -b 2 1 

NIo= -—- . (42) 

ba 2 (a 2 — 

b 2 -tan"" 1 - 

(a 2 — b 2 y b J 

The number of ampere turns N'T required in 
an iron core coil for generation of a field B 0 
webers per sq.m in an air gap of length l meters is 

BJ 

7V'/' =-- 8.0 X10W (43) 

4irp 

provided the air gap is short compared with the 
other dimensions of the region in which the field 
is to be maintained. If the air gap becomes 
comparable w T ith the other dimensions the num¬ 
ber of ampere turns will be materially higher 
than the value given by (43), since the fields 
begin to suffer in strength and uniformity as 
edge effects become more important. 

A comparison between Eqs. (42) and (43) 
shows that for small air gaps the iron core has 
marked advantages. For an air gap one-tenth 
of the pole-piece diameter, the iron core magnet 
requires only about one-eighth of the ampere 
turns needed by the corresponding ellipsoidal 
air core coil for which i/a = 0.1. When the air 
gap becomes about half the pole-piece diameter, 
the magnets become comparable in ampere turn 
requirements, and for larger air gaps the ampere 
turn requirements remain comparable. Evidently 
the mechanical simplicity and compactness of 
the air core coil merit consideration in any case 
where the air gap in the corresponding iron core 



Fig. 5. Cross section through ellipsoidal coil for production 
of uniform field. 


magnet would be greater than half the pole-piece 
diameter. 

VIII. POWER CONSUMPTION IN ELLIPSOIDAL 
D.C. FIELD COILS 

The distribution of turns in the wall of the 
ellipsoid can be expressed rather simply using 
Kqs. (22), (41), and (42). The number of turns 
between p and p+dp is 

Npdp 

n(p)dp — -. (44) 

2 a(a*-p*)» 

Similarly, the number of turns between z and 
z+dz is 

Ndz 

n(z)dz = -. (45) 


The total length of w ire used in the winding will 
be 

/ +** r l aN 

2 irpn(p)dp =-meters. (46) 

Hi 2 

If the coil is wound with copper wire having a 
cross-sectional area of 5 sq.m, the total resistance 
of the winding will be 

r 2 aN 

tfo = 1.7XlO-*-ohms. (47) 

2 s 

From (42) and (47) the power consumption in 
the coil will be 


7o s *o~ 


1.9Xl0 5 aWBo 2 


a 2 -b 2 

ba 2 (a f -4*)» 

b 2 -tan- 1 - 

(< a 2 -b *)* b 


watts. (48) 
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If the thickness of the coil in the plane is 
aa (from (23) or (45) aa will also be the thickness 
in any plane parallel to the s = 0 plane) then 
from (45) 

Ns * 2aab (49) 

and the power consumption may be written 

9.5Xl0 4 6£o 2 

/o 2 /?o =- 

a 


a 2 —6 2 


ba 2 


(a 2 -£> 2 )* 


ft 2 — --tan~ 1 % - 

(a 2 -ft 2 )* b 


watts. (50) 


For b/a — to.b, 1.0, and infinity, the quantity in 


the bracket will have the values 1.9, 1.5, aqd 
1 .0, respectively. 

Figure 5 ■ is a sketch of the cross section 
through an ellipsoidal coil for which b/a =* 0.6 
and a«0,2. 

Vni. ACKNOWLEDGMENTS 

The author is indebted to Professor F. W. 
Grover for a considerable amount of information 
on techniques for dealing with the circular loop 
problem and with elliptic integrals. Professor 
Grover’s study of the fields around a circular 
loop will appear in a forthcoming paper in the 
Proceedings of the Institute of Radio Engineers . 
The tables of magnetic fields around a circular 
loop represent a long period of patient and pain¬ 
staking calculation on the part of Miss M. Kay. 


Design of an Air Core Synchrotron* 

John P. Bl^wf/tt** 

East Pajchogtie, Long Island , New York 
(Received June 17, 1947) 

The analysis of the preceding paper is applied to the problem of designing a synchrotron in 
which the magnetic fields are produced by air core coils. The air core synchrotron is shown 
to be practical and to present certain advantages. 


I. INTRODUCTION 

I N the preceding paper an analysis has been 
presented of the problems, first, of the mag¬ 
netic fields caused by current flowing in a 
circular loop, and second, of the coil configura¬ 
tions necessary to produce uniform fields in 
regions of various geometries. The magnetic field 
requirements of the betatron and the synchrotron 
will now be considered in the light of this 
analysis. 

Air core magnets present three major ad¬ 
vantages. First, they free the magnet designer 
from the upper limit of 1.8 webers per square 
meter (18,000 gausses) or so associated with iron 
cd&s because of the saturation characteristics of 

* Most of the work described in this paper was supported 
by the Office of Naval Research under Contract N5-ORI- 
178. 

** Formerly Research Laboratory, General Electric 
Company. Now at Brookhaven National Laboratory, 
Brookhaven, Long Island. 


iron. Second, they do not introduce the random 
local inhomogeneities in field which are found in 
the fields of iron core magnets as a result of 
defects in fabrication or spottiness in previous 
treatment. This drawback of iron cores may be a 
serious one in the betatron or the synchrotron 
in which injection takes place just after the field 
has passed through zero. If all parts of the field 
do not pass through zero simultaneously it may 
be difficult to initiate a beam, particularly in the 
higher energy machines. The third advantage of 
air core coils is the obvious one that a large and 
costly iron structure is avoided. This is particu¬ 
larly important in betatrons and synchrotrons 
where the iron must be laminated, and the core 
construction is an extremely tedious and expen¬ 
sive proposition. , 

The problems which arise when a switch is 
made from iron to air cone are mainly associated 
with the choice of the correct geometry for the 
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current carrying conductors. Possible solutions 
to these problems are discussed in Sections II, 
III, IVa, and IVb. Other problems associated 
with air core coils such as cooling, auxiliary 
circuits, mechanical support, and so forth do 
not seem unduly serious. Typical solutions of 
several such problems are presented in Sections 
IVc, IVd, and IVe. 

H. AIR CORE GUIDE FIELDS FOR BETATRONS 
OR SYNCHROTRONS 

The primary economic factor in the design of 
a betatron or synchrotron, aside from the magnet 
itself, is the capacitor bank in which the energy 
to appear in the magnetic field must be stored 
during the inactive periods. It is therefore im¬ 
portant that as much of the field generated as 
possible shall be actually useful. An iron core 
magnet designed to produce a field of a particular 
type generally stores two or three times as much 
energy as is required for fields which actually 
deflect particles. This is simply because the shape 
of the pole piece which produces the desired field 
is generally not the same as the shape of the 
vacuum envelope in which the field is utilized. 
In addition wasted energy is always stored in 
leakage fluxes. The air core magnet can be 
designed to fit the vacuum envelope. It must, 
however, have a finite thickness to permit it to 
dissipate power. And it must store unused energy 
in return fluxes. 

For toroidal regions such as those enclosed by 
the vacuum envelopes of betatrons and synchro¬ 
trons, air cores and iron cores are about equally 
economical in stored energy. The problem of 
generation of uniform fields in a toroidal region 
has not yet been solved analytically so far as the 
author is aware. An approximate attack is sug¬ 
gested, however, by the infinite cylinder case 
treated in Section III of the preceding paper. If 
the cylinder is bent in the x , y plane on a radius 
of curvature materially greater than its own 
radius, the external distribution of energy will 
not be too violently disturbed. It follows from 
Eq. ,(11) of the. preceding paper that three- 
quarters of the energy in the external field of the 
cylinder lies between the cylinder wall (radius 
R ) and a cylinder of radius 2R . This will probably 
still be approximately true when the cylinder 
has been bent into a torus. It is therefore a 


reasonable assumption that the energy stored in 
the external fields of the torus is approximately 
the same as the energy stored within the torus 
wall, just as was true in the case of the infinite 
cylinder. In other words, in setting up a uniform 
paraxial field within a toroidal region we shall 
store approximately twice the energy we use 
because of the energy stored in the external 
return flux. If now we arbitrarily increase the 
factor of two to a factor of three to take care of 
the excess energy stored because of the neces¬ 
sarily finite thickness of the coil, we shall have 
a design factor not far from that actually 
realizable. 

If a roughly uniform field B 0 webers per sq. m 
is set up within a toroidal region whose cross- 
sectional area is rr 2 sq. m and whose mean radius 
is R m, the energy stored in this region will be 

rRr 2 B 0 2 1 

Ei = -joules, (1) 

4 m 

where m» the permeability, =10~ 7 henry per 
meter for free space. To obtain the total energy 
stored in all fields we multiply this quantity by 
our factor of three to obtain 

3wRr 2 B 0 2 

E= -= 2.4Xl0 7 flrW joules. (2) 

4m 

This equation can be rewritten in terms of the 
energy W ( = mc 2 /e electron volts) of a particle 
bent in a circle of radius R in a field B 0 through 
the relation 

W = Bq^R/v electron volts, (3) 

where v is the particle velocity in meters per sec., 
c , the velocity of light, =3Xl0 8 m per sec. 
From (2) and (3) 

r*W* v 2 

E = 2.7 X10~ 10 -. (4) 

R c 2 

If, for example, R is one meter, the vacuum 
envelope is a torus of three-inch tubing so 
r = 0.038 m and W is 100 Mev, v will be approxi¬ 
mately equal to c if the particles are electrons, 
and E will be about 4000 joules. This much 
energy could be stored at 5000 volts in sixteen 
20 -microfarad capacitors. 

If this device is to be operated continuously 
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Table I. 


W( Mev) 

R( m) 

Number of 
capadtorB for 
5-Mev betatron 

Number of 
capacitors for 
guide field 

100 

0.5 

7 

30 

500 

2.5 

35 

150 

1000 

5.0 

70 

300 


at a frequency «/(2 t) the power required may be 
deduced if an estimate can be made of the Q of 
the coil. Froni the definition of Q , 

power required = osE/Q watts. * (5) 

At 60 cycles, Q's higher ^han 5 or 6 are hard to 
achieve in air core coils. For a Q of S and the 
coil discussed above the power required would 
be about 300 kilowatts. This is rather high and 
might justify reconsideration of the higher Q’s 
obtainable in iron core coils. But if, for example, 
the machine is to be used for cloud-chamber 
investigations, it need be fired only once or twice 
a minute. In this case the power consumption 
drops to the negligible range below 200 watts. 

The actual design of guide-field coils will be 
treated in more detail in Section IV. 

in. AIR CORE FLUX COILS FOR BETATRON 
ACCELERATION 

In iron core machines the energy stored in 
fluxes used for betatron acceleration can be 
negligible if air gaps are kept out of the flux 
paths. This is because the energy stored for a 
given flux density is inversely proportional to the 
permeability of the medium. The air core beta¬ 
tron is therefore at a disadvantage so far as flux 
coils are concerned. To obtain order of magnitude 
figures for air core flux coil energy requirements 
we shall now consider an idealized case. 

Efficient energy storage will be achieved if we 
keep the flux density uniform within the orbit. 
This could be done with a pancake coil of the 
sort discussed in Section Vic of the preceding 
paper. The flux through such a coil of radius R 
will be 

<t> = tR 2 B 0 webers. (6) 

tit 

But from the betatron condition 


^ * 2tR % B\ where B\ is the guide field at the orbit 
2 tR v 

*-IF webers (7) 

c c 


(compare Eq. (3) above). But from Eq. (38) of 
the preceding paper the energy stored by the 
flux coil is 

R 5 Bo 2 

Ef =-joules. (8) 

3 7TM 

From (6), (7), and (8) 

4 R v 2 v 2 

E f = - W 2 = 4.7X10 "RW 2 — joules. (9) 

3ir/x c 2 c 2 

If IF= 10 Mev, i? = 0.5 m, and v is approximately 
equal to c, then E f - 2400 joules. If W —100 Mev, 
J?= lm, and v is approximately equal to c t E f 
will be 470,000 joules. In the former case the 
energy could be stored in ten 5000 volt, 20 
microfarad capacitors, while in the latter case 
2000 such capacitors would be required. Which, 
if either, of these quantities is reasonable de¬ 
pends, of course, on the designer's purse and 
viewpoint. It is evident in any case that air core 
betatrons for higher energies than 20 Mev will 
begin to be expensive. 

In view of the idealized geometr> considered, 
the figures derived from Kq. (9) are merely lower 
limits. It would be impractical to extend the 
flux coil all the way to the orbit and it would, 
moreover, be impractical to use a pancake coil 
since its external fields which would exist at the 
orbit are strongly radially dependent and would 
interfere with the guide field. A more practical 
design will be presented in the next section. For 
the practical flux coil, the factor of 4.7 in Eq. (9) 
should be replaced by a factor of about 14 to give 

v 2 

E f = 1.4 X 10“ l0 i?IF 2 — joules. (10) 
c 2 

IV. DESIGN OF AN AIR CORE SYNCHROTRON 

In the introduction we have pointed out the 
advantages of air core machines. In Section II air 
core guide fields were shown to be economically 
comparable with iron core guide fields, particu¬ 
larly for intermittent operation, and in Section III 
it was shown that betatron acceleration up to 10 
Mev with air core flux coils involves not unreason¬ 
able figures for energy storage. Since betatron ac¬ 
celeration up to four or five Mev is quite sufficient 
to initiate the usual sequence of events in the 
synchrotron, the betatron coils of an air core 
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synchrotron could just as well be air core. 
Introduction of an iron core for the betatron 
flux would result in rather a tricky problem of 
synchronization between air core fields and iron 
core fluxes. It would therefore appear from what 
has gone before that a high energy air core 
synchrotron is quite practical. If we speak in 
terms of 5000-volt 20-microfarad capacitors and 
of a three-inch diameter vacuum envelope, the 
results of Eqs. (4) and (10) are as given in 
Table I for a few typical cases. 

We now proceed to a more detailed considera¬ 
tion of design. 


a. Guide-Field Coils 

The guide field must decrease with radius at 
a rate not faster than 1/p in order that the 
electron motion shall be stable both in p and in z. 
For most designs this means a variation across 
the vacuum envelope of not more than about 
ten percent, and the guide-field coils will not 
differ much from those required to produce a 
uniform field. As was mentioned in Section II, 
this problem has not been solved analytically, 
but a measure of similarity exists between the 
torus and the infinite cylinder. We should, 
therefore, begin with a coil system suggested by 
the cylinder case, such as that shown in cross 
section in Fig. 1, and, by numerical work based 
on the tables in the preceding paper or by 
measurements on models, make the small changes 
which will result in the desired variation of field 
with radius. 


b. Flux coils 

The flux coils will be required to build up a 
flux at a rate governed by the rate of rise of the 
guide field to the point at which the electron 
energy is about 5 Mev. Now the radiofrequency 
signal should be turned on and synchrotron 
acceleration initiated. The guide field should 
continue to rise, but the betatron flux should 
cease rising since further increases will result 
merely in useless storages of energy. In iron core 
machines this object is accomplished by satura¬ 
tion of the flux core. In an air core machine differ¬ 
ent methods must be used. One possible method is 
described in Section c below. 

Since the time variations of field and flux are 
to be different, it follows that no appreciable 
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Fig. 1. Cross section through air core synchrotron. 


field from the flux coil can be permitted to exist 
in the neighborhood of the orbit. On the other 
hand, in order that we do not store large amounts 
of energy needlessly in the flux, it is desirable 
that the flux coils couple as closely as possible 
with the orbit. These apparently mutually ex¬ 
clusive requirements can be met by the compro¬ 
mise to be described below. 

In the case of the infinite cylinder discussed in 
.Section III of the preceding paper, had we set up 
currents I x in the walls proportional to the 
absolute value of y instead of y, the internal field 
would have been zero. If, now, a wire parallel to 
the cylinder axis were located somewhere within 
the cylinder unity coupling would exist between 
it and the currents in the cylinder walls since no 
magnetic flux interposes between wire and wall. 
Presumably an analogous case exists for the 
toroid. The exact distribution of azimuthal cur¬ 
rent in a toroid wall, which would give zero 
internal field, has not yet been worked out. A 
fairly good approximation can easily be set up, 
however, using only four wires appropriately 
located in the torus wall. The four wires A , B, C, 
and D of Fig. 1 lie in one possible configuration. 
The choice of positions for these four wires is 
made after a consideration of the field distribu¬ 
tions around a circular loop discussed in Section 
11 of the preceding paper and shown graphically 
in Figs. 1 and 2 of that paper. Wire A is located 
so that the maximum in its field pattern lies at 
the orbit. The position of wire B is such that 
the minimum in its field pattern lies at the orbit, 
and the relative currents in the two wires are 
so adjusted that the minimum and maximum 
are equal in height. In this way the axial field 
at the orbit and its first derivative with respect 
to radius are reduced to zero. The selection of 
parameters may be expedited by using the graph 
in Fig. 2 of the preceding paper. In applying 
this method it will become evident that the 
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Fig. 2. Second derivatives at maxima and minima in fields 
of circular loop such that these extrema lie at p=» 1. 

choice of location and size of the coils is not 
unique. For each coil, loci of the form s=/(p) 
exist along which cancellation can be achieved 
by appropriate choices of current rajjos. This 
extra degree of freedom can be utilized to permit 
cancellation of second derivatives. To facilitate 
this procedure, the ratios of second derivatives 
of B 9 with respect to p, to the values of 
B a , have been plotted in Fig. 2 for the cases 
where the extrema of the field distributions lie 
at p= 1. When the value of z[a for one coil has 
been chosen, the zja for the second coil will be 
that for which the ordinates of the curves of 
Fig. 2 have equal values. Given zja for each 
coil, the correct value of p/a may be found from 
Fig. 2 of the preceding paper. The results of this 
rather complex procedure are summarized in the 
graphs of Fig. 3 which give complete design data 
for pairs of loops which give cancellation of the 
field, its first and second derivatives, at the 
orbit. For the case where the orbit is located at 
p» l the radius ao and height z 0 of the outer coil 
and the radius a< of the inner coil are plotted as 
functions of the height z% of the inner coil. Also 
included in Fig. 3 is the ratio of currents in the 
two coils as a function of z % . This graph indicates 
that for the geometry shown in Fig. 1 the ratio 
of ampere turns in the inner coil to ampere 
turns in the outer coil is about 4:1. 

After cancellation of axial fields and deriva¬ 


tives thereof has been accomplished, additiomof 
the two coils C and Z>, symmetrically located 
below the planetof the orbit, will give cancellation 
of radial fields. 

It is unnecessary to add further refinements to 
provide cancellation of fields adjacent above and 
below the orbit. If and its derivatives with 
respect to radius, and B p are zero in the plane of 
the orbit, the fact that the curl and divergence 
of the field are zero insures the disappearance of 
the fields at all points in the neighborhood of the 
orbit. 

A further improvement in cancellation and a 
closer approximation to the ideal case would 
result from the use of six or more coils so adjusted 
that still higher derivatives of the field would 
disappear. This rather formidable problem has 
not yet been worked out. 

Experimentally it has been found that the 
coupling coefficient between the orbit and a set 
of coils in about the configuration of Fig. 1 is 
between 0.8 and 0.9. In other words, the energy 
gained per revolution by an electron in this 
system will be between 80 and 90 percent of the 
voltage per turn applied to the flux toil. This 
result was obtained with coils about 20 cm in 
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Fig. 3. Design parameters for matching second derivatives. 
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radius and having cross sections of about one 
sq. cm. The coupling coefficient might be ma¬ 
terially lower for coils of smaller cross section. 


c. Construction of Field and Flux Coils 

Two important problems must be kept in 
mind during the actual construction of the field 
and flux coils. The first is associated with the 
forces between conductors. In a high energy 
machine these forces may be of the order of 
.several tons per meter of coil. The forces will be 
attractive between conductors passing currents 
in the same direction and repulsive between 
conductors passing currents in opposite direc¬ 
tions. These forces, fortunately, are such that 
the coils will tend to be held in place, rather than 
explode, in a coil form of the convenient shape 
indicated by dotted lines in Fig. 1. During several 
months of model experiments on a small 100-Mev 
design for intermittent operation no difficulty 
was experienced with these forces. 

The second problem lies in the discontinuities 
at points where leads enter or leave the coils. 
Theoretically, if entering and return leads lit* 
very close together, no discontinuity will appear, 
but in practice some space must be left for 
insulation and detectable inhomogeneities in field 
do appear. This problem was solved in model 
experiments by making each coil several coils in 
parallel. The leads to the several coils were 
brought out at equally spaced points around the 
coil circumference. The entering and return leads 
to each coil were then carried close together and 
parallel to the coil axis a distance of about one 
coil radius. They were then bent inward and 
carried together to the coil axis. All connections 
were made on the coil axis. Measurements good 
to 0.1 percent on fields in the neighborhood of 
the orbit failed to show any measureable in- 
homogeneity when each coil had been made six 
coils in parallel. When coils are paralleled thus 
it is, of course, necessary to interweave the 
windings in such a way as to maintain uniform 


• Table II. 


Phase of sine wave: 5° 

Deviation of sine 
from linear 

expression (%): 0-D 


10 ° 

0.51 


15° 

1.14 


20 ° 

2.03 


25° 

3.18 



Fig. 4. Circuit for air core synchrotron. 


current density through the coil and avoid 
circulation of parasitic currents. 

d. Auxiliary Circuits and Equipment 

The requirement that the flux should cease 
rising after the electron velocity is approximately 
that of light (compare Section IVb above) can 
be met by making the flux coils part of a circuit 
whose resonant frequency is several times that 
of the circuit which includes the field coils. 
When a capacity C charged to a voltage V is 
discharged into an inductance L y the current is 
given by 

i=V(C/Ly*\x\{t/{LC)'). (11) 

For l small, i=Vt/L approximately. As t in¬ 
creases the expression (11) deviates from linearity 
with t in accordance with Table II. If these 
figures relate to the higher frequency flux wave, 
the lower frequency field wave ill be essentially 
linear, and the table gives the percentage error 
from the betatron condition. The equilibrium 
orbit will change to a new radius, and the ratio 
of the change in radius to the original radius can 
be shown to be essentially the same as the 
deviation given in the above table. 

Since the vacuum envelope must certainly be: 
large enough that a variation in orbit radius of 
two or three percent can be tolerated, betatron 
acceleration will be satisfactory up to 20° or 25° 
of the flux wave. At this point the radiofrequency 
acceleration must be initiated. We shall now 
store energy uselessly in the flux coils until 90° 
in the flux wave, an inelegant feature of this 
method which is partly counterbalanced by the 
method's simplicity in execution. 

As the flux wave falls off past 90° we shall 
have a negative betatron effect, but the stability 
of the synchrotron orbit has often been shown 
to be sufficient to offset this provided the radio¬ 
frequency signal level is sufficiently high. 
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A circuit for generating the desired sequence 
of events is shown in Fig. 4. The field and flux 
capacitor banks, C 2 and Ci, are charged as 
indicated from the same power supply. They 
are then discharged simultaneously by the 
switch 5 which can be a large circuit breaker or 
a bank of ignitrons. At the moment of closing, 
the potential of the left-hand contact of the 
switch drops discontinuously to zero. This sharp 
wave front provides a good trigger for timing 
injection and radiofrequency turn on and off. 

Design data for timing and injection circuits, 
vacuum envelopes, cooling systems, electron 
guns, and radiofrcquenc^ systems are available 
in profusion and will not be discussed here. 

e. Summary of Test Results 

A program of construction of a 100-Mev air 
core synchrotron was initiated by the author in 
the Research Laboratory of the General Electric 
Company, but his departure from that labora¬ 
tory prevented him from carrying the program 
to completion. Numerous model measurements 
were made on field and flux coils and preliminary 
c ircuit tests were performed, but the construction 
of circuits and electron gun did not reach the 
point where electrons could be accelerated. 

The machine had an orbit radius of 7 inches 
and was designed for once per minute operation. 
The structure was generally as indicated above 
except for the guide field coils which were simply 
coaxial 44 turn solenoids about 3 inches long. 
The outer solenoid was divided into two halves 
in a plane normal to its axis, and it was found 
that a paraxial separation of about an eighth of 
an inch of these two half-coils gave a field in the 
neighborhood of the orbit which fell off approxi¬ 
mately as the inverse half-power of radius. This 
coil design was not as economical as the one 
indicated in Fig. 1 should be, since considerable 
amounts of energy were stored in regions above 
and below the vacuum envelope. 

The coils were wound on Bakelite forms 
generally similar to those shown in Fig. 1. 

• ^The vacuum envelope was a toroid of one-inch 
glass tubing. The electron gun was brought in 


from the top; other associated equipment was 
conventional in design. 

Once a minute operation solved all cooling 
problems. It did, however, introduce a difficulty 
which might well be eliminated in any future 
machines of this type. Experience with the 
70-Mev iron core synchrotron in the General 
Electric Research Laboratory has indicated that 
the serious problems in synchrotron operation 
are all betatron problems; if successful betatron 
operation can be achieved, further acceleration 
by radiofrequency fields is very easy. It would 
seem, therefore, that even though a machine is 
to be used for intermittent high energy operation 
it should still be capable of continuous low energy 
betatron operation. This will speed up very 
materially the initial tests when a number of 
parameters are varied in attempts to find a beam. 
Given a beam, further adjustments to maximize 
beam intensity or to carry it to higher energy 
are relatively simple and can be carried on at a 
once per minute rate without reducing the 
operator to a state of impatient exasperation. 

No special means were included for bringing 
out the beam. It was hoped eventually that the 
beam could be deflected into the space above the 
orbit. It seems on paper to be much easier to 
move or at least to tilt the beam axially, than 
it is to expand it in a controlled fashion. In iron 
core machines, of -course, the pole pieces are in 
the way. In an air core machine a weak auxiliary 
field might be sufficient to bring a sharp beam 
into the clear region above the coils. 
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A Sound Velocity Method for Deter mining the Compressibility 
of Finely Divided Substances 

R. J. Urick 

Naval Research Laboratory , Washington , D. C. 

(Received June 23, 1947) 

A method is presented whereby the adiabatic compressibility of a finely divided material can 
be found from sound velocity and density measurements of a suspension of the particles in a 
liquid. The method is based on the assumption that the velocity of sound in a suspension is the 
same as it would be in an ideal solution of the two substances. This is verified experimentally 
by measurements of sound velocity in kaolin-water suspensions and xvlene-water emulsions, 
and the method is illustrated by the determination of compressibility of the oil droplets in an 
oil emulsion and of the blood corpuscles in horse blood. Considerable accuracy is attainable for 
materials which are not too incompressible compared to the suspending liquid. 


INTRODUCTION 


T HE ultrasonic interferometer has been em¬ 
ployed for many years for the determina¬ 
tion of the adiabatic compressibility of liquids. 
This instrument serves to measure the wave¬ 
length of sound waves in the liquid, and thereby 
the velocity of sound, and a simple calculation 
yields the compressibility once the density of the 
liquid is known. Extensive tables of compressi¬ 
bility of pure liquids arc available. 1 

In 1930, K. H. Herzfeld 2 suggested that this 
method might be extended to the study of solid 
substances by grinding them, suspending the 
particles in a liquid, and measuring the velocity 
of sound in the suspension. He derived an 
expression for the adiabatic compressibility of the 
solid in terms of the velocity, density of solid 
and liquid, and the compressibility of the liquid. 
This was based on extensive theoretical consider¬ 
ations of the effect of scattering by numerous 
small rigid spherical particles in the sound field. 
The result was applied for this purpose by 
Randall 3 a short time later, but extremely small, 
or even negative, compressibilities were found. 

The failure of Herzfeld’s formula to find 
experimental verification seems to have been 
followed by a long period of neglect in the 
application of the ultrasonic interferometer to 


l L. Bergman, Der UltraschaU (Edwards Bros., Ann 
Arbor, Michigan, 1942), pp. 175-181. . 

* K. H. Herzfeld, “The propagation of sound in suspen¬ 
sions,” Phil. Mag. 9, 752-68 (1930). 

* C. R. Randall, “Ultrasonic measurements of the 
compressibility of solutions and of solid particles in 
suspension,” Bur . Stand. J. Research 8, 79-99 (1932). 


substances other than homogeneous liquids and 
gases. 

In the present paper a simple expression will 
be derived for the velocity of sound in a suspen¬ 
sion based on the assumption that the mixture 
behaves the same as would an ideal solution of 
the two substances. The result will be verified 
by some data on kaolin-in-water suspensions 
and on some emulsions of xylene and water. 
These considerations permit a determination of 
the adiabatic compressibility °f the particles in 
a suspension from measurements of sound ve¬ 
locity and density, and this method will be 
illustrated by the computation of the compressi¬ 
bility of (1) the oil particles in some oil-in-water 
emulsions and (2) blood corpuscles in horse blood. 

SOUND VELOCITY IN IDEAL MIXTURES 

In approaching the subject of the velocity of 
sound in a suspension or emulsion of one sub¬ 
stance in another, it is simplest to consider what 
takes place in a homogeneous ideal mixture of 
the two materials. In so doing, we must make 
the assumption that the suspended particles are 
infinitesimally small compared to the wave¬ 
length of the sound, and that accordingly the 
effects of scattering on the sound velocity may 
be neglected. This is seen to be not too unreason¬ 
able an assumption when it is realized that at a 
frequency of one megacycle the size of the 
particles in a course dispersion is less than a 
hundredth of the wave-length of sound in water. 
Making this assumption, we may proceed to 
find the sound velocity in the same manner as 
for an ideal solution of one substance in the 
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THE INTERFEROMETER 



Fig. 1 . Diagram of 1-megacycle acoustic interferometer. 

other . 4 In this case both the density and the 
compressibility of the mixture are additive 
properties of the corresponding quantities for the 
two materials, depending upon the proportional 
amount of each substance in the mixture. Thus, 
Po = P20+pi(l-0) and k o =k20+ki( 1--0), where 
Po, *o are the density and compressibility of the 
suspension, p 2 , k 2 are the density and compressi¬ 
bility of the suspended particles, pi, are the 
density and compressibility of the suspending 
substance, is the volume percentage of particles. 
The subscripts 0 ,1, and 2 refer to the suspension, 
suspending liquid, and the suspended particles, 
respectively. Hence, the velocity of sound in 
the mixture is 

r.——-[- --1 -r. 

(po*o)* L[P20 +pi(1 — /3)][k 2 0 + *i(1 —0)]j 


The ultrasonic interferometer consists of a 
piezoelectric crystal mounted in an enclosed 
chamber. At the opposite end is a reflecting 
plate capable of being moved parallel to the 
direction of propagation of the sound by a 
micrometer screw. The crystal is driven through 
a loosely coupled coil by a source of constant 
frequency, and the voltage across the crystal is 
indicated by a meter. This system is shown 
schematically in Fig. 1 . As the jmicrometer screw 
is moved outward or inward, the meter is found 
to exhibit regular deflections at intervals of a 
half wave-length, because of the reaction of the 
standing wave system upon the driving crystal. 
Thus, the micrometer serves to measure the 
half wave-length, and since the frequency is 
known, the velocity of sound in the chamber is 
readily found. The interferometer chamber is 
surrounded by a bath whose temperature can be 
kept constant to 0 . 01 ° or so. It is estimated that 
the interferometer enabled velocity measure¬ 
ments to be made with an average error of 1 part 
in 3000 or 0.03 percent. 

The driving frequency was kept constant at 1 
megacycle. At this frequency the wave-length of 
wound in water is 1.5 mm; the particle size of 
the suspensions to be described was in the range 
1 to 10 microns. 


After dividing by Fi 2 =l/piici, this expression 
may be simplified in form by writing, 7 = Vi/V 0 , 
the ratio of the velocity of the suspending liquid 
to that of the suspension, a = (p 2 — pi)/pi, 
6 * (#cj— jci)/ki, and we may then obtain 

7 2 -(l+ai8)(l+^). (1) 

Thus the velocity ratio 7 is a parabolic function 
of the concentration 0 and will therefore have a 
maximum or a minimum at some particular 
concentration /3 m . This concentration, 

/3 m = — (a-f b)/2ab 

wjll be physically realizable, of course, only if it 
happens to lie between 0 and plus 1. It will be 
seen later that a minimum of velocity was found 
for mixtures of kaolin and water. 
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4 A. B. Wood, A Textbook of Sound (G. Bell & Sons, 
London, 1941), pp. 361-362. 


Fig. 2. Sound velocity ratio vs. concentration, 
kaolin suspensions. 
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KAOLIN SUSPENSIONS 


The validity of the additive formula for sound 
velocity may be demonstrated by some data on 
suspensions of kaolin in water. Kaolin is a com¬ 
plex aluminum silicate occurring in nature in a 
rather high degree of purity. It is a residual 
weathering product and a common constituent 
of natural clays and muds. It is an admirable 
material for providing solid aqueous suspensions 
since it disperses readily in water, does not gel, 
and needs no grinding to render the particles fine. 
By using a suitable deflocculant, such as sodium 
pyrophosphate, in an amount necessary to give 
a pH of 9-10, suspensions of kaolin with a volume 
concentration of 35-40 percent can be made 
rather readily with sufficient fluidity for use in 
the interferometer. Care was taken to remove 
the air mixed into the suspension by the disper¬ 
sion process. A size analysis showed that 90 
percent of the particles were between 0.4 and 5.0 
microns in diameter, with a median size of 1.1 
microns. The concentration of kaolin was deter¬ 
mined by density measurements, using a density 
of 2.60 for kaolin. 

Figure 2 shows a plot of sound velocity in such 
mixtures against percentage by volume of kaolin. 
The velocity is plotted as the ratio of velocity in 
the suspension to that of the liquid (water and 
deflocculant) in which the kaolin particles are 
suspended. The velocity at first falls as kaolin is 
added to the liquid, reaches a minimum at 20 
percent kaolin by volume, then rises. The two 
solid curves are computed from Eq. (1) for a 



VOLUME PERCENTAGE OF XYLENE 

Fig. 3. Sound velocity vs. concentration for 
xylene-water emulsions. 



70 X 10 12 
60 X 10 ‘' 2 
50 X I0' 12 

0 10 20 30 40 50 60 70 SO 90 100 

VOLUME CONCENTRATION OF OIL 


JHoil ALONE 

Soil with 
EMULSIFIER 


Fig. 4. .Sound velocity vs. concentration for transformer 
oil-in-water emulsions. 


compressibility ratio of 0.05 and zero times the 
compressibility of the suspending liquid. The 
zero compressibility-ratio curve refers, of course, 
to the limiting case of an incompressible solid. 
Also plotted in this figure is a curve computed 
from Herzfeld’s formula mentioned above. 

EMULSIONS 

The applicability of the additive formula can 
be further illustrated by some emulsions of 
xylene-in-water and its inversion, water-in¬ 
xylene. A xylene-in-water emulsion consists of 
small separate globules of xylene suspended in a 
continuous volume of water; such emulsions 
were made by using sodium oleate as emulsifier. 
On the other hand, in a water-in-xylene emulsion 
the globules are water and the continuous liquid 
is xylene; these were prepared with the aid of 
sorbitan monooleate as emulsifier. As is common 
in emulsion technology, phase reversal was 
avoided by adding a small part of the discon¬ 
tinuous medium (say xylene in the xylene-in- 
water emulsions) to all of the other medium plus 
all the emulsifier, then shaking to produce an 
emulsion, and repeating the process for more 
and more of the first medium, until all of it was 
emulsified. The type of emulsion finally obtained 
was checked by the simple method of observing 
the miscibility of the emulsion with water and 
with xylene. Measurement of particle size in 
these emulsions with a microscope indicated a 
median particle size of approximately 5 microns. 

Velocity measurements made over a range of 
concentration for the two types of emulsions are 
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Fig. 5. Sound velocity and the ratio a/b for various 
dilutions of horse blood uith plasma. 


- 

zr 


— 

>— i 

-<U. 


: 





0 






_ 















shown in Fig. 3. It is interesting to observe that 
both types of emulsions have the same sound 
velocity at the same concentration of xylene, 
indicating that the sound velocity is determined 
by the composition of the emulsion. The meas¬ 
ured sound velocity and density of the end 
members, xylene and water, enable their com¬ 
pressibility to be found, and Kq. (1) yields the 
velocity for different mixtures of the two. The 
velocity so computed is plotted as the solid line 
in this figure. 

DETERMINATION OF COMPRESSIBILITY 

The additive formula provides a method for 
determining the compressibility of a material 
which occurs as, or can be rendered into, fine 
particles. Since the density of the particles is 
known, it is necessary only to suspend them in a 
liquid of known or measurable density and 
sound velocity, and measure the density and 
Velocity of the suspension. For this purpose, we 
may write Eq. (1) as 


where p is the ratio of the density of the suspen¬ 
sion to that of the suspending liquid. 

The application of this formula may be illus¬ 
trated by some data obtained on emulsions of 
transformer oil in water. These emulsions were 
made by adding 8 percent by weight of tri¬ 
ethanolamine oleate to the oil as emulsifier, and 
agitating thoroughly with water to produce an 
emulsion. This particular emulsifier is very 
soluble in oil but only slightly soluble in water. 
An emulsion of high oil concentration was made 
in this manner, and those of Tower concentration 
were obtained through successive dilutions with 
water. Occluded air was removed by placing the 
emulsion in a vacuum until no further air was 
seen to come off. Velocity and density measure¬ 
ments were made on eleven such emulsions of 
varying percentage of oil, and also on water 
alone and on the oil with and without emulsifier. 
Figure 4 shows sound velocity plotted against 
concentration, and in the lower part of the 
figure, the computed values of compressibility 
of the oil. These values are seen to be nearly, but 
not quite constant, and lie intermediate between 
the measured values for the oil with and without 
emulsifier. The slight change of compressibility 
with concentration in this case may represent 
the effect of partial leaching out of emulsifier 
from the oil by the successive dilutions with 
water. 

In a similar manner there may be obtained an 
approximate value of compressibility of the 
kaolin particles in the suspensions of Fig. 2. 
Using the data for the three highest kaolin 
concentrations, b may be found to be —0.984, 
— 0.972, and —0.977 and thus the ratio of 
compressibilities of kaolin to water (1 +b) equal 
to 0.016, 0.028, and 0.023. Apparently no great 
percentage accuracy is attainable for substances 
of such low compressibility as kaolin, since the 
much larger compressibility of the suspending 
liquid all but masks the slight effect of the 
compressibility of the particles themselves. 

An alternative method of computation is 
available in case the concentration 0 is not 
immediately obtainable. If in Kq. (1) we substi¬ 
tute 


b 


Kt-Ki 

*1 ~Ap / 
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Po“"Pi 
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we may obtain this equation in the form 
p(p-l) a 
7 2 ~P b 

The ratio a/b , denoting the ratio of the differ¬ 
ence of density to the difference of compressi¬ 
bility, is a property of a suspension independent 
of the concentration of suspended substance, and 
can be found from density and velocity measure¬ 
ments on any one suspension and the suspending 
liquid. 

This may be exemplified by data oil some 
fresh horse blood obtained from the Naval 
Medical Research Institute. Blood can be con¬ 
sidered to be a suspension of several types of 
blood corpuscles in a clear pale yellow fluid 
called the plasma. The red blood cells, or 
erythrocytes, with a diameter of about 8 microns, 
outnumber the other types of corpuscles by 
about 800 to l, and consist of the red substance, 
hemoglobin, surrounded by a thin flexible mem¬ 
brane. 

By allowing a quantity of fresh blood to settle, 
samples of clear plasma and concentrated red 
cells were obtained. Velocity and density meas¬ 
urements were made on these two end members, 
and also on samples of intermediate red cell 
concentration obtained by mutual dilution. This 
data is plotted in Fig. 5, with density, repre¬ 
senting concentration of red cells, as abscissa. 
The lower portion of the plot shows the values 
of the ratio a/b found from the velocity and 
density measurements. It is seen to have a 
constant value, within 3 percent, of —0.433. In 
order to obtain the compressibility of the cor¬ 


puscles, from this value, we must know their 
density. This was found by centrifuging a sample 
of previously measured density. The percentage 
volume of corpuscular material (or hematocrit 
reading) yields the density of the corpuscles. 
This value, 1.091, together with the average 
value of a/b , and the compressibility of the 
plasma, 40.9 X10~ 12 cm 2 dyne~* (found from its 
density and velocity) give as a result the value 
of 34.1 XlO - * 12 cm 2 dyne -1 as the compressibility 
of the blood corpuscles. Thus, the corpuscles 
are found to be 16.7 percent less compressible 
than the plasma in which they are immersed. 

SUMMARY 

A method is described by which the adiabatic 
compressibility of small particles can be found. 
It requires the measurement of the velocity of 
sound and of the density on both a suspension of 
the particles, and on the suspending liquid. The 
limitations of the method in regard to particle 
size are undetermined, but a coarse suspension 
such as blood seems to yield velocities (at a 
frequency of 1 megacycle) predictable by the 
simple theory outlined. The requirement of 
having a sample of the suspending liquid avail¬ 
able for measurement is easily met by allowing 
the mixture to settle, or by centrifuging. It is 
necessary to control the temperature of the 
sample to 0.1°C, since the velocity change be¬ 
tween suspension and the pure liquid is often 
slight. The accuracy obtainable is rather small 
for relatively incompressible solids, such as 
kaolin, but is probably fairly great for particles 
having a compressibility not too much smaller 
than that of the suspending liquid. 
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End-Effect in Rotational Viscometers 
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In the classical equations for the traction on concentric 
cylinders by a viscous substance, it is assumed that traction 
on the top and bottom of the inner cylinder (bob) is 
negligible in comparison with that on the curved surface. 
In viscometers of practical dimensions, however, it is 
necessary to compensate for the end-tract ion or end-effect 
by adopting one of several expedients in design or by 
determining the magnitude of the effect and accounting 
for it in terms of increased length of bob. 

In the experiments reported in this paper, the method 
of multiple bobs has been uteed, and the variation of end- 
effect with the following factors studied: (1) radius of bob; 
(2) clearance between cylindrical surfaces; (3) separation 
between bottom of bob and cup; and (4) viscosity. 

The magnitude of the end-effect increases with radius 
and with clearance. For separations at the bottom greater 


than 1 cm and for viscosities above 1 poise the end-effect 
is nearly constant, but must be determined for each cup 
and bob combination. At lower viscosities the correction 
must be determined either by calibration with a standard 
liquid of about the same viscosity as the unknown, or by 
the multiple-bob method. 

It is shown that trapping a layer of air beneath the bob 
is not effective in making the traction on the bottom 
negligible. The end-effect is almost as large for a bob with 
an open bottom as for a closed one. 

When the method of multiple bobs is used, data with an 
accuracy of ±2 percent can be obtained without calibra¬ 
tion. When the instrument constant is determined with 
standard liquids or computed from a value for the end- 
effect previously found, data of somewhat lower accuracy 
result, but the uncertainty should be within ±5 percent. 


INTRODUCTION 

T HE co-axial-cylinder viscometer is generally 
considered the most versatile jjistrument 
for the measurement of viscosity. It may be 
used on suspensions that exhibit anomalous flow 
properties as well as on Newtonian liquids, and 
it is suitable for determinations over a wide 
range of viscosities at variable rates of shear. 
The literature on instruments of this type is 
extensive, but relatively few studies have been 
made on several factors, inherent in the design, 
which seriously affect the validity of the meas¬ 
urement. 

One of the most important of these factors is 
the contribution of the ends of the inner cylinder 
or bob to the total retarding force between the 
bob and the liquid surrounding it. This end-effect 
has not received the consideration it needs. 
Accordingly, the present investigation was under¬ 
taken with the following objectives; (1) critical 
evaluation of various methods for eliminating or 
measuring the end-effect; (2) experimental meas¬ 
urement of the end-effect for cups and bobs of 
several sizes; and (3) determination of the varia¬ 
tion of the end-effect with viscosity and with 
clearance between cup and bob. To carry out 
these objectives a commercial Stormer viscom¬ 
eter was used after modification, but the results 


can be applied to any rotational viscometer 
equipped with cylindrical cups and bobs. 

The mathematical analysis for the determina¬ 
tion of viscosities in rational units by the method 
of rotating co-axial cylinders leads to the ex¬ 
pression : l 


rR<*xRb 2 i 

—At\ - Ihrjco 

LR C 2 -R h *l 


( 1 ) 


where T is the driving (or retarding) torque on 
the bob, R 0 the radius of the cup, Rb the radius 
of the bob, h the length of the bob, q the viscosity 
of the liquid between cup and bob, and a> the 
speed of rotation at equilibrium. The radii and 
length being known, T and w are found experi¬ 
mentally, and hence rj may be calculated. For 
materials that exhibit plastic-flow properties the 
equation given by Reiner and Riwlin 2 is now 
considered to account fairly well for the results 
obtained. 


1 See, for example, H. Lamb, Hydrodynamics (Cam¬ 
bridge University Press, London, 1932), 6th edition, p. 
587. 

* M. Reiner and R. Riwlin, Kolloid Zeits. 43, 1-5 
(1927); M. Reiner, J. Rheology I, 5-10 (1929); H. Green, 
Ind. Eng. Chem. Anal. Ed. 14, 576-585 (1942), has 
examined this equation critically and found experimental 
evidence to support it. 
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METHODS FOR CORRECTING FOR TRACTION ON 
BOB ENDS 

In the derivation of Eq. (1) it is assumed that 
the traction of the viscous liquid on the top and 
bottom of the inner cylinder is negligible in 
comparison with the traction on the curved 
surface. No adequate mathematical treatment 
has yet been given of the contribution of the 
ends to the total traction on the bob. It is 
necessary, therefore, to take it into account in 
one of the following ways: (1) use of a very long 
bob of small radius, with small clearance between 
cup and bob, to make the correction negligible; 
(2) calibration of the instrument with liquids of 
known viscosity, thus absorbing the end-effect 
in the instrument constant; (3) reduction of the 
relative motion of the liquid above and below 
the ends of the bob by mechanical expedients; 
and (4) measurement of the effect experimentally 
in order to include it in the calculations of 
viscosity and yield value. 

The first method imposes many difficulties in 
the design of suitable apparatus. The second 
method is widely used, but one should be aware 
of the fact that the correction (and hence the 
instrument constant) changes with viscosity as 
will be shown in the experimental portion of this 
paper. Mooney and Ewart 3 devised an ingenious 
way of including the correction in the instrument 
constant: the bottom of their bob was a very 
flat cone (half angle 87.03°) with the apex resting 
on the center of the bottom of the cup. With this 
arrangement they showed that the rate of shear 
across the bottom was the same as that along 
the cylindrical surface; the constant obtained 
on calibration should therefore hold much better 
over a wide range of rotational speeds and 
viscosities than is the case with a bob of con¬ 
ventional type. 

The third method was used in the instruments 
of Couette, 4 Drew, 5 and Hatschek. 5 Stationary 
guard rings of the same radius as the inner 
(suspended) bob were placed as closely as possible 
above and below the bob. These rings prevented 
the liquid at the ends from rotating as the cup 

*M. Mooney and R. H. Ewart, Physics 5, 350-354 

4 M^. M. Couette, Ann. de chimie 21, 433-510 (1890). 

•E. R. Drew, Phys. Rev. (First Series) 12, 114-120 
(1901). 

• E. Hatschek, Viscosity of Liquids (Bell, London, 1928). 


turned without interfering with the traction on 
the cylindrical surface, and thus eliminated the 
end-effect. Such instruments require machining 
and alignment of high precision and are difficult 
to clean. They are, therefore, suitable for stand¬ 
ardization and research but are hardly practical 
for routine control use. 

A widely used method, purporting to eliminate 
or greatly reduce the end-effect is to make the 
bottom of the bob slightly concave so that air is 
trapped in the cavity when the bob is immersed 
in the liquid to be measured (Fig. 1C). The 
assumption is that since the bottom of the bob 
rotates against a layer of air, of very low vis¬ 
cosity, the traction will be negligible. We have 
not found any experimental evidence in the liter¬ 
ature that validates this assumption. Mercier 7 
provided a raised portion in the bottom of the 
cup that almost closed the recess in the bob in 
order to exclude the liquid. His experimental 
data do now show whether he succeeded, how¬ 
ever. 8 Nevertheless, Mooney and Ewart 3 refer 
to Mercier’s “ingenious design (which) practi¬ 
cally eliminates shearing stresses over the bottom 
surface.” Goodeve 9 describes an instrument in 
which the cylindrical cup and bob are replaced 
by co-axial truncated cones, the ends of which 
are dished out. In the first paper he states that 
this reduces the end-effects to negligible values, 
and calculates viscosities using the measured 
dimensions of the cones; yet he gives no evidence 
to show that valid results are so obtained. In 
the second paper he only claims that the drag on 
the lower end is reduced by the trapped air, 
adding that “the reduction is not as large as 
might be expected because surface tension draws 
the fluid up into the rim” ; he therefore calibrates 
the instrument with liquids of known viscosity, 


7 P. Mercier, J. Rheology 3, 391-412 (1932). 

8 There is a strange gap in Mercier’s discussion of his 
experimental results (reference 7, p. 405). It would appear 
that a considerable portion of the discussion had been 
omitted from the printed paper. The graphical presentation 
of his data gives no indication of success or failure in 
eliminating tne end-effect. Furthermore, the graph indi¬ 
cates that the instrument was used at speeds as high as 
4000 r.p.m. It is remarkable, to say the least, that he was 
able to operate this type of instrument, with a clearance 
of only 1 mm between cup and bob, at such speeds without 
getting turbulence and centrifugal effects that would 
cause deviations from a linear relationship. 

• C. F. Goodeve and G. W. Whitfield, Trans. Faraday 
Soc. 34, 511-520 (1938), and C. F. Goodeve, J. Sd. Inst. 
16, 19-27 (1939). 
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(A) (»> 



Fig. 1 . Types of Cylindrical Bobs: A. Closed bob, 
completely immersed; B. Closed bob, immersed to different 
depths; C. Bob with concave bottom; D. Open bob. 

including the end-effect in the empirically deter¬ 
mined instrument constant. 

^Jln the absence of any sound experimental 
evidence of the effectiveness of this method in 
eliminating end-effect, we have studied the 
behavior of cylindrical bobs with open -bottoms 
and find an effect almost as large as for a closed 
bob of the same dimensions. The effect as meas¬ 
ured includes, of course, the drag on the top, 
which is the same for both bobs, but this can be 
shown to be smaller than the bottom effect. 
The method therefore does not accomplish the 
purpose for which it was designed and introduces 
a new uncertainty, namely, the extent to which 
the liquid does rise inside the bob. 

The fourth method of evaluating the end- 
effect has been used by several investigators. In 
principle the traction on two bobs of the same 
radius but different lengths is measured, and by 
a difference calculation, the effect of the ends 
» may be determined. Searle 10 designed an instru¬ 
ment with a long inner cylinder, the height of 
liquid about it being changed by raising or 
lowering the surrounding cup (cf. Fig. IB). The 
time T for one revolution was determined for 
several values of a falling weight W used to turn 
th£ inner bob. For any given depth of immersion 
A, the product WT was constant, and when WT 
was plotted against A for several depths, a 

10 G. F. C. Searle, Proc. Camb. Phil. Soc. 16, 600-606 
(1912). For an earlier application of the method, see L. E. 
Gurney, Phys. Rev. (First Series) 26, 98-120 (1908). 


straight line was obtained with a negative inter¬ 
cept Aq on the A-axis. This intercept may be 
interpreted as fin increment in bob length; that 
is, a bob having no end-effect, when immersed 
to a depth A+Ao, would exert the same traction 
as the actual bob immersed to depth A. 

Lillie 11 made a careful study of the end-effect 
with an instrument designed primarily to meas¬ 
ure viscosities of molten glass. He used two sets 
of five bobs each, those within each set having a 
constant radius but differing in length. Substitu¬ 
tion in Eq. (1) for the dimensions of cup and 
bob and for the experimental quantities T and w 
gave a value for the “apparent viscosity” for 
each bob used with a given liquid. When these 
values were plotted against the reciprocals of 
the corresponding bob lengths (A), a straight 
line was obtained; its intercept on the axis 
1/A = 0 (i.e. for a bob of infinite length) gave 
what Lillie termed the “true viscosity.” Substi¬ 
tution of this value for y\ in Eq. (1), A being 
considered unknown, gave a value A* that might 
be called the effective length of each bob. The 
difference between this value and the actual 
length, A* — A = A 0 , was a measure of the end- 
effect quite analogous to A 0 as found by Searle. 

EXPERIMENTAL PROCEDURES 

A commercial model Stormer viscometer was 
used after some important modifications had 
been made. The water jacket supplied with the 


Table I. Dimensions of cups and bobs. 


No. 

Radius, cm 

Height, cm 

Cup 1 

1.746 (inside) 

5.2 (inside) 

2 

2.342 (inside) 

4.9 (inside) 

4 

2.181 (inside) 

5.0 (inside) 

5 

2.539 (inside) 

5.3 (inside) 

6 

2.800 (inside) 

5.3 (inside) 

Bob 1 

1.56S 

3.53 

5 

1.566 

2.00 

6 

1.565 

1.00 

7 

1.566 

0.08 

14 (open) 

1.590 

3.49 

3 

1.269 

3.51 

Bob 4 

2.104 

3.49 

10 

2.100 

1.99 

11 

2.100 

1.00 

12 

2.100 

0.08 

15 (open) 

2.103 

3.46 


“H. R. Lillie, J. Am. Cer. Soc. 12, 505-515 (1929); 
Phys. Rev. 36, 347-362 (1930). 
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instrument was wound with resistance wire (18 
ft. of 22-gauge Nichrome) and then with several 
layers of asbestos paper. Current for this heating 
coil was supplied through a Variac and controlled 
by a fixed-contact mercury thermoregulator and 
a suitable relay. At 30°C the temperature could 
be held to within dbO.l 0 . Other thermoregulators 
were available to give temperatures up to 90°C. 
At high temperatures, however, enough heat may 
be lost through the shaft of the bob to lower the 
temperature of the bob and of the liquid in 
contact with it and thus introduce appreciable 
error. A plastic bob with brass shaft was made 
for use at high temperatures; the heat transfer 
at the surface of such a bob is far less than with 
an all-metal bob. 

The construction of the cup and bob supplied 
with the instrument makes them unsuitcd for 
determination of viscosity in absolute units. 
Several cylindrical cups and bobs were machined 
from brass of such sizes that a variety of rates of 
shear for any given rate of rotation was possible. 
The dimensions are shown in Table l. The larger 
bobs were hollow to reduce inertia and weight on 
the bearing. Duplicates of two bobs were made 
with the lower ends left open to permit a study 
of the end-ciTect for concave bobs (Fig. ID). 

In order to evaluate the results obtained by 
the several procedures followed, four viscosity 


Table II. Calculation of viscosity and end-effect for 
sample N-13 at 30°C. (Bobs 1, 5, 6 , 7 in cup I.) A'/r 2 
* 99.0/12.46 — 7.95. 




Bob l 

Bob 5 

Bob 6 

Bob 7 

Bob length, h 

3.53 

2.00 

1.00 

0.08 

Load/r.p.m., P 

3.18 

1.00 

1.17 

0.42 

AP 


_ 

1.18 

2.01 

2.76 

Ah 


— 

1.53 

2.53 

3.45 

ri. poises 


— 

6.14 

6.31 

6.35 

Average value of 17 

- 

6.27 


Effective length, h* (cm) 

4.13 

2.60 

1.52 

0.56 

End-effect, hn*=h*—k (cm) 

0.60 

0.60 

0.52 

0.48 

Table 

III. Experimentally 

determined 

viscosities of 


certified samples at 30 C. 




Experimental viscosity (poises) 



Devi- 


Bob combination 

Av. of Certified 

atioa 

pie 

1-5 1-6 1-7 

first two viscosity 

(%) 

K-5 

0.25S 0.276 0.261 

0.265 0.2648 

0.0 

M-ll 

1.12 1.17 1.19 

1.15 

1.166 

-1.4 

N-13 

6.14 6.31 6.35 

6.22 

6.124 

1.5 

OB-1 

156. 158. 154. 

157. 

153.9 

2.0 



Fio. 2 . Experimental values for load and r.p.m. for oils 
showing Newtonian flow. 

samples, certified at 30°C, were obtained from 
the National Bureau of Standards, the viscosity 
ranging from 0.2648 to 153.9 poises. A description 
of these standards has been given recently by 
Swindells. 12 In addition, a series of four bodied 
linseed oils (litho-varnishes) were obtained to 
give better coverage of the range. 

The procedure in using the viscometer follows. 
The cup and bob were carefully aligned, the 
bob being raised about 1.3 cm above the bottom 
of the cup. The cup was then filled to the top 
with the sample to be measured. After the 
sample had reached 30°C (the temperature at 
which all measurements here reported were 
made), at least ten measurements of the time of 
rotation with different loads were taken. The 
ratio of load to r.p.m. was calculated and found 
to be nearly constant for each sample so long as 
the rotation was held below 400 r.p.m. (Fig. 2). 
This constancy indicated that the oils were 
Newtonian in their flow properties. 

THE SINGLE-BOB METHOD 

Some preliminary measurements were made 
with one of the standard samples (N-13) follow¬ 
ing the method of Searle, that is, by immersion 
of one bob to varying depths. The intercept was 
found to be 0.29 cm with bob 1 and cup 1. With 
this value for the end-effect added to the actual 


“ J. F. Swindells, J. Colloid Sd. 2, 177-84 (1947). 
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( 2 ) 



Fig. 3. Four bobs of equal radius but different height; 
open bob; cup. 


length of the bob, the viscosity of the sample 
was found by Eq. ( 1 ) to be 6.36 poises, in 
approximate agreement with the certified value 
of 6.12 poises. The principal source of error in 
the method lies in the inaccuracy with which 
depth of immersion of the bob is measured. In 
spite of this drawback, the method jjtfords a 
rapid and easy means of obtaining viscosities in 
cgs units with an accuracy of about 5 percent, 
and only one machined cup and bob are needed. 


THE MULTIPLE-BOB METHOD 


For more accurate results a method similar to 
that used by Lillie is preferred: the end-effect 
may be first eliminated and afterwards evaluated 
(if desired) by using a set of bobs equal in radius 
but different in length (Fig. 3). For each bob 
the ratio of load to r.p.m. is determined in the 
usual way. From the ratios for any pair the 
viscosity is calculated by the following modifica¬ 
tion of Eq. (1). Let L be the torque exerted by 
the liquid against the ends of the bob, and T the 
total torque exerted against the ends and cy¬ 
lindrical surface. Equation (1) may then be 
written for two bobs of length hi and h 2 : 


and 

where 


T i = 4&r 2 hiri<oi+L 
T 2 — 4irf 2 ft2i?«2+i 


If Ti and T* are chosen so that these 


equations may be solved for : 

Ti/wi—Tt/wi 
4ht 2 (Ai - '* h %) 

Since T /co is constant for all values of w for a 
Newtonian liquid, the average values of 7Vwj 
and r 2 /«2 may be used, and not just those for 
which coi = <*) 2 . With the Stormer viscometer the 
weight or load may be substituted for torque 
thus: 

T=Wgl . 

where g is the acceleration of gravity and l the 
effective length of the arm on which the weight 
acts. It is also more convenient to express 
angular velocity in r.p.m. than in radians per 
second: 

2t 

co =-r.p.m. 

60 


If we designate by P the experimentally deter¬ 
mined ratio W/ r.p.m., Eq. (2) becomes* 


where 


K A P 
if —X— 
r 2 Ah 


K = 


60 gl 
8t 2 


( 3 ) 


For the Stormer viscometer l is the radius of the 
drum on which the cord is wound plus the cord 
radius, divided by the gear ratio. In our instru¬ 
ment / = 1.456/11, and the constant K has the 
value 99.0. 

To illustrate the use of this equation, data 
obtained with bobs 1, S, 6 , and 7 in cup 1 are 
shown in Table 11. For A P and Ah the differences 
between the P and h values for bob 1 and each 
of the other bobs are taken. (Three other combi¬ 
nations are possible but are not so useful.) The 
average of the three calculated viscosities is 6.27 
poises, in fair agreement with the certified value 
of 6.124. Since the relative effect of the ends is 
less for bobs 1 and 5 than for bobs 6 and 7, the 
first two should yield a more accurate value for 17 . 
This expectation is borne out by the agreement 
with the certified value. 

In Table III are given the viscosities of four 
of the certified samples determined by the 
method just illustrated in detail. Although the 
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viscosities calculated using bob 7 were not in¬ 
cluded in the averages, to have done so would 
not have changed the results significantly. The 
figures indicate that viscosities over a wide range 
may be determined in absolute units with an 
accuracy of about 2 percent. 

With the value of 17 so determined the same 
experimental values of P are used to calculate the 
effective length of the bob h*> and from it the 
end-effect ho expressed as increment in length, 
by means of the equation: 

K P 

h*= —X— = h+ho. (4) 

r 2 V 

Such calculations are illustrated in the last two 
lines of Table II. It is interesting that even for 
a very thin bob (No. 7) for which the traction on 
the end is nearly 90 percent of the total, the 
end-effect is nearly the same as for a bob more 
than 40 times longer. 

One would expect the end-effect to increase as 
the bottom of the bob is brought closer to that 
of the cup; moving in the other direction, one 
would expect that above a certain point there 
would be no significant change with increasing 
separation. This behavior was demonstrated by 
determining the end-effect with a short bob 
(No. 5) at varying depths of immersion. The 
results are shown graphically in Fig. 4. Above 
1 cm the variation of end-effect with depth is 
insignificant. The height of liquid above the 
top of the bob is not critical, so long as it is at 
least 2 mm. 

A different approach to the measurement of 
end-effect was attempted by use of bobs open at 
the bottom as noted above. At the same time a 
('heck on the effect of the top of the bob was 
made by carrying out runs with the top just 
level with the top of the cup filled with liquid 
and With it submerged 5 mm below the surface 
of the liquid. The results are shown in Table IV. 
The second column shows the combined effect 
of top and bottom; the third column the effect 
of the bottom, while the difference (fourth 
column) shows*the effect of the top. The uncer¬ 
tainty in the values for end-effect in this series 
of measurements is estimated as about 1 mm. 
The apparent inversion for the data of bob 1, 
cup 1 may be ascribed to this factor. 



0 02 04 0.6 08 10 12 I A 16 18 20 22 

SEPARATION IN CM 


Fig. 4. Variation in end-effect with separation between 
bottom of bob and cup. 

With the limitations on precision in such 
measurements in mind, the following observa¬ 
tions may be made: ( 1 ) virtually the same 
traction is exerted at the bottom of the bob 
whether it is open or closed; ( 2 ) in general the 
bottom exerts a greater traction than the top, 
due probably to the greater freedom of the liquid 
above the bob to rotate with it. The first result 
was quite unexpected, and is contrary to much 
that is stated or implied in the literature and in 
the design of several viscometers. It was there¬ 
fore checked by repeating the comparison of 
closed and open bobs in liquids differing markedly 
in viscosity. The results are shown in Table V. 
Since a number of variables are involved, the 
most valid comparisons are made for each pair 
of figures for open and closed bobs. In the last 
column in which end-effect is expressed as percent 
of effective bob length, it will be seen that 
although the results with the open bob are less 


Tablk IV. End-effect for bobs closed and open at the 
bottom, with tops immersed or exposed. 


Cup and bob 
combination 

End-effect, cm 

Top immersed Top 

0.5 cm exposed 

Differ- 

ence 

Cup 1 Bob 1—closed 

0.6 

0.4 

0.2 

Bob 14—open 

0.7 

0.5 

0.2 

Cup 2 Bob 1-closed 

1.1 

0.7 

0.4 

Bob 14—open 

1.0 

0.5 

0.5 

Cup 2 Bob 4—closed 

0.7 

0.3 

0.4 

Bob IS—open 

0.6 

0.3 

0.3 
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Table V. Comparison of end-effects for closed and open bobs. 


Effective bob length, h* End-effect, fro lOOfrq/fr* 


Cup no. 

Clearance 

(cm) 

Approx. 

viscosity 

(poises) 

Bob 1 
(closed) 
fr —3.53 cm 

Bob 14 
(open) 
fr "3.48 cm 

Boll 1 
(closed) 

Cm 

Bob 14 
(open) 
cm 

Bob 1 
(closed) 
(%) 

Bob U 

W 

1 

0.18 

1.17 

4.10 

4.04 

0.57 

0.56 

16 

16 



6.12 

4.07 

3.95 

0.54 

0.47 

15 

14 

4 

0.60 

1.17 

4.46 

4.17 

0.93 

0.69 

26 

20 



6.12 

4.25 

4.06 

0.72 

0.58 

20 

17 



27.5 

4.48 

4.18 

0.95 

0.70 

27 

20 



154. 

3.97 

3.67 

0.44 

0.19 

13 

5 




Bob 4 

Bob 15 

Bob 4 

Bob 15 

Bob 4 

Bob 15 




(closed) 

(open) 

(closed) 

(open) 

(closed) 

(open) 




fr «3.49 cm 

fr *3.46 cm 

cm 

cm 

(%) 

(%) 

2 

0.24 

1.17 

4.04 

3.91 

0.55 

0.45 

16 

13 



6.12 

* 3.92 

3.81 

0.43 

0.35 

12 

10 



27.5 

4.31 

4.20 

0.80 

0.74 

23 

21 



* 154. 

4.12 

4.04 

0.63 

0.58 

18 

17 

3 

0.17 

1.17 

4.00 

3.84 

0.51 

0.38 

15 

11 


than those with the closed bob, the reduction is 
not nearly so high as one would expect. 

Since the end-effect as normally measured 
varied with separation between bottom of bob 
and cup, it was of interest to see if a similar 
change would be observed with an open bob. 
The results obtained are shown in F\g. 5: the 
end-effect is slightly less when the bob has no 
bottom, but otherwise is quite similar. 

VARIATION OF END-EFFECT WITH CLEARANCE 
AND VISCOSITY 

The influence on the end-effect of the following 
factors was studied: radius of the bob, clearance 
between bob and cup, and viscosity of the liquid 
being measured. Table VI summarizes many 
determinations with different cup and bob com¬ 
binations; most of the values given are averages 
of several measurements made with bobs of the 


Table VI. Variation of end-effect with clearance between 
cup and bob for several bob radii. 


Bob radius, cm 

Clearance, cm 

End-effect, cm 

1.27 

0.48 

0.8 


1.08 

1.2 

1.57 

0.18 

0.6 


0.78 

1.0 

t 

0.97 

1.4 


1.24 

1.4 

2.10 

0.08 

0.6 


0.24 

0.8 


0.44 

1.2 


0.70 

1.4 


same radius but different lengths (as illustrated 
by the data for A 0 in Table II) and with oils of 
viscosities between 1 and 154 poises. The preci¬ 
sion of the measurements as shown by variation 
in h 0 for different oils appears low, amounting to 
as much as 25-30 percent, but this is because 
errors are magnified since ho is obtained by 
difference. For example, if the effective length of 
a bob 3.5 cm long is found to be 4.5 cm, the 
end-effect is 1.0 cm; then an error of 5 percent 
in A* makes an error of 22 percent in A 0 . It is 
clear, however, that the effect increases with 
clearance and that, for a given clearance, the 
effect may be somewhat larger the larger the 
radius of the bob. In explanation, perhaps more 
disturbance is created in the liquid by the end 
of the bob with relatively large clearances than 
when these surfaces are close together. The same 
explanation may account for the lower precision 
attained at the larger clearances. 


Table VII. Variation of end-effect with viscosity 
(clearance 0.18 cm). 


Viscosity at 30°C 

End-effect 

0.017 poise 

11.5 cm 

0.058 

2.94 

0.145 

1.94 

0.265 

1.28 

1.166 

0.60 

1.48 

0.65 

6.124 

0.52 

9.2 

0.60 

11.3 

0.59 

27.5 

0.56 

153.9 

0.49 
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Table VII shows the variation of the end-effect 
with viscosity observed with the combination of 
cup 1 and bob 1. Entirely similar data were 
obtained with other combinations. For viscosities 
above 1 poise the effect is nearly constant (about 
0.6 cm in the example shown). As one goes to 
lower viscosities, however, the end-effect becomes 
progressively greater. The greater the clearance 
between cup and bob, the more rapidly the 
end-effect increases as viscosity decreases. These 
facts too can be explained by assuming that at 
low viscosities the rotating ends of the bob 
interfere with laminar motion of liquid between 
the cylindrical surfaces. 

Even with these variations, if only those 
combinations of cup and bob are used for which 
the clearance is small (say, less than 0.8 cm), a 
value for the end-effect may be found which 
permits determination of viscosity in poises over 
a wide range. This is illustrated by the data in 
Table VIII. Viscosities were calculated from 
Eq. (4), with the best value for h 0 and hence 
for h* determined by the multiple-bob method 
described above. It should be noted that at no 
point in the determination of the viscosities in 
Table VIII have the certified or known values 
for the samples been used. Over this range the 
correction for end-effect may be applied to give 
viscosities with an accuracy within ±5 percent. 

DISCUSSION 

The advantages of the co-axial cylinder vis¬ 
cometer are so numerous that it deserves wider 
use for industrial measurements. As it is com¬ 
monly used, however, the data obtained cannot 



Fig. 5. Variation in end-effect for closed and open bobs. 

be expressed in rational units and, as a conse¬ 
quence, the technical literature is cluttered with 
meaningless measurements. The unsatisfactory 
state of instrumentation in this field is in part 
responsible, but the mechanical changes neces¬ 
sary to convert a standard commercial Stormer 
viscometer are comparatively simple and can be 
made at relatively small cost. The modified 
instrument makes possible the measurement of 
viscosities based on accepted physical principles 
and yields data which are dimensionally con¬ 
sistent and experimentally reproducible. The 
precautions necessary for satisfactory operation 
—aside from such obvious matters as tempera¬ 
ture control, centering of bob and cup, etc.— 
are to a large extent elucidated by the experi¬ 
mental data presented above. 

In making cups and bobs for the Stormer 
viscometer, the important dimensions are the 


Table VIII. Viscosities determined by correcting bob length for end-effect, tj * (A r /r*/t*)X(Load/r.p.ni.). 


Combination 

KM 

Clearance 
Correction, fa 
Effective length, h* 


Cup 1 — bob 1 

7.95 

0.18 

0.58 

4.11 

Cup 2— bob 1 

22.4 

0.78 

1.00 

4.53 

Cup 2— bob 4 

4.32 

0.24 

0.82 

4.31 

Sample 

Viscosity, 

known 

Viscosity, 

detmd. 

Deviation 

(%) 

Viscosity, 

detmd. 

Deviation 

(%) 

Viscosity, 

detmd. 

Deviation 

(%) 

NBS: M-ll 

N-13 

OB-1 . 

1.166 

6.124 

153.9 

1.16 

5.90 

151. 

-0.5 

-3.7 

-1.9 

5.97 

-2.5 

1.15 

6.00 

148. 

-1.4 

-2.0 

-3.8 

Litho-vamishes 

No. 00000 

No. ITrans. 

No. 1 Reg. 

No. 3 Reg. 

1.5 

9.2 

11.6 

27.5 

1.49 

9.3 

11.7 

27.9 

0 

+1.1 
+0.9 
+ 1.5 

1.52 

9.0 

12.0 

27.0 

0 . 

-2.2 

+3.4 

-1.8 

1.45 

9.3 

11.6 

27.5 

0 . 

+ 1.1 

0.0 

0.0 
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inside diameter of the cup and the diameter and 
length of the bob. Machining tolerances should 
be within 0.002 cm (0.001 in.). For most meas¬ 
urements two cups and bobs, making available 
three clearances, will be found enough; we have 
found cups 1 and 2 and bobs 1 and 4 most useful. 

Because of the nature of the study we were 
making, the end-effects were determined without 
any reference to standard viscosity samples 
except for final confirmation. For this purpose 
the method of multiple bobs is recommended. 
For most applications and industrial uses, how¬ 
ever, a simple calibration with standard samples 
is more convenient and*entirely satisfactory. It 
is enough to determine P, the ratio of load to 
r.p.m., as described above, and substitute for it 
and the known value of 17 in the equation 
ri=K v P in order to determine the constant K v . 
This constant combines the end-effect with all 
the various instrument constants, dimensions of 
cup and bob, etc. 

Within the range from 1 to 150 poises (and 
probably considerably higher) calibration with 


a single standard]sample will be found sufficiently 
accurate for most purposes. Below 1 poise, how¬ 
ever, since the end-effect has been shown to 
become increasingly large, calibration should be 
made with a standard the viscosity of which is 
close to that of the material to be measured. If 
this is not possible, the multiple-bob method 
should be used. 

A separation of at least 1 cm should be kept 
between the bottom of the bob and cup, and an 
overlay of about 5 mm of liquid above the top 
of the bob is desirable. In addition to constancy 
in end-effect, one advantage of the bob immersed 
well below the liquid level when measuring 
solutions or suspensions is that evaporation of 
all except the most volatile solvents introduces 
•small or negligible effects during the course of 
measurement. 
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The Theory of Disk-Loaded Wave Guides 

E. L. Chu* and W. W. Hansen 

Department of Physics , Stanford University , Stanford University , California 
(Received July 11, 1947) 

The properties of circular wave guides loaded with apertured disks are discussed both 
qualitatively and quantitatively. Formulae and curves are given for various quantities in¬ 
cluding the wave and group velocities, the attenuation, and the power flow. 


INTRODUCTION 

N the normal circular wave guide shown in 
Fig. la, the running waves of field propagate 
with a phase velocity greater than that of light. 
By the introduction of apertured disks, as shown 
in Fig. lb, which also defines some of our nota¬ 
tion, this velocity can be reduced^as much as 
desired. In addition to altering the phase veloc¬ 
ity, the loading disks change the group velocity 
and, two parameters being available, the two 
velocities can be controlled independently. 
Finally, the periodic spacing of the disks intro¬ 
duces a high frequency cut-off, in addition to the 

* On leave from the Institute of Physics, Academia 
Sinica, Shanghai, China. 


low frequency one already present, so that the 
loaded structure has many of the characteristics 
of a band pass filter. We propose to report here 
certain calculations on the properties of such 
structures, which we call disk-loaded wave 
guides. 

While the main formulae we use are of general 
interest, some special formulae and many of the 
numerical examples are developed to fit the 
special circumstances of an important possible 
use of disk-loaded guides—namely, that of 
accelerating electrons. Indeed, interest in this 
problem has been the primary motive for devel¬ 
oping the theory that follows. 

Before describing the details of the calcula- 


996 


JOURNAL OF APPLIED PHYSICS 



tions, it will be useful to consider several qualita¬ 
tive descriptions of the operation of such a 
structure. 

One point of view regards the disk-loaded 
guide as derived from an infinite sequence of 
end-to-end cylindrical cavity resonators by open¬ 
ing up “coupling holes” between adjacent cavi¬ 
ties. Then if we consider the behavior at various 
frequencies, as is done in Fig. 2, we start at 
zero frequency with Fig. 2a showing the electric- 
field lines terminating on the disks and decreasing 
rapidly in strength as we go from left to right. 
Here we are below the low frequency cut-off, the 
device acts as an attenuator, and curvature of 
electric-field functions toward the axis, when 
going in the r direction, is canceled by curvature 
away from the axis in the z direction to give the 
zero total curvature required at zero frequency. 
As we increase the frequency, the curvature 
away from the z axis decreases until at the 
resonant frequency of the uncoupled resonators 
without holes (X = 2.616) the fields are in phase 
everywhere in the guide, there is no attenuation, 
and the field curvature is all in the r direction, 
as shown in Fig. 2b. This field configuration may 
be regarded as obtained by removing disks of 
radius a from the inter-resonator boundaries of 
a sequence of resonators all oscillating in phase, 
such removal not altering the fields since the 
currents on opposite sides of any removed disk 
are equal and opposite. As we further increase 
the frequency, so running the cavities off reso¬ 
nance, it becomes necessary to supply reactive 
power to each cavity. This comes through the 
coupling hole from the adjacent cavity which 
must then be of somewhat different phase. The 
resultant field pattern is sketched in Fig. 2c and 
it must now be remembered that this represents 
a running wave. As the frequency is further 
increased, the phase shift per section increases 
untfl it becomes 180° at which point the fields 
are as shown in Fig. 2d. As the frequency is 
further increased, more phase shift is impossible, 
attenuation again sets in and the fields are as in 
Fig. 2e. Thus we see that the two cut-off fre¬ 
quencies correspond to the two modes of cavity 
oscillation shown in Figs. 2f and 2g. 

A second point of view regards the disk-loaded 
guide as derived from an ordinary guide by the 
introduction of loading disks which may at first 


be taken as having small radial extent. From 
this point of view the fields of Fig. 2a are obvious 
and|Fig. 2b is nearly so; we merely have to 
remark that, at cut-off, the disks do not influence 
the electric field since they are at right angles 
thereto. As we enter the pass region, the disks 
do not suppress the propagation so long as the 
disks are closer together than half a loaded- 
guide wave-length, for in such a case the reflec¬ 
tions from succeeding disks cannot add up but 
must, over a long distance, cancel. This ceases 
to be so when the guide wave-length decreases 
to the point that the disks are a half-wave apart, 
for then the reflections add and transmission is 
impossible. We then enter the attenuation region 
as in Fig. 2d. 

The third point of view, and the one most 
closely connected with the mathematics here 
used to reduce qualitative ideas to quantitative, 
starts with the fields, and more particularly the 
fields near the axis, as given, and seeks a struc¬ 
ture that fits the fields, as opposed to the above, 
and usual, procedure of starting with a structure 
and finding the fields. 

Thus we start by requiring a field which, for 
r<a , is finite, axially symmetric, and represents 
a wave running in the z direction with (real) 
wave number k 3 . These conditions completely 
specify the wave functions—the only possible 
solution of Maxwell’s equations is 

E t = £o/o(fcif)e~ y * af , 

E r =zE(>j(ki/k\)J\{k\r)e~ ikl *, (1) 

Bt-Ed(k/kdJi(kxr)e-»» 

with all other components zero. Here Eo is a 
constant, we use Gaussian units and a positive 
time factor, and 

W+W-P-4»7X*: 

It would appear that since kz , which regulates 
the wave velocity, is unrestricted we can make 
waves which go with any velocity whatever. 
But we note that, the velocity being given by 
v/c — k/kz , a velocity less than that of light 
implies a kz which is greater than ft, and so an 
imaginary value of fci. While the above are still 
solutions, their characteristics change when fti 
becomes imaginary, and we must investigate 
their properties for both real and imaginary ft*. 
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Fig. 1. The sketch of Fig. la shows the configuration 
of electric-field lines in an unloaded circular wave guide, 
while Fig. lb shows the fields in a guide loaded by means 
of apertured disks, and also defines the notation used in 
describing the guide dimensions. The special case shown 
has the loads one-quarter wave apart—any other spacing 
is, of course, possible. 

For real ki the Bessel function is oscillatory so 
that E m passes through zero for an infinite 
number of values of r. A qualitative field plot 
for this case is given in Fig. 3a. Whgn k\ is 
positive imaginary, however, Jo and J\ are 
monotonic increasing functions of r, so that the 
E lines cannot reverse directions with the result 
that the field is qualitatively as shown in Fig. 3b. 

Now, having specified the fields,* we ask what 
metallic boundaries we can introduce to confine 
them to a finite region in space. In the case of 
fields like those of Fig. 3a one answer is well 
known: we can introduce a conducting tube in 
the position indicated by the dotted lines, in 
which case the electric field is everywhere perpen¬ 
dicular to the conductor and the currents carried 
by the conductor support the discontinuity in 
magnetic field. But this is impossible for the 
fields of Fig. 3b, for they never become perpen¬ 
dicular to the axis. 

• But another, and more general, possibility 
becomes apparent if we consider a special type 
of boundary. If we use a conducting sheet, the 
correct boundary conditions are E tUk ■ 0, B\* n 5*0, 
or%E/B*»0. But if we now add to the sheet a 
number of closely spaced conducting fins, each 
X/4 long and perpendicular to the main sheet, 
we have a boundary which will sustain an electric 
field without a magnetic field since each pair of 
adjacent fins acts as a quarter-wave resonant 


line. The correct boundary conditions are thep 
E/B** oo. Moreover, it is easy to see that by 
choosing a fin depth between zero and X/2, it is 
possible to obtain any desired value of E/B, 

Thus, by using such a finned boundary we can 
contain any field and in particular the one 
assumed above. Thus we are led to the disk- 
loaded guide, and conclude that waves in such 
a structure can be made to run with any velocity 
desired. 

. In carrying out an analysis along the above 
lines it is plain that the results will approach 
exactness as the fins get closer and the phase 
shift per fin approaches zero. On the other hand, 
as the fin spacing is increased no qualitative 
changes occur until the phase change per fin 
becomes tt, at which point the approach breaks 
down completely. This corresponds, of course, 
to the high frequency cut-off. 

We can now conclude our introductory re¬ 
marks by specifying the quantities given and to 
be computed and the approximations to be made. 

The six quantities a, b t d , ijd, the skin depth 
5 characterizing the guide material, and X, may 
be regarded as given, and may obviously be 
reduced to five by measuring lengths in terms of 
X. These five we take as ka, kb , kd, i?, and X/5. 
Usually X/5 is large, in which case it may be 
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Fig. 2. Sketches a-e show the Qualitative behavior of 
the E lines in a loaded guide as tne frequency is raised 
from zero to above the high frequency cut-off. Illustrations 
f and g show how a cavity can be constructed from a 
section of the guide by the addition of conducting planes, 
shown as dotted lines. The two indicated modes of oscilla¬ 
tion of this cavity correspond to the low and high frequency 
edges of the pass band ior the loaded guide. 
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disregarded in wave-length calculations and will 
appear only in loss calculations. Moreover, we 
will often assume that kd is negligibly small, in 
which case there remain three quantities ka , kb , 
and Further, may sometimes be negligible 
also. 

In principle there are only two quantities to 
compute, the wave number in the z direction, 
which we call kz and which would be called the 
propagation constant in filter theory, and a 
characteristic impedance Z„ to be defined more 
precisely later. As to kz , a slightly more con¬ 
venient quantity is kz/k = 1/0, where the wave 
velocity is 0 C . We also note that kz is complex 
so that we must compute both real and imaginary 
parts, the latter being a measure of the attenua¬ 
tion. 

Although kz and Z, contain all t he information, 
it is useful to compute also certain related 
quantities. These will be defined as the occasion 
arises but we may mention that the group 
velocity and the axial field for a given power are 
important, and that it is useful to compute not 
only the attenuation but the Q . 

As to the approximations involved, they de- 
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Fig. 3. Sketch a shows qualitatively the shape of E 
lines given by Eq. (1) for real values of £i, while b shows 
them for imaginary ku In the former case a cylindrical 
conducting boundary can be introduced at the radius 
indicated by the dashed lines. 
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Fig. 4. This shows’*^ as a function of kia, real values of 
the argument being on the right-hand side, and imaginary 
values on the left. Various approximate formulae are 
shown in dotted lines. 

pend on the calculational approach used. As 
indicated in the qualitative discussion, at least 
three procedures are possible. First, we can treat 
the structure as a series of resonators perturbed 
by the coupling through the center holes. For 
such a calculation we must have a<Kb, a<£xL. 
Second, we may consider the loading to be nearly 
continuous, in which case we must have d<Ka , 
d<£b — a. Third, we may consider a cylindrical 
wave guide, perturbed by the addition of loading 
disks. For this calculation we take b—a<£d f 
b — a«Jb. For the computation of kz we have used 
all three methods. For the attenuation, imped¬ 
ance, and other quantities which are less critical 
we have usually used approximations based on 
the second approach. Thus it happens that the 
numerical majority of our results depend on 
this second approach, which will now be ex¬ 
plained in detail. 

CALCULATIONS 

1. Phase and Group Velocity 

In (1) we have already given the fields to be 
used for r<a. For a<r<b we take 

E t = CEoZo(kr)e-*^\ 

Er = 0 , ( 2 ) 

B+ = CEojZi(kr)e~ ik * (t) , 

with C a constant and Zo a Bessel function that 
is zero at r = 6, 

Z 0 - Jo(kr)N 0 (kb) - N*(kr)Jo(kb), (3) 
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and 


Zi - Ji(kr)N 0 (kb) - Ni(kr)J 0 (kb ). (4) 

Here (s) is equal 1 to zero when —d/2<z<d/2, 
to (/ for d/2<z<3d/2, etc., with the loading 
disks at z*=d/2, 3d/2- • *. Otherwise said, (z) is 
equal to the value of z midway between the two 
nearest loading disks. Also, the fields are to be 
zero in the space occupied by the disks. 


is satisfied. 

This makes B+ continuous at r = a, z = (z), 
and the average value of E» likewise, and this is 
the best that can be done with these approximate 
functions. Besides the fact that E t and B+ are 
not continuous at r = a , for general values of z, 
we note E r is finite for r<a and zero for a<r. 
This is also correct on the average, for charge 


Plainly these are solutions of Maxwell’s equa¬ 
tions, and they satisfy the boundary conditions 
on the cylinder and on the plane surfaces 
of the disks. To join this function to that for 
r<a, we (a) make the values of B+ match at 
r=a, and (b) make (1—iy)£, from (2) at r«a 
equal £, from (1). To do this we must adjust 
the constant C and also find a k\ such that the 
equation 

( 5 ) 


accumulates on the edges of the loading disks 
because of the difference in current from section 
to section. 

k The above is easy to understand, and is 
certainly right in the limit iW—»0. If k$d is finite, 
the correct procedure would be to take E t at 
r = a to be of the form cosi kzzf[_z— (*)], where/ is 
some suitable function of the distance from the 


1 Jxikyfi) 1 Uka)N,(kb)-N x (ka)Ukb) 1 

=----- a(kd y kb) 

ha Jo(ha) (1 - ri)ka Mka)N 0 (kb) - No(ka)J 0 (kb) 1 - rj 



1 This notation is similar in spirit, though not in detail, to the standard notation ( x ) for u the integral part of x." 
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Fig. 6 . The functions <t> and 
a are plotted against k\a and 
ka for b/a « 2. 



center of the cell in which z lies. 2 This function 
would then be expanded as a Fourier integral 
for r<a and as a Fourier series for a<r, where- 
upon if the assumed form of K x is correct, the 
computed values of will match everywhere 
onr=fl. To carry such a calculation out in detail 
would be possible but not simple. In certain 
cases, however, some progress can be made. In 
particular, if d<£a and d<£b—a } a good guess 
for / will be [1 - (4a?/d 2 )]“*. If we take this form 
for/ without verification we need match only at 
one point, say at the center of a cell, and if we 
furthermore carry only one Fourier term in the 
magnetic-field series for both r<a and a<r, we 
get a crude but tractable result, namely, that 
one merely multiplies the left-hand side of (5) by 
Jo{k*d/2) to get 

/ 0 (M/2) •<#>(*. a)=a(ka , kb)/ 1 -rj. (6) 

This correction, while reaching a maximum 
value of 7 0 (t/ 2) =0.571 at M = rises slowly 
and for small values of M is often negligible. 
In much of what follows, it will be omitted in 
the interests of simplicity. 

To solve this equation, we need values of <p 
and a. In Fig. 4 we give a plot of 4> for both 
real and imagihary values of k\ a, together with 

tion of this statement would be simply a 
Floquet's theorem on the solutions of Hill s 
e, for example, Whittaker and Watson, 
>sis (Cambridge University Press, New York, 

1945), p. 412. 


•A justifica 
paraphrase of 
equation. Sec 
Modem Analy 


various useful and easily derived approximate 
formulae. And in Fig. 5jve give a contour map 
of a in the ka , kb plane. 

In obtaining this map, and for various future 
purposes, the following easily derived approxi¬ 
mate expressions are useful 

a==(l/£ 2 a 2 )(l/ln£), £ = b/a. ka« 1, kb« 1, 
a== (1 / k 2 a 2 ) [ 1 /I n (2/ yka) ], 7 = 1.781, 

£a« 1, Jo{kb)^i) t 

£6^2.405 +1.545(1/2 - a)k 2 a\ ^ } 

ka« 1, £6=2.405, 

a = (1 / ka) cot(£6 — ka ), 1 <££a, 1«£6. 

| For given b and a, and therefore fixed £/a = f, 
a is now a function of £ or of ka } which can be 
determined from Fig. 5. A typical curve of a vs. 
ka , for £6/£a = 2 is plotted in Fig. 6. On this 
same graph, we have plotted <t> as a function 
of £ia. 

To solve (5) for given £ and iy== 0, we enter the 
chart at ka and follow the vertical dotted line to 
an intersection with the a-curve, proceed hori¬ 
zontally to find an equal value of <£, and then 
drop down to the axis to find the value of ki&* 
Finally, we compute (£s/£) = (1 — (£i a/ka) 2 )* and 
so are able to construct a graph of £s/£ vs. ka 
or kb. 

It is instructive to follow the results qualita¬ 
tively as ka increases from zero. For ka small, 
a and so <t> are large and we easily find (£*/£) 
^j(2.405/£a)(l - {ka/ 2.4Q) 2 ) 1 , i.e., the guide acts 
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as an attenuator, and with the attenuation 
characteristic of a tube of radius a. The wave 
number k 9 first becomes real when kia = ka, i.e., 


at the intersection of the two curves, where ^ 
and are usually about 0.5. Moreover, at this 
low frequency cut-off, which occurs at kb = 2.405, 
ki is a linear function of k and so kz/k has the 
approximate form (^s/^)=(2(Arfr—2.405)/2.405)^ 
•(—dki/dk)*, and so the curve has a vertical 
tangent at cut-off. As we further increase ka , 
kia decreases and the next interesting point is at 
k\a = 0 , where k\a changes from real to imaginary, 
and kz/k passes through unity. Nothing striking 
happens to ki/k, it being easily verified that its 
derivative is given by 


dk 3 

k 

kl 

da/dka 1 


-= 

= 


-, k \d 7^0, 

(8) 

dk 


r, 

d<t>/dk\a 1 — 17 

dk 3 



8 da 


-= 

= 1- 



(9) 

dk 


i- 

rj ka dka 


These formulae are of some importance, for 
they give the reciprocal of the group velocity, 
and this quantity is often of direct interest, 
especially in the special case fci = 0 , k*~k where 
the wave velocity is c. 

As ka increases further, a and so <t> approach 
zero, ki becomes large and imaginary, and 
large and real. An approximate formula, valid in 
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Fig. 9. The value of ka that makes 
k%**k is plotted against kb. The full 
curve is based on the assumption 
that d<Ka, d<£b—a, as are two of 
the dotted curves which give ap¬ 
proximations to the solid curve. 
Also shown dotted is a result valid 
in the limit a<Kd t a«6. 



this region, is 

(k 3 /k) =0.571 ((l — rj)/ka(ka — k + a))dka/da J 

with k+a the value of ka which makes a = 0. 

As remarked before, the present theory is not 
good in this region, for when kad = ir, the wave 
functions are not well approximated by single 
Fourier terms. Nevertheless, a good guess at the 
high frequency cut-off may be had by assuming 
it to occur at kad — ir. 

To illustrate the above quantitatively we have 
prepared Fig. 7 which shows kz/k as a function 
of kb for kb/ka- 2, iy = 0, together with a number 
of approximate formulae. In Fig. 8, kz/k is 
plotted as a function of kb for several values o( 
kb/ka . Both these figures assume that kzd is small. 

Guides operated at k and loading values such 
as to give k*/k = l } i.e., phase velocity equal to 
that of light, have been of special interest to us, 
and in Fig. 9 we plot for various values of kb the 
value of ka that gives kz/k^l. Two approxima¬ 
tions are also shown, namely, 

kb = 2.40S+0.772[iyiW - i?(* 4 a 4 /4) + (* 4 a 4 /8)], 

jko«l, kd« 1, (10) 


kb = ka+cot~ l (ka/2) ( 1 — rj ), 

1 <£ka, kd<Kl/ka. (11) 

We may note that as ka approaches zero it 
must inevitably become smaller than kd t in 
which case our analysis breaks down. Neverthe¬ 
less, i ijKKb there is a region in which (10) is 
useful. 

We may now develop the theory for the case 
a<£d. Here we proceed by considering the loaded 
tube as derived from a sequence of uncoupled 
cavities perturbed by the introduction of coup¬ 
ling holes. The problem is solved by variational 
methods, the behavior of the trial function near 
the coupling hole being approximated by finding 
a solution of the appropriate static problem. 
The result is 

kb^2A0s\ 1 +0.787---(1 ~cosM)l (12) 

7id^a<.d f a<&\, 

and this result is also plotted in Fig. 9. 

On the other end of the possible range of 
values of a we may haye 6— a<£d t and in this 
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Fig. 10. The quantity dk/dk 9t 
which is the group velocity divided 
by c, is shown as a function of ha. 
The solid line is computed from a 
theory valid when d«a, a t as 

are two approximate results shown 
dotted. Also sjiown is the result ot 
a theory valid when a<Kd t a<Kb. 


case it is obviously best to take as the unper¬ 
turbed problem an unloaded guide and introduce 
the loading disks as perturbations. There are 
then two cases, (b—a)<£rjd and rid<£b--a<£d. 

In the first case we may take as a (Perturbed 
field simply the unperturbed fields with the* 
volume occupied by the loading rings removed. 
The results are most easily expressed by giving 
k in terms of the various dimensions and & 8 , thus 

k = hll+(2AQS/ktbyy 

X[l+S.77(f»[i-a]/C»Dl 

(b — a)<^ijd, (13) 

In the other case, when rjd<b—a<d , the 
loading disk may be considered as thin, and we 
use as a perturbed field the unperturbed one 
minus a potential function such that the bound¬ 
ary conditions on E are satisfied over the ring 
while E is undisturbed at large distances from 
the ring. This function is found by a solution of 
Laplace’s equation, under the simplifying as¬ 
sumption that the cylindrical problem may be 
unrolled into a plane one, i.e., 6—a«6. From 
this electric field a corresponding magnetic field 
i^derived and the change in frequency computed 
in terms of the surface integral of EiXB il with 
JSi the original field and B * an addition due to 
the perturbation. The result is, then 

*-ia[l+(2.405/*8&) a ? 

X[l-*/2 (kt/kY&b-aJ/bdn (14) 

i* 


The group velocity for guides loaded to give 
a phase velocity of c has also been of interest, 
and in Fig. 10 we plot dk/dkt against ka for 
kb = 2.66 together with various approximate 
formulae. One of these approximate formulae, 
good for a«rf, is obtained simply by differenti¬ 
ating (12), the other two are derived on a basis 
best explained in a following section. 

2 . Impedance, Powier Flow, and Energy Storage 

As is usual in distributed constant problems, 
any number of definitions of characteristic im¬ 
pedance are possible: the one that is useful for 
connecting guides of different impedances is 
defined as equal to the ratio of the transverse 
voltage to the wall current. If we evaluate this 
in the midplane of a loading disk using the fields 
of (1) and (2) we find the impedance in e.m.u. 
to be 

* 

„ *.2(1-/,(**»)) 

Z, = c -. (IS) 

k kioJi(kia) 

For many purposes it is more useful to know 
the power flow, and this can be expressed either 
in terms of Eo, the peak axial field, or in terms 
of the integral of E„ designated above as the 
transverse voltage. The power flow is easily 
evaluated from the Poynting vector, the result 
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being 

P - (l/256» a )ife**,a 4 [8/(ife 1 a)’] 

X [/i*(*i a) - 7 0 (*ia)/j(^ia)](£ 0 X)Vc. (16) 

A plot of 8/ (kid) 1 times the bracketed Bessel 
functions is given in Fig. 11. 

A special case of interest is that for which 
k»=k, fci = 0, in which case we find 

£.X«(4/*)(Pe)»(X/a)* f k> = k. (17) 

If one wishes to use radial voltage, the con¬ 
version can be accomplished by using the formula 
connecting the peak value of E r and E 0 , 

(1/EoX) f E4r = (kk t /2wk l i )(l-Mk 1 a)). (18) 

•'O 


3. Energy Storage 

The mean energy stored per unit length is of 
interest, not only in itself, but also in connection 
with Q calculations to follow and for use in an 
alternative method of finding the group velocity. 


This latter use derives from the relation 

(Energy stored/cm) (group velocity) «P, (19) 

and owes its usefulness to* the facts that P is 
easy to compute and that it is often not hard 
to approximate the energy storage, whereas ap¬ 
proximations to dk/dkt have not been obvious. 

We may note that when the group velocity is 
computed from (19) it comes out in terms of 
integrals of squares of Bessel functions, whereas 
when computed from dk/dk s it depends on 
derivatives of Bessel functions and it is, at first 
sight, hard to see in detail why the results are 
the same. We will not go into this matter, but 
remark that it is similar to the well-known 
theorem whereby the derivative of an impedance, 
with respect to frequency, can be found from the 
energy stored in the impedance. 

We will not write down the exact formulae for 
energy storage, since the result is easy to obtain 
analytically and most tedious to use numerically. 

Two approximations are useful, however. In 



Fig. 11. Plot of a function useful in computing power flow in loaded wave guides. 
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Fig. 12. The imaginary part of the propagation constant, 
multiplied by X/JM is plotted against ka. The radius b is 
such as to give there are 4 loading disks per wave¬ 

length, and the fields of Eqs. (1) and (2) are usfrl 


the first place, if ka —>0 we can approximate 
quite well as [2.405F 0 /(1 — r?)£&]/i[2.405(r/&)] 
in which case the energy storage, as computed 
by doubling the magnetic energy, comes out as 

Mean energy/cm=0.195/?o 2 /(l —ri)k 2 , 

ka« 1, (20) 


power flow we get one of the approximations fpr 
dk/dkt used in Fig. 10. 

Next, consider the special case kt — k and let 
kb—* oo, so that kb^ka+{2/(\ — q)ka). Then we 
have B+vzEokr/2 for r<a, and we can take 
B^(Eo/\—rj)(\/(kb — ka))— constant for a<r 
<b. This approximation is obviously good for 
large ka and is surprisingly close for small ka, 
being only 1.55 times too small for fea = 0. 
Using these fields, we find 

Eo 2 /k A a A -1 kb+ka 

Mean energy /cm ==—f-1- 

SkA 8 l-r,kb-ka 

k^ — k, Kk, (21) 

and this may be further simplified by using (11) 
to relate kb and ka . Doing so, we get the re¬ 
maining approximate formula of Fig 10. 

4 . Losses 

If a power P crosses some plane transverse to 
the guide, the power at some distance down the 
guide will be smaller because of losses, i.e., 
dP/dz is finite. Before computing the losses, wc 
must first consider how the results aie to be 
expressed. At least three forms are useful. First, 
we may compute the voltage attenuation l(ka) 
= (1/2 P)(dP/dz); second, we can find Q = 2irv 
(energy stored/cm)/(dP/dz); and third, we can 
compute (dP/dz)/(Eo\) 2 . 

The first two may be related by way of (19), 
thus 


and combining this with the expression for 


Q = (1/2) [Jk/I(kif\(dkt/dk ). (22) 



Fig. 13. The quantity Qb/\ is 
plotted against ka under the same 
assumptions as in Fig. 12. 
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The actual calculation is simple enough in 
principle, the losses being evaluated as B 2 8 /8 per 
cm 2 per cycle, with $*(p/2 jt«)* the skin depth. 
The detailed results* will not be written down 
since the formulae, while easy to obtain, are too 
complex to allow one to determine their behavior 
by inspection. 

The results of a typical calculation are given 
in Figs. 12, 13, and 14, which give I{fa)/kz{\/8), 
Q(3/X), and ( \ 2 /8)(dP/dz)/(Eo \) 2 as functions 
of ka, when kb is such that ks^k and there are 
four loading disks per wave-length. 

While the general formulae are quite complex, 
some approximations will now be given which 
are usefully simple. All of these are for the 
special case kz = k. 

First, let ka<£ 1. Then we find, by using the 
same field as that used for (20), 


m 

k* 


8 

X 


6.25 

kW(l ~, 7 ) 


-0 + 2.61(1-77)], 
2 



fca-Cl, k*=k, (23) 
(7=(X/5)[T —»)-« + 2.61(1 — tj)], (24) 

|-l ■ (EM^dP/dz) = 0.<)308(«/XV) 

X [1/(1 - «i)*][»+2.61(l - >))], (25) 


Fig. 14. The power loss per cm per volt/cm squared, 
divided by 4, as measured in mho, is_ plotted against ka. 
the conditions being as described for Fig. 12. 

with n = 2jr/ kd, the number of loading; disks per 
wave-length. 

Next, let 1 «ka and use the approximation of 
(21), when we find 


I(k 3 ) 5 87 r r kb n kb+ka rik l ad 1 

k, ~\ *d(i+)(lto-to)* + 2»(1 -v) 2 kb-ka It (1 -,)*(»-*«)*J’ 

Xj-fcW 1 kb+kal /[ 2 tt kb n kb+ka nrj Pad 

^ = j[ g + l- v kb-kaV [(\-ri){kb-ka) 2+ 0-v) 2 kb-ka (1 —t i)*(kb-ka)* 
1 dP S 1[ kb n kb+ka n i ik 2 ad 1 

(BoX)* dz X*c 8l(l-rj)(W-*(i) 2+ 2ir(l-r,)' i kb-ka 2ir (1 -r,y(kb-ka)*\ 


(26) 

(27) 

(28) 


When ka is sufficiently large, these may be 
simplified by using the approximate relation 
(11), with results 

I(k»)/k t S*(\/b)(&/\), (29) 

k 

Q=(6/2X)(X/5), (30) 

1 dP 1 km 

-«-. (31) 

(£ 0 X) S dz 32 X 2 c 


A qualitative understanding of the above 
formulae is useful and simple. For kz~k we have 
E r — Bj, — Eakr/2 for r <a, and we will not do too 
badly by continuing J5* in a linear manner to 
r—b. Thus the power flow will be proportional to 
k'a 1 , the energy stored to k*b* and the energy loss 
on the walls will vary like £ 3 b*, all for constant 
axial field. Thus thegroup velocity, which depends 
on the ratio of power transmitted to energy 
stored, at first rises rapidly as ka increases and 
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then levels off as ka approaches kb . Likewise, the 
linear attenuation, which depends on the ratio of 
power loss to power transmission, starts by de¬ 
creasing rapidly a9 ka increases. When ka is large, 
the decrease is slower, being simply due to greater 
cross-sectional area for the wave to carry power 
as compared to the perimeter bounding the wave 
and introducing losses. On the other hand, Q 
which depends on the ratio of energy stored to 
energy loss, depends mainly on kb which at first 
increases only slowly with rising ka. Thus Q at 
first drops slowly, though finally varying like 
1 /ka> for essentially the same reason as (he 
attenuation. * 

CONCLUSION 

Many of the important properties of disk- 
loaded wave guides have been developed, both 
qualitatively and quantitatively, and have been 
described by formulae, both approximate and 
exact, and a number of curves, which will, it is 
hoped, illustrate the more important points. 
Special attention has been paid to j[he wave 
number k» which has been computed by three 


methods. On the other hand, the formulae for 
loss and power flow are, for the most part, based 
on an approximation valid when the disk spacing 
is small, i.e., the loading is nearly continuous. 

In a problem with so many variables, it is 
impossible, in a finite article, to cover all the 
proportions and conditions that might be of 
interest and wc therefore do not feel apologetic 
when we point out some of the gaps in the 
present treatment. First, more accurate methods 
of calculating ks are certainly possible; the virtue 
of our methods is that they give closed or nearly 
closed formulae and so can be used to explore a 
wide range of variables without undue labor. 
Second, we have hardly touched on the behavior 
in the vicinity of the high frequency cut-off. 
Third, the loss and power-transmission calcula¬ 
tions have been restricted to one method. And 
fourth, many of the illustrative graphs have 
been for a single case. Despite these lacunae, we 
hope, that our results will be of use to others. 

Finally, it is a pleasure to record the assistance 
of Mr. E. T. Jaynes with many of the earh 
calculations and to acknowledge the liberal help 
of the Navy under Contract N6-ori-106. 
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Equations are derived for calculating the associated 
inductances of the conductors of three-phase coaxial busses 
comprised of square tubular conductors. It is assumed 
that the conductors are nonmagnetic, are of such lengths 
that end effects are negligible, are right-cornered, and 
carry currents uniformly distributed over their cross 
sections. The general equations are obtained through use 
of geometric mean distance theory. Approximate equa¬ 
tions, the conductors being considered as indefinitely thin, 
are epitomized in a table which yields values sufficiently 
accurate for most design work. In turn, these approximate 
equations are reduced to simple equations which also yield 
values sufficiently accurate for much design work. These 
equations for inductance lead to corresponding equations 
for the reactive voltage drops. Use of these various equa¬ 
tions and the relative accuracy to be expected of them is 
illustrated by calculating the inductances and reactive 
voltage drops of typical busses. 


B Y virtue of its axial-symmetric geometry, the 
coaxial-tubular bus possesses certain very 
desirable electrical and mechanical charac¬ 
teristics. Low inductance contributes to good 
voltage regulation. Reduced skin and proximity 
effects minimize line losses and average tem¬ 
perature rise under load. Axial-symmetric dis¬ 
tribution of skin and proximity effects reduces 
current density distortion and attendant hot-spot 
concentrations, hence enables a greater current 
rating for a specified maximum copper tem¬ 
perature. As electromagnetic forces between con¬ 
ductors are largely eliminated, mechanical brac¬ 
ing against short-circuit forces can be corre¬ 
spondingly reduced. The nested conductors 
require less space for installation and a smaller 
supporting structure than they would if arranged 
side by side. 

Yet, despite these desirable characteristics, the 
paucity of published descriptions of actual in¬ 
stallations 1 - 4 indicates that few coaxial busses 

l L R Bogardus, “Resistance welder feed has low 
resistance drop,*' Elec. World 110, 702-704 (1938). 


The changes in the inductances due to rounding the 
edges of the conductors and the changes produced in both 
the inductances and the resistances by skin and proximity 
effects are investigated. The changes in the inductances 
due to rounding the edges can be approximated by use of 
a known equation. The changes in the inductances due to 
power frequency skin and proximity effects prove to be 
negligible; the changes in the resistances can be calculated 
by use of known skin-effect factors and newly derived 
proximity-effect factors. 

Calculation of the inductances of three-phase coaxial 
busses constructed of tubular conductors made up of two 
channels or angles placed flange to flange is discussed. 
Finally, attention is called to a relatively little known 
means of obtaining balanced three-phase operation of 
geometrically unbalanced three-phase busses. 


have been constructed to date. However, until 
the last few years factory distribution loads at 
frequencies greater than 60 cycles were not 
common. Again, most 60-cycle loads were sup¬ 
plied over relatively short distances. As these 
conditions are such that satisfactory operation 
can be obtained with the more conventional, 
though less electrically effective, construction of 
conductors placed side by side, this limited use 
of coaxial busses is not surprising. Now, however, 
by virtue of manufacturing procedures and tech¬ 
niques developed during the war, the bus 
designer is faced with the necessity of designing 
heavy-distribution busses which are not only 
long but also are to operate at frequencies of 
several hundred cycles and higher. But, the elec¬ 
trical characteristics of the coaxial bus especially 
suit it to satisfactory operation under either or 

a W. Specht, “Concentric bus for resistance welders," 
Elec. World 114, 558 (1940). 

* W. Specht, “A concentric channel bus for resistance 
vyelders. Weld. Eng. 26, June, 31-32 (1941). 

4 “Power supply for resistance welding machines," Trans. 
A.I.E.E. 59, 306-320 (1940); 60, 185-192 (1941). 
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both of these conditions. Hence, it is to be 
expected that in the near future coaxial busses 
will find greater use than they have hitherto. 

At present coaxial busses are constructed of 
circular tubular conductor, of square tubular 
conductor, and of structural tubular conductor 
comprised of two slightly separated channels or 
angles placed flange to flange. To predetermine 
the operating characteristics of these busses 
requires knowledge of the a.c. resistance, the 
a.c. inductance, the copper temperature under 
load, and the mechanical forces exerted during 
short-circuit. Equations 6 ’ 6 for calculating all four 
of these quantities are available for single or 
three-phase busses constructed of circular- 
tubular conductor and for single-phase busses 
constructed of square or structural tubular 
conductor. But for three-phase busses con¬ 
structed of square or structural tubular con¬ 
ductor, though equations are available for cal¬ 
culating the a.c. resistance, 7 8 the copper tem¬ 
perature, 8 and the short-circuit force, 9 equations 
for calculating the a.c. inductance, usually the 
. determining factor in the design of a bus^ are not 
available. 

Such equations are derived in this paper, it 
being assumed that the conductors are non¬ 
magnetic, of such lengths that end effects are 
negligible, right-cornered, and carry currents 
distributed uniformly over their cross sections. 
Of these four conditions, the first two are satisfied 
in practice. The third, however, though essential 
to tractable analysis, is usually not true in 
practice. Square tubes, channels and angles, 
drawn, rolled, bent, or otherwise formed in one 
piece, have rounded edges. But the error intro¬ 
duced by neglecting the rounded edges is small. 
Commonly, the result obtained, though a bit low, 
is yet sufficiently accurate for the work in hand. 

1 T. J. Higgins, “The design of bus-bar industrial 
distribution systems: an epitomization of available data,” 
Trans. A.I.E.E. 64 , 385-400, 486-488 (1945). 

•T. J. Higgins, “Formulas for the inductance of coaxial 
busses comprised of square tubular conductors," Trans. 
A.I.E.E. 65, 328-336 (1946). 

J A. H. M. Arnold, “The alternating-current resistance 
or hollow square conductors," J. Inst. Elec. Eng. 82, 
537-545 (1938). 

•H. B. Dwight, G. W. Andrew, and H. W. Tileston, 
“Temperature rise of bus bars," Gen. Elec. Rev. 43, 
213-216 (1940). 

• T. I. Higgins, “Formulas for calculating short-circuit 
forces between conductors of structural shape," Trans. 
A.I.E.E, 62, 659-663 (1943). 


In any case, the incremental inductance aspp» 
ciated with the rounded edges can be approxi¬ 
mated closely |by a simple semi-empirical equa¬ 
tion derived by Dwight and Wang. 10 Finally, 
though skin and proximity effects render the 
current density over the cross sections of the 
conductors slightly non-uniform, detailed anal¬ 
ysis 6 indicates and experiment confirms 11 that at 
power frequencies the a.c. inductance is prac¬ 
tically identical with the d.c. inductance. 

These four postulates granted as consistent 
with practice, derivation of the desired equations, 
though lengthy, is not difficult. The conductor 
cross sections are considered as combinations of 
parallel-sided square areas. By virtue of geo- 
mctric-mean-distance theory the inductance 
associated with a particular conductor is ex¬ 
pressed in terms of the seif and mutual geometric 
mean distances of these areas. These geometric 
mean distances can be calculated from known 
equations. Accordingly, determination of the 
inductance as a function of the parameters 
defining the geometry of the bus reduces, essen¬ 
tially, to specific determination of the geometric 
mean distances involved and substitution of 
them in the general equation for the inductance. 

The general equation comprises 48 terms. A 
simpler approximate equation similarly derived, 
but on the assumption that the conductors can 
be considered as being indefinitely thin (hence 
have cross sections comprised of line segments), 
affords values sufficiently accurate for many 
design purposes. As a further convenience to 
numerical computation, this equation is ex¬ 
pressed in terms of a parameter whose values are 
to be ascertained from a given table of values. 
Finally, over the range commonly encountered 
in practice this parameter proves to be sub¬ 
stantially constant. For this case the approximate 
equation reduces to absurdly simple equations 
that yield the inductance with negligible com¬ 
putation. These various equations lead to cor¬ 
responding equations for the reactive voltage 
drops. 

The desired equations, having been obtained 

a H. B. Dwight and T. K. Wang, “Reactance of square 
tubular bus bars," Trans. A.I.E.E. 57, 762-765 (1938). 

11 H. P. Messinger, Equations lor the Inductance of 
Coaxial Busses Constructed of Square Tubular Conductor 
(Thesis, Library, Illinois Institute of Technology, Chicago, 
Illinois). 
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and checked, are used as illustrated by calcula¬ 
tion of the inductances of typical busses con¬ 
structed of square tubular conductor. Changes 
in inductance and resistance resulting from 
rounded corners on the conductors and from skin 
and proximity effects are discussed in detail. 
Procedures for calculating the inductance of 
coaxial busses constructed of channels or angles 
are advanced. Finally, attention is directed to a 
relatively little known means of obtaining 
balanced three-phase operation of geometrically 
unbalanced three-phase busses. 

I. DERIVATION OF THE GENERAL EQUATION 

Consider a three-phase bus comprised of three 
coaxial square tubular conductors (Fig. 1). From 
well-known theory 12 - 13 the inductances associated 
with the conductors are 



Fig. 1. Cross section of coaxial bus comprised of square 
tubular conductors. 


L x ={-2/I x )Y,h\o%D xxt 

t—X 

L v = {-2/Iy) £ J, logZV. 

»—X 

L t =( — 2/I z ) £ Ii\ogD,i, 

i —x 


(1) where, typically, L x is the inductance associated 
with conductor x ; I x is the current (expressed as 
a complex number) associated with conductor x ; 

(2) and D xi zsD ix is the geometric-mean distance of 
the cross sections of conductors x and i. The 

( 3 ) units of the various physical quantities are as 
discussed in Section V. 


The geometric mean distances D xx , D xv and D x , are (as derived in detail in Appendix 1) 

log D xx = [T /12 (a 2 — ft 2 ) 2 ][12a 4 loga+126 4 logft+(a 4 -6a 2 ft 2 +ft 4 ) log(a 2 +ft 2 )-(a+ft) 4 log(a+ft) 

— (a — ft) 4 log(a — ft) + Sab (a 2 — ft 2 ) tan -1 (o—ft) /{a +ft) + (®+ft) («—ft) 3 ir 

+ 10(a 4 +ft 4 ) log2]—0.5 log2-(-w/4 —25/12, (4) 

log D xy = [ — 1 /24(a 2 - ft 2 ) (c 2 - d 2 ) ][(a -f d) 4 log(a+d) + {a-d) i log (a -d)~ (a 4 - 6a 2 d 2 +d 4 ) 

Xlog(a 2 -(-d 2 ) —(ft+d) 4 log(ft-fd) — (ft — d) 4 \og(b-d)-\r(b i — 6b t d i +d*) log(ft 2 +d s ) 

— (a+c) 4 log (a+c) — (a —c) 4 log(a—c) + (a 4 —6a 2 c 2 +e 4 ) log (a 2 +c 2 ) + (ft+e) 4 log(ft+c) 

+ (ft-c) 4 log(ft—c) — (ft 4 —6ft 2 c 2 +c 4 ) log(ft 2 +e 2 ) —8ad(a 2 —d 2 ) tan-'(a-d)/(a+d) 
+8ftd(ft 2 -d 2 ) tan- 1 (ft-d)/(ft+d)+8ac(a 2 -c 2 ) tan~ 1 (a - c) / (a+c) - 8ftc (ft 2 - c 2 ) 

X tan-* (ft - c) /(ft +c) - ( (a +d) (a - d) 3 - (ft+d) (ft - d )* - (a + c) (a - c ) 3 

+ (ft+c)(ft-c) 3 lir]-0.51og2+ir/4-25/12, (5) 

log />„=[-l/24(o 2 - ft 2 ) (e 2 -/•)][>+/) 4 log (a+f) + (o -/) 4 log(o -/) 4 - (a 4 - 6a 2 /*+/ 4 ) 
Xlog(a 2 +/ 2 )-(ft+/) 4 log (ft+/)-(&-/) 4 log (6 —/) + (ft 4 —6ft 2 / 2 +/ 4 ) log(ft 2 -!-/ 2 ) 

-(a+e ) 4 log(o-l-e) —(a—e) 4 log(a- e) + (a 4 - 6a V*+e 4 ) log(o 2 +c 2 ) 

+ (ft+e) 4 log(ft-t-e) + (ft-c) 4 log(ft - e) - (ft 4 - 66 2 e 2 +e 4 ) log(ft 2 +e 2 ) - 8o/(a* ~f) 

Xtan -1 (o —/)/(o +/)+8ft/(ft 2 —Z 2 ) tan -1 (ft —/) /(ft +/) +8ae(o 2 —e 2 ) tan -1 (o—e)/(a+e) 

— 8ft«(ft 2 —e 2 ) tan-‘(ft-e)/(ft+e)- {(a+/)(«-/)*-(*+/)(*-/)*- (a+e)(a-e)* 

+ (ft+e) (ft - «) 3 } w] - 0.5 log2 +t/4 - 25/12. (6) 


“T. J. Higgins, “Formulas for the calculation of the inductance of linear conductors of structural shape," Trans. 
L*.^F.Woodruff lPrinciples of Electric Power Transmission (John Wiley and Sons, New York, 1939), edition 2, Chap. 2. 
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Substituting from Eqs. (4)—(6) in Eq. (1), collecting terms, and utilizing the relationship I,+^ v 
+/, = 0 yields 

l/6(a 2 -6*) 2 ][12a 4 Ioga+126 4 log6+(a 4 -6a 2 6 2 +6 4 ) Iog(a 2 +6 2 ) - (a+6) 4 log(a+6) 

— (a— b)* log (o—6)+8a6(a 2 —6 s ) tan -1 (a— 6)/(a+6) + (a+6) (a —6) V+10(a 4 +6 4 ) Iog2] 

+ (V/,)[l/12(o*-6*)(c*-d*)][(o+(f) 4 log(fl+d) + (o-d) 4 log(o-<i) 

-(a 4 -6a 2 d 2 +d 4 ) log(a 2 +</ 2 )-(6+<*) 4 log(6+rf) — (6—rf) 4 log(6-d)+(6 4 -66 2 </ 2 +rf 4 ) 
Xlog(6 2 +d 2 ) —(o+c) 4 log(a+c) — (a—c) 4 log(a—c) + (a 4 —6a 2 c 2 +c 4 ) log(a 2 +c 2 ) 

+(6+c) 4 log(6+c)+(6-e) 4 log(6—c) — (6 4 — 66 2 c 2 +c 4 ) log(6 2 +c 2 )-8ad(a 2 -d 2 ) 

Xtan -1 (a —d)/(a+d)+&bd(b*—d 2 ) tan -1 (6 —d)/(b+d)+ 8 ac(a 2 —c 2 ) tan -1 (a—c) /(o+c) 

-86c(6 2 -c 2 ) tan- 1 (6-c)/(6+c)-((a+rf)(a-d)»-(6+^)(6-^) 4 -(a+c)(a-c) 8 
+ (6+c)(6-c) 3 }t]+(J./J,)[ l/12(a 2 -6 2 )(e 2 -/>)][(o+/) 4 log(a+/)+ (a-/) 4 
Xlog(a-/) 4 -(o 4 -6a 2 / 2 +/ 4 ) logt^+f 2 ) - (6+/) 4 log {b+f)- ( b-f ) 4 log(6-/) 

+ (6 4 —66 2 / 2 +/ 4 ) log^+Z 2 ) — (a+e) 4 log(o+e) —(a—e) 4 log(a-e) + (a 4 —6a 2 e 2 +e 4 ) 
Xlog(a 2 +e 2 ) + (rf+«) 4 log(6+e)+(6-e) 4 log(6-e)-(6 4 -66V+e 4 ) log(6 2 +e 2 ) 

- 8af(a 2 -f) tan-*(a-/)/(a+/)+86/(6 2 ~P) tan~'(6-/)/(6+/)+8oe(a 2 -e 2 ) 
Xtan _1 (a-e)/(a+«)-86e(6 2 -« 2 ) tan~ 1 (6-e)/(6+e)- ((a+/)(o-/) s -(6+/)(6-/) 3 

— (a+e)(a—e) 3 +(6+e)(6—e) 3 }+]. (7) 

This is the desired equation for the inductance associated with conductor x. Comparison of Eqs. 
(1) and (2) indicates that the corresponding equation for L y follows from Eq. 7 by interchanging x 
with y f a with c, and b with d. Similarly, comparison of equations 1 and 3 indicates that the cor¬ 
responding equation for L t follows from Eq. 7 by interchanging x with z y a with e, and b with/. 


H. CORROBORATION OF THE GENERAL EQUATION 

Consider a three-phase bus comprised of con¬ 
ductors x t y, z carrying currents I xy I y and /, 
which satisfy the relationship /*+/„+/, = (). 
One conductor, say x y can be considered as 
carrying current I x and the two remaining con¬ 
ductors can be considered as connected in 
parallel and carrying the return current (/„+/*). 
In effect, therefore, the bus is a single-phase bus 
with going conductor x carrying current /* and 
subdivided return conductor comprised of parallel 
components y and z carrying current (/ y +/*) 
« —J*. The inductance of such a bus is 

L^L x +L y L t /(L y +L t ). (8) 

If now conductors y and z are considered as 
identical and superimposed (whence ysss), the 
resulting single-phase bus is, effectively, com¬ 
prised of two coaxial square tubular conductors. 
Accordingly, if Eq. 7 is correct, Eq. (8) should 
yitld the known equation of such a bus. By 
virtue of y&z, we have essc and /be</. Utilizing 
these identities in Eq. (7) for L * and in an analo¬ 
gous equation for L y ssL g1 substituting the 
resulting expressions in Eq. (8), and collecting 
terms yields, corroboratively, the known solution 


(Eq. 9 of reference 6) for a single-phase bus 
comprised of two coaxial square tubular con¬ 
ductors. 

HI. APPROXIMATIONS TO THE GENERAL 
EQUATION 

The general equation for the inductance 
associated with a conductor comprises 48 terms: 
29 logarithmic, 9 arctangentic, and 10 algebraic. 
But by use of the proper tools (an electric calcu¬ 
lating machine and the 15-place Work Projects 
Administration 1416 tables of natural logarithms 
and arctangents), the computation incident to 
the calculation of the associated inductances of a 
given bus can be effected without difficulty. The 
computation, however, will be lengthy (the com¬ 
putation incident to example 1 below required 
approximately 15 hours to perform on a 10-row 
electric calculating machine by one of the 
authors, experienced in such computation). For 
this reason it is most desirable to have approxi¬ 
mate equations which enable rapid determination 
of values sufficiently accurate for much (in many 

14 Tables of Natural Logarithms (Columbia University 
Press, New York). 

11 Tables of Arctangents (Columbia University Press, 
New York). 
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instances, all) of the computation incident to the 
final design of a bus. 

A means of deriving such equations stems from 
the writers* earlier investigation 6 of the induc¬ 
tance of a single-phase coaxial bus comprised of 
square tubular conductors. Therein, values of 
inductance calculated from the general equation 
were found to be in excellent agreement with 
values of inductance calculated from much 
simpler approximate equations. These equations 
are derived on the basis that the cross sections of 
the conductors are comprised of line segments of 
dimensions equal to the external dimensions of 
the actual conductors. 

Consider, then, the cross section of each con¬ 
ductor as comprised of four line segments (Fig. 
2). As previously, the associated inductances are 
given by Eqs. (l)-(3). Therein, however, the 
geometric mean distances are now those per¬ 
tinent to the cross sections of Fig. 2. The geo¬ 
metric mean distances D xxt Dxy and D xt are (as 
derived in detail in Appendix II) 

\ogD xx = loga + (1 /4) log2+x/4-3/2, (9) 

logZ>*y= (l/8ac)[(a+c) 2 log(a+c) 

-(a-c) 2 \og{a-~c) + 2ac log(a 2 +e 2 ) 

— 2(a 2 — c 2 ) ta \\- l (a — c)/(a+c) 

+0.5(a 2 — c 2 )ir] — 0.5 log2 

+ ir/4 —3/2, (10) 

log/?*, = (l/8ae)[(a+e) 2 log(a+e) 

— {a — eY log(a-e) + 2ae log(a 2 +e 2 ) 

— 2(a 2 —e 2 ) tan ~ 1 (a-e)/(a+e) 

+0.5 (a 2 — « 2 )irl — 0.5 log2 

+ 7r/4 — 3/2, (11) 

Substituting from Eqs. (9)-(ll) in Eq. 1, 
collecting terms and utilizing the relationship 
/*+/»+/# = 0 yields 

= — 2 loga—(3/2) log2 

— (J y //*) (1 /4ac)[ (a+c) 2 log(a+c) 

— (a —cY log(a —c)+2ac log(a 2 +c 2 ) 

— 2(a 2 — c 2 ) ta n- l (a-c)/(a+c) 

+0.5 (a 2 — e 2 ) *■] — (I ,/ /*) (1 / 4af) 

X[(a+eY log (a+e) - (a- e ) 2 log(a- e) 
+2 ac log(a 2 +$ 2 ) — 2(a 2 — e 2 ) 

+tan~ 1 (a—e)/(a+e)+0.5(a 2 — e 2 )*]. (12) 

Correspondingly, equations for L v can be 
obtained from Eq. (12) by interchanging x with 
y and a with c . Similarly, corresponding formulas 


for L t can be obtaiped in interchanging x with z 
and a with e. 

Simple algebraic manipulation of the ex¬ 
pressions for the mutual geometric mean dis¬ 
tances yields equations especially convenient to 
computation. Thus, designate K(r) by 

K(r) « (l/4)[log(l +4 2 )-2 log(l -4 2 ) 

— (l/2r)(1 — r) 2 logA 
+ (r~ l — r) (x/4 — tan"* 1 ^) +2 logr 

+log2+ir —6], (13) 

where A = (1 — r)/(l +r) and r« (1—i4)/(l+i4). 
A table of values of A, r and K(r) is given in 
Appendix III. 

Then Eqs. (9)—(11) can be written in the form 



logZ>«=iC(l)+loga, 

(14) 


logD^ =K{c/a) +loga, 

(15) 

and 


logD „=K {e/a) + loga. 

(16) 

Similarly, 


log = X (1) + logc, 

(17) 


logZ?„ = iC(l)+loge, 

(18) 

and 


log D v , = K (e/c)+logc. 

(19) 


Substituting as indicated in Eqs. (l)-(3), 
noting that K( 1) =-0.5413, and utilizing the 
identity / z +/ y +/, = 0 in appropriate fashion 
yields 

L x = —2{ —0.5413 —X(e/a) 

+ (I y /QlK(c/a)-K(e/an\, (20) 
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Fig. 2. Cross section of coaxial bus comprised of square 
tubular line-segment conductors. 
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-2{ — 0.5413— K (e/ c) + (It/1*) log a/c 

MWLK(c/a)^K(e/cn) } (21) 

£.» -2{ -0.5413+loge/c-A^/c) 

+ (/«//,) loga/c+(/ x //,) 

X[Wa)-X(*A)]}. (22) 

Now Table I of Appendix III evidences that 
for 1>,4>0.1, hence 0<r<0.82, K(r) is sub¬ 
stantially constant ranging from — 0.553 > A 
>—0.561. The values of r found in practice 
approximate the upper limit. Accordingly, select¬ 
ing r = 0.75 as representative, whence 

K(c/a)SZK(e/a)S*K(e/c)S£- 0.556, 

Eqs. (20)-(22) reduce to the simple approximate 
equations 

—0.030, (23) 

L v = - 0.030 - 2 (/*//„) lo ga/c, (24) 

-0.030-2 log«/<;-2(/.//0 loga/c, (25) 

valid for c/a, c/a, and t/c not greater than ap¬ 
proximately 0.8. * 

For purposes of computation, the approximate 
Eqs. (20)-(22) possess considerable advantage 
over the general Eq. (7). The latter comprises 
48 terms, the former only a few. Moreover, these 
few terms involve the simplest of calculations. 
The logarithmic term can be read from a slide 
rule or from standard tables; the values of K 
from Table I, calculated from Eq. (13). And even 
this table can be dispensed with in much work. 
Equations (23)-(25) afford sufficiently accurate 
values. Thus, in virtue of the fewness and sim¬ 
plicity of the terms comprising the approximate 
equations, they afford rapid computation. 

IV. EQUATIONS FOR REACTIVE VOLTAGE DROP 

In practice, calculation of associated in¬ 
ductance and reactance is incidental to calcu¬ 
lation of what is actually desired: namely, the 
reactive voltage drop on the conductor, equal to 
j2*fl(mjwl ). Saying in time of computation 
results, however, from calculating the reactive 
voltage drop directly from appropriate equa¬ 
tions, to be obtained by multiplying the previ¬ 
ously derived equation for indictance by jwL 


Thus from Eqs. (l)-(3) we have 

£*«(- 2 >)E J.lo*D«, ( 26 ) 
' T »-* 

Ey = (-2 jw) £ /, logD wl , (27) 

E t = {-2jw) £ I, log D„. (28) 

Particularly useful approximate equations are 
to be obtained from Eqs. (23+-(25). Thus 

Ex=-i0.03w/ x , (29) 

E y = — 2jw[0.Q\SI y +l x log a/c], (30) 

E z = - 2/w[/,(0.015 + loge/ c) +I X loga/c]. (31) 

In similar obvious fashion, corresponding 
equations can be obtained from Eqs. 7 and 
analogous equations, from Eq. 12 and analogous 
equations, and from Eqs. (20)-(22). 

V. UNITS TO BE EMPLOYED 

Equations (l)-(3) are valid for the e.g.s. 
electromagnetic system of units. Hence, the 
various equations for inductance yield values 
expressed in abhenrys per centimeter of bus 
length. Inasmuch, however, as the coefficients 
and arguments of the various terms comprising 
these equations can be written in dimensionless 
form (as, for example, in Eqs. (20)~(25)) we note 
that in substituting in these equations the 
currents, and likewise the linear dimensions of 
the conductors, can be expressed in any like 
unit. 

On the other hand, inasmuch as the voltage 
drop on a conductor equals jwLI , in Eqs. (26)- 
(31) and in analogous equations the currents 
must be expressed in abamperes (1 abampere* 10 
amperes), though the linear dimensions can yet 
be expressed in any like unit. The voltage drop, 
of course, will be in abvolts per centimer of bus 
length. 

For convenience in computation we note the 
following. Multiplying abhenrys per centimeter 
by 3.048X10~ 5 yields millihenrys per foot of 
bus length; multiplying by 11.48X10~ 8 yields 
60-cycle reactance in ohms per foot of bus length. 
Multiplying abvolts per centimeter by 3.048 
X 10~ 7 yields volts per foot of bus length. If in 
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Eqs. (26)-(31) and in analogous equations the 
currents are expressed in amperes and the re¬ 
sulting values multiplied by 3.048 X10~ 8 the 
voltage drops obtained are in volts per foot of 
bus length. Finally, logtt(=log*a) = 2.3026 log l0 «, 
where u is an arbitrary number. 

VI. SOME ILLUSTRATIVE EXAMPLES 

To illustrate the use of the general and ap¬ 
proximate equations and to gain knowledge of 
the accuracy to be expected of values calculated 
with the approximate equations, we consider the 
following examples. 

Example 1. The problem is to calculate the six 
geometric mean distances and the associated 
inductances of a bus having cross section as in 
Fig. 1 with dimensions: a = 6 inches, & = 5.6 
inches, c = 4.5 inches, r/ = 4 inches, e = 3 inches, 
/= 1.2 inches. The bus carries balanced currents 
/* = -0.5-7*0.866, /„ = -0.5+/0.866, and /*= 1 
abamperc. 

Substituting these values in Eqs. (4)-(6) and 
analogous equations, rearranging terms, ob¬ 
taining values of the logarithmic and arctangentic 
terms from the Work Projects Administration 
Tables, and effecting all calculations on a 10-row 
electric calculating machine yields 

logZ) xx = 1.2261, logZ)^ = 1.2019, 
logZ> yt , = 0.9222, \ogD xl = 1.2011, 
logZ>*, = 0.3576, \ogD yx =z 0.8733. 

Substituting in Eqs. (l)-(3) as indicated and 
collecting real and imaginary terms yields 

L x =—0.0484 abhenry per centimeter of bus 
length, 

L y = 0.2306-^‘0.572 abhenry per centimeter of bus 
length, 

L,= 1.359+^0.572 abhenry per centimeter of bus 
length. 

In^calculating these values all logarithmic and 
arctangentic terms were taken to nine decimal 
places; values stemming from consequent arith¬ 
metic manipulations were held to the same 
number of decimals. Inasmuch as each of these 
final values of‘inductance stems from algebraic 
addition of some 50 terms, the ratio of the largest 
to the smallest approximating 10*, it is essential 
that some such degree of preciseness be held. 
But, since the resulting values of L is physically 


significant to only two or three decimal places, 
it is not unlikely that a study of the number of 
decimal places to be held in the various stages of 
computation would reveal that a smaller number 
than actually used still would be satisfactory. 
Inasmuch, however, as 15-place tables were 
employed and the calculation was performed on 
a 10-row electric calculating machine, the added 
labor is negligible, and there is no uncertainty as 
to the effect of cumulative errors on the accuracy 
of the first several digits of L. 

Example 2. The problem is to calculate the 
geometric mean distances and the associated 
inductances of a bus having cross section as in 
Fig. 2 with dimensions and currents equal, re¬ 
spectively, to the external dimensions (a = 6 
inches, c = 4.5 inches and e = 3 inches) and 
currents of the bus of example 1. 

Substituting these values in Eqs. (9)—(11) and 
analogous equations and performing the indi¬ 
cated arithmetic yields 

log2) xx = 1.2504, logZ)^ 1.237, 
logA/v — 0.9628, logZ) xr = 1.232, 
logZ)** = 0.5573, logD vs = 0.946. 

Utilizing these values in Eq. (12) and analo¬ 
gous equations yields 

L x = — 0.0328+j0.002 abhenry per centimeter of 
bus length, 

Ly — 0.2574 —j0.502 abhenry per centimeter of 
bus length, 

L*= 1.0634+j‘0.50 abhenry per centimeter of bus 
length. 

Confirmatively, to three decimal places the 
same values of geometric mean distance and of 
associated inductance are yielded by the values 
of Table I conjoined with Eqs. (14)-(22). 
Finally, from Eqs. (23)-(25) we have 

L x = —0.030 abhenry per centimeter of bus 
length, 

L y = 0.257 — j0.497 abhenry per centimeter of bus 
length, 

L* = 1.069+j0.498 abhenry per centimeter of bus 
length. 

Example 3. The problem is to calculate the 
reactive voltage drops on the conductors of the 
busses for examples 1 and 2. 

The voltage drops can be calculated from 
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Eqs. (26), (27) and (28) by substituting therein 
the values of logarithmic mean distances calcu¬ 
lated in examples 1 and 2. Alternatively, they 
can be calculated by multiplying the associated 
inductances by appropriate values of jwL 
Utilizing the latter procedure and using in¬ 
ductances calculated from Eq. (7) yields 

E x — 2/w(0.0141+j0.0209) abvolt per centimeter 
of bus length, 

£,, = 2770 ( 0 .190+ 7 * 0 .243) abvolt per centimeter of 
bus length, 

£ f = 2/w(0.6795 +7*0.286) abvolt per centipieter of 
bus length. 

Using inductances calculated from Eqs. (12) 
and analogous equations and from ( 20 ), ( 21 ) 
and ( 22 ) yields 

E z = 2/te(0.0082 + 70 - 0142 ) abvolt per centimeter 
of bus length, 

£„ = 2770 ( 0 . 153 + 7 * 0 . 237 ) abvolt per centimeter of 
bus length, 

£, = 2770 ( 0 . 532 + 7 * 0 . 250 ) abvolt per centimeter of 
bus length. 

Using inductances calculated from fiq. (23)- 
(25) yields 

£* = 27 * 70 ( 0 . 0075 + 7 * 0 . 013 ) abvolt per centimeter 
of bus length, 

£ y = 2jw(0.151+j0.236) abvolt per centimeter of 
bus length, 

2/70(0.532+j0.249) abvolt per centimeter of 
bus length. 

Comparison of the values calculated from the 
approximate Eqs. (20)-(22) with those calculated 
from the simple approximate Eqs. (23)—(25) 
indicates that in general the simple approximate 
equations furnish sufficiently accurate values. 
Comparison of both sets with the values cal¬ 
culated from the general Eq. (7) reveals that the 
former are somewhat higher. Though these values 
would be sufficiently accurate for preliminary— 
and in most instances, final—design purposes, 
it is yet desirable to have means of calculating 
s<ynewhat more accurate values without in¬ 
curring the heavy labor incident to calculation 
with Eq. (7). Such a means of calculation is sug¬ 
gested by the writers’ previous work 6 on single¬ 
phase coaxial square tubular busses. Therein it 
is shown that a bus comprised of coaxial circular 


tubular conductors has an inductance which 
differs little from that of a bus comprised ^of 
coaxial squarq tubular conductors having ( 1 ) the 
same thicknesses and ( 2 ) internal and external 
dimensions equal to the internal and external 
diameters of the corresponding circular con¬ 
ductors. Analogously, it is to be expected that 
the inductances of similarly dimensioned three- 
phase busses will be in close agreement. If so, 
it is to be conjectured that this agreement is 
better than that between corresponding values 
for the square tubular conductors calculated 
from the given geometry and from the approxi¬ 
mate assumption of line-segment cross sections. 
That such is true is substantiated by the fol¬ 
lowing illustrative examples. 

Example 4. The problem is to calculate the 
inductances and reactive voltage drops of the 
conductors of a bus having cross section as in 
Fig. 3 with dimensions and currents identical 
with those of example 1 . 

Calculating the pertinent geometric mean 
distances as detailed in Appendix IV, substi¬ 
tuting as indicated in Eqs. (1) and (3) and (26)- 
(28), and collecting terms yields the desired 
values: 

£*= — 0.023 abhenry per centimeter of bus 
length, 

£„ = 0.271 — 7 * 0.537 abhenry per centimeter of bus 
length, 

£, = 1.384+7*0.537 abhenry per centimeter of bus 
length, 

and 

£* = 2770 ( 0.006 + 7 O.OIO) abvolt per centimeter of 
bus length, 

£ y = 2770 ( 0 .165+ 7 * 0 . 252 ) abvolt per centimeter of 
bus length, 

£, *= 2770 ( 0 . 692 + 7 * 0 . 269 ) abvolt per centimeter of 
bus length. 

Example 5. The problem is to calculate the 
inductances and reactive voltage drops of the 
conductors of a bus having cross section as in 
Fig. 4 with dimensions and currents identical 
with those of example 2 . 

Calculating the pertinent geometric mean dis¬ 
tances as detailed in Appendix IV, substituting 
as indicated in Eqs. (l)-(3) and (26)—(28), and 
collecting terms yields the desired values: 
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L X **Q abhenry per centimeter of bus length, 

Z,,,* 0.297—j0.498 abhenry per centimeter of bus 
length, 

= 1.099+7*0.498 abhenry per centimeter of bus 
length, 
and * 

E s — 0 abvolt per centimeter of bus length, 

£ y = 2/w(0.144+j0.249) abvolt per centimeter of 
bus length, 

Eg = 2jw(0.549-fj0.249) abvolt per centimeter of 
bus length. 

Comparison of the two sets of values calculated 
in examples 4 and 5 with the corresponding first 
two sets of example 3 reveals 

(i) That—corroborative of expectation—cor¬ 
responding values for square and for circular 
conductors are in good agreement; 

(ii) That—corroborative of conjecture—the 
values of example 4 afford a somewhat better 
approximation to the first set of values in 
example 3 than do the second set of values of 
example 3, calculated on the assumption of line- 
segment cross section. 


VII. CORRECTIONS FOR ROUNDED EDGES 


To eliminate excessive edge heating caused by 
skin effect, square tubular conductors of com¬ 
mercial manufacture have rounded edges. Thus 
square tubular conductors of the sizes specified 
in examples 1 and 3 have rounded edges of outer, 
inner and mean radius indicated as follows: 16 
a —6 inches; t=* (a—b )/2 = 0.2 inch; ro = 0.75 
inch; = 0.55 inch; = 0.65 inch, c = 4.5 inches; 
t> = ( c -d )/2 *0.25 inch; r 0 =0.625 inch; n = 0.375 
inch; r m = 0.5 inch, e = 3 inches; = 2 

= 0.9 inch; ro = l inch; r< = 0.1 inch; r m = 0.55 
inch. 

Dwight and Wang 10 have derived, serni- 
empirically, that the approximate increase in 
self geometric mean distance caused by rounding 
the edges of a conductor of square cross section is 

A logDg * -[** logiir 1 +q.716ft 2 +0.5fc 8 + • • •] 
abhenrys per centimeter of 
conductor length, (32) 


where £~0.463r w A, r m is the mean radius of the 
rounded edge, s the mean side of the square 


u Chase Electrical Handbook (Chase Brass and Copper 
Company, Inc., Waterbury, Connecticut, 1941), pp. 80-81. 


cross section, and r m is small compared with $, 
the accuracy increasing as r m /s— >0. 

From Eqs. (l)-(3) it follows that the approxi¬ 
mate increase in associated inductance is 

AL = 2[£ 2 logfc"" 1 +0.716£ 2 +0.5£ 8 H— •] 

abhenrys per centimeter of con¬ 
ductor length. (33) 

For conductor jc, 5 = a —/ = 5.8 inches and 
r,* = 0.65 inch. Hence, k = 0.052, AL* = 0.020, and 
A E,( =jwI,AL x ) = 2jw( -0.0049 -j0.0093). 

For conductor y, s — c — t'=* 4.25 inches and 
r m = 0.5 inch. Hence, £ = 0.0545, ALy^O^lfi, 
and A£ v = -2>(-0.005+i0.009). 

For conductor z, s*=e—t ,f — 2.1 inches and 
r m = 0.55 inch. Hence, £ = 0.122, AL, = 0.011, and 
A£,==2jw(0.006). 

Adding these corrections to the first set of 
values of examples 1 and 3 yields 

L x =—0.029 abhenry per centimeter of bus 
length, 

L v = 0.252 — 7*0.572 abhenry per centimeter of bus 
length, 

Z,= 1.370+^0.572 abhenry per centimeter of bus 
length, 

and 

E x = 27*w(0.009 +j‘0.012) abvolt per centimeter of 
bus length, 

E v = 27*^(0.185+7*0.252) abvolt per centimeter of 
bus length, 

E t = 27^(0.686+7*0.286) abvolt per centimeter of 
bus length. 



Fig. 3. Cross section of coaxial bus comprised of circular 
tubular conductors. 
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The facts that rounding the corners of a con¬ 
ductor will result in a change of associated 
inductance and that the changes just calculated 
from Eq. (33) are of the correct order of mag¬ 
nitude are confirmed by comparing, in turn, the 
first set of values of example 1 (for the bus of 
Fig. 1), the values just listed (for a bus stemming 
from that of Fig. 1 through rounding the corners 
of the conductors), and the values of example 4 
(for the bus of Fig. 3). Now a circular tubular 
conductor can be considered the limiting case of 
a rounded square tubular conductor, its internal 
and external sides being equal to the internal and 
external diameters of the circular conductor. 
Hence the values just listed should be—as they 
are—intermediate between the corresponding 
values for the square conductors of Fig. 1 and 
the circular conductors of Fig. 4. 

Yin. CORRECTIONS FOR SKIN AND % 
PROXIMITY EFFECTS 

As the frequency increases from zero to a 
specified value the currents in the conductors of 
the bus with cross section as in Fig. > tend to 
concentrate in thin surface strata on the adjacent 
surfaces of the conductors: the inner surface of 
conductor x and the outer surface of conductor y, 
the inner surface of conductor y and the outer 
surface of conductor z. This phenomenon results 
in a change of the associated inductance (and 
resistance) of each conductor. Detailed mathe¬ 
matical analysis* u * 17 reveals that at 60-cycles 
the changes in the associated inductances of 
practically dimensioned busses such as those of 
example 4 are negligible. 

In view of' these negligible changes in the 
inductances of this coaxial circular tubular bus, 
the small differences between the inductances of 
this bus and those of the coaxial square tubular 
bus of example 1—especially, after applying 
corrections for the rounded edges, and the 
general geometric similarity between these two 
busses, we conclude that in practically dimen¬ 
sioned rounded square tubular busses in general 
68-cycle skin and proximity effects are negligible 
insofar as the inductances of the bus are con¬ 
cerned. This conclusion is in accord with the 

17 H. B. Dwight, Reactance and skin effect of concentric 
tubular conductors/’ Trans. A.I.E.E. 61, 513-518, 976-977 
(1942). 


results of analytic and experimental investiga¬ 
tions of the inductances of single-phase coaxial* 11 
and coplanar bhsses comprised of square tubular 
or rectangular conductors. 

On the other hand, the reactive voltage drops 
will be somewhat, though slightly, changed by 
skin and proximity effects. This stems from the 
fact that the resistances of the conductors are 
changed by skin and proximity effects. Therefore 
the current distribution in the conductors, and 
thus the resistive and reactive, voltage drops in 
the conductors, changes with frequency. At 
60-cycles and for bus and conductor geometry 
commonly encountered in practice it commonly 
suffices to calculate the a.c. resistances of the* 
square tubular conductors by multiplying their 
d.c. resistance 7?d. c . by the known 7 ** 16 skin-effect 
factor K a . 

Accurate calculation of R A . 0m requires that the 
values of K a Rd. 0 . thus obtained be multiplied, in 
turn, by appropriate proximity effect factors K p . 
Because of the intractable mathematics involved, 
it has not been possible to calculate rigorously 
these factors for single-phase or three-phase 
coaxial square tubular conductors. On the other 
hand, the simpler—though yet mathematically 
difficult—corresponding problem for coaxial cir¬ 
cular tubular conductors has been solved. In view 
of the above discussion and analysis of the cor¬ 
responding inductances of these two busses, and 
in view of their general geometric similarity, it 
is to be expected that values of K p for a bus 
comprised of circular tubular conductors would 
be substantially the same as values pf K p for a 
bus comprised of square tubular conductors 
having sides and thicknesses identical with the 
diameters and thicknesses of the corresponding 
circular conductors. 

Now Dwight 17 has published equations ((22), 
(23), and (29) of Reference 17) for the ratio of 
/?a.c./2?d.c.( s ##£p) for each of the three con¬ 
ductors of a three-phase coaxial circular tubular 
bus and curves (Fig. 2 of Reference 17) for the 
particular case of balanced currents. Accord¬ 
ingly, if a value obtained from Dwight’s equa¬ 
tions or curves is divided by K % for the same 
circular tubular conductor , there is obtained a 
value of K p which is a good approximation to. the 
K p of the corresponding square tubular con¬ 
ductor. (It is to be noted that the required value 
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of K, can be obtained from Dwight’s equations 
or curves: it is equal to the value of K 9 K P ^K 9 
for the conductor when considered as the inner¬ 
most conductor of a three-phase bus.) Com¬ 
monly, however, the refinement stemming from 
use of the values of K p is not necessary in 
practice. 

IX. BUSSES COMPRISED OF STRUCTURAL 

TUBULAR CONDUCTOR 

A conductor comprised of two slightly sepa¬ 
rated channels or angles, placed flange to flange, 
usually is not of a square cross section. If, how¬ 
ever, the cross section does not differ too greatly 
from a square cross section, and commonly this 
is the case in practice, it is to be expected that a 
fairly good approximation to the actual in¬ 
ductance of the bus can be effected by judicious 
use of the equations for the square cross section. 
In an earlier paper 6 on single-phase coaxial busses 
the writers calculated that an equivalent square 
tubular bus with conductors having either the 
same external perimeters (rounded edges aside) 
or sides equal to the webs of the given structural 
conductors have inductances in good agreement 
with those of the structural tubular bus and 
showed that these analytic deductions were con¬ 
firmed by experiment. It is to be inferred that 
selecting an equivalent three-phase bus on one 
or the other of the bases mentioned will yield 
approximate values of inductance within a few 
percent of the actual values, which is all that is 
required for most design purposes. 

Skin-effect and proximity-effect factors for 
calculating the a.c. resistances of the conductors 
can be obtained in like manner. 

X. BALANCING CONDUCTOR CURRENTS IN 

THREE-PHASE COAXIAL BUSSES 

Because of the unbalanced geometry of the 
three-phase coaxial bus the phase currents will, 
in general, not be balanced. In such case they 
must be calculated by the procedure detailed in 
chapter 2 of reference 13. For obvious reasons, 
however, balance is most desirable. Though a 
considerable degree of balance can be obtained 
by proper geometrical design (make, in so far as 
is feasible, the associated impedances identical), 
complete balance is not to be so obtained. The 
system can be balanced, however, by the use of 



suitably designed and suitably placed metal 
sleeves fitted around the conductors. Though 
account of this scheme has long been published, 5 * 18 
and satisfactory results have been obtained in 
practice, 19 it would appear that comparatively 
little use of it has been made to date. 

APPENDIX I 

The cross section S x ^Si — S 2 of conductor x 
of Fig. 1 can be considered as the symmetrical 
superposition of a positive square area Si of side 
a and a negative square area — Si of side b . By 
well known theory* 12 

S x 2 log A* = Si 2 logAi+^ 2 2 log As 

— 25i 5 2 log A* (3^) 

wherein as detailed in Appendix I of reference 6 

Si 2 logAi= -(25/12)Si 2 —(l/6)[iC(a, a) 

+X(0,0)~2iC(a,0)], (35) 

S\S 2 \ 0 gD 12 = — (25/12)5i5 2 
-(l/6){tf[(a+&)/2, (a+&)/2] 

+tf[(a-&)/2, (a —6)/2] 

~2K[(a+ft)/2,(a-6)/2]} (36) 

and, generally, 

K(A,B) = (A*-6A 2 B 2 +B*) lo g(A 2 +B 2 )* 

-4AB* tan ~ l (A/B)-±A'B tan ~ l B/A. (37) 

Substituting appropriately in Eq. 34, col- 

*• V, G. Egorov, "Equalizing currents in separate lines 
in complex bu9 bars/' Elektricnestyo, 244-245 (1930). 

19 W. K. Boice, "Current-balancing reactors for turbine 
generators," Power Plant Eng. 48, October, 94, 120 (1944). 
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lecting corresponding terms, and solving for 
logA* yields Eq. (4). 

In similar fashion, the cross section Sy&S*—Si 
of conductor y of Fig. 1 can be considered as the 
symmetrical superposition of a positive square 
area 5* of side c and a negative square area — Si 
of side d . By well-known theory 

SxSy lo gDxy = SiSz log Aa - SiSa logZ>i4 

— StSz \ogD 2i +S 2 Si logZ^24» (38) 

wherein the four terms on the right-hand side of 
Eq. 38 are analogous to those of Eq. (36). 

Substituting appropriately in Eq. (38), col¬ 
lecting corresponding tefms, and solving for 
log A* yields Eq. (5). 

APPENDIX n 

The cross section S x of Fig. 2 is comprised of 
four identical line segments, Si, S 2 , S 8 and S 4 . By 
well-known theory 

Sx 2 logA*~4(S n 2 logAi+2SiS 2 logAa 

+SiS 3 log As), (39) 

wherein as detailed in Appendix III of inference 

6 , 

logAi = loga - 3/2, (40) 

logA 2 = loga + (1/2) log2+7r/4 —3/2, (41) 

logAa = loga+jr/ 2 — 3/2. (42) 

Substituting appropriately in Eq. (39), col¬ 
lecting corresponding terms, and solving for 
log A, yields Eq. (9). 

In similar fashion, the cross section S y of Fig. 2 
is comprised of four identical line segments S®, 
S«, S 7 , and Sg. By well known theory 

S x Sy logAv-4(SiS 6 logAB+2SiS 6 logAe 

+S!S 7 logA7), (43) 

wherein as detailed in appendix III of reference 6, 

logAs =* (1/2) {log(a 2 +c 2 )+[(a 2 - c*)/ac] 

X tan~ l [(a +c) / (a - c) ] 

-*(a-s) 2 /4^-log2-3}, (44) 

lqgA# = (1/4) {[(a+c) 2 /ac] lo g(a+c) 
-~t(a-c) 2 /ac'] log(a-c) 

— 2 log2+x—6}, (45) 

logAi* (1/2) {log(a 2 +c 2 ) 

- [(a*— c l )/ac]ten~ l [Xa - c)/(a+c) 
+w(a+c)*/4ac - log2 - 3}. (46) 


Substituting appropriately in Eq. 43, col¬ 
lecting corresponding terms and solving for 
logA* yields Efl. 10. 

APPENDIX m 

The values of K(r) in Table I are ob¬ 
tained by substituting the indicated values of A 
and r in Eq. (13), obtaining the values of the 
logarithmic and arctangentic terms from the 
Work Projects Administration Tables, and per¬ 
forming all computation on a 10-row electric 
calculating machine. To avoid cumulative errors 
all computation was effected to eight significant 
figures. For actual use, however, K(r) need only 
to be known to the three or four significant 
figures given in Table I. For use in design, the 
designer may find it convenient to plot a curve 
of K(r) versus r from the values given. 


Table I. 


A 

r 

K ( r ) 

A 

r 

K ( r ) 

0 

1 

- 0.541 

0.50 

1/3 

- 0.5611 

0.10 

9/11 

- 0.553 

0.55 

7/31 

- 0.5611 

0.15 

17/23 

- 0.5560 

0.60 

1/4 

- 0.5612 

0.20 

2/3 

- 0.558 

0.65 

5/33 

- 0.5612 

0.25 

3/5 

- 0.5590 

0.70 

3/17 

- 0.5612 

0.30 

7/13 

- 0.5597 

0.75 

1/7 

- 0.5612 

0.35 

13/27 

- 0.5603 

0.80 

1/9 

- 0.5612 

0.40 

3/7 

- 0.5607 

0.90 

1/19 

- 0.5612 

0.45 

11/29 

- 0.5608 

1.0 

0 

- 0.5612 


APPENDIX IV 

The self geometric mean distance of a circular 
annulus is 18 

log D. = logri - [4(n J -r 2 2 ) J ]- l [r^-4nS 2 

+r 2 4 (3+41ogri/r s )], (47) 

wherein r x and r 2 are, respectively, the external 
and internal radii of the annulus. 

The mutual geometric mean distance of a 
circular annulus and an area of arbitrary area 
within it is 

log D n =(ri* - r 2 2 ) _1 ( r » s logTi - r 2 s logr 2 ) -1/2. (48) 

Substituting appropriately in Eqs. (47) and 
(48) yields the self and mutual geometric mean 
distances of Fig. 3: 

logA»= 1.0764, logb*„ = 1.0649, 
log£>„=0.7739, logZ>*, = 1.0649, 
logD„=0.2174, logD v ,=0.7543. 
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Substituting these values and those of the 
currents in Eqs. (l)-(3) and (26)-(28) yields 
the values of example 4. Confirmatively the 
values of reactive voltage drop on conductors y 
and z are in agreement with the values obtained 
by Dwight 17 who utilized the same bus to illus¬ 
trate his paper. The value for I x is considerably 
smaller than Dwight’s value. As, however, this 
small value stems from the algebraic summation 
of several large values, the difference in the two 
values is not surprising if (as the writers under¬ 
stand) Dwight’s values were obtained by slide 
rule whereas the writers’ were obtained by use 
of an electric calculating machine, all numerical 
values being held to eight decimal places during 
computation. 


The self-geometric mean distance of a circle 
and the mutual geometric mean distance of the 
circle to any arbitrary area within it are identical : 

logi>, ** logDm * logrj, 

where n is the radius of the circle. 

Substituting appropriately in Eq. (49) yields 
the self- and mutual geometric mean distances 
of Fig. 4: 

log#** = 1.0986, logDxy = 1.0986, 

\ogDyy = 0.8109, logD*, = 1.0986, 
lo gZ)„ = 0.4055, lo gDy B = 0.8109. 

Substituting these values and those of the 
currents in Eqs. (l)-(3) and (26)-(28) yields 
the values of example 5. 


Calendar of Meetings 


November, 1947 

3-5 National Electronics Conference. Chicago. Illinois 
3-7 American Institute of Electrical Engineers, Chicago, Illinois 
0 7 Society of Automotive Engineers (Fuels and Lubricants Meet¬ 
ing), Tulsa, Oklahoma 

7-8 Conference on X-Ray and Electron Diffraction. Mellon Insti¬ 
tute of Industrial Research, Pittsburgh, Pennsylvania 
9-12 American Institute of Chemical Engineers, Detroit, Michigan 
17-19 Institute of Radio Engineers and the Radio Manufacturers 
Association, Engineering Department. Rochester, New York 
28-29 American Physical Society. Houston, Texas 


December, 1947 

1-3 Society of Automotive Engineers (Air Transport Engineering 
Meeting). Kansas City, Missouri 

1- 5 American Society of Mcchanlcat Engineers, New York, New 

York 

26 -31 American Association for the Advancement of Science, Chicago. 
Illinois 

29 31 American Physical Society, Chicago, Illinois 

January, 1948 

2- 3 American Physical Society, 1x58 Angeles, California 

21-23 American Society of Civil Engineers, New York, New York 


Volume is, November, im7 


1021 



Mechanical Behavior of High Damping Metals 4 

Clarence Zene^, 

Institute for the Study of Metals , The University of Chicago, Chicago , Illinois 
(Received July # 16, 1947) 

The relation between the various measures of internal friction are independent of the precise 
mechanism of the dissipation of energy when the internal friction is small, but not when it is 
large. In this paper the relation between the two measures most commonly used, logarithmic 
decrement and tangent of the angle with which strain lags behind stress, is deduced for all 
levels of internal friction in the important case in which the dissipation of energy is due to a 
relaxation process having a single time of relaxation. The conditions are further derived under 
which a specimen of such a metal will not vibrate, but returns aperiodically to its equilibrium 
configuration. 


I. INTRODUCTION 

EVERAL measures of internal friction are in 
common use. Engineers frequently report the 
specific damping capacity, A E/E, defined as the 
ratio of the energy dissipated per cycle over the 
average energy of vibration. The measure 
generally used in physics varies according to the 
method used in its determination. When the 
method of free decay is employed, the logarith¬ 
mic decrement 8 is used. On the otbt*r hand, 
when the method of forced oscillation is em¬ 
ployed, the angle a by which strain lags behind 
stress is usually measured, and the internal 
friction is reported in terms of tana. At low 
values of internal friction all these various 
measures are related by simple conversion 
factors. Thus 1 

AE/E = 2 5 = 2t tana. (1) 

Recent measurements 2 in this laboratory have 
indicated that polycrystalline metals have, under 
appropriate conditions, a tana as large as 0.1. 
Under these conditions the term specific damping 
capacity becomes inappropriate since the very 
concept of energy of vibration is ambiguous. 
Under these conditions the relation between 5 
and tana in Eq. (1) begins to become inaccurate 
size in its derivation tana was assumed to be a 
small order quantity. The precise relation 
between 8 and tana is dependent upon the 
nftchanism of the dissipation of energy. One 
important mechanism of energy dissipation in 

* This research has been supported by O. N. R., Contract 
No. N6ori-20-IV. 

*C. Zener. Phys. Rev. 52, 230 (1937). 

•Ting-Sui KS, Phys. Rev. 71, 533 (1947). 


metals arises from the relaxation of an internal 
parameter which is disturbed from its equi¬ 
librium value by a change in strain. 8 ~ 8 This 
parameter could refer, for example, to the stress 
induced difference in chemical potential of 
solute atoms in two types of interstitial positions. 
Frequently this internal parameter, which will 
be denoted by A , obeys a simple relaxation equa¬ 
tion of the type 

dA/dt~ — r^A—yx, (2) 

where x denotes the deformation and r* denotes 
the time of relaxation at constant strain. In such 
cases the relation between stress and strain is 
completely specified, and hence one may deduce, 
the precise relation between 8 and tana ob¬ 
tained from free-oscillation and forced-oscillation 
experiments, respectively. This relation is ob¬ 
tained in section II. In section III the conditions 
are derived under which the material behaves in 
an aperiodic manner, that is, under which the 
material is self-overdamped. 

n. RELATION BETWEEN 5 AND TANcr 

In the most appropriate method of inves¬ 
tigating highly damping mateiial one employs 
an auxiliary-inertia member so that the inertia 
of the specimen itself is of no consequence. One 
thereby avoids all uncertainty as to the precise 
manner in which strain is distributed throughout 
the specimen. The strain is everywhere specified 

* C. Zener, W. Olis and R Nuckolls, Phys. Rev. 53, 100 
(1938). 

4 R. H. Randall, F. C. Rose, and C. Zener, Phvs. Rev. 
56, 343 (1939). 

* J. Snoek, Physica 8, 711 (1941); 9, 862 (1942). 

* C. Zener, Phys. Rev. 71, 34 (1947). 
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by a single-deformation parameter x which 
describes the overall deformation, e.g,, angle of 
twist in a torsion experiment. We shall denote by 
/ the force conjugate to x } e.g., the torque acting 
upon specimen in a torsion experiment. 

The deformation x is a linear function of / and 
the internal parameter A. Thus 

x**M R -'f+\A. (3) 

Here Mr refers to the elastic modulus under 
conditions of complete relaxation, and is called 
the relaxed elastic modulus. We shall find it con¬ 
venient to also introduce the unrelaxed modulus 
M Uf which refers to the elastic modulus measured 
under conditions in which no relaxation takes 
place. Upon using Eqs. (2) and (3) we see that 

Mu! Mu '= l+yX. (4) 

We shall also find it convenient to introduce the 
time of relaxation of A under conditions of 
constant stress, r 9 . Again comparing Eqs. (2) and 
(3) we find 

r,/Te= l+Y^ (5) 

Making use of these definitions we find that 
elimination of A between Eqs. (2) and (3) leads to 

<lx/dt+ v'jr= Mr~ l {df/dt+u >/). (6) 

The angle a by which strain lags behind stress 

in a forced oscillation experiment may now be 
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Fig. 2. Relation between maxima values of 6 and of 
tana in a plot vs. freauency of vibration. Solid line gives 
exact relation. Dashed line gives extrapolation of relation 
valid at small values of internal friction. 

found by substituting 

/=/<*** 

into Eq. (6). We find 

\lc —Mr 

tana=--. (7) 

(MvMr)* 1 -f-0) 2 ‘ T ( T a 

In the case of a free oscillation experiment, the 
force / in Eq. (6) is the negative of the force 
which acts upon the inertia member. Thus if we 
denote by I the inertia, 

Id 2 x/dt 2 = -/. (8) 

An equation containing x alone is now obtained 
by eliminating / between Eqs. (6) and (8). We 
thus find 

d*x/dt*+r ( ~ l d 2 x/dt 2 +<au 2 (dx/dt+T 9 ~ l x) =0. (9) . 

Here we have introduced the “unrelaxed” an¬ 
gular frequency 

(ou *= (Mu //) (10) 

We shall later find it convenient to introduce the 
“relaxed” angular frequency 

«*- (Mr/D'. ( 11 ) 

The logarithmic decrement, is now found by sub- 


VOLtiME 18, NOVEMBER, 1947 


1023 





















Fig. 3. Relation between relaxation strength and & m / t. 


stituting 


X = XoC ~* 1 

(12) 

into Eq. (9). According as £ is expressed as 


(13) 

or as 



(14) 

the logarithmic decrement is given bv 


3/r = 2 cot 8 

(IS) 

or 


3/t =* 2/i/ If. 

(16) 

Upon using the substitutions 


a=(r«E) _1 , 

2 E~\ 

U-E-'k 


we transform this cubic equation 

into the 

standard form studied by Jahnke and Emde, 7 

namely 


U s -aU 2 +bU- 1=0. 

(17) 


As a clue as how to proceed to evaluate the 
logarithmic decrement from this cubic equation 
we note that 


and 


ab=Mv/Mn= 1 + 7 *. ( 18 ) 

b/a^iwuURTtTo)*. ( 19 ) 


unity. Our problem is therefore considerably 
simplified if we restrict ourselves to finding the 
maximum vahte 6 m of the logarithmic decrement 
in a plot of t vs. frequency of oscillation. In 
practice this maximum value may also be ob¬ 
tained by a variation of temperature over a 
range so small that the ratio Mu/Mr remains 
essentially constant, but sufficiently large so that 
T 0 and r« vary by a large factor. This restriction 
allows us to replace b by a in Eq. (17). We now 
note that this simplified cubic equation may be 
factorized as follows, 

(t/-1) ( i/ 2 + (1 - a) U+ 1} = 0. (20) 

The first root of Eq. (20) corresponds to an 
aperiodic motion. Upon solving for the two roots 
in the second factor, and upon noting the rela¬ 
tions in Eqs. (14) and (16), we obtain 

5 m /x = 2(a — 1) {4 — (a — l) 2 } -4 . (21) 

We shall now compare 5 m with the maximum 
value of tana, tan m a, obtained in a plot of tana 
vs. w. Upon observing that the parameter a in 
Eq. (21) is given by 

a? =* Mu/ Mr, (22) 

we obtain from Kq. (7) 

tan m a = (l/2)(a—a ’)• (23) 

A plot may now Be made of h m /ir vs. tan m a 
through the two parametric equations (21) and 
(23). Such a plot is presented as Fig. 2. It is to 
be observed that $ m becomes infinite when a is 3, 
and hence when tan m a is 4/3, or when a is 53°. 
An analytic relation may be found between 
h m /v and tan m a when the internal friction is 


In experiments upon a given material at a given 
temperature, the product ab therefore remains 
fixed. On the other hand the ratio b/a varies as 
-we vary the frequencies cot;, co*, either by changes 
in dimensions of the specimen or through changes 
in the inertia I. Upon comparing the manner 
with which the angle 0, and hence 6, varies in 
(a+b) space as shown in Fig. 1 taken from Jahnke 
and Emde, 7 with how the product ab varies, we 
see that for a given product ab the logarithmic 
decrement is a maximum when the ratio b/a is 

* E. Jahnke and F. Emde, FunkUonentafcln (Teubner, 
Leipzig, 1938), second edition, addenda, pp. 20-23. 



Fig. 4. Conditions for aperiodic behavior. 
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small. Towards this end we introduce the quan¬ 
tity 

y = a—1, 

and expand and tan m a in a power series in y . 
We obtain 

$ w /x = y(l+y2/8+ ). 

tan OT a = y (1 — y/2 + ) 

and hence 

tan m a = (dm/ir) 11 — 5 m/ 2 tt+ j. 

The quantity 

A=(M a -M R )/M !{ 

is known as the relaxation strength, and is of 
theoretical significance since it is directly related 
to the constants of the material Thus from Kq. 


In terms of the parameter a the relaxation 
strength may be written as 

A = a 2 — 1. (24) 


The parametric Eqs. (21) and (24) may now be 
used to obtain a plot of A vs. 6 m /r. Such a plot 
is presented as Fig. 3. The analytic relation at 
small values of A is readily seen to be 

A = 2(6 m /ir) {l + $ m /2ir+ }. 

III. CONDITIONS FOR APERIODIC BEHAVIOR 

A specimen will not vibrate freely if all three 
roots of Kq. (17) are real. The boundary of the 
region in (a,b) space for which all three roots are 
real may be found by the method outlined by 
Jahnkc and Emde. 7 This boundary is labeled 
0 = 0 in Fig. 1. A more useful plot is obtained 
when this boundary is expressed in terms of the 
two variables 

A — ab — i 
and 

(a)(/a>ffT t T,r) ,2 = {b/a)K 

Such a plot has been deduced by graphical 
methods from an enlarged plot of the aperiodic 
boundary in (a, b) space, and is presented as 
Fig. 4. 


The Field of a Microwave Dipole Antenna in the Vicinity of the Horizon. II* 

C. L. Puceris** 

Columbia University Mathematical Physics Group , Columbia University , New York, Nav York 

(Received July 20, 1947) 


In this paper the results of a previous investigation are 
extended to include cases where the elevation of the 
transmitter z\ % or of the receiver s, is less than about 1 
when expressed in natural units of height. When si<l 
and «>1 the electromagnetic potential ¥ in the vicinity 
of the horizon is given, in the case of strong absorption 
(0»1), by 

[♦I -C(W/w(rrffl(l+to)G(p)/fil' (a) 

where 

ft, * - i )V*; 00 


and the notation of I is used. Expression (a) equals 
expression (B) or (C ) of / multiplied by the factor 
| (14-0si)|. 

When both zi and s are less than about unity the 
potential is given by 

1*1 =(L/r»)|(l+^i)(l+Wf(^)/^|, (c) 

where L is the natural unit of horizontal distance. Expres¬ 
sion (c) is equal to the expression for the surface wave 
given in (Z))of /multiplied by the factor ] (I 4’/tei)(l+0s)|* 


I N I 1 closed expressions were obtained for the (3) Zi = 0, 2 = 0. The purpose of this investigation 
field in the vicinity of the horizon in the is to extend the analysis to cover the cases (4) 
three cases: (1) 2»>1, «> 1; (2) z I = 0, z>l; and zi<l, z>l and (5) zi<l, z<l. It was shown in 

__ Eqs. (16) and (17) of 1 that the Hertzian poten- 

* This paper is based on work done for the Nava! tial T of a dipole situated at elevation Zi in an 
Oflk?aftosSSiidtttiS atmosphere of standard refraction is given by 
Publication assisted by the Ernest Kempton Adams Fund 

).*•■»•)-> J_ UkrWkNW 

J* App. Phye. M, July, 1947- HiU X[,W(n,)+(8/J)»W], »>«i, (1) 

paper will be referred to as I. 
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- (- *r/3)«-‘(g*o*)-‘ I Jo(kr)kdkN(ui) 

" o 

XW«) + (5M)iV(»)], 0<z<2„ (2) 

where 

«(z) = M 0 + 2 ; Uo=(ko i -k i )/II i -, ko = 2x/\, (3) 
M(u) = m»//, /s (1) [(2/3)«»], 

#(«) = «*//,, »<»[(2/3)m*J, (4) 

-8A4 = - [^iW(wo) -M(«o)]/e(«o); 

Q{u o)=/3JV(«o)-i^(«o). (5) 

I 

In order to evaluate (1) for small values of Z\ 
we expand the integrand into a power series in 
Z\ as follows: 


where use was made of the relations ^ 

N(x)ti(x)-M(x)ti(x) = (6i/*), 

i 

d*N d i M 

--|-.viV=0, -+*Af=0. (7) 

dx'- dx i 

Since for the field in the vicinity of the horizon 
the principal contribution to the integrals in'(l) 
and (2) arises from a small range of integration 
in the neighborhood of k — kn, we may consider 
j8(=tVo*«r*) in (6) as a constant (to within 
0 a -s < 1O -5 ). Hence, on disregarding powers of Z\ 
above the first, we have 

2)^(1+02,)*(O,s), (8) 

4r((), z) = 2e’"‘(qkt> i )- 1 


Q(u 0 )lM{u 1 ) + (B/A)N(u 1 )-] 

= (6i7t)£( 1+j82i) —«o2i 2 (/32i+3) / 6 

— 2 l »(/?z 1 d- 2 )/ 12 H-3, (6) 



X J a (kr)kdkN(u)/Q(u„). (9) 

"a 

Expression (9), which is exact, has been evalu¬ 
ated in I for the case of strong absorption (0» 1) 
and in the neighborhood of the horizon: 

¥(0, z)~[(3/2)7 ir(rf) 1 ] | G(p)Ip |, 

/> = (3/2)»(r-?)//,. (10) 

It can be shown that if the other terms in (6) 
are included, G(p) in (10) must be replaced by 

dG 

G(£)+i(V2)V[(dzi+3)/6(l+/te,)] T 

dp 

-2 1 »[(^2 1 + 2)/(H-^2l)12]G(/>)+- • •. (11) 

Relation (8) agrees with a similar result arrived 
at by v. d. Pol and Bremmer* on the basis of the 
normal mode theory. Burrows and Gray* have 
also computed a function 

F(L) = (3l/2r)\Gl(S/9)*pl\, 

using the normal-mode theory. 

Turning now to the case where both z\ and z 
are small, we have to evaluate (9) for small *. 

2 B. v. d. Pol and H. Bremmer, Phil. Mag. 27, Eq. (10), 
265 (1939). 

* C. R. Burrows and M. C. Gray, Proc. I.R.E. 29, 14 
(1941). 
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Hence we write 
N(u) N(u 0 ) N(u) 


= [(gfeo ! )‘/n 


Q(uo) Q(«„) N(u 0 ) 

X { -*+[(«o) l iV(wo) -ift(uo)]/Q(uo) | 
zN(u a ) 


r zN(u 0 ) -i 

1 +-+••• , 

1 N(Ua) 


U2) 


7'^C(*o 8 —* a )*-hT(^i 2 —* 2 )*3. 

't'(0,2)=4>+* + 2<*,', (13) 

<t> = —2ie w ‘ f J 0 (kr)kdk/T, 

Jo 

t = 2e*>* f J 0 (kr)kdk 

Jo 

X [(u (i ) Wuo) -i#(u 0 )l/Q(u 0 ) 7\ (14) 

<t>'ox — 2ie luf f J Q {kr)kdkN(uo)/N(uo)T. (15) 
j c\ 


In (15) we have not included the contribution 
from the second term in the braces of (12) because 
it is of the order of 1/0 relative to the con¬ 
tribution from the first term. The integral in 
(15) is to be understood as the limit approached 
as A—*0 when a factor exp[ — ih(kd 2 — fe 2 )*] is 
inserted in the integrand. Since for large 0, 


Qca43N(u<d we have 

A ■ 2 e*» f Jo(kr)kdk(u 0 )VT. (16) 

•'o 

It can be shown that for large 0 
(0r 2 )=-0*, 

0=(*/2)+a>/~Aor. (17) 

Hence 

^0(HW=WO,O); 

(18) 

*(O,s) = (l+0z)*(O, 0), 

where *(0,0), the surface wave on a spherical 
earth, is given by 

*(0,0 ) = (e‘'L/f}*r*)g(p'). (19) 

Combining (18) with (8) we arrive at an ex¬ 
pression for the field in terms of the surface 
wave when both Z\ and z are small: 

¥(*i, *) « (l+0*i)(l+0s)*(O, 0). (20) 

In Fig. I a comparison is shown between the 
field obtained by van d. Pol and Bremmer 2 and 
values computed from Eqs. (20) and (19). Here 
Zi or z is not more than 0.63, so that Eqs. (A) 
and (B) of I, which are valid only for z> 1, are 
inadequate. 
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Letters to the Editor 


Grain Growth in Alpha-Brass 

J. E. Burjck 

Institute for the Study of Metals, University of Chicago, Chicago, Illinois 
June 30, 1947 

A N extensive series of data on isothermal grain growth 
in alpha-brass has recently been published by 
Walker. 1 Plotting from these data logD (grain diameter in 
mm), vs. log time, one obtains a series of isothermal curves. 
An example for 42.4 percent deformation prior to recrystal¬ 
lization is shown in Fig. 1. One should like to know whether 
time and temperature for this process are relied by a 
heat of activation Q. If so, times at temperature T\ should 
be related to times at temperature T\ by the equation: 

In (hM^iQ/RKT^-Tr 1 ). 

This equation can be solved to give values of h/h to 
convert times at a given temperature to times at any 



Fig. 1. Isothermal grain growth at various temperatures in alpha-brass. 

reference temperature. By taking Q as 60,000 cal. per 
mole it is found that the data taken at all temperatures 
can be plotted on a smooth curve at a single reference 
temperature, with only a reasonable experimental scatter. 
Figure 2 shows this for the curves of Fig. 1, at a reference 
temperature of 500°C. It thus seems proper to assign a 
heat of activation to the process. This curve is not a 
straight line. 



Fig. 2. Solid line: composite grain-growth curve at 500°C reference 
temperature; Dashed line: composite curve corrected by subtracting 
OjU mm. 


Beck, Kremer, and Demer* report that their data for 
grain growth in high purity aluminum follows the relation¬ 
ship: 

* D-kt», 

where k is a constant ahd the exponent n increases linearly 
with temperature. Obviously this relationship cannot hold 
for short times, for, at /»0, D has a finite value, Do* 

The present data are expressed reasonably well by the 
relationship: 

D-D 0 “iM n , 

where Do is the grain size at the time of recrystallization, 
k is a temperature-dependent constant, and the exponent 
n has the value 0.425 until late in the growth process. The 
dotted line in Fig. 2 was obtained by subtracting the 
recrystallized grain size reported by Walker for this series 
(0.03 mm) from the solid curve through the experimental 
points. It can be seen that it is a straight line until the 
late stages of growth, but that the slope definitely falls 
off then. Similar results are obtained from other series of 
data in Walker’s work. 

This work was supported by the Office of Research and 
Inventions, U. S. N. (Contract No. N6ori-20-IV). 

* Harold L. Walker, University of Illinois Eng. Exp. Sta. Bull. 
No. 359 (Nov. 1945). 

* Paul A. Beck, Joseph C. Kremer, and I.. Demer, Phya. Rev. 71, 
555 (1947). 


Comments on “Grain Growth in Alpha-Brass” 

Paul A. Beck 

University of Notre Dame, Notre Dame, Indiana 
September 12, 1947 

I N the above note 'J. E. Burke calculated a heat of 
activation value from grain-growth data on brass 
obtained by H. L. Walker. 1 Considering the scatter of the 
data, his value of 60 kcal./g of atom is in reasonable 
agreement with the heat of activation value of 73.5 kcal./g 
atom previously calculated for brass by Beck, Kremer, 
and Demer,* by an essentially identical method, from other 
published grain-growth data. Thus, Burke’s result tends 
to confirm Beck, Kremer, and Demer’s conclusions with 
regard to the heat of activation value-from grain-growth 
data on brass. 

Burke states that the relationship, 

D = *-f», (1) 

found by Beck, Kermer, and Demer for isothermal grain 
growth in high purity aluminum cannot hold for short 
times, for at /*0, D has a finite value, D P , the grain size as 
recrystallized. Obviously, Burke uses t to denote die time 
for grain growth. The zero point of his time scale is at the 
moment when recrystallization is just complete. However, 
in the nomenclature used by Beck, Kremer, and Demer / 
denotes the total time of annealing, which includes the 
time for recrystallization.* Clearly, Burke’s objection is 
based on a misunderstanding of the nomenclature. 
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Since most of the annealing periods used by Beck, 
Kremer, and Demer are very long in comparison with the 
time for recrystallization, the error committed by using 
“grain-growth time” instead of “total time/’ as a result of 
the above misunderstanding, is negligible, except for the 
shortest annealing periods at the lowest annealing temper¬ 
atures. Consequently, the whole matter would be lacking 
in significance were it not for another mistake in Burke’s 
note. He uses the time data from Walker’s paper as if 
these meant “time for grain growth” in the above sense. 
Actually, Walker, like Beck, Kremer, and Demer, uses the 
“total time” of annealing. As some of the times of recrystal¬ 
lization in Walker’s work are relatively long (such as 
16 min. at 450°C), the error resulting from this misinterpre¬ 
tation is significant. 

The dotted line in Burke's Fig. 2 gives log(D-£> f ) as a 
function of log*, where t is supposed to be the time for 
grain growth, but it is actually the total time of annealing 
of Walker’s specimens, as explained above. Although the 
initial portion of this line was so selected across the 
“reasonable scatter” of the transposed experimental points 
that it is straight, Burke admits that deviation from the 
straight line definitely occurs at longer annealing periods. 
Nevertheless, he considers that the data are reasonably 
well expressed by the relationship: 

D-Dr^kxt*. ( 2 ) 

A comparison of relationships (1) and (2), by using 
Beck, Kremer, and Denier’s grain-growth data on high 
purity aluminum at 400°C, is given in Fig. 1. It is clear 
that the plot of logD vs. log* closely approximates a 
straight line. Plotting the same data as D — D r vs. t g (t a is 
used here to designate “grain-growth time” in order to 
avoid confusion) results in a curve which asymptotically 
approaches the above straight line at very large t g values. 
Similar curves are obtained for other annealing tempera¬ 
tures. Obviously, relation (2) does not fit the grain-growth 
data for high purity aluminum, but formula (1) does. 

It can be easily shown that the initial portion of the 
curve in the figure approaches a slope of »** 1. If t 0 ap¬ 
proaches zero, D/D r approaches 1, that is D/D r x 1-M, 
where d is a very small number, and 

D-Dr=dD r . (3) 

In Eq. (1) the constant k can be eliminated if one puts 
D**D r for t**R, where R is the time for just complete 
recrystallization. The following formula is then obtained: 

D/D r = {t/RY 
or, substituting t g = t—R, 

D/D r **(\+t 0 /R) n - W 

From (4), with the above relations, 

l+d-(l+/,/*)■, 
and from this, for a small value of t g , 

d~(n/R)t g . (5) 

By substituting (5) into (3) one obtains 

D-D r ~n(D r /R)t g . (6) 



Fig. 1. 


Formula (6) shows that for small values of t 0 the relation¬ 
ship between D — D r and t g is linear. This means that at 
very short times in the logarithmic plot the curves for all 
temperatures approach the slope of n * 1. At long annealing 
times they approach the D*=k t n straight lines, where the 
slope, w, increases with the temperature.* 


* A fuller discussion of t>*se questions is included in a detailed 
paper by Beck, Kremer, Demer, and liolzworth to be published in 
Metals Technology. September, 1947. 

1 Harold L. Walker, University of Illinois Eng. Exp. Sta. Bull. 
No. 359 (1945). . _ 

» Paul A. Beck. Joseph C. Kremer. and L. Demer, Phys. Rev. 71, 
555 (1947). 


Electron Microscope and Electron-Diffraction 
Study of Slip in Metal Crystals 

R. D. Heidknrkjch and W. Shockley 
Bell Telephone Laboratories, Inc., Murray Hill, New Jersey 
August 20, 1947 

T HE process of plastic deformation in metal crystals 
has been the subject of many investigations, both 
experimental and theoretical, over a long period of years. 
The new experimental results to be described briefly in 
this letter have been presented orally before two different 
groups* but have not appeared in print. A fuller account of 
the methods and results will appear in a British publication. 

The current experiments concerning the structure of slip 
bands were carried out using 99.99 percent aluminum cast 
in the form of small single crystals (20X6X2 mm). The 
as-cast crystals were mechanically polished through 4/0 
French emery to produce a flat, 6 X20 mm surface and then 
electropolished to remove the heavily worked layer. The 
samples were then annealed 3-4 hours above 600°C, 


Volume is, November, 1947 


1029 




electropolished again, and tljen etched and rinsed 1 to 
produce a clean, dry surface exhibiting etch pits indicating 
the orientation of the crystal. Electron-diffraction reflection 
patterns from the crystals prepared in this manner were 
Kikuchi line patterns: taken as a criterion for a reasonably 
perfect crystal. 

The electron micrographs were obtained from anodic- 
oxide replicas of the crystals produced by anodizing in a 
2.5 percent boric acid solution neutralized with ammonium 
hydroxide. These replicas are capable of a resolution of 
real structure down to at least 50A. 

Plastic deformation was accomplished either by pulling 
the crystals in tension or by compression along the long 
axis of the crystal after the final surface was prepared. 
Examination of the surfaces with a light microscope at 
50-100X indicated the orientation of the slip lines and 
their relative density and distribution for various amounts 
of plastic deformation. 

The following conclusions were arrived at from combined 
electron microscope and electron-diffraction results on 
numerous aluminum crystals with various amounts of 
deformation. 

(j4) Electron Microscope —The electron micrographs 
clearly show that the slip bands observed in a light micro¬ 
scope are actually laminar regions (see Fig. 1). Observa¬ 
tions of slip bands at various orientations to the prepared 
surface and their traces through etch pits indicate that the 
laminae are about 200A thick and of rather indefinite 
extent. From micrographs taken of crystals with jyarious 
amounts of plastic deformation, the development of slip 
bands is proposed to be as shown in Fig. 2. The initial slip 
occurs in a single (111) plane (in the slip direction) until a 
displacement of about 2000A is experienced. This particular 
plane apparently then offers sufficient resistance to further 
motion that slip begins anew on another (111) plane 



about 200A removed from the original. The process repeats 
and results in a laminar slip region. In the case of two 
adjacent slip regions, the laminae finally merge at high 
deformations to produce a large field of laminae as shown 
in the final stage in Fig. 2. 

(B) Electron Diffraction —As mentioned, electron-dif¬ 
fraction patterns from the newly prepared crystal are 
Kikuchi line patterns. 

Patterns taken with the electron beam parallel to and 
normal to the slip traces observed on the prepared surface, 
at various deformations, indicated that the material be¬ 
tween visible slip bands is relatively unaffected at small 
deformations. That is, the Kikuchi lines persist until the 
spacing of the slip bands is reduced to about 5 m or some¬ 
what less (about 5 percent elongation). At about 5 percent 
elongation the Kikuchi lines disappear, leaving only a 
spot pattern, and at still higher deformations the spots 
begin to split up, indicating rotation of various parts of 
the crystal. Slip on a second set of planes is usually ob¬ 
served at elongations in excess of about 5 percent. 

Patterns taken normal to the slip traces generally do not 
exhibit Kikuchi lines but show, instead, multiple Laue 
spots. As the deformation increases more spots appear, 
and their total angular spread increases to as much as 
8 -10° at 10 percent elongation. 

The electron microscope and electron-diffraction results 
are consistent in the conclusion that practically all the 
distortion occurs in the slip bands and very little in the 
remainder of the crystal.** The laminae in a slip region 
experience not only a translation in the slip direction, but 
also slight rotation relative to one another as indicated b\ 
the electron-diffraction patterns taken normal to the traces. 
This rotation is probably a result of constraints imposed 
during deformation. It is suggested that the rotation of 




Fig. 2. Progressive formation of laminar slip region with increasing 
deformation. Adjacent slip regions merge to produce large field of 
laminae at high deformation. 
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the laminae is responsible for asterism in x-ray Laue 
photographs of deformed metals. 

The laminar nature of the slip bands in aluminum sug¬ 
gests similar studies of other metals. First results show 
that nickel exhibits similar phenomena. In a private dis¬ 
cussion, Mr. R. Maddin of Yale University has indicated 
that the results he has obtained with brass crystals are 
quite similar to those with aluminum. 

* American Society for X-Ray and Electron Diffraction, Montreal, 
June 23-26, 1947; Bristol Conference on Theoretical Physics, Bristol, 
England, July 2-9, 1947. 

1 R. D. Heidenreich and L. Sturkey, J. App. Phys. 17. 127 (1946). 

** The conclusion is in general agreement with that of Guinier from 
studies of the x-ray background scattering produced by a deformed 
aluminum crystal. A. J. Guinier, Proc. Phys. Soc. (London) 57, 310 


New Books 


Helium 

Bv W. H. Keesom. Pp. 494, Figs. 258, 25X17 cm. 

Elsevier Publishing Company, Inc., New York, 1942. 

Price $10.00. 

Professor Keesom has used the war >ears in Holland 
to good advantage for the world of science by writing an 
excellent book about the helium atom in its gaseous, 
liquid, and solid states. There is, in addition, a review of 
work on the helium nucleus and on subjects related to the 
outer electrons. By compiling the experimental work on 
liquid helium and by inserting his keen criticism of the 
work, Professor Keesom has rendered in this section alone 
a valuable contribution to research workers in the field of 
low temperatures. From experience this reviewer has 
found that Helium is an active and authoritative text used 
by low temperature research laboratories. 

The manuscript had been completed by Keesom in 1941, 
and for this reason the very important researches on liquid 
helium by P. Kapitza and by L. Landau got into the text 
through the supplementary notes at the end of the book. 
Since the publication of Helium in 1942, there have been 
published experimental and theoretical papers (again 
mostly by the Russians: Kapitza, Peshkov, Andronikash- 
villi, Lifshitz, and Landau) which would amply warrant 
another monograph on the subject of liquid helium by 
some recognized authority. Keesom has done a good job 
of summarizing F. London’s theory about He II being a 
condensation in momentum space and the theoretical 
research by the Dutch workers Bijl, DeBeer, and Michels 
very properly receives attention. The experiments on 
flow of liquid helium in phase II are sometimes confusing, 
and the reader would do well to mentally sort out these as 
problems to be tackled by a theory after the first-order 
physibai properties are understood. The x-ray evidence 
for spatial order in He II by Keesom and Taconis, and 
the subsequent theory involving holes in the lattice, is 
not too convincing. 

Professor Keesom’s book serves as an excellent source of 


information concerning the temperature scale, and sharply 
brings to attention the confusion which exists about the 
vapor pressure vs. temperature for liquid helium below 
2 °K. It would seem that the Leiden and Oxford labora¬ 
tories have their respective viewpoints about the temper¬ 
ature scale below 2°K clearly stated in Keesom’s book and 
that the eighth International Conference of Weights and 
Measures would render a service to the now numerous 
low temperature laboratories by asking its own Advisory 
Committee for Thermometry to use Keesom’s book as a 
report and to recommend one temperature scale to be 
used by all laboratories until such time as another scale 
shall be warren ted. The problem of an international 
temperature scale below — 190°C will undoubtedly be 
taken up by the Advisory Committee for Thermometry, 
and in this respect Keesom’9 book gives prominence to 
the Leiden helium thermometer and the virial coefficients 
or gas-law correction terms used at Leiden. The Berlin 
helium thermometer and gas-law correction terms used 
by Henning have been presented by Keesom without 
criticism; the Berlin .scale is not in precise accord with the 
Leiden scale. 

Keesom’s book is two things: (a) it is a complete source 
book for information about helium in its gaseous, liquid, 
and solid state, and (b) it is a monument to the lifetime 
research of Kamerlingh Onnes, of W. H. Keesom, and of 
their many collaborators. There are many excellent dia¬ 
grams of apparatus, but space did not permit the book to 
reveal the intricate low temperature techniques which 
have made Leiden the great laboratory in this field of 
science. 

Charles F. Squire 

The Rice Institute 


Introduction to Aerodynamics of a Compressible 
Fluid 

By Hans WoLt gang Likpmann and Allen E. 
Puckett. Pp. 262, 6X9J in. John Wiley and Sons, 
Inc., New York, and Chapman and Hall, Limited, 
London, 1947. Price $4.00. 

This book is a compilation in a systematic manner of 
most non-classified material on this extremely important 
phase of aerodynamics. It has been presented by two 
well-known authorities in this field as an introduction to 
the subject rather than as a standard classroom textbook, 
no problems and few practical examples being presented. 

The book, one of the Galcit Aeronautical Series, is 
divided into two phases. Part I furnishes the reader a 
background of fundamentals, including basic thermo¬ 
dynamics, one-dimensional equations of motion, isentropic 
channel flow and applications, shock waves, and optical 
methods of flow observation. The chapter on optical 
methods is extremely descriptive, being quite brief in its 
mathematical discussions, although the essential intro¬ 
ductory material is presented. The lack of illustrated 
examples, illustrations of flow phenomena, and comparison 
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with experimental data, primarily caused by wartime 
restrictions, is a great handicap in the clarification of this 
section. 

Part II is an introduction to the more mathematical 
literature on the subject and deals with two- and three- 
dimensional motions of a compressible fluid. This com¬ 
prises an introduction to practically all present day 
methods of solution of compressibility problems, covering 
specifically the method of small perturbations, the method 
of development of the potential function into a power 
series in the thickness parameter or in the Mach number, 
the hodograph methods, the method of characteristics, 
and certain’ exact solutions. A very brief discussion of 
viscosity effects and experimental data is included, the 
latter being necessarily brief because of the small amount 
of unclassified material available in this field. Again much 
is lost in the lack of praotical examples, comparison with 
experiment, and the lack of pictorial illustrations of flow 
phenomena. This is greatly offset by the clarity of mathe¬ 
matical presentation. 

The book is primarily aimed for graduate consumption, 
requiring a good working knowledge of differential and 
integral calculus as well as a knowledge of advanced 
calculus. 

A brief table of references is also included. 

Sydney D. Black 
Case Institute of Technology 


Antennae, an Introduction to Their Theory 

By J. Aharoni. Pp. 265, 61X9J in., Figs. 149. Oxford 

University Press, London, 1947. Price $8.50. 

The study of antennae is peculiarly difficult both theo¬ 
retically and experimentally. While much progress has 
been made during the past decade, many interesting and 
important problems remain unsolved. Accordingly, all 
who are engaged in research in this field, and especially 
those who teach courses in it in graduate schools, will 
welcome J. Aharoni’s systematic and comprehensive 
introduction to its mathematical theory. Because of the 
advanced nature of the subject, the book is, in effect, an 
integrated presentation of a special branch of mathematical 
physics. It is carefully planned, well organized, and its 
principal contents are delineated in sufficient detail to 
permit analytical sequences to be followed readily by a 
reader adequately prepared in the methods of classical 
theoretical physics and in electromagnetic theory. 

The book begins with an illuminating introduction 
which summarizes and describes briefly the three general 
methods which have been used by various investigators in 
the theoretical analysis of antennae. Appropriately, the 
author uses these methods as the subjects of his three 
chapters: I. “Antennae and Boundary-Value Problems” 
(96 pages); II. “Antennae and Integral Equations” (149 


pages); III. “Antennae as Wave Guides” (29 pages). The 
presentation of antenna theory in this manner^is an 
important feature of the book since it emphasizes a unity 
of subject and of purpose in a diversity of method. 

In Chapter I the introduction is followed by an excellent, 
concise review of electromagnetic theory. The main part 
of the chapter discusses with exceptional clarity typical 
boundary-value problems involving planes, spheres, cylin¬ 
ders, and cones. A study of free and forced oscillations of 
spheres and spheroids following the work of Stratton ami 
Chu and of Ryder concludes the chapter. 

Chapter II opens with a derivation of ordinary electric- 
circuit theory from general electromagnetic principles 
beginning with the power equation expressed in terms of 
the scalar and vector potentials and the densities of charge 
and current. This is an important and well-written section. 
It serves to correlate in a fundamental manner the circuit 
aspects of antenna theory with conventional electric- 
circuit analysis. This correlation is effectively pursued and 
developed in subsequent analyses of the magnetic dipole 
(or small loop) and the electric dipole. From these, the 
argument continues logically to thin-wire antennae for 
which the integral equation is derived in quite general 
form. The study of the center-driven antenna and of the 
receiving antenna follows closely the original work of 
Hall6n and its extension by King and Blake and King and 
Harrison. The chapter continues with the derivation of 
the electromagnetic field following the conventional pro¬ 
cedure of assuming a sinusoidal current distribution; it 
concludes with a section on the effect of the earth on the 
field, and a section on direction finding. 

Chapter III is devoted to a concise but clear presentation 
of the theory of the bi-conical antenna of small angle and 
to the relationship between antenna theory and trans¬ 
mission-line theory as developed by Schelkunoff. 

Taken as a whole, Antennae , an Introduction to their 
Theory is an authoritative and valuable book which 
skillfully delineates and summarizes major phases of 
antenna theory as published up through the year 1945. 
It should prove to be an excellent text and reference book 
for advanced students and research workers in the field of 
antennae and applied electromagnetism. 

Ronold W. P. King 

Harvard University 


Technological and Physical Investigations on 
Natural and Synthetic Rubbers 

By A. J. Wildschut. Pp. 173+xi, Figs. 72, Tables 
17, 14.5X20.5 cm. Elsevier Publishing Company, 
Inc., New York, 1946. Price $3.00. 

This monograph is one of a series describing research in 
Holland in the five years of German occupation (1939 to 
1944), during which period regular journal publication 
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was interrupted. Although not intended as exhaustive, 
the investigations described provide a surprisingly compre¬ 
hensive coverage of the field. The material is presented in 
the orderly manner associated with a compilatory book 
without neglecting those descriptions of experimental 
details expected in an original contribution. The mono¬ 
graph will be carefully studied by all scientific workers 
concerned with the properties of elastomers. They will 
find experimental results and concepts which are new, as 
well as those which are confirmatory of, or occasionally at 
variance with, material previously published elsewhere. 
As an example of the former, measurements of the tensile 
strength of unelongated and elongated rubbers at the 
temperature of liquid hydrogen are reported for the first 
time, to the reviewer’s knowledge. The latter is illustrated 
by the results and conclusions of J. M. Goppel on the 
degree of crystallization as a function of elongation, 
measured by means of x-rays, which differ from those 
obtained in America by J. E. Field. It is regrettable that 
outside contemporary literature, particularly American 
and British, was for the most part unavailable during the 
period of preparation, precluding its integration with the 
work presented. However, the desirability of prompt 
publication, in the reviewer’s judgment, outweighed any 
possible gain to be derived from the inspection of all 
published material. 

Part I of the monograph is concerned primarily with 
technological investigations. In Chapter 1, a survey of 
the various rubbers and rubber-like materials investigated, 
their classification and formulation, is followed by data, 
with discussion, of a comprehensive list of mechanical 
properties. Then aging, electrical and standard physical 
properties, and resistance to chemicals are presented. 
Chapter 2 includes measurements on the plasticity of 
unvulcanized rubbers, a discussion of aging tests and the 
mechanism of aging, and mathematical interpretations of 
the stress-strain curve. Studies of the vulcanization process 
are given in Chapter 3, with emphasis on the use of 
synthetic resins as vulcanizing agents. 

Part II is devoted to more fundamental physical studies. 
It is prefaced, in Chapter 4, by a discussion of physical 
methods in structural research. Plastic and elastic prop¬ 
erties, with which Chapter 5 is concerned, are suggested 
as the most important. The thermodynamics of vulcanized 
rubbers, the plastic flow, the elasticity and permanent set, 
and the internal friction arc each analyzed in considerable 
detail. Experimental techniques are described. The effects 
of very low (-253°C) and high temperatures and of 
swelling on the mechanical properties, particularly tensile 
tensile strength, are shown in Chapter 6. The x-ray 
investigations previously mentioned are set forth in 
Chapter 7. Several investigations on the electrical prop¬ 
erties of rubber are treated briefly in Chapter 8. Finally, 
in Chapter 9, general conclusions of the entire work, 
emphasizing the uses and limitations of the various rubbers 
and the advances in knowledge of fundamental properties 
bearing on the theory of structure, are summarized. 

I. B. Prettyman 

The Firestone Tire and Rubber Company 


New Booklets 


The Gaertner Scientific Corporation, 1201 Wrightwood 
Avenue, Chicago 14, Illinois, announces the publication of 
Bulletin 151-74, Large Two-Lens Quarts Spectrograph . 8 
pages, free on request. 

Leeds and Northrup Company, 4902 Stenton Avenue, 
Philadelphia 44, Pennsylvania, publishes a quarterly 
newspaper-style bulletin entitled Modern Precision . 8 
pages, many photographs. 

Burrell Technical Supply Company, 1936 Fifth Avenue, 
Pittsburgh 19, Pennsylvania, has published a 4-page 
bulletin describing its “unit-package” tube furnaces for 
temperatures up to 2650°F. 

Dow Corning Corporation, Midland, Michigan, an¬ 
nounces an issue of silicone notes entitled DC 710 Silicone 
Oils. 8 pages, free on request. 

Sound Products Section of Radio Corporation of 
America has published a comprehensive new manual on 
the engineering and installation of sound systems. It is 
designed for use by architects, building engineers, and the 
construction industry generally, and covers all types of 
buildings. 288 pages, bound in simulated black leather, 
fully illustrated and indexed. Available at $5 from RCA 
sound systems distributors or direct from the RCA Sound 
Products Section, Camden, New Jersey. 


Here and There 


New Appointments 

David A. Katcher has been appointed editor of a new 
semipopular magazine on physics to be published early 
next year by the American Institute of Physics. The new 
magazine is planned to fill some of the gap which now 
exists between specialized technical journals and popular 
science magazines. Katcher comes to the Institute from 
the Naval Ordnance Laboratory in Washington, D. C. 

Isaac L. Auerbach, Albert Auerbach, Gerald Smoiiar, 
and Joseph D. Chapline, Jr. were recently added to the 
staff of the Electronic Control Company, Philadelphia, 
Pennsylvania. 

Cyril J. Staud has been named Director of Kodak 
Research Laboratory, and John A. Leermakers is the new 
Assistant Director and head of the Photographic Theory 
Department. 
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Walter Ramberg has been appointed Chief of the 
Mechanics Division of the National Bureau of Standards, 
succeeding Hugh L. Dryden, who is leaving the Bureau to 
become Director of Research for the National Advisory 
Committee for Aeronautics. The appointment of Grote 
Reber, radio physicist and engineer, to the staff of the 
Bureau was also announced recently. 

R. C. Mason has been named Manager of the Electro- 
Physics Department of the Westinghouse Research Labo¬ 
ratories, succeeding Gaylord W. Penney, who was recently 
appointed Westinghouse Professor of Electrical Engi¬ 
neering at the Carnegie Institute of Technology. 

Princeton Professor Drowned 

Assistant Professdr Shuichi Kusaka, a member of the 
Department of Physics at Princeton University and an 
authority on cosmic-ray theoretical research, was drowned 
on August 31 while swimming at Beach Haven, New Jersey. 

RQA Fellowship Awatd 

An RCA Fellowship was established in January 1947 
for the purpose of encouraging RCA engineers to obtain 
advanced degrees and to help in the recruiting of young 
engineers for research and development. First RCA Victor 
employee to be awarded the fellowship was Harry J. Woll, 
engineer at the company’s Camden^jplant. He will study 
for the Ph.D. degree at the University of Pennsylvania, 
and during this period will be on leave of absence from 
the company. 

Acta Crystallographlca 

A new journal of crystallography, Acta Crystallographica, 
sponsored by the recently formed International Union of 
Crystallography, will start publication in January 1948. 


(See Journal of Applied Physics, April 1947.) It will be 
published by the Cambridge University PresaUmder the 
editorship of Professor P. P. Ewald, a former editor of 
the Zeitschrift ftir Kristallographie, and a panel of regional 
co-editors. The annual subscription will be $10 for six 
issues and, by courtesy of the American Institute of 
Physics, arrangements have been made for subscribers in 
the U.S.A., its possessions, and Canada to subscribe 
through that body. Subscribers in other countries should 
subscribe directly through the Cambridge University 
Press, Bentley House, Euston Road, London, N.W. 1, 
England. Articles fof publication will |pi accepted in 
English, French, German, or Russian, and^uthors in the 
U.S.A. are invited to submit manuscripts to Professor I. 
Fankuchen, Brooklyn Polytechnic Institute, 85 Livington 
Street, Brooklyn 2, New York. 

Westinghouse Scientist Honored 

Arpad L. Nadai, Consulting Engineer of the Westing¬ 
house Research laboratories, has been awarded the 
Worcester Reed Warner Medal by the American Society of 
Mechanical Engineers, honoring noteworthy contributions 
to the permanent literature of engineering. Earlier this 
year Dr. Nadai delivered the James Clayton Lecture before 
the British Institution of Mechanical Engineers in London 
and Manchester. 

British American Research, Limited 

National Research Corporation, Cambridge, Massachu¬ 
setts, announces the formation of British American Re¬ 
search, Limited, which has recently been incorporated in * 
Scotland as a joint venture with Daniel Varney, Limited. 
The latter company was engaged during the war in tho 
manufacture of scientific research instruments and labo¬ 
ratory apparatus. The new company will undertake the 
manufacture and sale of high vacuum equipment. 
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A Preliminary Study of a Physical Basis of Bird Navigation 

Henry L. Yeagley 

Department of Physics , The Pennsylvania State College , State College, Pennsylvania 
(Received June 26, 1947) 

Foreword 

F. C. Whitmore 

Dean of the School of Chemistry and Physics , The Pennsylvania State College 

The theory presented was formulated in 1942 at the Pennsylvania State College by Dr. 
H. L. Yeagley, Associate Professor of Physics. Its only public presentation is in a preliminary 
non-technical article in the October 1943 issue of The Penn State Engineer, a local student 
publication. The training of birds for the first experiments was begun in May 1943. The first 
actual field test was made November 7, 1943 with homing pigeons trained to navigate to 
Paoli, Pennsylvania. This experiment was witnessed by officers of the U. S. \rmy Signal Corps, 
including Major Otto Meyer, in charge of the Army Pigeon Service Agency of the U. S. Army 
Signal Corps. Because of the positive nature of the results and their importance to communica¬ 
tion in the war, all subsequent work was reported only to the Army Service Forces: 

Report on Bird Navigation, “Theory and confirming evidence” Decemder 12, 1941. 

Report on Bird Navigation, “Hamlet experiment," April 24, 1945. 

Report on Bird Navigation, "A continuation of experiments started at the Pennsylvania 
State College in December, 1942,” January 4, 1946. 

Report on Bird Navigation, “East-West experiment,” June 30, 1946. 

The bird navigation theory as presented implies an organ or organs in the bird'9 physiology 
which are sensitive to the effect of its motion through the vertical component of the earth's 
magnetic field and to the effort exerted to overcome the coriolis force, due to the earth’s 
rotation. Both these influences involve a set of lines which together form a navigational grid- 
work. By correlating its instantaneous land speed with the two above effects, a bird can fly 
to its home which is a unique point in this gridwork, or to related companion points existing 
in the gridwork at positions other than its home. Experimentation with homing pigeons between 
the home and spurious home points (conjugate or companion points) has yielded data which 
supports the theory. 


P ROBABLY no natural phenomenon has in¬ 
trigued man and held his interest more than 
the ability of the homing pigeon to fly long dis¬ 
tances from a strange locality and across un¬ 
familiar territory to its home loft. Many leading 
ornithologists believe that this same ability 
guides wild birds in their long migratory flights 


over land and water areas. Invariably, references 
made to this remarkable accomplishment in the 
bird world are in terms of “instinct,” which is a 
way of saying “we don't know.” 

The over-all problem of bird navigation in¬ 
volves at least the following five factors: 

1. A desire on the part of the homing pigeon 
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to go to the home loft or, in the case of wild 
birds, to go to their summer feeding and breeding 
grounds, or their warmer wintering areas during 
migratory periods. 

2. The physical strength and endurance to 
fly the required distance. 

3. A knowledge of familiar landmarks, within 
a minimum radius, for piloting to the exact 
spot. (This radius distance for homing pigeons is 
known, to be about twenty-five miles.) 

4. The ability to navigate. This implies the 
possession and use of an organ^ or organs as 
navigating instruments. 

5. Considerable navigating experience in flying 
in and about the “home” region. With homing 
pigeons this experience is artificially built up by 
sending the birds to gradually increasing dis¬ 
tances. 

It is well known that many birds of the migra- 
’ tory species return to their breeding and nesting 
grounds after being trapped and sent hundreds 
of miles into strange territory. Many such flights 
have been arranged so that the birds must orient 
themselves and fly hundreds of^niles over water 
routes out of sight of land. One species, the 
Golden Plover, 1 performs the remarkable feat of 
navigating 3000 miles from Alaska to the Ha¬ 
waiian islands with no landmarks over the broad 
expanses of the Pacific Ocean. Hundreds of 
individuals of the albatross family roam over 
thousands of square miles of the Southern Pa¬ 
cific area. Members of each species finally return 
to their own tiny island to breed and raise young. 
Hood Island 2 of the Galapagos Archipelago 
group, is headquarters for one species of these 
birds.- Since there are no “sign posts” of any 
kind over the ocean wastes, the flights must 
involve true navigation until the home island 
comes into view. Other types of birds, including 
noddy and sooty terns, swallows, hearing gulls, 
numerous varieties of ducks, hawks, storks, 
starlings, chimney swifts, have the homing or 
navigating ability developed to a high degree. 

Thus, while man has been slowly and labori¬ 
ously learning to navigate during the past six 

1 Frederick C. Lincoln, The Migration of American Birds 
(Doubleday, Doran and Company, Inc., Garden City, 
New York, 1936). 

* J. L. Peters, Checklist of Birds of the World (Harvard 
University Press, Cambridge, Massachusetts, 1931), Vol. 1 
or 2; *W., Vol. 2, 1937; Vol. 3, 1940; iWd., Vol. 4. X 
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centuries, birds have been using a system of their 
own for perhaps millions of years. ^ 

Hundreds of papers have been written sug¬ 
gesting possible fragmentary explanations of the 
mystery of bird orientation. The more scientifi¬ 
cally possible of these explanations involve sen¬ 
sitivity of the bird to one or more of the fol¬ 
lowing : 

1. The effect of motion through the earth's 
magnetic field. 8 

2. Gravitational differences due to variations 
in the earth's radius. - 

3. The Coriolis effect due to the earth’s ro¬ 
tation. 4 

In order to set up a working system of bird 
navigation or, indeed, of any navigation, a com¬ 
bination of two or more overlapping fields of 
influence is necessary. Each of these must possess 
definite gradients. Possible grid patterns might 
represent repetitive, displaced fields of a single 
kind, or combinations of two or more of the 
following: 

1. Light beams—limited, by horizon extinc¬ 
tion, to comparatively small areas, and useful 
only in piloting. 

2. Sound beams—too limited for long dis¬ 
tances, conceivably available only for piloting. 

3. Electric fields—extremely limited by small 
intensity factor, variable magnitudes, lack of 
permanence. 

4. Electromagnetic radiations—network of ra¬ 
dio or radar beams such as are used in the radio¬ 
range network system of navigation or, more 
properly, piloting. 

5. Magnetic fields—the earth's natural mag¬ 
netic field, a somewhat irregular function of dis¬ 
tance from the magnetic poles. 

6. Force fields, such as: 

a. Coriolis force, 

b. Gravitational force, 

c. Centrifugal force. 


* C. Viguier, “Le seus de 1*orientation,” Rev. Phil. 14, 
1 (1882); A. Thauzies, “Apropos d'une theorie sur l’ori- 
entation du pigeon voyageur, Rev. Sd. (series 5) 3, 270 
(1905); “L'orientation du pigeon voyageur,” Ann. Med. 
Vet. 54, 141 (1905). 

4 Dr. W. H. Thorpe and D. H. Wilkinson, “Ising’s 
theory of bird orientation,” Nature, December 21 (1946). 
Also, G. Ising, “The physical possibility of a biological 
sense of orientation based on the rotation of the earth,” 
Ark. Math. Astrophys. 32A, No. 4 (1946). 
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Appended is a bibliography of the fragmentary 
suggestions that have previously been made in 
explanation of bird navigation. Special attention 
is called to Dr. D. R. Griffin’s paper,* “The 
sensory basis of bird navigation,” and to W. M. 
Levi’s book, The Pigeon ,f for an excellent general 
coverage of the subject. 

In setting up the present theory of bird navi¬ 
gation the following well-known facts pertaining 
to the flying and use of homing pigeons were 
considered: 

1. When released at unfamiliar and distant 
points, they usually fly in large circles for a 
matter of minutes before moving off in a straight 
line. When training flights have been experienced 
once or twice daily for weeks, and pigeons are 
released individually from new locations around 
the compass, they often sense the correct direc¬ 
tion, after having flown only one or a fraction 
of a complete circle. 

2. Homing pigeons are unable to navigate in 
a thick haze or fog or in complete darkness. 
Blinded or hooded birds fly first in a large circle 
and then in a decreasing spiral, gradually de- 
cending until about six feet above ground level, 
after which a “crash” landing is made. 

3. Pigeons are unable to navigate successfully 
in winds much over thirty-five miles per hour. 

4. After reaching four or five weeks of age, 
homing pigeons can be trained “around the 
compass” for six or eight weeks at increasing dis¬ 
tances of one, two, four, eight, sixteen, thirty-two 
miles (repeating each distance one or two times 
before increasing), after which they are easily 
capable of navigating flights of distances up to 
seventy miles and more. With a few more weeks 
of training, flights of one to two hundred miles, 
or even more, are readily accomplished. A year 
later, with some additional short training flights 
added to their experience, they can readily 
navigate home from four hundred miles, without 
previous experience of any kind in the new 
territory. 

5. Written reports by the Army and Navy 
Communications 6 as well as numerous oral re- 

* D. R. Griffin, “The Sensory Basis of Bird Navigation,” 
Quarterly Review of Biology, 1 (1944). 

fW. M. Levi, The Pigeon (R. L. Bryan Company, 
Columbia, South Carolina, 1944). 

1 Experiments With Homing Pigeons' Sensitivity to 
Radio Frequency Waves, conducted by 285th Signal 
Pigeon Company, March 1945. 



ports by representatives of flying 'dubs and in¬ 
dividuals, indicate that pigeons are confused 
and are unable to orient themselves when re¬ 
leased from points near powerful radio and radar 
broadcasting stations. There are some indica¬ 
tions that the audiofrequencies rather than the 
carrier-frequencies are the disturbing factor. 

The following thtory is presented as the first 
complete working hypothesis to explain homing- 
pigeon navigation. 

Three major factors are involved: 

1. Sensitivity of birds to the effect of flying 
through a magnetic field. 

2. Sensitivity to the forces, produced by the 
earth’s rotation, acting on masses moving over 
its surface in a straight line (part of the well- 
known Coriolis effect which is a function of 
latitude). 

3. Visual sensitivity to velocity over the 
earth’s surface (land speed). 

By correlating the results of the first and last 
of these sensitivities the bird can detect his 
“magnetic latitude.” This differs from his true 
latitude because the magnetic poles are grossly 
and asymmetrically displaced from the earth’s 
poles (Map 1). By similar correlation of the 
second and last sensitivities it is possible to de¬ 
tect the true latitude. 

The effective result of these two correlations 
is that the bird can recognize his home locality 
at the intersection of a characteristic line in the 
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Map II. Lines of equal magnetic vertical-Coriolis griduork for the United States and bordering areas. 






earth’s magnetic vertical field with a character¬ 
istic line of latitude. 

Thus it appears that the secret of bird naviga¬ 
tion depends on the displacement of the magnetic 
poles from the rotational poles of the earth with 
the subsequent intersection of the lines of equal 
magnetic-vertical intensity with latitude lines 
(Maps I and II). 

The fact is that it was a study of Map 11 in 
relation to the failure of homing pigeons near 
Indianapolis, Indiana, 6 which gave the first clue 
to the present theory. As will be noted, in that 
area the two sets of curves are essentially 
parallel. Thus in that section, the two sets of 
correlations guide the birds to a line many miles 
long instead of to an approximate point. It 
should be added that the study of maps involving 
lines of equal magnetic declination, equal mag¬ 
netic dip, equal magnetic horizontal intensity, 
equal total magnetic intensity, or any combina¬ 
tion of these failed to show such parallelism in 
southern Indiana. 

In operation, the navigation ma> be as follows: 

1. A bird is sensitive by virtue of some organ 
or organs to the magnitude of the effect of its 
motion in flight through the vertical component 
of the earth’s magnetic field. 7 This effect which 
must be correlated with its land speed, is a direct 
function of the bird’s horizontal velocity, and the 
distance from the magnetic poles. It is a maxi¬ 
mum at the poles and decreases somewhat 1 ir¬ 
regularly from each pole toward a line ap¬ 
proximately half-way between. By this means, a 
bird, if flying in a location of magnetic vertical 
field intensity different from its home, can 
consciously fly in a direction which will bring 
its land-speed magnetic vertical-field effect 8 back 
to that to which it is accustomed during its 
normal flight around home territory. Since the 
lines of equal vertical magnetic-field intensity are 
irregular closed curves centering around the 
magnetic poles, it is evident that they represent 
one set of lines involving a velocity-magnetic 
vertical-field-gradient pattern which is part of 
our proposed navigational grid system. 

• F. Sauerteig, "Indianapolis," Am. Racing Pigeon 
News, Nov. 1942, p. 1. . ^ .... 

7 See reports to the U. S. Army Signal Corps listed in 
the Foreword. 

•This effect may be the same phenomenon as the so- 
called "electromagnetic effect," it will subsequently be 
referred to as such for the sake of brevity. 


2. A bird is sensitive by virtue of some organ 
or organs to the magnitude of the Coriolis effect. 
This latter results from a natural relationship 
between the earth’s rotational velocity and mo¬ 
tion of a body over the earth. The forces in¬ 
volved are a direct function of the earth’s rota¬ 
tional speed, the speed of a body moving over 
the earth’s surface, and the latitude of the mov¬ 
ing body. As in the case of the electromagnetic 
effect, the bird must correlate its land speed 
with the magnitude of this force in order to use 
it as a guide. The lines of equal Coriolis force 
are true circles coincident with jjarallels of lati¬ 
tude. Hence, if a bird, usually subject to the 
Coriolis effect of normal flying around home 
territory, is displaced north or south, he need 
only fly in a direction which will bring the “feel” 
of the Coriolis land-speed relation back to nor¬ 
mal and he will be back on his own latitude circle. 
These circles represent a second set of lines which 
in bird orientation involves a force land-speed- 
gradient pattern which is a part of our postulated 
navigational grid system. 

Map I illustrates the existence on the earth 
of a gridwork of two distinct sets of curves, repre¬ 
senting the land speed vs. electromagnetic effect 
and the land speed os. Coriolis effect. For any 
horizontally moving body over the earth’s sur¬ 
face these intersecting curves give rise to a 
system of unique pairs of conjugate points. 

This conception offered an opportunity for the 
experimental testing of the theory. If a bird 
locates its home by navigating to the inter¬ 
section of the proper magnetic vertical and the 
proper latitude, he should as readily navigate to 
the conjugate point as to his home, if released 
nearer the former. As can be seen on Map II 
the conjugate point of State College, Penn¬ 
sylvania is in central Nebraska. A location near 
Kearney, Nebraska, has been used for checking 
the theory, as will be described below. 

EFFECT OF MOTION THROUGH THE 
MAGNETIC FIELD 

It is a well-known fact that whenever a con¬ 
tinuous ring or circle of some material medium is 
rotated in a magnetic field, so that the lines of 
flux are cut, an e.m.f. is induced. This is said to 
result from a change of flux linkage and its 
magnitude is given by: 
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e.m.f. =d^/10W (e.m.f. = induced voltage); 

= rate cutting of flux in number of lines 
cut per second; 

10 8 = factor needed to give result in volts or 
joules per coulomb. 

Although it is quite customary in physics 
texts to give problems in which it is required to 
find the voltage induced when a straight wire of 
given length cuts a magnetic field of given 
strength and orientation at a given velocity, no 
known experiment has ever shown conclusively 
that an e.m.f. is induced under these latter 
conditions. Nevertheless, in dealing with bird 
navigational flight in this theory the assumption 
is made that the bird in some way senses the 
effect of flying normally through the vertical 
component of the earth’s magnetic field, and the 
laws obeyed are the same or analogous to the 
electromagnetic effect. Whether or not it is the 
latter, as is ordinarily meant in the physical 
sense, or a phenomenon for which man has not 
yet conceived a picture, does not alter its general 
application to the theory involved. For if a bird 
navigates according to a pattern which fits 
exactly into the vertical, magnetic-field Coriolis 
gridwork, illustrated in Map II, some mechanism 
relating it to bird navigation exists, even though 
man does not yet comprehend its full import. A 
flying bird or any object moving at right angles 
to a magnetic field or its component would con¬ 
stitute a system comparable to a moving straight 
wire mentioned above rather than a rotating ring. 

Should the sensitivity of the bird involve the 
ordinary laws of electromagnetism, the magni¬ 
tude of the induced voltage for a bird flying 
forty miles per hour at State College, Pennsyl¬ 
vania, where the vertical component of magnetic 

mo 


field intensity is .556 oersted, 0 would-|>e: 

ILLds .556X1X1798 

e.m.f. * 

10 8 d/ 10 8 dt 10 8 

10~ 8 or 10 microvolts per cm of length. 

d\f/ — lines of flux cut, //= field intensity, L 
= length of conductor, 40 mi./hr. = 59 ft./sec. 
or 1798 cm/sec. This voltage might make itself 
felt either across the nerves in the wings and 
other gross parts of the bird or across the eye, 
the ear, or any organ or parts of organs. 

Not only sensitivity to the absolute value but 
also reaction to its variation is necessary to 
guide the bird in the compensatory direction. 
For this reason the increments of magnetic 
vertical-field intensity should be examined. 

Average values of the vertical component of 
magnetic-field intensity are 0.60 oersted at a 
distance of 15° from the south magnetic pole in 
the Hudson Bay region, and 0.68 oersted at a 
distance of approximately 5 to 8 degrees from 
the South Magnetic Pole in the general region 
south of New Zealand. These values diminish to 
zero at points along great circles, approximately 
midway between. In equatorial regions the varia¬ 
tion of the vertical intensity in a general north- 
south direction is about .01 oersted per degree. 
In the United States the corresponding variation 
is roughly '.007 oersted per degree. Since all ex¬ 
perimental work involved in this report has been 
done in this country the latter value will be 
considered for illustrative purposes. 

(e.m.f.) L dsdH 1.798X10X7X10" 3 

dtp 10 * dt d<p 10 8 

1X1798 X.007 1X1.798X7 

----= 12.6X10" 8 

10 8 10 s 

= .13 microvolt change for approximately each 
degree or seventy miles of flight (a change 
of 1.3 percent per degree), 
d^-mcrement of “magnetic latitude” 

* World values of H may be obtained from map No. 
1702, “The vertical intensity of the birth’s magnetic 
force, “ published by the Hydrographic Office, Washington, 
D. C. Values for the United States of America from Book¬ 
let and Serial number 602, as previously indicated. 
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EFFECT OF MOTION THROUGH THE 
CORIOLIS FIELD 

The following equations represent the Coriolis 
acceleration or force per unit mass and were 
obtained from A. G. Webster’s Dynamics (G. E. 
Stechert and Company, New York), p. 320-322. 

(Pli/dt 2 — 2Q sirup(drj/dt), (see Fig. 1) (1) 

(Py/dt 2 = — 212{ (d$/dt) siny>+ ( d{/dt ) cosv>), (2) 

<Pi/dt 2 =s — g+212 cos <p(dri/dt). (3) 

<p — latitude of place, 12 = angular rotational speed 
of the earth, = acceleration of gravity, 
dbt 7 = distance moved east or west on the earth 
surface, = distance moved north or south on 
the earth surface, ±£=distance moved toward 
zenith or nadir, t = time. 

According to these equations, it is apparent 
that a bird might conceivably make use of 
Coriolis forces due to its motion in any direction 
(i.e., horizontal, vertical, or their resultant di¬ 
rections) as part of its system of navigation. 
Only horizontal motions are considered as part 
of this theory but if vertical motions were also 
included, no basic changes would be involved in 
the discussion, since in any case the magnitude 
of the resulting Coriolis forces will still be a 
function only of 12, sin^> and ds/dt. Since the 
bird’s continuous and normal motion in homing 
is horizontal, only the latter will be considered. 
Hence the following modified equation is ob¬ 
tained by combining (1) and (2): 

a = lWdt 2 ) 2 +(d 2 ri/dt 2 ) 2 y 

= 212 s\n<p[(dri/dty+ (df/dJ) 2 ] 4 - (4) 

= 212 si n*p{ds/dt) 

In (2) the term (d{/dt) cos <p is zero since motion 
in the f (vertical) direction is considered zero. 
Equation (3) denotes that there will be a vertical 
force of Coriolis resulting whenever there is a 
component of horizontal velocity eastward or 
westwa'rd. When the motion is in the +*? (east¬ 
ward) direction it is downward, and vice versa . 
The value of <P$/dt 2 (insofar as the bird is con¬ 
cerned)* varies above or below —g when it flies 
in any horizontal direction having a component 
of velocity either east or west. This vertical force 
could also be part of the bird’s orienting mechan¬ 
ism and might operate to help maintain migrat¬ 


ing birds on a true north or south course. In the 
bird’s home territory where it recognizes local 
landmarks and awareness of direction is a factor, 
as in piloting operations, this vertical force may 
again operate in guiding him. As previously 
stated, even though this vertical force, or the 
term (df/dJ) cos<p (in Eq. (2)), actually enters the 
picture, it in no way changes the over-all concept 
of the Coriolis land-speed relation to bird naviga¬ 
tion as set forth in the theory. As homing pigeons 
are known to fly at rates of twenty to sixty miles 
per hour, a value of forty miles per hour, or 
fifty-nine feet per second, will again be used for 
making an illustrative calculation. A median 
value of 45° latitude will also be chosen arbi¬ 
trarily to go with this arbitrary speed value. 
Substituting in Eq. (4): 

2tt 

</ = 2X-X. 707X59 

86,400 

4X3.14X7.07X5.9 524 

--=-=61X 10“ 4 

8.64 X10 4 8.64X10 4 

= .0061 feet per second per second. 

The direction of this Coriolis acceleration on 
the northern hemisphere is to the right and on 
the southern hemisphere to the left of the line of 
flight. This latter is commonly known to produce 
the counter-clockwise and clockwise whirlpools 
of moving fluids on the northern and southern 
hemispheres of the earth. 

As a result of this accleration, the force per 
unit mass would be F=ma = 1X-0061 or .0061 
poundal per pound at 45° latitude, and a speed 
of forty miles per hour. Or in terms of rate change 
of Coriolis effect with respect to time: 

da ds d<t> 

— = 212—cos^j— 
dt dt dl 
But 

d<t> 1 ds 
dt r dt 

da 212 cos <p(ds/dt) 2 2X2irX.707X59X59 
’ ' dt~ r " 86400X3955X5280 
4X3.14X7.07X5.9X5.9X10 1 
8.64X3.96X5.28X10 10 
= 1.72 X 10“ 8 ft./sec./sec. each second, 
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or about 

ft./sec./sec. 

10.8 X10““*«.000108- 

degree 

This 1.7 percent change of force per unit mass 
therefore occurs in flying one degree normal to 
the parallel circles of equal Coriolis effect at 45° 
latitude. The absolute value of Coriolis accelera¬ 
tion varies from maximum 1.00/. 707 X.0060 
**.0085 ft./sec./sec. at forty mi./hr. at the poles 
to zero at the equator. 

Judging by these tiny increments of Coriolis 
force and magnetic effect which* the bird would 
have to correlate with land speed for naviga¬ 
tional guidance, 1 the tendency is to reject its 
validity. 

Also it is certain that there is a physical basis 
for this ability to navigate which pigeons con¬ 
stantly demonstrate. It seems fair to assert that 
if the directives involved were of a gross magni¬ 
tude, with modern scientific tools mid mathe¬ 
matical means of investigation they would have 
been uncovered before now. 

Examination of Maps I and II reveals that in 
the equal magnetic-vertical intensity Coriolis- 
force gridwork each pair of intersecting lines 
cross each other at least twice. In addition, 
about midway between the pairs of conjugate 
intersections, approximate parallelism often ex¬ 
ists over a considerable portion of their lengths. 
These conditions also differ from a perfect pat¬ 
tern because large segregated surface deposits 
of magnetic materials on the earth prevent the 
equal magnetic-vertical lines from more than 
simulating the form of a true circle. On the 
United States Map II it can be seen that this 
condition of parallelism obtains over a fairly 
wide band of land area, including parts of Wis¬ 
consin, Illinois, Indiana, Kentucky, Tennessee, 
etc. 

The above-mentioned relationships suggest 
that birds trained to navigate to one point of 
intersection of two lines toward the east, should, 


Table I. 




Two copper 

Two 

Lost one 

Lost two 

Nov. 

Day 

plates 

magnets 

magnet 

magnets 

7 

1st 

5 

— 

1 


8 

2nd 

3 

- 

- 


9 

3rd 

- 

- 

— 

- 

10 

4th 

— 

1 

2 

2 


if released nearer to their conjugate^point, fly 
preferentially toward the latter. Likewise, the 
region^ of parallelism or tangency sjjeuld be one 
of confusion for rfavigating birds. If trained 
within this region their home would not contain 
a unique point with reference to the theory, or, 
if trained outside but released within this region, 
they would be in the dilemma of being appar¬ 
ently able to fly toward their home in either of 
two directions, approximately 180° apart. This 
suggests the experiments of training homing 
pigeons to navigate to - one location and releasing 
them near the conjugate point of the location, 
or at points in between the two conjugates to 
see if they react to the home or conjugate 
positions. 

Another suggested experiment arises from the 
idea that if birds are guided by the effect of 
flight through the vertical component of the 
earth’s magnetic field, they should become con¬ 
fused if a sufficiently strong superimposed mag¬ 
netic field moves upward and downward across 
their bodies simultaneously. These and the pre¬ 
viously mentioned considerations led to the fol¬ 
lowing set of experiments which will be described 
in chronological order. 

EXPERIMENT I 

The Magnetic Wing Experiment 
November 7, 1943 

The firbt experimental test of the theory was 
made by superimposing on homing pigeons while 
in navigational flight, a magnetic field moved 
up and down by their wing motion. This was 
accomplished by attaching hyflux-chrome mag¬ 
nets on the under side of the wings, between the 
first and second joints. 

The normal magnetic effect would be the one 
due to the somewhat pulsating forward motion 
at right angles through the vertical component 
of the earth’s magnetic field. If a number of 
homing pigeons with the superimposed moving 
experimental field were unable to home normally 
and a like number with identical training but 
with attached copper plates of the same approxi¬ 
mate mass and size should home from the same 
release point in the normal fashion, it would »be 
an indication that the earth’s magnetic field 
plays a part in bird navigational guidance. 


m2 
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Table II. 


The birds used in this experiment were raised 
and trained for it by Mr. Lowell Gable of Paoli, 
Pennsylvania. Because he is an educated man 
with a scientific mind and one of the foremost in 
the field of homing pigeon racing, it was felt the 
experiment would be more significant than under 
other circumstances. Mr. Gable carefully trained 
twenty of his best young birds to pilot and navi¬ 
gate to his loft from distances up to one-hundred 
miles. The training flights were always from sta¬ 
tions to the west, northwest, and north of Paoli 
so that the birds would not become familiar with 
land areas to the south and southwest over which 
the final experimental flights would be run. 
They were singly released many times at fifty 
to one-hundred airline miles or more to insure 
individual navigating skill and eliminate those 
that simply followed their loft-mates home. Be¬ 
tween 10.05 a.m. and 12:04 p.m. on the morning 
of November 7, 1943, the twenty trained birds 
were released at a point eight miles southeast of 
Bellaire, Maryland. The airline distance to the 
loft at Paoli was about sixty-five miles. To the 
wings of each bird in turn was attached either a 
pair of magnetic or copper plates before it was 
set free. None was released until the previous 
one had been out of sight for five minutes. Its 
general direction of travel at time of disappear¬ 
ance was carefully noted. All even-numbered 
birds carried hyflux-chrome magnets, whereas 
the odd-numbered ones had copper plates at¬ 
tached to their wings. Both magnets and copper 
plates used were 1"X.218"X.025" and weighed 
approximately .8 gram. Attachments were made 
on the under side of the manus portions of the 
wings. Since any attachment involving the wing 
feathers or feather follicles would have caused 
rapid and serious irritations, a plan had been 
devised by which thin silk strands were threaded 
through the flesh between the third and fourth 
metacarpal bones. Previous and later tests 
showed that no soreness or injury resulted from 
long attachment or from hundreds of miles of 
flying with the plates remaining in position. 

The record of their returns as supplied by 
Mr. Lowell Gable is shown in Table I. 

The magnets on the wings of the birds were 
separated about 12" between centers when in a 
horizontal, full-spread position. They were of 
such strength as to produce a horizontal in- 


3 with copper plates deviated less than 10* from a direct 

line toward the home loft, sixty-five airline miles to the 
northeast. 

4 with copper were less than 50° off from this line toward 

the north. 

3 others with copper were less than 30° off from this line 

toward the east. 

4 with magnets were about 45° off from this line. 

2 with magnets were more than 90° from this line. 

3 with magnets were approximately 130° off from this line. 
1 with magnets flew in the exactly opposite direction from 

the home loft. 


tensity, half-way between them, about equal to 
that of the earth’s magnetic horizontal com¬ 
ponent in the region of State College. This value 
is approximately .172 oersted. 

By assuming that the magnets move up and 
down with approximately simple harmonic mo¬ 
tion and estimating the wing beats at 180 per 
second and their amplitude at | foot, a value of 
.12 microvolt per centimeter was computed for 
the maximum induced e.m.f. per centimeter on 
the bird’s anatomy. 

This value of .12 microvolt per centimeter, as 
can be seen, is of the same order of magnitude as 
the change of e.m.f. involved in flying eighty 
miles toward or awa> from the normal magnetic- 
vertical line previously considered at 45° lati¬ 
tude. Both its magnitude and its pulsating char¬ 
acter, i.e., changing three-hundred and sixty 
times per minute, from zero to .12 microvolt per 
centimeter and back to zero, might conceivably 
serve to confuse the bird and upset his navigating 
prowess during its occurrence. 

The following important points should be 
noted: 

1. Eight of ten birds with copper plates re¬ 
turned home during the first two days. 

2. Of those returning, having originally had 
two magnets each and subsequently losing either 
one or both, only one with one magnet got home 
before the fourth day. 

3. Only one bird with two magnets got home 
at all and it arrived on the fourth day. 

4. None of the other birds, at this writing, has 
ever returned. 

The final results of the experiment were well 
presaged by the directions in which the birds 
left the release point. Each was carefully watched 
out of sight before another was released. Table U 
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Table III. Showing release points and final locations of birds released. 


Release 

No. 

Band 

Place found t 

Date 

Wind velocity, dir. to 
lofts, temp., storms, etc. 

Release No. 1 

1 

AU43 PA11891 

St. Paul 

6/30 

20 mi./hr. E.N.E. S.W. 

St. Paul, Neb., 

2 

WSC41 D2020 

Grand Island 

7/1 

71°F 

June 29, 1944, 

3 

IF431 5014 

Grand Island 

7/1 

18 thunderstorms during day 

distance 43 miles, 

4 

AU43 U5115 

Ulysses 

7/1 


14 birds, 

5 

IF43 K4994 

Callaway 

7/3 


7 reported 

6 

AU43 V50825 

Franklin 

7/4 



7 

IF43 K5013 

Belgrade 

7/5 


Release No. 2 

l 

AU44 P48107 

Clay Center 

7/2 

22 mi./hr. S.E. N.W. 

Hastings, Neb. 

2 

WB 31 

Greeley 

7/3 

80°F 

June 30, 1944, 

3 

AU44 P8113 

Harrgrd 

7/3 

16 thunderstorms 

distance 42 miles 

4 

AU43 V50824 

Heartwell 

7/2 

- 

13 birds, 

5 

AU43 PA 1J 886 

Hastings 

9/11 


5 reported 






Release No. 3 4 

1 

AU44 V35151 

Sargent 

7/3 

20 mi./hr. S. S.E. 

Broken Bow, Neb., 

2 

AU44 V35165 

Ericson 

7/3 

temperature? 

July 1, 1944 

3 

AU44 P48110 

Bassett 

7/3 

3 thunderstorms 

distance 50 mi. 

4 

AU44 P48320 

Mason City 

7/2 


20 birds, 

5 

AU44 V35137 

Ansley 

7/8 


10 reported 

6 

AU44 V35160 

Ansley 

7/8 



7 

AU43 V58822 

Comstock 

7/2 



8 

IF43 BER414 

Broken Bow 

7/6 



9 

AU43 U5389 

Taylor 

7/3 



10 

AU43 V5111 ' 

12 W Loup City 



Release No. 4 

1 

WB26 

Heartwell 

7/4 

24 mi./hr. S.S.W. N.N.W. 

Minden, Neb., 

2 

AU44 V35162 

Kenesaw 

7/5 

93 °F 

July 2, 1944 

3 

AU44 P48117 

Longpine 

7/7 

7 thunderstorms 

distance 25 mi., 

4 

♦AU43 Y4794 

5 mi. E. of Kearney 

7/5 

*AU43 Y4794—a Heitzman bird 

15' birds, 

5 

AU43 Xf7252 

Kenesaw 

7/5 

came within 3 miles of finding 

7 reported 

6 

AU43 PA11780 

Holredge 

7/6 

loft 


7 

AU43 M4820 

Lexington 

7/7 


Release No. 5, 

• 1 

♦WB 28 

East Loft 

7/5 

21 mi./hr. S.E. 

Havens, Neb., 

2 

AU44 26649 

Minden 

7/4 

91°F 

July 3, 1944 

3 

AU44 V35141 

Lexington 

7/4 

23 storms 

distance 70 mi., 

4 

AU43 PA 11696 

Ashton 

11/23 

*A Heissler (York, Pa.) bird flew 70 

17 birds, 




• 

mi. and found loft. Direction was 

4 reported 





away from State College 

Release No. 6 

1 

AU44 14356 

Gothenburg 

7/5 

17 mi./hr. S.E. 

Cozad, Neb., 

2 

AU44 H48122 

Burwell 

7/6 

81°F 

July 4, 1944, 

3 

AU44 B335150 

Cozad 

7/6 

11 storms 

distance 48 mi., 

4 

AU44 V35159 

Cozad 

7/6 


16 birds, 

5 

AU44 P48118 

5 mi. N. Cozad 

9/1 


9 reported 

6 

WB 27 

Oconto 

9/15 


* 

7 

AU43 DC 1486 

Dunning 

7/6 



8 

IF43 B518 

Bertrand 

7/26 



9 

AU43 J6506 

11 mi. NW Miller 

9/5 



indicates the general direction at which the birds 
went out of sight from the release point. 

Since these birds were well trained and out¬ 
standing homing pigeons, Mr. Gable and others 
expert in the field of flying and racing homing 
pigeons expected at least two or possibly three 
of those with two magnets to home, just on the 
basis of their intelligence and ability to “hunt” 
their way home. On the basis of probability and 
chance a similar prediction would obtain. 


EXPERIMENT II 

The First Nebraska Experiment 

With the positive though limited data for the 
electromagnetic phase of the theory secured, the 
groundwork was laid for testing the theory as a 
whole. Examination of the U, S. Coast and 
Geodetic Survey Map I revealed that the con¬ 
jugate point of State. College, Pennsylvania, 
(corrected for 1944) i.e., another position having 
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Table III.— Continued* 


n _ Wind velocity, dir. to 

Release No. Band Place found Hate lofts, temp., storms, etc. 


Release No. 7 

Columbus, Neb., 

July 7, 1944, 

1 

AU44 P48109 

Thedford 

7/10 

21 mi./hr. 94° 25 storms 

distance 100 miles, 

2 birds released, 

1 reported 

Release No. 8 

20 mi. east 

Council Bluffs, Iowa, 
July 8, 1944, 
distance 185 mi., 

1 

IF43 B1014 

West loft 

7/10 

21 mi./hr. N.E. 77°F 18 storms— 
this bird flew 185 miles in a direc¬ 
tion opposite from State College 
and found the west loft near 
Kearney 

1 bird released, 
l received in t*est loft 

Special Release No. 1 

1 

RBC5951JF 

15 mi. W. Grand Island 

5/16 

Day of release was clear, no 

Lincoln, Neb., 

2 

NPAB 3542 

Lenora, Kan. 

8/15 

winds, cool 

May 14, 1944, 

3 

AIJ-A 13726 

Fort Morgan, Col. 

S/24 

(Birds trained up to 50 and more 

distance 120 mi., 

4 

VE 14576 

Odell, Neb. 

5/22 

miles) 

12 birds, 

5 

AU-Y -6005 

Freemont, Neb. 

5/16 


5 reported 

Special Release No. 2 
Lincoln, Neb., 

1 

Ell712—43 

Lincoln, Neb. 

7/25 


2 

42W18225 

Lincoln, Neb. 

7/17 


June 25, 1944, 

3 

NPA43 B13239 

Lincoln, Neb. 

7/25 


12 birds released, 

4 

NPA44 B8117 

Lincoln, Neb. 

6/24 

Weather clear 

6 reported 

5 

6 

41Z17857 

NPA43-B13241 

Wahoo, Neb. later Lind- 
wood, Neb. 

Hebron, Neb. 

6/26 

7/6 

6/30 

Slight south ^ind 

Special Release No. 3 

1 

AU44 W8831 

Pittsburgh, Pa. 

9/20 

Weather was clear 

Berkeley Springs, Va.. 
Cozad, Net), birds 

2 

AU44 W8849 

Palmerton, Pa. 

10/2 

3 

AU44 W8852 

Freeland, Pa. 

9/25 

Very light breeze 

September 16, 1944 

4 

AU44 W8841 

Near Berkeley Springs Va. 

9/19 

Haze in distance 

distance 100 miles 

5 

AU43 A1436 

E. Liverpool, Ohio 

9/20 

Birds released in sets of 3’s 

I. A. Rendle birds, 

6 

AIJ44 W3851 

Portage, Pa. 

9/26 


12 birds released, 

6 reported 







identical values of magnetic vertical intensity 
and Coriolis force, lies in about the south-central 
portion of Nebraska (ten miles north of Kearney). 
A plan was worked out whereby a group of one 
hundred or more carefully selected homing pig¬ 
eons would be settled 10 and trained at State 
College, after which the birds and lofts would be 
transferred to the above conjugate point. Tests 
would then be made to determine if they would 
fly from the surrounding regions toward that 
point instead of heading for State College, 
Pennsylvania. 

With this plan in view, training flights up to 
fifty miles around State College were decided 
upon and the birds were housed in a conspicu- 

10 Having been in full flight around loft, the bird returns 
and enters it. During his first free flight outdoors even 
though raised on the spot, it is easily frightened off in a 
panic, and may fail to take visual account of its surround¬ 
ings. On a second release it is practically certain to return. 


ously designed and painted loft so it could be 
seen from as great a distance as possible. In 
addition, it was moved 11 each day so that the 
occupants, returning from training flights, would 
become accustomed to looking for the loft and 
not for familiar landmarks nearby. A five-foot 
observation balloon was raised each day about 
one-hundred and fifty feet above the loft as an 
additional beacon or guide. All these plans were 
executed carefully. The loft had a peak re¬ 
sembling a church spire and the whole was 
painted a brilliant yellow. It was moved two 
hundred feet each day and during the training 
period traveled a distance, by tractor power, of 
about three miles in a zigzag path over and across 
the college farms. The birds were given initial 

u Its location was shifted 200 feet each day for training 
flights of the birds, and never returned to a previous 
location. 
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piloting training flights 1 * of one, two, four, eight, 
and sixteen miles in several directions around the 
compass. From then on for a period of three 
months they had practice flights twice daily up 
to fifty and more miles. There was seldom a 
half-day during which they were not released 
at some new point around the compass. Care 
was used to prevent repetitional flights which 
might either aid or hinder them in the Nebraska 
experiment. It is known that repeated training 
during the same part of the day and over the 
same terrain causes homing pigeons to fly habitu¬ 
ally by the sun’s direction. Near" the end of the 
training period they were released from time to 
time in singles, doubles, and sets of five at 
twenty-five-mile airline distances. 

On the day set for the start of the trip to 
Nebraska the birds were transported to Altoona 
by truck in one of the homing lofts. The ship¬ 
ment from there on was by express so the loft 
had been carefully designed to make' it as large 
as possible and yet have it go inside the express 
car. During the entire 1100-mile trip the nests 
with eggs and young were cared for by the parent 
birds. On arrival in Kearney the loft was set on 
the fair grounds until magnetic measurements 
were made to check the values obtained from the 
IT. S. Department of Commerce. Also a second 
loft had been built and previously shipped, to 
double the chance of the birds’ finding one in 
case they navigated from the release points to 
the predicted conjugate point. Askania mag¬ 
netometer measurements showed that the mag¬ 
netic vertical-field intensity ten miles north of 
Kearney was the same as State College. Un¬ 
fortunately, however, the field intensity gradu¬ 
ally increased to about three times its normal 
value fifteen miles east and returned to its normal 
value ten miles beyond the anomaly. This con¬ 
dition meant that there were actually two con¬ 
jugate points twenty-five miles apart, which 
called for a choice of placing the two lofts about 
10 miles apart on either side of the point as 
planned according to the U. S. averages, or 
putting one at the normal conjugate point and 
the other twenty-five miles to the east at the 
anomalous conjugate point. The limited per¬ 
sonnel and transportation facilities made the 

Short distance flights in which guidance could always 
be had by means of familiar landmarks. 


twenty-five mile separation impractical. In addi¬ 
tion, magnetic anomalies exert mosr of their 
influence fairly near the ground surface and for 
all these reasons the former strategy was used. 
The lofts were carefully placed five miles east 
and west of the calculated position on as higk 
ground as could be found in that flat country. 
The birds were allowed to rest one day to ac¬ 
climate themselves to the immediate sur¬ 
roundings. 

Beginning with June 28, groups of birds were 
taken out to release points around the compass 
forty and more airline miles away. Each bird 
carried an army-message capsule with the words. 

Important 

Telegraph Immediately (collect) 

Wildlife Research Unit 
cooperating with 
The Army Pigeon Service 
c/o Fort Kearney Hotel 
Kearney, Nebraska 
Give band number 
Place found 
Date 

The data obtained from these experiments are 
set forth in Table III. Releases No. 1 through 
No. 8 show the direct result of the experiment 
proper carried out between June 29 and July 8. 
Releases labeled Specials No. 1 and No. 2 were 
performed before, and Special No. 3 after the 
main experiment and will be discussed later in 
the report. Map III, showing the state of 
Nebraska, contains a representation of the data 
shown on Table III except for that designated 
Special release No. 2 and No. 3. Each vector on 
the map represents graphically the sum total of 
the results for a given day or release number, the 
latter being in one-to-one correspondence on the 
map and table. 

The flights of all birds reported were plotted 
as vectors on a preliminary work map and their 
vector sum obtained. The length of the latter 
was divided by the number of flights involved 
and the resultant vector represents the average 
result of all the recorded flights of that day. In 
referring to these in this report the term 4 ‘total 
flight vector” will be used. A brief inspection of 
the total flight vectors for the eight days shows 
that numbers one, two, four, five, and eight not 
only point in the right direction but actually 
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Map III. Flight vectors showing average flights of the various groups of pigeons released according to data on Table III. 




terminate within ten miles of one or the other of 
the two predicted points (the normal and anomal¬ 
ous ones). In fact, four, five, and eight, and 
Special No. 1 terminate with good precision. It 
is a notable fact that one bird, a blue bar female, 
WB28, of flight number five, flew the seventy 
miles, and found and entered the loft, despite 
hot, twenty-seven-mile per hour winds at right 
angles to its line of flight. Another unusually 
significant flight was that of the light blue check 
female, band number IF43B1014, the only bird 
flown that day, and the only one released outside 
of Nebraska. Its flight started <xt 3:30 P.m. about 
twenty miles east of Council Bluffs, Iowa. Not 
only did it fly tVie one hundred eighty-five airline 
miles across hot winds averaging twenty miles 
per hour but, as with the seventy-mile flight 
described above, it flew in the opposite direction 
from its home in State College to find and enter 
its 4X4XS foot loft displaced one thousand miles 
west of its home to the middle oT a Nebraska 
grain field. 

Total flight No. 6, representing nine reported 
birds, shows one of two anomalous results; 
these birds flew in an average direction 60° off 
the theoretical course. One possible explanation 
is that there was a violent thunder storm between 
the release and' loft positions that come up 
swiftly just after the last bird had been released. 
An important fact about this flight (true for all 
releases), is that the birds did not fly toward 
State College nor in random directions. None of 
the nine flew in a direction as much as 90° off 
from the direction of the total flight vector. It 
is interesting to observe that, although the trend 
of this flight was not toward the home Coriolis 
line, it did follow almost the shortest route to the 
correct magnetic-vertical line of State College. 
Flight No. 3, also anomalous, has not the mitigat¬ 
ing factor of an intervening electric storm, but it 
should be noted that the magnetic fields in the 
region involved are of the most distorted on 
record, according to Mr. James Affleck of The 
Gulf Research and Development Company. Re¬ 
lease No. 7 is relatively unimportant since only 
one bird was reported of the two released. Actu¬ 
ally, the flight direction is quite good, being 
only about 40° off theoretical, and the bird may 
have flown in and out of the twenty-five-mile 
error distance for homing pigeons. Further, the 


hot Nebraska wind that day varied from twenty- 
six to forty-eight miles per hour along the flight 
path, and the temperature averaged 94°F 
throughout. 

Special release No. 1 represents an “advance 
guard” experiment in which twelve carefully 
trained homing pigeons were shipped to Lincoln, 
Nebraska, to be released by Professor P. A, 
Downs of the University of Nebraska. These 
birds, although not trained specifically for the 
experiment, had had several years of naviga¬ 
tional and racing experience from points up to 
one hundred miles from State College, Pennsyl¬ 
vania. After they had been singly released and 
carefully watched out of sight, Dr. Downs later 
remarked that although they looked like good 
homers, unfortunately they went the wrong 
direction. Eight of the twelve had flown out of 
sight toward the west, exactly opposite from 
State College. Examination of the total flight 
vector for this group reveals that, for the five 
reported birds, making an average flight of oqe- 
hundred thirty miles, it ends practically on the 
predicted position. 

On June 25, Dr. Downs again released twelve 
homing pigeons of excellent flying stock raised in 
State College, Pennsylvania, this time “pris¬ 
oners” up to a >ear or more in age, and without 
flying experience except inside their home loft 
and fl\-pen. In observing their behavior at the 
liberation, it was noted that they merely scat¬ 
tered in random directions. Of six subsequently 
reported by telegraph, four remained at Lincoln, 
two others went in directions neither toward 
State C ollege nor its Nebraska conjugate. This 
serves to illustrate the fact that even good hom¬ 
ing pigeons must have flying experience and 
training, in order to respond to the navigating 
influences. 

Special release No. 3 was the outcome of a 
visit to Mr. J. A. Rendle of Cozad, Nebraska, 
an outstanding racing pigeon expert, whose 
name had been given us by Major Otto Meyer 
of the U. S. Army Signal Corps. Informed of our 
experiment, he straightway offered to train some 
of his best young birds for a reverse test of the 
theory. The conjugate point of Cozad is some¬ 
what east of the middle of Pennsylvania, but the 
magnetic deposits in the mountains scatter it 
into several positions east and west along the 
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Coriolis line which is essentially the same (.04 
of a degree north) as that of State College, 
Pennsylvania. 

On September IS, we received from Mr. 
Rendle twelve young homing pigeons trained 
around the compass fifty miles from Cozad. The 
following day they were released in groups of 
three, at Berkeley Springs, Virginia. Inspection 
of Pennsylvania Map IV shows the total flight 
vector for the six reported: one stayed at or 
returned to Berkeley Springs but none followed 
a flight line more than 60° or so from the total 
flight vector, itself in a correct direction, and 
terminating within ten miles of the same Coriolis 
line through Cozad. This Cozad, Nebraska, to 
Pennsylvania result is a corroboration of the 
strongly indicative State College, Pennsylvania, 
Kearney, Nebraska, results. 

Shortly before receiving these young Cozad 
birds Mr. Rendle shipped 10 old birds which had 
had 200 to 400 mile flights in their records. These 
were released at various places one hundred miles 
or more from the center of Pennsylvania. Closely 
paralleling Mr. Rendle’s own predictions three of 
these birds homed across the 1400 or more miles 
to Cozad in from one to three weeks. Finally 
three of the remaining ones were reported found 
in the region of Michigan, western Pennsylvania, 
and eastern Ohio. A full discussion of these re¬ 
sults requires more space than is available here 
and will appear in a later paper. 

Salient Points of the First Nebraska 
Experimental Results 

1. Of one-hundred twenty-two birds trained in 
State College and released in Nebraska, only one 
was ever reported east of Indiana. This was tele¬ 
graphed in eight months later from Phillipsburg, 
Pennsylvania. 

2. Of the eight main Nebraska releases, six of 
the total flight vectors support the validity of 
the theory, in addition to the indicative results 
obtained with the Cozad, Nebraska birds flown 
from south of Pennsylvania. 

3. The Askania magnetometer readings on a 
sixty-mile line indicate there are two rather than 
one magnetic vertical-Coriolis conjugates in the 
Kearney, Nebraska, region. Two groups of total 
flight vectors (Special No. 1 together with Nos. 


4, S, and 8) and (Nos. 1 and 2), also show this 
to be true. 

4. Two birds, one from seventy, the other 
from one-hundred eighty miles, flew in directions 
almost exactly opposite to their home area in 
State College, Pennsylvania, and found their 
lofts at the predicted conjugate point. An addi¬ 
tional bird was found within three miles of the 
west conjugate and three were reported within 
less than ten miles of the anomalous conjugate 
point. Considering the fact that a homing pigeon 
should be familiar with landmarks twenty-five 
miles out from its home loft in order to assure a 
successful flight termination, it is evident that 
six of the reported birds (see data on releases 
Nos. 1-2 and 3, 4-4, 5 -1, 8-1, Special No. 1-1) 
performed the equivalent of “homing” at their 
conjugate points. It is probable that a high 
percent of those used in the experiment flew 
into the regions involved, but, not seeing the 
loft or familiar landmarks, flew out again in 
random directions. 

5. The results were good in the face of many 
adverse factors acting against success, such as: 

(a) The birds were trained in green mountain¬ 
ous country but the experimental flights were 
over flat, brown terrain. 

(b) The limited supply of five-foot signal 
balloons used in piloting the birds at the home 
loft were quickly blown down and punctured on 
stones during the first few minutes in the air 
during the first two days in Nebraska so their 
use had to be abandoned. 

(c) The experimental flights were executed in 
hot, dry winds of from sixteen to forty-eight 
miles per hour velocity which blew continuously 
during the day. Experienced racing-pigeon men 
fear any wind velocities above twelve miles per 
hour even at normal temperatures. This was in 
direct contrast to low velocity winds or com¬ 
plete absence of winds during the training period 
in Pennsylvania. 

(d) The birds of necessity were always liber¬ 
ated after 1:00 p.m., because of inadequate help 
and transportation. This is late in the day for the 
most successful flying and navigating results. 

(e) Experience has shown the longer experi¬ 
mental flight to be more successful. Over-caution, 
especially at the beginning of the undertaking, 
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Table IV. 


>. bird 

Band No. 

Year 

Color 


1 

US44SC 4950 

44 

B.Ch. 

4 

2 

US44SC 20400 

44 

Dk.Ch. 

- 

3 

US44SC 25045 

44 

Griz. 

7 

4 

US44SC 24545 

44 

Red 

6 

5 

US44SC 21496 

44 

B.Ch. 

_ 

6 

US44SC 142 

43 

B.Ch. 

— 

7 

US44SC 22935 

43 

B.Ch. 

10 

8 

US44SC 21480 

44 

Blue 

_ 

9 

US44SC 12255 

43 

B.Ch. 

19 

10 

US44SC 20241 

44 

Red 

— 

11 

US44SC 4369 

44 

B.Ch. 

5 

12 

US44SC 25569 

44 

B.Ch.Spl. 

5 

13 

US44SC 37887 

43 

Blue 

_ 

14 

US44SC 21946 

44 

Dk.Ch. 

— 

15 

US44SC 25520 

44 

Red 

6 

16 

US44SC 4904 

44 

Dk.Ch. 

4 

17 

US44SC 21479 

44 

Blue 

— 

18 

US44SC 21487 

44 

B.Ch. 

— 

19 

US44SC 24033 

44 

B.Ch. 

8 

20 

US44SC 34217 

43 

Dk.Ch. 

_ 

21 

US44SC 21477 

44 

B.Ch.W. r. 

-- 

22 

23 

US44SC 21288 
US44SC 24084 

44 

S' 

B.Ch. 

7 

24 

US44SC 21178 

44 

Red 

_ 

25 

US44SC 41183 

44 

B.Ch. 

— 

26 

US44SC 21465 

44 

Red 

— 

27 

US44SC 5159 

44 

BCh. 

4 

28 

US44SC 25208 

44 

Blue 

6 

29 

US44SC 21950 

44 

Red 

_ 

30 

US44SC 12134 

43 

Dk.Ch.W.F.Bl. 

11 

31 

US44SC 40128 

44 

Blue Tk. 

_ 

32 

US44SC 22063 

43 

B.Ch.W.F. 

11 

33 

US44SC 5403 

44 

B.Ch.Spl. 

4 

34 

US44SC 1732 

44 

Blue 

7 

35 

US44SC 46539 

43 

B.Ch. 

— 

36 

US44SC 2499 

44 

Red 

7 

37 

US44SC 4184 

44 

Mosaic 

5 

38 

US44SC 41344 

43 

Red 

— 

39 

US44SC 41043 

43 

Blk.Ch. 

— 

40 

US44SC 40246 

44 

B.Ch. 

— 

41 

US44SC 1595 

44 

B.Ch. 

7 

42 

US44SC 22460 

43 

Blue 

10 

43 

US44SC 23213 

43 

Blue Ch. 

— 

44 

US44SC 40990 

43 

Blue Tk. 

— 

45 

US44SC 24705 

44 

Silver 

— 

46 

US44SC 20241 

44 

B.C. 

— 

47 

US44SC 22209 

43 

B.Ch. 

—. 

48 

US44SC 22191 

43 

Blk. 

11 

49 

US44SC 44277 

44 

Blue 

— 

50 

US44SC 25116 

44 

B.Ch.Tk. 

— 


ap 


Age (months) 


f 

B-Camp Crowder, M-Ft. Monmouth, S-Lebanon, RM- 
Ft. Monmouth 

B-Camp Edison, N. J., M-Ft. Monmouth 
B-Ft. Sam Houston, S & RN-W. Va., RS & RM-Ft. 
Monmouth 

B-Ft. Sam Houston, M-Ft. Monmouth, S, C, RM- 
Lebanon 

B-Camp Clairborne, M-Ft. Monmouth 
B-Indio, Cal., S & F-Ft. Monmouth, S & M-Lebanon, 
RS & F-Ft. Monmouth 

B-Ft. Benning, S & M-Ft. Monmouth, RS& M-Lebanon, 
B-Camp Crowder 

B-Camp Clairborne, M-"Ft. Monmouth 
B-Camp Crowder, S & M-Ft. Monmouth, RS & RM- 
Lebanon 

B-Camp Clairborne, S & M-W. Va., RS & RM-Ft. 
Monmouth 

B-Camp Crowder, M-Ft. Monmouth, S-Lebanon 
B-Ft. Sam Houston, S & M-Lebanon, RS & RM-W. Va., 
RM-Ft. Monmouth 

B-Baltimore, Md., S & F-Ft. Monmouth 
B-Camp Clairborne, M-Ft. Monmouth 
B-Ft. Sam Houston, S & M-Lebanon, RS & RM-W. Va., 
RM-Ft. Monmouth 

B-Camp Crowder, S & M-Lebanon, RM-Ft. Monmouth 
B-Camp Clairborne, M-Ft. Monmouth 
B-Camp Clurborne, M-Ft. Monmouth 
B-Ft. Sam Houston, S & M-Lcbanon, RS& RM-W. Va., 
RS & RM-Ft Monmouth 

B-Elizabeth, N. J., M-Ft. Monmouth, RM-Lebanon 
B-Camp Clairborne, M Ft. Monmouth 

B-Ft. Sam Houston, S & M-Lebanon, RS, RM, C-Ft. 
Monmouth 

B-Camp Clairborne, M-Ft. Monmouth 
B-Camp Clairborne, S & M-Ft. Monmouth 
B-Camp Crowder, M-Ft. Monmouth 
B-Camp Crowder, M-Ft. Monmouth 
B-Ft. Sam Houston, M-Ft. Monmouth, S & RM- 
Lebanon 

B-Camp Clairborne, M-Ft. Monmouth 
B-Camp Crowder, S & M-Ft. Monmouth, RS & RM- 
Lebanon 

B, S & F-Camp Clairborne, RS & F-Ft. Monmouth 
B-Ft. Benning, S & M-Lebanon, RS & RM-W. Va., 
RS & RM-Ft. Monmouth 

B-Camp Crowder, S & M-Ft. Monmouth, RM-Lebanon 
B-Camp Crowder, S & M-Lehanon 
B-Camp Clairborne, S & F-Hackettstown, N. J., RS & 
F-Ft. Monmouth 

B, S & F-Camp Crowder, RS & M-Lebanon 

B-Camp Crowder, M-Lebanon 

B-Camp Clairborne, S & F-Ft. Monmouth 

B-Camp Clairborne, S & M-Ft. Monmouth 

B, S & F-Camp Crowder, RS & F-Ft. Monmouth 

B-Camp Crowder, S & M-Lebanon, RM-Ft. Monmouth 

B-Ft Benning, S & M-Lebanon 

B-Ft. Storey, Va., S & M-Ft. Monmouth 

B-Camp Clairborne, S & F-Ft. Meade, Md., S & F-Ft. 

Monmouth, RS & M-Lebanon 
M-Ft. Monmouth, S-W. Va. 

B-Camp Clairborne, M-Ft. Monmouth 

B-Ft. Benning, S & M-Lebanon 

B, S & F-Ft. Benning, RS & M-Lebanon, RM-Ft. 

Monmouth _ 

B, S & F-Camp Clairborne, RS & F-Ft. Meade, RS & F- 
Ft. Monmouth 

S & M-Lebanon, RS & RM-W. Va., RM-Ft. Monmouth 
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Glossary to Table IV 


Bred (B)—includes mating of old birds, hatching and 
raising youngsters to flying stage (about four and one-half 
weeks or longer), but without any flying outside of the 
loft confines. 

Settled (S)—involves letting birds fly outside of loft for 
the first time. Youngsters up to five or six weeks of age 
can be settled at a new loft, any distance whatever from 
the home cote, twenty-four hours after arrival. 

Resettled (RS)—repeating operation (S) at a new loft 
or loft location. The Army was able to do this in seven 
or eight days by mobiling the birds at the initial settling 
station. 

Flown (F)—this means that, in addition to regular 
daily exercise flights from the loft, the birds are each day 
released at progressively greater distances from the home 
location. Flights of under twenty-five miles are for the 

caused us to keep the release distances on the 
short side. 

At the completion of the tirst tests of the bird 
navigation theory just described, the data ob¬ 
tained were examined critically by the statistical 
group at the Iowa State College. These men, 
under Dr. George W. Snedecor, recommended 
that, in view of the indicative results, work 
should be continued and more data should be 
obtained. With this object in view plans with 
newly suggested procedures were carried out 
which resulted in the following experiments. 

EXPERIMENT IH 

Hamlet Experiment, September 1944 

The writer has talked to many persons, with 
much experience in racing homing pigeons, who 
contend that birds have a mysterious power to 
retrace a path over which they have been carried, 
even in darkness or in a drugged condition. 
Some tests of this contention 18 have been made 
and negative results obtained. There are also 
many experienced pigeon-racing men who claim 
that homing pigeons possess the remarkable 
ability to return to a loft from a distance, merely 
by virtue of their having lived in it. In the experi¬ 
ment of June, 1944, already recorded, the birds 
used in “Special release No. 2,” had neither 
flying experience around their home loft at State 
College, Pennsylvania, nor navigational training. 

» G. Reynaud, “The laws of orientation among animals,” 
Smith. Inst. Ann. Report of Board of Directors, p. 481, 
(translated from Rev. de9 Deux Mondes 146) 380 (1898), 
also O. H. Mowrer, J. compar. Psychol. 19, 177 (1935). 
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purpose of giving them knowledge of local landmarks for 
piloting to the exact loft locations, plus knowledge of mag¬ 
nitude and gradients of the directives for later use in 
navigating over unfamiliar territory. 

Mobiled (M)—after settling to a portable loft, the latter 
is moved each day so birds, in their local flying and short 
training flights, search for it rather than for a particular 
spot on the land. In military mobiling operations the loft 
transfers are along a straight line. In the training opera¬ 
tions of these experiments the successive locations were 
always on a circuitous route. 

Remobiled (RM)—after settling and mobiling in a given 
region the birds are resettled, with the same or similar 
appearing portable lofts, at any desired distance from the 
last location. In the war, birds were mobiled in this country 
and remobiled in the European and Pacific war theatres. 

Although the data are far too limited to be con¬ 
clusive, they do indicate an inability of such 
birds to make any effective attempt whatever at 
homing. 

At the close of the first full-scale experiment 
in Nebraska it was found possible to secure, 
from mobile lofts of the Army Signal Corps at 
Fort Monmouth, New Jersey, three hundred 
pigeons, which (with one exception, as later 
learned) had had no training in navigation, 
although some had had limited “pilotage” ex¬ 
perience from being settled and flown from short 
distances at the lofts where they were bred. 
These birds were bred and shipped from Fort 
Sam Houston, Texas, Camp Crowder, Missouri, 
and other stations indicated in Table IV and had 
been given only “mobile” training at Fort Mon¬ 
mouth. Upon arrival at the experimental head¬ 
quarters at Hamlet, Nebraska, on September 29, 
1944, they were placed in Army mobile lofts and 
permitted a twenty-four-hour rest before being 
transferred to the Various release points. In 
order to take care of the slight possibility that 
they might be able to navigate even with the 
various types of training indicated, the releases 
were arranged from locations within a hundred 
and fifty miles radius of Hamlet, Nebraska. The 
latter is practically on the conjugate point for 
Fort Monmouth, New Jersey, and according to 
the theory and the Kearney, Nebraska, results, 
the point toward which the birds would fly, 
should their limited Fort Monmouth mobile 
training be adequate. On September 30, 1944, 
two hundred and fifty of these birds were re- 
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Table V. 


Bird No. 


Date 


Place released 


Place found 


Distance traveled 


t 

Sept. 30, 1944 

Ansley 

Ansley 

0 

2 

Sept. 30, 1944 

8 mi. E. Goodland 

5} mi. E. Selden 

60 

3 

Sept. 30, 1944 

Between Quinter and Ellis 

i Between Quinter and Ellis 

0 

4 

Sept. 30, 1944 

9 mi. W. Burlington 

5 mi. N.E. Kit Carson 

40 

5 

Sept. 30, 1944 

17 mi. E. Goodland 

17 mi. S.W. Burlington 

55 

6 

Sept. 30, 1944 

Miller 

Miller 

0 

7 

Sept. 30, 1944 

13 mi. S. Alma 

Alton, Kan. 

40 

8 

Sept. 30, 1944 

3 mi. W. Bur. Stratton 

3 mi. W. Bur. Stratton 

0 

9 

Sept. 30, 1944 

Phillipsburg, Kan. 

Stocton S.E. 

23 

10 

Sept. 30, 1944 

Ansley 

Ansley 

0 

11 

Sept. 30, 1944 

Miller 

Holstein 

50 

12 

Sept. 30, 1944 

21 mi. E. Quinter 

7 mi. S.W. Waukaneg, Kan. 

7 

13 

Sept. 30, 1944 

3 mi. E. Goodland 

Goodland 

3 

14 

Sept. 30, 1944 

5 mi. E. Goodland 

Winona 

30 

15 

Sept. 30, 1944 

6 mi. N. Ansley 

4 mi. S.E. Broken Bow 

11 

16 

Sept. 30,1944 

6 mi. E. Quinter 

20 mi. S.E. Grainfield 

17 

17 

Sept. 30,1944 

Goodland, Kan. 

Goodland, Kan. 

0 

18 

Sept. 30, 1944 

12 mi. N. Ansley 

4 mi, N. Wood River 

58 

19 

Sept. 30, 1944 

Quinter 

Quinter 

0 

20 

Sept. 30, 1944 

23 mi. N. Miller 

York, Neb. 

100 

21 

Sept. 30, 1944 

3 mi. N. Phillipsburg 

4 mi. N. Phillipsburg 

1 

22 

Sept. 30, 1944 

Phillipsburg 

Phillipsburg 

0 

24 

Sept. 30, 1944 

5 mi. N. Miller 

Juniata 

50 

25 

Sept. 30, 1944 

Goodland 

Goodland 

0 

26 

Sept. 30, 1944 

17 mi. E. Goodland 

8 rai. S. Monument 

32 

27 

Sept. 30, 1944 

14 mi. S. Mille'r 

Elm Creek 

30 

28 

Sept. 30, 1944 

3 mi. W. Burlington 

W. Eckley, Col. 

57 

29 

Sept. 30, 1944 

20 mi. E. Goodland 

19 mi. E. Goodland 

1 

30 

Sept. 30, 1944 

Alma 

E. Alma 

1 

32 

Sept. 30, 1944 

Ellis, Kan. 

Ellis, Kan. 

0 

33 

Sept. 30, 1944 

18 mi. N. Ansley 

8 mi. N.E. Broken Bow 

7 

34 

Sept. 30, 1944 

Burlington 

Burlington 

0 

35 

Sept. 30, 1944 

Ogalla 

Ogalla 

0 

37 

Sept. 30, 1944 

6 mi. E. Quinter 

11 mi. S.W. Stockton 

47 

38 

Sept. 30, 1944 

18 mi. E. Waukeeny 

Bazine, Kan. 

40 

39 

Sept. 30, 1944 

3 mi. S. Alma 

Republican City 

0 

41 

Sept. 30, 1944 

12 mi. E. Quinter 

5 mi. N.E. McCracken 

40 

42 

Sept. 30, 1944 

Waukeeny 

Utica 

30 

43 

Sept. 30, 1944 

11 mi. N. Miller 

l mi. W. Heartwell 

48 

44 

Sept. 30, 1944 

6 mi. W. Burlington 

Stratton, Cok 

19 

45 

Sept. 30, 1944 

3 mi. W. Burlington 

10 mi. W. Burlington 

7 

46 

Sept. 30. 1944 

Ansley 

Ansley 

0 

47 

Sept. 30, 1944 

Ellis, Kan. 

Ellis, Kan. 

0 

50 

Sept. 30, 1944 

Alma 

Alma 

0 




Group No. 2 


23 

Sept. 30, 1944 

Goodland, Kan. 

7 mi. E. Wallace, Neb. 

110 

. 



Group No. 3 


31 

Sept. 30, 1944 

9 mi. W. Burlington 

30 mi. N.E. Garden City, 





Kan. 

120 

36 

Sept. 30, 1944 

12 mi. S. Alma 

16 mi. N. Great Bend, Kan. 

115 

40 

Sept. 30, 1944 

15 mi. E. Quinter 

Sharon 

150 

48 

Sept. 30, 1944 

9 mi. N. Pnillipsburg 

3 ml. W. Rozel 

110 

49 

Sept. 30, 1944 

Phillipsburg, Kan. 

Haviland, Kan. 

145 



(Towns in Nebraska unless otherwise specified) 



Ft. Monmouth. Flew to¬ 
ward conjugate point) 


eral direction of place bred) 


leaaed in four groups near Goodland, Kansas, 
Miller, Nebraska, Alma, Nebraska, and Quinter, 
Kansas, respectively. Small groups of twos, 
threes, fours, and fives were released, ten min¬ 
utes apart, beginning at dawn. The weather was 
cool and clear with gusty winds of about fifteen 


miles per hour blowing during the day. Of two 
hundred and fifty birds released, fifty-four were 
reported on or before October 30, by telegrams. 14 

14 Of the remaining fifty of the original three hundred, 
half were youngsters, the others yearlings. The twenty-five 
yearlings were released at Culbertson in a group most of 
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The performance of the birds released, as in¬ 
dicated by the telegrams reporting the flight 
terminals, seems to divide them into three 
natural groups (Table V) each of which will be 
dealt with separately. 

Results 

Group No . 1. These forty-eight birds flew in 
short random flights ranging from zero to sixty 
miles from the points of release. The arithmetical 
average of the forty-eight flights is about twenty 
miles. Of these, twenty were reported within a 
mile of the release point. An even more signi¬ 
ficant indication about the flight of these birds 
is that the average of the vector sum of their 
flight vectors (previously referred to as the 
“total flight vector”) is less than ten miles. 
Since these flights, including distance and direc¬ 
tions, are vector quantities, the vector sum and 
its average is the onlv one which has real mean¬ 
ing in this connection. 

Group No. 2. This 110-mile flight seems sig¬ 
nificant in that this bird flew in a direct line for 
Hamlet, Nebraska, which is the conjugate point 
of Fort Monmouth, New Jersey, and stopped just 
thirty miles beyond. Of the fifty-two birds re¬ 
ported, it is the only one which had had the 
proper training in navigating to do this. It was 
later learned that it had been used in communica¬ 
tions at Fort Monmouth, New Jersey, and in¬ 
advertently was shipped with the less experienced 
birds. 

Group No. 3 . These five birds are distinguished 
from the rest in that they made long flights 
averaging one hundred and fifteen miles in 
length, in addition to flying in directions quite 
accurately toward their original homes which 
are as follows: 


Bird No. Place bred 

31 Camp Clairborne, Louisiana 

36 Camp Crowder, Missouri 

41 Camp Crowder, Missoui i 

50 Fort Benning, Georgia 

51 Camp Clairborne, Louisiana 


A check made with the head of the Army Pigeon 


which took up residence on the spot. The twenty-five 
youngsters were retained for “navigation” training at 
State College, Pennsylvania, for later experimentation. 


Service revealed that they had been settled and 
had had considerable flying experience around 
their home loft before being shipped to Fort 
Monmouth, New Jersey, which may account not 
only for the length but also the direction of 
their flights. 

It should be noted that any one of the fifty 
reported birds, having been bred from some of 
the world’s finest homing pigeons, had the in¬ 
herited qualities and the mental and physical 
make-up to fly a like distance toward Fort 
Monmouth or its conjugate point had they also 
possessed the means of so doing, brought about 
by the required type of navigational training. 
If the “retracement” contention had credence, 
they should have flown back along the path 
over which they had been transported by train 
two days before, or retraced the paths over 
which they had been taken by car from Hamlet 
to the various release points, during the hours 
previous to their release. In the latter case they 
should have flown toward Hamlet first and then 
started eastward to Fort Monmouth instead of 
the short random flights in forty-seven of fifty- 
four reported cases. 

It is a well established fact that homing pig¬ 
eons settled and trained to navigate at an) 
point, will, in most cases, if physically able, 
return to it when released moderate distances 
away, such as one to three hundred miles. This 
experiment indicates, however, that just set¬ 
tling 15 and mobiling will not replace the training 
in navigation which they must have to home 
successfully from a distance. It therefore seems 
evident, whereas they may inherit the ability 
to navigate, that they must first have specialized 
and adequate training in order to accomplish it. 

The results of the Hamlet experiment and 
Special No. 2 and all other tests of these experi¬ 
ments, indicate that homing pigeons do not 
retrace paths over which they have just been 
transported unless these latter happen to be 
directly in line from the home (or its conjugate 
point) to which they have been trained to pilot 
and to navigate. 

11 See explanation in Glossary appended to Table IV. 
Explains training which they must have to home success¬ 
fully from a distance. It therefore 9eems evident, whereas 
they may inherit the ability to navigate, that they must 
first have specialized and adequate training in order to 
accomplish it. 
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p nh rtf P°l nts A 0f reported or which returned to the home loft at State College, 

Pennsylvania. Releases byMajor Otto Meyer. Lt. A. M. Lehman, Dr. P. F. English, Jack Nesbitt. Roy Johnson Donald 

rt-Sww Y r?M ey ' P r * 0 Hendrickson. (X)—Birds released within 100 miles of the line oftangency and 

crossed over. E—Birds released east of line of tangency. W—Bird^ released west of line of tangency. * * 


Yellow 

band 

number 


U. S. Army 
Signal Corps 
band No. 


Place of 
release 


Date 


Place found 


Date Designation 


201 

202 

203 

204 

205 

206 
*207 
208 

209 

210 
211 
212 

213 

214 

215 

216 

217 

218 

219 

220 
221 
222 

223 

224 

225 

226 

227 

228 

229 

230 

231 

232 

233 

234 

235 

236 

237 

238 

239 

240 

241 

242 


US45SC 68367 


US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 

US45SC 


68272 

68390 

68300 

68345 

68343 
68352 

68350 

68355 
68392 
68368 
68369 

68356 
68380 
68389 
68354 
68382 
68185 
68239 

68351 

68344 
68341 


Marshaltown, Iowa 6/12 

Joliet, Ill. 6/11 

Arlington, Neb. 6/12 

Ames, Iowa 6/12 

Morrison, Ill. 6/14 

Cedar Rapids, Iowa 6/12 

Carroll, Iowa 6/12 

Arlington, Neb. 6/12 

^Morrison, Ill. 6/11 

Tiffin, Ohio 6/11 

Wadsworth, Ohio 6/10 

Carroll, Iowa 6/12 

Carroll, Iowa 6/12 

Dunlap, Iowa 6/14 

Altoona, Pa. 6/10 

Tiffin, Ohio 6/11 

Cedar Rapids, Iowa 6/12 

Arlington, Neb. 6/12 

Ottowa, Ohio 6/11 

Arlington, Neb. 6/12 

Valparizo, Ind. 6/11 

Joliet, Ill. 


11 mi. E. of Sious 
Falls, S. D. 

La Salic, III. 
Nebraska City, Neb. 
Tennanet, Iowa 
Marion, Ind. 

Casey, Iowa 
Not reported 
Not reported 
Gridley, Ill. 

Not reported 
State College, Pa. 
Stuart, Iowa 
Not reported 
Fontanelle, Neb. 
State College, Pa. 
Hartville, Ohio 
Not reported 
Not reported 
Not reported 
Not reported 
Not reported 


6/14 

6/16 

6/14 

6/25 

6/14 

6/14 


7/3 

6/20 

6/24 

6/14 

6/10 

6/14 


W 

(X)' 

w 

w 

(X) 

w 


(X) 

E 

W 

W 

E 

E 


68372 

Youngstown, Ohio 

6/10 

Loyalhanna, Pa. 

6/11 

E 

68353 

Carroll, Iowa 

6/12 

Coon Rapids, Iowa 

6/14 

W 

68364 

Van Wert, Ohio 

6/11 

Not reported 



68391 

Waterman, Ill. 

6/11 

Mt. Ayr, Iowa 

6/14 

W 

68362 

^ Butler, Pa. 

6/10 

State College, Pa. 

6/10 

E 

68381 

Youngstown, Ohio 

6/10 

State College, Pa. 

6/11 

E 

68385 

Indiana, Pa. 

6/10 

Johnstown, Pa. 

6/12 

E 

68363 

Ottowa, Ohio 

6/11 

Weirton, W. Va. 

6/20 

E 

68377 

Waterman, Ill. 

6/12 

Chariton, Iowa 

6/12 

W 

68273 

Arlington, Neb. 

6/12 

Garland, Neb. 

6/26 

W 

68394 

Valparizo, Ind. 

6/11 

Kankakee, III. 

6/13 

(X) 

68393 

Butler, Pa. 

6/10 

Cowansvillc, Pa. 

6/18 

E 

68141 

Marshaltown, Iowa 

6/13 

Boxholm, Iowa 

6/15 

W 

68347 

Indiana, Pa. 

6/10 • 

Gibsonia, Pa. 

6/19 

E 

68302 

Not released 

No record 




68388 

Ames, Iowa 

6/12 

Not reported 



68348 

Wadsworth, Ohio 

6/10 

Northneld, Ohio 

6/11 

E 

68349 

Altoona, Pa. 

6/10 

State College, Pa. 

6/10 

E 

68387 

Dunlap, Iowa 

6/12 

Dow City, Iowa 

6/14 

W 

68386 

Not reported. 






EXPERIMENT IV 

The East-West Experiment, June 1945 

As previously stated, the orientation of the 
magnetic-vertical lines with respect to the Cori¬ 
olis lines produce regions where the gridwork 
character tapers off and a pattern of irregular 
parallelism or tangency occurs. Reference to 
Map II indicates this relationship over a fairly 
wide strip of land through the region which in¬ 
cludes the states of Wisconsin, Illinois, Indiana, 
Kentucky and continuing in a south-south-east 
direction. An irregular line including all the 


points of tangency in this region will subse¬ 
quently be referred to as “the line of tangency.” 

It seems evident that if birds are guided to a 
unique point (their home or conjugate point) by 
conditions requiring grid representations of the 
fields of influence, they would lack that guidance 
in a region where the indicating lines approxi¬ 
mate a condition of parallelism. Such has been 
thought to be the case by racing pigeon men in 
the region just referred to. 1 ® The procedures of 


11 F. J. Sauerteig, "Indianapolis,” Am. Racing Pigeon 
News (November 1942). 
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Table VII. Showing classifications of birds with regard to their releases east and west of line of tangency 
(including those released within 100 miles of this line). 


Yellow 

band 

No. 

U. S. Army 

Signal Corps 
band No. 

Place of release 

Group (1) 

Eastern releases 

Date Place found 

Date 

4-X 

d=Y 

211 * 

US45SC 68368 

Wadsw6rth, Ohio 

6/10 

State College, Pa. 

6/20 

+ 197 

+ o 

215 

US45SC 68389 

Altoona, Pa. 

6/10 

State College, Pa. 

6/10 

+ 31 

0 

216 

US45SC 68354 

Tiffin, Ohio 

6/11 

Hartville, Ohio 

6/14 

4-106 

~ 7 

223 

US45SC 68372 

W. of Youngstown, O. 

6/10 

Loyalhanna, Pa 

6/11 

+ 73 

-40 

227 

US45SC 68362 

Butler, Pa. 

6/10 

State College, Pa. 

6/10 

+107 

0 

228 

US45SC 68381 

Youngstown, Ohio 

6/10 

State College, Pa. 

6/11 

4-146 

0 

229 

US45SC 68385 

Indiana, Pa. 

6/10 

Johnstown, Pa 

6/12 

4 - 10 

— 20 

230 

US45SC 68363 

Ottowa, Ohio 

6/11 

Weirton, W. Va. 

6/20 

+ 172 

-33 

234 

US45SC 68393 

Butler, Pa. 

6/10 

Cowansville, Pa. 

6/18 

+ 20 

- 2 

236 

US45SC 68347 

Indiana, Pa. 

6/10 

Gibsonia, Pa. 

6/19 

- 51 

+61 

239 

US45SC 68348 

Wadsworth, Ohio 

6/10 

Northfield, Ohio 

6/17 

4- 11 

+20 

240 

US45SC 68349 

Altoona, Pa. 

6/10 

State College, Pa. 

6/10 

4- 33 

0 






TOTAL +A * 908 

+ F- 81 







-A* 51 

- K« 102 




Group (2) 








Western releases 




201 

US45SC 68367 

Marshaltown, Iowa 

6/12 

11 nu. East of Sioux 

6/14 

4165 

-140 





Falls, S. D. 




20 4 

l)S45SC 68390 

\rlington, Neb. 

6/14 

Nebraska City, Neb. 

6/14 

- 8 

+57 

204 

1JS45SC 68300 

\mcs, Iowa 

6/12 

Tennant, Iowa 

6/25 

+ 92 

+ 4 

206 

US45SC 68343 

Cedar Rapids, km a 

6/12 

Casey, Iowa 

6/14 

1-143 

+ 8 

212 

IJS45SC 68369 

Carroll, Iowa 

6/12 

Stuart, Iowa 

6/24 

- 14 

442 

214 

1JS45SC 68380 

Dunlap, Iowa 

6/12 

Fontanelle, Neb. 

6/14 

4 4S 

P 4 

224 

US45SC 68353 

Carroll, Iowa 

6/12 

Coon Rapids, Iowa 

6/14 

- 4 

+ 12 

226 

US45SC 68391 

Waterman, Ill 

6/11 

Mt. Ayr, Iowa 

6/14 

4280 

+45 

231 

LIS45SC 68377 

Waterman, Ill. 

6/11 

Chariton, Iowa 

6/12 

4232 

+ 40 

232 

IJS45SC 68273 

Arlington, Neb 

6/12 

Garland, Neb. 

6/26 

4 41 

+22 

235 

US45SC 68141 

Marshaltown, Iowa 

6/12 

Boxholm, Iowa 

6/15 

+ 52 

-20 

241 

US45SC 68387 

Dunlap, Iowa 

6/12 

Dow City, Iowa 

6/14 


7 miles 






TOTAL+A * 1050 

+ K-224 






- 

-A * 26 

-y~160 




Group (3) 






Birds released within 100 miles of line of tangency 




202 

US45SC 68272 

Joliet, Ill. 

6/11 

LaSalle, Ill 

6/16 

+ 50 

+ 12 

205 

US45SC 68345 

Morrison, Ill. 

6/11 

Marion, Ind. 

6/14 

+ 220 

-58 

209 

US45SC 68355 

Morrison, Ill. 

6/11 

Gridlev, Ill. 

7/3 

+ 47 

-58 

233 

US45SC 68394 

Valparizo, Ill. 

6/11 

Kankakee, III. 

6/13 

+ 30 

+ 18 






10 l'AL+A'“347 

+ 1’-+ 30 







-A=-0 

-K--116 


this experiment were designed to test this phase 
of the theory. 

On April 23, 1945, fifty five-week old young¬ 
sters were received from Fort Sam Houston, 
Texas. Pilotage and'navigation training of these 
birds was started immediately. Their loft was 
not mobiled and training releases were made 
twice daily. These consisted of one, two, four, 
eighty sixteen, and twenty-five mile flights for 
pilotage experience, and many thirty-, fifty-, 
and seventy-mile flights, in several directions, 
for navigational training. On some of the longer 
flights they were liberated in twos, threes, and 


fives to make them more self-reliant and capable 
of independent navigational flights. 

On June 10, 1945, when the experiment was to 
begin, there remained forty-two birds. The other 
eight were lost in the longer training flights, 
especially when released in small groups. They 
were transported by truck from State College 
to the points of liberation which were about 
equally spaced between State College, Penn¬ 
sylvania, and Kearney, Nebraska. Table VI 
shows the time and place these birds were re¬ 
leased as well as the time and place each was 
found and reported. Table VII shows the release 
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and terminal points of all the birds whose flight 
terminals were determined. These include all 
reported by telegraph and in the case of the 
eastern releases, five which actually arrived at 
the home loft. In addition it classifies them as 
follows: 

Group 1 Those birds released east oi the line of tan- 
gencv (or region of confusion). 

Group 2—Those birds released west of the line ot 
tangency. 

Group 3— Those birds which were released within a dis¬ 
tance of one hundred miles east or west of the line ot 
tangency and flew across it. 

The column at the right on Table VII also shows 
the distances which each bird flew on a direct 
line toward the conjugate for the “western” 
releases and toward the home loft in the case of 
the “eastern” releases. The Y column shows the 
perpendicular distances flown either (+) counter¬ 
clockwise or ( —) clockwise fron\ the direct line 
to conjugate or home point, respectively. 

Table VIII shows the computation of results 
from the data on Table VII. The algebraic sums 
of the X and Y component^of both groups were 
divided by the number of flights contributing 
to their totals. These values of (SX/No. flights) 
and (2F/No. flights) were then added vectorily 
to determine the resultant “flight vector” for 
the group of birds involved. 

As shown, the Eastern group (No. 1) on the 
average flew 1.8 miles in a counter-clockwise 
direction while averaging 71.4 miles toward the 
home (a deviation of approximately 1.0°) whereas 
the Western group (No. 2) deviated 5.8 miles in 
a clockwise direction while averaging 93.1 miles 
toward the conjugate point (a deviation of ap¬ 
proximately 3.6°). 

At the conjugate end of the experiment the 
birds, even without errors caused by large local 
magnetic anomalies, would be subject to errors 
of fifteen or twenty-five miles from the point, 
because of the natural errors of navigation to 
which they are subject. At the home end the 
pilotage training permits the bird, by means of 
local landmarks, to finish the last twenty-five 
or so miles of the journey to the loft. This 
probably accounts for the smaller angle of de* 
viation for the eastern group. 

Birds of group (No. 3) were deliberately 
liberated within the central two hundred-mile 


band, which should be a region.- of confusion 
insofar as the theory is concerned. It seems sig¬ 
nificant that the only birds to cross over the 
line of tangency were released in this band. 
More data will be obtained to check this in¬ 
dication. 

EXPERIMENT V 

Second Kearney Experiment, June 1945 

This experiment deals with approximately 
two hundred homing pigeons trained at State 
College, Pennsylvania. In general, the prepara¬ 
tions and procedures were the same as described 
in the previous experiment at Kearney, Ne¬ 
braska. However, since the results of the previous 
tests had so thoroughly dovetailed with the 
requirements of magnetic-vertical Coriolis the¬ 
ory, at the suggestion of Major Otto Meyer and 
Lt. Arthur M. Lehman of the Army Signal Corps, 
it was decided to put a handicap in the way of 
these birds in order to give the theory the acid 
test. The plan involved training the birds by 
releasing them always north-west of State Col¬ 
lege, but when testing them for the conjugate 
point in the Kearney, Nebraska, region, making 
the releases well toward the north-east. In 
many of the pigeon races greater speed results 
from having the birds fly and refly over familiar 
territory and many believe the birds’ ability to 
return depends on visual cues resulting from this 
careful training in the same direction. 17 There¬ 
fore, the significance of the above plane is self- 
evident. 

During the first Kearney experiment in July 
1944, five-foot meteorological balloons were used 
at State College and in Nebraska in an attempt 
to aid the birds in piloting the last ten or fifteen 
miles to the loft. The strong Nebraska winds, 
however, quickly blew them down and broke 
them so that their value was not determined. 
In this experiment eight-foot orange-colored box- 
kites were used for a similar purpose. The kites 
were flown during most of the training flights to 
the home loft at State College and during the 
two days the birds were released in Nebraska. 
Since no birds actually found the lofts this year, 
it is assumed that their effect was negligible. 

17 Ralph Gundlach, “Field study of homing pigeons;” 
Ludan H. Warmer, “The present status of the problems 
of orientation and homing by birds;” “Homing pigeons a 
puzzle to science,” Am. Weekly (June 3, 1945). 
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Table VIII. Computations with diagrams of results. 


Group (l) 
Eastern releases 


Distance traveled toward home loft 
Distance traveled awav from home loft 

Deviation to left from the X direction 


X +908 miles (11 birds) 

— — 51 miles (1 bird' 
XX. 

Y. 

- Y. 

Y t 


_ 51 miles (t bird) 

+857 miles (12 birds) 
+ 81 (2 birds) 

— 102 (5 birds) 

0 (5 birds) 


2F.= - 21 (12 birds) 
No. birds 12 


No. birds 12 


Average position of 
release points 


Total 

Flight 

Vector 


0.°9 


2X,/12 - 71 4 miles 

Fig. 2. 

Group (2) 
Western releases 


XYt/\2 - —1.8 miles 
To State^ollege, Pa. 


= +1050 miles (8 birds) 

(3 


Distance traveled toward conjugate point +^Y» 

Distance traveled away from conjugate point — X w __ 

XX +1024 miles (11 birds) 

Deviation to left from X w direction + 224 miles (9 birds) 

Deviation to right from X w direction — Yu) = — 160 miles (2 birds) 

Net (to left) deviation from X w direction X Y w 

2*. -+^^ 9-Um . les . 2F^__+64 


No birds 11 


1 No. birds 11 


— 26 miles (3 birds) 


+ 64 miles (11 birds) 

+5.8 miles 


lo Conjugate Point 

LYw/12—93 1 miles 


M-/I2- _ 


Average position ol 
release point 


t °6 Total 
Flight 
Vector 

Fig. 3. 


Procurement and Training of Birds 

Of the two hundred homing pigeons trained 
for this experiment one hundred fifty-nine were 
six-week old youngsters supplied by the Army 
Service Forces from the Army breeding lofts at 
Fort Sam Houston, Texas. The remainder were 
birds secured from various racing pigeon men a 
year previous and held over to be used as two- 
year-olds. 

All the birds were housed in two mobile lofts 
having tall peaked roofs, six-foot ceilings, and 
six- by twelve-foot floor spaces. Each contained 
one hundred and twenty nest boxes with ade¬ 
quate avaries for sunning and bathing. T he lofts 
were mounted on standard farm wagons having 
Timken high speed bearings, 6:00X16 auto¬ 
mobile tires, and were painted a bright yellow 
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They were moved one hundred yards twice daily 
for receiving the birds from their training flights. 
The latter change in loft position was accom¬ 
plished with a Fordson farm tractor. 

Training flights were carried out morning and 
afternoon. After the initial short flights to the 
east, north, and west, to take care of their error 
in navigation, the birds were trained only from 
the north-west. Except for a few stormy days, 
training was continuous from the time the 
younger birds were received on April 14 until the 
day of departure for Kearney on June 10. 

The navigation flights were extended to 
seventy miles airline. The birds flew the latter 
distance many times and on several occasions, 
when the wind velocity was practically zero, 
they homed in approximately seventy minutes. 
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Table IX. 


Yellow U. S. Army or 
celluloid other seamless 
band No. band No. 

X —distance bird flew toward conjugate point; r~X -away from point. 

Y -distance bird flew to left; —Y to right of line drawn from liberation 
point to conjugate point. Releaaqi bn K*L - English-Lehman, 

H-B -Hendrickson-Brewer, H-R -Hepdirickson-Rendle. 

Release Release Place Date Place 

Color date by released found found 

±x 

dr Y 

Group A 

6 

US45SC 

68240 

D.C. 

6/17 

E-L 

Silver Creek, Neb. 

6/20 

Hampton, Neb. 

+ 22 

+ 27 

8 

US45SC 

68247 

DCWF 

6/16 

E-L 

Silver Creek, Neb. 

6/18 

Spalding, Neb. 

+ 22 

- 40 

22 

AU44 

W31805 

G.riz 

6/17 

H-R 

Hampton, Neb. 

6/18 

Southerland, Neb 

-1-166 

- 37 

26 

US45SC 

68241 

R.C. 

6/17 

E-L 

Silver Creek, Neb. 

6/19 

Chapman, Neb. 

+ 32 

+ 8 

33 

US45SC 

68285 

D.C. 

6/16 

E-L 

St. Edward, Neb. 

6/18 

Trenton, Neb. 

f-187 

- 34 

35 

US45SC 

68278 

B.CWF 

6/17 

E-L 

St.« Edward, Neb. 

6/18 

Stamford, Neb. 

+ 132 

+ 18 

41 

US45SC 

68269 

D.C. 

6/16 

E-L 

Silver Creek, Neb. 

6/18 

Bucklin, Kan. 

+208 

+ 190 

44 

AU44 

W31806 

N.C.O. 

6/17- 

E-L 

Albion, Neb. 

6/19 

Sargent, Neb. 

+ 51 

- 67 

49 

AU44 

W31901 

N.C.O. 

6/17 

E-L 

Albion, Neb. 

6/19 

Royal, Neb. 

- 30 

- 37 

53 

US45SC 

68316 

D.C. 

6/16 

E-L 

St. Edward, Neb. 

6/19 

Stuart, Neb. 

-f 3 

- 98 

54 

US45SC 

68357 

B.C. 

6/17 

E-L 

Silver Creek, Neb. 

6/20 

Trenton, Neb. 

+ 193 

- 7 

56 

US45SC 

68249 

B.B. 

6/17 

E-L 

Albion, Neb. 

6/20 

Eads, Col. 

+333 

- 43 

59 

US45SC 

68259 

B.C. 

6/16 

E-L 

Albion, Neb. 

6/23 

Benkelman, Neb. 

+200 

- 62 

63 

US45SC 

68328 

Griz. 

6/16 

E-L 

St. Edward, Neb. 

6/18 

Leigh, Neb, 

- 32 

+ 12 

65 

US45SC 

68280 

B.C. 

6/17 

H-R 

York, Neb. 

6/20 

Kearney, Neb. 

+ 78 

+ 7 

80 

US45SC 

68200 

B.C. 

6/16 

E-L 

Albion, Neb. 

6/19 

Holbrook, Neb. 

+ 142 

- 12 

89 

US45SC 

68242 

CWF 

6/16 

E-L 

McCook, Neb. 

6/18 

Des Moines, Iowa 

+387 

- 75 

91 

US45SC 

68312 

R.C. 

6/17 

E-L 

Silver Creek, Neb. 

7/23 

Aurora, Neb. 

+ 29 

+ 20 

92 

US45SC 

68251 

R.C. 

6/16 

E-L 

Silver Creek, Neb. 

6/17 

Wilson, Kan. 

+ 112 

+ 137 

94 

US45SC 

68155 

D.C. 

6/17 

H-K 

York, Neb. 

6/19 

Concordia, Kan. 

+ 8 

+ 90 

115 

AU44V 

35135 

D.C. 

6/17 

H-R 

Hampton, Neb. 

6/18 

Ellis, Kan. 

+ 105 

+ 127 

116 

AU44P 

48145 

R.C. 

6/17 

E-L 

Silver Creek, Neb. 

6/26 

Ravenna, Neb. 

+ 68 

- 10 

119 

AU43P 

11890 

BCWK 

6/17 

E-L 

Silver Creek, Neb. 

6/19 

Hildreth, Neb. 

+ 98 

+ 28 

121 

AU43P 

11884 

B.C. 

6/17 

E-L 

Silver Creek, Neb. 

7/19 

Salem, S. Dak. 

- 76 

-142 

122 

AU40P 

1799 

B.S. 

6/17 

E-L 

Silver Creek, Neb. 

6/24 

Hebron, Neb. 

+ 29 

+ 74 

124 

US45SC 

68298 

B.C. 

6 /4V 

H-R 

York, Neb. 

6/19 

Grand Island, Neb. 

+ 40 

- 7 

130 

US44SC 

4163 

B.C. 

6/17 

E-L 

Clarks, Neb. 

6/22 

Killey, Neb. 

- 38 

+ 87 

134 

AU44V 

35136 

D.C. 

6/17 

E-L 

Silver Creek, Neb. 

6/19 

Grand Island, Neb. 

+ 43 

+ 9 

136 

— 

- 

D.C. 

6/16 

E-L 

Silver Creek, Neb. 

6/20 

Wilsonville, Neb. 

+ 152 

+ 22 

155 

AU43 

11899 

B.C. 

6/17 

H-R 

Hampton, Neb. 

6/18 

Steel City, Neb. 

- 40 

+ 63 

157 

AU43 

Y157' 

B.B. 

6/17 

H-R 

Strom bsurg, Neb. 

6/19 

Milford, Neb. 

- 20 

+ 30 

160 

AU43 

Y160 

B.C. 

6/17 

E-L 

St. Edward, Neb. 

6/19 

Linwood, Neb. 

- 32 

+ 39 

162 

AU44T 

28634 

R.C. 

6/17 

H-R 

York, Neb. 

6/18 

Leoti, Kan. 

+ 199 

+ 145 

167 

AU44V 

31005 

B.B. 

6/17 

E-L 

Clarks, Neb. 

6/18 

. Grand Island, Neb. 

+ 32 

+ 9 

170 

AU440 

3139 

BCWE 

6/17 

H-R 

Hampton, Neb. 

6/19 

Deshier, Neb. 

- 4 

+ 55 

171 

AU45W 

31905 

B.B. 

6/17 

C-L 

St. Edward, Neb. 

6/19 

Wahoo, Neb. 

- 36 

+ 60 

183 

AU44V 

31012 

B.B. 

6/17 

E-L 

Silver Creek, Neb. 

6/18 

Pierce, Neb. 

- 32 

- 53 

188 

US44 

21158 

D.D. 

6/17 

H-R 

York, Neb. 

6/20 

York, Neb. 











(22 m. N.W.) 

+ 18 

- 12 

190 

US45SC 

68258 

B.C. 

6/17 

H-R 

York, Neb. 

6/20 

Mullen, Neb. 

+ 173 

- 93 

192 

AU44V 

31017 

S.B. 

6/17 

H-R 

York, Neb. 

6/25 

Cody, Neb. 

+ 180 

-155 

193 

AU43X 

27255 

B.C. 

6/17 

H-R 

York, Neb. 

6/23 

Clanin, Kan. 

+ 60 

+ 160 

197 

US45SC 

68248 

B.B. 

6/17 

E-L 

Silver Creek, Neb. 

7/19 

Ft. Logan, Colo. 

+395 

- 73 









2 A- 

+3557 

2K=+360 







Group B 





47 

US45SC 

68274 

BCWE 

6/16 

E-L 

Silver Creek, Neb. 

6/28 

Topeka, Kan. 

- 59 

+210 

101 

AU44 

24126 

B.B. 

6/17 

E-L 

Clarks, Neb. 

6/28 

Delmont, S. Dak. 

- 40 

-132 

107 

AU44D 

32149 

D.C. 

6/17 

E-L 

Clarks, Neb. 

7/3 

North Riverside, Ill. 

-440 

+ 140 

135 

AU44V 

35174 

B.B. 

6/17 

E-L 

Silver Creek, Neb. 

6/27 

Shelby, Neb. 

- 7 

+ 12 

151 

US44SC 

20523 

B.C. 

6/17 

E-L 

Albion, Neb. 

7/30 

Bridgewater, Iowa 

-100 

+ 150 

152 

US45SC 

68205 

B.B. 

6/17 

H-R 

Aurora. Neb. 

6/29 

Portis, Kan. 

+ 43 

+ 90 

158 

AU45W 

31904 

B.B. 

6/17 

H-R 

Stromsburg, Neb. 

7/14 

Ashton, Iowa 

-115 

-100 

163 

AU45W 

Y163 

D.C. 

6/17 

E-L 

Clarks, Neb. 

6/26 

Tilden, Neb. 

- 16 

- 57 









rh 

4*5 

i-. 

1 

It 

* 

2Y-+313 


Training releases were made in groups of threes 
and fives a few times, but in most cases the birds 
were flown in groups of fifty. 

On the morning of June 9th the birds were 


given a seven-mile exercise flight from the north¬ 
west. Immediately following, one of the lofts 
was transferred from* its farm wagon base to a 
two-ton International Truck owned by the Agri- 
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Table IX.— Continued . 


X -distance bird flew toward conjugate point; —X —away from point. 

Y —distance bird flew to left; — Y to right of line drawn from liberation 
point to conjugate point. Released by: E-L — EngUsh-Lehman, 

H-B - Hendrickson* Brewer, H-R -Hendrickson-Rendle. 

Yellow U. S. Army or 

celluloid other seamless Release Release Place Date Place 

band No. band No. Color date by released found found =fcX ±Y 


Group C 


10 

AU44 

1475 

D.C. 

6/16 

H-B 

McCook, Neb. 

6/16 

McCook, Neb. 

0 mile 

19 

US45SC 

68287 

R. 

6/17 

H-R 

Stromsburg, Neb. 

6/24 

Stromsburg, Neb. 

0 mile 

32 

US45SC 

68289 

S.B. 

6/16 

E-L 

Silver Creek, Neb. 

6/22 

Genoa, Neb. 

10 miles 

73 

US45SC 

68295 

D.D. 

6/19 

H-R 

Stromsburg, Neb. 

6/22 

Stromsburg, Neb. 

0 mile 

78 

US45SC 

68297 

B.C. * 

6/16 

H-B 

McCook, Neb. 


McCook, Neb. 

0 mile 

132 

US45SC 

68157 

B.C. 

6/17 

E-L 

Silver Creek, Neb. 

6/22 

Genoa, Neb. 

7 miles 

141 

US44SC 

68275 

R.C. 

6/17 

E-L 

St. Edward, Neb. 

9/19 

Genoa, Neb. 

10 miles 

153 

AU44V 

31015 

B.C. 

6/17 

H-R 

Hampton, Neb. 

6/21 

Aurora, Neb. 

7 miles 

199 

AU44T 

28631 

B.C. 

6/17 

H-R 

Stromsburg, Neb. 

6/21 

Osceola, Neb. 

10 miles 


cultural Engineering Department of the College. 
The second was coupled to the back of the truck. 
All feed, kites, and other needed equipment was 
put under a false floor built in the latter loft. 

On June 10th at 7 a.m. the trip to Kearney, 
Nebraska, was started. The party consisted of 
Roy Johnson, in charge of trucks, Jack Nesbitt, 
in charge of kites, Donald Brewer, in charge of 
birds, Major Otto Meyer, Lt. A. M. Lehman, 
P. F. English, and H. L. Yeagley. The trip of 
more than twelve hundred miles was made in 
three days. Two men, including the driver, 
handled the truck, and drivers were changed 
every two hundred or so miles, while the re¬ 
mainder of the party rode in a car belonging to 
the Pennsylvania Cooperative Wildlife Research 
Unit of the Pennsylvania State College and 
driven by Dr. English. At Ames, Iowa, Dr. 
George Hendrickson joined the party with a car 
owned by the Iowa Cooperative Research Unit. 
Mr. J. A. Rendle of Cozad, Nebraska, also 
joined the party at Kearney and assisted in the 
experimental procedures. 

Upon arrival at Kearney the lofts were placed 
one and twenty miles, respectively, north of the 
town. This spaced them about equally north and 
south of the western State College conjugate. 
After one day for resting the birds, they were 
taken in groups and released on an average of 
seventy-five miles to the N.N.E. and E.N.E., 
and N.E. of the loft locations. 

On June 15th at ten p.m. reports from the 
United States Weather Bureau indicated that 
the next day would be clear with scattered 


clouds and that wind velocities would average 
ten miles an hour or lower. About four o’clock 
the next morning (June 16th) Dr. English and 
Lt. Lehman took one hundred eighteen birds for 
liberation at points averaging seventy-five miles 
to the north-east of the conjugate. The birds 
were all released during the morning groups of 
threes and fives in the regions around the 

Table X. 


Group A 

(Including al birds repotted within 10 days of liberation) 


2 X for 42 birds** +3557 miles 
2AT/42-84.7 miles 
2 Y for 42 birds** +360 miles 
2 F/42 * 8.6 miles 


Conjugate point 
on this line 

-JL__ 

2Y/A2~* 


2X/42 -84.7 miles 


Average position of 
release points 


Total Flight Vector 

Fig. 4. 


Groups A and B 

(Including all birds reported up to December 24, 1945) 


2AT for 50 birds reported » 2823 miles 
2X/50- 56.5 miles 
2 Y for 50 birds reported *673 miles 
2F/50* 13.5 miles 

Average position of 

Conjugate point ZX/50-56.5 release points 
on this line miles \ 

l 


2F/50 —13.5 



Total Flight 
Vector 

Fig. 5. 
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Table XI. Showing flight vectors, X and Y distances 
flown XX and XY values and "total flight vector" for all 
Army pigeons reported within ten days of liberation. 
Number reported—20. 


XX m +2664 miles XX/2Q - +133.2 miles 

XY - -45 miles XY/20 » -2.3 miles 

l.°0 

Total Flight Vector 





(*—*■ 

. 


SK/20 

2X/20 -+133.2 miles 

» —2.3 miles 



— To State College, Pa. Conjugate Point 

Fig. 6. 

Band 

number 

X 

Y 

6 

+ 22 

+ 27 

8 

, + 22 

+ 40 

26 

4- 32 

+ 8 

33 

+ 187 

- 34 

35 

+ 132 

+ 18 

41 

+208 

+ 190 

53 

+ 3 

- 98 

54 

+ 193 

- 7 

56 

+333 

- 43 

59 

+200 

- 62 

63 

- 32 

.+ 12 

65 

+ 78 

+ 7 

80 

+ 142 

- 12 

89 

+387 

- 75 

91 

+ 29 

+ 20 

92 

+ 112 

+ 137 

94 

+ 8 - 

+ 90 

124 

+ 40 

- 7 

190 

+ 173 

- 93 

197 

+395 

- 73 


2A',= +2664 mi. £ 

—45 miles 


Nebraska towns of Clarks, Silver Creek, St. 
Edward, and Albion. Simultaneously Dr. Hen¬ 
drickson and Donald Brewer released ten birds 
to the south-west (near McCook, Nebraska) for 
control purposes. As indicated by the weather 
reports, the day was unusually good for bird 
navigation. 

The next morning, June 17th, with weather 
report and actual weather similar to that of the 
preceding day, Dr. Hendrickson and Mr. Rendle 
took the fifty-six remaining birds for liberation 
to regions around Stromsburg, York, and Hamp¬ 
ton, Nebraska. The distance was about the same 
as the preceding day but the direction was more 
toward the east. Again the birds were released 
well before noon in groups of threes and fives. 
As in previous experiments the birds carried 
messages in Army message carriers asking the 
finder to report when and where the bird was 
found. 


Results 

Table IX lists all birds which were reported 
(thirty-two percent of total released) up to the 
present writing. It lists the time and place of 
release, persons in charge of liberation, time and 
place they were found, and the distances flown 
along and at right angles to a line drawn through 
the conjugate point and the release point. 

From racing-pigeon men it has been learned 
that birds which do. not arrive home from one- 
and two-hundred-mile flights within a few days 
are likely not to arrive at all. This is taken as an 
indication that they become discouraged or fly 
at random after that time. For this reason all 
birds reported more than ten days after libera¬ 
tion were listed separately (Group B, Table IX) 
and this data used in a subsequent calculation to 
test its effect on the more reliable early data. A 
second separate listing consists of birds which 
never left, or perhaps returned to the release 
areas (Group C, Table IX). In any case, they 
were reported found within a ten-mile radius of 
the release point. The complete listing of the 
birds on Table IX is as follows: 

Group A Birds reported within a nine- or ten-day 
period aftei liberation. 

Group B Birds reported altei June 26 th. 

Group C Birds which were reported less than ten 
miles Irotn the release point. 

In working out and interpreting the data of 
this experiment the same plan was followed as 
with the previous ones. The flight (release point 
to flight terminal) of each bird was plotted and a 
straight line drawn from the release point to the 
conjugate point. The algebraic sums XX and 
X Y of the components of all the flights toward 
and at right angles to the theoretically required 
direction line were divided by the number of 
birds and added vectorily to obtain the “total 
flight vector” for the groups. 

On Table X is shown the average angle of 
deviation obtained from the flight data of the 
birds listed in Table IX. Those of Group A 
show a counter-clockwise deviation of 5.8°. 
When the data from those reported later (Group 
B) are used in the computations, the average 
deviation is seen to be +13.5 degrees. 

As in the case of the 1944 Kearney experi¬ 
ments, the experimental birds seemed to behave 
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according to the magnetic vertical-Coriolis the¬ 
ory by flying on the average, with only small 
deviation from a line toward the computed con¬ 
jugate point. It is noteworthy that the angle of 
deviation for the birds reported within reason¬ 
able time limits is extremely small (5.8°), and 
this in spite of the fact the birds were trained in 
a manner devised to confuse them if possible. 
If the training flights around State College, 
Pennsylvania, had misled them into flying to¬ 
ward the sun or the south-eastern sky each day, 
then in the Nebraska liberations they would 
have flown toward the state of ^Missouri. This 
would have been roughly ninety degrees from 
both State College, Pennsylvania, and Kearney, 
Nebraska, directions. 

During the study and computation of the 
data in this report it was noticed that the pigeons 
supplied by the Army Signal Corps, on the aver¬ 
age, made more accurate flights in the direction 
of the conjugate point than those obtained from 
private sources. It therefore seemed desirable 
that a separate computation be made for these 
birds. The summation of their flight components 
(2 X,2Y) and average components (2X/No. 
birds, 2F/No. birds) are: 

Algebraic sum of distance flown in the direc¬ 
tion of the conjugate by the twenty Army birds 
reported up to June 26, 2X = 2664 miles. 

Algebraic sum of distance flown at right angles 
to the above direction, 2K= — 45 miles. 

As indicated on Table XI, this represents an 
average flight of 133.2 miles in the X direction 
and 2.2 miles in the — V direction or a deviation 
of only one degree from the average direct line 
to the conjugate point. This seems to indicate 
that the Army birds are superior navigators. 
The small angle of deviation also seems remark¬ 
able in view of the flatness of the Nebraska 
country as contrasted with the mountains in 
Pennsylvania where the birds were trained, and 
the anomalous set-up of the earth’s magnetic 
field through which they had to fly in both 
regions. 

REMARKS 

The fundamental importance of the foregoing 
explanation of the long mysterious bird naviga¬ 
tion problem and the experimental data obtained 
is fourfold: 
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1. The results furnish an experimental indica¬ 
tion that a bird moving across a magnetic field 
experiences an awareness to the effect. 

2. The age-old mystery of bird migrations 
may be clarified by the results of this and al¬ 
ready planned future experiments with wild 
birds. The ability of the Golden Plover 18 to 
navigate from Hawaii to Alaska, 3000 miles 
one way over ocean vastness, may possibly have 
an explanation in the homing pigeon’s technique. 

3. The biologists and psychologists can make 
use of its findings in studying the effect of a 
moving magnetic field on living nerves, an 
effect lacking demonstration up to now. Part of 
the ills occurring to pilots in super-speed planes 
and other high velocity craft, and attributed 
entirely to large values of acceleration, may con¬ 
ceivably be due to moving rapidly through the 
earth’s magnetic field 

4. There is evidence that wild birds and hom- 
ing pigeons become confused when in the region 
of powerful broadcasting stations. Although there 
is much controversy on the subject, the evidence 
included in this report, both from the standpoint 
of the magnetic wing and the conjugate point 
experiments, indicates that the phenomenon 
could exist. Further evidence of this is also being 
sought with new experiments on homing pigeons 
now under way at The Pennsylvania State 
College. 
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18 F. C. Lincoln, The Migration of American Birds, p. 54. 
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Agency, Army Service Forces, U. S. Army Sig¬ 
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Inversion Applied to the Solution of 3-Dimensional Electromagnetic Problems* 


A. Bloch 

Research Laboratories , The General Electric Company (Ltd.), Wembley, England 
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This paper presents an extension of the method of in¬ 
version to certain electromagnetic problems and rectifies 
at the same time an error of long standing in the solution 
of an elementary problem which seems to have acted as a 
bar to just this extension. 

If the image of a charge in a sphere is derived by the 
method of inversion, as is done in this paper, it becomes 
immediately obvious that the image of radially oriented 
dipole is another radial dipole plus a free charge propor¬ 
tional to the moment of the dipole. The potential caused 
by the free charge is not of negligible magnitude, and this 
indicates that the solution given by Sir J. Larmor and in¬ 
dependently by S. P. Thompson and Miles Walker for the 
t ase of a magnetic dipole outside a sphere of infinite per¬ 
mittivity cannot be correct, for the image used therein 
consists of a simple dipole. However, it can be shown in 
addition that the latter image is not void of physical 
significance: the vector potential of such an image trans¬ 
forms in a simple manner and from this in turn follow 


simple laws of transformation for flux linked with loops 
and for mutual inductance between such loops. 

This extension of the method of inversion is used in the 
second part of the paper to deal with a problem comple¬ 
mentary to that of I>armor-Thompson, namely, with that 
of a spherical wall impermeable to magnetic flux. This 
problem is of practical importance as an idealization of an 
inductor used at radiofrequencies and placed inside a 
metal screen, and it has for this reason been dealt with by 
direct attack on several previous occasions. It is shown 
here that the action of such a screen on the field produced 
by the loop can be replaced by the introduction of a simple 
image loop. From this follows then a simple way of cal¬ 
culating the change in self and mutual inductance produced 
by such a screen, even in cases more general than con¬ 
sidered heretofore. The losses caused by the screen can 
also be easily calculated by the use of H. A. Wheeler’s 
concept of equivalent magnetic skin thickness. 


SYMBOLS ^ 

0 = center of inversion 
A"“constant of inversion 

P*point at which a charge or current element is 
situated 

P* -inverse of P [OP X OP' « A 2 ] 

Appoint at which the value of a potential is con¬ 
sidered 

A'“point inverse to A 
/“PA 
/'* P'A' 

r, r'=a distance from 0 and its inverse 
q, q'- an electric or magnetic charge and its inverse 
w, a magnetic moment and its inverse 
J, Y'*an electric current and its inverse 
F«=an electric or magnetic potential 
A =» Vectorpotential 
0 * magnetic flux 
L * self-inductance 
M, A1 12 ** mutual inductance. 

INTRODUCTION 

T HE purpose of this paper is to present an 
extension of the method of inversion to 
the solution of certain electromagnetic problems 
and at the same time to rectify an error of long 


* Communication from the Staff of the Research Lab¬ 
oratories of The General Electric Company, Limited, 
Wembley, England. 


standing which seems to have acted as a bar to 
just this extension. In 1888 Sir J. Larmor con¬ 
sidered 1 the magnetic field caused by a circular 
current loop in the presence of a cocentric soft 
iron sphere and concluded that for infinite per¬ 
mittivity of this sphere its action on the field 
outside its boundary could be replaced by that 
of nil “image” of the original loop in the sphere. 
An identical solution was given independently 
by Silvanus Thompson and Miles Walker 2 and 
is still referred to in modern textbooks. It docs 
not seem to have been noticed so far that an 
image of this kind does not solve the problem 
given. 

If these images are introduced by the method 
of inversion—as will be done hereafter—such 
failure will be immediately evident. At the same 
time it is then not difficult to see that such an 
image obeys a simple law of transformation for 
its vector potential, from which follow in turn 
simple laws of transformation for magnetic flux 
through loops and mutual inductance between 
loops. 

1 Sir J. Larmor, 4 ‘Electromagnetic and other images in 
spheres and planes,” Quart. J. Pure and App. Math., 1-8 
24, 94 (1889). 

*S. P. Thompson and M. Walker, “Mirrors of mag¬ 
netism,” Phil. Mag. 34 (5th series) 213-224 (1895). 
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This extension is dealt with in the first part 
of the paper, to be followed in the second part 
by an application to a problem complementary 
to that of Larmor and Thompson and Walker, 
namely, to that of a sphere impermeable to mag¬ 
netic flux. This case arises when we study the 
reaction of a screening can at radio frequencies 
on an enclosed loop, as has been done on several 
occasions. H. Kaden 3 considered a loop of von 
small dimensions situated at the center of a 
spherical screen. C. F. Davidson and J. C. 
Simmonds 4 have extended this solution to the 
case of a loop of finite dimensions. H. Buchholz 6 
has given solutions for the self- and mutual- 
inductance of loops which are parallel to each 
other and coaxially situated in any position along 
the radius of the screening sphere. All these 
authors use a direct method of attack and re¬ 
quire, therefore, a mathematical apparatus of 
some complexity. 

The present papers show that the action of 
the screen can be represented as the action of a 
simple image loop and thus reduces all the prob¬ 
lems mentioned to the well solved determination 
of the mutual inductance between two parallel 
and coaxial loops. Actually, the methods of the 
paper are capable of dealing with some slightly' 
more general arrangement of the loops and with 
certain non-circular loops. 

I. THE METHOD OF INVERSION AND ITS 
EXTENSION TO MAGNETIC IMAGES 

Let O be a fixed point (the center of inversion ) 
and P a variable one; determine on OP a point 


P* so that the distances OP and OP ' fulfil 

OPXOP'=K 2 (1) 

(X = constant of inversion ). 

Then if P describes a line, or a surface, or a 
volume, P f will describe a corresponding geo¬ 
metrical element (the inverse or the image of the 
original element). 

The most important properties of this well- 
known geometrical transformation are recalled 
by Figs. 1 and 2. Figure 1 shows that the inverse 
of a circle contained in a plane through the 
center of inversion is another circle in the same 
plane. Hence the inverse of a sphere must be 
another sphere, that of a circle in a general 
position—defined by the intersection of 2 
spheres—must again be a circle, and the in¬ 
verse of a plane (sphere through the infinitely 
distant point) a .sphere through the origin. Fig¬ 
ure 2 illustrates the “conformal" property of the 
transformation: the angles of intersection be¬ 
tween lines and surfaces remain unchanged in 
the transformation. 

To apply this method to the solution of prob¬ 
lems of the theory of potential we have to add 
to this a law for the transformation of charges, 
as follows: A point charge of magnitude, say q , 
situated at a point, say P, shall be represented 
by another point charge of magnitude q ' situated 
at the image P f of P, whereby 



Fig. 1 . The inverse of a circle is another circle. 
iOCA * $.CBA when OCis tangent to circle; hence 
AOCA is similar to AOBC, and OAXOB^OC 2 . 
If K-OC, this means that the circle inverts into 
itself; if K is larger or smaller, the result of the inver¬ 
sion is correspondingly larger or smaller, but it will 
still be a circle. There is a similar proof if the center 
of inversion O' is situated inside the circle: A FO'D is 
similar to AGO'Eand DO'XO'G * FO'XO'E * const. 



»H. Kaden, E.N.T. 10, 277 (1933). 

4 C. F. Davidson and J. C. Simmonds, W. Eng., 22, 3 (1945). 
8 H. Buchholz, Archiv. f. Electrotcchnik 28, 556 (1934). 
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Fig. 2. If OPXOP'-ONXON'**K\ then OP'iON' 
~ON:OP, i.e., £ OP'N'*** %ONP. From this follows 
(a) if l and V are infinitesimally small, the angles formed 
by these line elements with their radii vectorii are equal; 

/ ONxOP\* _ONXOP 


(b) 


l:l'-ON:OP r 
K * 


• OP: ON'* 


\ON'XOP 




K* 


ON'XOP'* 


The reason for selecting this particular rela¬ 
tion will become clear when we inquire into the 
potential V, caused by such a charge at some 
point N , and compare it with the potential V f 
caused by the image charge at the image point 
N' (see Fig. 2). " 

In this case V-q/l , and V'^q'/l', hence 


V' q' l K OP 
q~ ± OP ON ' 



(3) 


The last equation shows that the transformed 
potential V' can be calculated from the original 
potential without the need for inquiring into the 
position of the charge which “caused” the po¬ 
tential. Hence the potential will still transform 
accordingly to the same rule if it is due not 
to a single charge but to an assembly of charges. 

These relations allow us to deduce the solu¬ 
tion of a problem for the inverse space from the 
solution of the corresponding problem for the 
original space and vice versa . As an example 
we recall the case of a point charge q in front of 
an infinite earthed plane. This problem is of 
course equivalent to that of the original charge, 
q, and of the mirror image, q m , of this charge in 
this plane. By inversion from any point not 
coinciding with the plane the latter transforms 


into a'sphere, with one charge q* inside and the 
oth<r on e*q' m outside its boundary. From Eq. 
(3) it is then seen that the potential of this 
sphere is again zero (for all points of the sphere 
not coinciding with the center of inversion the 
multiplier K/ON f is finite; with a finite gradient 
of the field in the neighborhood of the center of 
inversion the potential of this point must then 
be zero too). Thus, the transformed arrangement 
solves the problem of a point charge inside or 
outside an earthed sphere. The “answers” for 
this case can be obtained either by appropriate 
translation from the results of the “plane” case, 
or, simpler still, by noting directly the fact that 
here too the total field is due to the combined 
action of the charge q f and of the “image in the 
sphere” q' m . 

It is useful to note that we are led to this 
image charge also by a slightly different applica¬ 
tion of the method of inversion. If we invert 
the charge q r and the sphere fiom the center of 
the sphere as inversion center in such a way 
that the sphere changes into itself (constant K of 
inversion equal to the radius of the sphere) then q f 
transforms into the image q' m previously found.* 

From the fact that image and original charge 
are thus related by Eq. (2), it follows immedi¬ 
ately, that in the case where we are given two 
charges of equal magnitude, forming a radially 
oriented dipole, the corresponding image charges 
cannot be equal. If the given charges are situated 
at, say r and r+dr , the image charges are in this 
case situated at 

K 2 K 1 

r' =—, and r'+dr' = -, 

_ r r+dr 


* That this is so—at least geometrically—is easily seen 
if we consider what happens to all those spheres which are 
common to the two charges q and q m of the 1 ‘plane’* ar¬ 
rangement. These intersect normally with the plane, and 
they transformed therefor, in the first inversion into all 
those spheres which pass Uirough the two charges q* and 
q'm and intersect normally with the earthed sphere. In 
the second inversion—with the center of the sphere as 
inversion center—each of these spheres transforms into 
itself, i.e., their first common point must change into their 
second common point. (Their points of intersection with 
the earthed sphere remain fixed, and we know also that 
the angle of intersection must be again 90°.) Electrically 
the transformed arrangement could differ from the original 
arrangement then only by having both charges increased 
or decreased by the same factor. However, it is seen at 
once that this factor must be equal to unity as the electrical 
displacement at the surface of the sphere (charge per unit 
area) remained unchanged in this transformation (see 
Eq. 2)). 
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and they differ in magnitude by 


i-K 

A o'=»- dr 

r* 


m-K 


we have 

A' m' P sin/9 K* OP* ON' 
(4) A = mT*7^°^ON 7 *OP' 


where m~qdr is the moment of the original 
dipole. 

The case of an isolated sphere (with the given 
charges outside the sphere) differs from the case 
of an earthed sphere only insofar that a further 
charge at the center of the sphere is added so 
that the sum total of all the charges inside the 
sphere equals zero whilst the surface of the sphere 
still remains an equipotential surface. 

The case of a magnetic dipole outside a shell 
of infinite permittivity is perfectly analogous to 
this latter case. From this follows immediately 
that a solution which takes the image of a radial 
dipole to be simply another dipole is not a case 
of ordinary inversion and is unlikely to follow 
the transformation law of Eq. (3) for the po¬ 
tential. (The potential produced at the surface 
of the sphere by the neglected free charge A q' is 
evidently of the same order as that produced by 
the dipole itself.) 

This conclusion can be easily confirmed if we 
go to the trouDie ot writing down explicitly tnc 
expression for the magnetic potential of such a 
dipole. This expression, however, suggests further 
that it is now the magnetic vector potential of 
the dipole that follows the simple transformation 
law of Eq. (3). The magnetic vector potential of 
a radial dipole of moment m situated at P (Fig. 
2) has at point N the value 

m 

A =— sina. (5) 

P 

The direction of this vector is normal to the plane 
of the paper. The vector potential at N f caused 
by the image dipole situated at P* will be of 
magnitude 

m f 

A'= — sin/3. (6) 

If we assume 


K _0N /0N\* 
~0N~ K \<WV * (8) 


The foregoing finds an immediate application 
if we consider the fields produced by current 
loops. The magnetic effects of such a loop (not 
necessarily of circular shape), in which a current 
/ flows, is equivalent to that of a magnetic shell 
bounded by the loop, the strength of this shell 
(i.e., the magnetic moment per unit area) being 
equal to I . 

Transformation of this shell produces as image 
another shell; if the original shell was spherical 
with center 0, the image shell will also be 
spherical, and again of constant strength. Since 
corresponding elements of these two shells are 
related as to their surface areas as 



we have 


/' (m'/S') K* r- K r /r\* 

—---( 10 ) 

/ (i m/S ) r 3 r' 2 r' K \r7 


This means that we may replace this shell in 
turn by another current loop, the image of the 
original loop, the strength of the image current 
being given by Eq. (10). 

The last equation may be used to show inde¬ 
pendently that the vector potential of such a 
loop transforms as stated in Eq. (8). 

We have for the vector potential of the original 
loop 

/ rids 

dA = , ( 11 ) 


and for that of the transformed loop 



( 12 ) 


m! q'-dr' K OP ' X 3 
qdr'OPOP^OP*' 


The two contours over which these two line 
^ integrals are to be taken correspond to each 
other element ds for element ds\ and the ratio 
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ri-r 2 


(16) 



Fig. 3. The notation above y 2 should read a «. The point 
at which the radii of the loops intersect should be labelled 
0 . 


of corresponding contributions dA and dA' is 

dk' V ds' l K OP' ON ON 
dk~ I ds l~OP’ OP 0P~ K ’ (13) 

Hence the ratio of the two integrals themselves 
is given by the same constant. 

From the transformation formula for the vec¬ 
tor potential follows at once a simple formula 
relating the flux <t> linked with a loop to the flux 
<t> f linked with the image of this loop, provided 
each of the loops under consideration is again 
equidistant from the origin 0. The flux through 
such a loop can be calculated as 4> = ^Ae/s, the 
integral being taken around the loop. The ratio 
of corresponding contributions to these integrals 
is (as A'||A and ds'||ds) 

k'ds' ON ON' K 4>’ 

A ds ~ K ON ~ON ~ <f> 

This is again a relation in which only the posi¬ 
tion of the 4 ‘point of observation” enters, and 
not the position of the “causes.” 

If the flux through the loop (say, loop 1) is due 
to the fact that another loop (say, loop 2) carries 
a current /*, we are led to a transformation for¬ 
mula for the mutual inductance Mn between 
two such loops. It is 


* 1 2 and 4>\ ** Mu' u TV. (15) 


M v 


Y\'Y 2 


V ri-f 2 / 


The last formula is easily tested if we consider 
the mutual inductance between two circular 
loops, the axes of which intersect at an angle ©. 
(This angle can of course be zero, in which case 
we have two parallel, coaxial loops.) The value 
of this mutual inductance is given by Maxwell 5 
by an expression of the form 


A/ = r s -2»C»(-) =r,2„C»^ , 


(17) 


where r% and r 2 denote the distances of the loops 
from the point 0 of intei sect ion of the axes, and 
where the coefficients C n depend on the angle © 
and on the angles «i, and a 2 which the radii of 
the loops subtend at 0 (see Fig. 3). 

When this configuration is inverted, with 0 as 
center of inversion, wc have 

r x = K l ru r 2 = K l /r% 

while ofi, a 2 t and 0 remain unchanged. Hence 



as required by Kq. (16). 

If the loops are coaxial, any point on the 
common axis can be chosen as center of inver¬ 
sion. This can be used to transform the general 
case into various special cases. For instance, if 
we chose as center one of the points at which the 
common axis penetrates the sphere common to 
both loops, the two transformed loops will be 
co-planar. Another special case would be the 
transformation into loops of equal diameter, 
which is achieved by using as center of inversion 
the point at which the axis penetrates a sphere 
around the vertex of the cone common to both 
loops, the radius of this sphere being the geo¬ 
metrical mean of the distances of the two loops 
from this vertex (see the second method of apply- 

• J. C. Maxwell, A Treatise on Electricity and Magnetism, 
Vol. 2, Chapter 14. 
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ing inversion to the problem discussed in the 
next section). It is, however, easily seen (by 
application of the formula given in the caption 
to Fig. 2) that in any such transformation the 
ratio of the shortest and the longest distance 
between these two loops remains invariant, which 
means (sec below) that such transformation will 
not aid in evaluating the elliptic integral occur¬ 
ring in the formula for the mutual inductance. 

II. APPLICATIONS TO THE CASE OF A HIGH 
FREQUENCY SPHERICAL SCREEN 

The theory developed in Section 1 can be use¬ 
fully applied when we have to consider the 
screening effect of spherical metal “cans” at 
high frequencies. If the conductivity of such a 
screen is infinite, it is impermeable to magnetic 
flux at any frequency. Finite conductivity allows 
penetration of the field, though with the usual 
materials of construction such penetration is at 
radio frequencies limited to “skin depth.” We 
may then either neglect this deviation from the 
ideal case altogether or take it into account by 
a simple approximation. 

There arc two ways in which the method of 
inversion can be applied to this problem, of 
which we shall consider first the more general 
one. Suppose that we are given a current loop— 
circular or otherwise- which is equidistant from 
the center of a hypothetical sphere, and further 
that we know the magnetic field produced by 
this loop. If we invert then from this center as 
center of inversion so that the sphere changes 
into itself, the loop will change into its image 
and we can predict from the theorems of Sec¬ 
tion I the field produced by this image. In par¬ 
ticular, it follows from Eq. (14) that any test 
loop which we might draw on the surface of the 
sphere and that was linked with a certain 
amount, 4>> of the flux of the original loop will be 
linked with an identical amount, <£, of flux 
produced by the image loop. Hence, if we take 
the correct sign for the current in the image 
loop, the sum total of the flux through the test 
loop will be zero. Thus the field produced by the 
combined action of original and image loop will 
have the property that none of its flux crosses 
the boundary of our hypothetical sphere, and 
we could introduce in its place an impermeable 
material screen without making any change to 


the field either inside or outside its boundary. 
Conversely, it follows that the effect of intro¬ 
ducing such a screen on the field produced by 
the original loop could be simulated by the 
introduction of the image loop. 

This allows us to calculate directly the change 
of self-inductance caused by the introduction of 
such a screen. We have, taking into account 
Fq. (10), 

I r fn 

A/,= - 4 tf. ", (19) 

I a 

where M is the mutual inductance between the 
image and the original loop and r 0 the distance 
of the latter from the center of the sphere of 
radius a. 

Similarly, the flux arising from the image loop 
causes a change in the mutual inductance be¬ 
tween the original loop and any other loop (say, 
loop 2) inside the sphere of amount 

AJ/i a — — (19a) 

a 

where Mn denotes the mutual inductance be¬ 
tween the image loop and the second loop. 

In the case of circular loops formula (19) is 
easily evaluated, for the two loops are then co¬ 
axial and parallel (Fig. 4), and their mutual in¬ 
ductance is given (references 6 and 7) by 

/bb'\l 

= jj (K-E), (20) 
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(b) 


i 

(a) 

Fig. 5. Constant of inversion K* ■»6 , +^" BS 6*+(a—r<» cos<£)* 
and for /t««. 


where 6 and 6' art the radii of the two loops and 
K and E are the complete elliptic integrals of 
the first and second kind to modulus k. This 
modulus itself is given by 


li~ m I 2 X — 1 / ^i\ 

*--=- (X^-), 

i\ +Z2 x+i V I2/ 


( 21 ) 


proximations, (reference 9) so that it is perhaps 
useful to quote two which are simple but suffi¬ 
cient for slide-rule accuracy, (reference 7). 

If <0.9, that is X<20 (that is in our cast* 
for loops which are not too close to the wall of 
the screen P) we have with an error of less than 
6/10 of a percent 


where h and h denote the largest and the smallest 
distance between the elements of the two loops. 
In the present case V**ba*frf % and therefore 

8 *6 

AL = - -(K-E). (22) 

(*)* 

For the same reason we have, with a = a/r 0 , 
0=:i/r o and v = a— 1/a 

>-(•+©y « 

Evaluation of Eq. (20) is facilitated by ex¬ 
tensive tabulation (references 6, 8, 9). There 
exists also a truly embarrassing number of ap- 

1 Circular C74 of the Nat. Bur. Stand. Washington 
(1924), reprinted 1937. A similar table is contained in 
Terman’s Handbook for Radio Engineers . Further and more 
extensive tables are given by F. W. Grover, “Tables for 
the calculation of the mutual inductance of circuits with 
circular symmetry about a common axis/* Sci. Pap. Bur. 
Stand. 20, (1926) and F. W. Grover Inductance-Calculation 
(D. Van Nostrand Company, Inc., New York, 1946). 

• See the survey given by F. W. Grover in “Methods for 
the derivation and expansion for formulas for the mutual 
inductance of coaxial circles and of the inductance of single 
layer adenoids,” Bur. Stand. J. Research 1, 487 (1928). 


irk? 

K-R = -. (24) 

1+3(1 —& 2 ) 4 

If k is larger than 0.9 we have, with an error 
of less than £ percent, 

r 1 +* i 

K- E-K*)*[log-4.—-2j (25) 

The case of a very small loop can of course be 
dealt with in an elementary way. If the loop 
should be in the center of the sphere (Kaden’s 
problem) we have the specially simple case that 
the image loop is infinitely distant, producing 
an image field that is homogeneous. The strength 
of this field can be found directly from the condi¬ 
tion that the combined flux across the sphere 
must be zero everywhere. As the loop creates 
there a field strength (for unit current) equal to 
2#*x/a 8 at those places where the sphere is 
penetrated by the axis of the loop, this too must 
be the strength of the image field. The image 
field sends then 

+ -P«"2 6Va 8 (26) 
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flux lines through the original loop, i.e., 

AZ,= -2irty(-^ . (27) 

If the loop is placed eccentrically (distance r 0 
from the center of the sphere) it follows similarly 
from Eq. (7) that 


(28 > 

The limiting case at the other end of the range 
is a loop that has from the screen only the very 
small clearance distance h. It can be shown that 
then the effect of the screen is identical with 
that of an impermeable plane that is parallel to 
the loop at a distance h. This particular case 
gives us an opportunity to illustrate shortly the 
second method of applying inversion which wc 
mentioned at the beginning. Here wc take as 
the center of inversion one of the points at which 
the axis of the loop penetrates the sphere. The 
sphere transforms then into a plane impermeable 
to flux. Without restricting the generality of the 
treatment we can select the constant K of in¬ 
version so as to have the original loop transform 
into itself. With this particular choice of K the 
current through the transformed loop will be of 
the same magnitude as in the original loop. The 
transformation is illustrated in Figs. 5a and 5b; 
this figure shows too how the transformed ar¬ 
rangement can be solved by the introduction of 
the mirror image IJ of the transformed loop 

If the walls of the spherical screen are not of 
infinite conductivity, the high frequency field 
penetrates to skin thickness and causes losses. 
These losses are calculated by Davidson and 
Simmonds for the case of the centrally situated 
loop. They can be calculated in a more general 
way if we make use of Wheeler’s concept of the 
equivalent magnetic skin thickness ( = £ con¬ 
ducting skin thickness). If the walls of the con¬ 
tainer of infinite conductivity are receded by the 
equivalent magnetic skin thickness, the magnetic 
energy of the field is increased (for constant 
input current) by just the same amount as if 
the field had penetrated into the walls of finite 
conductivity. (This is the definition of equiva¬ 
lent magnetic skin thickness.) The increase in 


loop reactance caused by this increase in field 
energy can easily be calculated, and, as the 
phase angle of such surface dissipation is always 
45 degrees, this increase in reactance is nu¬ 
merically equal to the ohmic impedance com¬ 
ponent caused by the field penetration (reference 
10 ). 

In the present case, if the radius of the screen 
a is increased by 6a f the (negative) inductance 
increment A L previously found is varied by 


Hence, 



where /frequency of the field and 2 equiva¬ 
lent magnetic skin thickness. The latter can be 
expressed in terms of the surface resistivity 
R t of the wall material. We have for the con¬ 
ducting skin thickness /= l/2ir(p//)*[p = volume 
resistivity], and 

t R a 

m ~2~8 7T 2 / 

hence 

1 P 1 

/*---- R*t. (31) 

4ir 2 / 47T 2 

Equation (30) allows us to write down im¬ 
mediately Kaden’s result for the resistance com¬ 
ponent. By differentiation of Eq. (27) we obtain 



There is no difficulty involved in evaluating Eq. 
(30) in a more general case, and, for instance, 
Davidson and Simmonds’ result for bR can be 
obtained from their series for bL by term dif¬ 
ferentiation. Differentiation of the general ex¬ 
pression given in Eq. (22) leads to a rather 
laborious expression which is therefore not given, 
as for all practical purposes it is sufficient to 
replace the differential quotient by a difference 
quotient, the latter being easily obtained by 
direct numerical calculation. 

H. A. Wheeler, Proc. I.R.E. 30, 412 (1942). See also 
A. Bloch, W. Eng* 21, 367 (1944). 


Volume is, December, 1947 


1071 



Non-Linear Viscous Elasticity and 'he Eyring Shear Model* 

George Halsey* 1 * 

(Received April 17, 1947) 


Attempts to analyze stress-strain-time relationships ob¬ 
served in experiments with textile fibers have been reported 
in a series of papers. This work has led to some general 
conclusions: First, the simplest three element model 
(spring in parallel with another spring and a dashpot in 
series) is adequate for the approximate explanation of a 
wide range of the data obtained. Second, the viscous ele¬ 
ment (dashpot) almost always appears to be nort-Ncw- 
tonian while the springs less frequently are non-Hookean. 
Third, the most striking deviations from simple behavior 
indicate, not a more complex model consisting of many 
simple elements, but‘that the assumed laws governing the 
viscous, or less frequently, elastic elements are themselves 
too simple. 

Frequently a more complex law or laws will restore the 
three-element model to approximate agreement with the 
experimental facts. Finally, any system so far investigated 
can be made to show the presence of a number or a distri¬ 
bution of relaxation times by prolonging the experiment 
over a period of time, or more positively, by going to a 
point of no instantaneous relaxation, and waiting for the 


inevitable long period of relaxation to appear. Procedures 
to deal with the general situation described here are 
presented. 

The paper begins with a condensed but essentially self- 
contained summary of the theoretical portions of the series 
of papers that preceded it. The original presentation has 
been clarified and recast in a form more in harmony with 
the present work. For experimental evidence, and supple¬ 
mentary information, the reader is referred to the original 
series. 

The paper continues with a discussion of the various 
aspects of non-linear viscous elasticity, including the topics: 
Six rules for analyzing stress-strain curves (presented at 
the meeting of the Division of High-Polymer Physics of 
the American Physical Society, January 31, 1947); the 
thixotropic viscous element, where for convenience, com¬ 
plex situations, in which the populations of various states 
enter into a time-variable viscosity, have been gathered 
under the name “thixotropy”; constant force springs, 
where a particularly non-Hookean behavior is described. 


INTRODUCTION^ 

O make a beginning in understanding the 
stress-strain behavior of a material 1 like a 
textile fiber or a plastic, a simple mechanical 
analogy has much to recommend it. The stress- 
strain relationship of most materials is not inde¬ 
pendent of time; thus, a simple elastic element 
'(a spring) does not suffice to duplicate the be¬ 
havior. Since immediate elongation is generally 

* Contribution of the Frick Chemical Laboratory, 
Princeton University and The Textile Foundation, Prince¬ 
ton, New Jersey 

** Fellow of the Textile Research Institute. 

1 “Mechanical Properties of Textiles:” I. George Halsey, 
Howard J. White, Jr., and Henry Eyring, Textile Research 
J. 15, 295 (1945). II. George Halsey and Henry Eyring, 
Textile Research J. 15, 451 (1945). III. Henry Eyring and 
George Halsey, Textile Research J. 16, 13 (1946), supple¬ 
mentary data: ibid . 16, 284 (1946). IV. Richard Stein, 
George Halsey, and Henry Eyring, Textile Research J. 
16, 53 (1946). V. Henry Eyring and George Halsey, Tex¬ 
tile Research J. 16, 124 (1946). VI. H. D. Holland, George 
Halsey, and Henry Eyring, Textile Research J. 16, 201 
(1946). VII. George Halsey and Henry Eyring, Textile 
Research J. 16,329 (1946). VIII. Henry Eyring and George 
Halsey, Testile Research J. 16, 335 (1946). IX. Sidney 
Katz, George Halsey, and Henry Eyring, Textile Research 
J. 16, 378 (1946). A. C. H. Reichardt, George Halsey, and 
Henry Eyring, Textile Research J. 16, 382 (1946). XI. 
C. H. Reichardt, and Henry Eyring, Textile Research J. 
16, 635 (1946). XII. C. H. Keichardt and George Halsey, 
Textile Research J. 17, (1947) in preparation. 
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observed upon increasing the load, however, a 
spring effect initially unrestrained by viscous 
forces at the rate of loading in question is re¬ 
quired. The existence of hysteresis, which is 
almost never absent, indicates that a viscous 
element (dashpot) must be incorporated in the 
model. The viscous element is restrained from 
free motion, by a spring, because in a majority 
of cases, the flow at constant load does not con¬ 
tinue at a constant rate, showing that the force 
initially concentrated on the viscous element 
ultimately shifts to a spring. 

The arrangement of elements indicated by this 
qualitative analysis is shown in Fig. 1. The two 
arrangements are almost equivalent, and, when 
Hooke’s law is written for both springs, they are 
represented by identical equations. When a 
model of this kind is elongated at a constant rate, 
the stress-strain curve will begin at a steep slope, 
and then bend over as the yield force of the dash- 
pot is reached. In terms of the first arrangement 
of the three elements (Fig. la), the stress-strain 
curve is made up of a line of slope equivalent to 
the sum of the stiffnesses of both springs being 
elongated together, followed by a transition re¬ 
gion, leading to a line of slope corresponding to 
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the stiffness of the spring in parallel with the 
dashpot (Fig. 2). 

These relationships will be expressed mathe¬ 
matically. If the total force on the model is F , 
and its elongation (change in length/original 
length) is /, the condition of experiment is Z = pZ, 
where t is the time and p is the rate of elongation. 
The problem is to find F as a function of t. If 
/is the force on the dashpot, and Zi its elongation, 
F—f is the force on the spring in parallel, and 
/—Zi is the elongation of the spring in series. 
Hooke’s law will be assumed to hold for the 
springs, and Newton’s law of viscosity will be 
written for the dashpot. Thus the problem being 
solved is the linear three-element model operat¬ 
ing at a constant rate of elongation. The equa¬ 
tions governing these elements are 

F-/=W, (1) 

/=*i(/-M (2) 

for the two springs, and 

dli/dt =// rj (3) 

for the dashpot, and 

dl/dt = p , (4) 

the condition of experiment. 

At this point, it is to be noted that the force 
F on the whole system can be separated into two 
parts easily recognizable on the stress-strain 

curve, shown in Fig. 2. The broken line in this 

figure represents a line parallel to the ultimate 
slope, and starting at the origin. This line gives 
the force, F—f> on the spring in parallel with the 
dashpot as a function of strain. F—f is a very 
simple function of elongation alone, and atten¬ 
tion can now be directed to the residue of the 
force on the system, the difference between the 



Fig. 2. A typical stress-strain curve. 

ordinates of this line and those of the stress- 
strain curve itself. This difference, of course, is 
/, the force on the dashpot and spring in series, 
making up a Maxwell element. This function of 
f versus t is referred to as the “working curve.” 
Eliminating / and /i from Eqs. 2-4 gives 



(\/k, P )(df/dn = \-(f/vp). 

(5) 

Writing 


f/VP = <t> 

(6) 

and 


tk\/r) = T 

(7) 

to absorb 

constants gives the dimensionless 

equation 


d<t>/dr = 1—0 

(8) 

which can 

be integrated to 

1 — 0 = const.e -T . 



If </> = 0 when r = 0 the constant becomes unity, 
and 

0=1 ( 9 ) 

Now at this time it becomes desirable to in¬ 
troduce the idea of reduced variables. Equation 
(9) can be written in the form 



Fig. 1. Three-element model. 


af~ 1 —t M , ( 10 ) 

where a and b are constants that must be ad¬ 
justed to whatever units are selected for / and /. 
If some natural unit of the curve is selected as 
the unit of measurement, what is called a re¬ 
duced variable is defined. A procedure of this 
kind is often adopted when working with equa¬ 
tions of state and it will be used here. Thus, the 
ultimate value of / will be called unity, and t 
will be called unity when /=$, in the reduced 
units. The constants a and b can then be com- 
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Fffr. 3. Force on the dashpot as a function of time for 
' elongation, contraction, and relaxation 


puted when 

<-•, /-1. (id 

7=i, /=i. 

Therefore, from (10), a = 1 and £ = 1 — so 

£ = log f 2 = ln2 
In reduced units, then, 

' ( 12 ) 

The general natuie of the curve is that of an 
exponential curve asymptotic to /== 1, and for 
future reference, it should be noted that the 
force at the point / = 2 

1-1 = 0.75. 

When the linear three-element model is re¬ 
laxing at constant length, the problem is a very 
simple one, because F—f, the force on the parallel 
spring, is constant. Solving Eqs. (2) and (3) with 
l constant gives 

(l/*i )W/dt) = -fh (13) 

which yields a simple unimolecular decay law 

The situation grows somewhat more complex 
when the usual repeated cycle stress-strain curve 
is considered. The separation of F into F—f and 
/ now has great utility. The force on the parallel 
spring is simply a function of elongation, and 
attention can be focused on the behavior of the 
dashpot and spring in series. Consider the work¬ 
ing curve (Fig. 3) taken at a constant rate of 
elongation. If suddenly the elongation be halted, 
the relaxation curve begins, following Eq. (13). 
If the working curve be quite near its ultimate 
value, the dashpot is flowing at a rate equal to 
p, the over-all rate of elongation and the spring 
has ceased to elongate. This is shown by the 
constant value of the force. Therefore, when the 


elongation ceases, the dashpot will be flowing 
on at a rate equal to the over-all rate, and the 
force on the series spring will decay at exactly 
the same instantaneous rate as the initial slope 
near / = 0 when the spring was being loaded at 
the over-all rate, p. 

Now, if instead of stopping for relaxation the 
rate of elongation is reversed, at the ultimate 
value of /, then the force will be decaying for 
two reasons. The dashpot is still elongating at 
an instantaneous rate p, and the series spring is 
being shortened by another p. The total rate of 
decay is 2p, and so, the instantaneous slope upon 
reversal when /reduced = 1 is twice the initial slope. 
As the contraction at rate p proceeds, the slope 
decreases, for obviously, when /= 0 the slope 
must be the initial slope, because the dashpot is 
no longer moving at all. As further contraction 
into the region of negative tension occurs, the 
situation is the same as in the initial elongation 
except that the sign of / becomes negative. 

The equation for this region is still the familiar' 
(12). Then, because the region of steep slope 
occurs without an intervening reversal at a time 
preceding the familiar region, it becomes ap¬ 
parent that the equation for this region is also 
(12), but in the region of negative time. The slope 
at any value of </> is obtained from (8), and it is 
seen that at <f>= — 1, the slope is twice that of 
<£ = 0 . 

The working curve for positive and negative 
values of time is shown in Fig. 4. Using this 
curve, the stress-strain curve for many cycles of 
elongation and contraction is easily constructed 
with a pair of dividers and a ruler. The saw¬ 
tooth pattern of the force on the spring in parallel 
is first marked out, putting in a horizontal sec- 



Fio. 4. The working curve. 


im 
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tion for every relaxation. Then, starting at any 
point when / is known to be zero, the curve is 
laid out measuring the / value from the working 
curve. Whenever the direction of elongation re¬ 
verses, the force value is measured from the 
other branch of the working curve, that is, where 
the value of / is the same except for sign. Now it 
is quite clear that if the shape of the working 
curve is known, this process of calculation of a 
complex curve can be generalized. None of the 
laws has to be linear. The only restriction, at 
the moment, is that the viscous drag at a given 
rate be the same for moving the dashpot forward 
as for moving it backward. Actually, to calculate 
the working curve depends on the ability to 
integrate the equation, but this integration can 
always be found by numerical means. 

With this generality available, the question 
arises “when is the three-element arrangement 
itself permissible?” The answer to this question 
lies in a study of the points where /=0, that is, 
when the stress-strain curve crosses the line 
( F—fvs . /) representing the force on the spring 
in parallel. At this point, there will be no re¬ 
laxation. On either side of it, relaxation will 
occur in opposite directions, tending toward it. 
These “points of no relaxation” lie on a line 
that is a function of elongation alone. By a 
study of experimental points of no relaxation, 
it can be ascertained that they are a function of 
elongation, alone. If they are, their totality of 
points forms the line representing F —/, the 



Fig. 5. Effect of rate of loading on load-elongation 
properties of regenerated cellulose rayons at 20°C and 
65 percent R.H. 




Fig. 6. The manner in which the various quantities are 
determined from the stress-strain curve; A, at constant 
rate of elongation, and B, at constant rate of loading. 

force on the parallel spring, which for con¬ 
venience is referred to as the “spring line.” 

A change in rate of experiment produces 
quite striking results. On the assumption of the 
Newtonian viscous element the force at a given 
elongation should be a linear function of the rate 
of elongation. Contrary to this, the function is 
found to be more nearly logarithmic. For ex¬ 
ample, D. Entwistle, in the third John Mercer 
Lecture, 2 publishes a curve (Fig. 5) showing the 
rate of elongation changed over a factor of 28,800 
with the curves arranged in such a manner that 
he states: “Over a considerable range there is 
an approximately linear relationship between 
breaking load and the logarithm of the time of 
break.” Because the breaking elongation is rela¬ 
tively independent of rate, this is equivalent 
to stating that the logarithmic law holds at any 
given elongation, since the curves parallel one 
another. This situation is entirely incompatible 
with any linear model, but harmonizes very well 
with the Eyring viscous element, or for that 
matter, any exponential law of flow. 

In 1936 Eyring 3 proposed his law for visposity 
in shear: 

rate of shear = 2( V,/ V n )(kT/h)e~* Ft /kT 

smhfVh/2kT, (14) 

where Vh is the volume of the flow “hole,” 
V m is the volume of the molecule, k is Boltz¬ 
mann’s constant, T is temperature, h is Planck’s 
constant, AFJ is the free energy of activation for 
flow, and / is the shear stress. This can be written 
for the present as 

_ dh/dt-K sinh af. (15) 

* D. Entwistle, J. Soc. Dyers and Colourists 62, 261 
(1946). 

1 Henry Eyring, J*. Chem. Phys. 4, 263 (1936). 
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The problem of the three-element model in¬ 
corporating this viscous element will now be 
solved. It is a quite general law, and it includes 
the Newtonian law as a special case. The equa¬ 
tions governing the model are: 

F-/-W. 

dh/dt-K sinh o/, 

and, for the condition of experiment, 
pF+ gl *4“ rt = 0. 

This equation represents the "most general re¬ 
straint that cap be integrated conveniently. It 
includes, as special cases, a constant rate of 
elongation, p, and a constant rate of loading, P . 
For these two cases the various variables are 
measured in the manner shown in Fig. 6. Also 
governed by this equation are the results of the 
pendulum-type tester, if the movement of the 
upper jaw is proportional to the load. Solving 
these equations for / as a function of t yields the 
equation 



P \df _ r * 

pki+q) dt pk 2 +q 


= K sinha/. 


(16) 


This equation is of the form 

f}—d<f>/dr = smh<l>, 
which is integrated to give 


2 

-tanh -1 

d+/3 s )* 


e **—0 

Wl' T 


(17) 


Solving this equation for 4> gives 

( r(l+0 2 )* 11 

* = !n|0+(l+0 s ) J tanhj^—-—( t-c)JJ. (18) 


When r=0, <j>—0, so 
2 




( 1 + 0 S )‘ 


tanh _) 


0 


(l+0*)» 


(19) 


Now, it is desired to obtain a reduced equa¬ 
tion, so following a procedure like that employed 
in the linear rase, the equation 


a/=lnj 0+(l-f-0 2 )ltanh 


( 1 + 0 *)* 


L 


>]l 


(W-«) (20) 


is solved for a and b , under the conditions that 
when t— oo, /=1, and when / = 1, After a 
series of algebraic manipulations the reduced 
equation 


1+8 



( 21 ) 


(1+0 2 )*J 


is obtained, where 


A = 


[[&■)( 


tanh~H 


1 + 


( 1 + 0 S )» 


/ 1+0 

V (1+0*)* 


fl 


)( 


1-0 


(l+0 J ) i 



( 22 ) 


With this function of t and 0 it is possible to 
calculate a whole family of working curves, de¬ 
pending on the shape factor, 0. The larger 0 is, 
the more non-Newtonian is the behavior of the 
working curve. To compute 0 from the working 
curve, the behavior of the reduced force at some 
suitable value of can be investigated. It was 
shown above that for the Newtonian case for 


t-2, /=0.75. In the non-Newtonian case this 
force is always larger, approaching unity as 0 
increases indefinitely. The quantity ft versus 0 
is shown in Fig. 7. 

The meaning of the increase of /, with 0 is 
found in the fact that the more non-Newtonian a 
dashpot is, the more insensitive it is to forces 
below the yield force. In the limit, the com- 
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1.00 
0.95 
0.90 
0.85 
0.80 
0.75 

0.01 0.1 1.0 10 100 1000 10,000.100.000 

Fig. 7. Diagram for evaluating p from the reduced 
force,/a, acting on the dashpot at a time, t 2 , which is twice 
the time elapsed from the application of the load until it 
reaches one-half its final value. 

pletely non-Newtonian dashpot yields quite 
sharply at a given force, independent of the rate 
of elongation, and does not move below (his 
force. For practical purposes of constant evalua¬ 
tion the shape factor is only of the roughest 
significance, but at this point it is appropriate to 
give the constants of the viscous law as a func¬ 
tion of the observed quantities. For the case of 
a constant rate of elongation K = p/0 and 
a = 1 //oo arc sinh/ft. The ultimate value of the 
force on the dashpot is written / x . Similarly for 
the case of constant rate of loading, P, K = P/ 
0k 2 and 

a = 1 //«, arc sinhjfl. 

Various other ways of evaluating 0 are given 
in the original references, along with a treatment 
of relaxation and creep and a more detailed dis¬ 
cussion of the Eyring viscous element. 

The practicable way of evaluating 0 is found 
when the change of the ultimate force, / x , with 
rate of elongation is considered. If r n is the ratio 
of/oo at a speed n times a basic speed 0 , to/» at 
the unit speed, then one has 

r n = foo(n)/f«>{\) = (t>n/<t>u (23) 

0i = arc sinhjS, 

0 n = arc sinh n0, 

and, therefore, 

r n = arc sinhwft/arc sinh0. (24) 

Therefore, 0 can be determined as a function of 
r w . If 0 is large, the approximation arc sinh# 
«ln20 holds, and 0 can be found explicitly: 

0=JflO/rn~l). (25) 

This equation provides a way to determine 0 as 
a function of scale factors alone, and independent 
of shape. 


The three-element non-Newtonian model is 
quite successful in accounting, qualitatively at 
least, for many stress-strain curves. It should be 
emphasized that the non-Newtonian nature of 
the dashpot is responsible for its remarkable 
qualitative fidelity. In complicating the three 
elements, very little progress can be made merely 
by having many Newtonian elements hooked to¬ 
gether. Most existing material concerning the 
visco-elastic behavior of materials, however gen* 
eral and formal, has in it somewhere the assump¬ 
tion that the governing equations are linear. 
This is particularly true of the so-called super¬ 
position principle. The utility of such schemes is 
thus strictly limited. In fact, linear systems are 
usually found only in highly plasticized systems 
where the stresses are in the region of 10 7 dynes 
per square centimeter. In textiles, where stresses 
are of the order of 10 9 dynes per square centi¬ 
meter, no case has come to the author's atten¬ 
tion. Further discussion of this topic is found in 
the original references. The most fruitful com¬ 
plications are found when the elements them¬ 
selves are changed, retaining the three element 
model. 

In deriving the Eyring viscous law, the as¬ 
sumption is made that flow is retarded by a 
symmetrical potential barrier. It was always 
realized that this simplification might be un¬ 
justified, and it has been observed that it is 
often not available. That is, the force, notably 
in the case of wool, is much more effective in 
producing flow in one direction than in the 
opposite one. Clearly, if the potential barrier is 
unsymmetrical, the rate of reaction up the steep 
side will be less affected by the force than the 
rate up a more gradual slope. This, then, is in 
harmony with the experimental observation. 
With an unsymmetrical barrier, the expression 
for the rate of shear is 

dh/dt= (K/2)(e**-erW-M), (26) 

where p is the symmetry coefficient. The form 

dh/dt = sinh af (27) 

is equivalent to this expression, which shows the 
perturbing influence of the lack of symmetry on 
the original hyperbolic sine law. For convenience, 
<r is written for. 2/*—1. 
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Using this new viscous law, the equation 
governing the working curve becomes 

0 — (d<t>/dr) “ e + ’* sinhtf, (28; 

which gives 


— r 



d<f> 

P+e*+ sinh <f>* 


(29) 


which is not integrated. The measurement of the 
ratio 




still permits determination of the constants, even 
if the exact shape of the working curve is not 
calculated. 

Using the notation 0i out for the ultimate value 
of 0 with the dashpot going forward at speed 1, 
and similarly 0* out , 0i ln , and <l> n in for the other 
three ultimate values, the equations when d<t>/dr 
becomes zero, are 

(j a g+<r*i°ut sinh^out, 

n/3«e+'** out sinh0 n out , 

(30) 

i |n sinh0i in , 
nP — e-**" 1 * sinh <f> n in . 

Using the approximation sinh5c«e x /2 for large 
x , these equations become 

ln20~(l+<r)*i out , 

Inn+ln2j3= (l+<r)0 n out , 

ln2jS-(l-^i ta , Ul/ 

ln»+ln20= (1 —<r)0 n in . 


From this set of equations, a set of ratios may 
be derived as follows: 

Rout «(ln2/J+ln»)/ln2|5= R ]a , (32) 

R n - (1 +<r)/(l - <r) - 0n , »/** out ; (33) 

where 


£ ou *« 0 n out/^ 1 out */ n ouV/l OUt * 

i? ln »*i» in M ,na3 /n la //i in . 

Rn-U'/fn 0 ". 

From these equations for large 0 0® %n llR - 1 
(as is found for this approximation when <r«0), 


and 


or 


S R 1 +i**Rn+l f 
Rl Rn 
Rl+l~Rn+l 


(34) 

(35) 


where the formulas with i?» are obviously better 
approximations. 

In the other approximation, where 0 is small, 
the four equations become so simple that or 
disappears completely, in harmony with the 
necessary equality at the rates of reaction at 
equilibrium, satisfying the principle of detailed 
balancing. 

As a second degree of approximation, consider 
that /3=/?o+/3i i 0 ’= =: 0 'o“f“ 0 , i, and 0 1 out = 0 o 4-0i, 
where 0o = (l+<ro)“ l ln20o. Upon expansion in 
the small correction factors, using the approxi¬ 
mate equation for the zero-order values, closer 
values for the constants can be found. 

Of some utility is the limiting concept of the 
completely unsymmetrical barrier, where = 1. 
Flow in one direction is not affected by force at 
all. The equation for shear becomes 4 


dh/dt=(K/ 2)(a*'-l). (36) 

• * 

If the slightly altered definitions 4> = 2a/, 0 = (2p/ 
2C) + 1, and 

r — k\ aKt 


are made, the differential equation for the work¬ 
ing curve becomes 

0-(d4>/dr)=e*, (37) 

which yields 

r+const. = (l/0)[0-ln(/J-e*)]. (38) 

A reduced equation will be obtained, subject 
to the conditions, that when 

t=0, /=0 

f=°°. /=1 

< = 1. /-*• 

The equation is 

(fln0—ln(0—e f ,0 *)+ln(/3-l)) 

/=-, (39) 

(In V/3 - In Off - >//»)+ln(f3 -1)) 

an equation which changes when —/ is substi¬ 
tuted for/. 
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The only type of experiment considered above 
was one in which a linear relationship existed 
between force, elongation, and time: 

p F + gl H- ft =0, 

because only this restraint makes the equations 
amenable to simple treatment. In practice, it is 
often desirable to calculate behavior that is 
characterized by its dependence on any restraint, 
assuming in this discussion that the constants of 
the model have been evaluated from simple ex¬ 
periments and hence are available for computa¬ 
tion. However, in solving even the simplest cases 
analytical difficulties are met, and it is of in¬ 
terest to consider here simple point-by-point 
methods. The method of synthesizing the total 
force, E, from the partial forces,/, on the dashpot 
and spring in series, and F— /, on the single 
spring will be employed, as before. If the re¬ 
straint is of the form / = /?(/, F), then F—f=k 2 l 
— k 2 R(t, F). The value of / must be considered 
with more care. First the case of constant rate 
is considered. The value of <t> is 


1+0 

r 

1+-: 

tanh-(l+|8 2 ) J 

(1+0 2 )* 

2 

1-0 

r 

1+-- 

tanh-(l+/3 2 )* 

(1+0 2 ) 1 

2 


(40) 


with a new set of normalization conditions. 

The time values were normalized previously 
to the half-value of the ultimate force (that is, 
when / = l,/=§), but now the ratios between the 
initial slopes must be preserved in their proper 
values. This is made necessary by the new vari¬ 
able that is now considered. Thus, the three 
conditions defining the old reduced variables 
variables were as follows: when 

/- 0 , *- 0 , 

/=2» 1 
/“It *= °°, 

and the definitions of the new reduced variables 
are as follows: when 

/= 0 , *=» 0 
Kak i = l, 
a-1. 


This curve, or family of curves, depending on 
0, is adequate to predict the value of / from its 
initial value, / 0 , as long as/o is below /» in value. 
For values of /o greater than /» it is necessary to 
determine the family of curves where the ex¬ 
treme boundary value / 0 = is employed. The 
general solution 

/= 1/a hi[0+(l+0 2 )h:anh(6/+c)] (41) 

yields at /= oo, /=0 

oo = ln[0 + (l+0 2 )*tanhc], 
*-*/2(-l)». 

This yields, as a special solution, 

(1+0 2 )*1 

*'«ln 0+-. (42) 

tanh&/ 

(The constant b is then (1+0 2 )* to agree in scale 
with /.) This equation represents a family of 
curves asymptotic to / = 0 and /'=/*, because 
when t = oo 

*.'«ln[0+(l +0 2 )*], (43) 

and for the other set of curves passing through 

i = 0,/=0 


1+0 
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Fig. 9 A typical stress-strain 
curve showing the inadequacy of 
the three-element model It is 
6-demer textile rayon, elongated 
at a rate 6 5X 10~ 4 per second at 
0 35 RH 


—. 




t - to H 

b-«tr~nr 

— 


« " ” b Jo ~pj 

-is- ts - 


T £ sc qno 


and, since 

1+0 

1H-- 

( 1 + 0 2 )* 

0+(l+/3 2 )* =-= " ,nh * f 

1-0 

1 +- 

(1+0 2 )* 

0 ao 3=1 03 C 

These two families, which together cover the 
entire range of / from — » to *>, are plotted in 
Fig. 8. Thus with a given velocity and initial 
conditions, subsequent conditions can be pre¬ 
dicted at that velocity bv following the proper 
curve But since 

l = R{F, /), 

or (45) 

dl/dt~p=R'(F, i) 

is no longer a constant, it is possible to predict 
the initial velocity if /o, Fo and the constants are 
known to be 

fa-p*/K-R(F*Q)/K. (46) 

Proceeding along the proper curve f3o an amount 

A/i, from fo gives 

A(F-/)i~po*iA*. (47) 


Here k 2 is the force constant of the parallel spring 
AFi is obtained from Fig 8 

Al 1 = poAt i 

Then a new 0 is determined 

0i = pi/A' = ^'[(Fo+Po^A/i+A/i), &t{]/K (48) 

Then, from the point f Q +Af u curve is followed 
for a time A / 2 , and another point is thus con¬ 
structed. This process is repeated until the re¬ 
quired curve is produced. 

Now, in order to work a specific problem where 
the values of the constants are presented in 
centimeter-gram-second units, it is necessary to 
reduce the units. First, the value of the force 
unit is taken, so that a becomes unity in terms 
of the new force \ariable. Then, time is taken 
so that the product Kak 1 equals unity, where¬ 
upon the variables are reduced. Then ftmtiai is 
computed from p m »ti*i and K , and k* are ex¬ 
pressed in terms of reduced force, and the com¬ 
putation begins. The only numbers that char 
acterize a given computation, then, are the 
experimental restraints such as inertia (which 
must again be in reduced units), the value of k% 
in reduced units, and pinitui. 
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Although a large amount of material can be 
explained with the three-element model, almost 
any material can be made to show the presence 
of a distribution of relaxation times by a suitably 
prolonged experiment. Before going into the 
general theory of complex arrangements of non¬ 
linear elements, it will be helpful to consider a 
simple system that shows some of the qualitative 
features of the distribution. 

The use of any sort of model containing 
more than one viscous element is a difficult 
undertaking. However, the most rudimentary 
considerations of the molecular structure of 
a fiber make it seem highly unlikely that the 
fiber can be described with a single viscous 
element, no matter how involved its law of 
operation. Nevertheless, a single element serves 
to a remarkable degree to reproduce the be¬ 
havior of materials which do not exhibit plastic 
flow to an appreciable extent. The “distribution” 
used here contains only two elements; no par¬ 
ticular significance, however, can be attached to 
this, except perhaps that the data do not warrant 
further extension. The actual fiber, no doubt, 
involves a continuous distribution. It is neces¬ 
sary to remark that this distribution has nothing 
in common with the Wiechert distribution of 
linear elements; this latter is totally inadequate 
to explain the experiment. It is much farther 
from the facts than the three-element, non- 
Newtonian model. 

In the analysis of a large number of stress- 
strain curves, using the method of the three- 
element model of previous papers, certain per¬ 
sistent difficulties have been encountered. The 
curve of Fig. 9 shows an extreme case. The ulti- 



Fig. 10. The five-element model used in this paper to 
explain the curve of Fig. ,9. 




Fig. 11. The curve of Fijg. 9 
here is analyzed on the basis of 
the model of Fig. 10. Only a 
small excerpt from the second 
part of Fig. 9 is shown. 


mate slope is well defined. Therefore, simple 
permanent set cannot be a factor over moderate 
time ranges. Repeated cycles could then be ex¬ 
pected to yield a limiting curve. In order to 
place the line of ultimate relaxation, three pro¬ 
cedures are resorted to, using the well-defined 
ultimate slope. First, the line is drawn from the 
origin. This is unsatisfactory for two reasons: 
the line does not cut the experimental curve 
with constant angle and it does not agree with 
the position of ultimate relaxation as determined 
at the end of the experiment. An attempt to 
draw a line through the points of constant slope 
meets with even less success. Using the estab¬ 
lished slope, it is impossible to go through all of 
the points. The line is too high for the relaxation 
curve, and, of course, it fails completely to agree 
with the determination of the point of ultimate 
relaxation. Projecting the line back from this 
point also fails completely. It leaves the point 
A, which is obviously a point below the spring 
line, hopelessly above it. 

These considerations obviously lead to the 
conclusion that the model is not a correct pic¬ 
ture of this fiber'. However, the qualitative as- 
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Fig. 12. The experiment of Fig. 9 carried out at one 
twenty-fifth the former rate. It shows the presence of a 
distribution but is interrupted by breakage of the fiber 

pects of the diagram are the same as a curve pro¬ 
duced by a perfect three-element model. No 
widely separated processes exist. The sharpness 
of the initial yield point completely disallows a 
wide distribution of yield forces of a simple non- 
thixotropic character. These yield forces must 
be within perhaps 10 percent of one another. 
Equally impossible is any type af all of three- 
element model. A single dashpot, even if un- 
symmetrical and thixotropic, cannot explain 
point A . That is, a true point of ultimate re¬ 
laxation cannot always be achieved by finite 
process. 

The model suggested by these considerations 
is one containing a number of elements of the 
same yield strength. A simple method of this 
type suffices to explain the curve in Fig. 9. This 
model (Fig. 10) contains two dashpots of equal 
yield value. One is quite non-Newtonian and the 
other is more nearly Newtonian. The effect of 
this arrangement is that the non-Newtonian 
dashpot reinforces the spring when it is not at 
the yield force. When the point of ultimate 
relaxation is found by hunting, it does not repre¬ 
sent the place where the force on the compound 
element is zero, but the place where the force 
on the Newtonian dashpot is zero. Therefore, the 
slope to be used in leaving this point to connect 
with other similar points is not the well-defined 
slope but a steeper slope calculated by con¬ 
necting several points of the proper slope. This 
slope must yield to the well-defined slope when 
the yield value is reached. That this model ac¬ 
counts for the curve is apparent (Fig. 11). Dur¬ 
ing the relaxations, the model must be abandoned 
in favor of a smoother distribution of some un¬ 
known character. At a finite rate, however, this 
crude model is the most complicated that can be 
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justified. Its importance is that it is the simplest 
model that possibly can give rise to the experi¬ 
mental facts. 

When the force is divided among several vis¬ 
cous elements, there are at least two ways to 
express the constants. If the actual force on an 
element is used to compute the constant, then 
this represents the exact mechanical element 
that would reproduce the behavior when com¬ 
bined with its fellow springs and dashpots. How¬ 
ever, if constants are based on the total viscous 
force along with a “concentration,” then the 
situation is conceptually clearer. Thus, if one 
desires to make a three-element model with two 
identical dashpots instead of one, it seems de¬ 
sirable that the constants should be the same as 
if he had used only one because the behavior 
would be identical. 

So far as a single rate of elongation is con¬ 
cerned, the model of Fig. 10 seems quite ade¬ 
quate. Figure 12 shows the effect of changing the 
rate of elongation to one twenty-fifth of its 
former value. Unfortunately, the viscose rayon 
fiber soon broke The shape of the curve, how¬ 
ever, shows that the hypothesis of equal yield 
forces is no longer good The presence of a dis-* 
tribution of lelaxation times is clearly indicated. 
This is as it should be, for if at one speed the 
yield force of the dashpots is equal, then at other 
speeds the yield forces must diverge from one 
another. Figure 12 shows that the dashpot of the 
more Newtonian character is almost completely 
yielded at all times, and that the yield force is 
approximately accounted for by the completely 
non-Newtonian dashpot if that yield force, by 
hypothesis, is considered constant. The gradual 
nature of the yielding process shows that this 
hypothesis is only qualitatively correct, and that 
the completely non-Newtonian dashpot is be¬ 
ginning to split into several more or less non- 
Newtonian dashpots. 

Proceeding in a manner similar to that de¬ 
scribed above and observing the convention 
therein described, one obtains the following 
results: 

Springs: 0.94X10 11 dyne/cm 2 , 

ft a *1.19Xl0 10 dyne/cm 2 ; 

First dashpot: 0.66 concentration 
/oo «0.874X 10* dyne/cm 2 ; 
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Second dashpot: 0.34 concentration 
P = 6.5X10~ 4 , 

0-3 (from shape), 

* = 2.2X10~ 4 , 

a = 2.09+10~ 9 , 

AFJ = 23,650 calories, 

Va = 5.5 A cubed. 

In Fig. 11, second part, the agreement with 
the established line of no relaxation is shown by 
the difference between the dashed line and the 
solid line. In Fig. 12, the dashed line gives the 
slope used before to represent the single dashpot. 
At this new speed, it no longer has moaning. 

SIX RULES FOR ANALYZING 
STRESS-STRAIN CURVES 

In the analysis of the stress-strain properties 
of a material there is a certain advantage to the 
making of haphazard stress-strain curves, fol¬ 
lowing no particular pattern and depending, al¬ 
most, on the whim of the experimenter. Then 
these curves are subjected to an analysis that 
must meet many novel conditions of experiment. 
For path-finding purposes this procedure is very 
useful. Until the present writing, stress-strain 
work in the laboratory has followed such a pat¬ 
tern, or lack of pattern. However, as more pains¬ 
taking analyses are attempted, and as the model 
is refined, this procedure becomes very wasteful 
and the results meager. An attempt has been 
made to improve the situation by setting up a 
scries of six rules for the analysis of the stress- 
strain curves of a material. 

In the present paper, the general distribution 
of non-Newtonian relaxation times is included in 
the scheme of analysis. The introduction of the 
distribution has been avoided in previous papers 
because its great complexity obscured the ex¬ 
position of simpler ideas, such as non-Newtonian 
behavior and the unsymmetrical potential bar¬ 
rier. The importance of the distribution is real¬ 
ized when more complex experiments are per¬ 
formed. It is seldom if ever found absent when 
experiments are devised that accentuate it. 
Similarly, the existence of multiple equilibrium 
positions at the same value of the flow coor¬ 
dinate (thixotropy) is of very great importance. 
The protein fibers seem especially thixotropic. 
Because both of these complications are intro¬ 


duced here, the scheme is more general in ap¬ 
plication than the analysis given in previous 
papers. 

Each of the proposed six rules contains a 
simplifying criterion. If the criterion in the first 
rule is satisfied, then the procedure of the second 
rule becomes usable, and so on through the rules. 
If all six criteria are obeyed, then the material 
under study is representable by a hyperbolic 
sine-law model. When a criterion is violated, the 
notes to the rules suggest the proper procedure. 
At times this procedure can only be sketched, 
because the mechanics of the complex analysis 
is still being worked out. However, the prin¬ 
ciples governing the calculation are usually clear. 
The six rules suggest an orderly mode of experi¬ 
ment which is outlined in a note. The language 
of the rules is that of experiments conducted at 
a constant rate of elongation, but obvious modi¬ 
fications will occur to those interested in the other 
types of experiments. It also seems pertinent to 
observe that whenever the* general criterion for 
the existence of a simple system (the three- 
element model) has been established, the single 
dashpot has its kinetics, however peculiar, com¬ 
pletely bared, and the necessity for employing 
the rules vanishes. The concept of compound 
models, because' of its great difficulty from the 
experimental standpoint and its complicated and 
involved nature from the theoretical standpoint, 
is reserved for a final note. 

The typical experimental material available is 
a complex stress-strain curve like Fig. 13, which 
consists of many cycles of elongation, relaxation, 
and contraction. In Fig. 13 the curve is plotted, 
for compactness, on a load-elongation plane, 
rather than the alternative plot on the load-time 
plane. The six rules arc as follows. 



indicated, by a straight vertical line. 
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THE SIX RULES 

I, The complex stress-strain curve is com¬ 
pared with simple experiments in which samples 
of the material under study are elongated to 
break at the rates of elongation under study 
(Fig. 14). The complex stress-strain curve at a 
given rate on the load-elongation plane must lie 
within the simple curve taken at the rate con¬ 
sidered as an envelope (criterion I) (Fig. IS). 
Any portion of the complex curve lying outside 
of the envelope (Fig. 16) must be analyzed on 
the basis of a theory of thixotropy. 

An obvious exception to this rule is en¬ 
countered when the rate is changed rapidly 
enough to leave the stress-strain curve within 
the envelope at the old, faster rate, but outside 
of the envelope at the new, slower rate (Fig. 17). 

II. A large number of points of no relaxation 
is determined. A point of no relaxation is de¬ 
termined by finding an elongation where the 
force decreases upon relaxation, then contracting 
the sample until a point is reached where 
the force increases with relaxation, eventually 
bracketing the force value ^hen the initial rate 
of relaxation is zero (Fig. 18). Out of the totality 
of points so determined, a special group is defined 
as follows: a member is taken directly by one 
contraction starting from a point where the 
complex curve lies on its envelope. This definition 
will have to be approximated by doing as little 
searching as possible, and a certain amount of 
discretion must be used in placing a point in the 
special class. 

Because there is only one defined way of 
achieving a member of this group from a definite 
elongation on the envelope, the totality of these 
points will form a line underneath the envelope 
that is a function of the elongation. Consider 



Fig. 14. Samples elongated to break at several rates. 


the difference in force between the^envelope and 
these points. If this difference increases mono- 
tonically and becomes constant, then, in terms 
of spring-dashpot language, the elements that 
are determining the point of no relaxation are 
the same after this constancy has been achieved. 
When this condition of constancy is satisfied 
early in the experiment, criterion II is obeyed. 
The group of elements that determine the points 
of no relaxation can then be investigated as an 
entity. Before criterion II is satisfied the region, 



Fig. 15. A complex curve lying completely within the 
envelope (conforming to criterion I). 

if it is satisfied ultimately, is to be treated under 
the rules given below concerning the return (con¬ 
traction) curves. Data in this region, for most 
practical cases, are fragmentary and unim¬ 
portant. 

When this condition of monotonic increase 
and constancy is not satisfied, then some change 
in the determining flow process with elongation 
is implied. 

III. The residue of points of no relaxation, 
after the special group is considered, is divided 
into sections totally separated from one another 
by any relaxation occupying a longer time than 
is the criterion of direction of movement, for 
determining the point of no relaxation. It is, of 
course, also separated by any determination of a 
point of the special class or any return to the 
envelope. The process described in this rule is 
repeated for each group of points isolated by 
these occurrences. Within such a section, a 
spring line is drawn from the terminal point of 
such a long relaxation or from the point of a 
determination of the special group, with a slope 
that makes it pass as closely through the points 
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in the section (Fig. 19) as possible. If it is possible 
to pass this line through all the points in the 
section, and if it is possible to do this with the 
same slope in every section, then the concept of a 
single relaxing dashpot for determining the point 
of no relaxation is applicable. (Criterion III.) 
The example of a simple “distribution” given 
above is of this kind. 

IV. If the previous criteria are observed, it 
remains to consider the shape of the return loops. 
A simplifying criterion is the existence of a well- 
defined slope in the region of no relaxation. If 
this constant elastic slope exists throughout the 
experiment, then it is established that the same 
totality of Hookean springs is operating through¬ 
out the experiment. (Criterion IV.) When this 
criterion is not observed, some condition of 
thixotropic flow or non-Hookean elasticity is 
implied. 

V. When the elastic slope of rule IV is es¬ 
tablished, the working curves are transcribed, 
using the slope of rule III as spring line and the 
points of no relaxation as origin. If a well-defined 
working curve exists, the appropriate theory can 
be applied (Criterion V ) 
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Fig. 16. A complex curve with a portion outside the 
envelope (violating criterion I). 

VI. If the working curve is the same for 
elongation and contraction and the constants 
determined from relaxation agree with those 
from shape and rate change, then the simple 
hyperbolic-sine model can be employed. (Cri¬ 
terion VI.) 

NOTES AND EXCEPTIONS TO THE RULES 

I. When only a certain small portion of the 
curve appears outside of the envelope, this part 


/ 


Fic. 17. The case of a change from a fast to a slow rate 
in which the curve can be said to obev criterion I because 
it approaches the envelope, although from the outside. 


can often be neglected, and points of no relaxa¬ 
tion taken from it excluded from the special 
class. Usually this “hump” is observed just as 
the curve reaches the envelope after a series of 
elongations and contractions confined to the 
interior of the permitted area. By a careful study 
of when the humps appear, a proper thixotropic 
scheme can be devised (see below). Although the 
special class of points of no relaxation is not 
affected, the behavior of the other points must 
be carefully studied in the light of the thixotropic 
scheme. When, however, the position of the curve 
is a complete departure from the envelope 
(“strain hardening”), an extremely thorough 
study of the effect of order of succession in the 
performing of experiments becomes necessary. 
This complication of experiment is required be¬ 
cause the great simplification of the possibility 
of proceeding to a reproducible state (the en¬ 
velope) at will, is no longer available. When the 
general thixotropic scheme has been devised for 
the envelope, it is still a much greater task to 
go to the return loops and points of no relaxation. 
There is no example where this has been done. 

Certain deviations from the envelope in the 
sense that the complex curve lies below the en¬ 
velope when it is obviously parallel to it and 
therefore unable to reach it, can be ascribed to 
true permanent set, or quasi-permanent set from 
a later relaxation process. Because of the usual 
highly non-Newtonian nature of the yielding 
process, it is not an important occurrence. Even 
when the first criterion is not satisfied, as long 
as the curve over a given range conforms within 
appropriate limits, the procedures of the follow¬ 
ing rules can be applied with caution. When the 
general thixotropic scheme has been elucidated, 
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Fig. 18 The determination of a point of no relaxation. 

then more general modifications of subsequent 
rules can be applied. 

When thixotropy is established, it is quite 
apparent that for the envelope curves themselves 
whenever a dashpot is changing its rate of flow, 
thixotropy is likely to enter. Therefore, there 
might be some advantage in constructing a 
hypothetical, experimentally unrealizable en¬ 
velop curve calculated on the basis of all of the 
dashpots continuously having their ultimate vis¬ 
cosity. The obvious reason for rejecting this 
procedure is the uncertainty of any theorv that 
might be used to calculate §*ich a curve. 

The essential nature of the envelope criterion 
is that all curves should approach a common 
curve when the sample is pulled for a length of 
time with no reversals or halts. It is conceivable 
that the nature of the multiple state flow might 
be rheopectic, and at first the viscosity be lower 
than its ultimate value. No striking test for this 
situation is apparent, and a careful study of the 
consequent varying rate of approach to the en¬ 
velope is required. A curve that almost parallels 
the envelope at a distance for a time and then 
ultimately approaches, indicates rheopexy, but 
this criterion is necessarily more vague than the 
corresponding one for thixotropy. When a large 
number of points of no relaxation are not experi¬ 
mentally available, then a study of the envelope 
curves themselves is of some use. At first, the 
curves at the varying rates are coincident, corre¬ 
sponding to the action of spring forces alone, and 
then they diverge as the rate-dependent dash- 
pots come into action. The lines will then 
roughly parallel one another, until further yield¬ 
ing processes are discovered, when they will 
separate farther or perhaps, because of a non- 
Hookean parallel spring, come closer together. 

II. It is to be observed that the selection of 


slope in rule III has no effect on the special 
group of points of no relaxation. The adherence 
to the criterion merely implies that whatever 
the elements that are important in the inside 
area, they remain the same. No assumptions of 
independent action of relaxation or simplicity 
of moving dashpot enter. When the criterion 
holds, it is possible to treat the single contraction 
curve starting at the envelope as an individual. 
If it, transcribed as a working curve, does not 
maintain constant shape while the criterion con¬ 
tinues to hold, then a change in symmetry of 
ix)tential barrier with elongation is implied. 

When the compression force on the other side 
of the line of points in the special class is con¬ 
sidered, it becomes quite conceivable that, while 
the contraction curve from the envelope to the 
line of the special class may be of unchanging 
shape and length, the prolongation of the curve 
may deviate from this constancy on the com¬ 
pressive side of this line. When this situation is 
encountered, it is proper to define some minor 
special classes, supplementing what can be called 
the major special class, of rule II. A suitable 
member would be defined as the points deter¬ 
mined directly after going to a given line parallel 
to the envelope, and below the major class line. 
This new line would be parallel to the major 
line, because, by hypothesis, criterion II is al¬ 
ready satisfied. Then if the new line of points of 
no relaxation is also parallel, the determining 
elements are identical with those determining 
the major line. It is apparent that very peculiar 
elements indeed would be implied if these lines 
were not parallel. 

Other improper special classes can be desig¬ 
nated by using the line of no forces as a reference. 
These special classes are improper because they 
involve both the envelope and the line of no 
force as references. These lines diverge as elonga¬ 
tion increases, and so the points determined are 
not comparable at differing elongations. The 
significance of any special class is that the points 
it comprises are obtained from a fixed reference 
(the envelope) by a defined procedure. Then 
elongation becomes the only variable. For ex¬ 
ample, the improper class of points taken directly 
after a contraction from the envelope to zero 
force will ultimately parallel, not the envelope, 
but the line of zero force when the determining 
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dashpot system is flowing at a constant rate. It 
is apparent that for most purposes, the major 
special group is sufficient and that for any situa¬ 
tion this group is of paramount importance. 

The point of no relaxation with the greatest 
value of force at a .given elongation is attained 
by going into relaxation at the envelope for as 
short a time as is found to be necessary, contract¬ 
ing a very little, and looking for reversed relaxa¬ 
tion. A similar process at zero forces finds the 
point with the lowest value of force. 

When the second criterion fails to hold, and 
the envelope is a straight line when it is failing 
to hold, it is reasonable to assume that the cause 
of the failure is not the discovery of any new 
dashpots, but a change in the dashpots already 
concerned. The dashpot is of the quasi-viscous 
type, and the proportion of the energy dissi¬ 
pated to the energy stored is changing as a func¬ 
tion of elongation, or perhaps even of history 
(thixotropy). Dashpot systems of this type are of 
fundamental importance when recycling experi¬ 
ments reveal dissipation with perfect elasticity 
(Nylon rubber). 

III. While it would appear on first glance that 
the slope determined in 111 enters into the posi¬ 
tion of the points in the special group, it is 
nevertheless true that one of the residual points 
is necessary to fix this slope. The special class 
depends only on the envelope slope. The slope of 
HI can often be guessed by passing the spring 
line through the points where the elongation and 
contraction curves have equal slopes (the “well- 
defined” slope of IV). This process depends, of 
course, on the adherence to criterion IV. 

IV. In the case of wool, a lowering of slope be¬ 
cause of continued working in the region of no 
relaxation shows that the molecular chains are 
resting in temporary positions of high energy 
when it becomes easy to coil and uncoil them. A 
relaxation of sufficient time restores the original 
slope. The initial slope is often steeper than sub¬ 
sequent ones. This can be ascribed to a deep- 
seated thixotropy, or to a non-Hookean behavior. 

V. If there is definite evidence for the presence 
of a distribution, the transcription of a working 
curve will probably fail, unless the singleness of 
the determining dashpot is established. Then, 
over moderate ranges, a working curve for this 
single element can be established. In a recycling 


within a short time after being on the envelope, 
the yield to the envelope will be very sharp, no 
matter how broad the distribution, because all 
of the elements are in phase. Under these condi¬ 
tions the securing of a working curve for the de¬ 
termining element is facilitated. However, after 
a long relaxation, the yield is very gradual be¬ 
cause the more non-Newtonian dashpots have 
held the compression of the associated springs. 
Here the hypothesis of singleness of determining 
dashpot is most likely to break down. 

To treat the relaxation curve quantitatively, 
the first portion of it is ascribed to the determin¬ 
ing element. From this portion, the constants of 
the determining element are estimated, and the 
result compared with those from shape. Then 
the change in envelope with rate is investigated, 
and the amount ascribable to the finding element 
subtracted. The remainder of the relaxation 
curve is split into enough parts to absorb the 
residue. This process can be made to yield a 
number which characterizes the distribution. The 
number of independently acting dashpots to 
which the relaxation curve must be attributed 
to make the non-Newtonian flow ratio, deter¬ 
mined from speed change, come out right, is a 
measure of the extent of the distribution. Then, 
this distribution must be harmonized with the 
shape factor by postulating a distribution in ac¬ 
tivation energy instead of yield value. Because 
the determining dashpot changes with rate, this 
briefly indicated process must be a matter of 
cut and try, with a gradual assimilation of all 
of the data. 

NOTE CONCERNING THE TYPE OF EXPERIMENT 
TO BE PERFORMED 

Except for certain path-finding experiments, 
the effort should be made to test the criteria in 



Fig. 19. The determination ot the spring line. 
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the order given. First, a number of elongations 
to break, at differing rates, should be performed. 
These serve as general guides to the shape of the 
curves, and indicate the presence of the various 
yielding mechanisms. To find the difference in 
yield force because of rate, the effect of sample 
variation must be obviated. This is done by 
changing the rate, while at a point of no relaxa¬ 
tion, on a single sample. Then the complete 
elongations at one rate are used to extrapolate 
to various elongations not covered by the com¬ 
plex rate experiment. The orc^er in which the 
rates are applied must be permuted to determine 
if any strain hardening exists. (See the note to 
I.) If it does, then this portion of the experi¬ 
mental investigation must be prolonged until 
the rules governing the hardening can be ascer¬ 
tained and incorporated on a thixotropic scheme. 

Then, experiments must be performed to get 
representative members of the special group at 
no relaxation points. These can be performed at 
one rate for each experiment, and keyed to one 
another by the earlier experiments at differing 
rates. In these experiments, ^he first proofs of 
thixotropy may be discovered, if thixotropy does 
not depend on backward relaxation, and mani¬ 
fests itself by a passing outside of the envelope. 
Thixotropy can be neglected until criterion II 
can be proved or disproved. If this criterion is 
obeyed, then the treatment is simplified. 

Next, the experiments consisting of return 
cycles and the determination of the residue of 
relaxation points must be performed. If thixot¬ 
ropy is indicated, these experiments must con¬ 
tain many attempted returns to the envelope to 
elucidate the thixotropic scheme. In the presence 
of thixotropy, little more can be accomplished 
because the thixotropic working curves remain 
to be calculated although the principles govern¬ 
ing the calculation are clear. However, even in 
the presence of thixotropy, the finding dashpot 
may not be thixotropic, and thus can be studied 
more easily if return loops starting at a thixo¬ 
tropic peak are not present. Last, a study of rela¬ 
tively long time relaxation should be undertaken. 

NOTE CONCERNING THE REPRODUCIBILITY 
OF THE EXPERIMENTS 

Extremely poor reproducibility enormously 
complicates single fibeir work. A trivial type is 


lack of scale reproducibility. If tw$ constant- 
rate-of-elongation experiments differ only by the 
scale of the force, then a suitable area correction 
can be applied. 

The most significant type of deviation is en¬ 
countered in the early part of most curves. The 
first yield value may be abnormally low. This 
can be ascribed to greater than usual initial ten¬ 
sion or lack of over tension ever occurring in the 
preparation. On the other hand, much more com¬ 
monly the initial yield force may be very high, 
showing that at some time in the preparation 
the sample received an over tension that more or 
less permanently moved some highly non-New¬ 
tonian elements, leaving them in compression in 
the unstressed state. Because of the long-term 
relaxation, or probably more precisely creep re¬ 
covery, the yield in this case is high but gradual. 
Because of the almost endless possibility of the 
concealment of progressively less Newtonian ele¬ 
ments, it is wise to neglect and adjust for the 
first cycle in the early experiments. Thus, after 
the first good approach to the envelope, the 
curves will reproduce. Later on, long-time creep 
and relaxation studies will be required to eluci¬ 
date the first part of the curve. 

For this reason in analyzing stress-strain 
curves the position of the curve as a function of 
rate is known very accurately, while the position 
of the true spring line must be estimated by an 
unsure speculation. The formula for calculating 
p from two rates and the position of the spring 
line is thereby limited in accuracy to the pre¬ 
cision with which the spring line can be placed. 
It seems a logical step to replace this formula 
involving two rates and the spring line by the 
formula based on three rates alone. If p is the 
value of this constant referred to the lowest 
rate, then for rates m and n times as fast, the 
corresponding values are mp and np. Thus 
fi * (1/a) arc sinhjff, / m = (1/a) arc sinhw0, f n 
= (1/a) arc sinh»jS. 

The measured ratio R mn is defined 

_/»-/> 
fm fl 

(.arc sinhn/S—arc sinh/S] 

[arc 8inhw/3—arc sinh/S] 
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To the approximation that 

arc sinh0=ln[j8+(l+£*)*] »ln2/3, 
this equation becomes, for large 0 
*=ln»/lnm. 

That is, to a good approximation, this meas¬ 
ured ratio remains independent of fi and thus 
this method of calculating 0 fails. Hence, it is 
apparent that if only the experimental values 
of the curve envelopes are being considered, the 
carrying of the constant fi is redundant. The 
one-constant non-Newtonian element is im¬ 
mediately suggested. Taking the dimensional 
datum fn—fi as the measured quantity, a dimen¬ 
sioned a can be directly computed from: 

/» — /i= (1/a) (arc sinhn/3 —arc sinh/3). 

If the spring line is sufficiently far away to 
make/3 large, then the approximation for arc sinh 
can be employed, and 

/n-/i = l/a* In n 

or 

= (lnn)/(/ n —/i). 

The symbol a*, then denotes a limiting value 
of dimensional a as 0 becomes very large. It 
should not be confusing that a in reduced units 
reaches no limiting value but goes on increasing. 
The new a* has been computed directly in the 
units of force used for /i. The utility of this 
reduction in the number of constants is increased 
when it is applied to the more complex models 
for viscous elements described under the heading 
“The Thixotropic Viscous Element.” 

Any other lack of reproducibility at present is 
ascribed to essential differences in the samples. 

Having eliminated the spring line, it is now 
possible to apply the formula for a to cases where 
it is known that the three-element model is in¬ 
applicable. Whenever the envelope curves taken 
at the varying rates are parallel, the quantity 
fn—fi in the equation for age can be measured. 
The constant so obtained applies to whatever 
dashpots are affected by rate. Now if criterion 
III is obeyed, so that a single dashpot determines 
the major special group, then it follows that this 
dashpot is markedly more affected by rate than 
the others, and therefore the constant a « applies 
almost exclusively to it. Even when the criterion 


has not been established, this method of dealing 
with a group of envelope curves is satisfying and 
a good approximation. 

It is in reality a first viscous datum for any 
material, because, while the value of the yield 
force is a function of history and generally in¬ 
creases after a few cycles to meet any stress 
situation, the constant a* is always applicable to 
define the effect of changing rate, and therefore 
impact, on the material. 

NOTE ON COMPOUND MODELS 
Higher Order Experiments 

If in a stress-strain experiment a point of no 
relaxation is found and then a relaxation curve 
is taken starting at this point, a definite relaxa¬ 
tion, although at a very low rate, is encountered. 
At a given elongation this second-order relaxa¬ 
tion can be either upwards or downwards de¬ 
pending on the force on the fiber. By a judicious 
interpolation of relaxations the median force 
where this relaxation is neither up nor down, and 
constants for this second-order dashpot can be 
found. The position of the median can be fol¬ 
lowed as a function of elongation and the second 
order version of rule il can be used, if some defi¬ 
nite mode of finding the median be adopted. If 
the position of the median is independent of the 
mode of finding it, at a given elongation, then 
the second-order analog of the three-lement 
model has been established. As the rudiments of 
a third-order investigation, the very slow re¬ 
laxation of the median itself can be investigated 
as a function of a second-order length parameter. 

Lower Order Experiments 

Although certain of the criteria may fail for the 
stress-strain curve as a whole, in the region of 
the plane bounded by the envelope a small 
stress-strain curve that contains no part on the 
envelope can be investigated. It may be found 
that among the easily moved elements that 
come into play in this region, definite yield en¬ 
velopes can be identified. 

The curves inside these sub-envelopes can then 
be investigated exactly like the gross stress- 
strain curve, except that experiments must be 
refined. The same rules have a greater chance of 
success in this region of less drastic forces. If 
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various sub-sections, separated by stretches of 
curve on the gross envelope, yield to the same 
analysis, up to and including rule V, then with 
these constants of a simple hunting element 
sub-curve, a gross curve with a doubly com¬ 
pound hunting element can be defined. In fact, 
a gross curve that did not yield to rule li could 
be satisfactoril} analyzed if its sub-curves 
yielded to the rules. The constants so obtained 
for the sub-curves would show how the make-up 
of the determining or hunting element of the 
gross curve varied with elongation. 

THE THIXOTROPIC VISCOUS ELEMENT 

It is possible to construct a viscous element 
with a dependence on history of treatment, and 
with a state that changes in time by postulating 
a double (or multiple) series of potential energy 
curves, one of which represents the molecules in 
a rest state when flow is difficult, and the others 
repeated promoted states revealed by flow and 
by thermal agitation. In this development of the 
simple thixotropic element, the volume of flow 
displacement, a, will be considered constant. 

The equations developed will be for true vis¬ 
cous elements, that is, the external force will be 
the sole agent causing flow, and when it is re¬ 
moved flow will stop. Several forbidden systems 
will be discussed to show that this is not always 
the case. The second condition for a true viscous 
element, namely, the identity of behavior at any 
value of the flow measuring coordinate, will be 
observed in all cases. When several intercom¬ 
municating positions of rest (potential wells) at 
one value of the flow coordinate are available, 
then the rate of flow of the system is not a simple 
function of the force on the system alone. The 
population of the wells becomes a factor. 

To take a specific example, if two positions of 




rest are available, transformations cart COd- 
r ei\ ably be of importance along all of the paths 
indicated in Fig. 20 where the circles designate 
positions of rest and the lines, transformations. 
Transformations along these lines are governed 
by laws of the type 

K^(kr/h)^/Fx)e^ kT % 

where K is a “rate constant." There will be two 
of these equations for each connecting path. The 
total rate of shear is-the sum of the rates of re¬ 
action in the forward direction minus the sum of 
the rates in the backward direction. If n is the 
population of the top state, and 1 — n the popula¬ 
tion of the bottom state, then similarly dn/dt 
equals the sum of the k's going upward minus 
the sum of the fe’s going down. 

The equations for the complex two-position 
model could be written out, but they quite ob¬ 
viously contain too many parameters to be 
readily used. Two principles hold: First, the 
assignment of constants must be symmetrical 
with respect to plus and minus force, or other¬ 
wise, when the force is removed from the element 
and the populations are in any state but the 
equilibrium one, there will be residual motion* 
associated with the assumption of the equilibrium 
state. Second, if this symmetrical assignment is 
made, the force will exert no influence on the 
populations (the populations will remain at rest 
equilibrium) unless the potential barriers of the 
diagonal transformations are unsymmetrical. 

In order to simplify the treatment, certain 
transformations are given sufficiently high ac¬ 
tivation energies to make them unimportant. 
This is symbolized in the diagram by the absence 
of the line representing this transformation. This 
transformation then is “forbidden" in both 
directions. 

It is contrary to the principle of detailed bal¬ 
ancing to forbid a transformation in one direction 
alone. A satisfactory substitute is found in the 
completely unsymmetrical barrier. In the normal 
symmetric barrier if the forward rate is increased 
by a multiplicative factor then the 

backward reaction is retarded by the same fac¬ 
tor. In the case of the completely unsymmetrical 
barrier, the reaction in one direction is affected 
by $*, while the reaction in the other direction is 
unaffected. This is diagrammatically expressed 
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by a line with an arrow head on the end toward 
which reaction is affected by the force. 

The simplest true viscous element will now be 
formulated (Fig. 21). The undisturbed rate along 
the horizontal arrow will be denoted by K. Then 


**_=(1 -n)K*~', 
kS=(\-n)KD, 
k\=(l-n)KD, 
k\ =nKD&, 

W =nKD$~ l , 


(49) 


when D is a factor for the difference between the 
diagonal passage rate and the horizontal rate. 
Then the rate of elongation is 

dl/dt=K[_(\ —«)(<!>—4>~ l ) +«Z)(4> 2 — (SO) 

and 

dn/dt=KDl2(l-n)-n(&+<i>- i )']. (51) 

In these equations it has been assumed that the 
two available positions are at equal energies, 
and thus at equilibrium with no force applied, 
« = 0.5. 

To calculate working curves, the condition of 
experiment must be specified. At a constant rate 
of elongation from (2) 

di/dt=p-a/k i )(df/dt) 

= ^[(1 — n) sinha/+w£> sinh2a/)], (52) 

where the factor \ in the definition of sinh has 
been adsorbed in K, and 

dn/dt = KD[_{i —n) —n cosh2a/]. (53) 
In reduced units 

^—d<t>/dT — {\—n) sinh</>+»D sinh20. (54) 

Now, if the constants arc known, a point-by¬ 
point calculation will give the working curve. 
To calculate the constants from the experimental 
working curve is more difficult. 

If experiments are available at high rates of 
shear, when the ultimate population of the upper 
state n„=0, then it is simple to calculate all of 
the constants but D from the law governing the 
change of yield force with rate of experiment, 
utilizing the ultimate force values at two or 
more* rates of experiment. At high rates it can 
be assumed that when the maximum in force 
occurs, sufficient reaction has not taken place 
to alter n appreciably from its initial value if D 
is small. If this value is the equilibrium value, 



FORCE 

Fig. 21. The simplest true viscous element with 
two positions of rest. 


then at the point of maximum force n» If D 
is very small, then 

0 555 sinh^max* (55) 

Now, by hypothesis 

/3 = sinh0oo. (56) 

Because 0 is large, by hypothesis 


0 max — In4j8, 

0oo = In 20, 


and if 

T — <t> mux/ <t>» 


then 

r = ln4/3/ln2/3 = 1 + (ln2/ln2/3). 

(57) 

If the contribution of D is of importance 



0 — ^ sinh0 ma x+22P sinh20 max , 

(58) 


and replacing hyperbolic sines with exponentials 
and using 

0max-r0 ao = ln(2/9r, 

40 = (20) r +J9(20) 2r , 
or 

D=w-m r /m 2r - ( 59 ) 

11 is quite apparent that a model wherein the 
lowest state w = 0.5 is not adequate except when 
thixotropy is slight. The largest permissible value 
of r is 2, and practical values will be much lower 
because 0 is usually high. 

If it is desired to express the results solely in 
terms of force difference, analagous to the one 
constant treatment of non-Newtonian viscosity 
above, the argument is as follows: 


/8 = sinh0oe, 

0*=i sinh0 m **+\D sinh20 m ax' (60) 


Replacing the hyperbolic sine with the exponen¬ 
tial form 


2/3 = e* ", 

40mu\ 


(61) 
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FORCE 

Fin. 22. A viscous system of the forbidden type 


Then 


0„*ln2j8, 




r(lH-16W-l 


2D 


} 


(62) 


, , 1 f(l+l 6D/3)i-l 

A/=—(01m»x- 0 oo) =~ lnl- 

a L 4£>/3 

AS = [2—e" A/ ]/[e 2oA/ ]. 


1 
a 

whence 


]■ 


(63) 


This depends on rate, and the final expression of 
the answer takes the form 

D/K=p[2-e°*'j/[e’°*'] (64) 

when a comes from the change in /» with rate, 
and p is the rate of elongation. This formula 
applies only when e orA/ '<2 as otherwise the model 
is invalidated. 

This limitation could be removed by placing 
the upper state at an advantage thermody¬ 
namically, but this modification would introduce 
another constant. A permissible system, having 
no more constants, which does not have n 0 =0.5 
can be designed by modifying the previous sys¬ 
tem by making D a difference in well energy 
rather than an activation energy factor. The 
activation energy for the diagonal process, from 
the bottom state, will be the same as that for 
horizontal flow along the bottom states. The 
equations expressing this are 


k+-~(l-n)Kir+, 
*^ = (1 -n)K, 
k\~(l-n)K, 
k\=nKD&, 
kS = nKD$~ l , 

1—»o/«o=A, 

n 0 =l/£+l. 


(65) 


V&2 


The equation for dl/dt remains the same. Bui 
repeating the approximation for 

/8 - (1 -wo) sinh^mtt+woA sinh2^ m « 

- (D/D+ l)(sinh*,„ax+sinh2* m „). 

Then 

2?»[(20)*-»+(20) r - | -l]-‘. 

In terms of force differences 
2j8=e*«, 

2/3 = (A/A+l)(« s * m0 *+«* ,nax )i (67) 

whence 

4>« = ln2/3, 

[1+8(A+1/A)]»-1 
Qmtx —In , (68) 

2 

aAf= $ In2//3A, (/3 is very large), 

D/K=2pe*°u. (69) 

A system which is of interest is shown in Fig. 
22. It is of the forbidden unsymmetrical type and, 
for this reason, can function without unsym¬ 
metrical potential barriers. The equations gov¬ 
erning its motion are 

£_> = (1-«)_£$>, 

*<_ = (1 
k\=nKM, 

k\ =(1— n)KD&- 1 , (70) 

dl/dt = iC[( 1 — w) (<t> — 4> _l ) 

+nD$— (1 — wJAfc-i], 
dn/dt = KD[(l —w)<J> -1 — 

At a constant rate of elongation, when d<t>/dt= 0, 

/3 = (1 -«) sinh0 B1<ut +»£>(e*»»»/2) 

-(\-n)D{er* m '*/2). (71) 

If w has its equilibrium value J, following a 
similar procedure gives 

sinh0 m »*+Jff sinh^mu, 
or 

2/3 = (1 +D) sinh^ mu =(1 +£>)/3 r , 

I> = (2/3/6 r )-l. 

If n has the extreme value, unity, 

De* mtx D(2(f) rmx 


£> = (2/3)‘-™« (73) 
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For this third “forbidden” case the argument 
based on force differences is as follows: 

20«e*«, 

2/3if»®$, 
<fco=ln2/3, 

* ln(4/3/1 +D ), 

—«4Mn(l+D/2), 

D = 2e~ a * f —l. 

If »-l, 

2 p=De* m ' x , 

0m«=ln2/3/Z), 

—aA/=ln.D, 

D = tr°u. (74) 

The simplest of all models is an improper one, 
containing an unsymmetrical barrier (Fig. 23) 
The equations governing this model are, assum¬ 
ing all activation energies and energy levels 
equal, 

jfe_>=(l-»)£$>, 

*«_=(l-w)K<l>- 1 , 

k\= ttK, (75) 

k\ =(l-«)A'4>- i , 

dl/dt=K[_{\-n)[^-^ 1 )+»-(l-»)4-- i J. 

At a constant rate of elongation, when <f> is 
maximized 


/3 = (1 — n) sinh^ m »x+« — (1—«)e -!!0 mtx . (76) 

Because there is no extra constant, n can be 
fixed as a function of r 

n- 1 —1/(20)' ». (77) 

For the last and simplest case, the following 
argument holds in terms of force differences: 

2/3 = (1—»)e* m * x +«, 
</>m»x=In2/3/l —«, , 7{ .. 

-«A/=ln(l-»), 1 ' 

n— \—e~ aU . 

These equations will be employed in the an¬ 
alysis of some typical thixotropic curves. 


Rules for Analyzing the Working Curves 

The examples of special two-position working 
curves given above make clear the principles 
governing the calculation of curves of this type, 
and indicate methods of calculating the constants 
when the curve is found experimentally. 


The complexity introduced with only One new 
constant, and in one case with no new constants, 
is apparent. Realizing that these cases were 
selected for their simplicity rather than for their 
reality, it becomes apparent that the selection 
of the particular multiple-position model is a 
difficult task. 

A series of rules is set up for analysis, assuming 
that the over-all analysis has been carried to 
such a point that the working curve of the ele¬ 
ment in question is known at least to an extent 
of uncertainty no greater than the presence of an 
unknown additive factor. 

I. The working curve must have a constant 
slope at and near the origin (criterion I). 

II. The working curve is investigated at sev¬ 
eral velocities and the behavior of the ultimate 
value of the force investigated. If this force is a 
function of the velocity alone, strain-hardening 
is absent (criterion II). 

Using these ultimate forces, a value of /3 is 
computed for the bottom process of flow. Simi¬ 
larly, the behavior of the hump itself is investi¬ 
gated as a function of the treatment after leaving 
a steady value of ultimate force. The shape 
should depend only on this recent history 
(criterion IIA). 

III. The difference between the maximum 
force (at the hump) and the ultimate force is 
investigated after cycles of elongation and con¬ 
traction followed by periods of no force. If the 
largest maximum force always follows the longest 
period of no force, other conditions being equal, 
then a symmetrical model is indicated (criterion 
III). 

IV. The maximum value of r is compared with 
the value r =ln4/S/ln2/3. If r is ever greater than 
this value, it is necessary to employ a model with 
the difficult-to-flow state thermodynamically 
favored. 

V. If r is not greater than ln4/3/ln2/9, the 



FORCE 

Fig. 23. The simplest (improper) model. 
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Fig. 24. Elongation vs. load to break for the chicken 
keratin fiber, diameter of 90 m, p = 0.402 X 10“* 

single constant can go into an activation energy 
factor to hinder the diagonal reaction. 

These rules have been carried only far enough 
to provide for a single new constant. They could 
be expanded to include tests of a quantitative 
nature to employ more constants. No radically 
different behavior would be encountered within 
the framework of two equilibrium positions. 

If the first criterion is disobeyed? it becomes 
necessary to employ a “thixotropic spring” 
model; if the second criterion is disobeyed, strain 
hardening is involved. If the third criterion is 
disobeyed, an unsymmetrical >*nodel is implied, 
and, in any one of the three cases, the simple 
definition of a viscous element fails. 


Experiments with Chicken Keratin 

When Dr. Harold P. Lundgren of the Depart¬ 
ment of Agriculture's Western Regional Research 
Laboratory visited the Textile Research Insti¬ 
tute Laboratories, he left a sample of the fiber 
prepared from chicken feather keratin in his 
laboratory. This material shows many interest¬ 
ing properties, including flow thixotropy, con¬ 
stant force springs, and the presence of a complex 
distribution of relaxation times. The fiber is very 
sensitive to humidity,. When it is wet, it is very 
soft. At 40 percent relative humidity, it has a 
stress-strain curve that does not have any thixo¬ 
tropic hump but which shows very clearly the 
constant force spring. Figure 24 shows an elonga¬ 
tion to break. At 50 percent humidity the thixo¬ 
tropic hump appears, and all of the curves of this 
section except Fig. 24 were made at this humid¬ 
ity. The region of flatness is moved up and is 
correspondingly longer than the flat region of Fig. 
24. At 60 percent relative humidity, the fiber be 7 
comes so stiff that it often breaks before the yield 
point; therefore, long-range experiments become 
impossible except in the region below the yield 
point. 

Because the fiber was prepared in a small- 
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Fig. 25. A complex stress-strain curve showing 
thixotropy, p« 0.89X10”* per second. R.H.«5D 
percent. 
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Kig 26. A complex curve at two rates: p== 0,850 
X 10“*, and one thirty-sixth this rate. 


scale experimental fashion, it was quite irregular 
in behavior. Therefore an investigation to deter¬ 
mine the exact components of its visco-elastic 
system would have been very trying. For that 
reason, the method of expressing constants that 
depends only on differences in force and not on 
the position of the ultimate spring line will be 
employed. 

Figure 25 shows results of an experiment. The 
first panel shows that in the beginning of the 
experiment there was very little hump in the 
curves. After working some time to determine a 
point of no relaxation, a pronounced hump of 
about one gram has developed. A situation of 


K 



i & 


this nature shows that the unsymmetrical ‘ ‘for¬ 
bidden” type of element must be employed. As 
will be shown later, the meaning of the unsym¬ 
metrical element can be expressed in configura- 



Fig. 27. A portion of the stress-strain curve for chicken 
feather keratin. The diameter of the fiber is approximately 
90m, and p **0.835 X 10~* per second, R.H.~50 percent. 


Volume is, December, 1947 


1095 









red under similar 
percent, p«040 


tion space. Hence, there is no uncertainty about 
the use of such* an element. 

Now a very long experiment with many dif¬ 
fering treatments would be necessary to justify 
a very complex picture of the flow system in 
configuration space. Because of the fragility of 
the fiber, this is very difficult to realize. The 
two-constant improper thixotropy theory is ade¬ 
quate to explain the curves here which are of a 
fair degree of complexity. The last panel of 
Fig. 25, in which the relaxation over a long 
period of time, starting with p point of no (in¬ 
stantaneous rate of) relaxation, shows clearly 
that a complex distribution of relaxation times 
enters into a complete description of the fiber. 
By using the one-constant method, the analysis 
of this feature of the curves can be avoided and 
attention focused on the problem of thixotropy 

The stress-strain curve of Fig. 26 is complex 
enough to allow a computation of some con¬ 
stants. The change in ultimate force caused by a 
rate change of a factor of 36 was 2 0 grams. Thus 
a 0 o* B: ln36/2.O=«1.8 per gram. A F is very close to 
1.0 gram when carefully taken from a point of 
no relaxation. Therefore, aAF=1.8, er alF = 0.17. 
Because this is a rather small quantity, denoting 
a large thixotropy, the over-simplification of the 
simplest forbidden case is not appropriate. The 
other forbidden case discussed in the text had 
an equilibrium value of n 0 of one-half and is 
similarly only slightly thixotropic. 

A slight modification of this treatment can be 
made in which, instead of the rate of flow be¬ 
tween states differing by a factor D from the 
forward and backward rates, the inaccessible 
state is made a factor D lower than the state 
when forward flow is direct. That is the two states 
differ by AF', and D~<r**'/RT. Then the equi¬ 


librium value 

wo = 1/Z)+1» 

and in terms of the infinite force expressions one 
finds by arguments similar to those given in the 
section above 

D/D+l = 2e~ a * F . (79) 

From this experiment, at 300°K, the difference 
in energy is found to be 1410 calories. 

CONSTANT FORCE SPRINGS 

The only requirement that a true spring must 
satisfy is that it should store energy completely 
reversibly. This in turn means that the energy 
of a spring must be a monotonic function of the 
elongation. The force on the spring is the slope 
of the energy function, and it is expected that 
the force can rise, go through a maximum, and 
descend to zero, but never become negative. 
Although it is easy to construct springs of this 
sort artificially, there are few illustrations of 
them in nature. 

In the analysis of the stress-strain curves of 
protein fibers it has been found necessary to 
employ non-Hookean springs in which, if it 
does not descend, it reaches a constant value. 
In Fig. 27 a portion of a stress-strain curve for 
the chicken feather keratin fiber is shown. At 
point B the fiber is completely yielded to zero 
slope. If at point B the direction of elongation 
had been reversed, then the contraction would 
have taken place quite reversibly but not to such 
an extent that the elongation was any less than 
that at point A . Indeed, as the strain at the re¬ 
versal was decreased, recovery would asymp¬ 
totically approach A from the B side. In the ac¬ 
tual experiment, the reversal of direction was 
not made at point B, but the fiber was elongated 
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at constant force, for several percent of elonga¬ 
tion, to point C. Because there was no increase 
in force, one would expect that the entire portion 
of the curve from B to C would be completely 
dissipative and, therefore, all reversal curves 
from this point onward would be superposable. 
That this is not the case is manifest in that the 
elongation CD is greater than BA. That is, be¬ 
tween B and C energy was being stored at a 
constant rate of elongation. This shows that a 
spring system was present that was operative 
at constant force. In Fig. 28 a more complex 
curve of the same type is analyzed on the basis 
of the three-element model incorporating for the 
spring in parallel a non-Hookean element of the 
type described. It is quite apparent that the 
spring cannot operate at constant force through¬ 
out its entire range, but that it must start at 
some Hookean slope. That slope is determined 
here by connecting the first point of no relaxa¬ 
tion with the origin using a line of the proper 
constant slope. It is to be noted that even if at 
times the resulting line passes above the ulti¬ 
mate force of the spring, as long as the first 
point of no relaxation is sensibly below this 
ultimate, then the determined slope is valid be¬ 
low the ultimate, and must be rounded off when 
it approaches the ultimate. This is shown in 
Fig. 28 by the dashed lines. The working curve, 
which is well defined for the whole experiment, is 
shown in Fig. 29. However, it i« known that this 
fiber cannot be successfully represented under 
every condition by the three-element model and 



obviously all of the points of no relaxation de¬ 
termined belong to the special class. 1 The three- 
element model is quite satisfactory over this par¬ 
ticular range and any constants determined 
would be average values of some unspecified 
nature. 

The important point, however, is that no 
combination of non-Newtonian, unsymmetrical 
and/or thixotropic elements coupled with Hook¬ 
ean springs could reproduce this behavior. A 
spring operating at constant force is definitely 
demonstrated. These springs obviously could not 
exist uncoupled in the free state because the 
elongation at the ultimate force would be un¬ 
defined. But when they are coupled with viscous 
elements this difficulty is removed. 
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The present exposition deals with the fundamental 
multiplet spectrum of a multi-sectorial cavity or vane-type 
magnetron and specific applications involving the evalua- 
x tion of the x-mode wave-length thereof. The consequence of 
mutual coupling between the sectorial cavities through the 
interaction space of an infinitely long anode is evaluated for 
the linear case and subsequently^applied to the cylindrical 
case. Although both the qualitative and quantitative re¬ 
sults are reasonable in the limit for relatively very long 
anodes, in practice the latter are relatively short and since 
the mode separation, order thereof, and hence the com¬ 
ponent wave-lengths are more or Jess influenced by the 
actual relative anode and end cavity lengths at each end ol 
the anode, the results naturally differ from “cold ” test data. 
Predictions of x-mode wave-length have been obtained to 


about 10 percent, depending upon the degree to which the 
parameters of the actual vane magnetron approximate the 
assumptions on which the present treatment is based. With 
the aid of “cold“ test data the prelimi *ar / theoretically de¬ 
rived resonator geometry may be appropriately “trimmed” 
to produce the exact x-mode wave-length desired. 

Included in this article is a discussion of the need and 
function of straps of the resonator system and dimensional 
scaling, which preserve certain desirable properries of the 
prototype at the new wave-length, or operating point, in 
terms of magnetron performance-chart parameters. Finally, 
in Part III, a brief consideration is allotted to the derivation 
of the rectangular cavity or slot-type resonator system 
from the more general relation for the sectorial cavity in 
this article. 


I. INTRODUCTION ' 

HE subject of this paper is based on a 
Westinghouse radar report 1 concerning an 
investigation of the symmetrical multi-sectorial- 
type cavity, commonly referred to as the vane 
magnetron illustrated essentially by Fig. 3 and 
practically by Fig. 9. 

The analytical evaluation of the wave-length 
spectrum of the fundamental multiplet for the 
resonator system of the vane magnetron was 
initiated some time prior to its invention, 2 with 
the original object of developing a cheaper, 
lighter, more readily manufacturable product 
possessing excellent electrical properties, in con¬ 
trast to the parallel slot or hole- and slot-type of 
resonator systems. Eventually these objectives 
were realized during the war, aided by the 
cooperative efforts of other laboratories; the vane 
magnetron was and is being continually intro¬ 
duced to many important uses to which it is 
especially suited. 

Prior to August 1942 no results on the evalua¬ 
tion of the principal wave-length of the vane 
magnetron were known or available, so that in 
order to establish some basis for a preliminary 
design of a 10-centimeter, 8-vane magnetron the 
aforementioned work 1 was initiated and reported 
upon. 

1 C. C. Wang and E. C. Okress, “The vane type mag¬ 
netron,” Radar Report B-l, Bloomfield-29, August 1942. 

* Patent applied for. 


M.K.S. units are used throughout this paper 
unless otherwise noted. 

It is appropriate to point out that only the 
travelling-wave magnetron oscillator is considered 
in this article. These oscillations are also referred 
to in the pre-war literature, as the transit time 
oscillation of higher order and type J3. The 
characterization of this oscillator lies in the fact 
that the electronic interaction and phase relations 
are incorporated with the tangential and radial 
components of the rotating electromagnetic field 
in the interaction space, between the cathode and 
anode, respectively, in accordance with the 
Slater, Hartree, and Block theories of oscillation. 

H. THE RELATION FOR THE NORMAL MODES 
OF OSCILLATION 

Consider an isolated, infinitely long sectorial 
cavity, with metallic confining walls* with a 
longitudinal slot adjoining the cylindrical hole 
shown in Fig. 1. Note that this cavity represents 
the generalization of the rectangular case to be 
commented on later. A mode of oscillation of 
future utility is chosen such that the associated 
components of the electromagnetic field in the 
sectorial cavity satisfy the conditions: 

0 , 

2E**22*(r), 
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Since Maxwell’s equations in cylindrical coordi¬ 
nates may be expressed as: 


dE, 

dE 4 

dH t 

dH<, 

— 

- as — iwjlHr, 

— : - 

-= (p-M««)£, 

rd$ 

dz 

rdj 

dz 

dE r 


dHr 

dH, 

— 

-- —io)IaH 4 , 

— 

-= (p ■+•»««)£, 

dz 

dr 

dz 

dr 


d dEr 

—(r£*)-= 

rdr rd<t> 


(3a) in (lb) may be written as: 

-E 4 * aJx(kr)+bNi(kr) t (3b) 

*o 

wherein J\(kr) and Ni(kr ) denote the usual 
Bessel functions of the first order, first and 
second kinds, respectively. zq denotes the in¬ 
trinsic impedance of the confined space, (/x/«)*. 

Relations (2a) and (2b) constitute all possible 
solutions of (la) and (lb). 

Now, applying the boundary conditions at 


d dH r 

— (rH 4 ) -«(p+iwe)£ f , 

rdr rd<j> 

which, for the conditions enumerated, become 
3 

— (?E 4 ) = -iunrH t , (la) 

dr 

3 

-(lb) 

dr 


r = r b , £* = 0, 

r = r a ', H 9 = 0, 

wherein r a f denotes the uncoupled sectorial cavity 
radius, to (3a) gives 

H 9 = aJo{kr a ')+bN*(ku') =0, (4a) 

and to (3b) gives 

= aJi(kr h )+bNi(kr>) *0. (4b) 

So 


for a perfect dielectric medium in the cavity of 
Fig. 1. The angular frequency, velocity of light, 
permeability, and dielectric constant are denoted 
by a), c, p, and €, respectively. By eliminating £* 
in Eqs. (la) and (lb), Bessel’s equation is ob¬ 
tained in the form 

d 2 1 dll z 

— Il,+ - +k 1 H z ~0 t (2a) 

dr 2 r dr 


where the wave number & = w(qu)* = w/r. 

By a similar process, eliminating H z from 
Eqs. (la) and (lb), is obtained Bessel’s equation 
in another form 


d 2 £* 
dr 2 


1 dE 4 

+-+ 

r dr 



(2b) 


In compact form the complete solution of (2a) 
may be written as: 

H 9 =aJ Q (kr)+bN Q (kr), (3a) 

to 

wherein Jo{kr ) and No(kr) denote the usual 
Bessel functions of zero order, first and second 
kinds, respectively. 

Similarly in compact form the complete solu¬ 
tion of (2b) or the result of the substitution of 


So that from (4a) and (4b) To(kr a ) and Ti(kr h ) 
are defined and related at r = rj by : 

MkrJ) b J\(kr b ) 

- = T 9 (kr a ') = =--r,(A*), 

N*{kr (i ') a Ni(kr h ) 



SECTORIAL 

CAVITY 


jOg^lTUOINAL 


- *o 

Fig. 1. A section of an infinite length sectorial 
cavity and adjoining chamber. 
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or 


Ti(kn)-T $ (kr/). (4c) 

Equations (3a) and (3b) may be rewritten, with 
E+*=Er a (and at r=r«, as 

Jo(kr) + T\(ktb) N o(fer) 

.- . ■■ — - , (5a) 

Ji(kr a ) + T i(Jkr h )Ni{kr a ) 

„ „ J\{kr) + T\{kr\>)N \{kr) 

E+ — hrn -, (5b) 

Jx(kr a ) + T x {kr h )N x (kr a ) 

where r* represents the radius, of the sectorial 
cavity coupled to the interaction space such that 
(fa—fa')® 5 A/4, where A is a small quantity. 

Now consider the linear magnetron with an 
array of sectorial resonators as shown in Fig. 2. 
The electromagnetic fields in the interaction 
space (between the cathode and anode along the 
y axis) must be constructed, and then E v and II , 
matched at the slots. The match or continuity of 
E y at the slot is exact, whereas for H t only an 
approximate continuity condition will be resorted 
to, although this is quite satisfactory for narrow 
slots (dCF). In the interaction space a solution 
of Maxwell’s equations, 8 for the electromagnetic 


i* 



Fig. 2. A'section of infinite linear multi-sectorial 
_ cavity magnetron. 

* J. C. Slater, “The theory of the magnetron oscillator," 
M.I.T. Radiation Laboratory Report D-l-9, Office of 
Publications Board, Report PB-3777, p. 23, 1941, It may 
be procurable from the Department of Commerce, Wash¬ 
ington 25, D. C. Slater’s method, for the multi-rectangular 
cavity case described in his report, serves as a guide in our 
subsequent analysis* 

npo 


field, of the type 

Ey *■ 2 ] —* i'kxm 

0» dbl • • * 

C 2 

X-B n sinhk xm Xe ,ik » my ~ t “\ (6a) 
B,= £ B m co8hk tm Xe ,{k y mV ~ u,) (6b) 

wt-0, ±1 

is used. k x and k y denote the magnitudes of the 
imaginary and real components of the complex 
propagation vectors, k % and k rt along the abscissa 
and ordinate in Fig. 2/ respectively. The coeffi¬ 
cient 3(=juiT in rationalized M.K.S. units) de¬ 
notes the magnitude of the real component of the 
flux density normal to both components of the 
complex propagation vectors. The relation be¬ 
tween kym and k xm may be expressed as 

b 2 2 L2 

Kxm Kym K . 

Observe that the electromagnetic wave in the 
interaction space is damped along k x and propa¬ 
gated along k r . The electromagnetic field in the 
jth slot of the sectorial resonator by (5a) and 
(5b), in corresponding notation, becomes 

foc'i 

Eyj~~ -i — B[Ji(kr a ) 

+ T x (kr b )N x {kr a ) j (7a) 

B tJ = B{Mkr a ) + I\{kr h )N*(kr a ) }(7b) 

wherein the propagation vector A y0 is related to 
kym by the relation kym^kyo+lrtn/Y, in which m 
is a positive or negative integer. 

The boundary conditions imposed are 

^=£, J (jT-^)<y<(iK+^) I (8a) 

£* = 0, for UY-Y/2)<y<(JY-d/2), (8b) 

for (jY+Y/2)>y>(jY+d/2), 

B,=B„ at y<=jY. (8c) 

The equality in (8c) is not strictly valid within 

(JY-d/2)<y<(jY+d/2). 

Although the field varies sinusoidally with y, it is 
small provided d4H Y. 

Hence, equating the electric and magnetic 
components of the electromagnetic fields, (6a, 6b, 
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7a, 7b) in the interaction space and sectorial 
cavities at the slots, and applying the assoc i ate d 
boundary conditions (8a, 8b, 8c), the solution of 
(6a, 6b) and (7a, 7b) assumes the form 

«-o. ±i • • • Y kAjo(kr„) + Ti{kr b )N 0 (kr a )J 

( 2im\d 

ky 0 -\ -I- 

Y /2 

X---=1. ( 9 ) 

tdi\nk xm X / 2vm\d 

(‘■• + T 72 

Recalling that 

A = kr a -kr a ', (10) 

and introducing the contraction Z 0 (kr a ') in (4a), 
Jo(kr a ') + Ti(kr b ) N a ( kr„') =Z 0 (kr a ')=0. (11) 
Observing that 

Zo(kr a ) = - Vi(kr a ) + Tiikr^Niikr,,)]. 

Now, applying Taylor’s expansion to (11), 
since A/k is sufficiently small, gives 

Zo(kr a ') =Zo(kr a — A) 

— Zt(kr a )-Zn(kr a )-A+” • =0, 

so that 

JiikrJ + TtmNiikra) 

~7 0 (kr a ) + T7(kr b )No(kr a )~A 

In addition it will be assumed that 





which implies in sequence that Y)*; 

(F/2(r»-r„)) J «l, and d and X are sufficiently 
small and large, respectively, to justify these 
assumptions. With these assumptions, using but 
two terms of .(9) in the region of large *„o, Eq. (9) 


+*© 



I 

-«0 


Fig. 3. A section of infinite length multi-sectorial 
cavity or vane magnetron. 

reduces to 

- -[(1 - F «/ t )-‘+( 1 + F «/ t )-‘> 1 , ( 12 ) 

7T A 

which on applying the Binomial theorem, in¬ 
troducing kL = kr b —kr a , with the definition 
( ir/2)A(kL ') = (kr b ~kra) where Z/ = (r b —rj) and 
by virtue of (10), (12) reduces to the closed form 
for the wave-length 

1 r 8(1 1 

x = ——r + } L (13) 

A(kL)L r J 

which is valid for k v o( = it/ F— 5) between v/2 Y to 
t/ F for the linear case. 

Now on the premise that only the region near 
the anode is of material consequence and that the 
velocity of propagation in the interaction space is 
unaltered, these results may be applied to the 
cylindrical magnetron, illustrated by Fig. 3. 
Incidentally, only discrete modes of oscillation 
are permitted in contrast to the linear case. Now, 
note that 



where F, denotes the arc length between centers 
of adjacent cavities at r a ". 
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Fig. 4. An example of the fundamental multiplet band 
structure of modes measured on a Westinghouse 18-vane 
magnetron (»«** « N/2 * 9; » min * 1). 


kyQfa = W 

= 1,2, • • • N/2 modes of oscillation for even N 
= 1, 2, • • • ( N —1)/2 modes of oscillation for odd N 


and 



(12) for the cylindrical case, becomes 


1 SdS / 2 n\ 2 l] 

X =-4LH-11 + ( 1-)+•••[. (14) 

A(kL') iri \ N/ J 


Since the n = N/2 or r mode of oscillation is 
invariably sought, for reasons to be revealed 
presently, and the remaining modes of the funda¬ 
mental multiplet receive consideration only from 
a competitive aspect, (14) may be simplified to 
read 



which for the sake of brevity suffices ifi the subse¬ 
quent discussions, although one can readily 
derive the complete spectrum of the fundamental 
multiplet from (14). 

It is now appropriate to comment on the 
characteristics of the mode spectrum of a multi¬ 
cavity cylindrical magnetron in order to present a 
pictorial interpretation of the analytical results 
culminating in (14) for the vane magnetron. 

The allowed modes of oscillation of the sym¬ 
metrical cylindrical multicavity magnetron are 
grouped on a wave-length scale similar to band 
spectra. The longest wave-length band is referred 
to as the fundamental multiplet, its band struc¬ 
ture or mode components are defined by Eq. (14) 
for the vane magnetron. It may be characterized 
by variations in <j> of the electromagnetic field in 
the plane normal to the axis of the magnetron, 
for which edge effects are neglected. The modes of 
the band are characterized by phase differences 
between alternating potentials on the successive 
segments in the interaction space. Other bands of 
the spectrum have shorter wave-lengths, and 
their electromagnetic fields vary longitudinally as 
well. Each component of the fundamental multi¬ 
plet has a different wave-length, although the * 
differences arc relatively small and depend upon 
the effective circuit constants of the cavity and 
the number of them. Figure 4 presents a pictorial 



Fig. 5. Graph of the Bessel 
function, To(kr a ') t versus its argu¬ 
ment (kr a '). Values of To(kr a ') for 
arguments less than 0.20 were 
evaluated from 

T o (kr a f ) “ p s -i, 

Mjife] 

where 1.781, and y is 

Euler’s constant. 
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Fig. 6. Solution of Eq. (4c), 
To(kra) *=Ti(krt,). Curve II is a 
single dimensional magnification 
of the dashed portion of Curve I. 



representation of the band structure or mode 
components of the fundamental multiplet from 
“cold” measurements for an unstrapped Westing- 
house 18-vane magnetron. Modes 5 and 6 have 
been split into doublets by inherent unsym¬ 
metries. The relative intensities of the compo¬ 
nents in the fundamental multiplet are governed 
by the respective coupling between the resonators 
and the electronic system via the interaction 
space. 

All except one of the modes in the fundamental 
multiplet for which the number of component 
resonators, N, of the magnetron is even, are 
doubly degenerate when the resonant system is 
completely symmetrical, whereas all the modes in 
the fundamental band, for which N is odd, are 
doubly degenerate under the same conditions. 
The term doubly degenerate refers to the number 
of linearly independent modes, with the de¬ 
generate frequency, which in turn is defined as 
having more than one mode of oscillation though 
only one frequency. £It may be recalled however, 
that there are at least two exceptions for which 
certain unsymmetries do not result in removal of 
the degeneracy]. Such a split mode is known as a 
doublet and is characterized by two identical 
opposite traveling waves around the anode in the 
interaction space. For a symmetric magnetron 
with an even number of resonators there are, in 
the fundamental multiplet, N -1 modes with 
n = l, 2, ^ -N/2 separate wave-lengths, whereas 
for an odd N there are iV — 1 modes though only 


w= 1, 2- • • (A—1)/2 separate wave-lengths. The 
non-degenerate mode is referred to as the n — N/2 
or 7 T mode. Besides this non-degenerate mode 
there is an abnormal one, which is associated 
with the interaction space exclusively and is 
negligibly influenced by the multi-cavity geome¬ 
try in a symmetrical multi-cavity system. This 
abnormal mode is ^ferred to as the n = 0 or zero 
mode and is usually well separated on a wave¬ 
length scale from the normal components of the 
fundamental multiplet. For these and other 
reasons its influence is negligible for symmetrical 
multi-cavity magnetrons. The electromagnetic 
field in the interaction space associated with these 
two modes is of the stationary type, though the 
zero-mode field is independent of the angular 
coordinate, whereas the v mode field is periodic in 
this respect. The lower order modes of the funda¬ 
mental multiplet of the infinite length sym¬ 
metrical multi-cavity magnetron are ideally 
found at longer wave-lengths. The ir mode of the 
fundamental multiplet is characterized by non¬ 
degenerate property and highest conversion effi¬ 
ciency and for these reasons is invariably sought 
in practice. 

In deriving Eq. (14) approximations which are 
explicitly or implicitly referred to were used. 
Hence, the present results must not be accepted 
unconditionally, though quantitatively they arc 
not seriously in error. 

Sometime after the completion of this work 
further efforts by others (in their unpublished 
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Fig. 7. A graph for the eval¬ 
uation of the geometry of the 
sectorial cavity in terms of a 
given wave-length. It is derived 
from Fig. 5. 


works), 4 concerning the infinite cylindrical case of 
the vane magnetron were able to be directed by 
the utilization of a method developed and applied 
by Clogston to the slot, and hole- and slot-type 
magnetrons in his unpublished thesis. 5 However, 
the influence of actual lengths of the end cavities 
and anode, which influence the order of the 
modes, their mutual separation, and conse¬ 
quently the wave-length of the v mode are not 
explicitly included. Hence, predictions made in 
accordance with them, though more accurate in 
the ideal case than the results of the present 
method, are also inaccurate when applied to 
actual magnetrons by about the same percentage 
in some cases. Generally, however, they 4 are more 
accurate. 

m. APPLICATIONS 

In order to utilize (13) it is necessary to first 
evaluate (4c). Figures 5 and 6 portray the results 
of this evaluation. Figure 7 is derivable from the 
results of Fig. 6. Incidentally, examination of 
Fig. 7 in conjunction with trigonometric ex¬ 
pansions 6 for the components of Bessel functions 
(4) reveals that the transformation from the 
sectorial to the rectangular cavity, as r a and r b 
approach infinity together, provides that 


as the limit. So that 

r h -r a ~*\/ 4, 

which is the condition for the rectangular cavity. 

Note that the solution of kr a ' nearest to kr b is 
chosen by virtue of the mode considered in the 
sectorial cavity 5 = 0 in (13) forn = N/2 = t mode. 

In order to evaluate the radial vane length, Z, 
or major cavity radius, r b , when the anode' 
radius, r a ", free space wave-length of a desired 
mode of oscillation, X T , vane thickness, f, and 
number of resonators, N, are known, the follow¬ 
ing procedure is convenient. Refer to Fig. 3 for 
identification of symbols. 

Given data: 

wave-length, X» = 9.46 cm 

6 = 0.664-^-,) 
cm / 

number of sectorial cavities, AT= 18, 
vane thickness, / = 0.263 cm, 
anode diameter, 2r a " = 3.46 cm, 
effective anode length— 3.36 cm, 
cathode diameter, 2r c = 1.100 cm, 
cathode to anode ratio, r c /r a "«0.318. 


kn—kr a -+w/2 


Determine L or r b by the following procedure: 


4 W. Altar, Westinghouse Research Report SR-133, 
September 15, 1942, and later by H. Goldstein, M.I.T., 
Ph.D. thesis of 1943. 

1 A. M. Clogston, M.I.T., Ph.D. thesis of 1941. 
u 1 Jahnka-Emde, Tables if Functions (B. G. Teubner, 
Leipzig and Berlin, 1938), p . 138. 


the coupled cavity radius, 




// _ _ 


/ 


2 sin r/N 


0.972 cm, 
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equivalent slot width, 

, *2 r«" 

d e = -J = 0.441 cm, 

N 

from relation (12), for the t mode 6 = 0, so 
2 d c k 

A =-= 0.1867, 

r 

from Fig. 7, for £r a ' = fcr a -A = 0.459; 

(*/2)A(kL') = (Ar>-Ar.O = 1.20, 
hence kL = (kr b —kr a ')— Ac^l.013 cm, 
so that Z, = 1.525 cm 
and 2r b = 6.51 cm, 

which differs by about 6 percent from its ex¬ 
perimental value on a magnetron (West- 
inghouse VA-1) possessing these dimen¬ 
sions. 

In order to evaluate the wave-length for the 7 r 
mode of oscillation w hen the anode radius, major 
cavity radius, vane thickness, and number of 
resonators are known, it is merely necessary to 
evaluate the ratio ( kr b /kr a ') and kr b with the aid 
of Fig. 6, as illustrated by the following results for 
the previous Westinghouse magnetron. Refer to 
Fig. 3 for identification of symbols. 

Given data: 

number of sectorial cavities, 18, 
vane thickness, / = 0.263 cm, 
anode diameter, 2r 0 " = 3.46 cm, 
effective shell diameter, 2r*' = 6.90 cm, 


effective anode length=3.36 cm, 
cathode diameter, 2r c » 1.100 cm, 
cathode to anode ratio, r e /r a f ' *0.318. 

Determine ir mode wave-length, by the 
following procedure: 

ic2r a ' f 

d e cst -/ = 0.341 cm 

N 

t 

= T b -- 2.693 cm 

2 sin r/N 

r fl = r a " —//2 simr/iV* 0.973 cm 
rd = y a — 2d/tf ir, {from (10) and (12) 6 = 0 for 
w = t mode), =0.756 cm 
Tb/fa - 3.54 

( kr b ) from Fig. 6 = 1.70 

\ r = 2irr b /{kr h ) =9.95 cm 

percent difference c~5 percent from operating 
wave-length of 9.46 cm for » = 9 or r 
mode. (Westinghouse VA-1.) 

Because of assumptions, such as infinite anode 
length, linear approximation, etc., inherent in the 
present method it is not surprising to be con¬ 
fronted with differences of the order of 10 percent 
more or less between the experimental and 
theoretical values of r mode wave-length. For 
instance, the length of the anode and end cavity 


Fig. 8. Performance charts of 
Westinghouse 8-vane magne¬ 
trons, WX-3256, illustrated in 
Fig. 9. The magnetrons are term¬ 
inated by a 50-ohm matched 
coaxial line. The operating un¬ 
strapped and strapped wave¬ 
lengths are 8.0 and 9.6 cm, [re- 
spectively. 
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in terms of free space wave-length will have more 
or less of an influence on the order and separation 
of the modes in the multiplet and obviously on 
the wave-length of the r mode. 7 The method, 
nevertheless, provides reasonable approximate 
data for a preliminary design, which can then be 
corrected accordingly by “cold” test. 

After examining “cold” test data of a number 
of similar 8-vane unstrapped 10-centimeter mag¬ 
netrons constructed with the aid of the preceeding 
theory, it was discovered that for end cavity and 
effective anode lengths of the order of X/10 and 
X/4 of free space wave-length, respectively, that 
the perimeter pf the sectorial cavity normal to 
the axis of the magnetron, was nearly equal to 
half the free space 7r-mode wave-length. Since the 
end cavity and anode lengths have a more or less 
influence on the order, mode separation, and 
wave-lengths of the modes of the fundamental 
multiplet in a practical magnetron, this perimeter 
index is useful only as a guide in deriving the 
magnitude of the 7r-mode wave-length for a vane 
magnetron 



Fig. 9. Westinghouse vane magnetron, WX-3256. 


f J. C. Slater, M.I.T. Radiation Laboratory Report No. 
182, “Resonant modes of the magnetron." It may be 
procurable from the Office of Publications Board, pre¬ 
viously referred to. 
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IV. APPLICATION OP STRAPPING TO THE 
RESONATOR SYSTEM 

Because of the inherent assumptions in the 
theoretical methods for the determination of 
mode-frequency spectrum of a multi-cavity 
magnetron, varying degrees of error result in 
application so that one often uses the theoretically 
derived values only as a guide in obtaining a 
magnetron-resonator system possessing mode- 
frequency spectrum in the desired wave-length 
range, for subsequent “cold” tests. From such 
tests are derived the "actual mode spectrum; and 
if undesirable for one reason or other the resonator 
system is modified in order to achieve the desired 
mode separation (about 5 percent or more) and 
distortion of competing modes, for efficient opera¬ 
tion. When the modes are too close together, 
(-C5 percent say) as is the case with symmetrical 
multi-cavity magnetrons (for 2) without 
straps, the competing modes cause the efficienc> 
of the desired mode to be low, as illustrated b\ 
Fig. 8. In order to achieve the requisite mode 
separation between the desired mode (usually the 
7r mode since it is non-degenerate and associated 
with the highest theoretical conversion efficiency) 
and competing ones in the fundamental spectrum * 
of a symmetrical magnetron, in contrast to the 
“rising sun” type, strapping is resorted to. 
Strapping is a mechanical means of joining seg¬ 
ments of like phase, usually at one or both ends of 
an anode, adjacent to the interaction space, in 
such manner as to increase the normal coupling 
between resonators and hence the effective ca¬ 
pacity of the resonator system. Strapping usually 
distorts the competing mode patterns so that 
their interaction with the space-charge field at 
the slot is poor. The ir mode is not significantly 
distorted by proper strapping, so that efficient 
electronic interaction ensues for this mode. The 
coupling between cavities for a particular mode 
may be selective with straps and thereby further 
increase mode separation. 

Essentially two types of strapping are utilized. 
The symmetrical type of strapping, such as the 
“echelon,” 7 separates the components of the 
fundamental multiplet but actually does not split 
the degenerate modes, whereas the unsymmetrioal 
type of strapping, such as the “Y-B,” 7 which 
adequately distorts the competing modes, only 
slightly influences the ir-mode pattern. The type 
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Table I. Magnetron scaling. 



of assymmetry and degree of coupling or 
“tightness’ 1 of strapping will govern the mode 
separation and number of degenerate modes which 
are split by unsymmetrical strapping. 

The use of unsymmetrical straps provides one 
of several necessary conditions for efficient opera¬ 
tion in the it mode. Figure 8(a) illustrates a 
typical improvement in performance over that of 
Fig. 8(b) for the same 10-centimeter, 8-vane 
magnetron after straps and strap-breaks are in¬ 
corporated, as illustrated by Fig. 9. “Single recess 
ring” straps at both ends of the anode are 
illustrated. The cathode “hat” illustrated, serves 
to establish an axial component of electric field in 
order to reduce the number of electrons which 
would otherwise leave the interaction space and 
bombard the end covers. 

The ratio between the unstrapped, Xw/, and 
strapped, \*si wave-lengths may be expressed 



in terms of Cs and Ct , which denote the total 
lumped effective values of strap to vane- and 
resonator-system capacities, including mutuals. 
The resonator-system capacity is a product of the 
number of resonators and the effective lumped 


capacity of each cavity, less straps. The strap 
capacity will obviously vary with the number and 
type of straps used and the geometry at the 
strap-vane intersection. Both Ct and Cs may be 
derived either by simple electrostatic approxi¬ 
mations, by means of models in the electrolytic 
tank, or by the more elaborate conformal trans¬ 
formations. Practical results are available.® 

To increase further effectiveness of straps, 
strap-breaks over the segments are incorporated 
at judicious places with respect to the load 
coupling in order to distort the unwanted mode 
by proper phasing and reduce the tendencies to 
mode shifts during load variations. With proper 
type of strapping and number and orientation of 
strap-breaks, relatively stable competing-mode 
free operation may be realized. 

Since the ratio of equivalent effective capacity 
to inductance of the cavity (which is a product of 
the reciprocal of the number of cavities and the 
effective inductance of one of them) of a mag¬ 
netron-resonator system is altered by strapping, 
the frequency pulling characteristics are also 

8 E. Everhart, M.I.T. Radiation Laboratory Report 
223, “Magnetron strapping, wave-length calculations for 
strapped magnetrons." Office of Publications Board Re¬ 
port, PB-2830, 1943. W. V. Smith, M.I.T. Radiation 
Laboratory Report 226, Office of Publications Board 
Report, PB-8327, 1943, "Practical considerations of mag¬ 
netron design." These reports may be procurable from the 
Office of Publications Board previously referred to. 
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Table II. Restricted scaling in wave-length and voltage. 


Ratio of initial to 
final parameter 

Wave-length scaling 
(shape, invariant) 

Voltage scaling 
(wave-length 
invariant) 
VA-LZ.7L-1 

H'/H 

X/X' 

1 

V'/V 

1 

(r'/r)* 

V! I 

1 

(r'/r)* 

J’/J 

(X/X') 1 

r'/r 

P'/P 

1 

(r'/ry 


altered. Of course, altering the anode length and 
end cavity length of a symmetrical magnetron 
with or without straps will influence the mode 
separation, mode wave-length, and order or 
distribution between components of the funda¬ 
mental multiplet. For instance, by altering the 
anode length of an unstrapped anode, of given 
end cavity geometry, the order between the 
components may be completely reversed and 
consequently wave-lengths changed. 

V. APPLICATION OF DIMENSIONAL SCALING’ 

After incorporation into the magnetron of all 
the necessary features knowif to be desirable and 
after obtaining performance characteristics, a 
suitable prototype may be obtained which may 
be dimensionally scaled to other wave-lengths, 
voltages, powers, etc., while the original efficiency 
is retained during the transformation. Scaling of 
vane magnetrons requires that the geometry of 
the straps, its vane recess, and position on the 
vane be scaled so as to maintain the strap in the 
original relative position on the vane. Scaling of a 
prototype is a very profitable design procedure 
since it avoids the expensive and time consuming 
development which would otherwise be required. 
Since these scaling relations are very useful and 
appropriate to the present subject, they will be 
briefly considered herein, though without deriva¬ 
tion. Approximate scaling relations have been 
derived, 10 on the basis of Newton's and Maxwell's 
differential equations applied to the electrons in 
the interaction space of the magnetron, and pro¬ 
vide conditions for which two magnetrons, 


•J. A. Stratton, Electromagnetic Theory (McGraw-Hill 
Book Company, Inc., New York, 1941), Section 9, p. 488. 

1# A, M. Clogston, M.I.T. Radiation Laboratory Re¬ 
port 52. This was later extended by H. C. Hu in Radiation 
Laboratory Report 1043-3. These reports may be pro¬ 
curable from the Office of Publications Board, previously 
referred to. 
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differing by some scaling factor, possesses the 
same efficiency or equivalent operation. These 
conditions of anode voltage, V , and magnetic 
field, H , for constant ratio of anode to cathode 
radii, <r, mode of oscillation, n, or number of 
cavities, N , and loaded, Q , Ql , may be expressed 
as the invariant magnetron scaling relations, 


//X, F* 



/X 3 

Z 2 1' 


in which F and H are frequently expressed in 
kilovolts and Gauss, respectively; anode current, 
/, is expressed in amperes, anode length, L, anode 
radius, r a , and wave-length, X, in centimeters. 
This restricted type of scaling is illustrated in 
terms of the performance chart parameters, for 
constant <r, w, N , and Ql , in Table I. Note that 
the scaling is valid for either input or output 
values of anode voltage, F, and power, P . The 
current density, /, is applicable at either the 
cathode or anode. 

Table I also illustrates the general scaling 
relations, in which the restraints on the restricted 
type of scaling have been removed. Note that for 
the general scaling the current density is appli-* 
cable only at the cathode. Another relation can be 
derived for the anode. Very often it is desirable to 
wave-length, voltage, or power scale a desired 
operating point of a magnetron under the condi¬ 
tions of the restricted case. For this purpose, the 
corresponding restraints on the shape and wave¬ 
length of the magnetron are inserted into the 
expressions for the restricted (N fixed) case. The 
result of which is illustrated by Table II. For both 
the restricted and general types of scaling, end 
effects are neglected such that the anode current, 
/, per unit length is independent of length. 

With the aid of the scaling relations illustrated 
by Tables I and 11 it is possible to scale a Selected 
operating point on the performance chart of a 
magnetron, as the prototype, to another point in 
terms of the operational parameters. This process 
may or may not involve a change of the number 
of cavities, 11 depending upon whether the general 
or restricted forms of scaling are applied. Though 
very often it is only necessary to apply the 

11 When a larjje change in the number of cavities, N , is 
contemplated, m general scaling, the error may be sig- 
nmcant, so that one ought to consult reference 10 by 
H. C. Hu for details. 
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restricted type of scaling in the forms illustrated 
by Table II. 

The application of the scaling processes illus¬ 
trated by Table I is readily acquired. For ex¬ 
ample, consider the often used restricted scaling 
process in the form illustrated by Table II, which 
is to be applied to a prototype in order to permit 
operation at another wave-length and power out¬ 
put. The first step is to make a wave-length scale 
by altering the effective magnetron’s dimensions 
linearly, in proportion to the new to the old wave¬ 
length, in accordance with column two of Tabic 11 
Then voltage scale by evaluating the anode 
radius of the interaction space from a knowledge 
of the desired power by the appropriate relations 
given under the restricted voltage scaling column. 
Obviously, one must use the physical and opera¬ 
tional parameters derived from wave-length 
scaling for voltage scaling. This two-step st aling 
process is convenient, since it affords an inspec¬ 
tion of the change in parameters from the 
prototype to the fully scaled magnetron. Some¬ 
times both power and wave-length must be in¬ 
creased so much above that of the prototype that 
the consequence of increased physical size may be 
undesirable; then the prototype may be only 
wave-length scaled to the desired region ac¬ 
cording to Table II. After this the desired power 
may or may not be achieved with undesirable 
characteristics by mere extrapolation of the 
applied fields above the chosen operating point of 
the prototype. In scaling or extrapolation in¬ 
volving a change of the cathode-current density 
one should, for economic and stability considera¬ 
tions, maintain this as near its stable value as 
possible. The extent to which simple extrapola¬ 
tion of this sort is practical is usually unknown in 
advance of tests, because of various implicit 
properties of the magnetron. Obviously, the per¬ 
formance characteristics of such a “new” mag¬ 
netron, if operable, are no longer those of the 
prototype since the above invariance conditions 
are not satisfied by such an extrapolation. 


VL RELATED TOPICS AND PRACTICAL 
CONSIDERATIONS 

The distribution of the electric component of 
the electromagnetic field in the sectorial cavity 
may be plotted from (5b) as a function of 
(r—r a )/(r—r b ), with r*/r a as a parameter. 

Using (5a) and 5(b), together with the bound¬ 
ary conditions (4a) and (4b), enables the evalua¬ 
tion of the total stored energy per unit length and 
hence the Q. 

Practically, for symmetrical magnetrons having 
N— 6 to 16 inclusive, the reduced cathode radius, 
l/<r, varies from 0 to 17 percent greater than 
Slater’s 3 theoretical optimum value,(= (l —4 /N)/ 
(1+4 /N)), and for N— 18 this reduced cathode 
radius amounts to about 5 percent less than this 
theoretical optimum value. However, the reduced 
cathode radius may radically deviate from its 
theoretical optimum value when considerations 
related to oscillation build-up time and maximum 
ir-mode (applied) voltage or current in pulsed 
and C.W. magnetrons are of paramount im¬ 
portance. For example, the 5J26 magnetron 
possesses a reduced cathode radius amounting to 
64 percent greater than the theoretical optimum 
value, and this at 48 percent over-all efficiency, 
which incidentally is a product of 58 percent 
electronic and 82 percent circuit efficiencies. 

in voltage scaling symmetrical, strapped mag¬ 
netrons one must consider the alteration in mode 
separation, (\n x — \n r ±i), by virtue of the altera¬ 
tion in strap lengths. Since there exists an 
optimum mode separation (except possibly for 
rising sun structures with large N) for the at¬ 
tainment of the maximum ir-mode input voltage 
(or current), aside from any further curtailment 
under pulsed conditions by virtue of inadequate 
oscillation build-up time, one should determine 
whether or not the resultant mode separation will 
seriously curtail the desired ir-mode input voltage 
or current, under either C.W. or pulsed condi¬ 
tions, after voltage scaling. 
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Gyroscopic Effects in a Vibratory System* 


G. S. Bennett** 

Naval Research Laboratory , Washington, D. C. 

(Received June 18, 1947) 

An analytical investigation is made to determine the a force opposed to the tilt, and proportional to the angle 
influence on a vibrating elastic system of a high speed of tilt, in effect increasing the stiffness of the elastic system, 

rotating element. A fundamental condition for the pres- Calculations based on an arbitrarily chosen rotor intended 

ence of any gyroscopic effect is that the vibration be to approximate a typical small motor armature indicate 

such as to produce a tilt of the spin vector of the rotor, that this additive spring force is small, and that the m- 
Equations are derived showing (a) that if precession be crease in natural frequency caused by the added stiffness 

prevented, no gyroscopic effects are present, and (b), that is exceedingly small—on the order of 0.1 percent—in the 

if precession be permitted, the gyroscopic action contributes case where the precessional motion is not restrained 


I N many cases, especially aboard aircraft, 
equipments subjected to vibration have as 
component parts dynamotors or other rotating 
elements. It is the purpose of this investigation 
to determine whether gyroscopic effects caused 
by rotating elements exert any marked influence 
on the vibration charactei istics of the equipment. 

The fundamental condition necessary for gyro¬ 
scopic action to appear is that a torque be ap¬ 
plied tending to change tho^direction of the axis 
of rotation of a spinning body. A pure transla¬ 
tion will produce no such effects. Assuming such 
a torque, and using Euler’s angles (see Fig. 1) 
as coordinates for a rigid body in space, we can 
write Euler’s equations for the applied torques 
about the three principal axes as 1 

Ml = Ao)i —( B — C)o>2W3» (la) 

M2 = B(i)2— (C—i4)wawi> (lb) 

M 8 = Cwj— (A —B)o) io)iy (lc) 



Fig. 1. Euler’s angles as coordinates of a 
_ rigid body in space. 

* Paper presented at the 277th meeting of the American 
Physical Society. 

’•Now at Michigan State College, East Lansing, 
Michigan. 

1 Slater and Frank, Introduction to Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1933), 
first edition, Chapter 10. 
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where A, B f and C are the moments of inertia 
about the principal axes 1 , 2 , and 3, respectively. 

Consider the case of a rigid object symmetrical 
about one axi 9 , and identical with respect to the 
other two, such as a cylinder rotating about its 
axis of figure, or a motor armature. Specifying 
the principal axes and moments of inertia as in 
Fig. 2, it is apparent that A =B. Writing (B — C ) 
= — (C—A) ~H t and stipulating that M 3 - 0, by 
use of the equations 

o)i = 6 cos \fr+<t> sin 0 sin^, ( 2 a) 

c *)2 = 6 sin 0 cos^, ( 2 b) 

o)z = cos 0 ( 2 c) 

substituted in Eqs. ( 1 ), we easily find 

Mi = cos$[AB+$\l/C sin 0 — II# 2 sin 0 cos 0 ] 
+sin\p[A(d 2 <l)/dt 2 ) sin 0 — 06$ 

(A +H)$6 cos 0 ] (3a) 

M 2 = cos^[ 2 $ (d 2 <£/ dt 2 ) sin 0 — C6$ 

+ (B cos 0 ] —sm\j/[B6+$$C sin 0 

— H<j> 2 sin 0 cos0] (3b) 

0 = C$+C(d 2 <f>/dt 2 ) cos 0 — C$6 sin 0 ]. (3c) 

From Eqs. (lc) and (2c), in place of Eq. ( 3 c), 
we may write 

0)3 = A = $+$ cos0. (4) 

Examination of Eqs. (3a) and (3b) shows im¬ 
mediately that the torques about the moving 
principal axes 1 and 2 may be considered as the 
projections of two torques not rotating with the 
principal axes; one lying along the nodal line N 
and designated as P, the other perpendicular to 
this line but in the 1, 2 plane and designated as 
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Q. Thus, 

P=*A6+<I> sin$(CK-A<l> cos0), (5a) 

Q=B(d*4>/dP) sin0-0(CA-2B<£cos0). (5b) 

The first term of Eq. (Sa) is recognized as the 
usual Newtonian torque, while the second term 
is gyroscopic in nature. The first term of Eq. 
(Sb) is, similarly, the Newtonian torque about 
the precession axis making an angle ( 7 r/ 2 ~ 0 ) 
with the 1, 2 plane caused by a torque lying in 
that plane. Again, the second term of Eq. (5b) 
is gyroscopic in nature. 

There are two cases to be considered; (I) 
precession is prevented by suitable restraints, 
and (II) the torque Q is zero (precession not 
restrained). 

For case I, Eqs. (5) reduce to 

P=A§ } (6a) 

Q= —CK6, (6b) 

where Q is then the torque exerted by the re¬ 
straint in order to prevent precession, and P the 
torque which produces tilting—the Newtonian 
torque. 

For case II, rewriting Eqs. (5) with the aid of 
Eq. (4), and setting (? = 0, 

P=A8+(K-t) tan0[CA-,4(A-^)], (7a) 

0 = B(d 2 <t>/dt 2 ) sinO — C8(2K — \(/) 

+2B6U-K). (7b) 

Substituting 6 for tan0 (for sma!10) and letting 
be constant, we can write 

P=A8+Rd , (8a) 

0=B (d‘*4>/dt 2 ) sin0 - S6 . (8b) 

Equation (8a) shows that the gyroscopic effect 
is that of adding a spring stiffness to the inertia 
torque. If the system be mounted on springs in 
the 0 direction, the effect is that of raising the 
natural frequency. Equation (8b) shows that 
the torque producing precession is proportional 
to the velocity of tilt. 

Let,us now examine the relative importance 
of the constants R and S. Equations (7) and (8) 
give 

R = CK{K-l)-A{K-i)\ (9a) 

S=C{2K-i)-2A{K->i,). (9b) 



Fig. 2. Arbitrarily chosen rotor. 1, 2, and 3 are principal 
axes about which the moments of inertia A, B, and C are 
taken, respectively. Rotor is taken to be 5 inches long, 
2 inches in diameter, and with the lower end 5 inches from 
the 1, 2, plane. The weight of the rotor is 5 lbs. and the 
spin velocity chosen as 6000 r.p.m. 

Now in general, for systems of the sort here 
considered, the resultant angular velocity K will 
be only slightly greater than the spin velocity 
0, so that (A' — 4/) is small. 

From Eq. (9a), A is a quadratic function of 
(A —^), and is zero when (A —^)=0, and when 
(K-t) = CK/A, or (A-^)/A==CA4. Between 
these limits, R reaches a maximum at (A —^)/ 
A = C/2A, and for values outside these limits R 
is negative. Now a negative value of R is 
physically absurd, as this would indicate a 
gyroscopically prod*iced torque tending to aid 
the external torque, which is contrary to all 
experience. Thus (A —^)/A must lie between 0 
and C/A . 

For a rough estimate as to the magnitude of 
A, let us assume the rigid body as is shown in 
Fig. 2 with the axes of rotation as shown. This 
is thought to be a fair representation of a typical 
motor armature. Assuming the dimensions and 
weight shown, and a motor speed of 6000 r.p.m., 
the maximum value of (K — \l/)/K-C/A =0.019 
and the value of (A — ii)/K for maximum A is 
C/2A =0.0095. Putting these values in Eq. (9a), 
the maximum value A can assume is found to 
be 10,500 lb. in./sec., which gives for a natural 
frequency about the fixed point (in the 0 plane) 
approximately 0.95 c.p.s. This is much lower than 
the usual run of vibration frequencies, implying 
that the added apparent spring stiffness is small 
compared to the actual springs present. 

S can be rewritten as 

S * CK - (A - ^) (2A - C) , (10) 

which is a linear function of Again, 5 
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must be always positive, or the limiting value of 
(K-\lf)/K=*C/(2A — C), which is somewhat 
larger than the value found above giving the 
maximum value of 2?. As C becomes small 
compared to A, the value of {K—ty/K ap¬ 
proaches the value for maximum R , and as C 
approaches A , the value of (K — \p) /K approaches 
the value found above as an upper limit. It is 
to be noted that 5 is a direct function of K , the 
resultant angular velocity—as the spin velocity 
increases, the torque-producing precession in¬ 
creases. For the particular values here chosen, 
(for maximum R) S is 35.5 in lb 2 /sec. 2 . 

The rotor might well be mounted on springs 


such that the stiffness would be four-hundred 
times the apparent stiffness calculated here. For 
the rotor alone this would mean a natural fre¬ 
quency of 19 c.p.s., which is not uncommon. 
The effect of added inertia would be to reduce 
both natural frequencies (real and gyroscopic) 
without affecting the spring stiffness. In this 
case then, the gyroscopic effect will be to raise 
the natural frequency in the ratio 



1 . 0012 , 


and the change is on the order of 0.1 percent. 


Frequency Stabilization of Microwave Oscillators by Spectrum Lines* 

William V. Smith, Jos& L GarcIa dl Quevmx), R L Carter, and W S Bfnnftt 
Department of Physics , Duke University , Durham , North Carolina 
(Received June 25, 1947) 

\ 2K50 microwave oscillator has been electronically coupled to the NH S H, $ rotational 
spectrum line at 23,870 megacycles in such a manner as to maintain the frequenev of the 
oscillator at the spejjrum-hne frequenev The theory of the “spectrum-line discriminator ’ 
designed to produce this frequenev stabilization is developed. 


INTRODUCTION 

HE possibility of stabilizing the frequency 
of a microwave oscillator by means of a 
spectrum line has already been mentioned in the 
literature. 1 The present article deals with one 
form of 4 Spectrum-line stabilizer” which has been 
used to tie the frequency of a 2K50 klystron to 
the NH S 3,3 spectrum line at 23,870 megacycles. 
It is believed that this is the first time any 
oscillator has been thus “tied to a spectrum line” 
although variations in the absorption properties 
of gases have been previously used to modify the 
properties of cavity stabilizers. 2 Since the first 
laboratory model of the stabilizer is relatively 
simple and reliable, it is to be anticipated that 
engineered versions of the stabilizer will be of 
considerable importance not only as frequency 
standards substantially independent of tempera¬ 
ture, but also as frequency controlling elements 

* The research described in this report was supported 
by Contract No. W-28-099-ac-125 with the Army Air 
Forces, Watson Laboratories, Air Materiel Command 

1 R. V. Pound, Rev. Sci. Inst. 17, 490 (1946). 

1 A. Roberts, Y. Beers, and A. G. Hill, Phys. Rev. 70, 
112 (1946). 
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of communications devices, since transmitter and 
receiver can be set unerringly on the same fre¬ 
quency merely by tying each to the same 
spectrum line 

THEORY 

In developing the theory of this spcctrum-line 
stabilizer, frequent reference will be made to 
Pound’s article on the stabilization of microwave 
oscillators, 1 as the present stabilizer design is in 
some features similar to his direct-current cavity 
stabilizer circuit. The comparable elements of the 
two stabilizers, i.e., the discriminators, ace shown 
in Figs, la and lb. The operation of both circuits 
is, essentially, that an input signal of variable 
frequency is reflected from the terminations of 
the two tee sections, finally being rectified by 
crystals A and B . The reflections are frequency 
sensitive, particularly the reflection from arm 2 
of tee A , which can be so designed that the 
rectified output of crystals A and 5, suitably 
added, is a linear function of frequency near the 
resonant frequency f 0 of the element terminating 
arm 2. In general, the output is adjusted to be 
zero at f 0 , and is amplified and applied to the re- 
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Hector electrode of a microwave oscillator. Since 
the frequency of oscillation of the oscillator is a 
linear function of the voltage applied to the 
reflector electrode, it is possible to feed back the 
output of the discriminator circuit in such a phase 
as to correct for any tendency of the oscillator to 
drift away from the resonant frequency v {) of the 
discriminator. 

The only apparent difference between the two 
discriminators consists in replacing Pound’s 
cavity at x-\ g /8 by a short circuit and inserting 
symmetrical windows C and D in the tee near its 
junctions, so that one or both of the lengths of 
guide can be evacuated and filled with gas at a 
low pressure. (These windows may conveniently 
be made of mica, and if window D is reflectionless 
and arm 1 is filled with air, window C can be 
omitted.) If, then, the gas in arm 2 is resonant at 
a frequency v Qt it can be shown that the combined 
reflections from arms 1 and 2 are the same as for 
a cavity of frequency v 0 terminating arm 2 , when 
no gas is present in the arm. Physically, the 
phenomena occurring in the case of the spectrum¬ 
line discriminator are different from those in the 
cavity discriminator. Energy is absorbed all 
along arm 2 in the first case, and only in the 
terminating cavity in the second case. Also, for 
the spectrum-line case arms 1 and 2 must be long 
enough so that appreciable absorption takes place 
at vo , but not so long that the incident wave is 
completely absorbed at v 0f as then complete 
absorption may also take place at frequencies in 
the immediate vicinity of vo. For the cavity 
discriminator, on the other hand, the optimum 
condition is a match at v 0 , i.e., complete absorp¬ 
tion of incident energy. Finally, it should be 
noted that in the* spectrum-line case the two 
arms differ by X a /S in electrical length, which is 
not necessarily the same as the physical length as 
the dielectric constant (at a frequency well re¬ 
moved from vo) may differ in the two arms. 

The mathematical analysis will be undertaken 
for arms 1 and 2 of equal electrical lengths /, and 
the reciprocal of the difference in input imped¬ 
ances to the two arms will be shown to be the 
same as the input admittance of a cavity. It then 
follows that if the lengths differ by X ff / 8 , the 
electrical properties of Fig. lb will be those of the 
cavity discriminator of Fig. la. Expressing the 
input impedances Zi and Z% to arms 1 and 2 in 


terms of the characteristic impedance Zo of the 
guide, and ignoring the small change in Z 0 caused 
by the gas in comparison with the change in 
propagation constant, then 


Zi«Z 0 tanhyo/, 
Za—Zo tanlry/, 


where 70 and 7 are the propagation constants in 
vacuum and in gas. 

If or 0 is the attenuation of the guide walls in 
nepers per cm, and €1 and 62 are the real and 
imaginary parts of the dielectric constant of the 
gas, 


2ir 

7o — «oH — -j t 


( 2 ) 


7 =* ToH -L/(«i — 1) + «*]• 

X0 


Also, according to Van Vleck , 3 if the line breadth 
Av is caused solely by collision broadening 


A vq 

«i-l =- 

2 

A Vo 

=- 

2 


Vo— v 

Av 2 +(v-v 0 )* 

Av 

A v 2 +(v — vq ) 2 


(3) 


where A is a constant. 




Fig. 1 . Spectrum-line discriminator and 
_ frequency stabilizer. 

*J. H. Van Vleck, “The relation between absorption 
and the frequency dependence of refraction/’ Report 735, 
M.I.T. Radiation Laboratory. 
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Fig. 2. NH* 3,3 discriminator characteristic, showing fine 
structure. The spacing between the center of the linear 
portion of the discriminator curve* and the first satellite 
is 1.72 megacycles, establishing the frequency scale. 

% 

Expanding Eqs. (1), (2), and (3) for «i — 1, * 2 , 
Av/v 0 and tanhy/ all very small compared to 1 


F=- 


1 


2\ g Avr2jQo(v— vo) 1 

I v Q J 


Zi — Z i irlAv ol 


fl \Yo, (4) 


where 


<?o = 


Vo 


2Av 


If a —- 


irlA 


Vo 


2\ a Av 


2Qq(v—vq) 
and a — -, 


vo 


Eq. (4) may be rewritten as 

•y = f°, 

\a a/ 


( 5 ) 


which is Eq. (1) of reference 1 describing the 
admittance properties of a resonant cavity. 

For collision broadening, A/Av is independent 
of pressure. 3 Thus, for a cell of fixed length, as the 
pressure is lowered the parameter ot remains 
constant while Qo increases until at sufficiently 
low pressures effects other than collision broaden- 
ing begin to influence the line breadth. A dis¬ 
cussion of these effects is given by Townes. 4 He 
states that Doppler effect and collisions with the 
wave guide walls should begin to affect the line 
width at 2 Ap = 150 kilocycles, while saturation 
effects causing an increase in line breadth with 
input power may limit the line breadth to over 
one megacycle for high input power. 

Townes* data indicate that these saturation 
effects are just noticeable for an input power of 
1.8 milliwatts into an absorption tube of 10.7-mm 
by 4.3-mm cross section for a pressure of 4 X 10~ 2 
mm of mercury. At this pressure he gets for the 

< C. H. Townes, Phys. Rev. 70, 665 (1946). 


ammonia 3,3 line a peak absorption of 5X10~ 4 
neper per cm in wave guide and a line width of 
2Av=* 1.9 megacycles. Since the attenuation in 
nepers/cm = (2ir/X g ) ca, the parameters of Eq. (4) 
are found to be 


23,879 

(?o =-12,500, 

1.9 

\- Xj / v»vo 3200 


( 6 ) 


The slope dv/dv), ^ of the discriminator curve as 
derived by Pound is 


dv 

dv 


) =DP, 

/ yQ 


Qo 2 a 

Vo (1+a) 2 


(7) 


volts per megacycle, where Po is the input power 
to the discriminator and D is a constant. Typical 
cavity constants are Qo- 12,500, a = 1, and Po^l 
milliwatt, where the upper limit to Po is set by 
the amount of decoupling necessary to prevent 
frequency discontinuities in tying the discrimi¬ 
nator to the oscillator. For the spectrum-line 
discriminator with a 2-meter cell, the constants 
are Qo = 12,500, a = i\r, and again P 0 = 1 milliwatt, 
the limit on P 0 this time being set by saturation 
effects. The ratio dv/dv a pectrum line to dv/dv cavity 
can therefore be made at least 1 to 4.5. If Pound’s 
value of DP — 1 volt is applicable to 1-cm oscil¬ 
lators and crystals as well as to the 3-cm ones to 
which he applied it, this gives dv/dv — 250 
millivolts per megacycle for a cavity and 55 
millivolts per megacycle for a spectrum line. 


OBSERVATIONS 

Figure 2 is a photograph of the NH* 3,3 dis¬ 
criminator characteristic at a pressure of about 
one one-hundredth of a millimeter of mercury. 
The fine-structure satellites of the line are clearly 
visible, two on each side of the discriminator. The 
spacing between the center of the linear portion 
of the discriminator curve and the first satellite 
is 1.72 megacycles, 5 establishing the frequency 
scale. The slope of a similar characteristic meas¬ 
ured at a somewhat higher pressure was 70 

* B. P. Dailey, R. L. Kyhl, M. W. P. Strandberg, J. H. 
Van Vleck, and E. B. Wilson, Jr., Phys. Rev. 70, 984 
(1946). 
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millivolts per megacycle, comparing favorably 
with the rough theoretical estimate of 55 milli¬ 
volts per megacycle. 

For purposes of comparison of spectrum-line 
discriminators and cavity discriminators, the 
above measured slope dv/dv is all the data needed. 
The ultimate purpose of such a discriminator, 
however, is to actually stabilize an oscillator. To 
this end, the microwave oscillator which had been 
frequency swept to obtain the discriminator 
characteristic was operated CW, and the dis¬ 
criminator output fed into a d.c. amplifier similar 
to that described by Pound. The amplifier output 
was fed to the reflector electrode only, and the 
oscillator frequency was observed as a function of 
the setting of a potentiometer controlling the re¬ 
flector voltage. Thus the actual voltage on the 
reflector was the sum of the potentiometer control 
and the error signal from the amplifier. It was 
observed that if the pressure of ammonia in arm 2 
was a centimeter or more, or if the ammonia were 
frozen out at liquid air temperatures, the oscil¬ 


lator frequency was a continuous function of the 
potentiometer control. If, however, the pressure 
was in the range corresponding to a line width of 
one-half to two megacycles, approximately, the 
frequency would ‘Mock in” to the line frequency 
of 23,870 megacycles over a range of potentiome¬ 
ter settings, jumping discontinuously to a differ¬ 
ent frequency when the limit of control of the 
discriminator was exceeded. At approximately 
optimum conditions as the potentiometer was 
continuously varied in such a direction as to tend 
to increase the oscillator frequency, the oscillator 
tuned continuously up to 23,841 megacycles, 
jumped to the line frequency of 23,870 megacycles, 
remaining constant within one megacycle until it 
again jumped to 23,892 megacycles. Control was 
thus maintained for variations in reflector voltage 
equivalent to a frequency spread of just under 51 
megacycles. The measured variation of potenti¬ 
ometer voltage over which the frequency re¬ 
mained constant was 14 volts (of a total reflector- 
cathode voltage of 75 volts). 
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The Efficiency of Thermoelectric Generators. I.* 


Maria Telkes 

Department of Metallurgy , Massachusetts Institute qf Technology , Cambridge t Massachusetts 

(Received July 28, 1947) 


The generation of electrical energy from thermal energy 
by thermoelectric means cannot be accomplished with 
thermocouples made of the available alloys generally used 
for temperature measurements, their efficiency being less 
than one percent. 

A review of the theoretical efficiency calculations shows 
that higher efficiencies can be attained with thermocouple 
materials to which the Wiedemann-Franz-Lorenz relation 
is applicable, when their thermoelectric power is greater 
than 200 microvolt|/°C. Some zinc-antimony alloys with 
added metals approach the above conditions and have 


SYMBOLS 

T temperature (°abs.) 

Tk hot junction temperature (°abs.) 

T c cold junction temperature (°abs.) 

7\— T € temperature difference (°C) 

E open circuit e.m.f. of thermocouple, Scebeck e.m.f. 
(volt) ^ 

E 

c**~ -the average thermoelectric power in the 

Ih—Tc 

temperature range of A/ = T h — T e (volt/°C) 
B^dE/dT the instantaneous thermoelectric power at T 
temperature (volt/°C) 

I current flowing in thermocouple and external load 
circuit (amp) 

R resistance of thermocouple (ohm) 

R g external load resistance, R e =*R (ohm) 

Wo output in external circuit (watt) 

Wi thermal energy absorbed at the hot junction (watt) 
Q a heat conductance of thermocouple (watt) 
p'p" specific electric resistance of thermocouple materials 
average between Tk and T c (ohm cm) 
a specific electric conductivity at T temperature 
(ohm 1 cm -1 ) 

k'k" specific heat conductivity of thermocouple materials 
averaged between Tk and 7V (watt cm -1 deg.” 1 ) 
s's cross-sectional area of thermocouple materials (cm*) 
L length of thermocouple materials, both of same 
length, (cm) 

d’d n form factors of thermocouple materials denoting s'/L 
and s"/L (cm) 

Ac energy level difference (electron volt) 
ho Boltzman’s constant (0.8617 X 10“ 4 electron volt/°C) 
lo mean free path (cm) 

nb the number of bound impurity electrons/cm 3 
Co electronic charge 

* Publication No. 20, M.I.T. Solar Energy Conversion 
Research Project. 


produced an experimental efficiency in excess of five 
percent, in accordance with the theoretical calculations. 

The criteria of higher efficiency are applied to semi¬ 
conductors, deriving the optimum conditions. Lead sulfide 
with excess lead was found to be the only suitable material 
at present, which in combination with the zinc-antimony 
alloy produces an efficiency of seven percent. 

Higher thermoelectric efficiencies can be produced only 
by developing new materials which can attain the theo¬ 
retically required high values of thermoelectric power, low 
heat conductivity, and low specific resistance. 


HISTORICAL REVIEW 

ARIOUS types of thermoelectric generators 
have been constructed in the past with the 
aim of producing a gas-heated low voltage direct- 
current source of relatively small but constant 
power output. The early efforts have been sum¬ 
marized in book form by F. Peters in 1908. 1 This 
summary shows that most of the thermoelectric 
materials then known have been used experi¬ 
mentally in a large variety of empirical designs. 
Only very few types of thermoelectric generators 
have reached the production stage. The best- 
known commercially produced apparatus was 
Giilcher’s gas-heated thermoelectric generator 
with an over-all efficiency of one-half of one 
percent. 

In more recent times the construction of ther¬ 
moelectric generators was revived with the aim 
of producing a gas-heated power supply for radio 
receivers and for charging storage batteries. 
Koch’s 2 antimony and German silver thermo¬ 
electric generator attained an efficiency of 0.5 
percent. Wall 8 used iron-constantan thermoele¬ 
ments, attaining an efficiency of less than 0.05 
percent. Milne 4 used thermocouples made of 
nickel and an alloy of copper-silver-selenium 
in a gas-heated battery charger for radio re- 


1 F. Peters, Thermoelemente und Thermosdulen , Halle 
1908. 

* E. Koch, Helios M, 557 (1922). 

3 T. F. Wall, The Electr. Rev. 847 (1927). 

4 H. R. Milne, Brit. Patent 510, 410, and 501, 411 Feb. 
24 (1939). 
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ceivers, producing an efficiency less than one 
percent. 


THE EFFICIENCY PROBLEM 

For the purpose of electrical power production 
an efficiency of one percent is definitely unsatis¬ 
factory. It is true that relatively small electrical 
power generators used at present are com¬ 
paratively inefficient. Small steam-electric power 
generators operate with an efficiency of five 
percent or less. Power plants used on farms for 
the generation of electricity for household pur¬ 
poses operate with an efficiency of less than ten 
percent, which compares with the twenty-five 
percent efficiency rating of large modern electric 
power generating stations. 

What is the cause of the low efficiency of ther¬ 
moelectric generators? This question has been 
analyzed repeatedly in the literature. One of the 
suggested causes was the relatively imj)erfect 
heat transfer from the fuel burner to the hot 
junctions of the thermoelements. It is obvious 
that only that part of the heat of combustion is 
effective which is actually transferred to the hot 
junctions. Considerable heat may be lost in the 
Hue gases and through the structural elements 
which are necessary to hold the thermoelements. 

Peters 1 described numerous empirical designs 
which attempted to improve the heat transfer 
conditions, but there are relatively few measure¬ 
ments available concerning this phase of the 
problem. The over-all efficiency of the thermo¬ 
electric generator is best analyzed as the effi¬ 
ciency of the thermoelectric process itself as 
distinct from the efficiency of the heat transfer 
to the hot junctions. 

The purely thermodynamic treatment of the 
thermocouple considers the thermocouple as a 
reversible heat engine (recent summary by W. h. 
Roeser 6 ). The thermodynamic consideration 
establishes correlations between the Seebeck, the 
Peltier, and the Thomson effects disregarding the 
irreversible processes caused by heat conduction, 
lateral heat losses, and the Joule heat generated 
in the ^operating thermoelements. The thermo¬ 
dynamic treatment alone is insufficient to 
account for the performance of the thermoelectric 

• American Institute of Physics, Temperature , Its Meas¬ 
urement and Control in Science and Industry (Reinhold 
Publishing Corporation, New York, 1941), p. 180. 


generator, because the irreversible effects are 
unavoidable and predominant in the calculation 
of the efficiency. 

The efficiency of the thermoelectric process 
(eff.) is defined as the ratio of useful electrical 
power output (Wo) delivered to an external load, 
to the electrical equivalent of the thermal energy 
absorbed at the hot junctions of the thermo¬ 
elements (IP,) 

eff. = Wu/W%. 

This definition has been used in previous cal¬ 
culations by Lord Rayleigh, 6 Kollert, 7 and 
Altenkirch. H The knowledge of the following 
physical properties of the thermoelectric ma¬ 
terials is required: the thermoelectric power (e), 
the specific electrical resistance (p), and the 
specific heat conductivity ( k) which are functions 
of the temperature. The above factors are the 
material constants of the thermoelements. The 
form factors (cross section, length, shape factors) 
may be selected according to certain conditions 
of best design. The previous calculations failed to 
produce any correlation between the calculated 
and the observed efficiency, which was primarily 
due to the inadequate data concerning the 
material constants. 

In recent years the construction of radiation¬ 
measuring thermopiles nas been improved con¬ 
siderably. Radiation-measuring thermocouples 
or thermopiles may be regarded as miniature 
thermoelectric generators, operating at a rela¬ 
tively small temperature difference. In most 
cases a high voltage output is desired at the 
expense of the efficiency. The efficiency calcula¬ 
tions for thermoelectric generators and radiation¬ 
measuring thermopiles are otherwise identical. 
Such calculations have been published by Johan¬ 
sen, 9 Firestone, 10 Harris, 11 Cartwright, 12 Jones, 13 
Kovalenko, 14 Emmons, 16 and others. 

The theoretical calculations mentioned above 
are revised on the following pages, with the aim 
of deriving equations and conclusions concerning 


• Lord J. W. Rayleigh, Phil. Mag. 34 , 481 (1892). 

7 J. Kollert, Elektrotech. Zeits. 11, 333 (1890). 

* E. Altenkirch, Physik. Zeits. 10, 560 (1909). 

9 E. S. Johansen, Ann. d. Physik 33, 517 (1910). 

10 F. A. Firestone, Rev. Sci. Inst. 1, 630 (1930). 

11 L. Harris, Phys. Rev. 45 , 635 (1934). 

“ C. H. Cartwright, Rev. Sci. Inst. 1, 592 (1930). 

11 R. V. Jones, J. Sci. Inst. 11, 247 (1934). 

“ V. Kovalenko, Tech. Phys. U.S.S.R. 5, 789 (1938). 
16 H. Emmon 9 , J. Frank. Inst. 229 , 29 (1940). 
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theoretical effioeocy and the best design 
vdraerfk of theiitnoelectifc generators. During 
Vthese calculations several assumptions are made 
which are now considered in detail. 

L Thermocouple Materials 

The thermoelectric guiciator consists of a 
number of thermocouple's, which an identical 
The theoretical cHk icik\ is not influc need b\ the 
number of the thermocouples and thu eforc m the 
following calculations only one thermocouple is 
considered. The couple is formed of two thermo¬ 
electric materials, with hot and cold junctions 
maintained at definite temperatures. The ma¬ 
terials are assumed to be in the polycrystalline 
state. Their specific electric resistance {pp '), 
specific heat conductivity (k\k") } and thermo¬ 
electric power (< e ) are known functions of the 
temperature ( T ). The materials should be suit¬ 
ably annealed and their physical properties 
should not change during the operation of the 
thermocouple 

2. Junctions 

A selection of solders, fluxes, or welding tech¬ 
niques is available for the preparation of satis¬ 
factory junctions It is important that the junc¬ 
tion should be free of any additional electric 
resistance, caused by imperfect soldering or 
welding, due to the presence of oxide layers or 
other causes. It is assumed that the “junction 
resistance” is negligible compared to the total 
resistance of the thermocouple. This condition 
is relatively easily attained at the cold junction, 
but difficulties may arise at the hot junctions. 
During prolonged operation at relatively higher 
temperatures, thermal corrosion and deterior¬ 
ation may occur at the hot junction, increasing 
the electrical resistance and thereby deci easing 
the efficiency. 

It is obvious that the hot junction cannot be 
operated above a certain temperature, limited by 
the melting points of the thermoelements. Ac¬ 
tually the operating temperature of the hot 
junction is further limited by the nature of the 
thermoelectric materials and the contact at the 
hot junction. Even if oxidation is avoided by 
limiting the hot junction temperature, changes 
may occur during prolonged operation because of 

X us 


the diffusion of th<* two 

and the connecting layer, if the hot junctions 
are formed with the help of a solder, the com¬ 
ponents of the solder may diffuse into the ther¬ 
moelectric materials, with the possibility of 
changing their composition and properties. Such 
changes ma\ not be noticed except during pro¬ 
longed life tests The effect of thermal diffusion 
max be mimmi/td by using welding techniques 
or b\ limiting the amount of solder to a mini¬ 
mum, using a soldeung material which does not 
interfere with the physical characteristics of the 
thermoelectric materials. 

3. Heating the Hot Junctions 

The experimental determination of the effi¬ 
ciency of thermocouples requires a controlled 
heating arrangement delivering measured amounts 
of thermal energy to the hot junctions. For ex¬ 
perimental purposes electrical heating of the hot 
junctions is preferable 

4. Cooling the Cold Junctions 

Because of the irreversible heat conduction, 
occurring in the thermoelectric materials a con¬ 
siderable amount of heat is conducted from the 
hot junction to the cold junction If this energv 
is not removed by suitable cooling, the tem¬ 
perature'of the cold junction will increase The 
temperature of the cold junctions tan be main¬ 
tained at or near room temperature by using 
suitable water or air cooling. The use of higher 
cold junction temperatures is not desirable in 
thermocouples made of metallic conductors, be¬ 
cause their electrical resistance increases with 
increased temperature, decreasing their efficiency 

5. Lateral Heat Losses 

It is obvious that the lateral or radial heat 
losses from the surface of the thermoelements 
should be as small as possible. In a thermo¬ 
electric generator, consisting of a large number of 
thermoelements, these losses may be minimized 
by arranging the thermocouples in a closely 
packed assembly, with the unavoidable minimum 
of insulating material between the couples. Ex¬ 
perimental tests made with relatively few or 
with individual cofiples may minimize the lateral 
heat losses, by surrounding the thermocouples 
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%ith adequate thermal insulation, or the lateral 
beat looses may be determined experimentally 
and corrections applied. During the efficiency 
calculations it is assumed that the lateral heat 
losses are negligible. 

6. Form Factors 

The thermoelectric materials are generally in 
the form of cylindrical or rectangular bars, wires, 
or sheets. Some constructors used wedge-shaped 
or tubular thermoelements with the aim of im¬ 
proving the performance. Actually, however, 
such forms failed to increase the efficiency. The 
construction is simplified if the lengths of the 
thermoelectric materials are i qual, as in this case 
the distance between the hot and cold junction 
zones is fixed, facilitating the structural arrange¬ 
ment. Complex shape or form factors alone 
cannot improve the efficiency. 

It can be shown by calculation that optimum 
conditions will prevail if the shape factor of the 
thermoelements is selected in such a way that 
equal amounts of heat are conducted away by 
the two thermoelectric materials, while at the 
same time the electric resistance of the two 
elements is also equal. 

7 . Internal and External Resistance 


in most it t* Sitf 

* in the following calculations* 

EFFICIENCY CALCULATIONS 

The calculations apply to a definite operating 
temperature interval 7*—2V 

The open circuit e.m.f. is £«eA/. When the 
circuit is closed through an external resistance 
(Re) which is equal to the internal resistance (R) 
of the thermocouple a current (/) will flow in 
the circuit: 7==£/2£. The load e.m.f. will drop 
to \R, The Watt output in the external circuit 
will be: 

( 1 ) 

The total electrical energy produced in the ther¬ 
mocouple and the external load circuit is 2W o. 
A part of the thermal energy ( W ») absorbed at 
the hot junction will be used for the production 
of 2 Wo electrical energy, while the larger part of 
W, will'be conducted away by the thermocouple 
elements in accordance with their heat conduc¬ 
tivity (Q r ) (irreversible loss). Applying the 
second law of thermodynamics, the amount of 
thermal energy required for the pnxluction of 
2 Wo electrical energy r • 



2Wo T h _2WoT h 
r h -rr At 


( 2 ) 


The maximum power output of a thermo¬ 
electric generator is obtained when its internal 
resistance is nearly equal to the external load 
resistance This tiiterion can be derived by cal¬ 
culation and has been proven by experiments. 8 

8 . Joule Heat 

During the operation of a thermoelectric 
generator with current flowing through the 
thermoelements, an internal Joule heat will be 
generated. Part of this heat will be removed at 
the cold junctions. This effect may be disre¬ 
garded as long as the efficiency of the thermo¬ 
couple is rather low. 

9 . Thomson Effect 

During the operation of a thermoelectric 
generator on closed circuit the Thomson effect 
should influence the thermal distribution condi¬ 
tions. The effect is of relatively slight importance 


The efficient v is obtained by combining Eqs. 
(1) and (2) * 

Wo Wo _ 1 

~WrTdW* "27* Q c 

— +Q C 

At At Wo 

1 

=-. (3) 

27* QAR 

At + ~£* 

We proceed substituting the values of the specific 
resistance, the specific heat conductivity k f k'\ 
and the form factors d!d " into the above equa¬ 
tion: 

The electric resistance 

( 4 ) 

The heat conductance 

Q c =At(k'd f +k"d"). (5) 
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Table I, Calculated efficiency of thermocouples (per¬ 
cent); cold junction temperature 27°C; Wiedemann- 
Franz-Lorenz relation applicable. 


c Uff P * Thermoelectric power in microvolt«/°C 

l°C 100 150 200 250 300 400 500 600 800 1000 


100 0.75 1.56 2.53 fc 3.54 4.55 6.3 7.7 8.7 10.1 10.8 

200 1.30 2.70 4.35 6.04 7.69 10.5 12.7 14.3 16.0 17.4 

300 1.72 3.57 5.71 7.92 10.0 13.6 16 2 18.2 20.6 22.0 

400 2.06 4.25 6.78 9.35 11 8 15.8 18.8 21.0 23 8 25 3 

500 2.34 4.80 7.63 10.5 13.2 17.6 20.9 23.2 26.2 27.8 


Frorii Eqs. (4) and (5) it follows that: 


/ P p"\ 

4 RQ, fc \d' d") 

E 2 ~ e 2 At 2 


i(*v 


+k" P "- 


k'p"d' P 'k"d" 


d f ) 


e 2 A t 


( 6 ) 


Before proceeding further we examine the 
optimum conditions for the selection of the form 
factors. It was stated above that the form factors 
should be selected in such a way that equal 
amounts of heat should flow-through the two 
elements and that their electrical resistance 
should be the same. This condition will prevail if: 

k'd'=*k"d" or d"/d f =k'/k" (from Eq. 5), 
p'/d' = p"/d " or d"/d' = p"/p'( fromEq. 4), 


1000 600 



Fig# 1. Calculated efficiency of thermocouples as a 
function of the temperature difference; x-experimental 
milts* The figures indicate the thermoelectric power in 
mlQ9X7volt8/ 0 C. 


combining the above 


d" /*VV 

J~\Fs/ 


(?; 


substituting Eq. (7) into (6) we obtain: 
4RQ 0 _ 4 { k"p"+k'p' 4- 2 {k"p"k'p') M 
E 2 e*At 

4\{ k"p")'-Hk' p')^ 

e 2 At 


( 8 ) 


Combining Eq. (3) and (8) the efficiency is: 

1 

eff. =-. (9) 

2 Th 4{{k'p')'+ (k"p"W 

At e 2 Al 

Examining the efficiency equation (9) we find 
the expressions k'p' and k"p". On the basis of 
experimental observations, Wiedemann-Franz 
found (in 1853) that for many metals and alloys 
the ratio of the heat conductivity (A) and the 
electric conductivity (a) is constant at room 
temperature, k/u = 7.3 X10 6 . As the specific 
resistance p — l/V it equally follows that k/a = kp 
= 7.3X10-0. 

The specific resistance of many metals and 
alloys was. found to increase with temperature. 
On the basis of further experimental evidence 
Lorenz (in 1877) found the general relation 
(Wiedemann-Franz-Lorenz-constanl): 

k/6 = kp = 2A5X 10 _8 7\ (10) 

The theoretical explanation for the value of this 
constant has been given by Sommerfeld (in 
1927). 

The experimental evidence shows that the 
Wiedemann-Franz-Lorenz relation is applicable 
to most metals and many alloys (within the tem¬ 
perature range of thermocouple use). No metal 
or alloys have been found to show a lower value. 
Some alloys show a higher value, a deviation ( D ) 
from the normal Wiedemann-Franz-Lorenz con¬ 
stant. The deviation (D) may be explained by a 
consideration of the heat conductivity ( k ). The 
heat conductivity is due to two factors: the 
atomic part, which is of the same order of mag¬ 
nitude as that of insulators, and the electronic 
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part, which in good heat conductors is pre¬ 
ponderant. Metals (Bi, Sb) or alloys of low heat 
conductivity generally show a deviation (. D) 
from the normal Wiedemann-Franz-Lorenz con¬ 
stant. 

According to Eq. (9) the efficiency will be 
high if A'p' and k"p " are small, that is, if the 
Wiedemann-Franz-Lorenz constant is applicable 
to the thermocouple. 

Optimum condition: Wiedemann-Franz-Lorenz 
relation applicable. Assuming that Hq. (10) is 
applicable to a thermocouple operating at an 
average temperature of \/2{T h +T c ) it follows 
that p'k' = 9 "k" = 2.45 X 10-~H/2(7\+ 7\). 

In this case Eq. (9) is changed to: 

1 1 

eff. =---. (11) 

2 T h 16pfe 2 T h 19.7X10- 8 (n + 7;) 

At e l A t At e 2 A t 

This equation contains only the junction tem¬ 
peratures and the thermoelectric power. The 
cold junction temperature, 7c, may be regarded 
as fixed near the ambient or room temperature, 
which is about 300°abs. (27°C). Equation (11) 
permits the calculation of the efficiency for 
definite temperature differences and thermo¬ 
electric powers. The results of this calculation are 
summarized in Table I and Fig. 1. 

It should be emphasized that the above 
efficiencies represented in Table 1 and Fig. 1, are 
based upon the assumption that thermoelectric 
materials can be produced to which the Wiedc- 
mann-Franz-Lorenz relation is applicable. At 
higher efficiencies (> 10 percent) the Joule heat 
cannot be neglected and therefore these values 
should be regarded as tenative indications. 

The applicability of the Wiedemann-Franz- 
Lorenz relation for most metallic materials and 
alloys can be determined if the specific resistance 
and specific heat conductivity are known. For a 
temperature of 27°C (300°abs.) the Wiedemann- 
Franz ratio p£ = 7.35Xl0~ 6 . For most materials 
the specific resistance is known, but the heat con- 
ductiyity may not be available. In such cases the 
following rule may be applied to determine 
whether a large deviation from the Wiedemann- 
Franz-Lorenz relation can be expected. The 
specific heat conductivity may be assumed to be 
as low as that of certain insulators, which average 



Fig. 2. Calculated efficiency of thermocouples in relation 
to their deviation from the Wiedemann-Franz-Lorenz 
relation; temperature difference 400°C; the figures indicate 
the theimoelectric power in microvolt s/ 0 C. 

k = 0.01. With this assumed value the corre¬ 
sponding p value will be 7.35 X 10~ 4 . Any material 
which shows a specific resistance larger than 0.001 
ohm-cm at room temperature probably cannot be 
expected to follow the Wiedemann-Franz relation. 

General condition: Wiedemann-Franz-Lorenz 
relation not applicable. Many thermoelectric ma¬ 
terials of high thermoelectric power show a con¬ 
siderable deviation (. D ) from the Wiedemann- 
Franz-Lorenz relation. If the specific resistance, 
p\ and the specific heat conductivity, k\ of such 
materials is known, the deviation (D) at an 
average temperature ( T ) will be: 


2.45X10~ 8 7' 

A thermocouple formed of a thermoelectric 
material showing a deviation (D) in combination 

Table II. Calculated efficiency of thermocouples (per¬ 
cent); cold junction temperature 27°C, temperature 
difference 400°C; D-Deviation from the Wiedemann- 
Franz-Lorenz relation. 


Thermoelectric 

power 

microvolt/°C 1 

2 

5 

10 

20 

too 

100 

2.1 

1.3 

0.8 

0.5 

0.3 

0.07 

250 

9.4 

6.7 

4.2 

2.7 

1.6 

0.4 

500 

18.8 

15.8 

11.6 

8.3 

5.5 

1.6 

1000 

25.3 

23.7 

21.0 

17.8 

14.0 

5.4 
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Table III. Commercially available temperature 
indicating thermocouples. 

Thermoelectric power (<) 
microvolt8/°C 
Temp range 27-727°C 


Platinum alloy s less than 20 

“Pallaplat" couple 18 55 

Chromel-alumef 42 

Iron-con^tantaii 57 

Chromel P tonstantan 76 


with another material showing no deviation will 
show a diminished efficiency, &s computed in 
Table 11 and shown in Fig. 2. The calculations 
were made for a cold junction temperature at 
27°C, using a temperature difference of 400°C. 

Table II indicates the importance of the 
deviation from the Wiedemann-Franz-Lorenz 
relation, which is very pronounced for the 100- 
t o 250-microvolt /°C thermoelectric power values; 
the efficiency of such couples diminishes to half 
of the theoretical maximum with a deviation of 
two to five. For the 500- to 1000-microvolt/°C 
range the efficiency decreases to half of the 
theoretical value with a 10- to^O-fold deviation. 
Assuming that such materials would have a low 
specific heat conductivity of 6 = 0.01, the cor¬ 
responding p valufe will lx* about 0 03 ohm-cm. 
It is probable that in the above indicated tem¬ 
perature range thermoelectric materials with a 
specific resistance greater than 0.03 ohm-cm could 
not attain an efficiency in excess of JO percent , even 
if their ^thermoelectric power were as high as 1000- 
microvolt/°C . 

THERMOCOUPLE MATERIALS 

Recent reviews 4 - lfi - 17 tabulate the properties of 
thermoelectric materials used for temperature 
measurements. Some of the best materials of this 
type are summarized in Table III. 

As shown in Table III, the thermoelectric 
power of the commercially available thermo¬ 
couples is considerably below 100-microvolt/°C. 
Even if the Wiedemann-Franz-Loren tz relation 
of these materials would not deviate from its 
normal value, the expected efficiency could not 

11 A. W. Smith, Ohio State Univ. Bull. No. 20. Eng. 
Exp. Station (1921). 

17 G. Boreiius, Handbuch der Metallphysik 1,185 (1935). 
11 A. Schulze, Metallische Werkstoffe fiir Thermoelemente 
(N. E. M.-Verlag Dr. G. Lttttke, Berlin, 1940). 
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be greater than 2 percent, operating them at 
relatively high temperatures. 

The Chromel P-Constantan Thermocouple 

This couple produces the highest thermo¬ 
electric power and may be regarded as the best 
commercially available couple. It w'as used, 
therefore, to verify the efficiency calculations, 
comparing them with the experimentally at¬ 
tainable efficiency. Chromel P (approximately 90 
nickel-10 chi omium) and constantan (55 copper- 
45 nickel) were used in the form of flat bars with 
welded hot and cold junctions. The hot junctions 
were electrically heated, the cold junctions 
water-cooled. The specific resistance, heat con¬ 
ductivity, and thermoelectric power of these 
alloys are shown in Table IV together with their 
calculated and experimentally observed effi¬ 
ciencies. 

The calculated and observed efficiencies arc in 
good agreement and show that the efficiency is 
less than one percent with the hot junctions 
operating at 520°C. This is approximately the 
highest temperature at which constantan can be 
used continuously without undue thermal cor¬ 
rosion. Assuming that constantan could be pro¬ 
tected against oxidation at higher temperatures, 
the calculations show that an efficiency of two 
percent could be attained with a temperature 
difference of about 1000°C. 

The Bismuth-Antimony Couple 

The use of this couple is limited by the melting 
point of bismuth (271°C). Instead of bismuth, an 

Tabi.k IV. 

Temperature range 

_ 20-320°C 20-530°C 

Constantan* 

specific resistance p 49 X 10~ 6 49 X10“ • 

heat conductivity k 0.29 0.33 

f . . Pk 14.3 X 10“ e 16.2 X10-* 

deviation D 1.30 1.20 

Chromel P 

specific resistance p 75 X 10~ # 78 X 10“ e 

heat conductivity k 0.19 0.22 

J . . pk 14.3 X10~« 17.2 X10~® 

deviation D 1.30 1,28 

Chromel P-constantan 

thermoelectric power (volt/°C) 71X 10“* 73 X 10~* 

calculated efficiency (percent) 0.64 0.96 

observed efficiency (percent) 0.58 0.92 
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alloy of 91 Bi-9 Sb can be used which shows a 
slightly better performance. The electrical prop¬ 
erties of these materials have been determined by 
Gehlhoff and Neumeier 1 *-* 0 and are summarized 
in Table V, giving the calculated efficiency. 

THERMOELECTRIC PROPERTIES OP ELEMENTS 
AND ALLOYS 

The thermoelectric power and the specific 
resistance of various alloys have been sum¬ 
marized.* 18 ’ 1714 - 2:! 

According to the literature the thermoelectric 
power of most elements is considerably less than 
100-microvolt/°C, with the exception of Te, Se, 
Si, and Ge. 

The thermoelectric power of most alloys was 
found to be considerably less than 100-micro- 
volt/°C\ therefore these alloys could not be 
expected to produce efficiencies higher than two 
to three percent, even when operated at rela¬ 
tively high temperature differences. 

Thermoelectric power values in excess of 100- 


Tabi.f. V. 



Temperature range 
260-20°C 

Bismuth 

specific resistance p 

185 X10"* 

heat conductivity k 

0.096 

pk 

17.8X10“® 

deviation D 

1.74 

Antimony 

specific resistance p 

86X10-® 

heat conductivity k 

0.205 

pk 

17.8X10-® 

deviation D 

1.74 

91 Bi-9 Sb 

specific resistance p 

212X10-® 

heat conductivity k 

0.073 

pk 

15.4X10"* 

deviation D 

1.51 

Bismuth-antimony couple 

thermoelectric power (volt/ C) 

111X10-® 

calculated efficiency (percent) 

1.00 

91 Bi-9 Sb vs. antimony couple 

thermoelectric power (volt)« 

123X10-® 

calculated efficiency (percent) 

1.31 


Operating at the highest attainable temperature difference, these 
thermocouples show a calculated efficiency at 1 00 and 1.31 percent. 


» G. Gehlhoff and F. Neumcier, Verh. d. D. Phys. Ges. 
15. 1059 (1913). . _ 

» G. Gehlhoff and F. Neumeier, Verh. d. D. Phys. Ges. 

V# ^uertler, Zeits. f. Metallkunde 22, 78 (1930). 

»W. Meissner, Thermoelektrizitltt in Vol. 11, part 2, 
in Wien-Harms Handbuch der Experimenlalphysik (Aka- 
demisebe Verlagsgesellschaft, Leipzig 1935). 

» M. A. Hunter, p. 1227 of reference 5. 


Table VI. Properties of tellurium and tellurium alloys. 





Thermoelectric 



Spec. 


power 

Refer¬ 


Heat 

microvolt/°C 

ences 

Composition 

resist. 

cond. 

ref. Cu 

(aee 

P 

k 

100-20°C 

Bibli¬ 

weight percent 

(at room temp.) 

temp, range 

ography) 

Te (pure) 

0.04 

0.014 

70 

M 

Tc (pure) 

0.025 


70 

M 

Te (Impure) 

Te (impure) 

0 035 
0.009 to 

0 018 

300 to 500 

U % 


0.40 


300 to 550 

U 

1 Bi bal. pure Te 

0 0024 


220 

It 

0 5 Sb bal. pure 1 e 

0.0032 


215 

H 

BliTej(52Bi-48Tc) 





impure 

0 0020 


120 

17 

impure 

0 0010 


170 

It 

pure 

0 0008 


-150 

It 

42Bi-58Te pure 

0 0009 


-160 

It 

42Bi-58Te impure 

0 00084 


-100 

17 


A thermocouple formed of lBi-991e and 42Bi-58Te shows a 
thermoelectnc power of 380 microvolt/°C. Efficiency experiments are 
in ptogiess. 


microvoIt/°C apparatcntly arc found only in 
alloys containing Sb, 13i, Se, Te, Si (group IVB, 
VB, VIB of the periodic table), in combination 
with other metals. 

The following general rules have been derived 
from the study of binary alloy systems: 

In a binary alloy series a high value of the 
thermoelectric power and a high value of the 
specific electric resistance generally occurs at or 
near an intermetallic compound. 

A relatively small amount of added metal 
(“impurity”) may diminish the specific resistance 
of an element or an intermetallic compound to a 
considerable extent, while the thermoelectric 
power is changed relatively slightly, the heat 
conductivity remaining practically unchanged. 

Tellurium and Tellurium Alloys 

The general rules indicated above can be illus¬ 
trated by tellurium and its alloys. The thermo¬ 
electric power of pure tellurium is rather low, 
while its specific resistance is high. Impure tel¬ 
lurium generally shows a high thermoelectric 
power, with variable specific resistance. Certain 
small additions (Bi, Sb) diminish the specific 
resistance about 100-fold, increasing the thermo¬ 
electric power of pure tellurium. The inter¬ 
metallic compound BiaTej(52 Bi-48 Te) when 

» C. H. Cartwright, Ann. d. Physik 18, 656 (1933). 

26 C. H. Cartwright, Proc. Roy. Soc. London A148, 648 
(1935). 

lfl M. Telkes, unpublished. 

27 W. Haken, Ann,, d. Physik 32, 291 (1910). 
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Table VII. Properties and efficiency of Zn-Sb alloys; 
temperature interval 20 to 420°C, 


ZnSb 

ZnSb with small 
amounts of 
Sn, Ag 

ZnSb with other 
additions 


Thermo¬ 

electric 


Spec 

resist 

0»> 

Spec. 

heat 

conduc 

tivity 

<A) 

power 

ref. 

con 

stantan 

(*) 

Efficiency 
(percent) 
ob- calcu 
served lated 

0 0072 

0 014 

250 

2.7 

2 7 

0.0027 

0.01 S 

2 SO 

5 6 

5,7 

0.0022 

0.015 

220 

4.8 

4.8 

0.0044 

0.015 

280 

5.2 

5.1 


pure has a negative thermoelectric power, which 
changes sign when impurities are present. An¬ 
other alloy 42 Bi-58 Te shows the highest 
negative thermoelectric power of this series. The 
properties of some Te alloys are shown in 
Table VI. 


Zinc-Antimony Alloys 

It has been known 1 that an alloy of Zn and Sb 
forming the intermetallic compound ZnSb (35 
Zn-65 Sb) is a suitable material for thermoele¬ 
ments. The specific resistance, specific heat con¬ 
ductivity, and thermoelectric power as a function 
of the temperature has been measured. 28 * 20 
Relatively small amounts of metals added to the 
ZnSb compound diminish its specific resistance 
considerably, while the thermoelectric power and 
the specific heat conductivity are altered only 
slightly. Efficiency measurements have been 
made with thermocouples of ZnSb with con- 
stantan, at a temperature difference of 400°C, the 
maximum allowable operating range. The ob¬ 
served efficiency values agree with the calculated 
values (Table VII). 

A thermocouple formed of the above alloys in 
combination with an alloy of 91 Bi+9 Sb, Table 
V, attained an efficiency of 4.2 percent operating 
at a temperature difference of 230°C (hot junc¬ 
tion at 250°C) which is the highest allowable 
temperature due to the low melting point of the 
bismuth alloy (near 270°C). At this relatively 
low temperature thermal corrosion is entirely 
absent. The Zn-Sb alloy thermocouples in com¬ 
bination with constantan or with the Bi-Sb 
alloy show a considerable improvement in 

» M.Teikes, U. S. patent 2,229,482 (1941). 

» M. Telkes, U. S. patent 2,366,881 (1948). 

,im 4 


efficiency (4.2 to 5.6 percent) compared with 
Chromel P-constantan and the Bi-Sb couples 
(about 1 percent). 

Cadmium-Antimony Alloys 

The Cd-Sb series of alloys form an unstable 
intermetallic compound. This condition influ¬ 
ences greatly the electrical properties, as reported 
in the literature. 8081 Efficiency tests failed to 
produce favorable results. 

Silicon and Silicon Alloys 

The thermoelectric power and the resistivity 
of silicon is very markedly influenced by im¬ 
purities. Relatively small changes in the amount 
of the impurities may result in a reversal of the 
sign of the thermoelectric power. 82-84 The specific 
heat conductivity of impure silicon is comparable 
to that of nickel, while the specific resistance of 
silicon is at least 1000 times greater. The Wiede- 
mann-Franz-Lorenz relation, therefore, is very 
unfavorable and a high efficiency could not be 
expected. 

Sulfides, Oxides, Semi-Conductors 

The sulfides and oxides as thermoelectric 
materials may be classified according to the 
nature of their electrical conductivity. 

Metallic conductors of high conductivity, which 
decreases at increasing temperatures. Their 
temperature coefficient of resistivity is negative, 
as it is in most metals and alloys. 

Semi-conductors of comparatively low elec¬ 
trical conductivity, which increases considerably 
at higher temperatures; the temperature coef¬ 
ficient of resistivity is negative. The thermo¬ 
electric power of semi-conductors is generally in 
the range of 100- to 1000-microvolt/°C. 

A large group of semi-conductors show pure 
electronic conductivity, and only these are con¬ 
sidered. Their electrical properties are usually 

* A. Eucken and G. Gehlhoff, Ber. d. D. Phys. Ges. 14, 
169(1912). 

n F. Fischer and G. Pfleiderer, Ges. Abh. Kennt Kohle 
4, 409, 440 (1919). 

M Broniewski and Smialowski—Rev. Met. 29, 542, 602 
(1932). 

“ M. Schulze, Zeits. f, Metallk. 23, 261 (1931); Physik. 
Zeits. 31, 1062 (1930); Zeits. f. tech. Physik U, 443 (1930). 

44 F. Fischer and Dehn, Ges. Abh. Kenntn. Kohle 12, 
526 (1937). 
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influenced by the presence of small amounts of 
impurities. With the exception of the elements 
Te, Se, Si, and Ge the semi-conductors are 
chemical compounds or intermetallic compounds. 
In their pure and stochiometrically exact form 
their electrical conductivity shows a minimum, 
approaching that of insulators. 

Semi-conductors of the oxide and sulfide group 
are usually prepared by compressing and sinter¬ 
ing. This procedure generally does not furnish 
solid compacts, a certain porosity remains, which 
decreases the conductivity, although it does not 
influence the thermoelectric power. With suitable 
treatment the semi-conductors can be prepared 
in a non-stochiometric form, with the electro¬ 
positive or the electronegative element in excess 
as impurity (homogeneous or intrinsic impurity). 
Added foreign atoms in a similar way can act as 
heterogenous (extrinsic) impurities. The impuri¬ 
ties may supply free conduction electrons or may 
combine with free electrons, altering the con¬ 
ductivity of the pure stochiometric compound. 
In some cases the conductivity may increase 
10 8 - to 10 6 -fold. The thermoelectric power is 
generally not affected in a similar manner; in 
some cases it is hardly influenced at all. 

The semi-conductors are classified as: 


a. excess electron conductors containing a stochiometric 
excess of a metallic element; they generally show a negative 
thermoelectric power. The excess metal may be obtained 
through a reducing heat treatment. 

b. defect or hole conductors containing a stochiometric 
excess of a non-metallic element; they generally show a 
positive thermoelectric power. The excess non-metal may 
be obtained by heat treatment in a suitable gas. 

The theoretical treatment of the electrical con¬ 
ductivity and the thermoelectric power of semi¬ 
conductors 86 " 40 results in the following corre¬ 
lation : 

The electrical conductivity 


where 


<r=A exp(—Ac/2£oT), 

A =0.024W7X°hnr l cm" 1 ). 


« A. H. Wilson, Proc. Roy. Soc. 133, 458 (1931); 134, 

A? h! Wilson, Semi-Conductors and Metals (Cam- 

br w?5. Gudden, Ergeb. d. exakt. Naturwiss. 13 (1934). 

« F. Seitz, J. App. Phys.16, 553 (1945). 

* R. J. Maurer, J. App. Phys. 16, 563 (1945). 

• C. Wagner and E. Koch, Zeit. f. physik. Chemie 
B32, 439 (1936). 


The thermoelectric power 

0* :fc[(A«/27>o)+const.]. 

The value of the constant is 5k/4e 0 * 108 X10*" 6 
volt for extrinsic conductors and 2ft/$ 0 *172 
X10~ 8 volt for intrinsic conductors. 

The above equations may be verified experi¬ 
mentally by measuring the electrical con¬ 
ductivity (a) as a function of the temperature 
(1/7") and deriving the values of A and Ae. The 
experimental determination of 0 as a function 
of the temperature (1/7") should result in the 
same Ac value. 

Several attempts have been made to correlate 
the theoretical calculations with the experi¬ 
mental evidence. Hochberg 41 found a reasonable 
agreement in the case of V2O5 and WOj, but only 
a qualitative agreement with MoSj, CuO and a 
mixture of cobalt oxides. Borelius 42 * 48 found 
satisfactory agreement for Se. 

The equations for a and 6 are now examined 
from the point of view of the efficiency of the 
thermoelectric process. The requirement for a 
high thermoelectric power 0 implies that Ac must 



Fig. 3. Thermoelectric power $ and electric conductivity 
a of semi-conductors as a function of the temperature T 
and the energy-level difference 6 in microvolt/ C. 


« B. M. Hochberg and M. S. Sominaki, Physik. Zeita. 
Sowjetunion 13, 198 (1938). . . „ 

«G. Borelius, F. Pihlstrand, J. Andersson, and K. 
Gullberg, Ark. Mat. Astr. Fys. Svenska Vetens. 2, No. 14, 
30 (1944). 

#G. Borelius and K. Gullbeiv, Ark. Mat. Astr. Fys. 
Svenska Vetens. 2, No. 17, 31 (1945). 
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Table VIII. 


Material 

Electric 

cond 

room 

temp. 

ohm -1 

cm -1 

O 

A 

u 

Thermo¬ 
electric 
power 6 
microv/ 

°C ref. 

Cu near 
room 

temp. Author 

VjjOa monocrystal 

10-* 


0.9 

-900 

41 

V?Oft reduced (?) 

0.03 



-800 

48 

WOa sintered 

10 -* 


0.9 

-900 

41 

TiOa sintered 

0.2 

9 

0.06 


45 

Ti 02 reduced 

5 

22 

0.08 


44 

TiO* further 

130 

150 

0.008 


46 

reduced 






Fe*Oi reduced 

210 

25 

0.01 


45 

SnC >2 reduced 

6 


O.f 

-200 

46 

ZnO sintered 

5 

5 

0.03 

-400 

47 

reduced 

1 





PbS pure 

10 4 



700 

48 

PbS excess Pb 

76 



-300 

48 

PbS excess S 

8 



100 

49 

PbS melted 

1000 



-104 

60 

PbS reduced 

455 



-148 

(0 

PbS excess S 

30 



71 

60 

PbS almost pure 

0.3 



530 

36 

PbS excess Pb 

800 



-150 

36 

PbS excess Pb 

2000 



. -100 

26 

(max.) 






Ti sulfides 






sintered 

0.15 



-500 

26 

Ti excess S 

100 



-160 

26 

Q 12 S fused or 






sintered 

20 



280 

26 

CuaS excess Cu 

0.03 



620 

26 

CusS excess S 

200 



80 

26 


be high. With increasing temperature the ther¬ 
moelectric power decreases, therefore higher 
temperatures are less advantageous. The elec¬ 
trical conductivity is subject to the opposite 
condition, it increases considerably at higher 
temperatures and decreases at higher values of 
Ac. The value of A should be large, as the elec¬ 
trical conductivity is directly proportional to it. 
It should be noted that the porosity of pressed 
and sintered compacts should alter the value of 
A y but should not influence Ac. 

Using various values of Ac, the conductivity 
in the form of log<r/.4 and the thermoelectric 
power 6 can be plotted as a function of the tem¬ 
perature 1 /T. This is shown in Fig. 3. If the 
values of Ac and A are known for any semi¬ 
conductor, its conductivity as a function of the 


44 W. Meyer, Physik. Zeits. 36, 749 (1935). 

4 * W. Meyer and H. Nedel. Physik. Zeits. 38,1014 (1937). 
44 G. Bauer, Ann. d. Physik 30, 433 (1937). 

4T 0. Pritsch, Ann. d. Physik 22, 375 (1935). 

48 L K. Krch, Abh Staats Univ. Saratov 14, 54 (1938). 
« H. Hintenberge, Zeits. f. Physik 119, 1 (1942). 

10 L. Eisenmann, Ann. d. Physik 38, 121 (1940). 
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temperature can be obtained from Fig. 3, by 
inserting A into the corresponding <r/A values 
found on the particular Ac line. 

The efficiency calculations indicated that 
higher efficiencies can be expected only with 
thermoelectric powers in excess of 300-micro- 
volt/°C, with a low heat conductivity of the 
order of magnitude £=0.01 with low specific 
resistance of the order of p=0.001 to 0.03 (con¬ 
ductivity o- = 1000 to 33). 

Figure 3 shows that near room temperature 
Ac = 0.2 would correspond to a thermoelectric 
power of 440-microvolt/°C, with a corresponding 
logcr/^4 = —1.7 or (t/j 4=~0.02. For higher effi¬ 
ciency a should be 33 to 1000 and therefore A 
should be at least 1500 or greater. At a tem¬ 
perature of 200°C Ac = 0.2 would correspond to a 
thermoelectric power of 310-microvolt/°C, with 
<r/i4c^0.1 requiring an A value>1000. 

The application of the efficiency calculations 
indicates that higher efficiencies may be obtained 
only from those semi-conductors, which show Ac 
of the order of 0.2, with corresponding A > 1000. 

Table VIII shows the properties of some oxides 
and sulfides with relatively higher thermoelectric 
power values. The thermoelectric power of some 
other oxides or sulfides is rather high, but as 
their conductivity is excessive they were not 
included in this table. 

Mixtures'of oxides have been investigated by 
F. Fischer. 61 - 62 The electrical conductivity of 
certain mixtures is much higher than the con¬ 
ductivity of the components; the thermoelectric 
power of the highly conducting mixtures is some¬ 
what lower than that of the components. 

Lead Sulfide Thermoelement 

Inspecting Table VIII the material of highest 
conductivity is PbS with excess lead. This 
mixture shows metallic conduction, the con¬ 
ductivity decreasing at increasing temperatures. 
PbS thermoelements containing a slight excess 
of lead may be prepared by hot pressing and 
sintering. A thermocouple made of PbS and the 
ZnSb alloys of Table VII shows a thermoelectric 
power of 330 to 390 microvolt/°C. The specific 
heat conductivity of PbS was found to be 

61 F. Fischer et a/., Ann, d. Physik 15, 109 (1932). 

M F. Fischer et a/., Ges. Abh. Kenntn. Kohle 12, 516 
(1937). 
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k «= 0.015. The calculated efficiency of this couple, 
operating at a temperature difference of At 
*400°C, is approximately 10 percent. The ex¬ 
perimentally observed efficiency was 7 percent 
because of difficulties in attaching suitable end 
contacts to the PbS, which should be free of any 
contact resistance. 

Efficiency tests made with Cu 2 S failed to 
produce any noteworthy results. 

CONCLUSIONS 

The efficiency calculations establish a definite 
relationship between the thermoelectric power 
(e or 0), the specific electric resistance (p) or 
conductivity (<r), and the specific heat conduc¬ 
tivity. 

Higher efficiencies may be expected only with 
materials which show a constant Wiedemann- 
Franz-Lorenz relationship or a relatively small 
deviation from it. 'This criterion requires that the 
average specific resistance (p) should not be 
greater than 0.002 ohm cm (<r = 500) for materials 
of medium thermoelectric power (around 200- 
microvolt/°C). For high thermoelectric power 
values (around 500- to 1000-microvolt/°(\ the 
maximum permissible average specific resistance 
(p) is about 0.03 ohm cm (o' = 33). 

The thermoelectric power of most normal 
metals and alloys is less than 100-microvolt/°C, 
therefore their calculated efficiencies cannot 
exceed two to three percent even when operating 
at a temperature difference of 500 to 900°C. The 
observed efficiency of the best commercially 
available thermocouple (Chromel P-constantan) 
was only 0.9 percent, operating at the highest 
allowable temperature difference (500°C). 

In the medium thermoelectric power range 
(200- to 300-microvolt/°C) some of the recently 
developed zinc-antimony alloys (containing small 
amounts of added metals) forming a thermo¬ 
couple with constantan, produced an efficiency 
of 4.8 to 5.7 percent, at the highest allowable tem¬ 
perature difference (400°C). The same zinc- 
antimony alloy forming a thermocouple with a 


bismuth-antimony alloy, produced an efficiency 
of 4.2 percent at a much lower temperature 
difference (230°C). For these thermocouples the 
calculated and observed efficiencies showed very 
good agreement. 

A survey of various alloys failed to produce 
any thermoelectric materials of higher calculated 
efficiency, with the exception of the tellurium- 
bismuth alloys and tellurium, with small amounts 
of some other metals. 

Materials of higher thermoelectric power were 
found to contain Si, Sb, Bi, O, S, Se, Te (groups 
IV5, VB , VI B of the periodic table). Some of 
these materials are semi-conductors. The theo¬ 
retical correlation of the electric conductivity ( a ) 
and the thermoelectric power (0) were applied to 
derive the criteria of high efficiency for this group 
of materials. A survey of published data failed 
to reveal suitable materials of high efficiency, 
with the exception of PbS containing excess lead, 
which in this form is actually a metallic con¬ 
ductor. Thermocouples made with PbS (with 
excess lead) and some of the zinc-antimony alloys 
mentioned above, produced an efficiency of 7 
percent, with a possible expectation of 10 percent 
indicated by the calculation. The discrepancy is 
due to a junction-resistance. 

Some of the semi-conductor material showing 
high thermoelectric powers are greatly affected 
by relatively small amounts of impurities. The 
presence of impurities may increase the con¬ 
ductivity very considerably, while the thermo¬ 
electric power is changed only slightly, the heat 
conductivity remaining practically uninfluenced. 
Further study of the effects of impurities may 
improve the properties of some materials showing 
high thermoelectric power values. 

The theoretical calculations indicate that the 
problem of producing thermoelectric generators 
of higher efficiency can be solved only by con¬ 
tinued search for materials of high thermo¬ 
electric power, low specific electric resistance 
(high electric conductivity) and low specific heat 
conductivity. 
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Cesium Chromate Photo-Tube Pellets 

H. A. Liebhafsky \sd A F. Winslow 
Research Laboratory, General Electric Company , Schenectady , New York 
(Received September 10, 1947) 


The following results have been obtained in an explora¬ 
tory investigation of the cesium chromate pellets used in 
the manufacture of photo-tubes: (1) hydrogen evolution or 
titration can be used to measure the yield of cesium with 
reasonable precision. Each method has limitations. (2^ The 
theoretical yield could be obtained from cesium chromate- 
silicon pellets. (3) Within limits, the actual yield increases 
with the rate of heating; the maximum yield is not highly 
sensitive to composition in the range investigated. (4) No 
marked advantage* was observed when titanium or zir¬ 
conium was substituted for silicon as reducing agent. (5) 
An excess of hydrogen above the theoretical was consist¬ 
ently observed with nickel pellet holders, which points to 


/ TT S HK function of the photo-tube pellet is to 
supply the alkali metal required for the 
light-sensitive surface. Such a pellet is usually 
made by compressing an intimately mixed pow¬ 
der containing a reducing ageo* and a compound 
of the metal, the metal being liberated in the 
tube by induction heating. Cesium chromate is 
a good compound ior this purpose, and silicon is 
a good reducing agent; but little is known about 
the reaction between them. 

Manufacturing processes could be consider¬ 
ably simplified if the pellets gave a reproducible 
yield. At the present time the only way of pro¬ 
viding for enough metal is to make sure of an 
excess, though an excess is objectionable and 
must be removed in a subsequent bake-out. This 
investigation was undertaken in order (1) to 
find a reliable method of measuring the alkali 
metal produced when a pellet is “flashed,” (2) 
discover under what conditions cesium chromate- 
silicon pellets give their maximum yield, 'and 
what this maximum is, (3) see how other reducing 
agents compared with silicon in effectiveness. 
The results given below were obtained before 
the war forced the work to be suspended. 

EXPERIMENTAL DETAILS 
Materials 

Purified cesium chloride from the laboratory 
stock, made from pollufcite ore by Dr.' R. W. 

ud& ■ 


a reaction of water vapor with reactive nickel formed 
during the heating and flashing of the pellet. The sub¬ 
stitution of the less volatile molybdenum for nickel elimi¬ 
nated this difficulty. An excess of hydrogen was formed 
also when the reducing agent in the pellets was titanium. 

It was suggested for purposes of further study that the 
complex process occurring* when such pellets are induction 
heated be subdivided into two reactions of elementary 
silicon: (1) a preliminary exothermic reduction of hexava¬ 
lent chromium, which initiates (2) a rapid reduction of 
monovalent cesium. The two reactions may proceed con¬ 
currently. This picture explains several observations made 
in the laboratory or in the factory. 


Moore, was the starting material for the prepara¬ 
tion of cesium chromate. The sparingly soluble 
dichromate was precipitated out of a chloride 
solution and redissolved in cesium hydroxide 
elect roly tically prepared, acetone finally being 
added to obtain the finely divided chromate. 
Chloride, which is objectionable in a chromate 
photo-tube pellet, was virtually absent from the 
product, the principal impurity present being 
sodium in small amount. 

The silicon, titanium, and zirconium were 
commercial materials of good quality. The ti¬ 
tanium was a “hydride ;" that is, a product of 
indefinite composition which liberates hydrogen 
when heated to a low temperature ( ca . 200°C) in 
vacuum. The hydrogen thus liberated did not 
falsify the experimental results since the system 
was always pumped out very carefully after the 
flashing of all pellets (see below). 

Since all materials were powders, the particle 
size is an important variable. The silicon, ti¬ 
tanium, and cesium chromate passed a 325-mesh 
sieve. The zirconium passed 100-, but was caught 
on 200-mesh. The thoroughly mixed pellet mix¬ 
ture containing silicon or titanium was put 
through 200-mesh; the zirconium mixture passed 
100-mesh. 

All pellets were prepared by subjecting about 
25 mg of mixture to high pressure in a die. Before 
being used each pellet was weighed to 0.1 mg on 
an analytical balance. 
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Apparatus 

The apparatus in Fig. 1 is designed to produce 
a mirror of alkali metal in high vacuum when a 
pellet is heated at a pre-determined rate, to 
make possible the reaction of this mirror with 
water vapor, and to permit measurement of the 
hydrogen thus liberated and titration of the al¬ 
kali hydroxide formed. The operation of the ap¬ 
paratus is obvious and need not be dost ribed in 
detail. The weight of alkali metal and the pres¬ 
sure of hydrogen will be of the order of 10 mg 
and 100 microns, respectively; all manipulations 
were planned to give a precision near 1 percent 
of these quantities. 

The rate of heating the pellet determines the 
“heating interval,” which is the time, measured 
on a stop watch, that elapses between the closing 
of the induction-heating circuit and the explosive 
liberation of metal from the pellet to form a mir¬ 
ror on the enclosing bulb. (The metal escapes 
around the periphery of the pellet holder, which 
is held together by 3 or 4 spot welds.) The rela¬ 
tionship between the setting of the induction 
heater and the heating interval had to be estab¬ 
lished in advance of the actual investigation; 
since this relationship, which will differ for each 
experimental arrangement, is sensitive to the 
relative position of induction toil and pellet, 
care was taken that this position did not vary 
from one run to the next. This position was so 
chosen that the periphery of the pellet holder 
was heated uniformly in the field. Consistent 
heating intervals were obtained only when the 
pellet was held in close contact with the metal, 
which ensured satisfactory heat transfer. 

Pellet holders made of nickel had to be dis¬ 
carded because yields greater than 100 percent 
cesium were consistently obtained from silicon 
pellets by the hydrogen method (see below) 
when they were used; presumably the action of 
water vapor on active nickel formed during the 
heating period was responsible. This difficulty 
disappeared when molybdenum was substituted 

for nickel. 

* 

Evaluation of Yields 

Cesium yields were always calculated accord¬ 
ing to the gas laws from the hydrogen liberated. 
To corroborate results thus obtained, the cesium 


hydroxide was occasionally titrated as follows. 
5 cc of standardized 0.02 N perchloric acid was 
pipetted into the reaction bulb H (Fig. 1) at 
the end of the run, and the sides of the bulb 
were washed down with a little distilled water. 
After carbon dioxide had been expelled from the 
acid solution by boiling, the titration was carried 
out with 0.02 N sodium hydroxide containing 
methyl red. The acid was added to the bulb as 
soon as possible in order to minimize attack of 
the glass by cesium hydroxide. 

Results from the hydrogen and from the 
titration method were calculated as percent yield 
for the pellet, whose weight and initial composi¬ 
tion were known. A summary of all pairs of re¬ 
sults obtained is given by Fig. 2, those in which 
the heating intervals were below 4 sec. being dis¬ 
tinguished from the others. Inspection of Fig. 2 
shows (1) that, three erratic points excepted, the 
agreement with the 45° line is generally satis¬ 
factory, (2) that for the low heating intervals the 
yield by the hydrogen method tends to exceed 
that obtained by titration. This tendency prob¬ 
ably has the following cause. As the heating in¬ 
terval is dec reased, the liberation of cesium be¬ 
comes more and mor** explosive, with the result 
that some metal escapes the reaction bulb. 
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Such metal would liberate hydrogen, but the 
corresponding cesium hydroxide would not be 
titrated. (Redesigning the apparatus might 
minimize this difficulty.) On this basis, we con¬ 
sider the hydrogen method to be the more reli¬ 
able, provided there is no complicating liberation 
of excess hydrogen. 

EXPERIMENTAL RESULTS 
Silicon 

The yields obtained by the hydrogen method 
on silicon-cesium chromate pellets of five com¬ 
positions are shown in Fig. 3. The lowest abscissa 
plotted is 2 sec., because that is the heating in¬ 
terval corresponding to the maximum heating 
rate of which our experimental arrangement was 
capable. (In one instance a pellet flashed at 1 
sec. and gave a 57 percent yield, as is recorded 
in Fig. 3. This result could not be duplicated.) 
It is noteworthy that the shortest heating in¬ 
terval becomes longer as the ratio Si/CsaCrO* 

H'30 * 


increases; this is clear in spite of the scattering 
of the results, for the shortest interval at each 
composition was obtained with the maximum 
heating rate. 

Figure 3 supports the following conclusions: 
(1) The yields fluctuate appreciably so that 
many measurements (more than in Fig. 3) are 
needed to establish all the characteristics of 
these pellets. (2) The theoretical yield, 100 per¬ 
cent, can be realized or very closely approached. 
(3) The yields tend to increase as the heating 
interval decreases. (4) The maximum yield is not 
highly sensitive to pellet composition in the 
range investigated. (If the heating rate could 
be increased, the yield for compositions such as 
Si/Cs 2 Cr0 4 = 4 would probably increase also.) 

Titanium 

The striking feature of the titanium results is 
how frequently the calculated yields exceed 100 
percent. This excess of hydrogen cannot be de- 
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rived from titanium hydride, for, as has already 
been mentioned, the system was always thor¬ 
oughly pumped out after each pellet was flashed. 
The most likely source of this hydrogen is the 
reaction of water vapor with highly reactive 
material, either titanium or one of its compounds, 
produced during the heating interval 

It will be remembered that a similar evolution 
of excess hydrogen was observed when nickel 
|)ellet holders were used. There the reading ma¬ 
terial was probably evaporated or sputtered 
metal, since the pellet holder is not likely to be 
involved in a chemical reaction. With titanium, 
however, the possibility of a lower valent com¬ 
pound that is a powerful reducing agent must be 
considered, especially since titanium is more 


likely to form such compounds than is silicon 
or zirconium. 

Because of the formation of this excess hydro¬ 
gen, which may have occurred no matter what 
the yield, there is little point in discussing the 
titanium results. They appear to be more erratic 
than those obtained with silicon, but that seems 
to be the principal difference. Titration ought to 
supplement the hydrogen method in further 
work with titanium; in any case, there seems to 
be no reason for replacing silicon by titanium 
in photo-tube pellets. 

Zirconium 

Five experiments with Zr/Cs 2 Cr 04 = 1 gave the 
following results: 82 percent at 5.0 sec., 81 per- 


Fig. 3. Cesium yields for various 
compositions and various heating in¬ 
tervals as measured by hydrogen 
evolution. 1 
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cent at 4.6 sec., 75 percent at 4.2 sec., 68 percent 
at 4.8 sec. Under our conditions, zirconium prob¬ 
ably is a less effective reducing agent than silicon. 1 

DISCUSSION 

The present investigation is only an approach 
to the problem of cesium chromate photo-tube 
pellets, but it has shown how their yields can be 
measured and revealed several of their more im- 
j>ortant characteristics. The stoichiometry in¬ 
volved needs to be established by examining 
pellet residues; meanwhile, however, the equation 

4082004+^81 = 2Cr 2 0 3 +8Cs+5Si0 2 (1) 

may serve as a basis for a brief discussion in¬ 
tended primarily to point the way to future 
work. In reaction 1, 1 gram of silicon is equiva¬ 
lent to 11 grams of cesium chromate; hence, 
every silicon pellet investigated contained the 
reducing agent in large stoichiometric excess. 

The heating interval may be subdivided into 
a relatively long initial heating period, and a 
short final period in which the cesium is liberated 
almost explosively. With the heating rate at its 
maximum, the heating interval lengthens as the 
proportion of the chromate decreases (Fig. 3). 
This indicates that the induction heating is 
being supplemented by an exothermic reaction, 
limited by the chromate present but evolving no 

1 In this connection, cf. de Boer, Broos, and Emmens, 
Zeits. f. anorg. allgem. Chemie, 191, 113 (1930). 


cesium. For this reaction, we shall naively write 

4Cs2Cr04+3Si * 2Cr20a+3Si02+4Cs20. (2) 

Cesium oxide would, of course, never exist free 
in contact with the two other oxides. But re¬ 
action 2 does emphasize that the action of hexa- 
valent chromium on silicon supplies the heat 
that facilitates cesium liberation; this point of 
view is logical also because monovalent cesium, 
the other oxidizing agent present, is bound to 
be far the less reactive-toward silicon. 

For the cesium liberation we then write 

4Cs 2 0+2Si - 2Si0 2 +8Cs. (3) 

Actually, each silicon grain probably becomes 
covered, during the initial heating period, by a 
matrix containing the three resultants of re¬ 
action 2; cesium liberation occurs when the 
temperature is high enough to make possible 
the reaction of this matrix with silicon. 

Reaction 2, if it proceeds too slowly, can give 
a matrix that blocks reaction 3. At least, this 
seems the best explanation for these observa¬ 
tions: (1) Cesium yields tend to decrease as the 
heating interval increases (Fig. 3). (2) It has 
been observed in the factory that pellets stored 
near 100°C for long periods tend to give erratic 
yields. (3) Pellets containing dichromate, which 
would form more matrix since it contains more 
hexavalent 'chromium than does chromate, are 
more erratic than those made with chromate. 
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Letters to the Editor 


Remarks on Some Recently Developed Devices 
for Summing Fourier Series for Crystal 
Structure Analysis 

C. L. Christ 

Stamford Research Laboratories , American Cyanamui Company , 
Stamford , Connecticut 
August 6, 1047 

T HERE appeared in a recent issue of (his journal a 
paper entitled, “An electronic computer for x-ray 
crystal structure analysis,” by R. Pepinsky . 1 The author 
states that the method is based upon Huggins’ modifica¬ 
tion 2 -* of Bragg's earlier method 4 for photographically 
summing Fourier series. In the Huggins method the neces¬ 
sary sinusoidal distribution of bands for each Fourier 
term is referred to a square cell in order that the masks 
prepared may be used for the study of any crystal. Thus 
the Huggins method differs from the Bragg method in 
that a set of masks once prepared may be used repeatedly. 
With the present electronic computer the bands represent¬ 
ing each term are oriented and spaced according to the 
dictates of the actual shape of the unit cell of the crystal 
under study . 1 This method seems, therefore, to be more 
closely related to the original Bragg method than to the 
Huggins modification. 

In the electronic computer paper it is further stated 1 
that the sand deposition method of McLachlan and Chani- 
paygne for summing Fourier series® does not permit the 
computation of projections having various axial ratios 
and angles. The fact that the “sand machine” gives pro¬ 
jections having the same shape as that of the unit cell 
being studied, with regard to both the ratios of the edges 
of the cell and the inter-edge angle, is explicitly stated in 
the abstract preceeding the body of the publication cited* 
and is, of course, implicit in the detailed description of the 
theory of the method. In this connection it is interesting 
to compare the electron density projection of hexamethyl 
benzene given in the paper of Brockway and Robertson 6 
with that obtained using the same data, with the Mc- 
Lachlan-Champaygne method , 5 and with the Huggins 
method.* Such a comparison shows that the use of the 
square lattice necessary to the Huggins method introduces 
distortion of the projected molecule over and above that 
introduced by the non-parallelness of the plane of the 


molecule and the plane of projection, as was pointed out 
by Huggins.* In contrast, the sand deposition method 
gives a projected molecule essentially the same as that 
obtained by Brockway and Robertson. 

All three of the summation devices discussed above are 
based upon an equation of the type : 4 

p(x, y)'™ | Fkko \ + S 2 | Fkk,\ cos[2T(Ax-|-^y)“Ofu*o]» (1) 

Any term (A*#)**, of this series, involving the phase 
.ingle ahko, may be represented by the sinusoidial band 
distribution 

IFa*,| +1 co *2*(hx+ky) ( 2 ) 

displaced in the positive direction along the normal to the 
wave crests by the linear amount 6 ** 0 , which may be repre¬ 
sented by the equation 


* Othko^kkn 


(3) 


Here \hko is the distance between wave crests, and auto is 
expressed in degrees. The electronic computer, at present, 
is confined to projections having a center of symmetry at 
the origin , 1 i.c., a ** 0 has the value 0 or 180°. In the case of 
the sand deposition method ahko may have any value what¬ 
soever,® and since the true unit cell is projected, X**o in 
precisely the interplanar spacing d**„. There vseems to be 
no reason why the Huggins method cannot also be used 
for non-centrosymmetric projections, since the use of Eq. 
(3) is compatible with the method. The desired result may 
be obtained, for example, in the case of non-centrosym- 
metric projections, by siiifting the photographic film or 
paper on which successive exposures for each term ( S xv )hko 
are being made 2 before each exposure by the amount 6 **o, 
according to the value of ahko . It follows that for centro- 
symmetric cases, if this method of shift is used, only 
positive masks are necessary since their negative counter¬ 
parts are obtained, in projection, by a shift of 5**w«X**©/2. 
In the case of the Huggins method it is necessary to re¬ 
member that \hko is not, in general, equal to 4». 

1 R. Pepinsky, J. App. Phys. 18, 601 (1947). 

* M. L. Huggins, J. Am. Chem. Soc. 63, 66 (1941). 

3 M. L. Huggins, J. Chem. Phys. 12 , 520 (1944). 

4 W. L. Bragg, Zeits. f. Krist. A70 475 (1929). 

* D. McLachlan, Jr. and E. F. Champaygne, J. App. 

Phys. 17, 1006 (1946). r _ 

6 L. 0. Brockway and J. M. Robertson, J. Chem. Soc. 
1324 (1939). 
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New Books 


, When the Earth Quakes 

By James B. Macelwane, S.J., Pp. 283, Figs. 251, 
15JX23 cm. The Bruce Publishing Company, Mil¬ 
waukee, 1947. Price $5.00. 

This book presents in non-technical language an intro¬ 
duction to seismology in all its phases. This is a popular 
treatment of an extensive field. Neverthless the book can 
command the interest of the technically trained reader. 

Eleven chapters are devoted to natural earthquakes. 
Among the subjects discussed are: kinds of earthquakes, 
mechanisms of earthquakes, immediate and ultimate causes 
of earthquakes, isostasy, earthquake prediction, field 
studies, instrumental studies of earthquakes, location of 
epicenters, sea quakes, seismic sea waves, and the princi¬ 
ples of seismographs. Twenty modern earthquakes are 
described in considerable detail. Each description is accom¬ 
panied by a map of the epicentral region and there are 
many good reproductions of photographs showing the 
effects of earthquakes. There is reproduced al£o an excellent 
collection of photographs of seismographs. Older types as 
well as the most recently developed instruments are re¬ 
presented. 

The remaining six chapters present several less-publi¬ 
cized branches of seismology. * 

Two chapters outline the purpose, methods, and instru¬ 
ments of engineering seismology which is the study of build¬ 
ings and structures frqm the point of view of resistance 
to damage by earthquakes. There are excellent descriptions 
and illustrations of accelerographs, strong motion seismo¬ 
graphs, and vibration meters. Also explained and illus¬ 
trated are the shaking machines used to generate vibrations 
in the ground and in buildings or other structures. 

One chapter deals with seismological engineering - a 
term used to cover the study of industrial problems arising 
from man-made disturbances, such as quarry blasts or 
machinery vibrations, and the laboratory study of those 
rock properties involved in natural or artificial earth¬ 
quakes. 

The author describes rock bursts which constitute a 
serious safety problem in underground workings in some 
areas. He explains the rock properties which make bursts 
possible and shows how the seismological attack on the 
problem has achieved at least partial success. 

In another chapter is presented an easily understood 
explanation of the seismic refraction and reflection methods 
of mapping buried structures. The machanism of petroleum 
accumulation is outlined and several illustrations of in¬ 
struments and equipment as well as good reproductions of 
commercial field records. 

The final chapter, entitled “Microseisms and storms at 
sea", is based upon recent work. The nature of the relation 
between large microseisms and storms at sea has been 
established for only a few years. The author decribes the 
first application of this newly Required knowledge. During 
the latter part of World War tl special seismograph sta- 
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tions were set up in the Carribean.area to aid Itf the detec¬ 
tion and location of storm centers at sea. 

Appendix A discusses briefly the geological forces at 
work on the earth and explains many geological terms. 

There is an extensive bibliography to which references 
are made in the text and a glossary of terms which may be 
new to the average reader. 

This well written book by a famous authority in seis¬ 
mology gives an interesting informative account of earth¬ 
quake study. In addition, it does a good service for the 
literature by introducing aspects of modern seismology 
which are less familiar to workers in other fields. 

The author is Dean of. the Institute of Geophysical 
Technology of St. Louis University. 

John N. Adkins 

Massachusetts Institute of Technology 

Mechanism of Reactions at Carbon-Carbon 
Double Bonds 

By Charles C. Price. Pp. 120, 16X23 cm. Inter- 
science Publishers, Inc., New York., 1946. Price $2.50. 

This book is based on a series of lectures presented by the 
author at the Polytechnic Institute of Brooklyn, and is the 
first volume of a series of Lectures on Progress in Chem¬ 
istry edited by II. Mark. It is clearly pointed out in the 
introduction and preface that the book is not intended to 
be a complete detailed review of all published work on the 
subject, but rather a brief treatment of the pertinent infor¬ 
mation together with the authors personal interpretation 
of the material. 

The book deals ultimately with the subject of polymeri¬ 
zation and the various mechanisms involved. However, 
more than half of the l>ook is devoted to background mate¬ 
rial on structure and reactions of unsaturated compounds 
in general. Modern concepts of electronic structure are 
presented in the first chapter together with their relation 
to reactivity, orientation, and reaction mechanisms. The 
concept of a pulsating resonant inesomerism is compared 
to the fixed hybrid theory of resonance, and it is apparent 
that the author is somewhat skeptical of certain aspects 
of the resonance concept as applied to organic molecules. 
Evidence is presented to show that an electrostatic ap¬ 
proach may be more fundamental than the resonance 
hypothesis in explaining many reactions such as the orien¬ 
tation of substitution in benzene derivatives in which the 
substituent already present is one of those which do not 
appear to be capable of mesomeric interaction with the 
unsaturation of an aromatic ring or a double bond. 

The second and third chapters deal with the mechanisms 
of ionic and free radical reactions, respectively, at double 
bonds. Aromatic as well as olefinic reactions are included 
in both chapters. 

The last four chapters deal with the mechanisms in¬ 
volved in the various types of polymerization. The free 
radical mechanism of addition polymerization is discussed 
in Chapter 4; and the various factors involved in copoly¬ 
merization are preseated in Chapter 5. The author's theory 
that the polarity of the double bond is an important deter¬ 
mining factor in copolymerization, is of particular interest. 
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Polymerization in emulsion and in suspension are treated 
in Chapter 6, with the function and fate of the emulsifying 
agent receiving particular attention. Chapter 7 concludes 
the book with a discussion of the polar mechanism of poly¬ 
merization, and the catalysts which promote this type of 
reaction. 

The book is well written and fully illustrated throughout 
with specific formulae and reactions. There are a few minor 
errors in the printing such as the apparent omission of 
certain substituent groups in formulae on pages 86 and 102. 
The personal manner of presentation lends interest to the 
book, and the author’s frank-appraisal of various theories 
and mechanisms contributes much to its value. However," 
the reader should keep in mind that other authorities may 
not be in complete accord with all of the author’s inter¬ 
pretations. The book should be of great interest to all who 
are concerned with the modern concepts of organic chem¬ 
istry in general, and will be of particular value to those who 
are concerned either with high polymer chemistry or with 
the general question of reaction mechanisms involving un¬ 
saturation in both aliphatic and aromatic compounds. 

J. Reid Shelton 

Case Institute of Technology 

Cosmic Radiation 

Edited by W. Heisenberg. English translation b> 
T. H. Johnson. Pp. 192, 16X24J cm. Dover Publi¬ 
cations, New York., 1946. Price $3.50. 

We may welcome the advent of any opus edited by and 
contributed to by so competent a physicist as Heisenberg. 
Because the subject of the cosmic radiation has so few 
adequate, modern treatises, this one is doubly welcome. 
The book has come at a time to help meet the fast-growing 
need for good compendia in this field. 

The book represents the views of a number of authors, 
and is a condensation of a series of lectures by these 
persons. Each chapter is written by a different author, the 
majority of whom are well-known investigators in this 
field. Hence the book is certainly authoritative. 

The book starts with a review of the present state of 
cosmic-ray knowledge by Heisenberg. Next, the soft com¬ 
ponent is considered, with chapters on cascade theory by 
Heisenberg and on large showers by Moliere. Turning to 
the hard component, the bulk of the book is devoted to 
various phases of mesotron studies. Klemm discusses the 
production of mesotrons, Klemm and Heisenberg the 
showers with penetrating particles, Voltz the absorption 
of mesotrons, and Weiszacker the excitation of bursts by 
mesotrons. The decay is next treated by Heisenberg, the 
decay electrons by Bopp, and the theory of mesotrons by 
Weiszacker. Next follow chapters on the mesotron theory 
of deuterons by Flugge and the theory of explosive showers 
by Heisenberg. The final three chapters deal with nuclear 
disruptions as discussed by Bagge, the production and dis¬ 
tribution of neutrons as treated by Flugge, and the geo¬ 
magnetic effects which are summarized by Meixner. At 
the end a rather extensive bibliography is appended. 

As would be inevitable in a work of this sort, the chapters 
vary somewhat in the degree of sophistication expected of 


the reader. Naturally, each author writes of his own 
specialty from .his own point of view, and with varying 
mathematical complexity, the theoretical chapters being 
the most complex. The style of each author varies, but the 
skillful editing of the volume is evident. 

The book is clearly not intended as a text, and is written 
primarily for the specialist in the field. It is not suitable for 
beginners. However, every graduate student contemplating 
a thesis in the subject should be thoroughly familiar with 
the contents. Further, since it is precisely cosmic rays 
themselves which provide us with our only source par¬ 
ticles of energies higher than can be produced in man-made 
acceleiators, the entire subject of ultra high energy physics 
is based on a study of cosmic-ray phenomena. Hence the 
book will be of value to all those interested in this rapidly 
expanding held. The subject is presented on the level of 
articles in the Reviews of Modern Physics. It will be of 
value to those in allied fields who wish to inform themselves 
about current ideas on the subject. The publication will 
constitute a desirable addition to any physicist’s book¬ 
shelf. 

S. A. Kokff 
New York University 

Modem Development of Chemotherapy 

By E. Havinga, H. W. Julius, H. Veldsfra, and 
K. C. Winkler. Pp. 175-f-xi, Figs. 31. Elsevier Pub¬ 
lishing Company, Inc., Amsterdam, 1946. Price $3.50. 

This volume is number four in a series of more than 
twenty monographs intended to record the advances made 
in various branches of scientific work in Holland during 
World War II. We cannot but be amazed at the nobility 
of spirit which showed itself by the perseverance in difficult 
activities in occupied countries during the war. This no¬ 
bility is now shown again in the unique mixture of pride 
and generosity with which those activities are revealed to 
the rest of the world. 

This little book summarizes the work of several Dutch 
laboratories up to about May 1945. In it are detailed num¬ 
erous researches having to do primarily with sulfonamides, 
and to a very small extent with antibiotic chemother¬ 
apeutic agents. It is regrettable that this brave record can 
hardly be assured a permanent place in the scientific liter¬ 
ature. Such a monograph is inevitably occupied with details 
too near the uncertain boundaries of knowledge to have a 
timeless factual value. This one is on the other hand, so 
limited in geographical coverage and (understandably 
enough) was long enough delayed in preparation that it 
is hardly a review of modern trends or recent advances. 
Especially is this true in the case of a field such as chem¬ 
otherapy which is developing so rapidly all over the world. 

The first and longest section deals with bacteriological 
investigations by Julius and Winkler on the mode of action 
of sulfonamides. This work is a well-conceived straight¬ 
forward approach which has certainly foreshadowed many 
features of the theory that our more recent knowledge (par¬ 
ticularly of the folic acids) has made more secure. Much of 
this approach is based upon bacterial growth curves which 
were probably determined more reliably than in almost any 
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similar study. Modifying the environments of the bacteria 
gave the opportunit> to study the intimate effects of 
various inhibitors and activators. Wood's para-amino- 
benzoic add displacement theory is re-examined with an 
admirable detachment. The authors insist that an antagon¬ 
istic displacement of para-aminobenzoic acid by sulfon¬ 
amide has never been demonstrated, only the reverse an¬ 
tagonism being known. The net result is that sulfonamides 
are viewed a9 interfering with a mechanism (involving in 
some way £ara-aminobenzoic acid) which leads to the syn¬ 
thesis of a peptone-like substance. 

Here and elsewhere in the book, the authors discuss 
certain of the findings of workers elsewhere that were 
available to them through abstracts or otherwise. This is 
true even though in the preface it is stated that “foreign 
work will be referred to only in so far as it has a direct 
bearing on Dutch research work.” 

A section describing physico-chemical investigations on 
the sulfonamides by Havinga and Veldstra does not materi¬ 
ally increase our knowledge of 1 he mode of action of these 
substances. Certain studies were made of the titration 
curves, light absorption spectra, polarographic behavior, 
and the properties of surface films. The impression is given 
that these approaches were chiefly exploratory, based upon 
plausible but casual hvpotheses. An interesting part of 
this section is the attempt to estimate the collision fre¬ 
quency of para-aminobenzoic acid or sulfonamide mole¬ 
cules with receptor spots upon a bacterial cell. If it is 
assumed that the former substance iff required only at 
certain moments of the division cycle for normal growth 
to occur, then it may be easier to understand why the 
antagonists must be present in much higher concentration 
if they are to prevent grbwth. 

The results of the testing of approximately' seventy-five 
synthetic compounds related to sulfanilamide are given. 
There is a brief summary of clinical and animal testing of 
a few of these substances. Finally, the mold antibiotic 
“expansine” is described, a substance that appears to be 
identical with clavacin (and patulin) discovered elsewhere 
at about the same time. 

This volume makes available in very satislactory English 
translation a summary of brave and independent investi¬ 
gations. 

Rollin 1). Hotchkiss 
Rockefeller Institute 

Vacuum Technique 

By J. Yarwood. Second Edition. 15JX24 cm. John 
Wiley and Sons, Inc., New York, 1945. Price $2.75. 

From the authors intention, which, as stated in the pre¬ 
face, is “to describe important industrial processes hitherto 
discussed only in scientific periodicals,” it is difficult to 
discern to whom he addresses this addition to the “know¬ 
how” literature. 

The author’d intention “to introduce the latest devel¬ 
opments . . . with special emphasis on the most recent 
work,” is unfulfilled—the author does not, for example, 
discuss the palladium-window ion gauge for leak hunting, 
the silicone-diffusion pump oils, or Vycore. 


There are instances where the author contributes but 
little to the subject he treats—for example, on page 82, 
after stating that silver oxidation can be followed by sur¬ 
face color changes the exposition concludes with: “The 
degree of oxidation is found only by experience based on 
previous experimental work ....’* 

The judgment of your reviewer does not always concur 
with that pf the author on the value of the apparatus or of 
the procedures described and evaluated. It would be help¬ 
ful to know which procedures the author ki» *ws first hand 
and intimately, and which he is merely re-writing, or re¬ 
porting. 

The author occasionally lets himself speak in the ver¬ 
nacular as: “The gun must be vacuum-stoved before 
mounting in the tube.” In a book such as this the use of 
the vernacular seldom enlightens those who understand it 
and is unintelligible to those one would teach. 

The chapter on the properties of materials does contri¬ 
bute to the authors stated intention, “to bring together 
in one volume the diverse tacts tegarding the relevant 
properties and uses of materials encountered in all types 
of vacuum work.” How r ever, his treatment of some mater¬ 
ials, like copper, is certainly not up-to-date from the high 
vacuum point of view. 

It is to be expected that engineers and experimental phy¬ 
sicists will get substantial help and provocative suggestions 
from Yarwood’s work. The references to the literature will 
be of value to some; several procedures are described which 
will be novel to others; and the subject matter is more 
modern than I he “classics”, to which the author refers. 

John D. Strong 

The John v Hopkins University 

Electrical Transmission in Steady State 

By Paul J. Selgin. Pp. 427, Figs. 100, 14iX22 cm. 

McGraw-Hill Book Company, Inc., New York, 1946. 

Price $5.00. 

This book, like many others recently published, is the 
outgrowth of notes developed in connection with courses 
taught for war-training purposes. For this reason the 
manner of presentation of the subject matter, as well as 
its selection, is not entirely what one would desire for 
ordinary undergraduate instruction in an electrical com¬ 
munications curriculum on a peacetime basis. The book is 
essentially one on the subject of transmission lines for use 
at high and ultra high frequencies, the first 332 pages out 
of a total of 416 being devoted to this topic. Following 
this material there is a chapter on inductively coupled 
circuits, a ten-page chapter on capacitive coupling, and 
two chapters, totalling 34 pages, on high frequency 
vacuum-tube amplifiers. 

The first two chapters comprise a condensed review of 
some basic lumped-constant circuit principles, including 
such topics as matching and optimizing conditions for 
power transfer at junctions, transmission and insertion 
loss, reciprocity, TWvenin’s and Norton’s theorems, image 
parameters, etc. The steady-state behavior of transmission 
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lines is then dealt with through considering the limit 
approached by an increasing number of smaller and smaller 
lumped networks in cascade, and a detailed (rather in- 
volved) discussion is given of the frequency behavior of 
the attenuation and phase functions. At this point and 
throughout the remainder of the book, one has a very 
definite conviction that a student having no previous 
acquaintance with this subject would find the going very 
rugged indeed, unless considerable additional guidance 
were available from an experienced instructor. 

The input impedance of the line is dealt with through a 
discussion of the mapping properties of the hyperbolic 
tangent function, followed by a consideration of the 
impedance transformations of analogous lumped networks 
based upon the circle properties of simple inversion. The 
bi-polar line chart is then introduced and applied to various 
conventional impedance-transformation problems, includ¬ 
ing the quarter-wave line as an impedance transformer. 
This discussion is generalized to a consideration of cascades 
of quarter-wave lines used to secure a more frequency 
insensitive impedance transformation, and an “optimum” 
design of such a transformer is given which, after several 
pages of involved algebra, finishes with the statement of 
an end result, the proof of which “although not particularly 
difficult, is beyond the scope of the present discussion” 
(footnote, page 203 . Single and double stub tuners are 
discussed with the help of the Smith Chart (not so called), 
and detailed treatment is given of the frequency sensitivity 
of such tuners, taking into account the effect of incidental 
dissipation and expressing these effects in terms of the 
“Q” of the system. 

Chapter XI then turns to a consideration of a review of 
static field theory, a discussion that in the next chapter is 
extended to dynamic fields and Maxwell’s equations. This 
material admittedly is too condensed to be helpful to the 
beginner, while for the reader with sufficient background 
to follow the argument, it fails to provide a picture that is 
compact and effective in presenting the essential relation¬ 
ships clearly and completely. While a reasonably good job 
is done here for readers who at this stage do not expect to 
acquire a proficient knowledge of these tools, there is left 
much room for improvement. 

After some discussion concerning the relationship of 
lumped circuit theory to field theory, the author considers 
the propagation of plane waves and derives the uniform 
line equations from the field equations, extending this 
discussion to the consideration of the exponential tapered 
line and the exponential stub line. 

The subject of inductively coupled, lumped tuned 
circuits given in the following chapter (XIV), and intro¬ 
duced through a consideration of self- and mutual induct¬ 
ances and the simple transformer, is dealt with in a manner 
as involved as any that this reviewer has seen to date (the 
average* student must surely despair at this point). The 
succeeding short chapter on capacitive coupling is given 
primarily as a means for dealing with the inter-electrode 
capacitances of vacuum tubes, of which some basic 
principles are discussed in the concluding brief pages of 
this book. 


A feature on which the author is to be complimented is 
the inclusion throughout the book of illustrative numerical 
examples fully worked out. 

In view of some of the above rather harshly critical 
comments it is only fair to state in conclusion that for the 
purpose for which this material was originally intended, 
the accomplishment of the author ranks on the whole with 
the better text material of a similar nature. Now that 
war-training programs are over, however, it is to be hoped 
that more attention in textbook writing will be given to 
the needs of students following a more orderly and pro¬ 
gressively stimulating program of education in basic 
circuit theory and closely related subjects. 

E. A. Guillemin 

Massachusetts Institute of Technology 


New Booklets 


Fischer and Porter Company, Hatboro, Pennsylvania, 
has issued a 32-page booklet entitled A New Era in Liquid 
and Gas Flow Measurement , which describes the advantages 
of the flowrator meter for flow rate measurement. Address 
request to Department 6F-F of the company. 

Burrell Tec hnical Supply Company, 1936 Fifth Avenue, 
Pittsburgh 19, Pennsylvania, has published a bulletin on 
its Junior Spectrophotoi:< Her -The Successor to Colori¬ 
meters. 8 pages, free on request. 

The Daven Company, 191 Central Avenue, Newark 4, 
New Jersey, announces the publication of a new bulletin 
of technical data, presenting information widely used in 
the design of sound equipment. 4 pages. Free on request. 
Write on company letterhead. 

Tin Research Institute, Fraser Road, Greenford, Middle¬ 
sex, England, issues at regular intervals (because of pres¬ 
ent conditions) a review entitled Tin and Its Uses. The 
issue of July 1947 contains 16 pages and has numerous 
photographs in color. Interested readers are invited to ad¬ 
dress a request to the Publications Department of the In¬ 
stitute, stating that they wish to receive, free of charge, 
any publications of the Tin Research Institute dealing 
with given subjects or products (naming them), and men¬ 
tioning their own business connections and titles. The 
July 1947 issue may be obtained directly from the Battelle 
Memorial Institute, 505 King Avenue, Columbus, Ohio. 

The Gaertner Scientific Corporation, 1201 Wrightwood 
Avenue, Chicago 14, Illinois, announces two new bulletins: 
140-74, entitled Dilatation Interferometer , and an unnum¬ 
bered booklet entitled Survey of Precision Instruments , 
which is intended to serve as a guide to the company's 
products. Both bulletins are eight pages in length and are 
free on request. 
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Interchemical Renew for Summer 1947, published by the 
Interchemical Corporation, 432 West 45th Street, New 
York 19, New York, features “Acids, bases, salts—pH,” 
by C. Ross Bloomquist, and “Printing inks for postage 
stamps," by Milton Zucker. 30 pages. 

Eberbach and Son Company, Ann Arbor, Michigan, has 
published the fall issue of its house magazine, the An¬ 
nouncer of Scientific Equipment . The feature article is 
entitled “Functional design of laboratory glassware". Free 
on request. 

The National Bureau of Standards has announced the 
publication of the following bulletins in the physics field. 
All are available at 10 cents per copy from the Superin¬ 
tendent of Documents, Government Printing Office, Wash¬ 
ington 25, D. C. % 

RP 1807 —Solution of Problem of Producing Uniform Abra¬ 
sion and Its Application to the Testing of Textiles '' by 
Herbert F. Schiefer. 

RP 1808 —ChromaticUies of Lovibond Classes by Geraldine 
W. Haupt and Florence L. Douglas. 

RP 1813— Resistance-Temperature Relation and Thermo¬ 
electric Properties of Uranium by Andrew 1. Dahl and 
Milton S. Van Dusen. 

RP 1814 —Infared Absorption Spectrum of Carbon Disul¬ 
fide by Earle K. Plyler and Curtis J. Humphreys. 

North American Philips Company, tn c., 100 East 42nd 
Street, New York 17, New York, has issued a 4-page folder 
entitled X-Ray Diffraction Camera for Microtechniques . 
The company states that it should be of value to those 
actively engaged in fiber research. Free on request. 

The RCA Review Department of RCA Laboratories 
Division, Princeton, New Jersey, has published the first 
volume of its new Engineering Book Series, entitled Patent 
Notes for Engineers. Copies may be obtained from RCA 
Review at $2.50 per copy for the permanent clothbound 
edition (plus 20 cents per copy postage if mailing address 
is outside the United States). The book wa9 written by the 
director of the company’s patent department. 

Here and There 


New Appointments 

Bruce S. Old has been appointed consultant to the 
Atomic Energy Commission, Division of Research, in the 
capacity of chief metallurgist. He will continue his present 
work with Arthur D. Little, Inc., on a part-time basis. 
Dr. Old will assist in organizing the work of the Commis¬ 
sion in the metallurgical field. 

Irving A. Denison has been named Chief of the Under¬ 
ground Corrosion Section of the National Bureau of Stand¬ 
ards. 


Bowen C. Dees (until recently an Assistant Professor of 
Physics at Rensselaer Polytechnic Institute) has accepted 
a position as physicist with the Economic and Scientific 
Section, under the Supreme Commander for the Allied 
Powers in Tokyo. He will survey and advise concerning 
the physical research being conducted in the university 
and commercial laboratories in Japan. 

Ernest R. Hanson has joined the staff of Foster D. Snell, 
Inc., to direct research and development in the field of 
plastics and rubber. 

Necrology 

Dr. Selig Hecht, Professor of Biophysics at Columbia 
University, died in New York on September 18. A distin¬ 
guished authority in the field of vision, Dr. Hecht had been 
an Associate Editor of the Journal of Applied Physics 
since 1943. 

Awards 

Warren A. Marrison, a member of the technical staff of 
Bell Telephone Laboratories, has been awarded the British 
Horological Institute’s gold medal for 1947 in recognition 
of pioneer researches in the development of the quartz 
crystal clock, which has become the most accurate time¬ 
keeper in the world. 

A. A. Knowlton, veteran physics professor at Reed Col¬ 
lege, Portland, Oregon, was recently voted a special award 
of $1,000 for distinguished teaching by directors of Re¬ 
search Corporation. The award is unique in that Dr. 
Knowlton, now in his thirty-third year at Reed, may spend 
it in any way he wishes. It was based on the extraordinary 
achievement of *Dr. Knowlton’s graduates. Specifically, the 
award stems from a recent study in the American Journal 
of Physics which showed that of all physicists granted 
Ph.D. degrees by American universities between 1936 and 
1945, a disproportionate number had done their under¬ 
graduate work at one of two small colleges—Reed, and 
North Central College, Naperville, Illinois. (A similar 
award has been voted to Dr. Clifford N. Wall, formerly of 
North Central.) 

Lincoln Arc Welding Foundation Award 
and Scholarship Program 

The James F. Lincoln Arc Welding Foundation, Cleve¬ 
land 1, Ohio, has issued a brochure outlining the continuing 
features of its ten-year award and scholarship program 
designed to help develop the arc welding industry. Under 
the award plan, engineering students of various colleges 
will submit papers on arc welded design. Under the scholar¬ 
ship plan, scholarships will be allocated to the schools in 
which the three highest award winners under the award 
program are registered. Awards will total $5,000 and 
scholarships, $1,750. Rules for the 1947-1948 competition 
may be obtained by addressing the Secretary of the Found¬ 
ation at Cleveland 1, Ohio. 
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Research Corporation Reports on Grants 

Research Corporation, which in late 1945 established 
the Frederick Gardner Cottrell Fund for grants in aid of 
postwar science, has announced that in the following year 
more than 100 grants were approved, totaling about 
$430,000. The grantee institutions are located in about 
thirty states, Alaska, and the District of Columbia. The 
awards were made largely to aid younger men just returned 
to academic research from wartime occupations. 

Conference on the Administration of Research 

A conference on the administration of research was held 
at The Pennsylvania State College October 6 and 7, 1947. 
It was sponsored by the School of Engineering of the Col¬ 
lege. Two hundred people registered, representing labora¬ 
tories, both large and small, managed by industry, educ¬ 
ational institutions, and governmental agencies. Proceed¬ 
ings of the conference will be published as soon as possible, 
at a price of $3. Persons who wish to have a copy and who 
did not have an opportunity to ask for it at the conference 
may order from Professor Kenneth L. Holdcrman, The 
Pennsylvania State College, State College, Pennsylvania. 

Pittsburgh Physical Society Officers 

The Physical Society of Pittsburgh has elected the fol¬ 
lowing officers for the year 1947-1948: President, Dr. Frank 
Morgan, Gulf Research and Development Corporation; 
Vice President , Dr. E. Sticklcy, Pittsburgh Plate Glass 
Company; Secretary-Treasurer , I)r. F. A. Sch wertz, Mellon 
Institute. 

Bureau of Standards Establishes Atomic Physics Division 

The National Bureau of Standards has formed a Divi¬ 
sion of Atomic Physics in which the main Bureau activities 
relating to atomic and molecular physics have been grouped 
together. The functions of the new division are the pro¬ 
motion of fundamental fact finding research and the precise 
determination of important fundamental standards in the 
field of atomic physics. Six sections make up the new divi¬ 
sion: spectroscopy, electronics, mass spectrometry, radio¬ 
activity, x-rays, and atomic physics. Dr. E. V. Condon, 
Director of the Bureau of Standards, has assumed charge 
of the new division, and Dr. Robert D. Huntoon has been 
named assistant chief. 


Conference on the Use of Radioactive Isotopes 
in Agricultural Research 

The Alabama Polytechnic Institute, in cooperation with 
the Oak Ridge Institute of Nuclear Studies, sponsored a 
three-day conference on the Use of Radioactive Isotopes 
in Agricultural Research at Auburn, Alabama, December 
18-20, 1947. The attendance, through special invitations, 
consisted of representative scientists largely from the 
southeastern States. 

Lalor Foundation Fellowship Program 

The Lalor Foundation fellowship program at the Marine 
Biological Laboratory, inaugurated in 1947, will continue 
in 1948. Postdoctoral summer fellowships in the fields of 
biophysics, biochemistry, and physiological chemistry will 
be available. The fellowships are designed primarily to aid 
promising young investigators who can make maximum 
use of the facilities and opportunities provided at the 
Marine Biological Laboratory. In addition to laboratory 
facilities, the grants are intended to cover approximately 
the living expenses of the investigators at Woods Hole and 
necessary traveling expenses to and from Woods Hole. 
The committee administering the fellowships consists of 
Drs. Eric Ball, Kenneth Cole, Charles Packard, A. K. 
Parpart, and C. W. Metz (Chairman). Inquiries and appli¬ 
cations should be addressed to the Director of the Marine 
Biological Laboratory, Woods Hole, Massachusetts. The 
applications should be received by December 31, 1947, but 
will be considered after this date. 

Calendar of Meetings 

December, 1947 

29-31 American Physical Society (and its Division of High-Polymer 
Physics), American Association of Physics Teachers, and the 
American Association for the Advancement ot Science. 
Chicago, Illinois 

January, 1948 

2- 3 American Physical Society Los Angeles, California 

21- 23 American Society of Civil Engineers. New York, New York 
29-31 American Physical Society, New York, New York 

March 

1- 5 American Soiiety for Testing Materials (Spring Meeting). 
Washington, D. C. 

22 25 Institute of Radio Engineers, New York. New York 
April 

19-23 American Chemical Society, Chicago, Illinois 

22- 24 Acoustical Society of America, Washington, D, C. 
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